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1. Introduction

Let X be a real normed linear space. A closed, convex and extremal subset of the
closed unit ball Bx of X is called an exposed face of By. It is well known by the
famous James’ theorem that every closed convex subset of a reflexive Banach space
is proximinal. But strong proximinality of every closed convex subset of a Banach
space demands a very stronger condition on the Banach space X, namely, reflexivity
and the Kadec-Klee property [3]. Recall that a Banach space X is said to have the
Kadec-Klee property if the relative weak and norm topologies coincide on the unit
sphere Sx of X. In a non-reflexive space, there exists a closed convex set which is
not even proximinal. In this paper, we consider some special convex subsets of non-
reflexive spaces and their strong proximinality properties. The strong proximinality
of the exposed faces of some non-reflexive Banach spaces has been studied recently
in few papers ([7], [12]). Let E be an exposed face of the unit ball of the non-
reflexive Banach spaces ¢y or Li(p). Then we will prove that the closed convex
set F is strongly proximinal and the metric projection onto E is Hausdorff metric
continuous.

We will introduce the notation and some definitions to discuss in detail. Throughout
the paper, X denotes a real Banach space, Bx = {z € X : ||z|| < 1} is the closed
unit ball of X, Sx = {z € X : ||z|| = 1} is the unit sphere of X, and X* is the dual
of X.

For z in X and a non-empty subset E of X, d(x, E') denotes the distance of x from

E. That is, d(z, F) = infyecp ||z — y||. The set of all best approximations to x from
E is denoted by Pg(x) and

Pp(r) ={y € E: |lz —yll = d(z, E)}.
If Pg(x) is a non-empty set for each x in X, we say that the subset E is proximinal
in X. For > 0 we set
Pg(z,0)={z€ E: |z —z|| <d(z, E)+ d}.
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We say that a proximinal set E of a normed linear space X is strongly proriminal if
for each z in X and € > 0, there exists 0 > 0 such that

sup{d(z, Pg(z)) : z € Pr(z,0)} < e

Strong proximinality was introduced in [6] and it plays an important role in ap-
plications, since it ensures that the set Pg(z,0), which can be described as the set
of "almost nearest” elements when ¢ is small enough, is close to the set of nearest
elements of x. However, while every Banach space has plenty of proximinal hyper-
planes as shown by the Bishop-Phelps Theorem, there are separable Banach spaces
which do not have any strongly proximinal hyperplanes [6]. It can be easily verified
that the metric projection onto a strongly proximinal set is upper Hausdorff semi
continuous [6]. Strong proximinality has been studied by many authors and some
of the interesting results related to this notion can be found in [3], [4], [7], [8], [9],
[10], [11], [12], [18].

Let X and Y be normed linear spaces. We say F' is a set-valued map from X into Y
if [’ is a map from X into the class of all non-empty subsets of Y and in this case,
we write F': X =2 Y is a set-valued map. Let zy be in X. The set-valued map F' is
said to be

1. lower semi-continuous at xq if for each open set V' C Y with the property
F(x9)NV # () there exists a neighborhood U C X of x such that F(z)NV # ()
whenever z € U.

2. lower Hausdorff semi-continuous at x if for each € > 0 there exists a neighbor-
hood U C X of x such that F(zg) C F(x) + eBy whenever z € U.

3. upper semi-continuous at x if for each open set V' C Y such that F(zo) C V
there exists a neighborhood U C X of x( such that F(xz) C V whenever = € U.

4. wupper Hausdorff semi-continuous at xy if for each ¢ > 0 there exists a neigh-
borhood U C X of xg such that F(x) C F(x¢) + eBy whenever z € U.

The set-valued map F' is lower (upper, lower Hausdorff, upper Hausdorff) semi-
continuous on X if it is lower (upper, lower Hausdorff, upper Hausdorff) semi-
continuous at each point of X and is called Hausdorff metric continuous if it is both
lower and upper Hausdorff semi-continuous.

We observe that upper semi continuity implies upper Hausdorff semi continuity,
while the lower semi continuity is implied by lower Hausdorff semi continuity.

Definition 1.1. A selection for the set-valued map F'is a map f : X — Y such
that f(z) is in F'(x), for each = in X. A selection of the set-valued map F' which is
continuous on X, is called a continuous selection of the map F. [

In this paper, we will show the Hausdorff metric continuity of the set-valued metric
projection map Pg : X =% E defined by Pg(z) = {y € E : d(z,E) = ||z — y||}. By
the well known Michael’s selection Theorem [15, 16], it is obvious that if the metric
projection onto a closed, convex subset of a Banach space is lower semi continuous
then it has a continuous selection.

A face of a normed linear space X is a convex, extremal subset of the closed unit
ball Bx. Let f € X* and Jx(f) ={z € Sx: f(z)=|fl}
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It is easily verified that if the set Jx(f) is non-empty, then it is a closed, convex and
extremal subset of Bx and is called an ezposed face of Bx.

We denote by NA(X), the set of all norm attaining functionals on X and by NA; (X)
the set NA(X) N Sx. If H = ker f, then it is well known from [20] and [5] that

f e NAX) < Jx(f) # 0 < H is proximinal in X.
A subspace Y of a normed linear space X is called ball proximinal if By is a prox-
iminal set. It is easily verified that ball proximinality implies proximinality [1].

Best approximative properties of hyperplanes or subspaces in general, of Banach
spaces are closely related to structure of the unit ball and its exposed faces and
study of geometric structure of the unit ball in view of this link, is not new ([2], [17]
and [14]). It is known from [8] that if a hyperplane H, kernel of a functional f in the
dual of X is ball proximinal then the set Jx(f) satisfies a restricted proximinality
condition. It is also shown in [12] and [7] that if C'is an exposed face of the sequence
space [; or C(Q), the Banach space of real valued continuous functions defined on
a compact, Hausdorff space, then C' is strongly proximinal and the corresponding
metric projection map is Hausdorff metric continuous. In this paper, we will show
that the similar results holds true for the exposed faces of the non-reflexive Banach
spaces ¢y and L (p).

2. The space ¢y and strong proximinality of exposed faces

Let N denote the set of positive natural numbers. We consider the real Banach space
X = ¢y, the space of all sequences of real scalars which converges to zero with sup
norm. Then the dual of ¢q is [y, the space of all sequences (x,, )of real scalars with
2|l = >_,en |Zn]. For 2z in X*, we recall that the support of z is the set

A={neN:z, #0}.
Now let AT={neN:z, >0} and A~ ={neN:z, <0}

Then A = ATUA™. Let z = (2,) € l; and ||z|| = 1. If f, is the element of the
dual of ¢g, induced by z then f, € NA;(cp) if and only if support of z is finite. We
denote the exposed face J.(f.) by Jx(2). It is known that

Jx(z) #0 < A #0 & A is finite (1)
and in this case it can be easily verified that
Jx(z)={r €Sy :z,=1on A", z,=—1on A" }. (2)
First we prove that the set Jx(z) is proximinal in X.
Fact 2.1. The set Jx(z), if non-empty, is proximinal in X.

Proof. Since Jx(z) is non-empty, (2) holds. Let € X and set « as

a =max | max |z, — 1|, max |z, + 1| ] (3)
neAt neA~

Then d=d(z,Jx(z)) > . (4)
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We discuss two cases.

Case (1): sup d(z,,[-1,1]) < a.
neN\A

We have z € X and for & > 0,3 nyg € N such that |z,| < a for all n > ngy. If
{1,2...,n0} C A, we define

1 ifne A"
Yn = —1 ifneA

0 otherwise.

Then ||y||=1 and ||z — y|| < o < d and so y becomes a nearest element to x from FE.
If there exists {nl, N9, ..., nk} such that n; ¢ A and n; < ng, 1 <i < k then define

(

1 iftneAt or z,, >1, 1<i<k
-1 iftneA™ or z,, <—-1,1<i<k
Yn = § Tp, + min{a, 1 —x,,} if0<z, <1, 1 <i<k (5)
Tp, —min{a, 1 +x,,} if —1<x, <0, 1<i<k
0 otherwise.

\

We get y is the best approximation to = from Jx(z) as |ly|]| =1 and ||z — y|| < «.

Case (2): = sup d(z,,[-1,1]) > a.
neN\A

In this case, note that since Jx(z), is a subset of the unit sphere Sy, so that

d(z, Jx(2)) = sup d(zn,[-1,1]) = 5. (6)
neN\A

Define p, = min{z,,1+ «} and ¢, = max{p,, —1 — a}. Then ¢, = x,, on A and
SUPena A(Gn; [=1,1]) < a. By Case(1), there exists y € Py (z)(¢). Thus

lg =yl = dlg, Jx(z) = a. (7)

We now claim that y is a best approximation to « from Jx(z). For this, we would
show that ||z — y|| < 5. Note that

A:{nEN:xn#qn}Q{nEN:xn>1+a}U{n€N:xn<—1—a}. (8)

It is enough to show that |y, —z,| < fforalln € A. If z,, > 14+« , then ¢, = 1+«
and if z,, < =1 — a then ¢, = —1 — a. Now ||¢ — y|| < a and ||y|| < 1 implies that
yp=1if ¢, =1+ a and y, = —1 if ¢, = —1 — a. Clearly, in either case we have

lz =yl = 8 < d(z, Jx(2))
and y is a best approximation to z from Jx(z). O

We now show that the set Jx(z) is strongly proximinal and the corresponding metric
projection map is Hausdorff metric continuous.
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Theorem 2.2. The set E = Jx(z) is strongly proriminal and Pg is Hausdorff
metric continuous. In particular, Pg has a continuous selection.

Proof. Let © € X and « as given by (3). Then there exists ny € N such that
|z,| < a for all n > ng. If d =d(z, F), then d > «. Recall that E' = Jx(z) is given
by (2).

By Fact 2.1 above, E is proximinal. Pick any u € Pg(z). Since F is a subset of the
unit sphere, we have ||u]| =1 and ||z — u|| = d. Hence

[zl < Jull +d =1+ d. (9)

Pick v € E such that ||z — v|| < d+ 9§ for some § > 0. We will construct v € Pg(z)
such that [[v — v]| < §. This would prove E is strongly proximinal.

Let = {max{—d, min{x, —v,,d}} ifn < 7.10 (10)
0 otherwise.
Then y = (y,) € ¢ and for any n > ng we have
Tp—Up2>d=>y,=d, v,—v, < —d=1y,=—d
and |z, — v < d =y, =2, — Uy
Define v =z — y. Then
v=v on {neN:|z,—uv,| <d}. (11)

If z, —v, >dtheny,=dand v, =z, —y, <1+d—d<1by (9). Also

Up =Zp —Yp=Up+ (xp —0p) —yp > v, +d—d=v, > —1.

If x,, — v, < —d, then y, = —d and v, =z, —y, > —1 —d+d=—1 by (9).
Further in this case,

Up =Tp —Yp=Un+ (xp —vp) —yp < v, —d+d=0v, <1
Thus |on] <1 if |z, — v, > d
and |Un] = |vn| <1 if |z, —v,] < d.
Hence [|v]| < 1.
We have d = d(z, E) > a by (4). Since v € E, using (2) and (9) we have
AC{neN: |z, —v,| <a<d}.

Hence, by (11), v = v on A and therefore, (2) implies that v € F, since ||v|| < 1.
Now  —v =2 — (z —y) = y and by (10), ||y|| < d. So v € Pg(x).

We now show that ||v — || < 6. If |z, — v,| < d then v, = v, by (11). Hence

Uy, —vp| <6 if |z, —v,| < d. (12)
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So we consider the case |z, —v,| > d. If z,, — v, > d then by (10), y, = d < z, — v,.
Now v,, = x,, — ¥, and therefore

Up — Up = Tp — Yp — Up > Uy — Uy = 0.
Also since ||z —v|| < d + 6, we have
0<U,—Up=x,—0V, — Yo <d+6—d=05.
If z,—v, <-—d, then y, =—d > x, —v,. This implies x,, — y, < v, and hence
Up — Up = Tp — Yp — Up < Uy — Uy = 0.

Further 0>0, =V, =X, —Vp —Yp > —d—0+d=—6.

Thus if |z, —v,| > d then either 0 < v, —v, < dor 0 > v,—v, > —0. So |v,—v,| < ¢
if |z, — v,,| > d. This with (12) implies that

lv =oll <o

and completes the proof for strong proximinality of E.

We now show that the metric projection Pg is Hausdorff metric continuous. Since
E' is strongly proximinal, Pg is upper Hausdorff semi continuous. We only need to
show that Pg is lower Hausdorff semi continuous. From the above, for any = € ¢
and 0 > 0, we have

ueC, |lr—ul| <dz,F)+ 0= 3 ue€ Pg(x) such that ||u— ul| <.

Let x € ¢p and u € Pg(z). Let € > 0 be given and V' be an e-neighborhood of w.
We need to show that there exists 6 > 0 such that

lo =yl < 0=V NPy # o (13)
Choose 0 < § < {. Then ||z —y[| < § implies
|d(z, E) = d(y, E)| < [lx —y[ <9
and we have
ly —ull < lly = z[[ + llz = u|| <6 +d(z, E) < dly, E) + 20.

Hence there exists u € Pg(y) such that ||[u — u|| < 20 < € and (13) is satisfied. So
for any e—neighborhood V' of u there exists a d—neighborhood U of = such that
V' N Pg(y) # 0 for every y € U. Thus Pg is 1Hsc and by the well known Michael
selection theorem [15, 16], Pr has a continuous selection. O

3. The space L;(;) and proximinality of exposed faces

Let (T, %, 1) be a measure space, where 7' is a compact Hausdorff space. We consider
the real Banach space L;(u), the space of all p-measurable functions x on T with

lzll = Jp le(®)ldp.
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For a real number «, let

1 ifa>0
sgn a =40 ifa=0
-1 ifa<O.

For a function x € Ly(u) , we set supp(x) = {t € T : z(t) # 0} and for any subset

A of T, we set
folla = [ Jo(®)ldu
teA

Note that the dual of Li(u) is Loo(p). Let f € Loo(p) and ||f||oc = 1. Then f is
in NA;(Ly(p)) if and only if u{t € T : |f(¢)| = ||fllo} > 0 [20]. For any element
y € Li(p), we set

M, ={A C supp(y) : p(A) > 0}, and
AT={teT:f(t)=|flle}, A"={teT: f(t)=—|fllx} and A=ATUA".
We now characterize the exposed faces of Lq(p).

Fact 3.1. Let X = Li(p) and f be in NA;(X), then

Ix(f) ={y € Li(w) - f(y) = Ifllc = 1} = E = Ey,

where

=1, >0 andVAeM, h
E::{yeLﬂm,|wm p(supp(y) > 0 an y we aw}

CANA#Q and 3te A > sgn y(t) = sgn f(t)

and

Nyl =1, p(supp(y)) >0 andV A € M,
Jte AnNA > sgny(t) =sgn f(t)

B, = {y € Li(p)

Proof. First we will show that Jx(f) = E. Let y € Jx(f). Then we have f(y) = 1.
To prove y € E, we first claim that p(supp(y)) > 0. Suppose not. Then

ﬂwzﬂfmmmm:a

which is a contradiction. Hence u(supp(y)) > 0. Now we will verify that AN A # ()
for every A € M,. Suppose not. Then there exists a set A € M, such that ANA = 0.
That is, for every t € A, |f(t)| < 1 and we have

1:Aﬂm@wséuwwmm
=Ammmmw+£vwmww+£, FOlly®ldu

\AUA

<AMWW+AMWWﬁAMy®W:AMWW=1
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which gives a contradiction. It remains to prove the last condition that for every
A € M, there exists t € A such that sgn y(t) = sgn f(t). Suppose not. Then we
have a set A € M, such that for every t € A, sgn y(t) # sgn f(t). Now

1:£¢@mwm
:/ wmwmw—/uwmww+/ FOlly®ldu
A\A A T\AUA

<Awmm+£mmwaﬁwy@mzéwwsz

which is a contradiction. So we have Jx(f) C E. Note that if y € Jx(f), then

/ wwwwWw:/|wwM (14)
T\A

T\A
Now we will show that £ C Jx(f). Let y € E. Then we have

f@:ﬁﬂ%@@:ﬂWWWWw/'wwwwu

T\A

:Awww+émmwmzémmw=hwmw

Hence we get £ C Jx(f). This with the above shows that £ = Jx(f).

Now we proceed to prove that £ = F;. Let y € E. Then AN A # () for every
A € M,. Suppose that y ¢ E;. Then there exists a set A € M, such that for
every t € ANA, sgn y(t) # sgn f(t). But we have AN A € M, and there exists
t € (AN A)N A such that sgn y(t) = sgn f(t), which is a contradiction. Hence we
get £ C E;. This proves that £ = F4, because the other inclusion is trivial. Il

For a fixed z in Ly (u), we set
St=Str={teT:x2(t) >0} and S~ =S, ={teT:xz(t) <0}
Let
A=A"NSHUA NS) and Ay =(ATNSHUA NST). (15)

Then A = Ay U Ay. Further, for any y in E, it follows from Fact 2.1 that for all
Ae M, there exists t € AN A such that sgn y(t) = sgn f(t). Therefore if te AN A4
we obtain

sgn x(t) = sgn f(t) = sgn y(t) (16)

and if t € AN Ay then y(t) and f(t) are of opposite sign. Thus for y in E, we have

e = ylla, = |ww—y@wu=/‘HawrﬂmemL (17)
A A
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and

lo =ylla, = | |o(t) —y(t)|dp = / (lz®)] + ly(@O)Ddp = l|zlla, + [[yllaz- (18)
Ao Az

Now we are in a position to show that the set E' = Jx(f) is proximinal in L;(u).
Also, for x € Li(u), we characterize Pg(x), the set of all best approximations to z
from F.

Fact 3.2. Let X = Li(n), f be in NA{(X) and E = Jx(f). Pick anyx € X. Then
the set Pg(x) is non-empty and

B, if Ay =10
Pp(r) = q{y € E:llyla, =0 and ||z —ylla, = zlla, = [lylla}, if [lzfla, =1
{ve Bz —ylla =llylla — llzlla}, if lzlla, < 1.

Proof. We first assume that A; = (). Then for any y € F, we have 1 = ||y|| = ||y||,
and further,

lz =yl = llz = ylla, + Iz = ylla, + llzlloa = ll2 = ylla, + lzllzia
= llzlla, + llyllae + lzlloa = lzlla, + 1yl + [lzlla = [zl + 1.
Hence, in this case,

d(z,E) =||z|| +1 and Pg(z)=FE. (19)

So we now assume that the set A; is non-empty. First we prove that Pg(x) is
non-empty in the following two cases.

Case (i). ||z]a, > 1. We have

lz =yl = llz=ylla +llz = ylla, + lzllra
> wllay = [yllay + llzlla; + lylla; + lzllrma
> lellay = 1+ [lzlla, + [lzllza, (20)

since [|y|la, < 1.

Case (ii): ||z]|a, < 1. Now

lz—yll = llz—ylla, + Iz =yl + [[2]l7\a
> Hy||/\1 - H'THIM + ||x||/\2 + HyHAz + ”xHT\A
= 1—[lzfla, + [|z]la; + 2]l \a (21)

as 1 = |lylla = llylla, + ||¥lla,- It is clear from (20) and (21) that

d(z, B) > [1 = [lz[a,[ + [|l2][a; + [z ]l2\a- (22)
ﬂ, ift e A,
Define y(t) = [l ]]a,

0, otherwise.
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Then ||y|| = 1 and using Fact 3.1 and (16) we conclude y is in E. Also,

e =yl = [T = llzlla ]+ [l2lla; + llzflra

This together with (22) implies that d(z, E)) = ||z — y|| and therefore y is a nearest
element to x from E. This proves the proximinality of E. Also it is clear that

d(z, E) = [1 = [lz]la [+ |l2llas + [[2lloa =11 = flz)a ] + o, (23)

where @ = [z]|, + [[2l|ra.

We have also shown that Pg(x) is non-empty if A; is a non-empty set. We now
characterize the set Pg(x) in this case.

The proof involves discussion of two cases, as in the case of the previous section of
this proof.

Case 1: ||z|]s, > 1.

Pick any y € Pg(z). Then |ly|[a, <1 and also using (23), we have

d(z, E) = [1 = |lz|a, [+ = [z -y
=l = yllay + [[zllas + [1Yllas + lzllma = llz = yllay + llylla, +a
2 [lzllar = yllas + llwlla, +a = flzfla, = 1+ llylla, +
> 1 = [lzfla,] + e

So equality holds throughout and therefore

1ylla, =0 and [z —ylla, = [lzlla, = [[ylla,-

Conversely, if y is in £ and the above two conditions are satisfied then we have
[yl = llylla, = 1 and

[z =yl = llz = yllay + lylla, + o= llzlla, = [[ylla, +a = lzlla, =1+ o = d(z, E)
from (23) and y is in Pg(z).
It is now clear that if ||z, > 1

y € Ppx)eyc by, =0 and |z —ylla = lzla =yl (24)
Case (ii): [z]|a, < 1.
In this case, for y € Pg(z), we have again using (23),

d(a, E) =1 — [lzfla, + o= [le =yl = llz = ylla, + lylla, + o

Hence 2 = yllay + [1ylla, =1 = [,
Now

[z =yl +llylla, =1 = llzllas = Nz =ylla + l2lla =1 = [lylla,

<z —ylla, + llzlla, = llylla,
& |z —ylla, = lylla, — llz]la,-
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Hence y € Pp() implies that [« — ylla, = lylla, - l2]la,-

Conversely, if y is in E, we have 1 = ||y|| = ||y||a, + ||¥lla,- Further, if y is such that
H‘T - yHAl = ”y||A1 - ||.2?||A1, then

[z =yl = llz = yllay + lwlla, + = llylla, = lzlla + lylla, +
= [lyllay + lwlla = llzlla, +a=1=lz]la, +a = d(z, E).

Hence y € Pg(x). Thus if ||z]|a, <1,

y € Pp(r)syeck and |z —yla = [lylla = llz]a,- O (25)

4. Strong proximinality and semi continuity of metric projection

We now prove the strong proximinality of the set Jx(f).

Theorem 4.1. Let X = Ly(u), [ be in NA(X) and E = Jx(f). Pick any x in
X. Ifyisin E and ||z —y| < d(z, E) + 0 for some § > 0, then there exists z in
Pg(x) such that ||y — z|| < 25. In particular, E is strongly proziminal in Li(u).

Proof. If the set Ay, given by (15), is empty, then Pg(x) = E by (19). Hence the
theorem is trivially true in this case. So we assume that the set A; is non-empty.

We have, by (23),

[z =yl =l =ylla + l#llas + [[Yllas + [[2]l2a
= {llz = yllay = 1 = llzlla, [} + lylla, + d(z, E)
< d(z,E)+9¢
which implies {llz = yllay = 11 = llzlla [} + [lylla, <6 (26)

We now discuss three cases: ||z||x, =1, ||z]la, > 1 and ||z]ja, < 1.
In the following, for y € E, we set

Ly ={te A :[z(®)] >y}, Ey={t e |z(t)]=[y@)}
and Gy ={te A :|ylt)] > |z(t)]}.
Then L, U E, UG, = A,.
Case (i): ||z[[x, = 1.
In this case, by (26), ||z — y|la, + [|ylla, < J. Set

o(t) = {x(t) if t € Ay

0 otherwise.

Then ||p|| = ||z|la, = 1. Also, it follows from Fact 3.1 that p is in E. We have
||p||/\2 = 0and 0 = ||JZ _p“Al = ||x”A1 -1= Hx||/\1 - ||p||/\1' So using (24>7 we
conclude that p is in Pg(x). Further

ly = pll = llz = ylla, + lylla, <0
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Taking z = p, completes the proof for this case.

Case (ii): ||z[a, > 1. Now

[z = ylla, = A |(t) — y(t)|dp = A [ ()] = y@)] |dp

- / (o)) )+ | oo = la()dn

Gy

[ wedn- [ oldu—2 [ le@ldurz [l

LyUE,UG, LyUE,UG,
~ el = ol =2 [ Je@ldn+2 | Ju(®ldu
Gy Gy
This together with (26) implies that
zllay = [lylla, + 2[/G (ly@] = lz@]) die] = {llzl[a, = 1} + [lylla, <6
which, in turn, implies
2[/G (ly@®)] = lz@)]) dre + [[ylla.] <6, (27)
as 1 —|lylla, = [[ylla,- Define p € Li(u) by
y(t) on L,

p(t) =< x(t) on E,UG,
0 on T\ (Ly,UE,UG,) =T\ A;.

Then ||y —p|| < d by (27) and so ||p|]| > 1 — 4. Further, it is clear from the definition
of p that [|p|| < |ly|| = 1. Thus 1 —46 < ||p]| < 1.

Now, using (16), we get for every A € M, there exists t € A such that

sgn p(t) = sgn f(t) = sgn x(t). (28)

This with Fact 3.1 would imply that p is in E if ||p|| = 1. Thus if ||p|| = 1, since
HPHAQ =0 and

[z =pllay = [ |=(t) —y(®)ldp =/ (fz®)] = ly(@)] )du

Ly Ly
— [ Wotoldn+ [ fada= [ pa0ldn— [ lyo)ida
Ly GyUE, GyUEy Ly
= HxHAl - HpHA17 (29)

we can conclude using (24) that p € Pg(z) and take z = p to complete the proof for
this case. So we assume that ||p|| < 1.
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Let ||z||a, =1+ € Then e > 0 as ||z||x, > 1. Let |[p|| =1 — ;. Then 0 < 6; < 4.
We have [p(t)| < |z(t)| for all t € Ay and so

[ = pllas :/A Cle@] = lp@)dp = llzlla, = llplla, = €+ 1.

€
€+51

Let A = and define

otherwise.

o(t) = {gp(t) + (1= Nx(t), iften

We have, using (28),

HZHZHZHAIZ/A \Z(t)\du=/A (A p(t) + (1= N (t)|dp

:/A (A lp@]+ (1 = M]z®)] )dp = A lplla, + (1 = M]a,

o1

=AM1=6)+ (1= N(1+e) = e+01

(1 —51) +

1 = 1.
€+51 ( +6)

Further,

o
Iz =pl < (1= Vllw =pllay = =5 (e+0) =61 < &

Now ||z]| = 1 and also it follows from (28) that for every A € M, there exists t € A
such that sgn z(t) = sgn f(t). Therefore z is in E by Fact 3.1. Clearly, ||z||a, = 0.
Further it is easily verified that

[ = zlla, = Alle = plla, and [lzlla, = [[2lla, = A [llzllay = llplla, ]
Now, using (24) and (29), we see that z is in Pg(X). Also,
ly =2l < [ly = pll + lp = 2l| <6+ =26.

This completes the proof for this case.

Case (iii): ||z|la, < 1. Now

le =yl = | =) = y(®)ldp

_ / (v = |2y + / (le(t)] = y(®) )dp
GyUE,

Ly

- /GquyuLy Iy(t)ldu—/LyUEquy |x(t)|d,u+2/Ly(|x(t)| — ly(®)du
= [lylla = llzlla +2/ (lz(®)] = ly(@))dp.

Ly
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This together with (26) we have

1Yllay = llzllar + 2/ (2] =y di+[lyllas — 11 = [[z]la, [ < 6.

Ly
Since 1 = ||y|| = |lylla, + ||¥|la,, this in turn implies
)
1—|[z][a, +2 i (le(@)] = ly()Ndp — (1=[lx]la,) = i (le(@®)] = ly@®)Ddn < 5. (30)
z(t) on L,
Defi €L b t) =
efine p 1(1) by p(t) {y(t) on T\ L,.

Then, by (30), |ly — p|| < d. Also it is clear from the definition of p that for every
A € M, there exists t € A such that

sgn p(t) = sgn f(t) (31)

and it is easy to verify that, ||p|| > |ly|| = 1.

If |[p|| = 1, then p € E by Fact 3.1. Further, since |z(t)| = |y(¢)| = [p(t)] for t € E,,
using the definition of p, we have

o=l = [ o) == [ Cloto)] = lo(0)] s

Gy

- / ()] — 1) )y = Ipllae — lzllar. (32)

Hence (25) holds and we conclude that p € Pg(x). We take z = p and complete the
proof in this case. Therefore we assume that ||p|| > 1. In this case, we discuss two
subcases: ||p|la, > 1 and ||p|la, < 1.

Now consider the case ||p|la, > 1.

Let ||p|]| = 1+ 02 and ||p||a, = 1 + 3. Note that we have ||y|| =1 and ||y — p|| <.
Therefore 1<|pll <1+54.

Then 0 < d3 < 09 < 6. Since ||x]|a, < 1, we can choose € > 0 such that

1=l = [ le@ldu+ [ lo®ld
Ly A\Ly

and define

€

Let A =
¢ 6+(53

2(t) = {Ap(t) + (1= Na(t), if teh

0, otherwise.



N. Prakash, K. V. Sangeetha / Best Approzimative Properties ... 745

Then |z||z, = ||=||z,. Moreover
|l = [ o+ (1= el
A\Ly A\Ly

_ /A\L (A Jy()] + (1= N)|a(t)] )dp
= )\ Hy”Al\Ly + (1 - /\)“'THAl\Ly

= Alplane, + (= Mlzlane,

= A= [ feloldu+ 8+ (=N = [ alda— o
Ly Ly
=1 [ ol
Ly
and this implies ||z|| = ||z]|a, = ||2]lz, + [|2lla;\z, = 1. Further

Iz =pl < (1 =Nlz—plla + 2l

5
= 2 (e+8)+ (140 —(1+38) =06 < 0
€+ 03

Now ||z|| = 1 and using (31), we have for every A € M, there exists t € A such that

sgn z(t) = sgn f(t).

This with Fact 3.1 implies z € E.
It is easily verified using (30) that

Iz = zllay = [I2llay = [[z]las
and using (25), we conclude that z € Pg(z). Also,
ly =2l < lly = pll + llp — 2]l <6 +6 =26,

which completes the proof for this case.

Now consider the last case ||p||x, < 1. Define

p(t), ift € A1
1 _
q(t) = Mp(t), if t € Ay
HPHAQ
0, otherwise.
Then
11— |p||/\1
lall = [ o0ldn+ [ QP ) e = lplla, + (1= ) = 1.
A A Pl
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Now by (31), we have for every A € M, there exists t € A such that
sgn q(t) = sgn f(t).

This with Fact 3.1 implies ¢ € E. It is easily verified that

lg = 2llar = llglla, = [lzlla,

and using (25), we conclude that ¢ € Pg(x). Further,

lg —pll = A lq(t) — p(t)|du
- (I —lpllay)
= A2| Ip(t)] Tl Ip(t)] |dp
= |Ipllay = (1 = l|plla,) = 02 (33)

Finally we have

ly —qll < lly —»pll +llp—qll <+ <26.

We take z = ¢ and this completes the proof of the theorem . Il

We now proceed to show that the metric projection Pg is Hausdorff metric continu-
ous.

Fact 4.2. Let X = Li(u), f be in NA(X) and E = Jx(f). Then the metric
projection Pg is Hausdorff metric continuous and has a continuous selection.

Proof. Since F is strongly proximinal, the metric projection Pg is upper Hausdorff
semi-continuous and we need to prove only the lower Hausdorff semi-continuity of
Pp. Let x € Li(p) and € > 0 be given. Choose § > 0 such that § < §. We now
claim that for any y € Pg(z) and p € Ly(p) with ||z —p|| < 2, there exists 2 € Pg(p)
satisfying ||y — z|| < e. This would clearly imply the lower Hausdorff semi-continuity
of the set-valued map Py at z. Since ||z — p|| < £, we have

5
|d(z,E) —d(p, E)| < ||z —p|| < 7
Thus
5
lp =yl < lp— 2| + [z =y < 5T d(z, ) < d(p, E) + 9.

Now, using Theorem 4.1, we conclude that there exists z € Pg(p) such that
ly — 2| < 26 < e.

So for any e—neighborhood V' of y € Pg(x) there exists a §— neighborhood U of z
such that V' N Pg(p) # () for every p € U. This implies that Pg is lower Hausdorff
semi-continuous at x. Hence it follows that the metric projection Pg is Hausdorff
metric continuous and by the well known Michael selection theorem [15, 16], P has
a continuous selection. ]
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