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Given two sets A and C' in a Banach space, we consider four extremal problems for the distance
between two elements, one from A and the other from C. The first problem is to minimize
the distance by choosing elements from these sets; the second problem is to maximize it; the
third one is the minimax problem; the fourth one is the maximin problem. These problems
arise in approximation theory and constrained optimization, they are generalizations of the best
approximation problem and the problem of farthest points. In terms of prox-regularity and of the
property of being a summand of the ball for sets A and C, we obtain sharp sufficient conditions
for each of the problems to have a unique solution and, moreover, to be Tykhonov well-posed. We
also develop the calculus of convexity parameters for subsets of a Banach space in connection with
the Minkowski sum and difference.
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1. Introduction

Let X be a real normed vector space. For aset A C X by int A, A, 9A and X\ A we
denote the interior, the closure, the boundary and the complement of A, respectively.
We use (p,z) to denote the value of the functional p € X* at the vector z € X,
where X* is the topological dual of X.

Given two subsets A and C' of X, consider the following extremal problems

Prinmin : ceg,li(lzleA la — ¢l
Praxmax Jhax la— ¢,
Pinin max min max la—¢|,
Praxmin : max gleifil la — cl|.

Consider also the best approximation problem

Pmin : glel,? ||.ZU — a||

and the problem of farthest points

Pmax : max H:C_CH7
ceC

where x is a given point from X.
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Remark 1.1. The four problems P min — Pmaxmin are generalizations of the prob-
lems Pyin and Ppay. Indeed, if C' = {z}, then the problems Pyinmin and Prin max
coincide with the best approximation problem P;,. If A = {z} the problems
Praxmax and Ppaxmin coincide with P .. ]

The values of problems P,;, and P,,.. are respectively the distance from the point
z to the subset A
d(z,A) = inf ||z — al|.
acA

and the antidistance from the point x € X to the subset C

f(z,C) =sup |z —cl|.
ceC

The sets of solutions of problems P,;, and P,,., are respectively the metric projection
of the point = on the set A

Pz, A)={acA: ||z —al = d(z,A)}
and the metric antiprojection of the point x on the set C'

F(z,C)={ceC: |z —¢|| = f(z,C)}.

As shown in [2] the antiprojection on a set can be expressed through metric projec-
tion on another ("dual”) set and vice versa.

Denote the values of the problems Puinmin — Praxmin 85 Omfinf(A, C), Osupsup(A4, C),
Ot sup(A, C) and gsupint(C, A), respectively. Observe that

Oinfinf(C, A) = inf d(c, A), Osupsup(C, A) = sup f(c, A),
ceC ceC

Qinfsup(Au C) = inf f(aa C)a Osup inf<07 A) = sup d(C, A)
acA ceC

For r > 0 and ¢ € X we define the closed ball with center ¢ and radius r and the
complement to the open ball with the same center and radius as

B.(c)={zx e X : ||r—c]| <}, Bio)={zeX: |lr—¢|>r}

For brevity, we denote B, = B,(0), B, = B,(0).

The modulus of convexity of X is defined as

) 1
ox(e) = inf{1—Zllo+yl: 2y e X, Jol <1, Iyl <1, lo—yll 2}, =€ 0,2)

The space X is called uniformly convez if §x(¢) > 0 for any € € (0;2]. X is called

strictly convez if for any two distinct points z,y € dB; one has %(:v +y) € int By.

Note that every uniformly convex space is strictly convex. The space X is called
smooth if

(p1,2) = (pa,z) = ||p1|| = |Ip2ll =1 = p1=p2 Ve € 0By Vpi,ps € X7
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It is well known that any Hilbert space and L” spaces with p € (1, +00) are smooth
and uniformly convex.

The rest of the paper is organized as follows. In Section 2 we recall the definitions
of prox-regular sets and summands of the ball, which are the main objects of this
study. In the same section we also recall known results on extremal problems for
the distance, including the sufficient conditions for well-posedness of Pupijnmin. In
Section 3 we formulate Theorems 3.1, 3.4, 3.7 which specify sufficient conditions
for well-posedness of Prayxmaxs; Pminmax a1d Praxmin, respectively. The conditions
are formulated in terms of relations between the parameters of convexity of sets A
and C'. We show by examples that the relations are sharp. In Section 4 we obtain
some auxiliary results. Section 5 is devoted to properties of weakly convex sets in
the sense of Efimov-Stechkin. In Section 6 we develop the calculus of convexity
parameters in connection with the Minkowski operations. This calculus is used in
Section 7 to prove Theorems 3.1, 3.4, and 3.7.

2. Known results on extremal problems for the distance

In 1963 Stechkin [30] proved that if A is a closed subset of a uniformly convex
Banach space X, then the set of z € X such that the metric projection P(x, A) is
a singleton, is a dense subset of X. In 1966 Edelstein [10] obtained a similar result
for the metric antiprojection F(z,C') and a closed bounded set C'.

Let be given a set A C X and a function J : A — R. A point ag is called a minimizer
or a solution of the problem

min J(a) (1)
if ag € A and J(ag) = inf,eq J(a). A sequence {ay} is called a minimizing sequence
of problem (1) if a; € A for all k € N and J(ay) — inf,ca J(a) as k — oo. Problem
(1) is called Tykhonov well-posed if any of its minimizing sequences converges to
its minimizer. The notions of a maximizer, a maximizing sequence of the problem
max,ec4 J(a) and its Tykhonov well-posedness are defined similarly.

Note that if problem (1) is Tykhonov well-posed, then its solution is unique. The
property of Tykhonov well-posedness is important not only in theoretical study but
also in numerical algorithms, since this property provides the stability of the algo-
rithms. A comprehensive study of well-posedness in various problems of optimization
and optimal control is given in the book by Dontchev and Zolezzi [9].

As noted by Cobzag [8], Stechkin’s results [30] imply that if A is a closed subset
of a uniformly convex Banach space X, then the set of x € X such that P, is
Tykhonov well-posed, is a dense Gy subset of X. The counterpart of this result for
Poax and a closed bounded set C' has been obtained by De Blasi and Myjak [6].

If for any z € X the problem P,;, is Tykhonov well-posed, then, obviously, A is an
approximative compact Chebyshev set, i.e. for any x € X the problem P,;, has a
unique solution and any its minimizing sequence contains a convergent subsequence.

According to Theorem 3 by Efimov and Stechkin [12] any approximative compact
Chebyshev set in a uniformly convex smooth Banach space is a convex set. This
proves one implication of the following proposition. The other implication of this
proposition follows easily from the results of Efimov and Stechkin.
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Proposition 2.1. Let A be a closed subset of a uniformly convexr smooth Banach
space. Then A is convex iff for any x € X the problem P, is Tykhonov well-posed.

Given r > 0, the r-neighbourhood and r-antineighbourhood of the set A C X are
defined as

U(A)={zeX: dz A) <r}, T.(A)={ze X: f(z,A)>r}. (2

Proposition 2.1 provides a characterization of convexity of a set A in terms of well-
posedness of P,;, all over X. Further we consider prox-regularity of A and the
property of C' to be a summand of the ball. These two properties will be character-
ized in terms of well-posedness of P, and Ppa.x on U,.(A) and T, (C), respectively.

The proxzimal normal cone to the set A C X at the point a € A is

N(a,A)={z€ X|3FH>0: a€ Pla+tz,A)}.

Given r > 0, a set A C X is called uniformly r-prox-reqular if
Pla+z,A) ={a} Vae A Vze N(a,A)Nint B,.

The notion of prox-regularity for sets was introduced in [28] for subsets of a Hilbert
space. This notion is a descendant of the notion of sets with positive reach, intro-
duced by H. Federer [13] for subsets of R™. Clarke, Stern and Wolenski [7] introduced
and studied the proximally smooth subsets of a Hilbert space. A set A is proximally
smooth if there exists 7 > 0 such that the distance function d(-, A) is continuously
differentiable on U,.(A). Poliquin, Rockafellar and Thibault [28] showed that in a
Hilbert space proximally smooth sets are exactly uniformly prox-regular sets. The
notion of prox-regularity has been extended to Banach spaces by Bernard, Thibault
and Zlateva in [4] and to asymmetric seminormed spaces by the author of the cur-
rent paper in [18]. The properties and applications of prox-regular sets and sets
from akin classes were investigated also in [1, 5, 14, 22-28, 31, 33]. In some articles,
prox-regularity and its extension to asymmetric seminormed spaces are called weak
convexity.

The next characterizations of the uniform prox-regularity in a strictly convex space
follow immediately from the definitions.

Proposition 2.2. Let X be a strictly convexr normed vector space. For any A C X
and r > 0 the following assertions are equivalent:

(i) A is uniformly r-proz-reqular;

(ii) a € Pla+ 2, A) Vac A Vze N(a,A)NOIB,;

(ili) d(a + 2z, A) =r Vae A Vzée N(a,A)NIB,;

(iv) ANnint By(a+ z) =0 Vae A Vze N(a,A)NOIB,.

We denote by PR(r) the class of all closed and uniformly r-prox-regular sets A C X.

Note that if X is a strictly convex normed space, then any convex closed set A C X
belongs to the class PR(r) for any r > 0.
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If X is uniformly convex and smooth and A € PR(r) for all r > 0, then A is convex.

The set Er(c) is a nonconvex representative of the class PR(r) in any strictly convex
normed space.

Remark 2.3. If 0 < 7 < 19, then PR(ry) C PR(r1).

So, the classes PR(r) are parametrized with scalar parameter » > 0, which is a
measure of possible nonconvexity of A € PR(r).

Proposition 2.4. Let X be a uniformly convex Banach space, A be a closed subset
of X and r > 0. The following assertions are equivalent:

(i) A e PR(r);
(ii) the projection mapping x — P(x, A) is single-valued and continuous on U,(A);

(iii) for any x € U.(A) the problem P, is Tykhonov well-posed.

The equivalence of items (i) and (ii) in Proposition 2.4 has been established in [4]
for Banach spaces with the moduli of uniform convexity and uniform smoothness of
power type. The current version of Proposition 2.4 has been obtained in [18] as a
consequence of a more general result for asymmetric seminormed spaces.

Proposition 2.4 shows that the uniform prox-regularity of A should be assumed to
obtain Tykhonov well-posedness of problem P, on U.(A). In view of Remark
1.1 the uniform prox-regularity of A should be assumed to obtain Tykhonov well-
posedness of problems Ppinmin and Ppin max-

The set C' C X is called a summand of the ball B, if there exists a set C; C X such
that C'+ C) = B,, where C +C) ={c+c¢;: c€ C, ¢; € (1} is the Minkowski sum
of C'and C;. We denote by SB(r) the family of all convex closed summands of the
ball B,.

A set C C X is called r-strongly convez if there exists C' C X such that

C= (1 B:o).

ceC’

As shown in [3, 29] if C' € SB(r), then C is r-strongly convex. The converse
statement is valid if X is a Hilbert space, but invalid in general for a Banach space.

Remark 2.5. If 0 < 7y < 79, then SB(r1) C SB(rs).

So, the classes SB(r) are parametrized with scalar parameter r > 0, which is a
measure of strong convexity of C € SB(r).

In a number of problems we deal simultaneously with two sets, one of which is uni-
formly prox-regular (or weakly convex) and the other is a summand of the ball (or
strongly convex). In such problems weak convexity of one of the sets can be com-
pensated by strong convexity of the other one. For example, the metric projection
and the antiprojection can be expressed as follows

P(x,A) = AN Byg.n) (), F(x,C) = C N Byeoyl).
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If Ae PR(R) with R > d(z,A) and C € SB(r) with r < f(x,C), then the metric
projection and antiprojection are the intersections of the images of two continuous
multifunctions, where one of the multifunctions has uniformly R-prox-regular images
and the images of the other multifunction are summands of the ball B, with r < R.

So, the continuity of the projection and antiprojection mappings may be derived
from the results on the continuity of the intersection of the multifunctions obtained
in [19].

The following characterization of the class SB(r) has been obtained in [17].

Proposition 2.6. Let X be a uniformly convexr Banach space with Fréchet differ-
entiable norm and C' be a convex closed subset of X, r > 0. The following assertions
are equivalent:

(i) CeSB(r);

(ii) the antiprojection mapping x — F(x,C) is single-valued and continuous on
T.(C);

(iii) for any x € T,.(C) the problem Py is Tykhonov well-posed.

Proposition 2.6 and Remark 1.1 imply that the assumption C' € SB(r) should be
made to obtain Tykhonov well-posedness of problems Ppaxmax and Pax min-

In [25, Theorem 4.1] the following sufficient condition for problem Ppmin to be
Tykhonov well-posed has been obtained.

Proposition 2.7. Let X be a uniformly convex Banach space. Assume A € PR(ra4),
C € SB(r¢), Omtint(C,A) <ra—1rc and ANt C' = (. Then Puinmin is Tykhonov
well-posed.

Remark 2.8. The estimate
Qinfinf(Cv A) <Trp—Tc

in Proposition 2.7 is sharp. Indeed, let 0 < r¢ < ra.
Consider C' = B,, and A = B,,. Then we have
A € PR(ra), C € SB(r¢) and

Qinfinf(C, A) =0=TA—TC,
but it is evident that for any unit vector e € X the
pair (a,c) = (rae,rce) is a minimizer of Py min-
S0, Pupinmin 18 not Tykhonov well-posed.

Remark 2.9. The implication (i)=-(iii) in Proposition 2.4 is a special case of Propo-
sition 2.7, where C' = {z} is a singleton.

3. Sufficient conditions for well-posedness of P, .y maxs Pminmax aNd Pyax min

Theorem 3.1. Let X be a uniformly convexr Banach space. Assume A € SB(ra),
C e SB(re), ra+rc < Osupsup(Cy A). Then Puaxmax @5 Tykhonov well-posed.

The proofs of theorems of this section will be given in Section 7.



G. E. Ivanov / Extremal Problems ... 773

Remark 3.2. The estimate 74 + r¢ < gsupsup(C, A)
in Theorem 3.1 is sharp. Indeed, A = B,, and C' =
B, satisfy all assumptions of Theorem 3.1 except for q,
the inequality 74 + r¢ < Osupsup(C, A), which turns ‘
into the equalities 74 + ¢ = 0 = Osupsup(C, A). For ‘
any unit vector e € X the pair (a,c) = (rae, —rce) is

a maximizer of Poaymax- 90, Praxmax 18 not Tykhonov
well-posed.

Remark 3.3. The implication (i)=-(iii) in Proposition 2.6 is a special case of The-
orem 3.1, where A = {x} is a singleton.

Theorem 3.4. Let X be a Hilbert space, A€ PR(r), C C X and Oumssup(4,C) <.
Then Pupinmax % Tykhonov well-posed.

Remark 3.5. The assumption ginfsup(A4,C) < 7 A
in Theorem 3.4 is sharp. Let X be a Hilbert space.
Fix any r > 0, R > 0 and = € X such that ||z| <
2R. Let A = B,, C = N Bg(c). All
ceX: {0,2}CBRr(c)
assumptions of Theorem 3.4 are satisfied, except
for the inequality ginfsup(A,C) < r, which turns
into equality. Since the minimizer of the problem
Ianeig f(a,C) is not unique, Pyinmax is not Tykhonov «

well-posed.

Remark 3.6. The implication (i)=-(iii) in Proposition 2.4 is a special case of The-
orem 3.4, where C' = {z} is a singleton.

Theorem 3.7. Let X be a uniformly convex Banach space, r— > 0 and rt > 0. Let
(i) AePR(rY), (X \intA) € PR(r~) and A=int A; C € SB(r¢);

(i) 7 <77 + Osupint(C, A);

(iii) 0 < Qsupint(C, A) < rt.

Then Ppaxmin % Tykhonov well-posed.

Remark 3.8. The estimates 7¢ < 1~ + gsupint(C, A) and 0 < gqupint(C, A) < 7 in
Theorem 3.7 are sharp. The following three examples show sharpness each of these
estimates.

(1) Consider A = B,-, C = B,, with
rc¢ > r~ > 0. All assumptions of Theorem

3.7 except for the inequality ro < r~ 4o with ,
0 = Osupinf(C, A) are satisfied, but Pyaxmin 18
not Tykhonov well-posed.
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(2) Consider C' = B,., A= B,- with = > r¢ > 0.
Since C C A it follows that

qupinf(07 A) = I?GaCX d(C, A) =0.

This maximum is attained at any ¢ € C, s0 Pyaxmin
is not Tykhonov well-posed. All assumptions of The-
orem 3.7 except for the inequality gsupint(C, A) > 0
are satisfied herein.

3) Fix any positive numbers ro,rt, r~ > ro and a
unit functional p € X*. Consider A

A={zx e X: [{p,x)| >rT} and C = B,..
In this example we have
qupinf(ca A) = Hleag‘( d(C, A) =7t

The maximum is attained at any ¢ € B, such that
(p,c) = 0. Consequently, Ppaxmin is not Tykhonov
well-posed, while all assumptions of Theorem 3.7 ex- A
cept for the inequality gsupins(C, A) < 7 are satisfied.

Remark 3.9. The implication (i)=-(iii) in Proposition 2.6 is a limiting case of The-
orem 3.7, where A = B,-(z), r~ — 0.

4. Auxiliary results

Recall that the Minkowski sum and difference of the sets A C X and C' C X are,
respectively,

A+C={a+c: a€ A, ceC}, AXC={reX: z+CCA}.
These definitions immediately imply that
A+C=JA+0, AxCc=(A-0. (3)
ceC ceC

Each Minkowski operation can be expressed in terms of another and the complement
operation as follows:

X\N(AX2C0)=X\A)+(-0), X\(A+0)=(X\4) 2 (-C). 1)
One can derive the following properties of the Minkowski operations immediately

from the definitions.

Remark 4.1. For any sets A, C' in a normed vector space X one has
i) ACA+C *C,
(ii) AXC+CC A4
(i) A+C c A+ C;
(iv) int A+ C Cint(A+C).
Note that for any r > 0 and A C X
U (A) = A+intB,, T,(A) =A+intB,. (5)
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Recall that the diameter of a set A C X is

diam A = sup ||z — y||.
T,yeA

The following proposition follows immediately from the definitions.

Proposition 4.2. Let A be a closed subset of a Banach space X and J : A — R be
a lower semicontinuous function. Then problem (1) is Tykhonov well-posed iff

lim diam {x ceA: J)< ing(](a) —|—€} = 0.
ac

e=+0

Given two sets A,C' C X and ¢ > 0, the e-projection of C' onto A is defined as
P(C,A)={a€ A: d(a,C) < oinsint(C, A) + €}. (6)

Propositions 4.2 and 2.7 imply the following one.

Proposition 4.3. Under the assumptions of Proposition 2.7 one has

lim diam P°(C, A) = lim diam P°(A,C) = 0.
e—40 e—+0

Lemma 4.4. Let X be a uniformly convexr normed vector space and dx be its mod-
ulus of convexity. Then for any nonzero vectors x,y € X one has

l H)

Proof. Denote a = i, b= i, A = llz|l, & = |ly|l. Without loss of generality, we

lz +yll < llzll + lyll = 2min{][zf}, fly][} - 0x (

assume that A > u. So,
|z +yll = [[Aa+ pbl| = |[(A = p)a + pla + )| < A — p+ plla+ bl

The definition of the modulus of convexity implies |a + b|| < 2 — 20x(|ja — b]]).
Consequently,
—_— = O
il)

Lemma 4.5. Let X be a uniformly convexr normed vector space and dx its modulus
of convexity. Consider positive numbers o, 3,y and vectors x,y € X such that

|z +yl| <X+ p—2udx(||a —bl|)

= [l + [yl = 2min{{|z][, [ly[|} - 0x (

[zl <o+, Myl <B+7 lle+ylza+F—-7, 4y <min{e, 5}

3y

a BH) =~ min{a, B}’

Proof. From [|lz]| > [z + yl - [lyll > & = 2y and |ly|| > [lz +yll — [|z]| > B — 27 it
follows that min{||z|, ||y||} > min{a — 27, 5 — 2v}.

Then Ox <2
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This and the inequality ||z|| + ||y|l — ||z + y|| < 37 yield by Lemma 4.4 that
x
— — —H) min{a — 27, 5 — 27} < 3.

20s |57~ 1o

Since 4y < min{a, 8} it follows that 2 min{a — 27, § — 27} > min{a, §}. Hence,

T y 37
x\ i — vl ) € =%+ (7)
(‘ &4l IIyIIH) min{e, 5}
x| — g — =l AR | — llwll
El —‘ a | S |5 ‘1 5| < % we get
Ty x y 2
1 I e . (8)
a 5H ' | IIyIIH min{a, 5}
z Y Ay z _ Y 8y i
I llmr — il < mmagy, then by (8) we have 5| < mmag Using the

property of the modulus of convexity dx(2t) < ¢ for all t € (0;1] we obtain the
it follows from (8)

required inequality. Otherwise, in the case Hﬁ -

. 4y
Tl || ~ minfesy

Y
B IIwH IIyH

modulus of convexity, the required inequality follows. ]

<2 . From this and (7), due to the monotonicity of the

Lemma 4.6. Let X be a uniformly convexr normed vector space and dx be its mod-
ulus of convexity. Let C be an r-strongly convex subset of X and 0 = rix (%)
Then there ezists z € X such that B,(z) C C C Ba(z).

Proof. From the definition of the diameter we conclude that one can find ¢, ¢y € C
such that [[c; — cof| > 422C. Define z = 1(c1 + ¢2). Since C' is r-strongly convex
there exists C' C X such that

C= () B:(o). (9)

ceC’

Fix any ¢ € ¢’ and denote z = 1(¢; — ¢), y = 1(c2 — ¢), e = € Since ||z < 1,

lyl| <1 and ||z —y|| = 1922l > ¢ by the definition of the modulus of convexity we
obtain dx(¢) <1 — 3|z + y|| It implies that o = rdx(¢) < r — ||z — ¢|| and hence

B,(z) C B.(c) C Ba(2).
Recalling (9), we complete the proof. ]

Lemma 4.7. Let X be a uniformly convex Banach space, A € PR(r), z € X,
0 < d(x,A) <r. Then for any € € (0,r — d(x,A)) there exists 2’ € X such that
|z — z|| =€ and d(2', A) = d(z, A) + €.

r—a

Proof. According to Proposition 2.4 there exists a € P(z, A). Denoting z = Te—al
we obtain z € N(a,A) and |z|| = 1. Fix any ¢ € (0,r — d(x,A)) and define
x' = x +ez. Then |2 — x| = . Since 2/ = a + (d(z, A) + ¢)z it follows by the
definition of the uniform prox-regularity that a € P(2’, A) and hence

d(z',A) = ||’ —al| = d(z, A) + . O
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5. Weakly convex sets in the sense of Efimov-Stechkin

A set A C X is called weakly convex in the sense of Efimov-Stechkin with radius
r > 0 if for any z € X \ A there exists ¢ € X such that = € int B,(c) C X\ A. Weak
convexity in the sense of Efimov-Stechkin was introduced in [11], where such sets
were called as a-conver sets. We denote by ESWC(r) the class of all sets A C X
weakly convex in the sense of Efimov-Stechkin with radius 7.

One can easily see that any set A € ESWC(r) is closed.
Lemma 5.1. For any convez closed set AC X and r>0 one has A € ESWC(r).

Proof. Fix any x € X \ A and r > 0. By the Hahn-Banach separation theorem
there exists a functional p € X* and € > 0 such that

sup(p,a) + ¢ < (p, x).
acA

Choose v € int B, such that (p,v) > r||p|| —e. To show that
int B,(z +v) C X\ A (10)
fix any b € int B,.(z + v). We have

(p,0) > (p,x+v) —7|pl| > (p,z) —€ > SuA13<p, a)
ac

and hence b ¢ A. This proves (10). So, z € int B.(x +v) C X \ A. O

Lemma 5.2. For any A C X and r > 0 the following assertion are equivalent:
(i) A€ &ESWC(r);

(ii) A+int B, * int B, C A;

(iii) A+int B, * int B, = A;

iv) 3A,Cc X: A=A, * int B,.

Proof. Observe that we have

dee X: zeintB,(c) CX\A
& deex+int B, c € A+int B,
& r+int B, ¢ A+ int B,

& ¢ A+int B, * int B,.

Consequently,

(i) & VMreX\A JeeX: zeintB.(c)C X\ A
& (r¢€A+intB, *intB, Vre X\ A)
& (ii).

By Remark 4.1 we have (ii) < (iii).
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Obviously, (iii) = (iv). To complete the proof it suffices to prove that (iv) = (ii).
Now let A = A; * int B, for some A; C X. Then, using Remark 4.1(ii), we get

A+intB, X intB, =A; * int B, +int B, * int B, C A; * int B, = A.
So, (ii) holds true. O
Lemma 5.3. Let X be a uniformly convex Banach space. Then forany r >0 one has
PR(r) C ESWC(r).

Proof. Let A € PR(r). According to the definition of the class ESWC(r) it suffices
to show that for any z € X \ A there exists ¢ € X such that

x €int B.(c) C X \ A. (11)

Fix any z € X \ A. If d(z, A) > r, then (11) holds for ¢ = x. Now assume that
d(x,A) < r. According to Proposition 2.4 there exists a € P(z,A). Denoting
z = ”x’"Ta”(x — a), we have z € N(a,A) N 0B,. In view of r-prox regularity of
A we obtain a € P(a + z,A). Consequently, d(a + z,A) = ||z|| = r and hence
int B,(a +2) C X \ A. Observing that ||a + z — z|| = r — ||z — a|| < r we conclude,

that (11) holds for ¢ = a + z. H

The next lemma implies that the inclusion ESWC(r;) C PR(r2) is false for any
positive 71, 73.

Lemma 5.4. Let X be a non one-dimensional normed vector space. Then

() ESWC(r1) & PR(ry) Vry > 0.

r1>0

Proof. Let X5 be some two-dimensional subspace of X. Denote D = B1NX5, where
By is the unit ball of X. According to the Strasziewitcz’s theorem there exists a
unit functional p € X3, which attains its strict maximum over D at some e € D
(point e is called an exposed point of D). Choose any unit vector a € X, such that
(p,a) = 0. For any t € [0, 1] we define

() =sup{r > 0: |[te + Ta| <1}, 77 (t) =sup{r > 0: |[te — ra|| < 1}. (12)
Since p attains at e its strict maximum over D and for any 7 € R
(p,e+7a) = (p,e) = lpll =1

it follows that 77 (1) =77 (1) = 0.
Fix any to,t1, A € [0,1]. Denote t) = (1 — AN)to + A1, 750 = (1 = N)7H(to) + AT ().
Since ||t;e + 77 (¢;)al]] < 1 for i = 0 and i = 1, by the sublinearity of the norm we

obtain ||txe + 7y a|| < 1 and hence 77 (t)) > 7. So, the function 77" is concave on
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[0, 1]. Similarly, function 7~ is also concave on [0, 1]. Therefore, these functions are
continuous on [0, 1] and, in particular,

tg{r—lo H(t)=7"(1) =0, tE{r—lo T (t) =71 (1) =0. (13)

Define A = {0,7r2a}. Since P (Z2a,A) = A = {0,72a} we have Za € N (0, A) and
hence A € PR(r2). Now it suffices to show that

Ae () Eswe(r).

r1>0
Fix any 7 > 0 and x € X \ A. We need to prove that there exists ¢ € X such that
x €int By, (c) C X\ A. (14)

Lemma 5.1 implies that [0,rea] € ESWC(r1) and therefore for any x € X \ [0, r24a]
one can find ¢ € X such that (14) holds true. It remains to consider the case
x € [0,7r9a] \ A, that is x = roAa with some X € (0,1).

In view of (13) one can find ¢ € (0, 1) such that 77 (¢) < 22X and 77(¢) < 2(1 — A).
From (12) it follows that

te + 2xa|| > 1, te—E(l—)\)a > 1. (15)

1 T1
Denoting ¢ = z+rite, we obtain ||[c—z|| = mt < r1, ¢ = roAa+rite. The inequalities
(15) can be rewritten as ||c|| > 1 and ||c — rea|| > 71, respectively. Thus, (14) holds
true. o

Theorem 5.5. Let X be a normed vector space and A € ESWC(r). Then for any
C C X one has A * C € ESWC(r).

Proof. By Lemma 5.2 there exists A; C X such that A = A; * int B,. So,
A * C:Al * thBT * O:Al * C * iIltBT.

Using Lemma 5.2 once more, we complete the proof. O

Remark 5.6. In Theorem 5.5 the class
ESWC(r) can not be substituted by PR(r). )
Indeed, consider X = R2, A = B; and 17“ ‘
C = {wo, —wo}, where 0 < |[|zo]] < 1. We
have A € PR(1), but A = C & PR(1). Ac-
tually, one has only A * C' € PR(r) with

r= /1= [lz]%, where r — 0 as [lzol| = 1.

Lemma 5.7. Let X be a uniformly convexr Banach space. Let A C X, A = int A,
int A =int A, A € ESWC(rT), X\ A € ESWC(r~), a € DA. Then one can find
v € 0By such that

dla+rtv, A) =r", dla—rv,X\A) =r".
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Proof. Since a € A = int A there exists a sequence of z;, € int A such that we have
|z — a| < 1 for all k € N. In view of the assumption X \ A € ESWC(r™) for any
k € N one can find y;, € X such that z; € int B,—(yx) C int A.

Since a ¢ int A = int A there exists a sequence of z, € X \ A such that ||z, —al| < 2
for any n € N. Due to the assumption A € ESWC(r™) for any n € N one can find
w, € X such that z, € int B+ (w,) C X \ A.

The inclusions int B,- (y;) C int A and int B+ (w,) C X \ A imply that
dlye, X\ A) 277, d(w,, A) 277 (16)
and int B+ (wy,) (int B,- (yx) = 0, ie. [Jw, — gl > rT 4+ 7.

Applying Lemma 4.5 for x = 2 —yp, y = wp, — 2p, a =1, B =71", v = % + % we

get for sufficiently large n, k
< 3 1 n 1
T min{rt,r"}\n k)’

1
(!

This yields Hx’“r%y’“ — %H — 0 as n,k — oo. Thus, as a consequence of the
completeness of X there exists

Tk — Yk Wy, — Zp

r- rt

Wn — Zn

kE— Yk .
li = lim =v € 0B;.
k—o00 r— n—oo r+
Consequently, lim y, =a—7r"v, limw,=a+7r"v.
k—o0 n—00

Passing to the limit in (16) we get d(a +r7v, A) > r* and d(a —r~v, X \ A) > .
On the other hand, since a € 0A, we have

dla+rtv, A) < [[rfvl| =r" and d(a—r v, X\ A) < ||rv|| =r". O
We say that A C X is weakly convez-concave with positive constants r*,r~ and
write A € WCC(rt,r™) if
A=intA, intA=intA, AcPRErT), X\AcPR(r).

Remark 5.8. For any A C X and any positive numbers ., 7~ one has
AeWCC(rt,r7) & (X\A) ewcC(r,rt).

Theorem 5.9. Let X be a um'fornlly convexr Banach space, r™ > 0 and r~ > 0. Let
ACX, A=int A and int A =int A. Then the following assertions are equivalent:

i) Aewec(rt,r);
(i) A€ ESWC(rt) and X \ A € ESWC(r).

Proof. The implication (i) = (ii) follows from Lemma 5.3. Prove the converse
implication. Let (ii) holds true. Let us prove that A € PR(r"). Fix any a € A and
z € N(a, A)NOB,+. By the definition of the proximal normal cone there exists ¢t > 0
such that a € P(a + tz, A). Taking into account that a € A according to Lemma
5.7 one can find v € 9By such that d(a +rtv, A) =r, dla—r v, X\ A) =r".
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Since int B,+4(a + tz) () int B,- (a — r~v) = 0 it follows that

lr—v+tz|| >r= +rTt=|r-v|| + |jtz||.
This by strong convexity of X implies that the vectors r~v and tz are co-directed,
ie. rfv =z So, d(a+ z,A) = d(a +r*tv,A) = r* and hence a € P(a + z, A).
According to Proposition 2.2 we get A € PR(r+). Similarly, X \ A € PR(r~). O

In case X is a Hilbert space Theorem 5.9 has been proven in [15, Theorem 7.2].

6. Calculus of convexity parameters in connection with the Minkowski
operations

Lemma 6.1. Let X be a strictly convexr normed vector space, C € SB(r), y € C,
z2€ N(y,C)NIB,. Then C C B,.(y — z).

Proof. By the definition of the proximal normal cone there exists ¢ > 0 such that
ye Ply+tz,C).

Since C Nint B,4(y + tz) = 0 according to the Hahn-Banach separation theorem
there exists a unit functional p € X* such that

(p,b) < (p,c) Vb € int B (y +tz) Vee C.

As y € B.(y+tz) N C' it entails

(p,b) < (p,y) < (p,c)  Vbe Bu(y+tz) YeeC. (17)

Since C' € SB(r) there exists C; C X such that C + Cy = B,. Therefore z € B, =
C' + C; and hence one can find ¢ € C' and ¢; € C; such that z = ¢+ ¢;. By the first
inequality of the chain (17) it follows that

(p,e+ci)=(pz) <(p,b) VW eB,. (18)

By the second inequality of the chain (17) we have (p,y) < (p,¢) and in view of (18)

we obtain
(py+c) < pé+e) <(pb) VebB,. (19)

Taking into account that y +c¢; € B,, ¢+ ¢, € B, and X is a strictly convex space,
from (19) we deduce that y =¢. So,C+¢, CC+Cy=B,,¢; =2—¢=z—y and
hence C' C B,(—¢1) = B.(y — z). O

Theorem 6.2. Let X be a uniformly convex Banach space, AE PR(ra4), C€SB(rc),
ra>rc>0. Then A+C € PR(ra—rc).

Proof. Denote D = A+ C and rp = r4 — r¢. Let us show that D is uniformly 7 p-
prox-regular. Assume that x € D, z € N(x, D) N 0B, ,. According to the definition
of the proximal normal cone there exists ¢ > 0 such that x € P(x 4 tz, D). Since
x € D=A+ C one can find a € A and ¢ € C such that x = a + ¢. Therefore
a+c € P(a+c+tz, D). Since a+c € A+c C D it follows that a+c € P(a+c+tz, A+c)
and hence a € P(a+tz, A). Similarly, c € P(c+tz,C). Thus, z € N(a, A)NN(c, C).

Using Proposition 2.2, we get a € P(a + 2z, A), that is A C ém (a+ :—gz)
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Applying Lemma 6.1, we obtain C' C B, (c — :—gz) Consequently,

D:A+CC§TA<CL+T—AZ>—i—Brc(c—T—Cz) =B, . (x+2).
D D

So, x € P(D,x + z). It means that D is uniformly rp-prox-regular.

To complete the proof it suffices to show that D is closed. Fix any & € 0D. Observe
that oinfint(—C, A — %) = 0 < r4 — r¢. If there exists ¢y € (& — A) Nint C' then
T € A+c C A+ intC C int D, which contradicts the condition £ € 0D. So,
(A—2z)N(—int C) = 0. According to Proposition 2.7 the problem
min |la — 2+ ¢||
ceC, acA
is Tykhonov well-posed. Hence there exist @ € A and ¢ € C such that ||a —z+¢|| =
Omfint(—C, A — &) = 0. Consequently, z =a+ ¢ € A+ C = D. This means that D
is closed. O

Remark 6.3. In Theorem 6.2 the class PR(r4) can not be substituted by ESWC(r4).
Indeed, consider X = R? A = {xg, —x0} with 2y € 0B, and C' = B,. We have
C € S8B(r¢) with r¢ = 2 and A € ESWC(r4) with any r4 > 0, in particular,
with r4 = 3. However, A 4+ C does belong to the class ESWC(r4 — r¢). Actually,
A+ C & ESWC(r) for any r > 0.

Theorem 6.4. Let X be a uniformly convex Banach space, v~ > 0, r* >0, r¢ €
(0,7%). Let Ae WCC(r*,r™), C € SB(r¢). Then

(i) mA+C=A4A+C=A+C;
(ii) int (A4 C) =int(A+C) =int A+ C;
(iii) A+C eWCC(rt —re,r7).

Proof. (i). Since A € PR(r") and C' € SB(r¢) it follows by Theorem 6.2 that
A+ C e PR(rt —rc). Consequently, A+ C' is a closed set and hence

intA+CCcA+CcA+C. (20)

On the other hand, Remark 4.1(iii) implies that int A + C' C int A + (. Bearing in
mind that int A = A, we get A+ C C int A+ C. This and (20) yield assertion (i).

Moreover, in view of Lemma 5.3 we get
A+C=A+CePROT —rc) CESWC(r™ —re). (21)

(ii). According to Remark 4.1(iv) we have int A+C C int(A+C) C int (A + C). To
prove (ii) we assume the contrary: there exists z € int (A + C), z ¢ int A+C. Since
z € A+ C one can find @ € A and ¢ € C such that © = a + ¢. Taking into account
that © € int A4+C we get a € 0A. According to Lemma 5.7 there exists v € 0B; such
that d(a + rTv, A) = r* and d(a —r"v, X \ A) = r~. Since x ¢ int A + C' we have
r—CcCX\intA=X\Aandhence dla—r"v,2—C)>dla—r"v,X\A) =r_.
On the other hand, a € x —C and ||r~v|| = r~. Consequently, a € P(a—r~"v,z—C)
and hence v € N(x — a,C'). Applying Lemma 6.1 we get C' C B,,(z —a — rcv).
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From d(a + r*v, A) = r* it follows that A C B,+(a + r*v). So,

A+CCByi(a+r"0) 4 By —a—rcv) = B (x — (rF —re)0).
Since x € 8§T+_TC (z — (r* — rc)v) it contradicts z € int (A + C).

(iii). Denote D = A+ C. In view of (i) and (ii) we have

int D = int(A + C) (1) int A+ C v A+C =D, (22)

int D = int (A + C) U int (A + C) W int(A+ C) = int D. (23)

Using (ii) and (4) we get X \int D = X \ (int A+ C) = (X \int A) = (=C).
Since A € WCC(r*,r7) it follows that (X \ int A) € PR(r~) C ESWC(r~) and by
Theorem 5.5 we have (X \ int A) * (—=C) C ESWC(r™).

Thus, X \ D =X \int D C ESWC(r~). This and (22), (23) by Theorem 5.9 imply
that D € WCC(rt —rg,r™). O

Theorem 6.5. Let X be a uniformly convexr Banach space, v~ >0, r* >0, r¢c €
(0,77). Let Ae WCC(r*,r™), C € SB(r¢). Then

(i) int(A*C)=int(A*C)=intAd * C;

(i) ntAXC=A%2C=A%*C;

(iii) A X CeWCC(rt,r~ —rc).

Proof. Define A} = X \ A and C; = —C. Then, according to Remark 5.8 we
have A; € WCC(r~,r"). From the definition of the summand of the ball we obtain
Cy € SB(r¢). So, Theorem 6.4 implies that

it A, +CL =4, +C, = A, + C4;
int (A, +C)) = int(A; + C1) = int A, + Cy; (24)
A+ Ch e WCC(Tﬁ — TC,T+).

In view of (4) we get X \int (A £ C) =X\ (A% C)=X\A+(-C)=4,+C\.

Similarly, X\ int (Z x C’) = int A, + C},
X\ (intA % C) = A +Cy,
X\AXC) = A+,

X\intA £ C = A4+,
X\A x O = int(A1 +01),

Substituting the right hand sides of these equations for their left hand sides in (24)
and using again Remark 5.8 we complete the proof. [
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In the case X is a Hilbert space Theorems 6.4 and 6.5 were proved in [16]. Also for
a Hilbert space Theorems 6.4 and 6.5 have been generalized in [20, 21| to nonlinear
mappings instead of linear Minkowski operations.

Remark 6.6. Theorem 5.5 and Remark 5.6 show that the Minkowski difference
preserves weak convexity in the sense of Efimov-Stechkin but does not preserve
prox-regularity. On the other hand, Theorem 6.2 and Remark 6.3 show that the
Minkowski sum with a summand of the ball of sufficiently small radius preserves
prox-regularity but does not preserve weak convexity in the sense of Efimov-Stechkin.
Theorems 6.4 and 6.5 show that both the Minkowski sum and the Minkowski differ-
ence with a summand of the ball of sufficiently small radius preserve weak convex-
concavity.

Lemma 6.7. Let X be a uniformly convex Banach space, v~ > 0 and r* > 0. If
Aewce(rt,rm), re(0,rt), A, = A+ B,, then A, € WCC(r* —r,r™ +7).

Proof. Since X \int A € PR(r~) C ESWC(r~) by Lemma 5.2 there exists D C X
such that X \int A = D * int B,-. In view of (4) we get int A = (X \ D) +int B,-.
By Theorem 6.4 we have int A, = int A + B,.. Consequently,

int A, = (X\D)+int B,- + B, = (X \ D) +int B, -
and again in view of (4): X \int A, = D * int B, ,-.
According to Lemma 5.2 it means that X \ int A, € ESWC(r~ +r).

Applying Theorem 6.4 we conclude that A, € PR(rt —r) C ESWC(rt — r),
int A, = A,, int A, = int A,.. Using Theorem 5.9 we complete the proof. [

7. Proofs of the Theorems 3.1, 3.4, 3.7

Proof of Theorem 3.1. Define gy = 0supsup(C, A) and then for any ¢ € (0, o),

A.={a€ A: f(a,C) > gy —¢}. In view of (2), (5) we have
A.=ANT,_.(C)= AN (int B,_. + C).

Since int EQO,E = égo + int B, it follows that

A. = AN (G +int B,), (25)

where G = §go + C. Taking into account that EQO € PR(0o) by Theorem 6.2 we
get G € PR(00 —rc).

Suppose that there exists © € GNint A. Then one can find § > 0 such that Bs(x) C A.
Since v € G = égo +C = §90+5 + Bjs + C there exists 2’ € (§g0+5 + C) N Bs(x).
Hence, ' € A and gsupsup(C, A) > f(2/,C) > 0o + 9, which contradicts the equality
00 = Osupsup(C, A). This contradiction shows that G Nint A = ().

By the definition of ggupsup(C, A) for any & € (0, gp) one can find a’ € A and ¢® € C
such that [|Ja® — ¢?|| > o — 6. Since a® — ® € B,_s = B,, + By it follows that
a’ € EQO + Bs + C = G + B;. Consequently, oigint(G, A) < d(a®,G) < 6.
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Passing to the limit as 6 — +0 we obtain girin(G, A) = 0.

According to Proposition 4.3 we have

lim diam P°(G, A) = 0. (26)

e—+40
Observe that

P, A) 2 fac A da,G) < omrmt (G, A) + )
={aeA: da,)<c} 2 AnU(@) € An(G+tB) E AL

This and (26) imply that liIEO diam A, = 0. (27)
E—

To complete the proof consider two sequences of elements ap € A and ¢, € C' such
that ||ax —ck|| = 0o0. Denote e, = go—||lax—ck||. Then f(ax, C) > ||ar—ck|| = 00 —¢x
and hence a € A.,. It follows by (27) that {ax} is a Cauchy sequence and hence
converges to some a € X. Similarly, {cx} converges to some ¢ € X. By the
closedness of A and C' we have a € A, ¢ € C. Note that ||a — ¢|[| = 0o. So, the pair
(a,¢) is a solution of Pyayxmax and Phaxmax 1S Tykhonov well-posed. O

Proof of Theorem 3.4. For any t > 0 we define D, = B, * (—C). Observe that

Dy=()Dws  VE=0. (28)

6>0

Indeed, by the second equation of (3) for any ¢ > 0 we have

D, = ﬂ By(c) = ﬂ ﬂ Byis(c) = ﬂ ﬂ Bis(c) = ﬂ Dyys.
ceC ceC §>0 6>0 ceC 6>0
This proves (28).
By the definition of the antidistance for any z € X and ¢ > 0 one has

f(z,C)<t <= CCBir) <= z€D,. (29)

Denote gy = Oimfsup(A4, C). Suppose at first that g9 = 0. Then for any § > 0 there
exists as € A such that f(as,C) < §. Hence diam C' < 2§ for any § > 0, i.e. C is
a singleton: C' = {cp}. In this case Pyinmax 1S reduced to mingey ||a — cof|. Since
d(co, A) = 0 any minimizing sequence of the problem converges to c¢g. S0, Puinmax
is Tykhonov well-posed in this case.

Hereinafter we suppose that gy > 0. For all § > 0 we have gy — § < f(a,C) for all
a € A and there exists as € A such that f(as,C) < go + 0. According to (29) this
implies that

Vo € (0, 00) AND,_s=0 and AND,s#0. (30)

Consider the case infs-¢diam D, s = 0. In this case by (28) we deduce that D,, is
a singleton {z¢} and 2y € A. In view of (29) any minimizing sequence of Py max
converges to xg and Ppinmax 18 Tykhonov well-posed again.



786 G. E. Ivanov / Extremal Problems ...

Now we assume that infs;odiam D, s = d > 0. For any ¢ € (0,0) we have
Dyyis = Bgyrs £ (—=C) = Bayy * (Byy—s + (—C)) and hence D,,,s is R-strongly
convex with R = 2gy. According to Lemma 4.6 for any 6 € (0, g) there exists
z5 € X such that

Bo(25) C Dgots C Bar(2s),
where 0 = Rix (5%). Denote §y = min{go,0}. In view of [19, Lemma 7.1] for any
§ € (0,80) and for £(6) = 22 we have D,y+5 C Dyyrs £ Bs + Bes). Taking into

account that D, s * Bs = D,, we obtain
Dyyt5 C Dy, + BE((;) Vo € (O, (50). (31)

If there is a € ANint D,,, then one can find 6 € (0, o) such that Bs(a) C D,, and
hence a € D,, * Bs = D,, ;. This contradicts the first equation in (30).

Consequently, ANnint D,, = 0.
By (31) and the second equation in (30) it follows that
AN (D,, + Bg(g)) # 0 Vo € (0, do).
Hence, ointint(Dyy, A) < €(6) for all § € (0,0¢). Passing to the limit as 6 — +0, we
obtain
Qinfinf(ng A) = 0.

Since D, is go-strongly convex and X is a Hilbert space it follows by [3, Theorem
2.6] that D,, € SB(0o). Applying Proposition 4.3 we get
lim diam P°(D,,, A) = 0. (32)

e—+0
Let {ax} be a minimizing sequence of Pyinmax. Denote 0 = f(ag, C) — go. Then
dx — 0 and by (29) we have a; € D,y +5,. Using (31) for sufficiently large k we
obtain aj, € D,y + Be(s,) C Use(sy)(Dgy). Hence ay, € P08 (D, A) and according
to (32) {ax} is a Cauchy sequence. Consequently, {ax} converges to a minimizer of
Pmin max- [

Proof of Theorem 3.7. Observe that A € WCC(r™,r~). Denote gy = gsupint(C, A),
Y =X\ (int A + B,,). According to Lemma 6.7 we have

(nt A + By,) € WCC(r* — 00,7~ + 00).

Using Remark 5.8, we get Y € WCC(r~™ + 00,7 — 00).
Suppose that there exists ¢p € Y Nint C. Since ¢y € Y = X\ (int A + B,,) it follows

that d(co,int A) > go. Taking into account that A = int A we obtain d(cy, A) > go.
On the other hand, ¢y € C' and hence d(cp, A) < sup e d(c, A) = 0.

So, d(cg, A) = po. By Lemma 4.7 there exists ¢ € X sufficiently close to ¢ € int C' so
that ¢ € C and d(c/, A) > d(c, A) = 0. Thus, gy = sup.cc d(c, A) > d(c', A) > .
This contradiction shows that Y Nint C' = (.

Since g9 = sup.cc d(c, A) there exists a sequence of points ¢, € C such that
d(cg, A) — po. By Lemma 4.7 there exists a sequence ¢}, € X such that d(c}, A) > oo
and ¢, — ¢, — 0. Hence ¢, € Y and

Omtint(Y, C) < limy o0 [Jcx — CZH =0<7r" +0o—7cC-
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By Proposition 4.3: hr—I&—lO diam P*(C,Y) = 0. (33)
E—

Let {cx} be a maximizing sequence of Ppaxmin. Denote e, = 99 — d(cg, A). Then
ex — 0 and for sufficiently large k one has ¢y € A+ int B,,_., = A+ int B,, * B, .

This means that ¢, € Y + B.,. So, ¢, € P*(C,Y) and according to (33) {c;} is a
Cauchy sequence. Consequently, {c} converges to a maximizer of Py min- O
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