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Dense datasets produced by high-throughput technologies allow for the objective determination
of Bayesian priors when understood as solutions to Fredholm’s integral equation. In order to se-
lect an appropriate methodology, we conducted a comprehensive review of alternative derivations
for the Bayesian prior and posterior update rules comprising: classical iterative alternating algo-
rithms, information theory-motivated variational approaches, and contemporary convex geometry
methods. All of these share the key concepts of Kullback-Leibler (KL) relative entropy and of
variational minimization. Since the KL relative entropy is a Bregman divergence allowing only lin-
ear exploration of tangent hyperplanes of the convex entropy functional, the resulting algorithms
— reexpressed in terms of alternating Bregman projections — are necessarily iterative in nature.
It has been recently argued that the prior can often only be understood in the context of the
model likelihood/kernel, but iterative algorithms obscure the prior dependency on the kernel. In
contrast, Jaynes maximal entropy principle yields data-constrained structural priors which make
very explicit their kernel dependency, with the modelled density entropic convex dual — the con-
vex analysis equivalent of coefficients from a Fourier decomposition — providing the model kernel
weight function. Jaynesian-Bayesian modelling of dense datasets null hypothesis statistical testing
(NHST) p-value distributions in terms of the Bayes factor BF(p) allows for a natural extension
of the NHST framework. We illustrate all concepts in terms of newly derived analytical expres-
sions for the Fisher-Student-Snedecor’s ¢ and F' noncentral hypersphere distributions which afford
informative representations on compact 2D spaces.
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1. Introduction

Historical controversies have beset the elicitation, computation, and use of priors
at the core of the Bayes-Laplace framework which is often set in opposition to
the Frequentist framework. These controversies are the subject of the compelling
narrative “The theory that would not die” by McGrayne [32]. In her opus, McGrayne
reports on a “glorious” profusion of Bayesian theories in the 1960s (McGrayne [32,
p. 129]):

Versions included subjective, personalist, objective, empirical Bayes (EB),
semi-EB, epistemic, intuitionist, logical, fuzzy, hierarchical, pseudo, quasi,
compound, parametric, nonparametric, hyperparametric, and non-hyper-
parametric Bayes.
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Gelman et al. [18] discussed the relative merits of some related priors, and ulti-
mately argued that the prior can often only be understood in terms of the likelihood
function:

One might say that what makes a prior a prior, rather than simply a
probability distribution, is that it is destined to be paired with a likelthood.

Using the Fredholm theory kernel terminology, we shall abundantly illustrate this
prior-likelihood /kernel pairing by exploiting recently derived analytical kernels for
the ¢ and F noncentral hypersphere distributions (Le Blanc [29]) which afford in-
structive 2D graphics on easily drawn compact domains.

Our starting point will be the classical Bayes-Laplace posterior update rule, re-
cast by Csiszar and Tusnady as an iterative alternating prior-posterior specification
algorithm which can objectively determine Bayesian priors associated with dense
datasets (Chae et al. [12], Csiszar and Tusnddy [13]). Being based on an alternating
minimization procedure, their algorithm can be related to variational derivations of
the Bayes-Laplace posterior put forward in the 1980s by Williams [42] and Zellner
[43]. A key point of the latter developments was the use of the relative entropy mea-
sure introduced by Kullback and Leibler [27]. The Kullback-Leibler relative entropy
being an example of a Bregman divergence, a bridge is drawn toward contemporary
convex analysis. Bregman divergences have been used in inverse problems (Jones
and Byrne [24], Le Besnerais [28]), in machine learning (Banerjee et al. [2], Taskar
et al. [38], Kulis et al. [26], Vemuri et al. [40]), but their relevance in statistical infer-
ence and modelling have not been stressed as much (Griinwald et al. [20], Gneiting
and Raftery [19]). The latter remark stands as a principal motivation for the present
digression.

Ultimately, the 250 year-old Bayes-Laplace update rule will be argued to naturally
arise from the convex geometry of a convex entropy function, negative of Shannon’s
famed entropy (Shannon [36]). Since the Kullback-Leibler relative entropy is a Breg-
man divergence which only allows linear exploration of a convex function tangent
hyperplanes, classical iterative algorithms necessarily involve descent along iterated
tangent hyperplanes toward the solution prior. As a consequence, these algorithms
will determine the Bayesian priors, but will do so in an black-box manner with no
explicit reference to the model kernels. In contrast, we shall argue that Jaynes max-
imal entropy (maxent) principle (Jaynes [23], Hestenes [22]) yields data-constrained
structural priors which explicitly refer to their model kernels, with the modelled
density entropic convex dual — the convex analysis equivalent of coefficients from a
Fourier decomposition — providing the model kernel weight function.

Our exposition will begin with a brief review in Section 2 of the analytical ¢t and F'
noncentral hypersphere distributions which define families of parameterized distri-
butions for which both sample space X and model parameter space M are compact
and one-dimensional. The resulting compact 2D joint density spaces have been ex-
ploited by Le Blanc [29] to provide informative graphics illustrating the differences
between the Frequentist and Bayes-Laplace statistical frameworks. All concepts in-
troduced herein will be provided with similar compact graphical representations. A
brief exposition of Fredholm’s theory of integral equations is given in Section 3.
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We then proceed with a review of alternative derivations of the Bayes-Laplace prior
and posterior update rules comprising: use of the classical definition of conditional
probabilities in Section 4; the Laplacian variational approach a la Williams-Zellner
together with its contemporary convex geometry generalization in Section 5; and the
Csiszar and Tusnady iterative alternating algorithm in joint density (z,m) spaces
in Section 6. Derivation of Jaynes maxent data-constrained structural priors will be
carried out through minimization of the Gibbs-Jaynes potential function in Section 7.

A comprehensive Bayesian-Jaynesian graphical analysis of two genomic-scale mi-
croarray datasets will be given in Section 8, which includes a brief discussion concern-
ing the definition of noninformative priors when likelihood /kernel-related geometric
considerations are taken into account. A succinct review of Bregman divergences,
the Kullback-Leibler relative entropy, Bregman projections, and convex duals is pro-
vided for convenience in the Appendix. We have tried throughout this manuscript
to abide to a notation that aims to be both clear and precise, with our preference
leaning toward clarity. Amongst others, we convene hereafter to designate the non-
central hypersphere distributions by the Greek letter v (upsilon) as in vrep oparpa
(ypersfaira), that is, hypersphere in English. We hope that the reader will find this
compromise agreeable.

2. Noncentral hypersphere ¢- and F-distributions
The analytical Fisher-Student’s noncentral hypersphere t-distribution for the ¢-

statistic
t=+v
was shown by Le Blanc [29] to be given by the compact analytical kernel density
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where the multiplicative translation factor T (6|65) is given by
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and where the trigonometric noncentrality parameter cos s is given by
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cos O TN T 0<0s<m, (4)
in terms of the distribution’s degree of freedom v equal to dimension of the hy-
persphere surface, and the usual noncentrality parameter 6, —oo < d < oco. The
distribution is thus characterized by a compact one-dimensional parameter space
0 < 05 < 7, and a compact one-dimensional sampling space 0 < 6 < 7. These prop-
erties allow for instructive illustrations on compact 2D joint density spaces. When
§ =0, cosbs = 0, TL(0]0s5) = 1, and the noncentral distribution simplifies to the
Fisher-Student’s central hypersphere t-distribution

r(sh)
L)

2 2

U (0105-0) = sin”~" 0, (5)
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Figure 2.1: Fisher-Student’s noncentral hypersphere t¢-distribution for v = 20.
Lower left panel: kernel density v’ (0|0s5). Upper left panel: maximal entropy prior density
m(60s) given by Fisher-Students’ central ¢-distribution, marginal density of the joint density
to its right. Upper right panel: joint density v(6,8s) = v%(0|0s5)7(6s). Lower right panel:
model density v},(6)= [ vl (0]05)7(0s5)d0s, marginal density of the joint density above it.

which is the projection on the between-class variance unit vector of a uniform uncon-
strained maximal entropy distribution on the hypersphere S” (Preda [34], Le Blanc
[29]). When v = 2, one retrieves the well-known formula for the spherical surface
element in terms of the polar angle #. The central hypersphere t-distribution will
be invoked as a maximal entropy prior distribution in the following. A graphical
introduction to the Fisher-Student’s noncentral hypersphere distribution is provided
in Figure 2.1.

Similarly, the analytical Fisher-Snedecor’s noncentral hypersphere F-distribution for

the F-statistic 9
Uy cos® 0 T
F=—=— 20 0<0 < =,
vy sin® 6 2

(6)

was shown by Le Blanc [29] to be given by the kernel density

V1 1,2)(9|9A) =2 cos”' 1 h sin”?71 o x T,j1 u2)<9|‘9A) (7)
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Figure 2.2: Fisher-Snedecor’s noncentral hypersphere F-distribution for v; =9,
vo = 90. Upper left panel: maximal entropy prior density 7(6,) given by the Fisher-
Snedecor’s central F-distribution, marginal density of the joint density to its right. Up-
per right panel: joint distribution Uf . (9|0A) (01\) Lower left panel: kernel density
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marginal density of the joint density above it.

where the multiplicative translation factor T(I;h s)(0]04) 1s given by

T3, 1) (0160a) = /_ TE, oy (0,9) v, (8)
with
T(ih o (6.0) = . 111(”—21,/)1_1 2 ) x (1 — cosfcosfp costp) =
(2)T(*5) [1—2 cosfcosfycosth+ cos? O] 2
and where the trigonometric noncentral parameter cosf, is given by
cosly = VA/(A+1y), 0<0)< g, (9)

in terms of the usual noncentral parameter 0 < A < oc.
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In an ANOVA, the distribution’s parameter v and v stand for K — 1 and N — K
respectively, where K > 2 is the number of classes, and N is the total number
of samples. The distribution is thus characterized by a compact one-dimensional
parameter space 0 < 0y, < 7/2 and a compact one-dimensional sampling space
0 < 0 < /2. These properties again allow for instructive illustrations on compact
2D joint density spaces. When A = 0, cosfy = 0, TF )(0]6x) = 1, and the

(v1, v2)
noncentral distribution simplifies to the central hypersphere F-distribution

INEE=
r<%>r< )
which is the projection on the between-class variance hyperplane of a uniform uncon-
strained maximal entropy distribution on the hypersphere. A graphical introduction

to the Fisher-Snedecor’s noncentral hypersphere distribution is provided in Figure
2.2.

In the null hypothesis statistical testing (NHST) framework, the effect sizes § or A
are assumed to be zero under the null hypothesis Hy, and the central hypersphere
distributions (5) and (10) stand for the corresponding null distributions. Under
the alternative hypotheses H; of non-vanishing effect sizes, the corresponding Bayes
factors

~—

V1 v (0] Oa=0) = cos”' 10 sin”271 4, (10)

NI

BF = P(D|H,)/P(D|H,),

where D is the data observed, are given by
BFt<9) = / T,f(&\&(;) 7(95) d95, (11)

7r/2
BE0) = [T, Ly(6100) 7(0n) . (12)

respectively in terms of the translation factors (3) and (8), and of respective Bayesian
priors 7(fs) and mw(fx) to be specified. Analytic expressions for the cumulative
density functions — thus the null hypothesis statistical testing (NHST) p-values — for
both central hypersphere distributions were provided by Le Blanc [29] who showed
that the Bayes factors BF(p) can accurately model empirical nonuniform p—value
distributions. Recall that under the null hypothesis, the p-value distribution is
the uninformative uniform distribution U(0,1) on the range value 0 < p < 1. In
short, Jaynesian-Bayesian modelling of dense datasets NHST p—value distributions
in terms of the Bayes factor BF(p) allows for a natural extension of the NHST
framework. Finally, a local false discovery rate (Efron et al. [16]) can be computed
via the expression

P(D|H,) _ 1
P(D|H,) + P(D|H,) 1+ BF(p)

fdr(p) = (13)

3. Fredholm theory of integral equations

Given a kernel density p(x|m) defined on a sample space X and parameterized
according to coordinates m of a model parameter space M, a generic model density
can be written as a mixture or superposition density
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olz) = /M plzlm) (m) dm, (14)

with m(m) standing for a prior density. Given an evidence density p(z), we shall
seek herein to determine the prior density 7(m), an inverse problem amounting
to solving a Fredholm equation of the 1% kind (Aster et al. [1]). According to
Hadamard [21], such problems are usually ill-posed. Consider the linear equation
Gm = p, where 7 is to be found in terms of the evidence data p. The problem is
well-posed if the following three conditions are satisfied: for every p, there exists
a solution 7; this solution is unique; and the inverse operator G~! is continuous.
Problems which do not satisfy all of these conditions are said to be ill-posed. For
example, discretizing the hypersphere kernel density (2) yields a highly singular
matrix which will, when inverted, amplify the noise inherent to any dataset. One
way to resolve this ill-posedness is to use regularization methods (Tikhonov and
Arsenin [39]). More recently, Bayes-Laplace methods have been advocated (Aster
et al. [1], Calvetti and Somersalo [9], Stuart [37]). We shall follow suit with a
Bayesian approach in the following. Recall that the Bayesian parametric framework
is characterized by attribution of probability densities to both sample coordinates
x and model parameters m, and that the celebrated Bayes-Laplace rule for the
posterior conditional density p(m/|x) specification

p(zlm) m(m)
p()

as a function of the prior w(m) density is a simple and direct consequence of the
definition of joint and conditional probabilities

plmlz) = (15)

e(x,m) = p(ml)p(r) = p(xr,m) = p(z|m)m(m) := h(z,m) (16)

for two continuous variables. Note that, in Gelman et al. [18] terminology, the joint
density e(x,m) = p(m|z)p(z) refers to the posterior p(m|z) predictive distribution,
while the joint density h(m,z) = p(z|m)m(m) refers to the prior m(m) predictive
distribution. As these authors argued, prior predictive utility functions assess the
model hypothesis joint density h(z, m) by how well it reproduces the data according
to the marginal density p(z) = [ h(z,m) dm, while posterior predictive utility
functions inform the prior by considering the marginal density 7(m) = [ e(m,x) dz
of the evidence joint density e(m, z).

4. Classical alternating prior/posterior specification procedure

In the parametric Bayesian framework, the inverse problem (14) has been historically
solved via an iterative alternating algorithm. See Chae et al. [12] for a thorough
contemporary digression on the subject. First, invoking definition of the Bayes-
Laplace posterior, the (k + 1)™ update for the posterior distribution is given by

p(zlm) 7®(m)

(k+1)(
p® ()

p () = (17)

where pM(z) = / p(zim) 7™ (m) dm,
M
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Figure 4.1: Prior update iterative algorithm convergence in terms of the KL
divergence for the Fisher-Student’s noncentral hypersphere t-distribution with v = 50
and a postulated maximal entropy prior. Upper panel: prior iteration. The flat seed prior
7 (0s) = U(0,7)/7 is drawn to scale in the left medallion, while the target maximal
entropy prior defined in terms of the Fisher-Student’s central hypersphere distribution
(5) is drawn to scale in the right medallion. Lower panel: Kullback-Leibler divergence
K L(m,7®) between the target prior 7 and the iterated prior 7(¥). The iterative algorithm
necessitates about ten iterations before the estimate 7(¥)(6;) finally converges unto the
target maximal entropy prior in a K L-sense. See text for details. See also Figure 6.1.

and where it is assumed that the prior density 7(*)(m) has been determined in
the previous iteration. The prior 7®)(m) is thereafter updated by computing the
marginal density of the joint density obtained by weighing the posterior distribution
(17) with the evidence density p(z) :

7 0n) = [ D le) pte) do =5 Om) [ ptolm) £ @ as)

In the present considerations, this amounts to weighing the posterior distribution
with a continuous dataset. In real word cases, as in Section 8, the continuous
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data distribution will be approximated by dense granular data distributions. The
iterative process starts with a normalized seed prior 7(%)(m). Integrating both side
of the latter equality with respect to the variable m, and inverting the order of
integration over z and m, Fubini’s theorem guarantees that 71 (m) will be a
normalized probability density. If

lim p™(x) = p(x),

k—o00

the last integral will converge to one since the model distributions are assumed to
be properly normalized with

[ plalmyde =1

for all parameters m allowed by the model, and the iterated prior should become
stationary at limy_,o 7% (m) = 7(>)(m). Convergence of the iterative alternating
algorithm is discussed by Chae et al. [12]. Convergence of the algorithm is depicted
in Figure 4.1 for models based on the Fisher-Student’s noncentral hypersphere ¢-
distribution (2).

Most introductory material to parametric Bayesian theory usually describe the
Bayesian posterior density p(m|z) as a prior-dependent conditional probability en-
abling one to attribute credible intervals to the parameters m after observing .
When dense datasets allow determination of empirical priors via the iterative proce-
dure described above, it should be ascertained that the priors correspond to station-
ary solutions of the iterative procedure before using the posteriors to such ends. The
latter observation begs answer to the question as to why such iterative procedures
are necessary in classical parametric Bayesian theory, and whether they could be
circumvented. It will be shown in the next sections that this need for iterations
stems from the convex geometry underlying classical parametric Bayesian theory.

5. Bayesian updates as an optimization problem

The Bayes-Laplace posterior updating rule (15) was originally argued to stem from
the definition of joint and conditional probabilities, and from the fact that both
sample coordinates and parameters are provided with probability densities in the
Bayes-Laplace framework. Williams [42] argued that the Bayes-Laplace rule was
a special case of a principle of minimum information which he defined (using his
notation) as follows:

Given the prior distribution P°, the probability distribution P appropriate
to a new state of information is one that minimises I(P, P°) subject to
whatever constraints the new information imposes.

In modern parlance, I(P, P°) should read as the Kullback-Leibler divergence (47)
between P and P°. Williams argued that this principle should not be considered
a principle for setting up prior distributions, but rather as a general principle of
probability dynamics:

It seeks to answer the question how to modify a probability distribution, in
the light of new information, in the most conservative way. It is inapplicable
in the absence of a prior distribution.



632 R. Le Blanc / Entropic Convex Duality ...
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Figure 5.1: Fisher-Student’s noncentral hypersphere ¢-distribution posterior.
Upper left panel: posterior density v (s]0) for the maximal entropy prior illustrated in
Figure 2.1. Upper right panel: 3D view of the posterior density. Any posterior segment
running the length of the parameter space s for fixed sample space 6 as drawn in the
two upper panels lies in a Zellner Lagrangian through. Lower left panel: 3D view of the
Lagrangian well. Lower right panel: Lagrangian well viewed from above. In the latter
panel, the posterior o (fs|0) has yet to be normalized since the Lagrangian drawn here
does not include the normalization term multiplying the Lagrange parameter A in (19).
The normalization factor is a multiplicative scale factor which will preserve the shape of
the posterior distribution.

In a similar vein, Zellner [43] invoked an information conservation processing rule
to introduce (in our notation) the Lagrangian

L(oN) = KL(6.7) ~ [ 1o ptalm) om) dm 3 ( [ otm) am =1, 19

M

where the Lagrangian parameter A term is introduced to insure normalization of the
solution ¢(m), and to solve for the posterior by solving the variational problem

arg min L(¢, \). (20)
B, A

See also Bissiri et al. [5].
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Performing functional derivatives with respect to ¢ and A, one finds
log p(mlz) = log[p(z[m)m(m)] — A (21)
— loglp(zlm)m(m)]  log ( | ptalmiim) dm) |
M

that is, the logarithm of the Bayes-Laplace posterior (15). Since the KL-divergence
term alone would be minimized by setting ¢ = m, while the log-likelihood term
log p(z|m) alone would set ¢ as a maximum likelihood estimator, the Bayes-Laplace
posterior (15) can be understood from a variational point of view as a trade-off
between staying close to the prior and fitting of the data model as provided by the
kernel p(xz|m). See Figure 5.1 for a graphical illustration of the optimization problem
in terms of the Lagrangian (19) for models based on the noncentral hypersphere ¢-
distribution (2). See also Reid et al. [35], Walker [41] and Zhu et al. [44]. Note that,
as layed out, the variational problem (20) seeks a density ¢(m) in model space M but
yields a posterior p(m|z) in joint space X x M, and that the Lagrange parameter
A is not a scalar but a function A(x) on sample space X. These notational and
computational objective ambiguities will be addressed in the following.

While facilitating interpretation of the Bayes-Laplace posterior update rule from
an information theoretic principled point of view, the present variational approach
seems limited to reproduce the latter rule without providing an analytical framework
which could suggest generalizations. It can be argued that, in terms of the convex
geometry concepts concisely reviewed in the Appendix, the Bayes-Laplace poste-
rior update rule (21) is a special case of the generic convex geometry optimization
problem

arg min [Dg(p, m) + E,, (L(x|m))], subject to p € C, (22)

“w

where Dg(p, m) is the Bregman divergence (45) generated by a convex function ® of
interest (here the convex entropy function S defined in (46)), L(x|m) is a convex loss
function (here —log p(xz|m)), and C a constraint set (here the probability density
normalization constraint). Solution to the optimization problem (22) is provided by
the mirror update

p(mlx) = VO* [VO (1) — L(z|m)], subject to u € C, (23)

which maps a point 7 from the primal function space to the linear dual tangent
space via the gradient operator V& (here VS = log), performs a gradient update in
the dual space via the additive term L, and maps the new optimal point back in the
primal function space via the dual operator V®* (here V.S* = exp). See Reed et al.
[35]. The new point p in the primal space might be outside of the constraint set C,
in which case it should be projected back into the constraint set via the Bregman
projection P$ (1) defined in (48). Diagrammatically, we have

Y2, Vo (r(m))

| -stetom (24)

m(m)

uimlz) €52 @ (r(m)) — Liz|m)
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When @ is given by the entropy S(7) (46) and the loss function given by L(z|m) =
—log p(x|m), we have from equations (23), (52) and (56 ) that

xlm) m(m
p(mlz) = VS*(logn(m) + 1 +log plafm)) = — 2™ T _
Juapllm) w(m) dm
that is, we retrieve the Bayes-Laplace posterior update rule (15) via a mirror update.
The 250 year-old Bayes-Laplace posterior update rule is thus rooted in the convex

geometry of the entropy function S(7).

While more enlightening, diagram (24) is still not entirely satisfactory. First, it does
not form a closed loop: missing is an up-arrow on the left which would upgrade the
posterior distribution p(m|z) to an updated model space prior distribution 7(m).
Second, it alternates between the model parameter space M and the joint model-
sampling space X x M, while our stated goal is a prior m(m) in the model parameter
space. Third, the loss term L(x|m) is introduced somewhat arbitrarily without any
weighing factor (learning rate). Fourth, since the Kullback-Leibler relative entropy
is a Bregman divergence which only allow linear exploration of the convex entropy
S tangent hyperplanes, prior specification procedures utilizing such divergence nec-
essarily entail descent along iterated tangent hyperplanes toward the solution, and
such iterative procedures are not providing us with a global solution pairing model
kernels with solution priors.

6. Csiszar-Tusnady’s update rules in joint density space (m,x)

The inner workings of the iterative alternating posterior/prior determination algo-
rithm discussed in Section 4 can be better apprehended in terms of the joint densities
e(m,z) and h(m,z) introduced at the end of Section 3. First, introduce on X x M
the two sets of joint densities

£ = {e(x.m) | / e(r,m) dm = p(a)}. (25)
H o= {h(z,m) | h(z,m) = ple|m)i(m)}, (26)

where 7 is an arbitrary density on the model space M. Note that the sets £ and
‘H define two constraint sets in the spirit of the Bregman projections (48). Specify
thereafter the two joint densities

eM(w,m) = pM(mlr) p(z) €€, (27)
Az m) = plxlm) 7®(m) € H, (28)

which refer to the two alternative ways of expressing the joint density p(x,m) in
terms of the conditional densities in (16). In Figure 6.1, these joint densities are
drawn in the second and fourth column, respectively. Using the objective function
defined by the joint densities’ Kullback-Leibler relative entropy

KL(e,h) = /X/M e(x,m)log Z((z’ Z)) dm dz, (29)
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Figure 6.1: Alternating prior/posterior specification procedure for the Fisher-
Student’s noncentral hypersphere ¢-distribution. Here, the index k runs as k = {1,2,...,5}
from top to bottom. The seed prior 7(°)(6;) is the flat prior 7(*)(85) = U(0,7)/x, and
the algorithm starting point is the joint density h(?(0,605) = v,(0|05) 70 (6;). First
column: posterior density Ul,k)(%\ﬁg according to Bayes-Laplace rule (15). Second col-
umn: joint density e (0, 65) = o (05]0)v,(0), where v,(0) is the target mixture den-
sity. Third column: prior 7(F)(65) computed as the vertical marginal (18) of the pre-
vious column joint density. The thick line is the target maximal entropy prior m(6s).
Fourth column: joint density h(¥)(8,65) = v,(0]05)7*) (65). Fifth column: mixture den-
sity o 0) = ["_v,(065) 7(*¥)(05) dfs, computed as the horizontal marginal density of
the previous column joint density. The thick line is the target evidence mixture density

vy (0) = [T v, (0]0s) w(6s) dbs. See text for details.

—~

Csiszar and Tusnady [13] argued that

e(k+1) (x,m) = arg I?in K Lf(e, h(k)) = Pg(h(k)% (30)
ec

h(k+1)($7 m) = argmin KL(B(I@—H), h) = P?(e(k—i-l))’ (31)
heH

iteratively. Note that these two optimization problems have been compactly and
conveniently rewritten in terms of S entropy-generated Bregman projections, with
implicit concurrent projections on the set of normalized joint distributions. The
iteration starts with 20 (z,m) = p(z|m) ©®(m), where 7(%)(m) is the seed prior,
and where p(x|m) is the model kernel density under the Fredholm integral in (14).
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The minimizing densities are easily computed: we find

cF D) () = PE(RR)) — plalm) 7®(m) z) = o) (mlz) oz

WD (z,m) = PE(e™Y) = pafm) / pU D (mlz) p(e) dz = p(alm) 7*+D (m),
X
that is, we reproduce the iterative alternating posterior and prior specifications
(17) and (18), but in terms of alternating Bregman projections (48) between joint
densities. The iteration procedure is depicted in Figure 6.1 for models based on
the noncentral hypersphere t-distribution. When considering the densities drawn
in the latter figure, the iterated joint density in the second column is closest in a
KL-sense to the iterated joint density in the fourth column of the preceding line
while obeying its defining constraints, while the iterated joint density in the fourth
column is closest in a KL-sense to the iterated joint density in the second column of
the same line while obeying its defining constraints. Diagrammatically, the Csiszar-
Tusnady iterative alternating algorithm can be simply reexpressed as the closed loop
diagram

P§(h) P (e) (32)

in terms of alternating Bregman projections, with an implicit running index k in-
cremented for each complete loop around. See also Dykstra [15], Censor and Reich
[11] and Bauschke and Lewis [4]. The iteration can be stopped when the joint den-
sities e(xz,m) and h(z, m) become equal and stationary in a KL sense, as discussed
by Chae et al. [12]. The alternating Bregman projection algorithm thus depicts a
closed loop lying entirely in the joint space X x M, and therefore addresses two of
the four issues discussed at the end of Section 5. We shall see in the next section
how the Gibbs-Jaynes maxent framework satisfactorily resolves all four issues while
providing us with maximal entropy data-constrained structural priors.

7. Jaynes structural data-constrained maxent prior

Jaynes maximum entropy (maxent) principle (Jaynes [23], Hestenes [22], Mana [31])
states that parametric densities 7 of ill-posed problems should be attributed maximal
entropy densities while being consistent with problem-specific functional constraints
of the type

F.(x) = /M F.(x,m) m(m)dm, c=1,...,C. (33)

For the Bayesian prior determination problem, the parametric model kernel density
function p(xz|m) provides the problem’s unique functional constraint (14). Following
Jaynes prescription, define the Lagrangian

L) = ~K L)+ [ M) ([ plalmntn dm —pte)) s, (30

X
where the subscript p should be understood as a shorthand for the evidence density
p(x), where m,(m) is a reference prior distribution introduced to ascertain coordi-
nate independence of the problem formulation, where A(x) is a Lagrange multiplier
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introduced to impose the constraint provided by equation (14), and where m(m) is
implied to be a normalized prior distribution in model M-space.

The primal problem is defined as the search for the saddle point of the concave
function defined by the Lagrangian (34) which defines Jaynes maximal entropy

Sy(p) = suli L,(m, ), (35)

a constrained optimization problem. The saddle point is obtained by nullifying the
Lagrangian functional derivatives with respect to both 7 and A : one obtains

0 = —logm(m) + log mo(m) + /X A(z)p(xz|m) dz, (36)

0= /M plelmym(m) dm — p(z). (37)

Setting the reference prior 7, to a uniform prior, Jaynes prior and the mixture model
can be, in terms of the partition function

Z0\) = /M exp ( /X M@)p(z|m) dx) dm, (38)

compactly reexpressed as

wn) = i e ([ 2@t az). (39)

pa) = 2 lowZ(3) (40)

~ o [ ptatmess ([ Maptelm) as) am

_ /M p(alm)(m)dm.

Equation (36) should be compared to equation (24): in the latter, the logarithm of
the model kernel p(z|m) is added as a loss term to the logarithm of the prior to
be updated, yielding the Bayesian posterior (15), a conditional probability density
residing in the joint M x X space; in the former, it is the integral [, A(x)p(z|m) dz
that is added to the logarithm of the prior to be updated, yielding the structural
Jaynes prior (39), a density residing in model space M as desired. The qualifier
structural is meant here to stress the fact that the model kernel p(z|m) is at the
core of the prior expression (39).

We now proceed to the dual minimization problem by defining the Gibbs-Jaynes
potential function
G, =105 Z(N) = [ Nw)p(e) dz (41)
X
which is a convex function of the Lagrange parameter . By convex duality, its
minimum equates Jaynes maximal entropy (35), that is, we have

ir/%f Go(A) = iI}l\f {log Z(\) — /X Az)p(x) d:p} =sup L,(m,\) = S;(p). (42)

T, A
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Figure 7.1: Jaynes prior for a mixture of noncentral hypersphere t-distributions, with
a target bimodal prior composed of the normalized sum of two such distributions. Left
upper panel: Jaynes prior compared to the target prior, marginal density of the joint
density to its right. Right upper panel: joint density v (0| 6s)7(0s). Left lower panel:
Gibbs-Jaynes model Lagrange multiplier A\(f) compared to the seed Lagrange multiplier
log p(#). Right lower panel: Gibbs-Jaynes model density compared to the target density,
marginal density of the joint density above it. See text for details.

By definition, the left hand side of the latter equality is the negative Fenchel-
Legendre transformation of log Z(\), implying that p(x) and A(z) are convex duals
(Lucet [30]). In convex analysis, the Legendre-Fenchel transform stands for a nat-
ural counterpart to the Fourier transform. Paraphrasing Reid et al. [35], we shall
refer to the convex duals (p(x), A\(x)) as entropic convexr duals. Note that the dual
minimization problem (42) is unconstrained and concerns only determination of the
Lagrange multiplier A\(x). By involution, log Z(\) is the negative Legendre trans-
formation of the negative Jaynes entropy, implying

g 200 = int | ~Ss(0) - [ plaIx@)] (13)

p

Az) = —=5s(p). (44)
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Through Jaynes maximal entropy formalism, specification of the structural prior
(39) is thus formally given in model M space, the sampling space X dependency
being absorbed by the integrals over X in the prior (39), the partition function
(38), and the Gibbs-Jaynes potential (41), with the latter including the density
p(x) to be modelled. As such, the Gibbs-Jaynes formalism resolves all notational
and computational ambiguities of the convex optimization mirror update procedure
discussed at the end of Section 5, with no intermediate Bayesian posterior to compute
nor Bregman divergence-induced iterative loop to close. Note that there is still
an iterative procedure involved, but it is now implicit in the unconstrained dual
minimization problem (42).

In practical terms, the unconstrained dual minimization problem (42) will be solved
using one’s numerical optimization algorithm of choice. Such algorithms usually
require a seed Lagrange multiplier A(z). For the noncentral hypersphere t- and
F-distributions (2) and (7) used here as model examples, it should be noted that
their respective kernels behave like the diagonal Dirac delta functions §(6 — 6;5)
and 0(6 — 6,), respectively, in the limit of large samples. In these limits, it is
easy to deduce that the prior density 7 should equate the evidence density p, and
that the Lagrange multiplier A\(f) should be well approximated by A(f) ~ log p(6).
See Figure 7.1 for a nontrivial example in terms of the Fisher-Student’s noncentral
hypersphere t-distribution with a bimodal prior. All dual optimization problems
considered herein were numerically solved using the MATLAB® subroutine fminunc,
with log p(6) as seed for the Lagrange multiplier A(#). See also Lucet [30].

8. Genomic-scale dataset Bayesian-Jaynesian analysis

We first revisit in this section the cancerous vs normal head and neck tissue microar-
ray dataset discussed by Le Blanc [29] in order to compute its empirical prior, and
compare it to the central distribution maximal entropy prior postulated therein.
The dataset comprises the differential expression for 11,302 genes pertaining for
N = 44 tissue samples (v = 42). We have plotted in Figure 8.1 Jaynes prior which
is seen to be well approximated by the central distribution maximal entropy prior.
It is also seen that Jaynes prior accurately models the dataset when paired with its
kernel, and that the Bayes factor BF;(p) (11) fits very well the empirical nonuni-
form p-value distribution generated by a NHST analysis. The Bayesian local false
discovery rate fdr(p) defined in (13) is ~ 10% at p = .01, and ~ 1% at p = 107°,
which allows one to address in simple terms the multiple hypothesis testing problem
(Dudoit et al. [14]). The alternating Bregman projection procedure expounded in
Section 4 yields a nearly identical prior (data not shown), but necessitates about
ten iterations to achieve convergence of its prior estimate.

We analyzed in a similar fashion a landmark multiclass microarray dataset pertain-
ing to four small round blue cell tumor (SRBCT) types of childhood Khan et al.
[25]. The dataset comprises K = 4 classes (Ewing’s tumor, neuroblastoma, Burkitt’s
lymphoma, and rhabdomyosarcoma) of respective class cardinalities 29, 11, 18, and
25 totaling N = 83 samples (1; = 3,1, = 79), with 2308 genes interrogated across
the four tumor types. A full Bayesian analysis in terms of the noncentral hyper-
sphere F-distribution is carried out in Figure 8.2. Again, it is seen that Jaynes prior
accurately models the dataset when paired with its kernel, while the Bayes factor
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BFg(p) fits very well the empirical nonuniform p-value distribution generated by a
NHST analysis. The Bayesian local false discovery rate fdr(p) in this case is ~ 10%
at p = .01, and ~ 1% at p = 107, once again allowing one to address in simple
terms the multiple hypothesis testing problem.
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Figure 8.1: Gibbs-Jaynes model for a microarray dataset interrogating 11,302 genes
while comparing cancerous versus normal head and neck tissue via a two-sample ¢-test for
N = 44 (v = 42) tissue samples. Upper left panel: Jaynes prior density 7(6s5), marginal
density of the joint density to its right, compared to the maximal entropy prior (5). Upper
right panel: corresponding joint density vf(6|0s) 7(0s). Middle left panel: noncentral
hypersphere t-distribution kernel density (2). Middle right panel: dataset normalized
histogram plotted against the Gibbs-Jaynes model density, marginal density of the joint
density above it. Lower left panel: NHST ¢-test p-value normalized histogram modelled
by the Bayes factor BF;(p). Lower right panel: log-log plot of the false discovery rate
fdr(p) against the NHST two-tail p-value. The fdr is ~ 10% at p = .01, and ~ 1% at
p=107°5.



R. Le Blanc / Entropic Convex Duality ... 641

e Gibbs-Jaynes prior
——— Central F-density

cosfy
cos Gy

Prior density 7(6)

Ul (0102)

1 4 4
——— Gibbs-Jaynes model
35 Dataset histogram
08
3 3

06

cosfy

04

02

o
o
N
o
IS
o
(=2}
o
o]
o
o
N
o
-~
o
(=2}
o
@

cosd cosd
10 0
Bayes factor BFy (p)
NHST p-value histogram
8 -2
—~ 6 —~ 4
> £
) Ed
[Sal = 6
2 -8
0 : -10
0 0.2 0.4 0.6 0.8 1 -10 -8 -6 -4 -2 0
F — test p — value log(p)

Figure 8.2: Gibbs-Jaynes model for a microarray dataset interrogating 2308 genes for
K = 4 small round blue cell tumor types (SRBCT) of childhood, with respective class
cardinalities 29, 11, 18, and 25 (11 = 3,5 = 79). Upper left panel: Jaynes prior density
(05 ), marginal density of the joint density to its right, compared to the maximal entropy
prior (10). Upper right panel: corresponding joint density U{; s (0]105) m(0p). Middle
left panel: noncentral hypersphere F-distribution kernel density (73 Middle right panel:
dataset normalized histogram plotted against the Gibbs-Jaynes model density, marginal
density of the joint density above it. Lower left panel: NHST F-test p-value normalized
histogram modelled by the Bayes factor BFr(p). Lower right panel: log-log plot of the
false discovery rate fdr(p) against the NHST p-value. The fdr is ~ 10% at p = .01, and
~ 1% at p= 1074,

We have graphically compared Jaynes priors to the central ¢- and F-distributions
in both preceding examples. It is seen that the central distributions offer good
approximations for the Jaynes priors. Would a biologist postulate such priors rather
than compute the Jaynes data-constrained maxent priors, he would thereby assume
that the biological system at hand can realize all possible size effects 6 or A as
they distribute themselves randomly but uniformly on the hypersphere. The latter



642 R. Le Blanc / Entropic Convex Duality ...

affirmation stems from the fact that the central t-distribution (5) and F-distribution
(10) are projections of a uniform unconstrained maximal entropy distribution on the
hypersphere unto specific (K — 1)-dimensional between-class variance hyperplanes
when discussed in terms of K-class ANOVA, with K = 2 for the t-distribution and
K > 2 for the F-distribution (Le Blanc [29]). In short, these priors may not be
flat, but they nevertheless stand for projections of an uninformative flat maximal
entropy distribution on the hypersphere. Similar arguments have been invoked by
Caticha and Preuss [10] in their construction of entropic priors:

Rather than seeking a totally non-informative prior, we translate infor-
mation that we do in fact have: the knowledge of the likelihood function
already constitutes valuable prior information.

These results should help to further the long-lasting debate concerning definition
of uninformative but geometrically meaningful priors for kernel-based parametric
Bayesian models.

9. Conclusion

We sought in this manuscript to identify the key underpinnings of historical deriva-
tions of the Bayes prior and posterior update rules which successively emphasized:
the classical probability theory approach; the more modern information-theory mo-
tivated variational approach and the contemporary convex geometry mirror update
approach; and the Csiszar-Tusnddy iterative alternating algorithm in joint density
space. We concluded that the 250 year-old Bayes update rule naturally arises from
the convex geometry of the convex entropy function S. With the exception of the
original Bayes-Laplace derivation, all of these approaches shared two core notions:
the concept of Kullback-Leibler relative entropy, and the principle of variational
minimization. Since the Kullback-Leibler relative entropy is a Bregman divergence
which only allows linear exploration of the convex entropy S tangent hyperplanes, all
these algorithms necessarily involved descent along iterated tangent hyperplanes to-
ward the solution, that is, they had to be iterative in nature. The iterative nature of
these prior and posterior update rules unfortunately obscures the prior dependency
on the model kernel.

In contrast, Jaynes maxent principle yields data-constrained structural priors which
make very explicit their dependency on the model kernel, with the modelled density
entropic convex dual providing the model kernel weight function. Through practical
examples, we showed that Jaynes maximal entropy principle allows for specifica-
tion of Bayesian priors which accurately model dense datasets produced by modern
high-throughput technologies. We also showed that Jaynesian-Bayesian modelling
of dense datasets NHST p-value distributions in terms of the Bayes factor BF(p)
allowed for a natural extension of the NHST framework. Finally, we empirically
verified that, at least for the dense datasets considered herein, the data-constrained
kernel-based Bayesian-Jaynesian priors for the noncentral ¢- and F-distributions are
well approximated by the central t- and F-distributions which in turn are projec-
tions of a uniform unconstrained maximal entropy distribution on the hypersphere,
an argument relevant to the definition of uninformative but geometrically meaning-
ful priors for parametric Bayesian models.
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Since dense datasets allow objective determination of the priors, we shall leave the
concluding remark to McGrayne [32, p. 103]:

When they have little data, scientists disagree and are subjectivists; when
they have piles of data, they agree and become objectivists.

Appendix: Elements of convex analysis and information theory

Bregman divergences generalize the notion of distance between points (Bregman
[8]). With an appropriate scalar product (-, -) and an appropriate gradient operator
V, they can be defined for vectors, matrices, functions and probability distribu-
tions (Basseville [3]). Bregman divergences are formally defined in terms of convex
functions. Let ® : 2 — R be a function that is strictly convex, continuously dif-
ferentiable, and defined on a closed convex set 2. The Bregman divergence for the
convex generator function @ is then defined as

Dy (z,y) = ®(x) — (®(y) + (VO(y),z —y)), Vz,y € Q, (45)

that is, as the difference between the value of ® at x and the first-order Taylor
expansion of ® around y evaluated at point x. As such, the Bregman divergence
allows for linear exploration of the tangent space at ®(y). If, for example, ® is the

Euclidean distance ®(z) = 1 (z,z), then,

Do(z,y) = 5 {@,2) - (v, y) +2(y,z—y)))

N = DN =

Note that, in this case, the Bregman distance equates the Euclidean distance since
the latter is quadratic. This observation also applies to quadratic divergences of
the form z?Wax where W is a positive definite matrix, an example of which is
the covariance matrix inverse which defines the Mahalanobis distance. Bregman
divergences satisfy Dg(z,y) > 0 for all z, y, and Dg(x,y) = 0 if and only if = = y.
Bregman divergences are not always metrics as they do not always satisfy the triangle
inequality. Symmetry between their two arguments depends on the choice of ®. The

concept of Bregman divergence extends to that of functional Bregman divergence
(Frigyik et al. [17]).

An entropy is a proper, convex, lower semi-continuous function S : Az — R, where
Az is the set of probability distributions over points in the probability simplex
=. The entropy S we shall consider herein is the negative of Shannon’s entropy
(Shannon [36]), that is, the convex function

S(m) = /M 7(m)log m(m) dm = E,[log 7. (46)

The Bregman divergence Dg(my, m3) associated with entropy S, where m(m) and
mo(m) assumed to be ¢;-normed, turns out to be equal to the Kullback-Leibler (KL)
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divergence (Kullback and Leibler [27]), also known as the KL relative entropy:

Datrm) = [ (mlm)1os I — (s (m) — mam)) )

mo(m)

- / () log =) gy (47)
M

772<m)

= KL(m,m) =E, {log E} :
2

In a Bregman divergence sense, the KLi divergence is thus a linear measure on the
tangent hyperplane at S(m). As such, any Lagrangian-based variational compu-
tation in terms of the KL-divergence will necessarily entail iterations on successive
such tangent hyperplanes till a stationary solution is met. In other words, a Bayes-
Laplace prior cannot be computed in one single iteration with such linear tools.

Given a Bregman divergence induced by a convex function ®, and given a constraint
set C, the Bregman projection of density ¢ unto the constraint set is defined as the
infimum

P (¢) = arg min Dg (7, ¢). (48)

el

For example, when the convex function ® is the entropy function S, and the con-
straint set C corresponds to the set of probability distributions Az over points in
the probability simplex Z, the Bregman projection P5(¢) simply amounts the a
¢1-normalization. The projection is achieved by minimizing the Lagrangian

L= /M Dy(r, &) dm + A (/M (m) dm — 1) | (49)

with solution provided by

¢(m) ¢(m)

TN T o(m)dm €O (50)

P5(¢) = m(m)

Bregman projections underly the iterative alternating algorithm laid out in Section 6.

Convex duality is a powerful concept delineating a category of optimization problems
for which powerful analytical, geometrical, and information theoretical tools are at
hand (Borwein and Luke [7], Borwein [6]). Very succinctly, the concept uses the
fact that analytical convex functions ® have monotonic first derivatives and positive
second derivatives. This implies that a convex function ® can be fully described
by either the doublet (x,®(x)) or the doublet (¢, ®*(t)), where ¢t stands for the
first derivative (tangent) of the convex function ®, and where the convex conjugate
function ®*(¢) is formally defined by

O*(t) := sup,ex ((t, ) — B(x)). (51)
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When & is given by the convex entropy S, we have:
S(x) = zlogz,
t(z) = V.S (x)=logx+1,
z(t) = e, (52)
S*(t) = ta(t) = S(x(t)) (53)
— el _ oD gDy = (D),
VS*(t) = etV =ua(1).

Note that definition of entropy S varies in the literature, some authors using S(x) =
xlogx — x rather than S(z) = xlogx in order to get rid of the cumbersome factor
one in the equations above, and one must exercise some care when carrying over this
factor one. The right hand side of equation (51) is a strictly concave maximization
optimization problem with, for analytic functions, a unique maximum attained at
t =V, (®(z)) (Nielsen [33]). If ® is strictly convex and twice differentiable, then so
is @*. If ® is lower semi-continuous, ® is the convex conjugate of ®*, implying a dual
relationship between ® and ®*. In this case, V,®*(t) and V,®(x) are functional
inverses, as demonstrated above for the entropy function S. For a density m(m)
defined in model space M and entropy S(r), the dual function is similarly defined
by

S*(p) :=sup, l/M o(m) m(m) dm — S(m)]| . (54)

When including the Bregman projection (50) in the variational problem, we compute
S*(p) =log [ expp(m) dm, (55)
M

implying that

VS () = exp(p(m)) _ m(m) € Az, (56)

— Juexple(m)) dm [y mw(m)dm

for ¢ = VS(m) = logm + 1. The dual operator VS* thus simply projects the func-
tional entropy S derivative V.S(m) onto a normalized distribution in the probability
simplex =, that is, VS*(VS(m)) € Az. Reid et al. [35] refers to the entropy S
convex dual S* as its entropic dual.
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