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Let G C R™ be an open convex set which is either bounded or contains a translation of a convex
cone with nonempty interior. It is known that, for every modulus w, every function on G which is
both semiconvex and semiconcave with modulus w is (globally) C1*-smooth. We show that this
result is optimal in the sense that the assumption on G cannot be relaxed. We also present direct
short proofs of the above mentioned result and of some its quantitative versions. Our results have
immediate consequences concerning (i) a first-order quantitative converse Taylor theorem and (ii)
the problem whether f € C1“(G) whenever f is continuous and smooth in a corresponding sense
on all lines. We hope that these consequences are of an independent interest.
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1. Introduction

First we recall a classical result on smoothness of functions which are both semicon-
vex and semiconcave (i.e., semiconvex and semiconcave with linear modulus).

Definition 1.1. Let X be a Hilbert space, G C X an open convex set and f a
function on G. We say that f is semiconver, if there exists C' > 0 and a continuous
convex function g on G such that

C

f@) = g0) — 5 el weG,
Then we say that f is semiconver with constant C'. We say that f is semiconcave
on G (with constant C') if —f is semiconvex on G (with constant C). O

Let X, G and f be as in Definition 1.1. Then it is very easy to show (see Remark

2.2) that
f' exists and is Lipschitz with constant C'

= f is both semiconvex and semiconcave with constant C. (1)
Rather surprisingly, also the converse of (1) holds:

f is both semiconvex and semiconcave with constant C'
=  f’ exists and is Lipschitz with constant C. (2)
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Some bibliographic notes concerning this well-known interesting nontrivial result are
contained in Section 3, where also a short elementary proof is presented.

Consequently, we have that

f is both semiconvex and semiconcave with constant C'

<= [’ exists and is Lipschitz with constant C. (3)
In particular,

f is both semiconvex and semiconcave <= f € C"'(G). (4)

In the present article we study analogues of (2) and (4) for functions which are both
w-semiconvex and w-semiconcave. We use the following terminology:.

Definition 1.2. We denote by M the set of all w : [0,00) — [0,00) which are
non-decreasing and satisfy lim; .o, w(t) = 0. O

Definition 1.3. Let X be a normed linear space, G C X an open convex set and
w € M. We say that a continuous function f : G — R is semiconvex with modulus
w (or w-semiconvex for short) if

Oz + (1 =Ny) < Af(z) + (1= A f(y) + A1 = Az = yllw(llz = yl)

for every x,y € G and X € [0,1]. We say that f : G — R is w-semiconcave if —f is
w-semiconvex. [

Remark 1.4. If X is a Hilbert space, it is easy to show (cf. [5, p.30]) that f is
semiconvex on G C X with constant C' > 0 if and only if f is w-semiconvex with
modulus w(t) = £¢, ¢ > 0. O

Remark 1.5. The notion of w-semiconvex functions is very close to Rolewicz’s
notion of strongly a(-)-paraconvezr functions (which has in [22] a slightly different
sense than in [21]). Namely (see e.g. [6, Remark 2.11]) if w € M and «a(t) = tw(t),
t >0, then (by the definition from [22]),

f is w-semiconvex = f is strongly «(-)-paraconvex = f is (2w)-semiconvex.

Most of the results concerning w-semiconvex functions have obvious consequences
for strongly a(-)-paraconvex functions (and vice versa). We will not formulate such
consequences of our results. O

Definition 1.6. If G is an open subset of a normed linear space and w € M, then
we denote by C1*(G) the set of all Fréchet differentiable f : G — R such that f’ is
uniformly continuous with modulus w. We set C**(GQ) := g, CH*¥(G). O

Note that so defined C**-smoothness, which coincides with (global) C'*'-smoothness
in the case of a linear w, is common in the literature. We will sometimes use also
(stronger) Cl“-smoothness (which is somewhere, e.g. in [11] and [12], called “C+-
smoothness”).

Let us first mention that a (weaker) version of (1) for general moduli is also easy
(see Remark 2.2). It asserts that, if X, G and w are as in Definition 1.3, then

f € CH(G) = f is both w-semiconvex and w-semiconcave on G. (5)
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However (if X, G and w are as in Definition 1.3) the implication
f is both w-semiconvex and w-semiconcave on G = f € C*¥(G) (6)

does not hold in general. The validity of (6) (or of its local versions) was studied
e.g. in [5, Theorem 3.3.7], [13] and [15] (and essentially already in [20] for w(t) = t°,
0 < a <1). As far as we know, the strongest and the most general versions of
(6) follow from versions of the Converse Taylor Theorem proved in [11] and [8]. In
particular (see [15, Theorem 2.6 and Remark 2.7]), [8, Chap. 1, Corollary 126] easily
implies the following result.

Theorem 1.7. ([15]) Let X be a normed linear space and G C X an open convex
set. Suppose that G is either bounded or has the property that there are a € X,
r >0 and {up}tneny C X, |lunl| = n, such that B(a + u,,nr) C G for each n € N.
Then, for each modulus w € M and for each function f on G,

f is both w-semiconvex and w-semiconcave on G = f € C*(G).

Remark 1.8. Using (5), we easily see that the assertion of Theorem 1.7 implies the
following analogue of (4):

f is both (Kw)-semiconvex and (Kw)-semiconcave for some K > 0

— fe ™). (7)
For a local version of (7) see [13, Theorem 6.1]. See also Proposition 6.9 for refor-
mulations of this characterization of C''*-smoothness on some convex sets. ]

Let us note that an easy compactness argument shows that an unbounded open
convex G C R" satisfies the assumption of Theorem 1.7 if and only if it contains a
translation of a convex cone with nonempty interior.

The main result of the present article is the following theorem which shows that,
for X = R"™, Theorem 1.7 is optimal in the sense that the assumption on G cannot
be relaxed. It follows immediately from Proposition 5.13 (proved in Section 5) via
Remark 5.7 (i).

Theorem 1.9. Let G C R™ (n > 2) be an unbounded open convex set which does
not contain a translation of a convex cone with nonempty interior. Then there exists
a concave modulus w € M with lim; o w(t) = 0o and a function f which is both
w-semiconver and w-semiconcave on G but f ¢ C(Q).

Since [8, Chap. 1, Corollary 126] is a rather general result (working with classes
C*(@) for each k € N), we find useful to present (in Section 4) direct proofs
(which partly follow arguments from [8]) of Theorem 1.7 and of some its quantitative
versions (sharper than those which directly follow from the proof of [8, Chap. 1,
Corollary 126]). Namely, we prove the following result.

Theorem 1.10. Let X be a normed linear space and ) # G C X an open convex
set. Let w € M and let f be a function on G which is both w-semiconver and
w-semiconcave. Then the following assertions hold.

(i)  If G is bounded, then [’ is uniformly continuous with modulus 6 eqw, where
e = diam G/ sup{r : B(a,r) C G}.

(i) IfaeX,r >0 and{u,}tnen CX with ||u,|| = n are such that B(a+u,,nr) CG
for each n € N, then [’ is uniformly continuous with modulus 6 (1 + 1/r)w.
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Remark 1.11. (i) The proof of [8, Chap. I, Corollary 126] gives the multiplicative
constants 15 and 30 instead of our constants 6 and 6. Using the example from
Remark 4.4 (for G = B(0,2) C X), we easily see that the constant 6 in (i) cannot
be replaced by any constant ¢ < 2.

(ii) In the special cases when G = X or w is linear, we can assert that f is C14«-
smooth (see Corollary 4.3 and Remark 4.5). O

In the last Section 6 we show that our results have immediate consequences (or
reformulations) concerning

(i) a first-order quantitative converse Taylor theorem and

(ii) the problem whether f € C**(G) whenever f is continuous and C}“-smooth
on all lines.

We hope that these versions of our new results can be interesting also for readers
which are not interested in w-semiconvex functions.

At the end of Section 6, a natural open question is formulated.

2. Preliminaries
2.1. Basic definitions

In the following, X will be always a real normed linear space and X* its dual space.
The norm and the origin in any normed linear space will be denoted by || - || and 0,
respectively. By the derivative [’ of a function f defined on a subset of X we always
mean the Fréchet derivative and the notion of C''-smoothness has the standard sense.

The symbol B(z,r) (B(z,r)) denotes the open (closed) ball with centre x and radius
rin X. For A C R", the symbols A and span A denote the closure and the linear
span of A, respectively. By a cone in R™ we mean a set C' C R" such that A\x € C
for each z € C'and A > 0. A ray in R" is a set of the form p = {a +tv : ¢t > 0},
where a € R™ and 0 # v € R". By the dimension dim(C) of a convex set C' C R
we mean the dimension of the affine hull of C' (see [19, p. 12]).

2.2. w-semiconvexity and w-semiconcavity

We frequently use the obvious fact that if f is w-semiconvex (resp. w-semiconcave)
on G and ¢ > 0, then the function c¢f is (cw)-semiconvex (resp. (cw)-semiconcave).

Further, it follows easily from Definition 1.3 that w-semiconvexity is equivalent to
“w-semiconvexity on all lines”. More precisely, the following statement holds.

Lemma 2.1. Let X be a normed linear space, G C X an open convex set, we M,
and let f be a continuous function on G. Then the following conditions are equiva-
lent.

(i)  f is w-semiconver on G.

(ii) Foreverya € G andv € X, ||v| =1, the function f,, :t— f(a+tv) defined
on the open interval {t € R : a+tv € G} is w-semiconver.
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Remark 2.2. (i) Using Lemma 2.1, it is easy to see that, to prove implications
(1) and (5), it is sufficient to prove them for X = R. The validity of (1) for X =R
is almost obvious. Indeed, the assumption of (1) implies that g(z) := f(z) + $a?
is convex on G, since ¢'(z) = f'(z) + Cx is clearly nondecreasing on the interval
G. And the validity of (5) for X = R immediately follows e.g. from [5, Proposition
2.1.2].

(ii) Using Lemma 2.1, Remark 1.4 and (1), we obtain that if w is linear, then we can
assert in (5) even that f is both @-semiconvex and w-semiconcave, where @ := %w.
However, for general modulus it is not true even for X = R and @ := Cw, where
C' < 1 is any absolute constant. Indeed, if 0 < C' < 1 is given, we choose p € (1,2)
such that C' < 1/p and set w(t) :=t*~', ¢ > 0, and f(x) := 27/p, x € (0,1). Then
f'(x) = w(z), v € (0,1), and consequently the concavity of w implies that f is
Cl¥-smooth. However (as observed in [14, Remark 2.10 (ii)]), it is not difficult to
show that f is not (Cw)-semiconcave. O

We will need the following fact which is an easy consequence of (5) and Lemma 2.1.

Lemma 2.3. Let X be a normed linear space, G C X an open conver set, w € M
and let f be a Fréchet differentiable function on G. Suppose that

W)y —2) = @)y — o) < lly = zllwlly —2]), =yeq. (8)

Then f is both w-semiconvexr and w-semiconcave on G.

Proof. We will first observe that if f,, is any function as in Lemma 2.1 (ii), then
faw is CH¥-smooth. 9)

Indeed, for each t; # ty from the domain of f,, we can apply (8) to = := a + t;v
and y := a + tyv, and obtain

|(fan)'(t2) = (fa) (t)] = [f'(a + t2v)(v) = f'(a + t10)(v)]

|f/(a+t20)((t2 — t1)v) — f'(a+ tw)((t2 — t1)v)] < w([ta — 1))

Jta — 1]

Therefore each f,, is w-semiconvex by (5) and so f is w-semiconvex by Lemma 2.1.
Using the same argument to — f, we obtain that f is also w-semiconcave. [

An other basic tool for us is the following essentially well-known result.

Lemma 2.4. Let X be a normed linear space, G C X an open convex set and
w € M. Let a function f be both w-semiconver and w-semiconcave on G. Then f
is Fréchet differentiable on G and

[f(y) = f@) = f'(@)(y —2)| < ly = zllw(ly —=l)), =yeC. (10)

Proof. A proof in the case X = R" can be found in [5] (see the proof of [5, (3.23),
p.60]). The proof of the general case is factually contained in the proof of [15,
Theorem 2.6]. For the convenience of the reader, we shortly repeat the argument
from [15]. It is based on [21, Theorem 3] (cf. also [22, Proposition 2|) which easily
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implies (cf. [15] or [6, Corollary 4.5]) that w-semiconvexity of f implies that for each
z € (G there exists ®, € X* such that

flx+h)— f(x) = P.(h) > —||h|lw(]|R]]) whenever x4+ h € G.
Since — f is also w-semiconvex, for each x € G there exists U, € X* such that
—f(x+h)+ f(z) — V. (h) > —||h||w(]|h]]) whenever x4+ h € G.
Adding these two inequalities, we easily obtain that ¥, = —®, and
|f(x+h)— f(z) — P.(h)| < ||h||w(||h]]) whenever z+ h € G,
which implies that f'(z) = ®, and so (10) holds. O
Lemma 2.4 and Remark 1.4 immediately imply the following well-known result.

Corollary 2.5. Let X be a Hilbert space, G C X an open convex set, and let f be
a function which is both semiconvexr and semiconcave with constant C' > 0 on G.
Then f is Fréchet differentiable on G and

1f(y) = f(x) = @)y — 2)| < %Hy —al*, zyeG. (11)

The following result (which clearly implies that the converse of Corollary 2.5 holds)
is also essentially well-known, but we prefer to present a simple proof.

Lemma 2.6. If X, G, w are as in Lemma 2.4 and f satisfies (10), then f is both
(2w)-semiconvex and (2w)-semiconcave. Moreover, if w is linear, then f is both
w-semiconvexr and w-SemMiconcave.

Proof. For each z € G, y € G, we can apply (10) for x := y and y := x and obtain

[f(@) = fly) = W)@ =yl < llz = yllw(lz = yl).
Adding this inequality with (10) and using the triangle inequality, we obtain

W)y — ) = f(2)(y — 2)| < 2lly — zl|w(ly — ).

Since we have proved that (8) implies (9), we obtain that each function f,, is C}?*-
smooth and consequently both (2w)-semiconvex and (2w)-semiconcave by (5) (and
even both w-semiconvex and w-semiconcave by Remark 2.2 (ii) if w is linear). So
the assertions of the lemma follow by Lemma 2.1. ]

Remark 2.7. The second assertion of Lemma 2.6 does not hold for general w. In
[16], it is shown that if w(t) = t/2, t > 0, 2792 < C < 1 and f(x) = —C|z|?/?,
x € G :=R, then (10) holds but f is not w-semiconvex.

We will need also the following special case of [7, Lemma 2.7].

Lemma 2.8. Letw € M andn >k > 2. Let ) # G C R"™ be an open convex set,
and let L : R™ — R* be a linear surjection. Let f be a function on L(G) which is
both w-semiconver and w-semiconcave on L(G). Then there exists C > 0 such that
the function f o L is both (Cw)-semiconver and (Cw)-semiconcave on G.

(Note that by well-known facts, L(G) is an open convex set.)
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2.3. Recession cones

In the proof of our main result, we will use some properties of recession cones (called
sometimes also asymptotic cones) of unbounded convex sets A C R". We refer to
the exposition in [19], however we denote the recession cone of A by rec(A) (and
not 0T A as in [19]).

Definition 2.9. Let ) # A C R™ be a convex set. By the recession cone of A we
mean the set rec (A) of all y € R" such that x+ Ay € A foreach z € Aand A > 0. [

We will need the following two lemmas on open convex sets which easily follow from
results proved in [19] for closed convex sets.

Lemma 2.10. Let () # G C R™ be an open convex set. Then the following asser-

tions hold.

(i)  rec(G) = rec(G).

(ii) rec(G) is a closed conver cone in R™ and 0 € rec (G).

(iii) rec(G)={yeR*: Ix € GVA>0: =+ \y € G}.

(iv) If G is unbounded then rec (G)\ {0} # 0.

(v) dim(rec (G)) = dim(span(rec (Q))).

(vi) dim(rec(G)) = n if and only if G contains a translation of a cone with
nonempty interior.

Proof. Property (i) follows from [19, Corollary 8.3.1] and (ii) from [19, Theorem
8.2] and (i). Theorem [19, Theorem 8.3] and (i) imply (iii). Property (iv) follows
from [19, Theorem 8.4] and (i). Property (v) is obvious since 0 € rec(G). Using
(iii) and (v), it is easy to prove (vi). O

The following lemma is an easy consequence of [19, Theorem 9.1].

Lemma 2.11. Let G C R™ be an unbounded open convex set and let L : R™ — R™
be a linear surjection with the property L='({0}) Nrec (G) = {0}. Then we have

rec (L(G)) = L(rec (Q)).

Proof. By Lemma 2.10 (i) we have rec (G) = rec (G). So L™({0}) Nrec(G) = {0}
and thus [19, Theorem 9.1] (applied to C' := G) implies that L(G) is closed and
rec (L(G)) = L(rec (G)). It is an easy well-known fact that L(G) is an open convex
set. Continuity of L implies L(G) C L(G) and so L(G) = L(G) since L(G) is
closed. Therefore rec (L(G)) = rec (L(G)) by Lemma 2.10 (i) and the equality
rec (L(G)) = L(rec (G)) follows. O

3. Linear modulus

The present short section is devoted to result (2) which is rewritten below as The-
orem 3.1. We do not know the origin of this interesting useful result which is
well-known for a long time.

It is stated (for G = X) in [17, p. 265](1986), where it is written (without a reference)
that the case G = X = R" is well-known and it is shown how the general case easily
follows from the finite-dimensional case. The case G = X is completely proved
n [9](1989). Let us note that a weaker version of Theorem 3.1 which asserts that
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[ € CH(G) only, is factually proved in [20](1979) (for G = X and Lipschitz f) and
very easily follows (for G = X)) from [18, Proposition 10.b](1965) which asserts that
if g and h are continuous convex functions such that g(x)+h(z) = (1/2)||z|?, = € X,
then ¢’ is Lipschitz with constant 1. The equality G = X is vital in [18] and [9].

Several proofs of Theorem 3.1 work with second derivatives of f. For example,
[5, Corollary 3.8] and [2, Exercise 3.8, p.183] use distributional derivatives, and
[4, Lemma 2.7] and [1, Theorem 2.3] use Aleksandrov’s theorem on a.e. second
differentiability of convex functions.

We present below a short elementary proof using the procedure (based on (13)) which
will be used also in the proof of Lemma 4.2. Our proof is similar to elementary proofs
given in [10, Theorem 1.1] and [3, Corollary 5.1] and we guess that a similar proof
is (essentially) contained also in a much older article.

Theorem 3.1. (well-known) Let X be a Hilbert space, G C X an open convex set
and let a function f on G be both semiconver and semiconcave with constant C'.
Then f is differentiable on G and [’ is Lipschitz with constant C.

Proof. By Corollary 2.5 we know that f exists on G and (11) holds. First we will
show that if u,v € G, u # v, then

B u—i—v’ v —ul|
2 2

)cG — 1) - F@ < Clo—ul.  (12)

To this end, suppose that the assumption of (12) holds. Without any loss of gener-
ality we can suppose that

1 1
Flu) = F0) + 3£ @0 —w) = 37/ 0)(u—v) <0, (13)
since otherwise we could work with f := — f instead of f. Now consider an arbitrary
w € X, ||lw| = |Jv—ul|. Then we have 3(u+ v+ w) € G and therefore, using (11)

and (13), we obtain

= f(g o 0) - 1w - £ (G o)
F 1) = F(0) + 30— u) — 3 f @)~ )

- (13t vt w) - 0 - o) (Glw - ))

C C
< o+ @=wlP+ Sl = - v

_ O 2 C 2 C 2
= el + o llv —ul” = Sllv =]
and hence
[ o Y e A COLCC) et 0 L O N

weX, ||w|=|u—v| [|w]|
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Now consider arbitrary z,y € G, x # y. We can clearly choose n € N so large that,
for each 1 <i <n,

E(zi_12+ zi, = _2zi_1”) C G, where z; ;== x + i(y —z), i €{0,...,n}.
n

Then (12) implies that || f'(z;) — f'(zi—1)|| < C|lzi — zi—1|| for each 1 < i < n, and
consequently

1" (w) = (@) <Z!|f zi) = f'(zi)ll <ZC|!Zz ziall =Clly —z|. O

4. Results for a general modulus

In this section, we prove Theorem 1.10 and interesting Corollary 4.3. Other more
special versions of implication (6) (for X = R or for special w) can be found in
Remark 4.5 and Remark 5.3.

Remark 4.1. Note that in the proof of Lemma 4.2 (and so also in the proofs of
Corollary 4.3 and Theorem 1.10) the assumption that f is both w-semiconvex and
w-semiconcave is applied via property (10) only. O

Proceeding similarly as in the proof of Theorem 3.1, we obtain the following estimate.

Lemma 4.2. Let X be a normed linear space, G C X an open convex set, w € M,
and let f be a function on G which is both w-semiconvex and w-semiconcave. If
y,z € G, r >0 and B(y,r) C G, then

17 - ol < 2(1+ o (s Lo -y, (1)

Proof. As in the proof of Theorem 3.1, we may suppose that

1 1
F) = 1)+ 5 W) —y) = 5[ (2)y = 2) < 0.
Then for every w € X, ||w|| = r, we obtain, using 3(z +y + w) € G and (10),

re)(0) - 70 (50)

—f( (Z+y+w)) —f(y)—f’(y)(1

2(w+z—y))

F 1)~ 1)+ 30— y) — 5P 2)

- (1(3e+vrw) - 1@ - re(je-2+n))

gl + G = o G+ G =l ) + Sl = =l (50 - = )]

IA

<(r+]2 —y||>||w(1<r+ . y||>)
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and hence 1 (z) = f'(y)||= sup f'(2)(w) = f'(y)(w)

weX, ||lw|=r ]|

§2(1+M> (—r+—||z—y|!) O
r 2

Using (14) for z # y and r := ||z — y||, we immediately obtain the following result.

Corollary 4.3. Let X be a normed linear space and w € M. Suppose that a
function f on X s both w-semiconver and w-semiconcave. Then f’ is uniformly
continuous with modulus 4w.

Remark 4.4. Corollary 4.3 is optimal in the sense that the constant 4 cannot
be diminished, even for linear modulus. It is factually shown in [3, Example 5],
where the authors consider the example of the function f(z,y) = 22 — y? on the
space X = (R?|| - |lo). They (factually) show that then (10) holds with G = X
and w(t) = t, which implies by Lemma 2.6 that f is both w-semiconvex and w-
semiconcave on X. Observing that || f'((1,1)) — f/((0,0))]| > 4]|(1,1)]|cc = 4 (see [3,
Example 5]), our assertion follows. O

Using Lemma 4.2, we give also a relatively short proof of Theorem 1.10 formulated
in the introduction.

Proof of Theorem 1.10: (i) Suppose that G is bounded.

Let x,2+h € G and £ > 0. We find yy € G and 7 > 0 such that B(y, ) C G and
diam G/ro < eg +¢e. Set X := ||h|/diam G, s := z + Lh, y := A\yo + (1 — A)s and
r := Arg. Then

I, Il
eg +¢€ ea

B(y,r) = AB(yo,70) + (1 = A\){s} C G and

Clearly ||s — yo|| < diam G — 1 and so

Al
diam G

Is = yll = IA(s = wo)ll =

,
Is = goll < 18]l (1= =) < lIa]l -

Consequently, if z =z or z =z + h, we have ||z — y|| < 2[|h| — 6G+E||h\| Using this
inequality, estimates of r and the obvious inequality eg > 2, we obtain

2(

<2(1+ ea+e>—1)=3<ea+s>,

1 1 h 1
and NS EET (' LS = el < e
eq +
Therefore (14) gives ||f'(z) — f'(v)|| < 3(eq + &)w(||h]|) and

1f (e +h) = f(@)] < ||f'(iv +h) = FWI+ () = W)l < 6(ec + )w([Ihl])
which implies the assertion of (i).

(ii) Suppose that a € X, r > 0 and {u, }nen are such that we have ||u,| = n and
B(a + up,nr) C G for each n € N.
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If r > 1, it is easy to see that G = X and thus Corollary 4.3 implies assertion (ii).

So suppose 0 < r < 1. Let z,x + h € G and € > 0. Then there exists n € N such
that z,z + h € B(a,enr). Set

r+1
2

If y € B(a+ uay,, 2nr), then

si=a+ uy, and  H:=GNB(s,n(r+1+er)).

ly = sll < lly = (@ +uzn) | + lIs = (@ +ugn) || < 20 +1(L —7) = n(r + 1).

Therefore B(a + gy, 2nr) C H and consequently

diam H < 2n(r +1+er)

ey <
H = 2nr 2nr

1
=1+-+ec
r
If y € B(a,enr), then
ly —sl| < |ly —al| + ||s —a|]| <enr+n(r+1)=n(r+1+er),
and consequently z,z + h € H. Hence ||f'(x + h) — f'(2)]| < 6(1 4+ 1/r + )w(||h|])

by case (i), and the assertion of (ii) follows. O

Remark 4.5. Let X be a normed linear space, G C X an open convex set, w € M,
and let f be both w-semiconvex and w-semiconcave on G.
(i) If X is a Hilbert space and w is linear, then f € C1%(Q).

(i) If X =R, then f € C*(Q) too.
(iii) If X is general and w is linear, then f € CM“(G).

Indeed, (i) is a reformulation of (2) by Remark 1.4. Easy assertion (ii) follows e.g.
from [7, Proposition 2.8 (i)]. To prove (iii), we can proceed similarly as in the
second part of the proof of Theorem 3.1, choosing for given z, y the number n so
large that the points z; have the property that B(z;, ||z — zi-1]|) C G,i=1,...,n.
Then, applying (14) to y := z;, 2z := z; and r = ||z; — z;_1||, the inequality
| f'(y) — f'(2)]] <4w(|ly — z||) easily follows. O

5. Optimality in finite-dimensional spaces

The main result of the present section is Proposition 5.13 which immediately implies
Theorem 1.9.

By Remark 4.5 (iii), we know that if w is linear, then the implication (6) holds for
each open convex subset G of an arbitrary normed linear space. This assertion holds
also for some nonlinear w € M (cf. Remark 5.3 below), but the following example
shows that for the most interesting nonlinear moduli this assertion does not hold.

Example 5.1. Let X =R? and G :=R x (0,1). Let w € M be such that
w(t)

t
liminfw > (0 and liminfT = 0. (15)

t—0+ ¢ t—o0
Then the implication (6) does not hold.

Proof. Set g(z) := x125 where z = (x1,22) € G. By (15) we can choose 1 > § > 0
and ¢ > 0 such that ¢t < w(t) for each t € (0, ).
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Then the monotonicity of w implies ¢d < w(t) for each t € (J, 00). We will show that

2 2
g is both (—5 w) -semiconvex and (—5 w)—semiconcave on G. (16)
c c

To this end consider x = (z1,72) € G and h = (hy, hy) € R? with z +h € G. Note
that |he| < 1. We have

lg(x +h) — g(x) — ¢'(x)(h)| = [(x1 + h1)(x2 + ha) — 2129 — (22h1 + 21ho)| = |h1hal.
Now we distinguish two cases. If ||| < 0, then
1
l9(z +h) = g(x) = g'(x)(R)] = [hahs| < (2] - [IAI] < [|Al] Zco(lIR]).
If ||| > 6, we have
1
l9(x + 1) = g(z) = ¢'(2)(B)] = [hahe| < |In] < [|Al] Zc([Al])-

So Lemma 2.6 implies (16), and consequently the function f := 2g is both w-
semiconvex and w-semiconcave on G.

However, we will show that f ¢ C**(G). Suppose to the contrary that f’ is uni-
formly continuous with modulus Dw on G for some D > 0. Then also the function
p(x1, ) = 53—;;(1,’1,1'2) = x7 is uniformly continuous with modulus Fw on G for

some £ > 0. By (15) there exists ¢ty > 0 such that Ew(ty) < ty and therefore

1 1 1
to = p<t0, 5) = p<t07 5) —p(O, 5) < Ew(ty) < to,
which is a contradiction. O]

Remark 5.2. We have proved that if w € M has properties (15), then there exists a
C! function f on the strip R x (0, 1) which is both w-semiconvex and w-semiconcave,
and for which f’ is not uniformly continuous on the ray [0, 00) x {3} with modulus
Dw for any D > 0.

Remark 5.3. (1) If liminf, o4 @ = 0, then (for arbitrary X and G) f is w-
semiconvex (resp. w-semiconcave) on G if and only if f is continuous and convex
(resp. concave) on G (see e.g. [15, p. 3, (2)]). Consequently (6) clearly holds for
arbitrary X and G.

(2) If liminf, # > 0, then (as proved in [16]) (6) holds for X = R? and an
arbitrary G C X.

It follows that condition (15) in Example 5.1 cannot be relaxed. O

The proof of Theorem 1.9 for n = 2 is based on the constructions of the following
two lemmas. (The case of general n needs a nontrivial inductive argument.)

Lemma 5.4. Let n : [0,00) — [0,00) be a continuous nondecreasing nonconstant
concave function with n(0) = 0 and lim;_,o, n(t)/t = 0. Then there ezists a concave
modulus w such that

(i)  w(t) >min(1,t), te€]0,00),

(ii)  the function g(t) := %, t €[1,00), is bounded,

(ili) limy e w(t)/logt =0, (iv) limy_yoo w(t) = 0.
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Proof. First we will construct a concave modulus © € M, for which conditions

(i)—(iii) hold. Set @(t) :=t¢, t € [0,1], and

PSS S (O
w(t).—1+n<1) /1 " du, t>1.

Then clearly @ € M and (i) holds for @.

Note that the function u — 7(u)/u is nonincreasing on [1, c0) by concavity of 1. So
the function u + n(u)/u? is nonincreasing on [1,00) too. Consequently we obtain
that @ is concave on [1,00) and since @, (1) = 1, we obtain that @ is concave on
[0, 00).

Since u — n(u)/u is nonincreasing on [1, 00), we obtain that, for 1 < u < ¢, we have
o) _ le) 1
w? Tt u

1 t) (1 1 t
consequently @(t) > —— ) / —du = —- () logt, t > 1, and so (ii)
1

(1) i u n(1) 1
for @ follows. Finally, (iii) for @ follows by L'Hospital’s rule, since
En() 1o, ulo]
lim flL = lim tf = 0.
t—oo  logt t=oo ¢

Now it is easy to see that the modulus
w(t) :=w(t) + Vlog(l +1t), te€[0,00),

has all demanded properties. Il

Lemma 5.5. Let n : [0,00) — [0,00) be a nondecreasing nonconstant continuous
concave function such that n(0) = 0 and lim;_, n(t)/t = 0. Set

H :={(x1,25) € R?:z > 1, |zo| < m(x1)}
and f(z1,x2) :=log(xy)xe, (x1,29) € H.

Then there exists a concave w € M such that

. B w(t)
tlgilow(t) =% tL\I?o @ =90, (17)
and [ is both (Cw)-semiconver and (Cw)-semiconcave for some C' > 0. (18)

Proof. By Lemma 5.4 there exists a concave w € M such that (17) and conditions
(i), (ii) of Lemma 5.4 hold. So we can find D > 0 such that

n(t)log(t) < Dtw(t) and n(t) < Dt, t>1. (19)

To prove (18), we will use Lemma 2.3. So we consider arbitrary z = (z1,22) € H,
y = (y1,y2) € H and set h = (hy, hy) := y — x. By the symmetry, we can suppose
that hy > 0. Now we will estimate from above

='Wy —=2) = f(@)y —2)| = [z + h)(h) = f()(R)].
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An elementary computation gives

T2 + hy To
= ~hy +1 hi)hy — —hy —1 h
w1+ By 1 + log(zy1 + hy)ho 7 1 og(x1)hs
To+hy @
<h ——| +1h| (1 hy) —1 — A+ B.
=1 x1+ hy T + | 2| ( Og(xl + 1) Og($1)) +
_ 2
We have A=h a1 — iy < hihs| (h1)?|mo] '
(xl + hl)xl r1+ hy (Il + hl)xl

Using Lemma 5.4 (i) and x; > 1, we obtain

hu Bl

oty < minflAll, 1[1*) = [|A]] min(L, [[A]]) < [2llw[lR]])

and, using also |xs| < n(z1) < Dz,

(h1)?|as] <D (hy)?
(:1:1 + hl)xl - x|+ hl

< D min([[2], [2]*) < D[Allw([I2]).

and consequently A < (D + 1) ||hljw(||R|]).
If hy <1, then hy < w(hy) by Lemma 5.4 (i), and therefore

h h
B = |ha|log <1 + x—l) < ’h2|x—1 < [halhy < |holw(hy) < [[Allw([[A]]).
1 1

If 1 < hy < x4, note that Lemma 5.4 (i) implies 1 < w(h;) and we obviously get
|ho| < 2n(z1 + hy1). Therefore we obtain, using also (19),

h h 2
B = |hs|log (1 + —1) < (s + )1 < 9120,
T I T

< 4Dhy < 4Dhw(hi) < 4D||hflw(([R]])-
If 21 < hy, then we obtain, using |hs| < 2n(z; + hy), (19) and concavity of w,

B = |hy|(log(x1 + hy) — log(z1))
< 2n(zy + hy) log(zy + hy) < 2D(zq + hy)w(z1 + hy)
< 4Dhyw(2h1) < 8Dhyw(hy) < 8D||hljw(||h]])-

Using the above estimates, we obtain V = A+ B < (9D +2) ||h||w(||k||). So Lemma
2.3 implies that (18) holds for C' := 9D + 2. O

The proof of our main result in general R™ uses an inductive argument which needs
the following auxiliary notion.

Definition 5.6. Let n € N and w € M. Then we denote by G, (w) the set of all
open convex sets G C R" for which there exist a ray p C G and a function f € C'(G)
which is both w-semiconvex and w-semiconcave and for which there is no real D > 0
such that f is uniformly continuous on p with modulus Dw. [



V. Krystof, L. Zajicek / Functions on a Convex Set ... 851

Remark 5.7. (1) If G € G,(w), then implication (6) clearly does not hold.

(2) In Definition 5.6, we can equivalently write the weaker property “f is both
(Cw)-semiconvex and (Cw)-semiconcave for some C' > 0”. Indeed, then the function
f*:=(1/C)f shows that G € G, (w). O

Remark 5.8. Note that Remark 5.2 immediately implies that, if w € M has prop-
erties (15), then R x (0,1) € Go(w). O

The following result on further unbounded open convex subsets in R? easily follows
from Lemma 5.5.

Lemma 5.9. Let u be a positive nondecreasing concave function on (1,00) and let [
be a negative nonincreasing convex function on (1,00) such that lim, . u(z)/x =0
and lim, oo l[(z)/z = 0. Then there exists a concave modulus w € M such that
limy o w(t) = 00 and

G:={(z,y): z>1, l(z) <y <u(z)} € Ga(w). (20)

Proof. Set h(z) := u(z) —l(z), z > 1, a := max(h(2), ' (2)) and b := 2a — h(2).
Clearly a > 0, b > 0. Let n(z) := ax for x € [0,2] and n(z) := h(z) + b for
x € (2,00). Then 7 is clearly a nonnegative nonconstant nondecreasing continuous
concave function on [0, 00) such that n(0) = 0, lim, . n(x)/z = 0 and

G CH:={(x1,72) ER*: 2y > 1, 12| < n(z1)}.

Let f(zy,mq) := log(x1)za, (x1,22) € H, and let w € M be a modulus which
corresponds to 1 and f by Lemma 5.5. Suppose to the contrary G ¢ Go(w). Since
G C H and (18) implies that f is both (Cw)-semiconvex and (Cw)-semiconcave on
G for some C' > 0, using Remark 5.7 (ii) we obtain that f’ is uniformly continuous
with modulus Dw on the ray p := [2,00) x {0} C G for some D > 0. Consequently

of of
—(t,0) — =—(2 =llogt —log2| < Dw(t—2), t>2
9, (1 0) — 5, -(2,0)) = [logt —log2 < Duw(t —2), t>2,
which clearly contradicts (17). O

The following lemma is geometrically obvious.

Lemma 5.10. Let V be a two-dimensional linear subspace of R™ and C C V a
two-dimensional closed convex cone such that {v, —v} C C for nov # 0. Then there
exists 0 # w € V such that span({w}) N C = {0}.

Lemma 5.11. Letw € M be concave. Letn > k > 2, let G C R™ be an open convex
set, and let L : R" — R* be a linear surjection. Suppose that H := L(G) € Gi(w)
and rec (H) C L(rec (G)). Then G € G, (w).

Proof. Since H € Gi(w), there exist aray p C H and a function f € C''(H) which is
both w-semiconvex and w-semiconcave and for which f” is not uniformly continuous
on p with modulus Dw for any D > 0. Set f(y) := f(L(y)) for y € G.

Then f € C'(G) and there exists C' > 0 such that f is both (Cw)-semiconvex and
(Cw)-semiconcave on G by Lemma 2.8.
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We can write p = {a+tv: t € [0,00)}, where a € H and v € R*\ {0}. Then
v € rec (H) by Lemma 2.10 (iii) and so, by the assumptions, there exists ¢ € rec (G)
with L(9) = v. Choose @ € G with L(a) = a. Then p:={a+t0v: t €[0,00)} C G.
It is easy to see that L(p) = p and, for o := [|9]|/||v]],

o~ |L(&) = L) = |17 — ]| for each 7, € p (21)

Now suppose, to the contrary, that G' ¢ G, (w). Then by Remark 5.7 (ii) there exists
D > 0, such that

1)@ = (@I < Dw(llz-3l), #7€p (22)

Consider the dual mapping L* : (R¥)* — (R")* defined by L*(¢) := poL, ¢ € (R¥)*.
Since L is surjective, L* is injective and so L* : (R¥)* — L*((R*)*) is a linear
isomorphism. So there exists § > 0 such that

Bllg o L|| > ||¢]| for each ¢ € (Rk)* (23)

Now consider arbitrary x,y € p and find Z,5 € p such that L(Z) = z, L(g) = y.
Using (23) for ¢ := f'(x) — f'(y), (22), (21) and the concavity of w, we obtain

1) = f' Wl < BI(f (=) = f'(y)) o LIl = BICF(L(T) = f(L(G)) o L]
=Bl (@) = (fY @I < BDw(|lz — )
= fDw(allz —y|) < D max(L, a)w(||lz —y])).

So f’ is uniformly continuous on p with modulus Dw for D := 8D max(1, «), which
is a contradiction. O

As an easy consequence we obtain the following fact.

Lemma 5.12. Let w € M be concave. Let n > 2, let G C R™ be an open convex
set, and let A : R™ — R™ be an affine bijection. Then G € G,(w) if and only if
A(G) € G, (w).

Proof. If A is linear, then the assertion follows from Lemma 2.11 and Lemma 5.11.
If A is a translation, then the proof is obvious. So the lemma clearly follows. ]

As already mentioned, Theorem 1.9 immediately follows from the following propo-
sition via Remark 5.7 (i).

Proposition 5.13. Let n > 2 and let G C R"™ be an unbounded open convex set
which contains no translation of a convex cone with nonempty interior. Then there
exists a concave modulus w € M with limy_,. w(t) = 0o such that G € G,(w).

Proof. We will proceed by induction on n.

(a) Let n = 2. Then our assumptions and Lemma 2.10 (iv), (vi) imply that
dim(rec (G)) = 1. On account of Lemma 5.12 we can suppose (1,0) € rec(G).
Now we will distinguish two cases.

If also —(1,0) € rec(G), then clearly G = R x H for an open convex set H C R.
Since dim(rec (G)) = 1, H is a bounded open interval. By Lemma 5.12 we can
suppose H = (0,1) and so G € Gy(w) e.g. for w(t) = v/t by Remark 5.8.
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If —(1,0) ¢ rec (G), then we can suppose (by Lemma 5.12) that

{r eR:(z,0) € G} = (1,00).
We can also suppose that a support line to G at (1,0) is parallel to the y-axis. For
x> 1, set u(z) :=sup{y : (z,y) € G} and I(z) := inf{y : (z,y) € G}. It is easy to
show that wu is a positive nondecreasing concave function on (1,00), [ is a negative
nonincreasing convex function on (1, 00) and

G=A{(z,y): z>1, l(x) <y <u(x)}

Then A := lim,_,o, u(z)/x = 0, since otherwise (1, A/2) € rec (G) and thus we have
dim(rec (G)) = 2. Similarly we obtain lim,_, {(z)/x = 0. So our assertion follows
from Lemma 5.9.

(b) Now suppose that n > 3 is given and that the proposition “holds for n — 1”.
We will distinguish two cases.

(bl) There exists v # 0 such that {v, —v} C rec(G) (i.e., G contains a line).

By Lemma 5.12, we can suppose that v = (0,...,0,1) and thus there exists an open
convex set H C R"™! such that G = H x R. Then clearly dim(rec (H)) < n —1 and
so the inductive assumption gives that H € G,_;(w) for some concave w € M with
limy 00 w(t) = c0. Let L(z1,...,2,) = (21,...,2,-1). Then clearly L(G) = H and
rec (H) C L(rec (G)). Therefore G € G,,(w) by Lemma 5.11.

(b2) There is no v # 0 such that {v, —v} C rec (G).

We will show that there exists a linear surjection L : R® — R"~! such that
L7'({0}) Nrec (G) = {0} (24)
and dim(L(rec (G))) <n — 1. (25)

If dim(rec (G)) < n — 1, it is easy (using Lemma 2.10 (v)) to find L satisfying (24)
and observe that (25) holds.

In the opposite case (v) and (vi) in Lemma 2.10 imply that dim(rec (G)) =n —1
and there exist linearly independent vectors vy, ...,v,_1 € rec(G). Now we apply
Lemma 5.10 to the space V' := span{v;,v,} and the cone C' := V N rec (G) (which
is closed by Lemma 2.10 (ii)) and obtain a corresponding vector w. Then any linear
surjection L : R™ — R""! with L(w) = 0 clearly satisfies (24). Moreover, L(w) = 0
implies that the vectors L(v;) and L(vg) are linearly dependent and consequently
dim(L(rec (G))) <n — 1.

So there exists L for which (24) and (25) hold. Using (24) and Lemma 2.11 we
obtain rec (L(G)) = L(rec(G)). So dim(rec(L(G))) < n — 1 and consequently

L(G) € G,_1(w) for some concave w € M with lim, ., w(t) = oo by the induction
assumption. Therefore we obtain G' € G, (w) by Lemma 5.11. O]

6. Consequences and open questions

As already mentioned, our results are very closely related to a first-order quantitative
converse Taylor theorem and to the problem whether f € C'*(G) whenever f is
continuous and smooth in a corresponding sense on all lines.
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To describe precisely these relations, first recall [8, Chap. 1, Definition 121] in the
special case of real-valued functions and p = 1 (which deal with approximation of a
function by polynomials of degree p < 1).

Definition 6.1. Let X be a normed linear space and G C X an open set. We say
that a function f : G — R is UT*-smooth on G with modulus w € M (or shortly
UT!-smooth) if for each x € G there exist b € R and z* € X* such that

|[f(x+h)—(b+z*(h)| < ||h||w(]|h]]) whenever z+heG. O (26)

Remark 6.2. Note that if (26) holds then clearly b = f(z) and z* = f'(z). So f is
UT!-smooth on G if and only if (10) holds. O

Further, we will use the following terminology.

Definition 6.3. Let X be a normed linear space, G C X an open convex set,
w € M, and let f be a function on G. We will say that f is C1“-smooth on all lines
if, for every a € G and v € X, ||v|| = 1, the function f,, : t — f(a + tv) defined on
the open interval {t € R: a + tv € G} is C*-smooth. ]

Using this notation, we can reformulate some already mentioned facts as follows.

Proposition 6.4. Let X be a normed linear space, G C X an open conver set,
w € M, and let f be a continuous function on G. Then the following implications

hold.

(i)  If f is both w-semiconver and w-semiconcave, then f is UT}-smooth.

(ii) If f is UT!-smooth, then f is both (2w)-semiconver and (2w)-semiconcave.
(iii) If f is C1<-smooth on all lines, then f is both w-semiconvex and w-semiconcave.
(iv) If f is both w-semiconvex and w-semiconcave, then f is CL*-smooth on all

lines.

Proof. Assertions (i) and (ii) are reformulations of Lemma 2.4 and Lemma 2.6,
respectively. Using (5) and Lemma 2.1 we obtain (iii). Lemma 2.1 together with
Remark 4.5 (ii) give (iv). O

Remark 6.5. If w in Proposition 6.4 is linear, then the converse of (i) holds by
Lemma 2.6 and the converse of (iv) holds by Remark 2.2 (ii) and Lemma 2.1. [

Using Proposition 6.4, Remark 4.1 and Remark 6.2, we easily see that

Remark 6.6. Theorem 1.10 and Corollary 4.3 remain true if we replace the prop-
erty “f is both w-semiconvex and w-semiconcave” by the (slightly weaker) property
that “f is UT -smooth function with modulus w” or by the (slightly stronger) prop-
erty that “f is continuous and C!*-smooth on all lines”. O

So we obtain in the very special case p =1, Y = R (and finite modulus w) a more
precise qualitative version of converse Taylor theorem [8, Chap. 1, Corollary 126]
and also of [12, Proposition 12] and [8, Chap. 1, Theorem 127] (which deal with
functions which are “CP*-smooth on all lines”).

In particular, we obtain the following version of Corollary 4.3.
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Corollary 6.7. Let X be a normed linear space and w € M. Suppose that a con-
tinuous function f on X is C1*-smooth on all lines. Then f is C1*-smooth on X.

Further, Proposition 6.4 shows that our basic result Theorem 1.9 can be reformulated
in the following form.

Theorem 6.8. Let G C R™ (n > 2) be an unbounded open convex set which does
not contain a translation of a convex cone with nonempty interior. Then there exists

a concave modulus w € M with limy_,., w(t) = co and a continuous function f such
that

(i)  f is C1*-smooth on all lines,

(ii)  f is UT'-smooth function with modulus w and
(iii) f ¢ CH(G).

In particular, the assumptions on G of [8, Chap. 1, Corollary 126] cannot be relaxed
in the case X = R".

Finally observe that, by Proposition 6.4, equivalence (7) can be extended as follows.

Proposition 6.9. Let X and G be as in Theorem 1.7. Then, for each w € M and
for each function f on G, the following conditions are equivalent.

(1) fel™(G).

(2) f is both (Kw)-semiconver and (Kw)-semiconcave for some K > 0.
(3) f is UT},-smooth for some K > 0.

(4)

f is continuous and C5“-smooth on all lines for some K > 0.

The following natural (cf. Remark 5.3) questions remain open.

Question 6.10. Let w € M, n > 2 and let G C R" be an open convex set which
contains no translation of a convex cone with nonempty interior. Does there exist a
function f on G which is both w-semiconvex and w-semiconcave and does not belong

to C(Q), if
t
w(t)

(1)

(2) wis concave, liminf, o, == >0 and liminf,

(3) w(t)=1t* t>0,for some 0 <a<1?
)

(4) wlt)=+t t>07?

liminf; o O >0 and lim inf; o @ =07

w® _ 9

Remark 6.11. It is proved in [16] that the implication (6) does not hold in the case
wt)=t*1t>0,G={(z,y)eR?: x>0, [yl <2}, 0<a<land0< B <1. 0O
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