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1. Introduction and background

Let K be a nonempty convex subset of a normed linear space (X, ∥·∥). We denote
by B (r) the open ball in (X, ∥·∥) of center zero and radius r > 0. Let M be the
set of all convex functions f : K → R. Denote by Ml the subset of all lower semi-
continuous functions f ∈ M, by Mc the subset of all continuous functions f ∈ M
and by Mb the subset of all functions f ∈ M which are bounded on bounded subsets
of K. We equip the set M with the topology induced by the uniformity determined
by the following basis:

E (n) =
{
(f, g) ∈ M×M : |f (x)− g (x)| < n−1 ∀x ∈ K ∩B (n)

}
, (1)

where n is a positive integer. This topology will be denoted by τ . It is not difficult
to see that this uniform space is completely metrizable. Clearly, Ml, Mc and Mb

are closed subsets of M with respect to this uniform topology. We provide these
subspaces with the relative topologies inherited from M. This topology will be
called the strong topology on Ml and will be denoted by τ1. More information on
uniformities and uniform spaces can be found, for example, in [5].
We next describe the second topology with which we equip Ml. Recall that the
epigraph of a function f : K → R is the set

epi (f) = {(x, t) ∈ K × R : t ≥ f (x)} .

Let ∥·∥∞ be the norm defined on X × R by ∥(x, t)∥∞ := max {∥x∥ , |t|} for each
point (x, t) ∈ X × R. Denote by B∥·∥∞ (r) the open ball in (X × R, ∥·∥) of center
zero and radius r > 0. Define the distance from x̃ = (x, t) to A by

ρ (x̃, A) := inf
(a,s)∈A

{∥(x, t)− (a, s)∥∞} (2)
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for each x̃ = (x, t) ∈ X × R and each nonempty set A ⊂ X × R. We define the
Attouch-Wets metric dAW on Ml by using distances to the epigraphs of f and g in
X × R as follows:

dAW (f, g) :=
∞∑
n=1

2−n min

{
1, sup

x̃∈B∥·∥∞ (n)

|ρ (x̃, epi (f))− ρ (x̃, epi (g))|

}
. (3)

Since epi (f) is closed in K×R for each f ∈ Ml, we see that dAW is indeed a metric
on Ml. We denote by τ2 the topology induced by the metric dAW on Ml and by
BAW (g, r) the open ball in (Ml, dAW ) of center g ∈ Ml and radius r > 0. This
topology will be called the weak topology on Ml. In the sequel we show that τ2 is
indeed weaker than τ1.
The τ2 topology can be defined differently. Consider the topology induced by the
uniformity determined by the basis

F (n) =

{
(f, g) ∈ Ml ×Ml :

|ρ (x̃, epi (f))− ρ (x̃, epi (g)) | < n−1

for each x̃ ∈ B∥·∥∞(n)

}
, (4)

where n is a positive integer. It turns out that this topology is the same as the τ2
topology, as we show in the following lemma. We refer the reader to [1] for more
information concerning Attouch-Wets topologies and metrics.

Lemma 1.1. The τ3 topology on Ml induced by the uniformity determined by the
basis defined in (4) coincides with the τ2 topology.

Proof. Let the set U be open in τ3 and let g ∈ U . There exists a positive integer N
such that for each f ∈ Ml, if (f, g) ∈ F (N), then f ∈ U . In order to show that U is
open in τ2, it is enough to prove that there exists ε > 0 such that whenever f ∈ Ml

satisfies dAW (f, g) < ε, we have (f, g) ∈ F (N). Set ε0 := min {N−1,
∑∞

n=N 2−n}
and set ε := ε20. Assume f ∈ Ml is such that dAW (f, g) < ε. By the definition of ε0
and by (3), there exists a natural number N0 ≥ N such that

sup
x̃∈B∥·∥∞ (N0)

|ρ (x̃, epi (f))− ρ (x̃, epi (g))| < ε0.

Therefore for each x̃0 ∈ B∥·∥∞ (N), we have

|ρ (x̃0, epi (f))− ρ (x̃0, epi (g))| < N−1,

and hence (f, g) ∈ F (N).
Conversely, assume that U is open in τ2 and g ∈ U . There exists a number ε > 0
such that BAW (g, ε) ⊂ U . In order to show that U is open in τ3, it is enough to
prove that there exists a positive integer N such that whenever f ∈ Ml satisfies
(f, g) ∈ F (N), we have dAW (f, g) < ε. Choose a positive integer N such that
N−1 < 2−1ε and

∑∞
n=N+1 2

−n < 2−1ε. Assume f ∈ Ml is such that (f, g) ∈ F (N).
Using (3), we obtain that dAW (f, g) < ε, as required.
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Recall that a subset Z of a topological space Y is called residual if it contains a
countable intersection of open and dense subsets of Y . In the case where the space
Y is completely pseudo-metrizable, the Baire category theorem guarantees that Z
is also dense. In our work we are interested in the residual sets of some classes of
convex functions defined on normed spaces. We call elements of such sets generic
elements. For more applications of such a generic approach, see, for example, [8].
We recall the following well-known result due to Alexandrov and Hausdorff (see
Theorem 1.1 in [7] and references therein). It is useful in the quest for residual sets.

Theorem 1.2. A metrizable space X is completely metrizable if and only if it is a
Gδ subset of a complete metric space.

For a general vector space V with a seminorm p we denote by Bp (x0, ε) the open ball
in (V, p) of center x0 ∈ V and radius ε > 0. Recall that a topological vector space
V with the topology T is called a locally convex space if there exists a family P of
seminorms on V such that the family of open balls {Bp (x0, ) : x0 ∈ V, ε > 0, p ∈ P}
is a subbasis for T and ∩p∈PZp = {0}, where Zp = {x ∈ V : p (x) = 0} for each
p ∈ P . Note that the condition ∩p∈PZp = {0} is equivalent to the space V being
Hausdorff with respect to the topology T . Clearly, a normed space (as a topological
vector space with respect to its norm) is a locally convex space. In the sequel we
use the following result (see Theorem 3.9 in [4]).

Theorem 1.3. Let V be a real locally convex topological vector space, and let A
and B be two disjoint closed and convex subsets of V . If either A or B is compact,
then A and B are strictly separated, that is, there is α ∈ R and a continuous linear
functional ϕ : V → R such that ϕ (a) > α for each a ∈ A and ϕ (b) < α for each
b ∈ B.

We also use the following results which bring out the connection between bounded-
ness on bounded sets of a convex function and its uniform continuity on bounded
sets. We prove them for the convenience of the reader.

Lemma 1.4. Assume f : X → R is a convex function which is bounded on B (r)
for some r > 0. For each 0 < r′ < r, set R = (4 supw∈B(r) |f (w)|+1)/(r−r′). Then
f satisfies a Lipschitz condition on B (r′) with a Lipschitz constant R, that is,

|f (x)− f (y)| ≤ R ∥x− y∥ (5)

for each x, y ∈ B (r′).

Proof. Let 0 < r′ < r and x, y ∈ B (r′). Without loss of generality we may assume
x ̸= y. By the mean value theorem, there exists t0 > 1 such that

∥x+ t0 (y − x)∥ = 2−1 (r + r′).

Set z := x + t0 (y − x). Then t0 = ∥z−x∥
∥y−x∥ ̸= 0, y = t−1

0 z +
(
1− t−1

0

)
x and by the

convexity of f we have

f (y)− f (x) ≤ t−1
0 (f (z)− f (x)) =

∥y − x∥
∥z − x∥

(f (z)− f (x)) .
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By the triangle inequality, ∥z − x∥ > 2−1 (r − r′) and therefore

f (y)− f (x) ≤
4 supw∈B(r) |f (w)|

r − r′
∥y − x∥ ≤ R ∥y − x∥ .

Since this is true for each x, y ∈ B (r′), the proof is complete.

Corollary 1.5. Assume f : X → R is a convex function. Then f is bounded on
bounded sets if and only if it is uniformly continuous on bounded subsets of X.
Proof. If f is bounded on bounded sets, then it follows from Lemma 1.4 that f
satisfies a Lipschitz condition on bounded sets and therefore is certainly uniformly
continuous on bounded sets.
Conversely, assume that K is a nonempty and convex subset of X, and assume that
f : K → R is a uniformly continuous function on bounded subsets of K. Without
loss of generality we may assume 0 ∈ K. It is sufficient to show that f is bounded on
K ∩B (r) for each r > 0. Since f is uniformly continuous on K ∩B (r), there exists
δ > 0 such that |f (x)− f (y)| < 1 for each x, y ∈ K ∩B (r) satisfying ∥x− y∥ < δ.
Choose a positive integer n such that n−1r < δ. Then for each x∈K∩B (r), we have

f (x)− f (0) =
n∑

k=1

(
f

(
k

n
x

)
− f

(
k − 1

n
x

))
.

Using the triangle inequality and the uniform continuity of f on K∩B (r), we obtain
that |f (x)| < |f (0)| + n for each x ∈ K ∩ B (r). This is true, in particular, for
K = X. Note that we have proved this direction for a function f the domain of
which is an arbitrary nonempty and convex subset of X.

Since Ml is a closed subset of M with respect to the τ topology, it is a countable
intersection of open subsets of M with respect to this topology, that is, it is a Gδ

subset of M with respect to this topology, while M with this topology is a completely
metrizable space. Since Ml with the τ2 topology is a metrizable space, it follows
from Theorem 1.2 that Ml with the τ2 topology is completely metrizable. The same
argument shows that Mc and Mb with their relative τ2 topologies are completely
metrizable. Nevertheless, Ml is not complete with respect to the metric dAW , since
the sequence of constant functions {fn}∞n=1, defined by fn (x) = −n for each x ∈ K
and each n = 1, 2, . . . , is a Cauchy sequence which does not converge in (Ml, dAW ).
Using Corollary 1.5 and the definitions of the sets Mc,Ml and M, we see that
Mb ⊂ Mc ⊂ Ml ⊂ M in the case where K = X. Therefore dAW |Mc and dAW |Mb

are metrics, respectively, on Mc and Mb in this case. But it is easy to see that if
K ̸= X, then Mb is not necessarily a subset of Mc. Take, for example, X = R with
the Euclidean norm, K = [−1, 1] and define

f : K → R by f(x) :=

{
x2 if x ∈ (−1, 1)

2 otherwise
, for each x ∈ K.

Clearly, f is convex and bounded on bounded subsets of K, but it is not even lower
semi-continuous.
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Recall that a function f ∈ M is called strictly convex if for each x, y ∈ K such that
x ̸= y and each λ ∈ (0, 1), we have

f (λx+ (1− λ) y) < λf (x) + (1− λ) f (y) . (6)

It is not difficult to see that this definition is equivalent to the requirement that f
is convex and for each x, y ∈ K such that x ̸= y, there exists λ ∈ (0, 1) satisfying
(6), as well as to the requirement that f is convex and λ = 2−1 satisfies (6) for each
x, y ∈ K such that x ̸= y. We denote the set of all strictly convex functions f ∈ M
by F .
Recall that a function f ∈ M is called locally uniformly convex if for each sequence
{xn}∞n=1 ⊂ K and each x ∈ K,

λf (xn) + (1− λ) f (x)− f (λxn + (1− λ)x) −→
n→∞

0 (7)

implies ∥x − xn∥ −→
n→∞

0 for each 0 < λ < 1. It is not difficult to see that this
definition is equivalent to the requirement that f ∈ M and for each x ∈ K, there
exists λ ∈ (0, 1) such that (7) implies that ∥x− xn∥ −→

n→∞
0, as well as to the

requirement that f ∈ M and for each x ∈ K, (7) with λ = 2−1 implies that
∥x− xn∥ −→

n→∞
0.

It turns out (see Exercise 5.3.1 in [1]) that it is enough to consider only bounded
sequences in the definition of a locally uniformly convex function.
Recall that a normed space (X, ∥·∥) is called strictly convex if ∥x+ y∥ < 2 whenever
x, y ∈ X are such that x ̸= y and ∥x∥=∥y∥ = 1, and locally uniformly convex if
∥x− xn∥ −→

n→∞
0 whenever ∥xn + x∥ −→

n→∞
2 for each sequence {xn}∞n=1 in the closed

unit ball of center zero and each x in this ball. It is not difficult to see that (X, ∥·∥) is
strictly convex (respectively, locally uniformly convex) if and only if the square of its
norm is a strictly convex function (respectively, locally uniformly convex function),
as well as that a locally uniformly convex function is strictly convex and in the case
where K = X and the dimension of the vector space X is finite, the converse is also
true. But in the case where the dimension of X is infinite, a strictly convex function
may no longer be locally uniformly convex (see, for instance, the example on pages
229–230 in [6]). We denote the set of all locally uniformly convex functions f ∈ M
by G.

2. Main results

It was shown in [3] that under the assumption of the existence of a continuous and
strictly convex function f∗ ∈ Mb, the set F of all strictly convex functions defined
on K is residual in M with the τ topology, and that the sets F ∩Ml and F ∩Mc

are residual in, respectively, Ml and Mc with their relative τ topologies. It can be
verified that the same result is true for the set F ∩Mb in the space Mb with the
relative τ topology. In the present paper we prove a stronger result, which provides
all these residuality properties for the set G (which is a subset of F) of all locally
uniformly convex functions defined on K.
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In the recent work described in [9], residual sets of the space Γ (X) are considered,
where Γ (X) is the set all lower semi-continuous functions f : X → R with our
τ2 topology and (X, ∥·∥) is a real Banach space. In particular, it is shown there
that if (X, ∥·∥) is a locally uniformly convex space (respectively, a strictly convex
space), then the set of all locally uniformly convex (respectively, strictly convex)
functions is residual in Γ (X). By using similar techniques, we show that in the case
where K = X (where (X, ∥·∥) is not necessarily a Banach space), the relative strong
topology of Mb is the same as its relative weak topology and hence, the sets F ∩Mb

and G∩Mb are residual in Mb with both of these topologies. For a finite dimensional
vector space X, we know that each convex function f : X → R is continuous, and
therefore this result can be applied to all of M, because Mb = M in this case.
Namely, we have the following results which we establish in Section 4 below.

Theorem 2.1. Suppose that there exists a strictly convex function f∗ ∈ Mb. Then
the sets G and G ∩ Mb are residual in, respectively, M and Mb with the relative
τ topology. If, in addition, f∗ is lower semi-continuous (respectively, continuous),
then the set G ∩Ml (respectively, G ∩Mc) is residual in Ml (respectively, Mc) with
the relative strong topology.

Remark 2.2. In particular, this result is true for a strictly convex normed linear
space X, since the square of its norm is a continuous strictly convex function which
is bounded on bounded sets. An important class of such spaces consists of inner
product spaces and, in particular, Hilbert spaces.

Theorem 2.3. In the case where K = X, the relative weak topology of Mb is the
same as the relative strong topology of Mb. As a result, if F ∩Mb ̸= ∅, then the set
G ∩Mb (and therefore F ∩Mb) is residual in Mb with both of these topologies.

3. Auxiliary results

Suppose K = {Km,n : m,n ≥ 1 are integers}

is a family of bounded (with respect to one of the product metrics) subsets of K×K,
which do not intersect the diagonal ∆(K) := {(x, x) : x ∈ K} of the set K × K,
such that for each positive integer n, we have

((K ∩B (n))× (K ∩B (n))) \∆(K) ⊂ ∪∞
m=1Km,n.

For each pair of positive integers (m,n), denote by Gm,n the set of all f ∈ M for
which there exists δ > 0 such that

2−1f (x) + 2−1f (y)− f
(
2−1 (x+ y)

)
< δ ⇒ ∥x− y∥ < n−1 (8)

for each (x, y) ∈ Km,n.
We call a function f ∈ M locally uniformly convex with respect to the family K
if f ∈ ∩∞

m=1 ∩∞
n=1 Gm,n. It is not difficult to verify that locally uniformly convex

functions with respect to K are locally uniformly convex functions on K.
Denote by GK the set of all functions f ∈ M which are locally uniformly convex
with respect to K.
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Proposition 3.1. Suppose that the set GK contains a function f∗ ∈ Mb. Then
the sets GK and GK ∩Mb are countable intersections of open and dense subsets of,
respectively, M and Mb with the relative τ topology. If, in addition, f∗ is lower semi-
continuous (respectively, continuous), then the set GK ∩Ml (respectively, GK ∩Mc)
is a countable intersection of open and dense subsets of Ml (respectively, Mc) with
the relative strong topology.
Proof. We prove the first part of the proposition. The case where f∗ is lower
semi-continuous (respectively, continuous) is proved similarly. It is clear that

GK = ∩∞
m=1 ∩∞

n=1 Gm,n,

and GK ∩Mb = ∩∞
m=1 ∩∞

n=1 (Gm,n ∩Mb) .

Let (m,n) be an arbitrary pair of positive integers. We claim that the set Gm,n

is open with respect to the τ topology (that is, we claim that it belongs to this
topology). Indeed, suppose that f ∈ Gm,n. Then there exists δ > 0 such that (8)
holds for each (x, y) ∈ Km,n. It is sufficient to show that there exists a positive
integer N such that for each g ∈ M, if (g, f) ∈ E (N), then g ∈ Gm,n. Since Km,n is
bounded with respect to one of the product metrics, there exists a positive integer
N satisfying N−1 < 4−1δ such that max {∥x∥ , ∥y∥} < N for each (x, y) ∈ Km,n.
Suppose g ∈ M is such that (g, f) ∈ E (N) and let (x, y) ∈ Km,n satisfy

2−1g (x) + 2−1g (y)− g
(
2−1 (x+ y)

)
< 2−1δ.

Then it follows from (1) that

2−1f (x) + 2−1f (y)− f
(
2−1 (x+ y)

)
< 2−1g (x) + 2−1g (y)− g

(
2−1 (x+ y)

)
+ 2N−1

< δ.

By (8), ∥x− y∥ < n−1 and therefore g ∈ Gm,n. Hence the set Gm,n ∩ Mb is also
open in Mb with the relative τ topology. In order to complete the proof of the
theorem, it is sufficient to show that the sets Gm,n and Gm,n ∩Mb are dense subsets
of, respectively, M and Mb with the relative τ topology. To this end, for each f ∈ M
(respectively, f ∈ Mb) and each γ ∈ (0, 1), define

(∀x ∈ K) fγ (x) := f (x) + γf∗ (x) . (9)

It is clear that for each γ ∈ (0, 1) and each f ∈ M (respectively, f ∈ Mb), we have
fγ ∈ M (respectively, fγ ∈ Mb). By (1), (9) and since f∗ ∈ Mb, the sets

A = {fγ : f ∈ M} , and Ab = {fγ : f ∈ Mb}

are dense in, respectively, M and Mb with the relative τ topology. Since the function
f∗ is locally uniformly convex with respect to the family K, there exists δ > 0 with

2−1f∗ (x) + 2−1f∗ (y)− f∗
(
2−1 (x+ y)

)
< δ ⇒ ∥x− y∥ < n−1 (10)

for each (x, y) ∈ Km,n. Assume that γ ∈ (0, 1) and f ∈ M (respectively, f ∈ Mb).
We claim that fγ ∈ Gm,n (respectively, fγ ∈ Gm,n ∩ Mb). Indeed, suppose that
(x, y) ∈ Km,n satisfies

2−1fγ (x) + 2−1fγ (y)− fγ
(
2−1 (x+ y)

)
< γδ. (11)
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Since f is a convex function, it follows from (9) and (11) that

2−1f∗ (x) + 2−1f∗ (y)− f∗
(
2−1 (x+ y)

)
< δ.

Hence by (10), we have ∥x− y∥ < n−1 and therefore we conclude fγ ∈ Gm,n (re-
spectively, fγ ∈ Gm,n ∩ Mb), as claimed. As a result, the set Gm,n (respectively,
Gm,n ∩ Mb) contains the dense set A (respectively, Ab) in the relative τ topology
and therefore it is dense, as asserted.

Next, we show that the τ2 topology on Ml is indeed weaker than the τ1 topology on
Ml. To this end, we need the following two technical lemmata.

Lemma 3.2. Assume that f, g ∈ Ml, (x0, t0) ∈ K × R and that n is a positive
integer such that

ρ ((x0, t0) , epi (f)) = inf {∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∞ (n)} , (12)
ρ ((x0, t0) , epi (f)) ≤ ρ ((x0, t0) , epi (g)) (13)

and (f, g) ∈ E (n) . (14)
Then ρ ((x0, t0) , epi (g))− ρ ((x0, t0) , epi (f)) ≤ n−1.

Proof. Set S1 :=
{
∥(x− x0, t− t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
and S2 := {∥(x− x0, t− t0)∥∞ : (x, t) ∈ epi (g)} .

It is clear that for each (x, t) ∈ epi (f) ∩B∥·∥∞ (n), we have
(x, g (x) + t− f (x)) ∈ epi (g).

By (14), for each element u ∈ S1, there is v ∈ S2 such that |u− v| < n−1. Combining
this with (12) and (13), we see that

ρ ((x0, t0) , epi (g))− ρ ((x0, t0) , epi (f)) ≤ n−1.

Lemma 3.3. Assume that N is a positive integer and that M > 0. Then there
exists a positive integer n > N such that

ρ ((x0, t0) , epi (f)) = inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
for each f ∈ Ml and each (x0, t0) ∈ B∥·∥∞ (N) satisfying ρ ((x0, t0) , epi (f)) < M .

Proof. Choose a positive integer n such that n > M + N . Let f ∈ Ml and
(x0, t0) ∈ B∥·∥∞ (N) be such that ρ ((x0, t0) , epi (f)) < M . Clearly, we have n > N
and
ρ ((x0, t0) , epi (f)) ≤ inf

{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
. (15)

Let (x, t) ∈ epi (f). If (x, t) ∈ B∥·∥∞ (n), then

∥(x, t)− (x0, t0)∥∞ ≥ inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
. (16)

Otherwise,

∥(x, t)− (x0, t0)∥∞ ≥ ∥(x, t)∥∞ − ∥(x0, t0)∥∞ ≥ n−N > M +N −N =M.
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Hence, there exists (x′, t′) ∈ epi (f) such that

∥(x′, t′)− (x0, t0)∥∞ < M < ∥(x, t)− (x0, t0)∥∞ . (17)
It follows that

∥(x′, t′)∥∞ ≤ ∥(x′, t′)− (x0, t0)∥∞ + ∥(x0, t0)∥∞ < M +N < n.

As a result, (x′, t′) ∈ epi (f) ∩ B∥·∥∞ (n) and by (17), inequality (16) holds in this
case as well. We obtain

ρ ((x0, t0) , epi (f)) ≥ inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
.

When combined with (15), this yields the desired conclusion.

Proposition 3.4. The τ2 topology is weaker than the τ1 topology.

Proof. Assume that the set U is open in the τ2 topology. Let g ∈ U be given.
There exists a positive integer N such that for each f ∈ Ml, if (f, g) ∈ F (N), then
f ∈ U . In order to show that U is open in τ1, it is enough to prove that there exists
a positive integer n such that whenever f ∈ Ml satisfies (f, g) ∈ E (n), it follows
that (f, g) ∈ F (N). By the triangle inequality, there exists a number M > 0 such
that ρ ((x, t) , epi (g)) < M for each (x, t) ∈ B∥·∥∞ (N). By Lemma 3.3, there exists
a positive integer n > N such that

ρ ((x0, t0) , epi (h)) = inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (h) ∩B∥·∥∞ (n)

}
(18)

for each h ∈ Ml and each (x0, t0) ∈ B∥·∥∞ (N) satisfying ρ ((x0, t0) , epi (h)) < M . In
particular,

ρ ((x0, t0) , epi (g)) = inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (g) ∩B∥·∥∞ (n)

}
for each (x0, t0) ∈ B∥·∥∞ (N). Assume that f ∈ Ml is such that (f, g) ∈ E (n) and
let (x0, t0) ∈ B∥·∥∞ (N). If ρ ((x0, t0) , epi (g)) ≤ ρ ((x0, t0) , epi (f)), then by Lemma
3.2,

|ρ ((x0, t0) , epi (f))− ρ ((x0, t0) , epi (g))| ≤ n−1 < N−1. (19)

Otherwise, ρ ((x0, t0) , epi (f)) < M and by (18),

ρ ((x0, t0) , epi (f)) = inf
{
∥(x, t)− (x0, t0)∥∞ : (x, t) ∈ epi (f) ∩B∥·∥∞ (n)

}
.

By Lemma 3.2, (19) holds in this case as well. Hence we obtain that (f, g) ∈ F (N),
as required.

The following two lemmata are slightly stronger variants of Lemma 3.1 and Lemma
3.2 in [9].

Lemma 3.5. Let N be a positive integer and let M ≥ N . Assume f, g ∈ Ml are
functions which are bounded by M on K ∩ B (N) and satisfy a Lipschitz condition
with constant R ≥ 1 on K ∩ B (N + 1). If dAW (f, g) < ε for some 0 < ε < 2−M ,
then supx∈K∩B(N) |f (x)− g (x)| ≤ 3 · 2MRε.



804 K. Barshad, S. Reich, A. J. Zaslavski / Residuality Properties ...

Proof. Assume dAW (f, g) < ε for some 0 < ε < 2−M and suppose to the contrary
that there exists a point x0 ∈ K ∩ B (N) such that |f (x0)− g (x0)| > 3 · 2MRε.
Without loss of generality, say g(x0) > f (x0)+ 3 · 2MRε. Then for each x ∈ K such
that ∥x− x0∥ < 2Mε, we have x ∈ K ∩B (N + 1) and it follows that

g (x) ≥ g (x0)− 2MRε > f (x0) + 2M+1Rε > f (x0) + 2Mε.

Therefore we have ρ
(
(x0, f(x0)), epi(g)

)
≥ 2Mε, where ρ is as defined in (2). Since

x0 ∈ K∩B (M) and ∥(x0, f (x0))∥∞ < M , it follows that dAW (f, g) ≥ 2−M2Mε = ε.
The contradiction we have reached concludes the proof of Lemma 3.5.

Lemma 3.6. Let N be a positive integer. Assume K = X, f ∈ Ml and g ∈ Ml

is a bounded function on B (N + 2). Set M = max
{
N, supx∈B(N+2) |g (x)|

}
. If

dAW (f, g) < 2−M−1, then supx∈B(N) f (x) ≤M + 1.

Proof. Assume dAW (f, g) < 2−M−1. Suppose to the contrary that there exists a
point x0 ∈ B (N) such that f (x0) > M + 1. Let C = {x ∈ X : f (x) ≤M + 1}.
Since C is closed and convex in (X, ∥·∥) and (X, ∥·∥) is a real normed space, by
Theorem 1.3 there exists a continuous linear functional ϕ ∈ X∗ such that ∥ϕ∥ = 1
and supx∈C ϕ (x) < ϕ (x0). Set d := ϕ (x0) − supx∈C ϕ (x) and choose x1 ∈ B (1)
such that ϕ (x1) > 1 − d. Then x̄ = x1 + x0 belongs to B (N + 1) and we have
ϕ (x̄) > supx∈C ϕ (x)+ 1. Let U = {x ∈ X : ∥x− x̄∥ < 1}. Then for each x ∈ U , we
have

f (x) > M + 1 and g (x) ≤M. (20)

Set x̃ = (x̄, g (x̄)). By the definition of U and (20) we conclude ρ (x̃, epi (f)) ≥ 1,
where ρ is as defined in (2). It then follows that dAW (f, g) ≥ 2−M−1.
This contradiction completes the proof.

Now we show that the relative τ1 topology of Mb is weaker than the relative τ2
topology of Mb in the case where K = X.

Proposition 3.7. Assume K = X. Then the relative τ1 topology of Mb is weaker
than the relative τ2 topology of Mb.

Proof. Assume that the set U is open in the relative τ1 topology of Mb. Let g ∈ U
be given. Then there exists a positive integer N such that

(f, g) ∈ E (N) ⇒ f ∈ U (21)

for each f ∈ Mb. Set M ′ := max
{
N + 2, supx∈B(N+4) |g (x)|

}
. By Lemma 3.6, we

have
dAW (f, g) < 2−M ′−1 ⇒ sup

x∈B(N+2)

f (x) ≤M ′ + 1 (22)

for each f ∈ Ml. Therefore by (22) and by Lemma 1.4, there exist
M = max {M ′ + 1, N}

and a real number R ≥ 1 such that, whenever f ∈ Ml satisfies dAW (f, g) < 2−M ′−1,
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it follows that f and g are bounded by M on B (N + 2) (and therefore on B (N)),
and satisfy a Lipschitz condition with a Lipschitz constant R on B (N + 1). Set

ε := 3−1N−1R−12−M−1

and assume f ∈ Mb is such that dAW (f, g) < ε. It follows from Lemma 3.5
that supx∈B(N) |f (x)− g (x)| ≤ 2−1N−1 and (21) implies that f ∈ U . Therefore
BAW (g, ε) ⊂ U and so U is open in the relative τ2 topology of Mb.

4. Proofs of the main results

Proof of Theorem 2.1 Define a function ψ : K ×K → R by

(∀ (x, y) ∈ K ×K)ψ (x, y) := 2−1f∗ (x) + 2−1f∗ (y)− f∗
(
2−1 (x+ y)

)
.

For each pair of positive integers (m,n), set

Km,n =

{
(x, y) ∈

(
(K ∩B(n))× (K ∩B(n))

)
\∆(K) :

ψ (x, y) < m−1 ⇒ ∥x− y∥ < n−1

}
.

Since f∗ is a strictly convex function, for each positive integer n, we have

∪∞
m=1Km,n = {(x, y) ∈ ((K ∩B (n))× (K ∩B (n))) \∆(K)} .

Set K := {Km,n : m,n are positive integers}. Evidently, f∗ ∈ Mb is locally uniformly
convex with respect to K. By Proposition 3.1, the set GK (respectively, GK ∩ Mb)
is a countable intersection of open and dense subsets of M (respectively, Mb) with
the relative τ topology. If, in addition, f∗ is lower semi-continuous (respectively,
continuous), then the set GK∩Ml (respectively, GK∩Mc) is a countable intersection
of open and dense subsets of Ml (respectively, Mc) with the relative strong topology.
Since GK ⊂ G (respectively, GK ∩ Ml ⊂ G ∩ Ml, GK ∩ Mc ⊂ G ∩ Mc and, finally,
GK ∩Mb ⊂ G ∩Mb), the proof is complete.

Proof of Theorem 2.3 This is an immediate consequence of Proposition 3.4,
Proposition 3.7 and Theorem 2.1.
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