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This paper deals with the quasi-Newton type scheme for solving generalized equations involving
set-valued vector fields on Riemannian manifolds. We establish some conditions ensuring the
superlinear convergence for the iterative sequence which approximates a solution of the generalized
equations. Such conditions can be viewed as an extension of the classical theorem of J. E. Dennis
and J. J. Moré [see: A characterization of superlinear convergence and its application to quasi-New-
ton methods, Math. Computation 28/126 (1974) 549–560] as well as the Riemannian Dennis-Moré
condition established by K. A. Gallivan, C. Qi and P.-A. Absil [A Riemannian Dennis-Moré Con-
dition, in: High-Performance Scientific Computing: Algorithms and Applications, M. W. Berry et
al. (eds.), Springer, London (2012) 281–293]. Furthermore, we also apply these results to consider
the convergence of a Broyden-type update for the problem of solving generalized equations in
Riemannian context. Our results are new even for classical equations defined by single-valued
vector fields.
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1. Introduction

Let M be a complete (finite dimensional) Riemannian manifold. As usual, denote
TpM the tangent space of M at p ∈ M and the corresponding tangent bundle TM.
By a vector field V defined on M, we mean a map (frequently smooth) from M into
TM such that V (p) ∈ TpM. An important example for such a vector field is the
gradient V = grad f associated with smooth function f ∈ C∞(M). Generally, one
can consider a set-valued mapping Π : M ⇒ TM, said to be a set-valued (another
terminology point-to-set appeared in [9]) vector field whose value at a point p is a
subset of TpM. A convention, we identify Π(p) with a subset of TpM.
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We consider the problem of finding a solution to an inclusion of the form

0p ∈ ξ(p) +Π(p), p ∈ M, (1.1)

where 0p stands for the origin of TpM, ξ is a vector field on M and Π is a set-valued
vector field. Throughout this paper, ξ is smooth and Π is closed in the sense that,
if pk → p in M and uk → u in the tangent bundle TM with uk ∈ Π(pk), then
u ∈ Π(p).
The motivation behind studying abstract model (1.1) is active through a lot of recent
researches. One of the the earliest particular issue that was investigated widely is
the variational inequality, which was mentioned first in the work by Németh [29].
After this pioneer paper, several authors has been examined such a problem, for
examples, see [26, 27] and the references therein for further discussions. Especially,
in the very recent contribution [7], the authors have considered variational inclusion
problems, which is exactly the same as (1.1) but in the context of Hadamard manifold
setting only. Even if more general, the paper [13] incorporated in the problem of
finding solutions to the zeros of the sum of two multi-valued vector fields, which is
obviously more abstract than the one in (1.1). The appearance of set-valued term
is sometimes natural by the intrinsic feature of the practice issues, since the single-
value models may not be sufficient to interpret those complex phenomena. The
involved multi-valued maps makes our models to be useful by using the advanced
nonsmooth techniques on manifolds [21, 24].
Back to our problem of consideration, by suitably choosing the multi-valued term
Π, (1.1) covers many important ones being studied in the literature. The simplest
case is let Π to be zero field, it reduces immediately the problem of finding the singu-
larities of a vector field ξ [17, 41]. If we identify M with a Euclidean space Rn, (1.1)
is nothing but the so-called generalized equation (GE) due to the terminology by
Robinson [33, 34]. Let Π(p) = ∂f(p) to be the set of subgradients to a function
f : M −→ R (see [21, 24]), (1.1) describes somewhat subsumes to necessary opti-
mality condition for a local minimum to f .
With respect to the classical GE in Euclidean and even Banach setting, there had
been abundant works that consider the various of iterative schemes of type Newton
or quasi-Newton, see e.g. [4, 5, 8, 19, 23] and the reference therein. Newton-type
methods still demonstrate their success in term of local rate of convergence, however,
they seems to be difficult to globalize, and complexity of computing derivatives is
a big challenge. Those drawbacks leads to the study of quasi-Newton methods that
inherit the good convergence rate while avoid the complexity of derivative compu-
tational [12]. One of the advantages of quasi-Newton methods is that superlinear
convergence can be guaranteed under some mild assumptions. In the seminal pa-
per [11], Dennis and Moré have provided such a sufficient condition for nonlinear
equations. Let us recall this important theorem here.
Theorem 1.1. ([11, Theorem 2.2]) Let F : Rn −→ Rn be differentiable on the
open, convex set Ω in Rn, and assume that for some x∗ ∈ Ω its derivative F ′

is continuous at x∗ and F ′(x∗) is nonsingular. Let (Bk) be a sequence of n-by-n
nonsingular matrices and suppose that for some x0 in Ω the sequence (xk) where

xk+1 = xk −B−1
k F (xk) (1.2)



S. Adly, H. V. Ngai, V. V. Nguyen / Dennis-Moré Condition ... 671

remains in Ω and converges to x∗. Then (xk) converges Q-superlinearly to x∗ and
F (x∗) = 0 if and only if

lim
k→∞

‖[Bk − F ′(x∗)](xk+1 − xk)‖
‖xk+1 − xk‖

= 0. (1.3)

This famous result is referred to the Dennis-Moré theorem which serves as a key
ingredient to establish the super-linear convergence of the quasi-Newton type algo-
rithms [11, 12, 20, 28, 36]. Due to its importance in both the theoretical and numeri-
cal aspects, the Dennis-Moré theorem was developed to generalized equations defined
on finite dimensional spaces or more generally on Banach spaces, e.g. [5, 8, 15].
Recently, the study of optimization methods to functions defined on smooth man-
ifolds has attracted many researchers, due to its applications in several areas, for
instance, the eigenvalue and singular value problems, matrix approximations, in-
dependent component analysis (ICA), pose estimation problem, etc. The readers
are referred to [1, 2, 25, 40] for theoretical results as well as their applications. In
the aspect of algorithms, several Newton/quasi-Newton type methods have devel-
oped for solving nonlinear equations defined on Riemannian manifolds (e.g., see
[3, 17, 22, 30, 39]). Especially, the Riemannian BFGS algorithm had been devel-
oped through the works [30, 31, 38] and an extension of Dennis-Moré condition onto
the framework of Riemannian manifolds had been established in [18]. In [6], the
same authors of the present paper have investigated the Newton type method for
generalized equations on Riemannian manifolds.
The present paper concentrates on some quasi-Newton type frameworks to ap-
proximate the solution of problem (1.1). Inspired from the classical quasi-Newton
method, our scheme for solving (1.1) can be described briefly as follows. Let us
take p0 ∈ M (usually expected to be nearby a solution) as an initial point. At each
step, suppose that the current iterate pk and a linear map Bk : TpkM −→ TpkM was
well-defined. Associated with a retraction Rpk : TpkM −→ M (it will be specified in
Section 2 later), we search a tangent vector uk ∈ TpkM such that

0pk ∈ ξ(pk) +Bk(uk) +
(
T −1
uk

ΠRpk

)
(uk). (1.4)

Then, the new iteration is updated by pk+1 = Rpk(uk). As mentioned later, Tuk
:

TpkM −→ TRpk
(uk)M stands for the linear map inherited from a vector transport T

corresponding to the retraction R (cf. [31, 1]). Naturally, it is possible to take Tuk
as

the parallel translation along the curve χuk
(t) = Rpk(tuk). In the subproblem (1.4),

the single-valued part ξ(pk) + Bk(uk) may be viewed as a first-order approximate
model for ξ near pk, where the operator Bk plays a similar role as an approximation
of the Jacobian matrix in the classical Euclidean quasi-Newton scheme (1.2). More
general, an inexact version of (1.4) is the one given by

0pk ∈ ξ(pk) +Bk(uk) +
(
T −1
uk

ΠRpk

)
(uk) + rkBpk . (1.5)

The appearance of inexact term rkBpk involved in (1.5) makes the framework to be
more flexible and could allow us to improve the applicability of practical algorithms.
The purpose of the paper is twofold: Firstly, to establish a general Dennis-Moré type
condition for the superlinear convergence of the scheme (1.4); secondly, to apply this



672 S. Adly, H. V. Ngai, V. V. Nguyen / Dennis-Moré Condition ...

general condition to convergence analysis of the Broyden type update. We would
like to mention that the extension from the single-valued case to the set-valued one is
not trivial. The main difficulty in the proof of the convergence of (1.4) is due to the
fact that the set-valued parts in scheme (1.4) change and depend on the geometric
structure of the reference manifold at each iteration.
The paper is organized as follows. In the next section we recall some basic nota-
tions from differential geometry which will be used in the sequel. Section 3 presents
some results (Theorem 3.3 and 3.7) related to Riemannian Dennis-Moré conditions
for inclusion (1.1). Section 4 deals with a class of Broyden type update in order
to solve (1.1). We establish in Theorem 4.10 the existence and the linear conver-
gence of sequence given by our abstract scheme (1.5). At the end, the superlinear
rate is attained in Theorem 4.16 with the help of Dennis-Moré type condition in
Theorem 3.3.

2. Notations and preliminaries

All fundamental objects considered in what follows are in the scope of differential
geometry. We follow [14, 37] in the use of the basic concepts and notation concerning
Riemannian manifolds.
Let M be a (geodesically) complete Riemannian manifold of a dimension m endowed
with a metric g. The space of all smooth real functions defined on M is denoted
by C∞(M). For any smooth curve γ : I −→ M (I ⊂ R is always meant to be an
interval), its tangent vector γ′(t0) (or also γ̇(t0), dγ

dt
(t0)) at instant t0 ∈ I is viewed

as a derivation by the formula

γ′(t0)f := (f ◦ γ)′(t0), f ∈ C∞(M).

If p ∈ M, the tangent space TpM to M at p is the collection of all tangent vectors
γ′(t0) such that γ(t0) = p. Formally, the tangent bundle TM of M is identified with
the disjoint union of all tangent spaces TM =

{
(p, u) : p ∈ M, u ∈ TpM

}
.

As usual, denote by ‖·‖p the norm induced by g onto the linear space TpM. If
γ : I −→ M is a piecewise smooth curve, i.e., there are a finite number of points
a = t0 < t1 < . . . < tk = b for which γ|(ti,ti+1) is smooth, then the length of γ0 = γ|[a,b]
is given by the following quantity [14]

ℓba(γ0) :=
k−1∑
i=0

∫ ti+1

ti

‖γ′(t)‖γ(t) dt. (2.1)

The Riemannian distance on M is defined by

d(p, q) := inf
{
ℓba(γ)

∣∣∣ γ is piecewise smooth, γ(a) = p, γ(b) = q
}
. (2.2)

The fundamental theorem of Riemannian geometry asserts that there exists a unique
symmetric affine connection ∇ on M which is compatible with the metric g (named
as Riemannian connection or Levi-Civita connection). Let us fix a smooth curve
γ : I −→ M and t0, t1∈ I. The parallel translation P t0,t1

γ :Tγ(t0)M −→ Tγ(t1)M along
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γ is a map determined by P t0,t1
γ (u) = V (u, t0; t1), in which V (u, t0; ·) is the unique

solution of an ordinary differential system

V (u, t0; t0) = u, ∇γ′V (u, t0; ·) ≡ 0. (2.3)

All parallel translations are linearly isometric, and P t0,t1
γ =

(
P t1,t0
γ

)−1. Moreover,
the following relation does hold

∇γ′(t0)V =
d

dt

{
P t,t0
γ V (γ(t))

}∣∣∣∣
t=t0

, (2.4)

where d
dt

is meant to be the usual derivative with respect to real variable t.
A geodesic γ in M is a smooth curve whose acceleration ∇γ′γ′ is vanishing. It
follows from the definition that the speed ‖γ′(t)‖ does not vary with respect to t.
As mentioned at the beginning of this section, M is geodesically complete, that is,
any geodesic can be extended to a map defining on the whole real line R. Now
let (p, u) be in the tangent bundle TM. Then, it has a unique geodesic γ(p, u; ·)
passing through p at t = 0 with initial velocity d

dt
γ(p, u; ·)

∣∣
t=0

= u. The exponential
map Exp : TM −→ M is defined by (p, u) ∈ TM 7→ Exp(p, u) := q = γ(p, u; 1) ∈
M. Associated with a point p ∈ M, the restriction of Exp onto TpM defines the
exponential expp at p. Geodesic and exponential map possess many important
properties. More details about Riemannian geometry can be found, for instance, in
the textbooks [14, 37].
We will need later the concepts of retraction together with vector transportation.
The readers are referred to [1, 31] for further discussions. A retraction is a smooth
map R from the tangent bundle TM onto M such that, for Rp : TpM −→ M being
the retraction at p (i.e, restriction of R onto TpM), the following conditions are
fulfilled:
(1) Rp(0p) = p;
(2) (rigidity) DRp(0p) = idTpM under the identification T0p (TpM) ' TpM, where

DRp(0p) denotes the derivative of Rp at the origin 0p.
Obviously, the exponential map Exp is a standard example for retractions. Inspired
from the standard properties of exponential map, we will say a neighborhood Ωp of
p is R-normal if R−1

q is a single-valued and smooth whenever q is in Ωp.
Corresponding to a given retraction R, a vector transport T defined on the Whitney
sum TM⊕TM is a map such that the following three conditions are fulfilled:
(i) T is associated with R in the sense that Tuv := T (u, v) ∈ TRp(u)M for every

u, v ∈ Tp(M);

(ii) (consistency) T0pu = u for any (p, u) ∈ TM;
(iii) (linearity) the map Tu : TpM −→ TRp(u)M is linear.
Intuitively, Tu(v) ∈ TRp(u)M denotes the tangent vector in transporting v ∈ TpM
along a retraction departing from p with velocity u ∈ TpM. As a particular case,
we can take Tuv = P 0,1

γu v for γu(t) := Rp(tu). Another choice is inherited from
the differential of retraction Rp, i.e. Tuv = (dRp)u (v). To avoid the complexity
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of the multivalued inverse for T −1
u , let us assume that for each p the linear map

Tu : TpM −→ TRp(u)M is injective whenever u lies on a neighborhood around the
origin 0p.
Similarly to the Dennis-Moré theorem in the Euclidean setting, in [18], to establish a
Riemannian Dennis-Moré condition for smooth vector fields, the invertibility of the
covariant derivative is needed. In the setting of set-valued vector fields considered in
the present paper, we will need some metric (strong)(sub-)regularities of set-valued
vector fields. Recall that (see, e.g., [16, 35]), a set-valued mapping F : X ⇒ Y
between two Banach spaces X and Y is a correspondence assigning to each x ∈ X
a subset F (x) ⊂ Y . F is said to be strongly metrically subregular with a modulus
τ > 0 around (x̄, ȳ) for ȳ ∈ F (x̄) if there is a neighborhood U of x̄ such that

‖x− x̄‖ 6 τd
(
ȳ, F (x)

)
, for all x ∈ U. (2.5)

F is said to be metrically regular around (x̄, ȳ) ∈ X × Y, if there are τ > 0 and a
neighborhood U × V of (x̄, ȳ) such that

d(x, F−1(y)) 6 τd
(
y, F (x)

)
, for all (x, y) ∈ U × V . (2.6)

The strong metric subregularity and the metric regularity are extended naturally to
set-valued vector fileds on manifolds as follows.

Definition 2.1. ((R, T )-strong metric subregularity) Let T be a vector transport
associated to retraction R and let Υ be a point-to-set vector field. We say that Υ
is (R, T )-strongly metrically subregular around p̄ relative to ω̄ ∈ Υ (p̄) provided that
there exist parameters κ > 0 and r > 0, r′ > 0 such that

d(p, p̄) < r =⇒ d(p, p̄) 6 κ inf

{∥∥ω̄ − T −1
u (ω)

∥∥ ∣∣∣∣∣ u = R−1
p̄ (p), ω ∈ Υ (p),∥∥ω̄ − T −1
u (ω)

∥∥ < r′

}
. (2.7)

By subreg ΥR,T (p̄, ω̄), we mean the infimum of all constants κ > 0 verifying (2.7).
Otherwise, we set subreg ΥR,T (p̄, ω̄) = +∞ when Υ is not T -strongly metrically
subregular around p̄ relative to ω̄. When the manifold M coincides with a Euclidean
space: M = Rm, by identifying TpM = {p} × Rm, TM = Rm × Rm, and by taking
Rp(p, u) = p + u and T(p,u)(p, v) = (Rp(u), v), obviously Definition 2.1 becomes
exactly the usual strong metric subregularity.

Definition 2.2. ((R, T )-metric regularity) Let T be a vector transport associated
with retraction R and let Υ be a given set-valued vector field. One says that Υ is
metrically regular with respect to the pair of retraction-transport (R, T ) at (p̄, ū)
for ū ∈ Υ (p̄) if there exist some positive parameters r1, r2 and κ such that{

d(p, p̄) < r1, v ∈ TpM,∥∥v − TR−1
p̄ (p)ū

∥∥ < r2

}
=⇒ d

(
p,
{
q :Υ (q)3TR−1

p (q)v
})

6 κd
(
v, Υ (p)

)
. (2.8)

Denote by regR,T Υ (p̄, ū) the infimum over all moduli κ satisfying (2.8). Otherwise,
we set regR,T Υ (p̄, ū) = +∞. In the case R = Exp and T is generated by the
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parallel transport, we will say shortly that Υ is metrically regular at (p̄, ū), and
write reg Υ (p̄, ū) instead of regR,T Υ (p̄, ū). Also recall that, for the two subsets A,B
of a metric space X endowed with a metric d, the excess of A over B is defined by

e(A,B) := sup
a∈A

d(a,B).

3. Riemannian Dennis-Moré condition for inclusions involving set-valued
vector fields

Consider the inclusion (1.1) associated to a vector field ξ and a set-valued vector
field Π defined on a Riemannian manifold M. For a given pair (R, T ), the (exact)
scheme of quasi-Newton type for solving (1.1) is described as{

0p ∈ ξ(pk) +Bk(uk) + (T −1
uk

ΠRpk)(uk),

pk+1 = Rpk(uk);
(3.1)

and an inexact version of (3.1) is given by{
0p ∈ ξ(pk) +Bk(uk) + (T −1

uk
ΠRpk)(uk) + rkBpk ,

pk+1 = Rpk(uk),
(3.2)

where, Bpk stands the closed unit ball of the tangent space TpkM. Suppose that
the sequence (pk) defined through either inclusion (3.1) or the one in (3.2) and that
pk → p̄. Let Ωp̄ be a R-normal neighborhood at p̄, and assume, upon skipping
several initial terms, pk ∈ Ωp̄. Denote vk = R−1

p̄ (pk), Tk = Tuk
(·) and Sk = Tvk(·)

(recall that the inverse of the retraction R−1
p̄ is well-defined around p̄ see [1] for more

details). We will need some preparatory lemmas.

Lemma 3.1. Let Ak : Tp̄M ⇒ Tp̄M be a sequence of mappings. Define{
ak = d

(
Bk(uk), SkAkS

−1
k uk

)
,

bk = supw∈SkAkS
−1
k uk

∥∥T−1
k ξ(pk+1)− ξ(pk)− w

∥∥ , (3.3)

where (pk) is generated by the scheme (3.2). Then one has
d
(
0pk , T

−1
k ξ(pk+1) + T−1

k Π(pk+1)
)
6 ak + bk + rk. (3.4)

Proof. Based on (3.2), we can select ωk+1 ∈ Π(pk+1) and wk ∈ Bpk satisying
−ξ(pk)− T−1

k ωk+1 − rkwk = Bk(uk). Thus we have

d
(
0pk+1

, ξ(pk+1) +Π(pk+1)
)
6 ‖ξ(pk+1) + ωk+1‖ .

Let w be in the set SkAkS
−1
k uk. By the representation

T−1
k ξ(pk+1) + T−1

k ωk+1 =
[
T−1
k ξ(pk+1)− ξ(pk)− w

]
−
[
− ξ(pk)− T−1

k ωk+1 − w
]
,

we deduce

d
(
0pk , T

−1
k ξ(pk+1) + T−1

k Π(pk+1)
)

6 sup
w∈SkAkS

−1
k uk

∥∥T−1
k ξ(pk+1)− ξ(pk)− w

∥∥+
∥∥−ξ(pk)− T−1

k ωk+1 − w
∥∥

= bk +
∥∥−ξ(pk)− T−1

k ωk+1 − w
∥∥ .
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Fixing k and taking the infimum over w ∈ SkAkS
−1
k uk, we find

d
(
0pk , T

−1
k ξ(pk+1)+T−1

k Π(pk+1)
)
6 bk+d

(
−ξ(pk)−T−1

k ωk+1, SkAkS
−1
k uk

)
6 bk+d

(
Bk(uk), SkAkS

−1
k uk

)
+rk = bk+ak+rk,

where the last inequality follows by the inclusion −ξ(pk)−T−1
k ωk+1−rkwk = Bk(uk).

Hence, (3.4) is done.

Lemma 3.2. Consider the sequences defined by{
ck = e

(
SkAkS

−1
k uk, T

−1
k ξ(pk+1) +Bk(uk) + T−1

k Π(pk+1)
)
,

dk = e
(
SkAkS

−1
k uk, T

−1
k Sk+1ξ(p̄) +Bk(uk) + T−1

k Π(pk+1)
)
.

(3.5)

Suppose that (pk) satisfies (3.2) (or, particular (3.1)), we have{
ck 6 bk + rk,

dk 6 bk +
∥∥T−1

k Sk+1

∥∥ ∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥+ rk.
(3.6)

Proof. Choose ωk+1 ∈ Π(pk+1), wk ∈ Bk(uk) and w′
k ∈ Bpk such that

ξ(pk) + wk + T−1
k ωk+1 + rkw

′
k = 0.

Let w ∈ SkAkS
−1
k uk, we have

d
(
w, T−1

k ξ(pk+1) +Bk(uk) + T−1
k Π(pk+1)

)
6

∥∥w − T−1
k ξ(pk+1)− wk − T−1

k ωk+1

∥∥
=

∥∥w − T−1
k ξ(pk+1) + ξ(pk) + rkw

′
k

∥∥ 6
∥∥w − T−1

k ξ(pk+1) + ξ(pk)
∥∥+ rk.

Taking the supremum with respect to w, we obtain the first inequality in (3.6). For
the other one, if w ∈ SkAkS

−1
k uk then

d
(
w, T−1

k Sk+1ξ(p̄) +Bk(uk) + T−1
k Π(pk+1)

)
6

∥∥w − T−1
k Sk+1ξ(p̄)− wk − T−1

k ωk+1

∥∥ =
∥∥w − T−1

k Sk+1ξ(p̄) + ξ(pk) + rkw
′
k

∥∥
Next, making use of the following identical expression

w − T−1
k Sk+1ξ(p̄) + ξ(pk)

=
[
−T−1

k ξ(pk+1) + w + ξ(pk)
]
+ T−1

k Sk+1

[
S−1
k+1ξ(pk+1)− ξ(p̄)

]
+ rkw

′
k,

we get

d
(
w, ξ(p̄) + S−1

k+1TkBk(uk) + S−1
k+1Π(pk+1)

)
6

∥∥T−1
k ξ(pk+1)− w − ξ(pk)

∥∥+
∥∥T−1

k Sk+1

∥∥∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥+ rk.

Hence, the second estimation in (3.6) is involved.

We are now going to present the main results of this section, which provides an
abstract Dennis-Moré condition for set-valued vector fields.
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Theorem 3.3. Given ξ and Π where Π is closed in the sense mentioned in the
introductory section. Let R be given a bundle retraction and T be a continuous vector
transport associated with R. Suppose the algorithm (1.5) generates a sequence pk
converging to p̄ in M with uk 6= 0pk . Let Ak : Tp̄M ⇒ Tp̄M be a sequence of mappings
such that

(C1) lim
k→∞

supw∈SkAkS
−1
k uk

∥∥T−1
k ξ(pk+1)− ξ(pk)− w

∥∥
‖uk‖

= 0.

Here, we use again the notations Sk = Tvk(·), Tk = Tuk
(·) and vk = R−1

p̄ (pk). In
addition, assume that the following conditions are satisfied

(C2) lim sup
k→∞

rk
d(pk, p̄)

= 0,

(C3) 0 < lim inf
k→∞

d(pk, pk+1)

‖uk‖
6 lim sup

k→∞

d(pk, pk+1)

‖uk‖
< +∞,

and
(C4) lim sup

k→∞

{
max

(
‖Tk‖ ,

∥∥T−1
k

∥∥ , ‖Sk‖ ,
∥∥S−1

k

∥∥) } < +∞.

Then, the following statements hold.
(i) When pk converges to p̄ superlinearly, one has

lim
k→∞

e
(
SkAkS

−1
k uk, T

−1
k ξ(pk+1) +Bk(uk) + T−1

k Π(pk+1)
)

‖uk‖
= 0. (3.7)

Moreover, if lim sup
k→∞

‖S−1
k ξ(pk)− ξ(p̄)‖

‖uk‖
< +∞, (3.8)

then lim
k→∞

e
(
SkAkS

−1
k uk, T

−1
k Sk+1ξ(p̄) +Bk(uk) + T−1

k Π(pk+1)
)

‖uk‖
= 0. (3.9)

(ii) Suppose now lim
k→∞

d
(
Bk(uk), SkAkS

−1
k uk

)
‖uk‖

= 0. (3.10)

If the map h :u ∈ Tp̄M 7−→ T −1
u ξ (Rp̄(u)) is continuous, then p̄ is a solution of

problem (1.1), i.e. 0p̄ ∈ ξ(p̄)+Π(p̄). Further, if ξ+Π is T -strongly subregular
around p̄ relative to 0p̄, then the sequence (pk) converges to p̄ superlinearly.

Proof. To simplify notation let us define αk=d(pk, p̄) > 0 and βk=d (pk, pk+1) > 0.
Moreover, we also adopt the parameters ak, bk, ck and dk defined as in Propositions
3.1 and 3.2.
Proof of (i). Suppose pk → p̄ superlinearly, then αk+1 = tkαk for some positive
sequence tk → 0. Thus, for k large enough one has

βk = d(pk, pk+1) > |d(pk, p̄)− d(pk+1, p̄)| = |αk − αk+1| = (1− tk)αk.

With the same notations, Lemma 3.2 givesck 6 bk + rk,

dk 6 bk +
∥∥T−1

k Sk+1

∥∥ ∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥+ rk.
(3.11)

Recall that bk = supw∈SkAkS
−1
k uk

∥∥T−1
k ξ(pk+1)− ξ(pk)− w

∥∥.
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We are going to verify the following relations

lim
k→∞

rk
‖uk‖

= lim
k→∞

{
1

‖uk‖
∥∥T−1

k Sk+1

∥∥ ∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥} = 0. (3.12)

Indeed, notice that tk → 0 and since

rk
‖uk‖

=

(
rk
αk

)(
αk

βk

)(
βk

‖uk‖

)
6

(
rk
αk

)(
1

1− tk

)(
βk

‖uk‖

)
,

assumptions (C2), (C3) imply that lim sup
k→∞

rk
‖uk‖

= 0.

On the other hand, we recall that

lim sup
k→∞

{
‖uk+1‖−1

∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥} < +∞. (3.13)

By the triangle inequality, we have

βk+1 = d(pk+1, pk+2) 6 d(p̄, pk+1) + d(p̄, pk+2) = αk+1 + αk+2,

so βk+1 = o(αk) = o(βk). Thanks to (C3), (C4) and (3.13), we obtain

lim sup
k→∞

{
1

‖uk‖
∥∥T−1

k Sk+1

∥∥∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥}
= lim sup

k→∞

{(
βk+1

βk

)(
βk

‖uk‖

)(∥∥T−1
k Sk+1

∥∥) [‖uk+1‖−1
∥∥S−1

k+1ξ(pk+1)− ξ(p̄)
∥∥ ]} = 0.

Thus, (3.12) is valid. Finally, combining (C1), (3.11) and (3.12) we get (3.7) and
(3.8).
Proof of (ii). Let ak and bk be the quantities defined as in Lemma 3.1. From (3.10),
we are able to write ak = sk ‖uk‖, bk = s′k ‖uk‖, for some sequences (sk) and (s′k)
converging to 0. In view of Lemma 3.1, it holds that

d
(
0pk , T

−1
k ξ(pk+1) + T−1

k Π(pk+1)
)
6 ak + bk + rk.

The closedness of Π ensures that Π(pk+1) is closed. As a result, there is an element
ωk+1 ∈ Π(pk+1) such that∥∥T−1

k ξ(pk+1) + T−1
k ωk+1

∥∥ = d
(
0pk , T

−1
k ξ(pk+1) + T−1

k Π(pk+1)
)
6 ak + bk + rk.

Thus,∥∥−S−1
k+1ωk+1 + ξ(p̄)

∥∥ 6
∥∥S−1

k+1ωk+1 + S−1
k+1ξ(pk+1)

∥∥+
∥∥S−1

k+1ξ(pk+1)− ξ(p̄)
∥∥

6
∥∥S−1

k+1SkTk

∥∥∥∥T−1
k ωk+1 + T−1

k ξ(pk+1)
∥∥+

∥∥S−1
k+1ξ(pk+1)− ξ(p̄)

∥∥
6

∥∥S−1
k+1SkTk

∥∥ (ak + bk + rk) + ‖h(vk+1)− h(0p̄)‖ .

Taking into account the assumptions (C1), (C2), (C3) and (3.10), the continuity
of h gives us limk→∞

∥∥−S−1
k+1ωk+1 + ξ(p̄)

∥∥ = 0, and in consequence the inclusion
0p̄ ∈ ξ(p̄) +Π(p̄) is shown.
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We include now the hypothesis subreg(ξ +Π)T (p̄, 0p̄) < +∞ which is in the sense
of Definition 2.1. Choosing some parameters κ > 0, r > 0 and r′ > 0 such that

d(p, p̄) < r =⇒ d(p, p̄) 6 κ inf

{∥∥T −1
u ζ

∥∥ ∣∣∣∣∣ R
−1
p̄ (p) = u, ζ∈ξ(p)+Π(p),∥∥T −1
u ζ

∥∥ < r′

}
. (3.14)

Recall that
∥∥T−1

k ξ(pk+1) + T−1
k ωk+1

∥∥ = d
(
0pk , T

−1
k ξ(pk+1) + T−1

k Π(pk+1)
)
. Define

ζk+1 = ξ(pk+1) + ωk+1, then this new element is in ξ(pk+1) + Π(pk+1). From
Lemma 3.1, we infer∥∥S−1

k+1ζk+1

∥∥ 6
∥∥S−1

k+1Tk

∥∥∥∥T−1
k ζk+1

∥∥ 6
∥∥S−1

k+1Tk

∥∥ (ak + bk + rk),

which yields
∥∥S−1

k+1ζk+1

∥∥ → 0 by invoking (C1), (C2), (C4) and (3.10). Consequently,
d(pk+1, p̄) < r and

∥∥S−1
k+1ζk+1

∥∥ < r′ when k is large. Applying (3.14) for p = pk+1

and ζ = ζk+1, we find

d(pk+1, p̄) 6 κ
∥∥S−1

k+1ζk+1

∥∥ 6 κ
∥∥S−1

k+1Tk

∥∥ (ak + bk + rk) = νk ‖uk‖+ ν ′
kαk, (3.15)

where νk = κ
∥∥S−1

k+1Tk

∥∥ (sk + s′k) and ν ′
k = κ

∥∥S−1
k+1Tk

∥∥α−1
k rk. It follows from the

triangle inequality in M that

βk = d(pk, pk+1) 6 d(p̄, pk) + d(p̄, pk+1) = (1 + ν ′
k)αk + νk ‖uk‖ . (3.16)

Define µk = d(pk+1, pk)/ ‖uk‖. Then we deduce from (3.16)

µkβk 6 µk(1 + ν ′
k)αk + νkβk. (3.17)

Taking into account (C3), one has

0 < lim inf
k→∞

µk 6 lim sup
k→∞

µk < +∞. (3.18)

Further, using (C4), the sequence νk = κ
∥∥S−1

k+1Tk

∥∥ (sk+s′k) converges to zero, thanks
to the fact that of sk → 0 and s′k → 0. Thus, limk→∞

νk
µk

= 0, which permits us to
conclude after skipping finite many indices k that

βk 6
µk(1 + ν ′

k)

µk − νk
αk. (3.19)

Next, invoking both (3.15) and (3.19), we obtain

αk+1 6 νkµ
−1
k βk + ν ′

kαk 6 νk
1 + ν ′

k

µk − νk
αk + ν ′

kαk =
νk
µk

1 + ν ′
k

1− νk/µk

αk + ν ′
kαk. (3.20)

Finally, by observing that ν ′
k → 0 and νk/µk → 0, we deduce

lim sup
k→∞

d(pk+1, p̄)

d(pk, p̄)
= lim sup

k→∞

αk+1

αk

6 lim sup
k→∞

(
νk
µk

1 + ν ′
k

1− νk/µk

+ ν ′
k

)
= 0, (3.21)

and the proof is complete.
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Remark 3.4. It is obvious that the conditions (C1), (C2), (C3) and (C4) play es-
sential roles in the proof of Theorem 3.3. (C4) is of course trivial when considering
the vector transport T induced by parallel translation due to the isometric prop-
erty. The condition (C3) is automatically valid if R = Exp [37]. For an abstract
retraction, the paper [32] provides a class of retractions guaranteeing not only (C3)
but something also stronger. In the case ξ and T are smooth enough, e.g. they
are of class C2, an immediate candidate for choosing Ak which ensures (C1) is the
composition Ak = S−1

k Dhk(0pk)Sk. Here, hk stands for the map sending v ∈ TpkM
into T −1

v ξ (Rpk(v)), and Dhk(0pk) indicates the derivative of hk at the origin 0pk .
The validity of (C1) with Ak = S−1

k Dhk(0pk)Sk was mentioned in the work [18].
Further, as proved in [18, Lemma 14.6], in the case p̄ is a nondegenerate zero to ξ,
the condition (3.8) holds automatically.

By subsuming (3.1) as a particular case of (3.2), we obtain a similar result for the
convergence of algorithm (1.4) which is an extension of Riemannian Dennis-Moré
investigated in [18]. The next result is in this sense.

Corollary 3.5. With ξ, Π, R and T as in Theorem 3.3, assume the convergent
sequence (pk) is now induced by the exact quasi-Newton scheme (3.1). Let us suppose
now three assumptions (C1), (C3) and (C4) are fulfilled. Then both statements (i)
and (ii) of Theorem 3.3 are still valid as well.
Proof. The proof can be obtained by taking rk = 0 in Theorem 3.3.

Remark 3.6. If we let Π(p) = {0p}, then Corollary 3.5 (more general, Theo-
rem 3.3) covers the Riemannian Dennis-Moré condition obtained in the work [18].
Indeed, assuming ξ and T are both C2 and the map v ∈ Tp̄M 7−→ ∇vξ is non-
singular. Let Ak = S−1

k Dh(0p̄)Sk for the map h mentioned in the statement of
Theorem 3.3. Due to [18], the conditions (C1) and (3.8) are satisfied (see in [18,
Lemma 14.6] and also the proof of [18, Theorem 14.1]). Thus, Theorem 3.3 recovers
the one in [18, Theorem 14.1]. Note that for such a situation, the two relations (3.9)
and (3.10) become the same.

In Theorem 3.3 and Corollary 3.5, the sufficient conditions ensuring the superlinear
convergence of frameworks (3.1) and (3.2) depend on the behavior of ξ +Π around
an expected solution p̄ to the reference problem (1.1). Nonetheless, it is not easy to
localize in practice the information about p̄. Those aforementioned results would be
more useful if their assumptions do not depend on the solution p̄. The next theorem
is stated in this sense.

Theorem 3.7. Let ξ and Π be as similar as in Theorem 3.3. Suppose that the
sequence (pk) in M is generated by either (3.1) or (3.2) converging to p̄. Let Hk :
TpkM ⇒ TpkM be a sequence of set-valued mappings. Assume that the hypotheses
(C2), (C3) and (C4) in Theorem 3.3 are fulfilled, while (C1) is replaced by the
following

lim
k→∞

{
1

‖uk‖
sup

w∈Hk(uk)

∥∥T−1
k ξ(pk+1)− ξ(pk)− w

∥∥} = 0. (C1’)

Then the same conclusions as in the statements (i) and (ii) of Theorem 3.3 are still
valid by substituting SkAkS

−1
k with Hk.
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Proof. The proof is very similar to the one of Theorem 3.3. Indeed, it suffices to
interchange the role of SkAkS

−1
k in the proof of Theorem 3.3 by Hk and invoke (C1’)

instead of (C1).

4. Local convergence of the Riemannian Broyden-type update

This section is devoted to study a class of Broyden type updates for solving the
model (1.1). Such a strategy was inspired from the classical quasi-Newton method
applied to nonlinear equations in vectorial spaces and also to the framework of
manifolds. We refer to [12, 28] for a survey to quasi-Newton method and [5, 8] for the
corresponding extensions applied to generalized equation in Banach spaces setting.
Further discussions about the well-known Broyden method can be found in [20,
36], and the paper [22] deals with a Riemannian Broyden update for Riemannian
optimization problems.
We shall focus only on the case R = Exp whereas T induced from the parallel
transport as comments in the beginning of the paper. In other words, this section
will deal with the following scheme{

0pk ∈ ξ(pk) +Bk(uk) + T −1
uk

Π
(
exppk

(uk)
)
,

pk+1 = exppk
(uk),

(4.1)

for k = 0, 1, 2, . . . , where Bk+1 : Tpk+1
M −→ Tpk+1

M is obtained through the follow-
ing Broyden-type updating formula

Bk+1(·) = B̃k(·) +
〈Tuk

uk, ·〉
‖uk‖2

[
ξ(pk+1)− Tuk

ξ(pk)− Tuk
Bk(uk)

]
, (4.2)

for B̃k = Tuk
BkT −1

uk
. With the goal of establishing local convergence results, we shall

keep throughout this section that p̄ is a solution of the problem 0 ∈ ξ(p) + Π(p).
The following standing assumptions will be crucial in our analyses.

Assumption 4.1. Let iM(p) denote the injectivity radius of M at the reference
point p ∈ M (see [37]). We suppose that there exist two positive constants σ1, σ2

satisfying
σ1 ‖u− v‖ 6 d

(
expp(u), expp(v)

)
6 σ2 ‖u− v‖ (4.3)

if d(p, p̄) < iM(p̄) and u, v in TpM with ‖u‖ < iM(p), ‖v‖ < iM(p).

Remark 4.2. By considering u = 0p in (4.3), we get σ1 6 1 6 σ2 since we have
‖v‖ = d(p, expp(v)). As remarked in [10], if M has a non-negative sectional curvature
(e.g., the unit sphere Sm) then σ2 = 1. Conversely, in the case M inherits a non-
positive sectional curvature (e.g., Hadamard spaces), then one can choose σ1 = 1
(see [14]). Of course, it is trivial to see that iM(p) = +∞ as well as σ1 = σ2 = 1 for
any Euclidean space.

In order to study the convergence behavior of the proposed scheme (4.2), the notion
of Riemannian curvature plays an important role in our analysis. Let R denote the
Riemannian curvature of the manifold M (see [37])

R(X,Y )Z := ∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z, (4.4)



682 S. Adly, H. V. Ngai, V. V. Nguyen / Dennis-Moré Condition ...

where [·, ·] stands for the Lie bracket. The sectional curvature KΣ = Kp(x, y) of
a plane Σ ⊂ TpM spanned by two linearly independent vectors x, y ∈ TpM is the
quantity

KΣ = Kp(x, y) :=
〈R(X,Y )Y,X〉

‖X‖2‖Y ‖2 − 〈X,Y 〉2
∣∣∣
p
; Xp = x, Yp = y. (4.5)

Note that the expression in (4.5) does not depend on the choice of vector fields X
and Y . The next assumption imposed on the curvature is needed.

Assumption 4.3. Let Ωp̄ be a totally normal neighborhood at p̄ ∈ M, i.e., the one
such that for any pair of its points (p, q) there always exists a minimizing geodesic
segment lying inside Ωp̄ and joining p to q. There exists some positive constant CR
such that for all p ∈ Ωp̄ and for v, w belonging to the unit sphere of TpM, one has

‖R(v, w)‖ 6 CR. (4.6)

Here the expression ‖R(v, w)‖ stands for the norm of the linear transformation
R(v, w)(·) : TpM −→ TpM taken in the corresponding inner product of TpM.

Remark 4.4. Assumption 4.3 is a quantitative property depending on the behavior
of curvature tensor R. It is satisfied for manifolds satisfying some suitable bound
imposed on the sectional curvature. As an illustration, we consider a simple case
where M has a constant sectional curvature K. In this case, according to [14,
Chapter 4], R verifies the following rule

〈R(X,Y )Z,W 〉 = K
(
〈X,Z〉〈Y,W 〉 − 〈Y, Z〉〈X,W 〉

)
. (4.7)

As a result, (4.6) is straightforward with CR > |K|.

Remark 4.5. Suppose that Assumption 4.3 is fulfilled. Since R is trilinear, one has∥∥R(X,Y )Z
∥∥ 6 CR‖X‖‖Y ‖‖Z‖. (4.8)

By using (4.8), we may infer some useful upper bound results as in the next two
propositions. Further, since R is fixed by the manifold, we shall ignore the subscript
and write briefly C instead of CR.

Proposition 4.6. (Bound for the Jacobi field) Suppose that J is a vector field
along geodesic γ on M satisfying the differential equation ∇γ′∇γ′J = R(γ′, J)γ′ with
the initial data J(0) = J0 and ∇γ′J

∣∣
t=0

= J̇0. If the image of γ is contained inside
the neighborhood Ωp̄ as in Assumption 4.3, then one has

‖J(t)‖ 6 ‖J̇0‖+
(
‖J0‖ − ‖J̇0‖

)
cosh

(√
C‖γ′‖t

)
+
(
‖J̇0‖ − C‖γ′‖2‖J0‖

)sinh (√C‖γ′‖t
)

√
C‖γ′‖

.
(4.9)

Proof. Denoting V = γ′, by Taylor’s expansion for J , we have

‖J‖ =

∥∥∥∥J0 + ∫ t

0

P s,0
γ ∇V J ds

∥∥∥∥ 6 ‖J0‖+
∫ t

0

‖∇V J‖ ds. (4.10)
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Similarly we have for T := ∇V J∥∥T∥∥ 6
∥∥J̇0∥∥+

∫ t

0

∥∥∇V T
∥∥ ds 6

∥∥J̇0∥∥+

∫ t

0

∥∥R(V, J)V
∥∥ds

6
∥∥J̇0∥∥+ C‖V ‖2

∫ t

0

∥∥J∥∥ ds. (4.11)

Setting Λ1 = ‖J0‖ +

∫ t

0

‖J‖ ds, Λ2 = ‖J̇0‖ +

∫ t

0

‖T
∥∥ ds and Λ =

[
Λ1 Λ2

]T we

obtain the following system of differential equations

d

dt
Λ = MΛ + b, (4.12)

where, the matrix M =

[
0 1
ρ2 0

]
does not depend on the variable t. The vector

b = [b1 b2]
T is given by

b1 = ‖J‖ − ‖J̇0‖ −
∫
[0,t]

‖T
∥∥ and b2 = ‖T‖ − ρ2

(
‖J0‖+

∫
[0,t]

‖J‖
)

for ρ =
√
C‖V ‖. We are now able to integrating w.r.t. t from (4.12) and obtain

Λ(t) = exp(tM)×
∫ t

0

exp(−sM)b ds+ Λ(0).

Here, the notation exp(·) stands for the usual exponential matrix. After a simple
computation we get

exp(sM) =
1

2ρ

[
1 1
ρ −ρ

] [
esρ 0
0 e−sρ

] [
ρ 1
ρ −1

]
=

1

ρ

[
ρ cosh(sρ) sinh(sρ)
ρ2 sinh(sρ) ρ cosh(sρ)

]
,

and hence,

Λ =
1

ρ

∫ t

0

([
ρ cosh((t− s)ρ) sinh((t− s)ρ)
ρ2 sinh((t− s)ρ) ρ cosh((t− s)ρ)

] [
b1
b2

])
ds+

[
‖J0‖
‖J̇0‖

]
. (4.13)

Taking into account (4.10) and (4.11), it holds that b1 6 ‖J0‖ − ‖J̇0‖ as well as
b2 6 ‖J̇0‖ − ρ2‖J0‖. Thus, Λ2 does not exceed in the quantity

1

ρ

∫ t

0

{
ρ2
(
‖J0‖ − ‖J̇0‖

)
sinh((t−s)ρ) + ρ

(
‖J̇0‖ − ρ2‖J0‖

)
cosh((t−s)ρ)

}
ds+ ‖J̇0‖.

Combining this with the inequality (4.10), we obtain

‖J‖ 6
(
‖J0‖ − ‖J̇0‖

)
cosh(tρ) +

(
‖J̇0‖ − ρ2‖J0‖

)sinh(tρ)
ρ

+ ‖J̇0‖. (4.14)

The proof is thereby complete.
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Proposition 4.7. (Upper bound for the change of parallelism) Assume that As-
sumption 4.3 is fulfilled. Let p ∈ Ωp̄ be given and let γ : [0, 1] −→ M be a geodesic
segment whose image lies into Ωp̄. Then the following estimation is valid

∥∥P 1,0
γ τp,γ(1) − τp,γ(0)

∥∥ 6
√
Cℓ10(γ)

∫ 1

0

φ
(
ρp,γ(t)

)
dt (4.15)

for ρp,γ(t) =
√
Cd

(
p, γ(t)

)
and φ(ρ) = σ−1

1 (ρ cosh ρ− sinh ρ).

Here and in what follows, by τp,q we mean the parallel transportation along the
minimizing geodesic joining p to q.

Proof. Let us fix a unit tangent vector vp ∈ TpM and define a local vector field
X : q ∈ Ωp̄ 7−→ τp,qvp. In order to find a differential equation for X, we define a
smooth map χ(s, t) = expp

(
s logp(γ(t))

)
where logp denotes the inverse of expp. Let

V = ∂χ
∂s

= dχ
(

∂
∂s

)
and T = ∂χ

∂t
= dχ

(
∂
∂t

)
be vector fields along χ. T and V satisfy

[T, V ] = −[V, T ] = 0, and hence

∇V∇TX = ∇T∇VX +R(V, T )X. (4.16)

Nevertheless, we have

∇VX
∣∣
s=s0

=
d

ds
P s,s0
χ(·,t)X

(
χ(s, t)

)∣∣∣
s=s0

=
d

ds
P s,s0
χ(·,t)τp,χ(s,t)vp

∣∣∣
s=s0

=
d

ds
P s,s0
χ(·,t)P

0,s
χ(·,t)vp

∣∣∣
s=s0

=
d

ds
P 0,s0
χ(·,t)vp

∣∣∣
s=s0

= 0,

which gives us ∇V∇TX = R(V, T )X. (4.17)

Thus, by Taylor’s expansion, one has

P s,0
χ(·,t)∇TX = ∇TX

∣∣
s=0

+

∫ s

0

P s′,0
χ(·,t)∇V∇TX ds′ =

∫ s

0

P s′,0
χ(·,t)R(V, T )X ds′. (4.18)

The second equality is due to the fact T
∣∣
s=0

= d
dt
χ(0, t) = 0. Similarly, we get

(
P 1,0
γ τp,γ(1) − τp,γ(0)

)
vp = P 1,0

γ X(γ(1))−X(γ(0)) =

∫ 1

0

(
P t,0
γ ∇TX

∣∣
s=1

)
dt

=

∫ 1

0

P t,0
γ

(
τp,χ(1,t)

∫ 1

0

τ−1
p,χ(s,t)R(V, T )X ds

)
dt

where the relation τp,χ(s,t) = P 0,s
χ(·,t) was used. As a result, we derive

∥∥ (P 1,0
γ τp,γ(1) − τp,γ(0)

)
vp
∥∥ 6

∫ 1

0

∥∥∥∥∫ 1

0

τ−1
p,χ(r,t)R(V, T )X ds

∥∥∥∥ dt
6

∫ 1

0

(∫ 1

0

∥∥R(V, T )X
∥∥ ds

)
dt 6

∫ 1

0

(∫ 1

0

C‖V ‖‖T‖‖X‖ ds

)
dt.
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From the definition of V we get ‖V ‖ = ‖V ‖
∣∣
s=0

= ‖logp(γ(t))‖ = 1√
C
ρp,γ(t).

Moreover, by replacing V with X in (4.16) and taking into account ∇V V = 0 and
∇TV = ∇V T + [T, V ] = ∇V T , we reach the following equation:

∇V∇V T = R(V, T )V.

Thus, Proposition 4.6 yields

‖T‖ 6 ‖∇V T‖
∣∣
s=0

+
(
‖T‖

∣∣
s=0

− ‖∇V T‖
∣∣
s=0

)
cosh

(
sρp,γ

)
+
(
‖T‖

∣∣
s=0

− ρ2p,γ‖∇V T‖
∣∣
s=0

)sinh (sρp,γ)
ρp,γ

.

Observe that T
∣∣
s=0

= d
dt
χ(0, t) = 0, while for any t0 ∈ [0, 1],

∇V T
∣∣
s=0,t=t0

= ∇TV
∣∣
s=0,t=t0

= lim
t→t0

P t,t0
χ(0,·)

∂χ
∂s
(0, t)− ∂χ

∂s
(0, t0)

t− t0
=

d

dt
logp(γ(t))

∣∣∣
t=t0

.

Using Assumption 4.1 we deduce for t, t′ ∈ [0, 1],

σ1‖logp(γ(t))− logp(γ(t
′))‖ 6 d

(
γ(t), γ(t′)

)
6

∣∣∣ ∫ t′

t

‖γ′(s)‖ ds
∣∣∣ = |t− t′|ℓ10(γ),

which implies
∥∥ d
dt
logp

(
γ(t)

)∥∥ 6 σ−1
1 ℓ10(γ), for all t ∈ [0, 1]. In summary, we get

‖T‖ 6 f
(
s, ρp,γ(t)

)
ℓ; ℓ = ℓ10(γ), f(s, ρ) = σ−1

1 ρ
[
1− cosh(sρ) + ρ sinh(sρ)

]
. (4.19)

Finally, since ‖X(q)‖ = ‖τp,qvp‖ = ‖vp‖, we derive immediately the desired conclu-
sion, so the proof is complete.

The next theorem provides a sufficient condition for the existence of a solution to the
subproblem (4.1) which is crucial for our convergence results thereafter. Since in the
present section, we consider only the case of the exponential map and the parallel
transport, the short notation reg Υ (p̄, 0p̄) should be used instead of regR,T Υ (p̄, 0p̄).

Theorem 4.8. Suppose that Υ = ξ +Π satisfies reg Υ (p̄, 0p̄) < +∞. Assume fur-
ther that r1 6 ι = inf {iM(p) : p ∈ Ωp̄}, r2 and κ are positive constants for which
the estimation described in (2.8) holds (recall here R = Exp and T being induced
by parallel transport). Let Assumption 4.1 be valid with respect to Ωp̄ = BM(p̄, r1).
Pick some positive parameters δ and L such that

Lκ < 1,
κ

1− κL
δ < r1,

and κ

1− κL
δ < r2. (4.20)

Let p in Ωp̄ and let A : TpM −→ TpM be a linear map. We define locally a vector
field ζA : q ∈ Ωp̄ 7−→ ξ(q)− τp,qA

(
exp−1

p (q)
)
− τp,qξ(p). Suppose further:
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(i) ζA satisfies the following estimation along any geodesic γ : [0, 1] −→ M whose
image γ([0, 1]) lies inside Ωp̄∥∥P 1,0

γ ζA(γ(1))− ζA(γ(0))
∥∥ 6 Lℓ10(γ); (4.21)

(ii)
∥∥ξ(p) + A(v̄)− T −1

v̄ ξ(p̄)
∥∥ 6 δ, in which v̄ = exp−1

p (p̄).
Then the following inclusion

0p ∈ ξ(p) + A(v) + T −1
v Π

(
expp(v)

)
, v ∈ TpM (4.22)

admits a solution v∗ such that

σ1‖v∗ − v̄‖ 6 κ

1− κL

∥∥ξ(p) + A(v̄)− T −1
v̄ ξ(p̄)

∥∥. (4.23)

According to [37], the function p 7−→ iM(p) is continuous, hence, the existence of
such a radius r1 in the statement of Theorem 4.8 is evident. We shall need an
auxiliary result below.

Lemma 4.9. Let q1, q2 be two given points in Ωp̄. Define the points u1=exp−1
p (q1),

u2=exp−1
p (q2) and uq1 = exp−1

q1
(q2). Then one has∥∥[ξ(q2)− Tu2 (A (u2))− Tu2ξ(p)

]
− Tuq1

[
ξ(q1)− Tu1 (A (u1))− Tu1ξ(p)

]∥∥
6 Ld(q2, q1). (4.24)

Proof of Lemma 4.9. Define the smooth curves

γ1(t) = expp(tu1), γq1(t) = expq0(tuq1) and γ2(s) = expp(su2).

Then Tu1 , Tu2 and Tuq1
coincide in turn with the parallel transports P 0,1

γ1
, P 0,1

γ2
and

P 0,1
γq1

, respectively. By the choice of Ωp̄, both γ1 and γ2 are minimizing geodesics.
Thus, the left-hand side of (4.24) clearly expresses the quantity∥∥ζA (γq1(1))− P 0,1

γq1
ζA (γq1(0))

∥∥.
We obtain the necessary conclusion in (4.24) by combining this with (4.21).

Proof of Theorem 4.8. The strategy is to build a suitable sequence qk ∈ M con-
verging to some q∗ ∈ M with exp−1

p (q∗) := v∗ being a solution of (4.22). At the
starting, we set q0 = p̄, u0 = exp−1

p̄ (q0), v0 = exp−1
p (q0) ∈ TpM and

wq0 = ξ(q0)− Tv0 [ξ(p) + A(v0)] ∈ Tq0M.

As q0 = p̄, we have wq0 = ξ(p̄)− Tv̄ [ξ(p) + A(v̄)], which yields∥∥wq0

∥∥ =
∥∥ξ(p) + A(v̄)− T −1

v̄ ξ(p̄)
∥∥ 6 δ < r2.

Therefore, d
(
q0,

{
q : Υ (q) 3 Texp−1

q0
(q)wq0

})
6 κd

(
wq0 , Υ (q0)

)
. (4.25)
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Thus, there exists a point q1 ∈ M at which the distance in the left-hand side of
(4.25) attains. In other words,

d(q0, q1) 6 κd
(
wq0 , Υ (q0)

)
6 κ ‖wq0‖ = κ

∥∥ξ(p) + A(v̄)− T −1
v̄ ξ(p̄)

∥∥ 6 κδ. (4.26)

We notice that κδ < r1, so q1 still lies inside Ωp̄. To continue the current process,
let us define some tangent vectors v1 = exp−1

p (q1), u1 = exp−1
q0
(q1). Put

wq1 = ξ(q1)− Tv1 [ξ(p) + A(v1)] ∈ Tq1M,

we claim that ‖wq1‖ < r2. Indeed, the quantity ‖wq1‖ can be dominated as follows

‖wq1‖ 6
∥∥ (wq1 − Tu1wq0) + Tu1wq0

∥∥ 6
∥∥wq1 − Tu1wq0

∥∥+
∥∥wq0

∥∥.
But it is easy to see that

wq1 − Tu1wq0 =
[
ξ(q1)− Tv1 (A(v1))− Tv1ξ(p)

]
− Tu1

[
ξ(q0)− Tv0 (A(v0))− Tv0ξ(p)

]
.

Therefore, we infer from Lemma 4.9 the estimation

‖wq1 − Tu1wq0‖ 6 Ld(q1, q0).

Taking into account ‖wq0‖ 6 δ, (4.20) shows that ‖wq1‖ < r2. By applying Definition
2.2 into the pair of (q1, wq1), we get

d
(
q1,

{
q : Υ (q) 3 Texp−1

q1
(q)wq1

})
6 κd

(
wq1 , Υ (q1)

)
. (4.27)

Similar to the case k = 0 it is possible to select a point q2 such that we have
Υ (q2) 3 Texp−1

q1
(q2)

wq1 and

d(q1, q2) 6 κd
(
wq1 , Υ (q1)

)
6 κ

∥∥wq1 − Tu1wq0

∥∥ 6 κLd(q1, q0).

The second inequality here is due to the choice of q1, that guarantees Υ (q1) 3 Tu1wq0 .
Passing to the induction step, suppose that q0, q1, . . . , qk are given points for some
k > 2. As suggested from the aforementioned arguments, we involve the following
relations:
• for each j 6 k − 1 one has Tuj

wqj ∈ Υ (qj+1), where uj = exp−1
qj
(qj+1) and

wqj = ξ(qj)− Tvj [ξ(p) + A(vj)] , vj = exp−1
p (qj);

• d(qj, qj+1) 6 κ
∥∥wqj − Tuj−1

(wqj−1
)
∥∥ 6 (κL)j d(q1, q0), j = 1, . . . , k − 1.

Our goal now is to generate qk+1. Using the triangle inequality many times, one has

d(q0, qj) 6
j−1∑
i=0

d(qi, qi+1) 6
j−1∑
i=0

(κL)i d(q1, q0) 6
1

1− κL
κδ < r1.

In particular, all iterations qj are in Ωp̄. Let’s set vk = exp−1
p (qk) and

wqk = ξ(qk)− Tvk [ξ(p) + A(vk)] .
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Following a mimic strategy as in the case k = 1 above we get∥∥wqj − Tuj
wqj−1

∥∥ 6 Ld(qj, qj−1), 1 6 j 6 k,

and this implies

‖wqk‖ 6
k−1∑
j=0

L (κL)j d(q1, q0) + ‖wq0‖ 6 κL

1− κL
‖wq0‖+ ‖wq0‖ =

1

1− κL
‖wq0‖ .

Recalling ‖wq0‖ 6 κδ, condition (4.20) gives us ‖wqk‖ < r2. Invoking once more the
regularity property for Υ , we deduce

d
(
qk,

{
q : Υ (q) 3 Texp−1

qk
(q)wqk

})
6 κd

(
wqk , Υ (qk)

)
. (4.28)

Hence, it enables to define qk+1 as a point in M at which the distance expressed
in the left-hand side of (4.28) attains. Denote uk = exp−1

qk
(qk+1) ∈ TqkM, it follows

simultaneously that Υ (qk+1) 3 Tuk
wqk and

d(qk, qk+1) 6 κd
(
wqk , Υ (qk)

)
6 κ

∥∥wqk − Tuk−1
(wqk−1

)
∥∥ 6 κLd(qk, qk−1).

The construction is thereby done.
From the constructive process above, the sequence (qk) is Cauchy, so it converges
in M. Let q∗ ∈ M be the corresponding limit, and let v∗ = exp−1

p (q∗). To finish the
proof, we are going to show that v∗ solves (4.22) and establish the inequality (4.23).
Indeed, we infer from the construction

Texp−1
qk

(qk+1)
(wqk) ∈ Υ (qk+1). (4.29)

By virtue of the continuity for T , and by passing to the limits in (4.29), the closed-
ness of Υ gives us

ξ(q∗)− Tv∗ [ξ(p) + A(v∗)] ∈ Υ (q∗).

In other words, v∗ solves (4.22). To claim (4.23), let’s note that

σ1‖v̄p − v∗‖ 6 d
(
expp(v̄), expp(v

∗)
)
= d(p̄, q∗) = d(q0, q

∗) 6
∑
k>0

d (qk, qk+1) .

Therefore, by including d(qk, qk+1) 6 (κL)k d(q1, q0) and d(q1, q0) 6 κδ, (4.23) is
derived as well.

We are now in the position of stating a local convergence theorem for scheme (4.2)
with Broyden-type update (4.1). If the reference manifold M becomes a Euclidean
space, then it subsumes somewhat studied in [8]. We recall first a Lipschitz concept
for covariant derivative used in [17]. Let Dξ(p) : TpM −→ TpM be the linear map
defined by Dξ(p)(vp) = ∇vpξ for vp ∈ TpM. One says that Dξ is Lipschitz with
constant λ > 0 on the set Ω, written as Dξ ∈ Lipλ(Ω), providing for each geodesic
γ : [a, b] −→ M with γ([a, b]) ⊂ Ω it holds that∥∥Dξ(γ(b))− P a,b

γ Dξ(γ(a))P b,a
γ

∥∥ 6 λℓba(γ). (4.30)

Since the parallel transport is linear isometry, the above inequality implies

sup
t∈[a,b]

‖Dξ(γ(t))‖ 6 ‖Dξ(γ(a))‖+ λℓba(γ). (4.31)
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Theorem 4.10. (Linear convergence for Broyden-type update) Consider the in-
clusion 0 ∈ ξ(p)+Π(p) with a smooth vector field ξ. Suppose that both Assumptions
4.1, 4.3 holds in some normal neighborhood Ω of p̄. Let Dξ ∈ Lipλ(Ω) and let
reg Υ (p̄, 0p̄) be finite for Υ := ξ + Π. Then, there exists α > 0 such that the fol-
lowing property holds: for any starting point p0 ∈ BM(p̄, α) and any linear map
B0 : Tp0M −→ Tp0M satisfying

κ‖Dξ(p0)−B0‖ <
σ1

1 + σ2

, (4.32)

where σ1 and σ2 are defined in Assumption 4.1, the scheme (4.2) with Broyden-type
update (4.1) generates a sequence (pk) converging to p̄ linearly.

The proof of the theorem is based on the following lemmas.

Lemma 4.11. Let q ∈ Ω be given, and let u ∈ TqM with ‖u‖ ≤ iM(q) be such that
the geodesic segment t ∈ [0, 1] 7−→ expq(tu) lies inside Ω. If Dξ ∈ Lipλ(Ω), then
one has∥∥T −1

u ξ(expq(u))− [A(u) + ξ(q)]
∥∥ 6 1

2
λ‖u‖2 + ‖A− Dξ(q)‖ ‖u‖ (4.33)

for any linear map A : TqM −→ TqM. In particular,

sup
d(q′,q)6r

‖ξ(q′)‖ 6 1

2
λr2 + ‖Dξ(q)‖r + ‖ξ(q)‖. (4.34)

Proof. According to [17, Lemma 2.3], it holds that∥∥T −1
u ξ(expq(u))− [Dξ(q)(u) + ξ(q)]

∥∥ 6 1

2
λ‖u‖2. (4.35)

Thus, we obtain (4.33) as a direct consequence of (4.35). Let A = Dξ(q) and
u = exp−1

q (q′) in (4.33), we deduce (4.34).

Lemma 4.12. Keep in mind all Assumptions as in Theorem 4.10. Consider a
geodesic γ whose image γ([0, 1]) lies inside the ball B(p, ᾱ) ⊂ Ω with center p
and radius ᾱ. Let B : TpM −→ TpM be a linear map. Define the vector field
ζB(q) = ξ(q)− τp,qB

(
exp−1

p (q)
)
− τp,qξ(p), then one has

1

ℓ10(γ)

∥∥P 1,0
γ ζB (γ(1))− ζB (γ(0))

∥∥ 6 σ−1
1 ‖B − Dξ(p)‖

+ σ−1
1 [M ′ + ρ̄φ(ρ̄)M ][ρ̄ cosh(ρ̄)− sinh(ρ̄)]

+ Cᾱσ−2
1 ℓ

{
M ′[ρ̄ cosh(ρ̄)− sinh(ρ̄)] + ρ̄φ(ρ̄)M

}
[ρ̄ cosh(ρ̄)− sinh(ρ̄)],

(4.36)

where ρ̄ := ᾱ
√
C, M = supd(q,p̄)6ᾱ‖D(q)‖, M ′ = supd(q,p̄)6ᾱ,∥Xq∥6ᾱ,∥Yq∥61

∥∥∇Y∇Xξ
∥∥
q
,

and φ is defined as in Proposition 4.7.

Proof. Throughout this proof we will write briefly ℓ = ℓ10(γ). Define the smooth
maps ϕB : q ∈ Ω 7−→ τ−1

p,q ξ(q)−B logp(q)− ξ(p) and χ(s, t) = expp(s logp
(
γ(t))

)
.
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Then, it holds that ζB = τp,qϕB(q). Our goal is to derive an upper bound for ∇γ′ζB.
By the definition, one has ζB(γ(t)) = Xt(1), where the vector field X(s, t) = Xt(s)
is a solution of the problem

∇ ∂χ
∂s
Xt = 0, Xt(0) = ϕB(γ(t)). (4.37)

For simplicity, let’s denote T = ∂χ
∂t

, V = ∂χ
∂s

. According to [14, Ch. 4], we get

∇V∇TX = R(V, T )X +∇T∇VX = R(V, T )X. (4.38)

Invoking Taylor’s expansion for ∇TX (see, e.g. [18]), we find

P 1,0
χ(·,t)∇TX

∣∣
s=1

= ∇TX
∣∣
s=0

+

∫ 1

0

P s,0
χ(·,t)∇V∇TX ds.

Note that χ(1, t) = γ(t), so P 1,0
χ(·,t)∇TX

∣∣
s=1

= τ−1
p,γ(t)∇γ′(t)ζB. Further, denoting

Ẋ0 = ∇TX
∣∣
s=0

, one has

Ẋ0 =
d

dt
P t,0
χ(0,·)Xt(0)

∣∣∣
t=0

=
(
ϕBγ

)′
(0).

Remind (4.38), we obtain

∇γ′(t)ζB = τp,γ(t)Ẋ0 + τp,γ(t)

∫ 1

0

τp,χ(s,t)R(V, T )X ds,

which implies

∥∥P 1,0
γ ζB(γ(1))− ζB(γ(0))‖ =

∥∥∥∥∫ 1

0

P t,0
γ ∇γ′(t)ζB dt

∥∥∥∥
6

∫
[0,1]

(∥∥Ẋ0

∥∥+

∫
[0,1]

∥∥R(V, T )X
∥∥ ds

)
dt

6
∫
[0,1]

∥∥Ẋ0

∥∥ dt+

∫
[0,1]

(∫
[0,1]

C‖V ‖‖T‖‖X‖ ds

)
dt. (4.39)

Both quantities ‖T‖ and ‖V ‖ are estimated as similar as in the proof of Proposi-
tion 4.7. Next, we shall establish the estimations for ‖X‖ and ‖Ẋ0‖. Indeed, by the
definition of X, it holds that

‖X(s, t)‖ = ‖X(0, t)‖ = ‖(ϕBγ)(t)‖. (4.40)

Restricting the vector field ξ along the geodesic χ(·, t), we obtain

τ−1
p,γ(t)ξ(γ(t)) = ξ(p) +∇ ∂χ

∂s
(0,t)ξ +

∫ 1

0

[
P s,0
χ(·,t)∇ ∂χ

∂s
ξ −∇ ∂χ

∂s
(0,t)ξ

]
ds.

Since ∂χ
∂s
(0, t) = logp(γ(t)), the latter is equivalent to

(ϕBγ)(t) =

∫ 1

0

[
P s,0
χ(·,t)∇ ∂χ

∂s
(s,t)ξ −∇ ∂χ

∂s
(0,t)ξ

]
ds− [B − Dξ(p)]

(
logp(γ(t))

)
. (4.41)
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For any s, t belonging to the interval [0, 1], let us write

P s,0
χ(·,t)∇ ∂χ

∂s
ξ − P s,0

χ(·,0)∇ ∂χ
∂s

(s,0)ξ

= P s,0
χ(·,t)P

0,t
χ(s,·)

(
P t,0
χ(s,·)∇ ∂χ

∂s
ξ −∇ ∂χ

∂s
(s,0)ξ

)
+
[
P s,0
χ(·,0)

(
P 0,s
χ(·,0) − P t,0

χ(s,·)P
0,s
χ(·,t)

)
P s,0
χ(·,t)P

0,t
χ(s,·)

]
∇ ∂χ

∂s
(s,0)ξ

= P s,0
χ(·,t)P

0,t
χ(s,·)

(
P t,0
χ(s,·)∇ ∂χ

∂s
ξ −∇ ∂χ

∂s
(s,0)ξ

)
+
[
P s,0
χ(·,0)

(
τp,χ(s,0) − P t,0

χ(s,·)τp,χ(s,t)

)
P s,0
χ(·,t)P

0,t
χ(s,·)

]
∇ ∂χ

∂s
(s,0)ξ.

Consequently,∥∥∥P s,0
χ(·,t)∇ ∂χ

∂s
ξ − P s,0

χ(·,0)∇ ∂χ
∂s
ξ
∥∥∥ 6

∥∥∥P t,0
χ(s,·)∇ ∂χ

∂s
ξ −∇ ∂χ

∂s
(s,0)ξ

∥∥∥
+
∥∥∥τp,χ(s,0) − P t,0

χ(s,·)τp,χ(s,t)

∥∥∥∥∥∥∇ ∂χ
∂s

(s,0)ξ
∥∥∥. (4.42)

By Proposition 4.7, the second term in the right-hand side of (4.43) is dominated by

√
C
(∫ 1

0

φ
(√

Cd(p, χ(s, t))
)
dt
)
ℓt0(χ(s, ·))

∥∥∥∇ ∂χ
∂s
ξ
∥∥∥
t=0

(4.43)

6
√
C
(∫ 1

0

φ
(√

Cd(p, χ(s, t))
)
dt
)(∫ t

0

∥∥∥∂χ
∂t

∥∥∥ dt

)∥∥∥Dξ(χ(s, 0))∥∥∥∥∥∥∂χ
∂s

∥∥∥
t=0

.

Observe that χ(·, 0) is a geodesic, it follows that
∥∥∂χ

∂s

∥∥
t=0

=
∥∥∂χ

∂s

∥∥
(0,0)

. On the other
hand, we have

P t,0
χ(s,·)∇ ∂χ

∂s
ξ = ∇ ∂χ

∂s
ξ
∣∣∣
(s,0)

+

∫ t

0

P θ,0
χ(s,·)∇ ∂χ

∂t
(s,θ)∇ ∂χ

∂s
ξ dθ. (4.44)

Taking into account
∥∥∂χ

∂s

∥∥ = d
(
p, γ(t)

)
, it is possible to write∥∥∥∇ ∂χ

∂t
∇ ∂χ

∂s
ξ
∥∥∥ 6 M ′

∥∥∥∂χ
∂t

∥∥∥. (4.45)

Thus, we can derive that

‖X‖ = ‖(ϕBγ)(t)‖ (4.46)

6 M ′
∫ 1

0

(∫ t

0

∥∥∥∂χ
∂t

∥∥∥ dt

)
ds+ φ(ᾱ

√
C)M

√
C
∥∥∥∂χ
∂s

∥∥∥
(0,0)

(∫ t

0

∥∥∥∂χ
∂t

∥∥∥ dt

)
.

since χ(s, t) ∈ B(p, ᾱ). Furthermore, after differentiating with respect to t in (4.41),
one obtains

Ẋ0 = −[B − Dξ(p)]
(

d

dt

(
logp(γ(t))

))
t=0

+

∫ 1

0

d

dt

{
P s,0
χ(·,t)∇ ∂χ

∂s
(s,t)ξ −∇ ∂χ

∂s
(0,t)ξ

}
t=0

ds. (4.47)
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Combining (4.42), (4.43) and (4.44) we find∥∥∥∥ d

dt

{
P s,0
χ(·,t)∇ ∂χ

∂s
(s,t)ξ

}
t=0

∥∥∥∥
6

∥∥∥∇ ∂χ
∂t
∇ ∂χ

∂s
ξ
∥∥∥
t=0

+Mφ
(
ᾱ
√
C
)√

C
∥∥∥∂χ
∂s

∥∥∥
(0,0)

∥∥∥∂χ
∂t

∥∥∥
t=0

. (4.48)

Thanks to Assumption 4.1 we have∥∥ logp(γ(t))− logp(γ(0))
∥∥ 6 σ−1

1 d
(
γ(t), γ(0)

)
= σ−1

1 ℓt0(γ) = σ−1
1

∫ t

0

‖γ′(t)‖ dt,

and we get
∥∥∥ d
dt
logp(γ(t))

∥∥∥
t=0

6 σ−1
1 ‖γ′(0)‖ = σ−1

1 ℓ. Summing up we reach the
following estimation

‖Ẋ0‖ 6 σ−1
1 ‖B − Dξ(p)‖ℓ

+

[
M ′ +Mφ

(
ᾱ
√
C
)√

C
∥∥∥∂χ
∂s

∥∥∥
(0,0)

] ∫ 1

0

(∥∥∥∂χ
∂t

∥∥∥
(s,0)

+
∥∥∥∂χ
∂t

∥∥∥
(0,0)

)
ds. (4.49)

The fields V = ∂χ
∂s

and T = ∂χ
∂t

satisfy the estimation that (see the proof of Propo-
sition 4.7)

‖V ‖6d
(
p, γ(t)

)
, ‖T‖6σ−1

1 ρ
[
1−cosh(sρ)+ρ sinh(sρ)

]
ℓ, ρ=

√
Cd

(
p, γ(t)

)
. (4.50)

Invoking (4.46), (4.49), (4.50) and using the fact that
∥∥∂χ

∂s

∥∥
(0,0)

= d
(
p, γ(0)

)
6 ᾱ,

the proof of Lemma 4.12 is thereby complete.

Remark 4.13. Assume that the iterative procedure (4.2) with updating formula
(4.1) generates a sequence (pk) in some normal ball with center p̄ and radius α 6 ᾱ.
Since limt→0(t cosh t− sinh t)/t = 0 when ᾱ is sufficiently small, we get from (4.36)∥∥P 1,0

γ ζBk
(γ(1))− ζBk

(γ(0))
∥∥ 6 ℓ10(γ)

[
σ−1
1 βk + (σ−1

1 + σ−2
1 )α

√
C
]
, (4.51)

for βk = ‖Dξ(pk)−Bk‖ and the geodesic γ such that d
(
p̄, γ(t)

)
< α.

Lemma 4.14. Let Ω be a normal neighborhood of p̄. Assume that some iteration
pk ∈ Ω was known and uk, pk+1 are obtained via (4.2). If Bk+1 are updated through
the formula (4.1) while pk+1 still lies into Ω, then

‖Bk+1 − Dξ(pk+1)‖ 6 ‖Bk − Dξ(pk)‖+
3

2
λ
[
d(pk+1, p̄) + d(pk, p̄)

]
. (4.52)

Proof. We have

Bk+1 − Dξ(pk+1) = Tuk

(
Bk − Dξ(pk)

)
T −1
uk

− 〈Tuk
uk, ·〉

‖uk‖2
Tuk

(
Bk − Dξ(pk)

)
uk

−
[
Dξ(pk+1)− Tuk

Dξ(pk)T −1
uk

]
+ ‖uk‖−2〈Tuk

uk, ·〉
[
ξ(pk+1)− Tuk

ξ(pk)− Tuk
Dξ(pk)uk

]
.

(4.53)
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Define Ck = Bk −Dξ(pk). Because Tuk
: TpkM −→ Tpk+1

M is a linear isometry, it is
possible to write∥∥Tuk

CkT −1
uk

− ‖uk‖−2〈Tuk
uk, ·〉Tuk

Ckuk

∥∥ =
∥∥Ck − ‖uk‖−2〈uk, ·〉Ckuk

∥∥.
Thus we derive due to [8, Lemma 4.1]∥∥Tuk

CkT −1
uk

− ‖uk‖−2〈Tuk
uk, ·〉Tuk

Ckuk

∥∥ 6 ‖Ck‖. (4.54)

Recall that Dξ is Lipschitz, the norm of operator Dξ(pk+1)−Tuk
Dξ(pk)T −1

uk
does not

exceed in λd(pk, pk+1). Further, by invoking Lemma 4.11, we obtain

‖ξ(pk+1)−Tuk
ξ(pk)−Tuk

Dξ(pk)uk‖ = ‖T −1
uk

ξ(pk+1)−ξ(pk)−Dξ(pk)uk‖ 6 1

2
λ‖uk‖2.

Therefore, the third term of (4.53) can be dominated in norm by the quantity below

‖uk‖−2‖Tuk
uk‖

(
1

2
λ‖uk‖2

)
=

1

2
λ‖uk‖.

Taking into account ‖uk‖ = d(pk, pk+1), we obtain (4.52) by applying the triangle
inequality d(pk, pk+1) 6 d(pk+1, p̄) + d(pk, p̄).

Lemma 4.15. Let κ, L, a, b, a′, b′, a′′ and b′′ be given positive constants with
κL < 1. Suppose that the sequences (Ln), (αn) and (βn) are generated by the
recurrent relations (4.55a)–(4.55c) below

Ln = L+ aαn + bβn, (4.55a)
(1− κLn)αn+1 = a′α2

n + b′αnβn, (4.55b)
βn+1 = βn + a′′αn+1 + b′′αn. (4.55c)

Further, suppose that α0, β0, L0 satisfy the following conditions

a′α0+b′β0+

(
a′′b′

µ

1−µ
+

b′b′′

1−µ

)
α0 6 µ

(
1− κL0 − κ

(
a′′bµ

1−µ
+

bb′′

1−µ

)
α0

)
(4.56)

for some 0 < µ < 1. Then, the following estimation holds for each n = 0, 1, . . .

αn+1 6 µαn, a
′αn + b′βn 6 µ(1− κLn). (4.57)

Proof. Indeed, by virtue of (4.56), we have

α1 =
a′α0 + b′β0

1− κL0

α0 6 µα0.

Thus, (4.57) is valid for n = 0. By inductive hypothesis, assume that α1, . . . , αn are
well-defined through (4.55a)–(4.55c) and that (4.57) holds for each j = 0, . . . , n−1.
According to (4.55c), we get

βj = β0 + a′′
j∑

i=1

αi + b′′
j−1∑
i=0

αi 6 β0 + a′′
j∑

i=1

µiα0 + b′′
j−1∑
i=0

µiα0

6 β0 + a′′
µ

1− µ
α0 + b′′

1

1− µ
α0.
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Invoking (4.55a), we find 2

Ln 6 L+ aµnα0 + b

(
β0 + a′′

µ

1− µ
α0 + b′′

1

1− µ
α0

)
6 L+ aα0 + bβ0 +

(
a′′bµ

1− µ
+

b′′b

1− µ

)
α0

= L0 +

(
a′′bµ

1− µ
+

b′′b

1− µ

)
α0,

which yields κLn < 1. Moreover, taking into account (4.56), it follows that

µ(1− κLn) > a′α0 + b′β0 +

(
a′′b′

µ

1− µ
+

b′b′′

1− µ

)
α0 > a′αn + b′βn.

As a result, we obtain αn+1 =
a′αn + b′βn

1− κLn

αn 6 µαn.

The lemma is therefore proved.

Proof of Theorem 4.10. Since reg Υ (p̄, 0p̄) < +∞, there are some parameters
r1 > 0, r2 > 0 and κ > 0 such that the following statement is fulfilled: if d(q, p̄) < r1
and v ∈ TqM with ‖v‖ < r2, then it holds that

d
(
q,
{
q′
∣∣∣ Υ (q′) 3 Texp−1

q (q′)v
})

6 κd
(
Texp−1

q (q′)v, Υ (q
′)
)
. (4.58)

By making r1, r2 smaller if necessary, we can assume that the ball BM(p̄, r1) with
center p̄ and radius r1 is totally normal neighborhood, while Assumption 4.3 is valid
with respect to Ω = BM(p̄, r1). Further, since the map q 7−→ iM(q) is continuous
(cf. [37]), we suppose

ι = inf
{
iM(q) : d(q, p̄) < r1

}
> 0.

Let us fix ϵ ∈ (0, 1) and β = (1−ϵ)σ1

κ(1+σ2)
. Let α such that 0 < α 6 min{r1, r2, ι} fulfilling

the following inequality
κL+ a′α + (b′ + κb)β < 1, (4.59)

where L = (σ−1
1 + σ−2

1 )α
√
C, b = σ−1

1 , a′ = σκλ
2

, b′ = σκ and σ = σ2/σ1 > 1.
By letting α be smaller if necessary, we can assume that the constraint (4.56) of
Lemma 4.15 holds for some µ ∈ (ϵ, 1) and a = 0, a′′ = b′′ = 3λ

2
, α0 = α, β0 = β,

L0 = L+bβ. Applying Lemma 4.15, the recurrent relations (4.55a)–(4.55c) generate
three sequences (Lk), (αk), (βk) such that αk+1 6 µαk.
Let p0 6= p̄ ∈ U = BM(p̄, α) and let B0 : Tp0M −→ Tp0M be a linear map such that

β′
0 = ‖Dξ(p0)−B0‖ 6 β0.

To build the tangent vector u0, we consider the following inclusion

0p0 ∈ ξ(p0) +B0(u) + T −1
u Π

(
expp0(u)

)
, u ∈ Tp0M. (4.60)

We apply Proposition 4.8 with A = B0. Indeed, let γ : [0, 1] −→ M be a geodesic
such that γ([0, 1]) ⊂ U . Invoking Remark 4.13, the local vector field

ζ0 : q ∈ U 7−→ ξ(q)− τp0,qB0

(
exp−1

p0
(q)

)
− τp0,qξ(p0)
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possesses the following property∥∥P 1,0
γ ζ0(γ(1))− ζ0(γ(0))

∥∥ 6 L0ℓ
1
0(γ).

If we set ū0 = exp−1
p0
(p̄) and δ0 =

∥∥ξ(p0) +B0(ū0)− T −1
ū0

ξ(p̄)
∥∥, then α′

0 = d(p0, p̄) =
‖ū0‖ 6 α0. Therefore, the following estimation is valid due to Lemma 4.11

δ0 6
1

2
λ ‖ū0‖2 + β′

0 ‖ū0‖ =
1

2
λ (α′

0)
2
+ β′

0α
′
0.

We now claim that κ

1− κL0

δ0 < min
{
r1, r2

}
. (4.61)

Indeed, notice that σκδ0 6 a′α2
0 + b′α0β0 = (1− κL0)α1, so

κ

1− κL0

δ0 6 σ−1α1 6 σ−1µα0 < min
{
r1, r2

}
.

In view of Proposition 4.8, the inclusion (4.60) admits a solution, says u0, such that

σ1 ‖u0 − ū0‖ 6 κ

1− κL0

δ0 6
κ

1− κL0

(
1

2
λ
(
α′
0

)2
+ β0α

′
0

)
. (4.62)

By setting p1 = expp0(u0), Assumption 4.1 and (4.62) give us

d(p1, p̄) 6 σ2 ‖u0 − ū0‖ 6 σ
κ

1− κL0

(
1

2
λ
(
α′
0

)2
+ β′

0α
′
0

)
6 a′α0 + b′β0

1− κL0

α′
0 6 µα′

0. (4.63)

and the new point p1 is still in U , because of µ < 1.
We proceed to the induction step. Suppose the iterations p0, p1, . . . , pk ∈ U are
given such that, for each j = 0, . . . , k − 1:
• uj = exp−1

pj
(pj+1) solves the inclusion

0pj ∈ ξ(pj) +Bj(uj) + T −1
uj

Π
(
exppj

(uj)
)
,

in which the operators Bj+1 is updated via the formula

Bj+1(·) = Tuj
BjT −1

uj
(·) +

〈Tuj
uj, ·〉

‖uj‖2
[
ξ(pj+1)− Tuj

Bj(uj)− Tuj
ξ(pk)

]
;

• d(pj+1, p̄) 6 µd
(
pj, p̄

)
;

• α′
j = d

(
pj, p̄

)
6 αj.

To generate pk+1, let’s consider the following inclusion

0pk ∈ ξ(pk) +Bk(upk) + T −1
upk

Π
(
exppk

(upk)
)
, upk ∈ TpkM. (4.64)

Define ζk : q ∈ U 7−→ ξ(q) + τpk,q
(
Bk logpk(q) + ξ(pk)

)
and let Cj = Bj − Dξ(pj).
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Then we deduce after invoking Lemma 4.14

‖Cj+1‖ 6 ‖Cj‖+
3λ

2
(αj+1 + αj) , j 6 k − 1.

Recalling ‖C0‖ 6 β0 we conclude β′
k = ‖Ck‖ 6 βk. Therefore, by an analogous

argument as in the case k = 0, one has∥∥P 1,0
γ ζk(γ(1))− ζk(γ(0))

∥∥ 6 Lkℓ
1
0(γ) (4.65)

by virtue of (4.51). Here, γ stands for a geodesic on U . With the aim of using
Proposition 4.8, we set ūk = exp−1

pk
(p̄) and δk =

∥∥ξ(pk) +Bk(ūk)− T −1
ūk

ξ(p̄)
∥∥. By

applying Lemma 4.33

δk =
∥∥T −1

ūk
ξ(p̄)−Bk(ūk)− ξ(pk)

∥∥ 6 λ

2
‖ūk‖2 + ‖Ck‖‖ūk‖ =

λ

2

(
α′
k

)2
+ β′

kα
′
k,

which permits us to write

κσδk 6
(
a′αk + b′βk

)
αk = (1− κLk)αk+1.

Consequently, we deduce
κ

1− κLk

δk 6 σ−1αk+1 < min
{
r1, r2

}
.

Hence, by invoking again Proposition 4.8, the inclusion (4.64) has a solution uk such
that

σ1‖uk − ūk‖ 6 κ

1− κLk

δk 6 σ−1 1

1− κLk

(
a′α′

k + b′β′
k

)
α′
k.

Define the next iteration pk+1 = exppk
(uk), we obtain

d
(
pk+1, p̄

)
6 σ2‖uk − ūk‖ 6 σ2σ

−1
1 σ−1 1

1− κLk

(
a′α′

k + b′β′
k

)
α′
k

6 a′αk + b′βk

1− κLk

α′
k 6 µα′

k = µd
(
pk, p̄

)
.

Furthermore, since α′
k 6 αk, it follows that

d
(
pk+1, p̄

)
6 a′αk + b′βk

1− κLk

αk = αk+1.

The proof is then completed by induction.

By making use of the Dennis-Moré type condition in the previous section, we es-
tablish the following superlinear convergence of the Broyden update. To prove this
result, the notion of Hilbert-Schmidt norm will be useful. Let

(
ei : i ∈ I

)
form an

orthonormal basis of some Hilbert space H endowed with the inner product 〈·, ·〉 (see,
e.g. [8]). The associated Hilbert-Schmidt norm ‖·‖HS to the linear and continuous
map L : H −→ H is defined as follows

‖L‖2HS :=
∑
i∈I

〈Lei, Lei〉. (4.66)

In finite dimensional space, such a notion reduces the usual Frobenius norm.
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Theorem 4.16. (Locally superlinear convergence) Let the assumptions in the
statement of Theorem 4.10 hold. Suppose further Υ = ξ + Π is T -strongly sub-
regular in the sense of Definition 2.1. Then, the sequence (pk) generated in the
proof of Theorem 4.10 converges superlinearly to the solution p̄.

Proof. It is sufficient to establish the relation

lim sup
k→∞

‖Ckuk‖
‖uk‖

= 0, Ck = Bk − Dξ(pk). (4.67)

Indeed, if (4.67) is verified, then we just apply Theorem 3.7 with Hk = Dξ(pk). To
do this, it is necessary to estimate the quantity ‖Ckuk‖. We have

Ckuk =
(
Bk − T −1

uk
Bk+1Tuk

)
uk +

[
T −1
uk

Bk+1Tuk
uk − Dξ(pk)uk

]
. (4.68)

Since Tuk
is an isometry, we deduce 〈Tuk

uk, Tuk
uk〉 = 〈uk, uk〉, which yields from the

updating formulae (4.1) that

T −1
uk

Bk+1Tuk
uk = T −1

uk
ξ(pk+1)− ξ(pk).

Consequently,∥∥T −1
uk

Bk+1Tuk
uk − Dξ(pk)uk

∥∥ =
∥∥T −1

uk
ξ(pk+1)− ξ(pk)− Dξ(pk)uk

∥∥
6 λ

2
‖uk‖2. (4.69)

Moreover, it is possible to use the similar arguments as in the proof of [8, Theo-
rem 4.8] to derive the conclusion that

‖T −1
uk

Bk+1Tuk
−Bk‖ 6 ‖T −1

uk
Bk+1Tuk

−Bk‖HS
k→∞−−−→ 0, (4.70)

where ‖·‖HS denotes the Hilbert-Schmidt norm. In fact, let B be any linear trans-
formation on TpkM with Buk = T −1

uk
ξ(pk+1)−ξ(pk) = yk. Then, writing by

{
e
(k)
i

}m

i=1
an orthonormal basis of TpkM, we find

‖T −1
uk

Bk+1Tuk
−Bk‖2HS =

∥∥‖uk‖−2〈Tuk
uk, Tuk

(·)〉
(
yk −Bkuk

)∥∥2

HS

=

∑m
i=1

∥∥〈Tuk
uk, Tuk

(
e
(k)
i

)〉
(B −Bk)uk

∥∥2

‖uk‖4
=

∑m
i=1

∥∥〈uk, e
(k)
i

〉
(B −Bk)uk

∥∥2

‖uk‖4

=

∑m
i=1

〈
uk, e

(k)
i

〉2‖(B −Bk)uk‖2

‖uk‖4
=

‖(B −Bk)uk‖2

‖uk‖2
6 ‖B −Bk‖HS.

In other words,

‖T −1
uk

Bk+1Tuk
−Bk‖HS = min

{
‖B−Bk‖HS | B : TpkM −→ TpkM linear, Buk = yk

}
.

Define for each k the linear operator

Ak : v ∈ TpkM 7−→
∫ 1

0

(
P t,0
γk
∇P 0,t

γk
vξ
)
dt, (4.71)

where γk(t) = exppk
(tuk) is the geodesic passing through pk with velocity uk.
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Recalling the Taylor’s expansion for ξ (see, e.g. [18, Lemma 14.4])

P 1,0
γk

ξ(pk+1) = ξ(pk) +

∫ 1

0

(
P t,0
γk
∇P 0,t

γk
uk
ξ
)

dt = ξ(pk) + Akuk, (4.72)

which yields T −1
uk

Bk+1Tuk
uk = Akuk. (4.73)

Following the proof of [8, Theorem 4.8], we reach the inequality

‖T −1
uk

Bk+1Tuk
− Ak‖2HS + ‖T −1

uk
Bk+1Tuk

−Bk‖2HS 6 ‖Bk − Ak‖2HS. (4.74)

Let’s establish now some auxiliary facts.

Claim 1: lim sup
k→∞

‖Ak − Dξ(pk)‖ = lim sup
k→∞

‖Ak − Dξ(pk)‖HS = 0.

Taking into account the relation ∇P 0,t
γk

uξ = Dξ
(
γk(t)

)
P 0,t
γk
u we derive by using the

assumption Dξ ∈ Lipλ(Ω) that

∥∥[Ak − Dξ(pk)
]
u
∥∥ =

∥∥∥∥∫ 1

0

[
P t,0
γk
Dξ(γk(t))P 0,t

γk
u− Dξ(pk)u

]
dt

∥∥∥∥
6

∫ 1

0

λℓt0(γk)‖u‖ dt = ‖u‖
∫ 1

0

(
λ

∫ t

0

‖γ′
k(s)‖ ds

)
dt =

λ

2
‖uk‖‖u‖.

The latter gives us ‖Ak − Dξ(pk)‖ 6 λ
2
‖uk‖ = λ

2
d(pk, pk+1), which allows us to

say that lim supk→∞‖Ak − Dξ(pk)‖ = 0. Since the Hilbert-Schmidt norm ‖·‖HS is
equivalent to the one induced by Riemannian metric, the claim is evident.

Claim 2: lim
k→∞

‖Bk − Ak‖HS = lim
k→∞

‖Ck‖HS.
This claim is a consequence of Lemma 4.14. Indeed, the series

∑
k>0 d(pk, p̄) is

convergent due to Theorem 4.10. Hence, Lemma 4.14 implies that the sequence
(β′

k), for β′
k = ‖Bk − Dξ(pk)‖, is Cauchy. The same conclusion is also valid for(

‖Bk −Dξ(pk)‖HS

)
. As a result, the second limit exists. The existence of the other

one is induced from the estimation

‖Ck‖HS−‖Dξ(pk)− Ak‖HS 6 ‖Bk − Ak‖HS 6 ‖Ck‖HS + ‖Dξ(pk)− Ak‖HS

and the preceding claim. Hence, the present task has been done.
Returning back to the main proof we use the identity

T −1
uk

Bk+1Tuk
− Ak =

[
T −1
uk

Ck+1Tuk

]
+
[
T −1
uk

Dξ(pk+1)Tuk
− Dξ(pk)

]
+
[
Dξ(pk)− Ak

]
.

By the assumption that Dξ ∈ Lipλ(Ω), we have

‖T −1
uk

Dξ(pk+1)Tuk
− Dξ(pk)‖ 6 λℓ10(γk) = λd(pk, pk+1).

Thus, ‖T −1
uk

Dξ(pk+1)Tuk
− Dξ(pk)‖

k→∞−−−→ 0, and then, we conclude

‖T −1
uk

Dξ(pk+1)Tuk
− Dξ(pk)‖HS

k→∞−−−→ 0.
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It is sufficient to verify
∥∥T −1

uk
Ck+1Tuk

∥∥
HS

=
∥∥Bk+1 −Dξ(pk+1)

∥∥
HS

. But this is clear
from the definition of ‖·‖HS, since

∥∥T −1
uk

Ck+1Tuk

∥∥2

HS
=

m∑
i=0

〈
T −1
uk

Ck+1Tuk
e
(k)
i , T −1

uk
Ck+1Tuk

e
(k)
i

〉
=

m∑
i=0

〈
Ck+1Tuk

e
(k)
i , Ck+1Tuk

e
(k)
i

〉
= ‖Ck+1‖HS.

Here, we have used the fact that
(
Tuk

e
(k)
i

)
forms an orthonormal basis of TpkM.

Based on the two claims above, we obtain (4.70) by passing to the limit in (4.74).
As a result, the equality (4.67) holds true by combining (4.68), (4.69) and (4.70).
This completes the proof of Theorem 4.16.
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