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This paper deals with the quasi-Newton type scheme for solving generalized equations involving
set-valued vector fields on Riemannian manifolds. We establish some conditions ensuring the
superlinear convergence for the iterative sequence which approximates a solution of the generalized
equations. Such conditions can be viewed as an extension of the classical theorem of J. E. Dennis
and J. J. Moré [see: A characterization of superlinear convergence and its application to quasi-New-
ton methods, Math. Computation 28/126 (1974) 549-560] as well as the Riemannian Dennis-Moré
condition established by K. A. Gallivan, C. Qi and P.-A. Absil [A Riemannian Dennis-Moré Con-
dition, in: High-Performance Scientific Computing: Algorithms and Applications, M. W. Berry et
al. (eds.), Springer, London (2012) 281-293]. Furthermore, we also apply these results to consider
the convergence of a Broyden-type update for the problem of solving generalized equations in
Riemannian context. Our results are new even for classical equations defined by single-valued
vector fields.
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1. Introduction

Let M be a complete (finite dimensional) Riemannian manifold. As usual, denote
T,M the tangent space of M at p € M and the corresponding tangent bundle TM.
By a vector field V' defined on M, we mean a map (frequently smooth) from M into
TM such that V(p) € T,M. An important example for such a vector field is the
gradient V' = grad f associated with smooth function f € C*°(M). Generally, one
can consider a set-valued mapping IT : M = TM, said to be a set-valued (another
terminology point-to-set appeared in [9]) vector field whose value at a point p is a
subset of T,M. A convention, we identify II(p) with a subset of 7, M.
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We consider the problem of finding a solution to an inclusion of the form

0p € &(p) + (p), p €M, (1.1)

where 0, stands for the origin of T, M, £ is a vector field on M and IT is a set-valued
vector field. Throughout this paper, ¢ is smooth and I7 is closed in the sense that,
if pr — pin M and uy — w in the tangent bundle TM with u; € II(pg), then
u € I1(p).

The motivation behind studying abstract model (1.1) is active through a lot of recent
researches. One of the the earliest particular issue that was investigated widely is
the wvariational inequality, which was mentioned first in the work by Németh [29].
After this pioneer paper, several authors has been examined such a problem, for
examples, see [26, 27] and the references therein for further discussions. Especially,
in the very recent contribution [7], the authors have considered variational inclusion
problems, which is exactly the same as (1.1) but in the context of Hadamard manifold
setting only. Even if more general, the paper [13] incorporated in the problem of
finding solutions to the zeros of the sum of two multi-valued vector fields, which is
obviously more abstract than the one in (1.1). The appearance of set-valued term
is sometimes natural by the intrinsic feature of the practice issues, since the single-
value models may not be sufficient to interpret those complex phenomena. The
involved multi-valued maps makes our models to be useful by using the advanced
nonsmooth techniques on manifolds [21, 24].

Back to our problem of consideration, by suitably choosing the multi-valued term
I, (1.1) covers many important ones being studied in the literature. The simplest
case is let IT to be zero field, it reduces immediately the problem of finding the singu-
larities of a vector field £ [17, 41]. If we identify M with a Euclidean space R", (1.1)
is nothing but the so-called generalized equation (GE) due to the terminology by
Robinson [33, 34]. Let II(p) = O0f(p) to be the set of subgradients to a function
f: M — R (see [21, 24]), (1.1) describes somewhat subsumes to necessary opti-
mality condition for a local minimum to f.

With respect to the classical GE in Euclidean and even Banach setting, there had
been abundant works that consider the various of iterative schemes of type Newton
or quasi-Newton, see e.g. [4, 5, 8, 19, 23] and the reference therein. Newton-type
methods still demonstrate their success in term of local rate of convergence, however,
they seems to be difficult to globalize, and complexity of computing derivatives is
a big challenge. Those drawbacks leads to the study of quasi-Newton methods that
inherit the good convergence rate while avoid the complexity of derivative compu-
tational [12]. One of the advantages of quasi-Newton methods is that superlinear
convergence can be guaranteed under some mild assumptions. In the seminal pa-
per [11], Dennis and Moré have provided such a sufficient condition for nonlinear
equations. Let us recall this important theorem here.

Theorem 1.1. ([11, Theorem 2.2]) Let F' : R* — R" be differentiable on the
open, convex set € in R"™, and assume that for some z* € Q) its derivative F’
is continuous at x* and F'(x*) is nonsingular. Let (By) be a sequence of n-by-n
nonsingular matrices and suppose that for some xqy in Q the sequence (xy) where

Tl = T — BI;IF(JTR) (12)
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remains in ) and converges to x*. Then (xy) converges Q-superlinearly to x* and

F(x*) =0 if and only if

iy W8k = F7(27)](wrs1 — )]
k—o00 ||£L‘k+1 — l‘kH

=0. (1.3)

This famous result is referred to the Dennis-Moré theorem which serves as a key
ingredient to establish the super-linear convergence of the quasi-Newton type algo-
rithms [11, 12, 20, 28, 36]. Due to its importance in both the theoretical and numeri-
cal aspects, the Dennis-Moré theorem was developed to generalized equations defined
on finite dimensional spaces or more generally on Banach spaces, e.g. [5, 8, 15].

Recently, the study of optimization methods to functions defined on smooth man-
ifolds has attracted many researchers, due to its applications in several areas, for
instance, the eigenvalue and singular value problems, matrix approximations, in-
dependent component analysis (ICA), pose estimation problem, etc. The readers
are referred to [1, 2, 25, 40| for theoretical results as well as their applications. In
the aspect of algorithms, several Newton/quasi-Newton type methods have devel-
oped for solving nonlinear equations defined on Riemannian manifolds (e.g., see
[3, 17, 22, 30, 39]). Especially, the Riemannian BFGS algorithm had been devel-
oped through the works [30, 31, 38] and an extension of Dennis-Moré condition onto
the framework of Riemannian manifolds had been established in [18]. In [6], the
same authors of the present paper have investigated the Newton type method for
generalized equations on Riemannian manifolds.

The present paper concentrates on some quasi-Newton type frameworks to ap-
proximate the solution of problem (1.1). Inspired from the classical quasi-Newton
method, our scheme for solving (1.1) can be described briefly as follows. Let us
take po € M (usually expected to be nearby a solution) as an initial point. At each
step, suppose that the current iterate p; and a linear map By, : T, M — T}, M was
well-defined. Associated with a retraction R, : T,,M — M (it will be specified in
Section 2 later), we search a tangent vector uy € T, Ml such that

Op, € &(pr) + Bi(ug) + (T, ' II Ry, ) (u). (1.4)

Then, the new iteration is updated by ppr1 = Ry, (ur). As mentioned later, Ty, :
1M — Tg, (u,)M stands for the linear map inherited from a vector transport 7
corresponding to the retraction R (cf. [31, 1]). Naturally, it is possible to take 7, as
the parallel translation along the curve x., (t) = R, (tux). In the subproblem (1.4),
the single-valued part &(px) + Br(ux) may be viewed as a first-order approximate
model for £ near p;, where the operator By, plays a similar role as an approximation
of the Jacobian matrix in the classical Euclidean quasi-Newton scheme (1.2). More
general, an inexact version of (1.4) is the one given by

Op € E(pi) + Bi(ur) + (T, ' IIR,,) (ur) + 1iBy,. (1.5)

The appearance of inexact term r,B,, involved in (1.5) makes the framework to be
more flexible and could allow us to improve the applicability of practical algorithms.

The purpose of the paper is twofold: Firstly, to establish a general Dennis-Moré type
condition for the superlinear convergence of the scheme (1.4); secondly, to apply this
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general condition to convergence analysis of the Broyden type update. We would
like to mention that the extension from the single-valued case to the set-valued one is
not trivial. The main difficulty in the proof of the convergence of (1.4) is due to the
fact that the set-valued parts in scheme (1.4) change and depend on the geometric
structure of the reference manifold at each iteration.

The paper is organized as follows. In the next section we recall some basic nota-
tions from differential geometry which will be used in the sequel. Section 3 presents
some results (Theorem 3.3 and 3.7) related to Riemannian Dennis-Moré conditions
for inclusion (1.1). Section 4 deals with a class of Broyden type update in order
to solve (1.1). We establish in Theorem 4.10 the existence and the linear conver-
gence of sequence given by our abstract scheme (1.5). At the end, the superlinear
rate is attained in Theorem 4.16 with the help of Dennis-Moré type condition in
Theorem 3.3.

2. Notations and preliminaries

All fundamental objects considered in what follows are in the scope of differential
geometry. We follow [14, 37| in the use of the basic concepts and notation concerning
Riemannian manifolds.

Let M be a (geodesically) complete Riemannian manifold of a dimension m endowed
with a metric g. The space of all smooth real functions defined on M is denoted
by C*°(M). For any smooth curve v : I — M (I C R is always meant to be an
interval), its tangent vector 7/(ty) (or also ~(to), fl—Z(to)) at instant ¢y € I is viewed
as a derivation by the formula

V(o) f = (f o) (t), [fe€C™(M).

If p € M, the tangent space T,M to M at p is the collection of all tangent vectors
7' (to) such that v(tg) = p. Formally, the tangent bundle TM of M is identified with
the disjoint union of all tangent spaces TM = {(p, u):p€Mue TPM}.

As usual, denote by |||, the norm induced by g onto the linear space T,M. If
v : I — M is a piecewise smooth curve, i.e., there are a finite number of points
a=ty <ty <...<t=">for whichy|y,y4,,,)is smooth, then the length of v = 7¥|ap]
is given by the following quantity [14]

k—1 tiv1
b
0= [ IOl 2.1
i=0 “ti
The Riemannian distance on M is defined by

d(p,q) := inf {62(7) ’ ~y is piecewise smooth, y(a) = p, v(b) = q}. (2.2)

The fundamental theorem of Riemannian geometry asserts that there exists a unique
symmetric affine connection V on M which is compatible with the metric g (named
as Riemannian connection or Levi-Civita connection). Let us fix a smooth curve
v:I — M and to,t; € I. The parallel translation P*" : T, ;M — T, )M along
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7 is a map determined by P!*(u) = V(u,to;t1), in which V(u,o;-) is the unique
solution of an ordinary differential system

V(u,to;to) =u, V. V(u,t;-)=0. (2.3)

All parallel translations are linearly isometric, and P/o" = (Pﬁlvto)_l. Moreover,
the following relation does hold

, (2.4)

t=to

_ d t,to
VoV = Z{ PV ()]

where % is meant to be the usual derivative with respect to real variable .

A geodesic v in M is a smooth curve whose acceleration V.4 is vanishing. It
follows from the definition that the speed ||7/(t)|| does not vary with respect to t.
As mentioned at the beginning of this section, M is geodesically complete, that is,
any geodesic can be extended to a map defining on the whole real line R. Now
let (p,u) be in the tangent bundle TM. Then, it has a unique geodesic y(p, u;-)
passing through p at ¢ = 0 with initial velocity %’y(p, u; ) ‘ .o = u. The exponential
map Exp : TM — M is defined by (p,u) € TM — Exp(p,u) := q = v(p,u;1) €
M. Associated with a point p € M, the restriction of Exp onto 7,M defines the
exponential exp, at p. Geodesic and exponential map possess many important

properties. More details about Riemannian geometry can be found, for instance, in
the textbooks [14, 37].

We will need later the concepts of retraction together with vector transportation.
The readers are referred to [1, 31] for further discussions. A retraction is a smooth
map R from the tangent bundle TM onto M such that, for R, : T,M — M being
the retraction at p (i.e, restriction of R onto T,M), the following conditions are

fulfilled:

(1) Ry(0p) = p;
(2) (rigidity) DR,(0,) = idg,m under the identification Ty, (T,M) ~ T,M, where
DR,(0,) denotes the derivative of R, at the origin 0,,.

Obviously, the exponential map Exp is a standard example for retractions. Inspired
from the standard properties of exponential map, we will say a neighborhood (2, of
p is R-normal if R;l is a single-valued and smooth whenever ¢ is in (2,,.

Corresponding to a given retraction R, a vector transport 7 defined on the Whitney
sum TM & TM is a map such that the following three conditions are fulfilled:

(i) 7T is associated with R in the sense that T,v := T (u,v) € Tg, M for every
u,v € T,(M);

(ii) (consistency) To,u = u for any (p,u) € TM;

(iii) (linearity) the map 7, : T,M — Tg )M is linear.

Intuitively, 7,(v) € Tg, M denotes the tangent vector in transporting v € T,M

along a retraction departing from p with velocity v € T,M. As a particular case,

we can take T,v = P'v for 4,(t) := Ry(tu). Another choice is inherited from
the differential of retraction R,, i.e. T,v = (dR,), (v). To avoid the complexity
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., let us assume that for each p the linear map
Tu o T,M — Tg, M is injective whenever u lies on a neighborhood around the
origin 0,.

of the multivalued inverse for 7 !

Similarly to the Dennis-Moré theorem in the Euclidean setting, in [18], to establish a
Riemannian Dennis-Moré condition for smooth vector fields, the invertibility of the
covariant derivative is needed. In the setting of set-valued vector fields considered in
the present paper, we will need some metric (strong)(sub-)regularities of set-valued
vector fields. Recall that (see, e.g., [16, 35]), a set-valued mapping F' : X = Y
between two Banach spaces X and Y is a correspondence assigning to each z € X
a subset F'(z) C Y. F is said to be strongly metrically subregular with a modulus
7 > 0 around (Z,y) for g € F(z) if there is a neighborhood U of z such that

|z —z|| < 7d(y, F(z)), foralzeU. (2.5)

F is said to be metrically reqular around (z,y) € X x Y, if there are 7 > 0 and a
neighborhood U x V of (Z,y) such that

d(z, F ' (y)) < 7d(y, F(z)), forall (z,y) € U x V. (2.6)

The strong metric subregularity and the metric regularity are extended naturally to
set-valued vector fileds on manifolds as follows.

Definition 2.1. ((R,T)-strong metric subregularity) Let T be a vector transport
associated to retraction R and let 7" be a point-to-set vector field. We say that 1
is (R, T)-strongly metrically subreqular around p relative to w € 1°(p) provided that
there exist parameters x > 0 and r > 0, 7’ > 0 such that

u=nR; gp% we T(ﬁ),}. )
& =T @) <

d(p,p) < r = d(p,p) < Kinf {Hw — T, ()|

By subreg 1 7(p, ), we mean the infimum of all constants x > 0 verifying (2.7).
Otherwise, we set subregYr7(p,w) = 400 when 7 is not 7-strongly metrically
subregular around p relative to @. When the manifold M coincides with a Euclidean
space: M = R™, by identifying 7T,M = {p} x R™, TM = R™ x R™ and by taking
R,(p,u) = p+ w and Tpu(p,v) = (Ry(u),v), obviously Definition 2.1 becomes
exactly the usual strong metric subregularity.

Definition 2.2. ((R,7)-metric regularity) Let 7 be a vector transport associated
with retraction R and let 7" be a given set-valued vector field. One says that 7 is
metrically reqular with respect to the pair of retraction-transport (R, 7T) at (p,u)
for u € T'(p) if there exist some positive parameters 7, o and x such that

{d(p,ﬁ) <ry, v € T,M,

[0 = Tror | < 72 } — d(p’ {q:T@aﬂ%;l(q)“}) < rd(v,7(p)). (2.8)

Denote by regp + 1 (p, ) the infimum over all moduli x satisfying (2.8). Otherwise,
we set regp 7 1(p,u) = +oo. In the case R = Exp and T is generated by the
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parallel transport, we will say shortly that 7" is metrically regular at (p, ), and
write reg 1'(p, u) instead of regp - 1'(p, u). Also recall that, for the two subsets A, B
of a metric space X endowed with a metric d, the ezcess of A over B is defined by

e(A,B) = SIGIB d(a,B).

3. Riemannian Dennis-Moré condition for inclusions involving set-valued
vector fields

Consider the inclusion (1.1) associated to a vector field ¢ and a set-valued vector
field IT defined on a Riemannian manifold M. For a given pair (R,7), the (exact)
scheme of quasi-Newton type for solving (1.1) is described as

0p € &(pw) + Br(ur) + (T 1T Ry, ) (ur), (3.1)
Pr+1 = Ry, (ug);
and an inexact version of (3.1) is given by
0p € E(p) + Brlux) + (T TRy, ) (ur) + 1By, (3.2)
Prr1 = Ry, (ug),

where, B, stands the closed unit ball of the tangent space T, M. Suppose that
the sequence (py) defined through either inclusion (3.1) or the one in (3.2) and that
pr — D. Let 2; be a R-normal neighborhood at p, and assume, upon skipping
several initial terms, py € 2;. Denote v, = Rgl(pk)7 Ty = Tu,(-) and S, = Tp, ()
(recall that the inverse of the retraction R, is well-defined around p see [1] for more
details). We will need some preparatory lemmas.

Lemma 3.1. Let A; : T;M = T;M be a sequence of mappings. Define

ap = d (Bk(uk), SkAkSk_luk) s (3 3)
b = SUPyes, 4,51y || T € (0rr1) — E(pr) — ]|

where (pg) is generated by the scheme (3.2). Then one has
d 0y, T "€(prar) + T " (prsa)) < ag + b + 7. (3.4)

Proof. Based on (3.2), we can select wiiy € II(pr+1) and wy € B, satisying
_g(pk:) - Tk_lwk+1 — TEWg = Bk(uk)- Thus we have

d (0p,rs E@rt1) + H (Prs1)) < N|EDr+1) + Wi ]| -
Let w be in the set SkAkS,;luk. By the representation
Ty e (prrr) + Ty s = [T ') — E(p) — w] — [ — E(pw) — Ty, ' wongr — w],
we deduce
d (0p, Ty E(prra) + T T (prs))

< sup 1T €(prr1) — E(or) — wl| + [|[=E(pr) — T "wryr — w|
wESkAkSgluk
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Fixing k£ and taking the infimum over w € SkAkSk_luk, we find
d (0, T (i) + T3 I (pres)) < bp+d (—E(pr) =Ty 'wirr, SeArSy, )
< bp+d (Bi(u), SeApSy ug) +ri = bpy+ag+rg,

where the last inequality follows by the inclusion —&(py) — T}, 'wiy1 — rrwy = Bi(ug).
Hence, (3.4) is done. O

Lemma 3.2. Consider the sequences defined by

{ck =e (SkAkSlgluk, T €(prar) + Bi(uy) + Tk—lﬂ(pkﬂ)) , (3.5)
dk =€ (SkAkSk_luk, Tk_lskJrlf(]j) + Bk(uk) + Tk_lﬂ(pk+1)) .
Suppose that (pi) satisfies (3.2) (or, particular (3.1)), we have
cp < b + 1,
{ kS Ok 1Tk - - ) (3.6)
die < b + || T Sk || | Se€(prsr) — ED)|| + 7

Proof. Choose wyt1 € I (pgi1), wr € By(uy) and w), € B, such that
E(pr) + wy + T];1Wk+1 + rpwy, = 0.
Let w € SpALS;, 'ug, we have
d(w, T E(prrn) + Bi(we) + T T (prs)) < | = T € prsr) — w = T wa |
= ||lw = T € (prsr) + Er) + el || < [Jw — T E(prar) + E(pr) || + 7.

Taking the supremum with respect to w, we obtain the first inequality in (3.6). For
the other one, if w € SkAkSk*luk then

d (w, T, ' Sk1€(P) + Be(u) + T, ' (prs))
< Jw = T 1Sk €(p) — wi — Ty wia || = [[w = T Ska&(D) + E(pr) + rpaw |
Next, making use of the following identical expression
w — Ty 'Se1&(P) + &(pr)
= [~T; " €(prs1) +w + Ep)] + Ty St [Siir€prsr) — (D)) + rawy,
we get
d (w,£(p) + Sy TiBr(ur) + S 1 (prir))
<N €Prsr) —w = )| + | T Seent || [| St €Prn) = EB) || + 7

Hence, the second estimation in (3.6) is involved. O

We are now going to present the main results of this section, which provides an
abstract Dennis-Moré condition for set-valued vector fields.
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Theorem 3.3. Given & and II where II is closed in the sense mentioned in the
introductory section. Let R be given a bundle retraction and T be a continuous vector
transport associated with R. Suppose the algorithm (1.5) generates a sequence py
converging to p in M with uy, # 0, . Let Ay : T;M = T;M be a sequence of mappings
such that

SUP sy, Ay Sy tuy ||Tk_lf(pk+1) —&(pr) — w|| —0

(C1) lim

k—o00 [|u|

Here, we use again the notations Sy = Ty, (1), T = Tup(-) and vy = Ry (pr). In
addition, assume that the following conditions are satisfied

. Tk
C2 lim su =0,
(C2) i d(pr, D)
d d
(c3) 0 < timinf QLR i g MR PER) o
; koo |lugl] koo ||t
an
(C4) liinsup{max(HTkH, T 1Sel L 1S ) 3 < +oo.
— 00

Then, the following statements hold.
(i)  When px converges to p superlinearly, one has

e (SkAeSy e, Ty '€ (prsr) + Br(uk) + Ty I (prs))

lim = 0. 3.7
s o] >0
—1 _ _

Moreover, if lim sup 15 &pe) = ED) < 400, (3.8)

k—00 [l
SeApS by, LS, p)+ B T

hen lim e (SkARS ur, T 'Si1€(P) + Br(ur) + T 1T (pria)) — 0. (3.9)

ko0 [
d (Bi(ug), SpARS;, tu

(i)  Suppose now lim (Bilue). S Ay ) = 0. (3.10)

k—00 [k ||

If the map h:u € TM — T 71 (Ry(u)) is continuous, then p is a solution of
problem (1.1), i.e. 05 € £(p)+ 11 (p). Further, if €+ 1I is T -strongly subregular
around p relative to 05, then the sequence (py) converges to p superlinearly.

Proof. To simplify notation let us define o, =d(py, p) > 0 and By, =d (pg, prr1) > 0.
Moreover, we also adopt the parameters ay, by, c¢x and dy defined as in Propositions
3.1 and 3.2.

Proof of (i). Suppose pp — p superlinearly, then a1 = txay for some positive
sequence tp — 0. Thus, for £ large enough one has

Br = d(pr, Pret1) = |d(pr, D) — d(Pr+1,D)| = o — agy1| = (1 — ti) cu.

With the same notations, Lemma 3.2 gives
cr < b + 7k,
) ) (3.11)
di, < by + || T Seia || || Ser€(rn) = ED)|] + 7

Recall that by = sup,cs, 451w, | Th EPrs1) — E(pr) — w|.
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We are going to verify the following relations

lim = lim {H“kH HT 1Sk+1H HSka pk—H H} : (3-12)

Indeed, notice that ¢, — 0 and since

rer= () (5) Gap) < (E) (2) (7r)

assumptions (C2), (C3) imply that limsup ——

On the other hand, we recall that
lim sup {I|uk+1|| 1S E(rs) — £)| } < oo (3.13)

By the triangle inequality, we have

B+ = d(Drs1, Perz) < d(D, Prs1) + AP, Pra2) = Qg1 + Qgpa,
50 Br+1 = o(ay) = o(Bk). Thanks to (C3), (C4) and (3.13), we obtain

hmsup{ ’ HT 15k+1” ||Sk+1f Pr+1) H}

s
=~ { (%) (k) 07" [l st 0]} <o,

Thus, (3.12) is valid. Finally, combining (C1), (3.11) and (3.12) we get (3.7) and
(3.8).

Proof of (ii). Let a; and by, be the quantities defined as in Lemma 3.1. From (3.10),
we are able to write ay, = i ||ugl|, b = s, ||uk||, for some sequences (s;) and (s},)
converging to 0. In view of Lemma 3.1, it holds that

d (0py, T €(Prer) + T (prsr)) < ag + b + 1

The closedness of 11 ensures that I1(pgy1) is closed. As a result, there is an element
wWit1 € II(pry1) such that

1T (k1) + Ty ' wria || = d(Opy, Ty '€(rir) + T M (pryn)) < an + bi + 7
Thus,

H— Wil + E(D H Hsﬁlwkﬂ + S 1 & (Pr H + ||51;31§ pk+1) - f(ﬁ)H
< HS]C_A,_]_SICT]C” ||T Wit1 + Ty '€ (pr || + HSng Pr+1) H
< IS STl (ak + b + 1) + 7(visr) — h(Op)
Taking into account the assumptions (Cl) (C2), (C3) and (3.10), the continuity

of h gives us limy_, || i Hwkﬂ +&(p H = 0, and in consequence the inclusion
05 € £&(p) + II(p) is shown.
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We include now the hypothesis subreg(¢ + I1)7 (p,05) < 400 which is in the sense
of Definition 2.1. Choosing some parameters x > 0, » > 0 and ' > 0 such that

= u, 1 (p),
ip.7) < v = dp7) < mnf{nT <H\ HTY ses (”}. .10

<

Recall that HTk’lf(pkH) + Tk’lwkHH = d(Opk, T,;lf(pkﬂ) + Tk’lﬂ(pkﬂ)). Define
Ces1 = E(Pry1) + wiy1, then this new element is in &(pry1) + IT(pry1). From
Lemma 3.1, we infer

1St Gl < IS TR N T G| < HESicia Tl (an + e+ 7).

which yields ||S; ' Cet1|| = 0 by invoking (C1), (C2), (C4) and (3.10). Consequently,

d(pg+1,p) < r and HSk 1§k+1H < 1’ when k is large. Applying (3.14) for p = pyi1
and ( = (11, we find

d(pes1, D) < K|S G || < &[St Tel| (an + b + ri) = v Jug || + viaw,  (3.15)

where v, = kK ||S,;i1Tk|| (s + s,) and v, = K HSI;&IT’CH a,;lrk. It follows from the
triangle inequality in M that

Br = d(pr, pr1) < d(P,pr) + d(P, peia) = (1 + vy + v [Jug |- (3.16)

Define uy = d(pr+1,pr)/ ||ukll. Then we deduce from (3.16)

B < (1 + v + vg By (3.17)
Taking into account (C3), one has

0< li}gn inf pp < limsup pp < 400. (3.18)
—00

k—ro0
Further, using (C4), the sequence v = £ || S} Th|| (sx+s},) converges to zero, thanks
to the fact that of sy — 0 and s}, — 0. Thus, limg_,« ﬁ = 0, which permits us to

conclude after skipping finite many indices k that

1 /
(1 + Vk)ozk
Mk — Vg

B < (3.19)

Next, invoking both (3.15) and (3.19), we obtain

1+, ve 14
b o vy = SN N .
Pk — Vg p 1 — v/ g

g1 < Vgt Br + Vi < ag + v, (3.20)

Finally, by observing that v, — 0 and vy /ur — 0, we deduce

d D 1 /
lim sup M = limsup Q1 < lim sup (Vk B + V,/C) =0, (3.21)
k—o0 d(pkap) k—o0 673 k—o0 M 1 - Vk/,uk

and the proof is complete. [
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Remark 3.4. It is obvious that the conditions (C1), (C2), (C3) and (C4) play es-
sential roles in the proof of Theorem 3.3. (C4) is of course trivial when considering
the vector transport 7 induced by parallel translation due to the isometric prop-
erty. The condition (C3) is automatically valid if R = Exp [37]. For an abstract
retraction, the paper [32] provides a class of retractions guaranteeing not only (C3)
but something also stronger. In the case & and T are smooth enough, e.g. they
are of class C?, an immediate candidate for choosing A;, which ensures (C1) is the
composition Aj, = S, ' Dhy,(0,,)Sk. Here, hy, stands for the map sending v € T, M
into 7,7'¢ (R, (v)), and Dhy(0,,) indicates the derivative of hy, at the origin 0,,.
The validity of (C1) with Ay = S} 'Dhy(0,,)S,x was mentioned in the work [18].
Further, as proved in [18, Lemma 14.6], in the case p is a nondegenerate zero to &,
the condition (3.8) holds automatically. O

By subsuming (3.1) as a particular case of (3.2), we obtain a similar result for the
convergence of algorithm (1.4) which is an extension of Riemannian Dennis-Moré
investigated in [18]. The next result is in this sense.

Corollary 3.5. With &, I, R and T as in Theorem 3.3, assume the convergent
sequence (py) is now induced by the exact quasi-Newton scheme (3.1). Let us suppose
now three assumptions (C1), (C3) and (C4) are fulfilled. Then both statements (i)
and (ii) of Theorem 3.3 are still valid as well.

Proof. The proof can be obtained by taking r; = 0 in Theorem 3.3. 0

Remark 3.6. If we let II(p) = {0,}, then Corollary 3.5 (more general, Theo-
rem 3.3) covers the Riemannian Dennis-Moré condition obtained in the work [18].
Indeed, assuming & and 7 are both C? and the map v € T;M —— V,£ is non-
singular. Let Ay = S, 'Dh(0;)S, for the map h mentioned in the statement of
Theorem 3.3. Due to [18], the conditions (C1) and (3.8) are satisfied (see in [18,
Lemma 14.6] and also the proof of [18, Theorem 14.1]). Thus, Theorem 3.3 recovers
the one in [18, Theorem 14.1]. Note that for such a situation, the two relations (3.9)
and (3.10) become the same. O

In Theorem 3.3 and Corollary 3.5, the sufficient conditions ensuring the superlinear
convergence of frameworks (3.1) and (3.2) depend on the behavior of £ 4 IT around
an expected solution p to the reference problem (1.1). Nonetheless, it is not easy to
localize in practice the information about p. Those aforementioned results would be
more useful if their assumptions do not depend on the solution p. The next theorem
is stated in this sense.

Theorem 3.7. Let & and II be as similar as in Theorem 3.3. Suppose that the
sequence (py) in M is generated by either (3.1) or (3.2) converging to p. Let Hy, :
T,,M = T, M be a sequence of set-valued mappings. Assume that the hypotheses
(C2), (C3) and (C4) in Theorem 3.3 are fulfilled, while (C1) is replaced by the
following

i (I g =0 o1

k—oo Hi (uk)

Then the same conclusions as in the statements (i) and (ii) of Theorem 3.3 are still
valid by substituting SpAxS, " with H,.



S. Adly, H. V. Ngai, V. V. Nguyen / Dennis-Moré Condition ... 681

Proof. The proof is very similar to the one of Theorem 3.3. Indeed, it suffices to
interchange the role of Sy.A;S, ! in the proof of Theorem 3.3 by H,;, and invoke (C1°)
instead of (C1). O

4. Local convergence of the Riemannian Broyden-type update

This section is devoted to study a class of Broyden type updates for solving the
model (1.1). Such a strategy was inspired from the classical quasi-Newton method
applied to nonlinear equations in vectorial spaces and also to the framework of
manifolds. We refer to [12, 28] for a survey to quasi-Newton method and [5, 8] for the
corresponding extensions applied to generalized equation in Banach spaces setting.
Further discussions about the well-known Broyden method can be found in [20,
36], and the paper [22] deals with a Riemannian Broyden update for Riemannian
optimization problems.

We shall focus only on the case R = Exp whereas 7 induced from the parallel
transport as comments in the beginning of the paper. In other words, this section
will deal with the following scheme

{Opk € &(pr) + Bi(ug) 4+ T, I (exp,, (ur)),

(4.1)
Pr+1 = €XpPy,, (ur),

for k=0,1,2,..., where Byy, : T),, . .M — T, M is obtained through the follow-

Pk+1 Pk+1

ing Broyden-type updating formula

Biyi(-) = Bi() + = [€(prrn) = Tul(pr) = Toy Bi(wn)], (4.2)
for Ek =Ty, B/ﬂ;;l. With the goal of establishing local convergence results, we shall
keep throughout this section that p is a solution of the problem 0 € &(p) + II(p).
The following standing assumptions will be crucial in our analyses.

Assumption 4.1. Let iy(p) denote the injectivity radius of M at the reference
point p € M (see [37]). We suppose that there exist two positive constants oy, o9
satisfying

o1 |lu—| < d(expp(u),expp(v)) < oy fju — vl (4.3)

if d(p,p) < im(p) and w, v in T,M with [Ju|| < im(p), [|v] < im(p).

Remark 4.2. By considering u = 0, in (4.3), we get 01 < 1 < 03 since we have
|v|| = d(p, exp,(v)). Asremarked in [10], if Ml has a non-negative sectional curvature
(e.g., the unit sphere S™) then o9 = 1. Conversely, in the case M inherits a non-
positive sectional curvature (e.g., Hadamard spaces), then one can choose o1 = 1
(see [14]). Of course, it is trivial to see that iy (p) = +o0 as well as 01 = 09 = 1 for
any Euclidean space. [

In order to study the convergence behavior of the proposed scheme (4.2), the notion
of Riemannian curvature plays an important role in our analysis. Let R denote the
Riemannian curvature of the manifold M (see [37])

R(X, Y)Z = vayZ — VyVXZ - V[X,Y]27 (4.4)
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where [-, -] stands for the Lie bracket. The sectional curvature Ky = K,(z,y) of
a plane X C T,M spanned by two linearly independent vectors x,y € T,M is the
quantity

RXY)YV,X) |
IXTIPIY)? = (X vkt o F

Ky =K,(z,y) = =z, Y,=y. (4.5)

Note that the expression in (4.5) does not depend on the choice of vector fields X
and Y. The next assumption imposed on the curvature is needed.

Assumption 4.3. Let (2; be a totally normal neighborhood at p € M, i.e., the one
such that for any pair of its points (p, q) there always exists a minimizing geodesic
segment lying inside (2; and joining p to q. There exists some positive constant C'r
such that for all p € §2; and for v, w belonging to the unit sphere of T,M, one has

IR(v, w)|| < Cr. (4.6)

Here the expression ||R(v,w)|| stands for the norm of the linear transformation
R(v,w)(+) : T,M — T,M taken in the corresponding inner product of 7, M.

Remark 4.4. Assumption 4.3 is a quantitative property depending on the behavior
of curvature tensor R. It is satisfied for manifolds satisfying some suitable bound
imposed on the sectional curvature. As an illustration, we consider a simple case
where M has a constant sectional curvature K. In this case, according to [14,
Chapter 4], R verifies the following rule

As a result, (4.6) is straightforward with Cr > |K]|. O

Remark 4.5. Suppose that Assumption 4.3 is fulfilled. Since R is trilinear, one has
|R(X, V) Z|| < CrIX Y IZ].- (4.8)

By using (4.8), we may infer some useful upper bound results as in the next two
propositions. Further, since R is fixed by the manifold, we shall ignore the subscript
and write briefly C instead of Cx.

Proposition 4.6. (Bound for the Jacobi field) Suppose that J is a vector field
along geodesic y on M satisfying the differential equation VN J = R(Y', )y with
the initial data J(0) = Jy and VV’JL&:O = Jo. If the image of ~ is contained inside
the neighborhood (25 as in Assumption 4.3, then one has

IT@I < 1ol + (I oll = [1Joll) cosh (VCI+'l12)
sinh (VC||/[|t) (4.9)
VOl

+ (Il all = CIIY 1171 911)

Proof. Denoting V' =~/ by Taylor’s expansion for J, we have

t t
||| :‘J(ﬁ—/ POV J ds|| < ||Jo||+/ |V J|| ds. (4.10)
0 0
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Similarly we have for T := Vy J
t t
17| < ||J0H+/O VT ds < HJOH+/O |R(V, J)V||ds

t
< |lo + can?/0 17]] ds. (4.11)

t t

Setting Ay = ||Jo]| +/ ||| ds, Ay = ||Jo| —I—/ IT|| ds and A = [A, A2:|T we
0 0

obtain the following system of differential equations

d
—AN=MA+D 4.12

0

where, the matrix M = {pz 1} does not depend on the variable t. The vector

0
b=[by b]" is given by

b= 11 = ol = [ 7 and b= 7] - 2 (||Jo||+/ ||J||)
[0,¢] [0,¢]

for p = +/C||V||. We are now able to integrating w.r.t. ¢ from (4.12) and obtain
t
A(t) = exp(tM) x / exp(—sM)b ds + A(0).
0

Here, the notation exp(-) stands for the usual exponential matrix. After a simple
computation we get

1 l1 1] [esv 0 } [p 1} _ % [pcosh(sp) sinh(sp) }

exp(sM) = % p —1 p*sinh(sp) pcosh(sp)

and hence,

wmg Lt o] ) e+ ] o

Taking into account (4.10) and (4.11), it holds that b, < [[Jof — |Jo|| as well as
by < || Jol| — p?||Jol|. Thus, Ay does not exceed in the quantity

= [ 00 = 1l sinb(=9)5) + (1l = 2l cosh((t=s)o) } s + [

Combining this with the inequality (4.10), we obtain

sinh(tp)

I7I1< (o]l = [1Jol) cosh(to) + (loll — #°[|Joll) + ol (4.14)

The proof is thereby complete. Il
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Proposition 4.7. (Upper bound for the change of parallelism) Assume that As-
sumption 4.3 is fulfilled. Let p € (25 be given and let vy : [0,1] — M be a geodesic
segment whose image lies into (25. Then the following estimation is valid

1
”Pl Toa1) — TPF‘/@)” S \/55(1)(7)/0 (Pps (1)) dt (4.15)

for ppa(t) = VCd(p,~(t)) and p(p) = o1 ' (pcosh p — sinh p).

Here and in what follows, by 7,, we mean the parallel transportation along the
minimizing geodesic joining p to q.

Proof. Let us fix a unit tangent vector v, € T,M and define a local vector field
X 1 q € {25 — 7, 40p. In order to find a differential equation for X, we define a
smooth map x(s,t) = exp, (3 logp(v( ))) where log, denotes the inverse of exp,. Let

V= ‘3—§ = dy (%) and T = 2 = dy ( ) be vector fields along x. T and V satisfy
[T,V] = —[V,T] =0, and hence

VvV X =VrVy X + R(‘/, T)X (4.16)
Nevertheless, we have
Vi X]| —iPS’SOX( (s,1)) _ 4 s, v
4 S$=S0 - dS X('vt) X ’ s=s0 d ( ) pX(S t) p s=s50
d d
PS S() PO yS PO »S0 — 0
dS x(: S=S0 dS x(: t) =50 ’
which gives us ViyVrX =R(V,T)X. (4.17)

Thus, by Taylor’s expansion, one has

x(+1)

Pl VX = VoX| _ + / P Vy VX ds' = /0 PLOR(V,T)X ds'. (4.18)

The second equality is due to the fact T’ ‘s:O = %X(O, t) = 0. Similarly, we get

1
(PE%p 1) = o) Uy = PROX (4(1)) = X((0)) = / (Peovrx],_,) at

1 1
:/0 Pvt,o (Tp,x(l,t)/o Tp_,;(s,t)R(MT)X ds) dt

: 0,s
where the relation 7, (s = P,.

p Was used. As a result, we derive

dt

1 1
H (Pl OTpv( 1) — Tpﬁ(o)) UPH < /0 /0 Tpx rt) R(V.T)X ds

< [([1rwrxas)ar< [ [ ez as)a
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From the definition of V' we get ||V = ||V|Hs:0 = |[log,(v(£))|| = %ppﬁ(t).

Moreover, by replacing V' with X in (4.16) and taking into account ViV = 0 and
VrV =VyT+ [T, V] = VT, we reach the following equation:

Vv VyT =R(V,T)V.
Thus, Proposition 4.6 yields

T < IV + (TN 2 = VYTl ) cosh (spy.)

sinh (spp,
+ (HT”ls:O o '012777||VVT|||50)%‘

Py

Observe that T|3:0 = d%x(O,t) = 0, while for any ¢, € [0, 1],

Pl 9x(04) — 9X(0 1) ¢
o 2 (0,1) %<(ﬁ_%m%ww>

Vv T| = V7V = lim

SIO,t:tO SIO,t:tO t—to t — tO

t=to

Using Assumption 4.1 we deduce for ¢, € [0, 1],

t/
1o, (1(8)) = log, (1] < A3 2(¢) < | [ (o) ds] =Je = 1),
t
which implies || 4 log, (7(¢))|| < o7 '€4(7), for all t € [0,1]. In summary, we get

TN < f(s00n(D) 6 £=1€5(7), f(s,p) = o1 p[L — cosh(sp) + psinh(sp)]. (4.19)

Finally, since || X (q)|| = ||7p.qvp|| = ||vpl|, we derive immediately the desired conclu-
sion, so the proof is complete. Il

The next theorem provides a sufficient condition for the existence of a solution to the
subproblem (4.1) which is crucial for our convergence results thereafter. Since in the
present section, we consider only the case of the exponential map and the parallel
transport, the short notation reg'(p,0;) should be used instead of regr 1°(p,05).

Theorem 4.8. Suppose that T = £ + I satisfies reg Y (p,05) < +oo. Assume fur-
ther that 1 < o = inf {im(p) : p € 25}, ro and K are positive constants for which
the estimation described in (2.8) holds (recall here R = Exp and T being induced
by parallel transport). Let Assumption 4.1 be valid with respect to £2; = By(p,71).
Pick some positive parameters 0 and L such that

Lk <1, 0 <,

K
1— kL
K
1— kL

and

o< 9. (420)

Let p in 25 and let A:T,M — T,M be a linear map. We define locally a vector
field Ca:q € 25— &(q) — 1A (engl(Q)) — Tp.a§(p). Suppose further:
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(i) Ca satisfies the following estimation along any geodesic 7 : [0, 1] — M whose
image ([0, 1]) lies inside 2;

[PHCa(v(1) = Cal(0)]| < LE(); (4.21)

(ii) Hf(p) + A(v) — 7%_15(]5)H < 9, in which v = exp;l(ﬁ).

Then the following inclusion
0, € &(p) + A(v) + 7.1 (expp(v)) ;v € T,M (4.22)

admits a solution v* such that

K

1— kL

1£(p) + A7) — T '¢() |- (4.23)

oo = v <

According to [37], the function p — iy (p) is continuous, hence, the existence of
such a radius r; in the statement of Theorem 4.8 is evident. We shall need an
auxiliary result below.

Lemma 4.9. Let ¢1, g2 be two given points in §25. Define the points u; :expgl(ql),
uy=exp, ' (q2) and ug, = exp,'(qz). Then one has

116(g2) = Ty (A (u2)) = Teu€(P)] — Ta, [E(@r) — Tory (A(w1)) — Tui6(0)]|]
< Ld(g2, q1)- (4.24)

Proof of Lemma 4.9. Define the smooth curves

Y1(t) = exp,(tur), 74 (t) = exp,, (tug,) and yo(s) = exp,(suz).

Then Ty, T, and Ty, coincide in turn with the parallel transports P, P! and

P,Yoéll, respectively. By the choice of 25, both 7, and 75 are minimizing geodesics.

Thus, the left-hand side of (4.24) clearly expresses the quantity
HCA (Ve (1)) = Pﬂ;llCA (74,(0)) ||
We obtain the necessary conclusion in (4.24) by combining this with (4.21). O

Proof of Theorem 4.8. The strategy is to build a suitable sequence ¢ € M con-
verging to some ¢* € M with exp,'(q*) := v* being a solution of (4.22). At the

starting, we set o = p, uog = exp; ' (qo), vo = exp, *(qo) € T,M and
wgy = &(q0) — Tuo [€(p) + Alwo)] € T M.
As go = p, we have wy, = £(p) — T; [€(p) + A(v)], which yields
[wao|| = [|E(p) + A@) = T @) < 0 < 72

Therefore, d(qo, {q :1(q) > ﬁxpgol(q)wqo}> < kd(wgy, T(qo0))- (4.25)
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Thus, there exists a point ¢; € M at which the distance in the left-hand side of
(4.25) attains. In other words,

d(qo, q1) < Kd(wy,, T(a0)) < 5 [lwy|l = & [|€(p) + A(0) = T56(D)|| < k0. (4.26)

We notice that k0 < r1, so ¢ still lies inside 2;. To continue the current process,
let us define some tangent vectors v; = exp, '(q1), u1 = exp,'(q1). Put

wg, = &(q) — Ty [€(p) + A(v1)] € Ty, M,
we claim that [Jwg, || < r2. Indeed, the quantity ||w,, || can be dominated as follows
qu1|| < H (wq, — 721“’(10) + 'Elqu” < qu1 - 7:uwt;{oH + quo”‘
But it is easy to see that
Wy, — 7—U1wfI0 = [é((h) - 7:)1 (A<U1)) - 7;15(]7)}
- 7;1 [§<QO) - 7:10 (A(UO)) - %og(p)]'
Therefore, we infer from Lemma 4.9 the estimation
||wth - Elw(IOH < Ld<QI7qo)'

Taking into account ||w,, || < 6, (4.20) shows that ||wg, || < 2. By applying Definition
2.2 into the pair of (g1, wy, ), we get

d(ql, {q :1(q) ﬁxpgll(q)wa}> < kd(wg,, T(q1))- (4.27)
Similar to the case k& = 0 it is possible to select a point g such that we have
T<q2) 9 7;Xp;11(q2)wq1 aIld

d(q1,¢2) < Fdd(wq“T(%)) < Fdeql — ElquH < kLd(q1, o).

The second inequality here is due to the choice of ¢y, that guarantees 7(q1) 3 Ty, wy, -

Passing to the induction step, suppose that qo,q1,... ,q are given points for some
k > 2. As suggested from the aforementioned arguments, we involve the following
relations:

o  foreach j <k —1 one has 7,,w, € T(gj41), where u; = exp(;jl(qjﬂ) and
wg, = &(a5) — To, [6(p) + Avy)],v; = exp,, ' (g);

. d(CIj7Qj+1) § K,quj — 7;].71 (ijfl)H § (K}L)J d(ql;qO)a j = 1, e ,k — 1.

Our goal now is to generate ¢ 1. Using the triangle inequality many times, one has

—_
[y

Jj— Jj—
d(qo, ;) < d(gi, giv1) < (kL) d(q1,q0) <

i

KO < Tq.

1—-kL

I
<)
Il
=)

i
In particular, all iterations g; are in {2;. Let’s set vy = exp, Y(g) and

Wy, = S(Qk) - 7;1@ [f(p) + A(”k)] :
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Following a mimic strategy as in the case k = 1 above we get

quy‘ — Tu,wg, H Ld(gj,q-1), 1 <7<k,
and this implies
k-1 j I ,
Jwg, [l < ) L (kL) d(g1, go) + [lwgll < 1L [[wae | + [lwg, |l = 1Tl [[wgo| -
7=0

Recalling ||wg, || < K9, condition (4.20) gives us ||wg, || < r2. Invoking once more the
regularity property for 7", we deduce

d(qk, {q :7(q) 3 Toxprt (q)qu}) < kd(wg,, T(qr))- (4.28)

Hence, it enables to define gx 1 as a point in M at which the distance expressed
in the left-hand side of (4.28) attains. Denote u = exp, '(qgrs1) € Ty, M, it follows
simultaneously that 7 (qx11) 2 7u, w,, and

A, Qrr1) < Kd(wg,, T(ar)) < Kl|wg, — T (wo,_ )| < KLA(qr, qr—1).-
The construction is thereby done.

From the constructive process above, the sequence (gi) is Cauchy, so it converges
in M. Let ¢* € M be the corresponding limit, and let v* = exp,, 1(g*). To finish the
proof, we are going to show that v* solves (4.22) and establish the inequality (4.23).
Indeed, we infer from the construction

7;qu_k1(Qk+I) (wgi) € T(qr+1)- (4.29)

By virtue of the continuity for 7", and by passing to the limits in (4.29), the closed-

ness of 1" gives us
§(q") = T [€(p) + AW € T(q").
In other words, v* solves (4.22). To claim (4.23), let’s note that

o1]|v, — v*[| < d (exp, (2), exp,(v)) = d(p,¢") = d(qo,q") < Y d(qrs 1)
k>0
Therefore, by including d(qx, gri1) < (ﬁL)kd(ql,qo) and d(q1,q0) < KJ, (4.23) is
derived as well. O

We are now in the position of stating a local convergence theorem for scheme (4.2)
with Broyden-type update (4.1). If the reference manifold M becomes a Euclidean
space, then it subsumes somewhat studied in [8]. We recall first a Lipschitz concept
for covariant derivative used in [17]. Let D¢(p) : T,M — T,M be the linear map
defined by D&(p)(v,) = Vo€ for v, € T,M. One says that D¢ is Lipschitz with
constant A > 0 on the set (2, written as D¢ € Lip, ({2), providing for each geodesic
v @ [a, b] — M with y([a, b]) C §2 it holds that

|DE( (b)) — PPPDE(y(a)) PY|| < A (7). (4.30)
Since the parallel transport is linear isometry, the above inequality implies

sup [DE(v())]l < [DE(y(a)ll + Aa (7). (4.31)

te(a,b]
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Theorem 4.10. (Linear convergence for Broyden-type update) Consider the in-
clusion 0 € (p) + II(p) with a smooth vector field £&. Suppose that both Assumptions
4.1, 4.3 holds in some normal neighborhood 2 of p. Let D¢ € Lip,(£2) and let
reg Y'(p,0;) be finite for T := £ + II. Then, there exists a > 0 such that the fol-
lowing property holds: for any starting point py € Bym(p, ) and any linear map
By : T,\)M — T, M satisfying

01

D — Byl| <
x| (po) ol 1+ oy

(4.32)

where o1 and oy are defined in Assumption 4.1, the scheme (4.2) with Broyden-type
update (4.1) generates a sequence (py) converging to p linearly.

The proof of the theorem is based on the following lemmas.

Lemma 4.11. Let g € {2 be given, and let u € T,M with ||u| < im(q) be such that
the geodesic segment t € [0,1] —— exp,(tu) lies inside 2. If DE € Lipy(§2), then
one has

_ 1
17 € expy(u) = [A(w) + £(@]]| < GANull* + 14 = DE()]| [ (4.33)
for any linear map A : T,M — T,M. In particular,

1
sup [|€(¢")]| < §M2 + [IDE(g) (| + [1§(a)]]- (4.34)
d(q',q)<r

Proof. According to [17, Lemma 2.3], it holds that
1
|7 € (expy (u)) — [DE(q) (u) + (@] < Sl (4.35)

Thus, we obtain (4.33) as a direct consequence of (4.35). Let A = D&(q) and
u = exp,'(q) in (4.33), we deduce (4.34). O

Lemma 4.12. Keep in mind all Assumptions as in Theorem 4.10. Consider a
geodesic v whose image ~y([0,1]) lies inside the ball B(p,&) C 2 with center p
and radius &. Let B : T,M — T,M be a linear map. Define the vector field

Culq) = &(q) — TpeB (exp, 1(q)) — 7p.4&(p), then one has

1
&)

|PX0C (v(1)) = ¢5 (4(0))|| < 07| B — DE)||
+ o7 [M' + pip(p) M][p cosh(p) — sinh(p)] (4.36)

+ Cao *{ M'[pcosh(p) — sinh(p)] + pe(p) M }[p cosh(p) — sinh(p)],

where p := 07\/5, M= Supd(q,ﬁ)<&||D(Q)||7 M = SUPd(q,5)<a, || X gl <a | Yol <1 HVYV)(f
and @ is defined as in Proposition 4.7.

q)

Proof. Throughout this proof we will write briefly £ = ¢}(v). Define the smooth
maps ¢ : q € £2+— 7,1¢(q) — Blog,(q) — £(p) and x(s,t) = exp,(slog, (v(1))).
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Then, it holds that (g = 7, ,¢5(q). Our goal is to derive an upper bound for V./(g.
By the definition, one has (g(7(t)) = X;(1), where the vector field X (s,t) = X;(s)
is a solution of the problem

Vi X, = 0,X,(0) = 0n(3(0). (4.37)

For simplicity, let’s denote T' = %t‘, V= 8;‘. According to [14, Ch. 4], we get
Vv VrX = R(V, T)X +VrVy X = R(V, T)X (438)

Invoking Taylor’s expansion for Vo X (see, e.g. [18]), we find

1
Pl VX[ _ = VeX| _ + / P VyVrX ds.
0

x(+t)

Note that x(1,t) = ~(t), so P;f,t)vTX‘S:l = Tpfvl(t)v,yl(t)CB. Further, denoting
(o = VTX|S:0, one has

. d ,
Xo = = PLG, Xt(o)‘t:o = (657)'(0).

Remind (4.38), we obtain
' 1
Vy1)$8 = Tpat)Xo + Tpyt) / Tox(s)y RV, T) X ds,
0
which implies

Wﬁ@MW—g@@M{MVwmm@@'

g/ <||X0||+/ |R(V,T)X]| ds) dt

[0,1] [0,1]

</ 1% dt+/ (/ CIVIITIIX] ds)dt. (4.39)
[0,1] [0,1] [0,1]

Both quantities ||7]| and [[V[| are estimated as similar as in the proof of Proposi-
tion 4.7. Next, we shall establish the estimations for ||.X|| and || Xo||. Indeed, by the
definition of X, it holds that

1X (s, D)l = 1X0, O = (@) D] (4.40)

Restricting the vector field £ along the geodesic x(-,t), we obtain
' 0
—1 s,
Tef00) = €0)+ Vst + [ [Pl Vet = Viraot] ds.
Since g—g(o, t) = log,(7(t)), the latter is equivalent to

@0 = [ [PiloT 52006 = Vapion€] ds = [B = De@) (g, (). (441)
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For any s,t belonging to the interval [0, 1], let us write
PioV ot = Pilo Varof
= Py Prien (P eV o€ Vﬂ(smf)
+ :Pii(-),m <P>?<So> P, >Po<8,t>> Pl P, ]Vax (505

580 pOt 0
= Pyl Pty (P Vi€ = Vo)

x(5t) 7 x(s5)

[ ps.0 t,0 5,0 0,t
+ _Px("o) (Tp,x(s,o) - Px(s ) Tox(s, t)) P ot )P ] Vax )5'
Consequently,

s,0 s,0
[P Vo — Prly Vo

N

0V aE — Voo

+

|Voriot| @2

£,0
Tpx(s,0) — Px(s,‘)Tp,x(s,t)

By Proposition 4.7, the second term in the right-hand side of (4.43) is dominated by

1
VE( [ o(Vapxtst) )yt [Tt (4.43)
1
:@ﬂlw@mwmm@U’\MNM |2
Observe that x(-,0) is a geodesic, it follows that H Ht 0 || H(oo On the other
hand, we have
¢
Plo Vo€ = Vot oo+ /0 Pl Vax (o0 Vaxé db. (4.44)

Taking into account H i H = d(p, (t )), it is possible to write

[V Vs

/|| 9x
‘gM EH (4.45)
Thus, we can derive that
X1 = l[(@s7) ()] (4.46)
19X dx “119x
< = % = = .
\AIA (0 &Hﬁ>®+¢mM6M%ﬁwasmm(o aAWQ

since x(s,t) € B(p, @). Furthermore, after differentiating with respect to ¢ in (4.41),
one obtains

Xo = —[B —D¢(p)] (jt(logp(’y(t))))

t=0

1 d o
+/0 dt {PX vax(st)g va—x(o,t)g}t:o ds. (4.47)

9s
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Combining (4.42), (4.43) and (4.44) we find

d s,0
Hdt {P Waxw)g}
X
< || Vox Va Mo (a [ 4.4
Hv%v%g t:0+ @(a\/a)\/a s 1,0l Ot llt=0 (4.48)
Thanks to Assumption 4.1 we have
| 1og, (v(t)) — log,(v(0))|| < oy 'd(y(t),7(0)) = o7 "L~ /Ilv )| dt,

and we get %logp(y(t))Ht:O < o HY(0)|| = oy, Summing up we reach the

following estimation

1 Xol| < o7 B —DEp) |1

1
+ [M,—'—M(p(a\/a)\/a“g_);”(o,O)]/o (Haat (5,0) H ot H 00)) ds. (449)

The fields V' = gx and T' = ¢ satisfy the estimation that (see the proof of Propo-
sition 4.7)

VI <d(p, (1), ITI <oy p[Ll—cosh(sp)+psinh(sp)]¢, p=VCd(p,4(1)). (4.50)

Invoking (4.46), (4.49), (4.50) and using the fact that H%H(o 0 = d(p,7(0)) < a,
the proof of Lemma 4.12 is thereby complete. O

Remark 4.13. Assume that the iterative procedure (4.2) with updating formula
(4.1) generates a sequence (py) in some normal ball with center p and radius o < a.

Since lim;_,o(t cosht — sinh t)/t = 0 when @ is sufficiently small, we get from (4.36)
1P (1) = Co (3O < B3 [0 B+ (o7 +07%)avC| . (451)

for By, = ||DE(prk) — Byl and the geodesic ~ such that d(p,~(t)) < a. N

Lemma 4.14. Let 2 be a normal neighborhood of p. Assume that some iteration
pr € 2 was known and ug, pry1 are obtained via (4.2). If Bry1 are updated through
the formula (4.1) while pyy1 still lies into §2, then

IBuss = D) < 1B = DG + 57 [dlpnin,p) + dprop)]. (452)

Proof. We have

Biyr — DE(prar) = To (Be — DE(pi)) T, — Mﬁk (Be — DE(pr)) un

— [DE(prr1) — T DEP)T, ] (4.53)

+ |72 T ) [E@res1) — Tan(pr) — To DE(prc)us]
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Define Cy, = By, — D{(py). Because T, : T,,M — T, .|
possible to write

T Cu Tt = Nl > (T, ) T Crtie || = || Ce = el (ue, ) Croue |-
Thus we derive due to [8, Lemma 4.1]
| 7o Cr Tt — k||~ (T i, -) T, Crtte || < (| Ce]- (4.54)

Recall that D¢ is Lipschitz, the norm of operator DE(pp+1) — o, D€ (pi) T, does not
exceed in Ad(pg, pr+1). Further, by invoking Lemma 4.11, we obtain

M is a linear isometry, it is

1€ (Prs1) = T (Pr) = To, DE (pi)une| | = 11T, € (Prr) — € (pi) —DE (pr) || < %/\||Uk||2‘

Therefore, the third term of (4.53) can be dominated in norm by the quantity below

_ 1 1
ol 21Tl (5 Ael?) = 50

Taking into account |luy|| = d(pk,pr+1), we obtain (4.52) by applying the triangle
inequality d(pk, prv1) < d(prr1, D) + d(p, D). [

Lemma 4.15. Let s, L, a, b, d/, V', a" and V" be given positive constants with
kL < 1. Suppose that the sequences (L), (o) and (5,) are generated by the
recurrent relations (4.55a)—(4.55¢) below

L, =L+ axa, + b5, (4.55a)
(1 — KLy)ny1 = d'a? + b ay, By, (4.55D)
Byt = B+ a" i + 0"y, (4.55¢)

Further, suppose that o, By, Lo satisfy the following conditions

b/b// //b bb//
a' oy +b' By + (a”b’i + ) ag < 1 (1 — kLo — K (a By ) ao) (4.56)
1—p  1—p 1—p  1—p

for some 0 < pw < 1. Then, the following estimation holds for each n = 0,1, ...
Qi1 < i, @' + ' 6, < (1 — KLy,). (4.57)

Proof. Indeed, by virtue of (4.56), we have

a' o + b By
1-— HLO

ap = Qap < HUQY.

Thus, (4.57) is valid for n = 0. By inductive hypothesis, assume that aq, ..., «a, are
well-defined through (4.55a)—(4.55¢) and that (4.57) holds for each j =0,...,n—1.
According to (4.55¢), we get

J Jj—1 J j—1
B = Bo —i—a”Zozi +b”Zai < B +a”Zuiao +b”2/ﬂd0
i—1 i—0 i—1 =0

1
OCO + b//

</60+a//
1—p 1—u

ap.
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Invoking (4.55a), we find 2
1
Ln g L + au”ao + b (ﬁo + Cl// a g + b// Oéo)
1—p 1—pu

a/lblu b//b )
+ Qg
1l—p 1—p
a//b b//b
= LO + ( a + ) Qop,
l—p 1—p
which yields kL, < 1. Moreover, taking into account (4.56), it follows that
/ / "/ ILL b/b// / /
u(l —kLy,) = dag+bpy+ | a’b + oy = d o, +0'6,.
l—p 1—1p
/ " b/ .
As a result, we obtain «,; = Man < pa,.
1— kL,
The lemma is therefore proved. Il

<L+aa0+bﬁo+(

Proof of Theorem 4.10. Since reg1(p,0;) < oo, there are some parameters
r1 > 0, 79 > 0 and £ > 0 such that the following statement is fulfilled: if d(q, p) < r
and v € T,M with ||v|| < rq, then it holds that

A0 {d | T(0) > Ty }) < d(Tosy0 7)) (4.58)

By making ry, 7o smaller if necessary, we can assume that the ball By (p,r;) with
center p and radius r; is totally normal neighborhood, while Assumption 4.3 is valid
with respect to 2 = By(p,r1). Further, since the map ¢ — dy(q) is continuous
(cf. [37]), we suppose

v = inf {im(q) : d(q,p) <1} > 0.

Let us fix e € (0,1) and 8 = &;1‘721) Let a such that 0 < a < min{ry, rq, ¢} fulfilling

the following inequality

kL+da+ ' +kb)S <1, (4.59)
where L = (o7 + 07%)avVC, b = o7, d = 22,V = ok and 0 = 0y/oy > 1.
By letting o be smaller if necessary, we can assume that the constraint (4.56) of

Lemma 4.15 holds for some p € (¢,1) and a = 0, a” = V" = %, oy = a, By = B,

Ly = L+bB. Applying Lemma 4.15, the recurrent relations (4.55a)—(4.55¢) generate
three sequences (Ly), (ax), (Bx) such that agq < pag.

Let po # p € U = By(p, ) and let By : T,,M — T,,,M be a linear map such that
By = [ID&(po) — Boll < fo-
To build the tangent vector ug, we consider the following inclusion
Opo € &(po) + Bo(u) + T, I (exp,, (u)) ,u € T, M. (4.60)

We apply Proposition 4.8 with A = By. Indeed, let v : [0,1] — M be a geodesic
such that v([0, 1]) C U. Invoking Remark 4.13, the local vector field

Co:q€Ur—&(q) — TpogBo (exp;ol(q)) — Tpo.a§ (Do)
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possesses the following property
[P0 (v(1)) = Co((0)]] < Lobs(7):

If we set 4y = exp;ol(p) and 0y = Hf(po) + Bo(ug) — 7};%(@)”, then of, = d(po,p) =
|to]| < ap. Therefore, the following estimation is valid due to Lemma 4.11
1 _ 12 /1= . 1 1\2 /N
b < M ol + B ] = A () + Bl

K
1-/€L0

We now claim that do < min {ry,73}. (4.61)

Indeed, notice that orxdy < a’ad + Voo = (1 — kLg)ay, so

K
1—I€JLO

S0 <o lar <o Lpag < min {ry, 75}

In view of Proposition 4.8, the inclusion (4.60) admits a solution, says ug, such that

K K 1 2
— | < 5o < “A (o ). 4.62
oo~ w0l < b € T (M) ). o

By setting p; = exp,, (u0), Assumption 4.1 and (4.62) give us

_ _ K 1 2
ip1.p) < 02 o =l < o= (JA(@0)" + 5

a' oy + U5y

and the new point p; is still in U, because of u < 1.

We proceed to the induction step. Suppose the iterations pg,p1,...,pr € U are
given such that, for each j =0,...,k —1:

e u; = exp,'(pj1) solves the inclusion
Op; € &(py) + By(uy) + Ty I (exp,, (uy)),
in which the operators B;; is updated via the formula

Bi() = T BT () + 9 ey ) T Byuy) — T ()

s |
. d(pj+1,DP) < Nd(pj’ﬁ);
e o, =d(p;,p) <ay

To generate py.1, let’s consider the following inclusion

Op, € f(pk) + Bk(upk) + E;;H(exppk (upk))7 Up, € Tp, ML (4'64)

Define ; : ¢ € U — £(q) + Ty, g (B/yc logpk(q) + §(pk)) and let C; = B; — D¢(p;).
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Then we deduce after invoking Lemma 4.14

3\ _
[Call < O+ o (jy1+aj), j<k—1

Recalling ||Co|| < By we conclude 5, = ||Ck|| < Bx. Therefore, by an analogous
argument as in the case k = 0, one has

| P30k (v(1)) 0)]| < Lits(~ (4.65)

by virtue of (4.51). Here, v stands for a geodesm on U. With the aim of using
Proposition 4.8, we set Uy = exp,, Y(p) and &, = ||§ (pr) + By(ug) — ’T H By
applying Lemma 4.33

DO | >

)\ / / /
0p = ||7%;15(]5) — By(tg) — f(Pk)H < 5”%”2 + [|Cr[|||a]| = (%)2 + By,

which permits us to write
ko0, < ((z'ak + b’Bk)ak = (1 — kL)1

Consequently, we deduce

K

— <o ltays; <min {ry, b,
1_/£ka\ k+ { ) }

Hence, by invoking again Proposition 4.8, the inclusion (4.64) has a solution wuy, such

that

KR
il — 5 < g =
O-IHUk UkH = 1—/'1[/;C FXO 1—I€Lk(

Define the next iteration pyy1 = exp,, (ux), we obtain

aal + b/ﬁllﬂ)oz;C

1
d(prs1,D) < oalluy — ]| < 020f10_11_—m(a o, + V' B) o

S o, Ok SHok = p1d (pi, D)
Furthermore, since o), < oy, it follows that
d<pk+1;p) S a'ay + Vb Q= Qg1
1— kL
The proof is then completed by induction. O

By making use of the Dennis-Moré type condition in the previous section, we es-
tablish the following superlinear convergence of the Broyden update. To prove this
result, the notion of Hilbert-Schmidt norm will be useful. Let (ei (1€ I) form an
orthonormal basis of some Hilbert space H endowed with the inner product (-, -) (see,
e.g. [8]). The associated Hilbert-Schmidt norm ||-||gs to the linear and continuous
map L : H — H is defined as follows

1Ll == Z<L€i, Le;). (4.66)

1€

In finite dimensional space, such a notion reduces the usual Frobenius norm.
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Theorem 4.16. (Locally superlinear convergence) Let the assumptions in the
statement of Theorem 4.10 hold. Suppose further T = & + II is T -strongly sub-
reqular in the sense of Definition 2.1. Then, the sequence (py) generated in the
proof of Theorem 4.10 converges superlinearly to the solution p.

Proof. It is sufficient to establish the relation

Y | Crug|
im sup
koo | ull

Indeed, if (4.67) is verified, then we just apply Theorem 3.7 with H; = D&(px). To
do this, it is necessary to estimate the quantity ||Cjug||. We have

Ckuk = (Bk — E;lBk-l—l%k)uk + [E;lBk—H%kuk - ]Df(pk)uk] . (468)

=0, Cp= By —DE(pr). (4.67)

Since T, is an isometry, we deduce (7, g, T, uk) = (ur, u), which yields from the
updating formulae (4.1) that

7;;1Bk+17;kuk = 7;;15(2?“1) —&(pr)-
Consequently,

| T Bresr Ty, — DE(pr)use|| = || T, "€ (0res1) — E(pr) — DE(pi)us|

A
< §HukH2~ (4.69)

Moreover, it is possible to use the similar arguments as in the proof of [8, Theo-
rem 4.8] to derive the conclusion that

| T Bria To — Bill < 1|70 Brsa To — Billus -2 0, (4.70)

where ||-||gs denotes the Hilbert-Schmidt norm. In fact, let B be any linear trans-

formation on 7),, M with Buy, = ﬁ;lf(pkﬂ) —&(pr) = yg. Then, writing by {egk)}:il
an orthonormal basis of T, M, we find

17 Bra Ty, = Billins = el (Toywe, Ty () (e — B ||

S e T ()8~ By S [ o) — By
[l || e[|
S (u, ) 1(B = Bull* |I(B = Bows?

= < ||B — Billus-
[ [|* [ || h

In other words,
7, Brss Toy, ~ Billns = min { | B—Bll s | B : T, M —> T, M linear, Buy. = yy }.
Define for each k the linear operator
1
Ay v e T, M—s /O (P;;COVP%UQ dt, (4.71)

where 7 (t) = exp,, (tu) is the geodesic passing through py. with velocity wu..
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Recalling the Taylor’s expansion for £ (see, e.g. [18, Lemma 14.4])
1
PLO¢(prr1) = E(pr) +/ (Pt V poty f) dt = {(px) + Arus, (4.72)
0

which yields 7;;1Bk+17;kuk = Apup. (4.73)
Following the proof of [8, Theorem 4.8], we reach the inequality
1T B T, — Aklltrs + 11 To Bea Ty — Billts < 1Br — Axlls: (4.74)

Let’s establish now some auxiliary facts.

Claim 1: limsup||Ax — DE(pr)|| = hin sup||Ax — DE(pr)||ms = 0.

k—00

Taking into account the relation V P’E{J,tug = D¢ (’yk(t))PfY),fu we derive by using the
k
assumption D¢ € Lip, (§2) that

[[Ar — DE(pe) Jul| = H/ [PLODE (4 (£)) PO u — DE (pr dtH

t
, A
< [ Al dt = ) / (A [kl as ) = Sl

The latter gives us |[Ax — DE(pr)|| < 3llull = 3d(pr, prt1), which allows us to

say that limsup,_, . ||Ax — DE(pr)|| = 0. Since the Hilbert-Schmidt norm ||-||gs is
equivalent to the one induced by Riemannian metric, the claim is evident.

Claim 2: lim || By — Ag|lgs = lim |Ci| us.
k—o0 k—oc0

This claim is a consequence of Lemma 4.14. Indeed, the series ), . d(pk,p) is
convergent due to Theorem 4.10. Hence, Lemma 4.14 implies that the sequence
(B), for B = ||Br — DE(py)||, is Cauchy. The same conclusion is also valid for
(||Br — DE(pr)| s). As a result, the second limit exists. The existence of the other
one is induced from the estimation

|Crllas—|IDE(pr) — Arllzs < || Be — Arllzrs < ||Crllus + D (pr) — Arllms

and the preceding claim. Hence, the present task has been done.

Returning back to the main proof we use the identity
7;;13“17:% — Ay = [E;lckﬂﬁk] + [ﬂ;lDf(pkH)ﬁk - Df(?k)] + [Df(m) — Ak]-

By the assumption that D¢ € Lip, (£2), we have
17 DE(prs1) Ty, — DEDR)| < Mo(vi) = Ad(pr, Prsr).

Thus, [|7, "DEPrr1)Tu, — DEDL)|| £, 0, and then, we conclude

| T DE(Dry1) T — DEDR) || s 22 0.
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It is sufficient to verify ||7Tu;10k?+17;k HHS = HBk+1 — D€ (prsa
from the definition of ||-|| g, since

)HHS But this is clear

1Tt ConiTaulls = D (T Conn Tuuel? T O Tuel”)
=0
= Z <Ok+17:tke§k)’ Ck+17:Lkez(k)> - “Ck‘—l-lHHS'
=0

Here, we have used the fact that (7, egk)) forms an orthonormal basis of 7, M.

k

Based on the two claims above, we obtain (4.70) by passing to the limit in (4.74).
As a result, the equality (4.67) holds true by combining (4.68), (4.69) and (4.70).
This completes the proof of Theorem 4.16. 0
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