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1. Introduction

Throughout this note X will denote a non zero Banach space with topological dual
X*. For (z,2%) € X x X*, (z,2*) (or (z*,x)) will denote the natural evaluation
map. If 7: X = X* is a (multivalued) operator then

GT)=A{(z,2") e X x X*: 2" € T(x)}
is called its graph, Dr = {x € X : T(x) # 0} is called its domain and
Ry = {z* € X*; there exists z € X such that 2* € T'(x)}

is called its range. The operator T is called monotone if (z* — y*,x —y) > 0 for all
(x,2%), (y,y*) € G(T); T is called mazimally monotone if there exists no monotone
operator S such that G(S) strictly contains G(T'). A pair (z,z*) € X x X* is called
monotonically related to the monotone operator T if (z* — z*,x — z) > 0 for any
(z,2%) € G(T). If C is a convex subset of X and x € C we shall denote by N¢(x)
the normal cone to C' at x, i.e.

Ne(z) ={z" € X*;(a",y —z) <0, for all y € C'}.

Recall that N¢(x) is the subdifferential at x of the indicator function of C.
Throughout this note we shall assume that all Banach spaces are non trivial.
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2. On the convexity of the closure of the domain of a maximally
monotone operator

Recall that the Fitzpatrick function op : X x X* — (—o00, 00| of a monotone operator
T is defined by

or(x,x*) =sup{{z* — 2",z — x); (2,2%) € G(T)} + («, x).

It is a proper, lower semicontinuous convex function. The following facts follow
immediately from the definition:

Dy C coDy C mydomyyp, Ry CcoRy C mydom gy, (1)

where co represents the convex hull and 7 : X x X* — X, m : X x X* — X* are
the projections.

One of the outstanding open problems in convex analysis is whether the closure
of the domain of a maximally monotone operator in an arbitrary Banach space is
convex. Rockafellar [5] showed that this is true when the domain of the operator
has non-empty interior. A summary of what is known about this problem can be
found in [1]. In [6, Theorem 27.5] Simons proved the following result:

Fact 2.1. Let X be a Banach space and T: X = X* be a monotone operator
satisfying (-

x ¢ Dy implies that sup {

> 2t eT = 0. 2
Then: -zl =T )} .

(a) 7 dom ¢p C Drp.
(b) Dy = co Dy = i (dom pp).

(c) Dy is conve.

Remark. In fact, part (a) is the important one; part (b) follows immediately from
it and (1). Obviously (b) implies (c). O

In [1, Theorem 3.6] Borwein and Yao proved the following result:

Fact 2.2. Let T : X = X* be a mazimally monotone operator. Then we have

CO DT = 7r1(d0m (PT)

We shall use these results to prove a converse to Simons’ result in the case when Dp
is bounded and T is maximal.

Theorem 2.3. Let X be a Banach space and T : X = X* be a monotone operator
with bounded domain. Consider the following conditions:

i) ¢ Dr implies that sup{<z|| o ||> 2 eT(z )} 0.

ii) 7w domy C Dr.

(
(
(i
(

iii) Dp = co Dy = 7 dom .
iv) Dr is conver.

Then the first three conditions are equivalent and imply the fourth one. If T 1is
maximally monotone all four conditions are equivalent.
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Proof. In view of Fact 2.1, we only need to prove that (iii) implies (i) and, when T'
is maximally monotone, that (iv) implies (iii). To this end let x ¢ D7 and assume

that
sup {M, 2" e T(z)} < 00.
|z = 2|

It follows that there exists M > 0 such that (z*,x — z) < M]|lx — z|| for any
(z,2*) € G(T). Since Dy is bounded,

or(r,0°) = sup{{z*, = — 2); (=, 2*) € G(T)} < M sup |1z — 2] < oo,
z€Dp

hence z € m(dom 7). If (iii) is true, € Dy and this contradiction proves that
(iii) implies (i).
If T is maximally monotone, from Fact 2.2 it follows that co Dy = m(dom p7).

Since Dy is convex, co Dy = Dy and thus (iii) is proved. O

Theorem 2.4. Let T : X = X* be a monotone operator with the following property:
there exists a family of closed, convex and bounded sets {C,} such that

| Jint (Co) = X, Drnint (Co) # 0,
and T 4+ N¢, is mazimally monotone for each . Then

(a) T is maximally monotone.

(b)  Conditions (i), (ii), (iii), and (iv) from Theorem 2.3 are equivalent.

Proof. (a) Assume that (z,z*) is monotonically related with 7. Choose « such
that € int (C,) and let z € Dr N C,. Let also z* € T'(z) and u* € N¢_(z). Then

(" =2 —u o —z2)y=(" =2 —2)+ (u',z2—2) >0+0=0

which means that (z,z*) is monotonically related with 7"+ N¢,, which is maximally
monotone. Thus x € Dy N C, and z* € T(x) + N¢,(z). Since N¢,(x) = {0},
assertion (a) is proved.

(b) Since (i) = (ii) = (iii) = (iv) is is enough to prove that (iv) implies (i).
So, assume that Dy is convex and choose z ¢ Dr. Let o be such that z € int (C,).

Then Dryn., = DrNC, = DrNC, is convex, bounded and z ¢ D, Ne, - We have

Sup{M; 2€ D, z*eT(z)} > sup{w; 2€ DN C, Z*ET(Z)}
|z — 2| ||z — 2|

zsup{<z ?|—u ’IH_ Z>; 2€DrNCy, 27€T(z), u* ENCa(z)} = 0
T—2

the last equality because Theorem 2.3 applies to T + N¢,. This proves (b). O

3. On the convexity of the closure of the range of a maximally monotone
operator

In [6, Theorem 27.6] Simons also proved a result dual to Fact 2.1.
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Fact 3.1. Let X be a Banach space and T : X = X* be a monotone operator
satisfying

x* ¢ Ry implies that sup {H, LA T(z)} = 00. (3)
Then:

(a) mydomyr C Ry.

(b) Ry = co Ry = my(dom pr).

(c) Rr is convex.

In [2, Theorem 4.23] Borwein and Yao proved a result dual to Fact 2.2. Here it is:

Fact 3.2. Let T : X = X* be a mazimally monotone operator.

®

Then co RTM = my(dom goT)w , where w* indicates the weak™-closure.
Finally, Theorem 2.3 has a dual counterpart which we now state.

Theorem 3.3. Let X be a Banach space and T : X = X* be a monotone operator
with bounded range. Consider the following conditions:

<:B* - 2*7 Z> X

T FANS T(z)} = 0.

i)  a* ¢ Ry implies that sup{ =
T — 2z

ii)  m(domr) C Ry.

111) RT = CO RT = 7TQ(dOl’I1 ()OT)

iv) Ry is convexr.

) xt ¢ R_Tw* implies that sup {H, F e T(z)} — 0.
T — z*
i)  me(domyr) C Ry .

iii’) R —coRyY = Ty (dom )

. 5w .
iv') Rr s conver.

Then

(1) (i), (ii) and (iil) are equivalent and imply (iv);

(2) (i), (ii") and (iii") are equivalent and imply (iv’);

3) (1) = (@) (i) = (i'); (v) = (iv');

(4) if T is mazimally monotone then (iv') = (i’) and thus (i), (it'), (iii’), and

(iv") are equivalent.

Proof. (1) From Fact 3.1 it follows that (i) = (ii). Clearly (ii) = (iii) = (iv).
Exactly as in the proof of Theorem 2.3, we can show that (iii) = (i).

(2) We begin by showing (by contradiction) that (i) = (ii’). Assume that there
exists (z,x*) € dom pr but z* ¢ Rr" . Then z* ¢ Ry and thus there exists 7 > 0
such that ||z* —x*|| > r for any z* € Ry. Since ¢r(x,x*) is finite and Ry is bounded
it is easily seen that ¢r(0,z*) is also finite.
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We have

ap {E=2 2 ero <ow {5 e | < pr00)r < o

l|x* — =z
contradicting (i’).

(i) and (iii") are clearly equivalent and, exactly as in the proof of Theorem 2.3, we
can show that (iii") = (i).

(3) The first two implications are obvious since the norm topology is finer than the
w*-topology. To prove the third one, assume that Ry is convex. Then

*

CORTCR_TCRT

and it follows that

*
* * w *

C(Ry) c(Rr") =Rr"

R_Tw C co RTw
Therefore R_Tw =co Ry , showing that R_Tw is convex.

(4) When T is maximally monotone, exactly as in the proof of (iv) = (i) in
Theorem 2.3 (but using Fact 3.2 instead of Fact 2.3), we can show that we have
(iv)) = (). O

Finally, we have

Theorem 3.4. Let T : X = X* be a mazimally monotone operator with bounded
domain. Then T is of type (FP) if and only if it satisfies Simons’ condition (3).

Proof. In the proof of Theorem 43.1 in [6] Simons showed that an operator of type
(FP) satisfies condition (3). To prove the converse assertion, notice first that

dom ¢ = m(dom p7) x X*; in particular me(dom¢r) = X™. (4)
Indeed, let (z,2*) € dom g, i.e. pr(zr,2*) < 0o and let y* € X*. Then
pr(z,y”) =sup{(y" — 2" 2 —2);(2,27) € G(T)} + (", 1)
<sup{(z" — 2",z —x);(2,2") € G(T)}
+sup{(y* — 2",z —x);2 € Dr} + (2", )

< r(z,2”) + |ly" — 2"[[sup {||z — x[;z € Dr} < o0

and thus (z,y*) € dom @7, proving (4). In view of Fact 3.1, Ry = X*. The assertion
follows from Theorem 4.8 in [4]. O
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