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In view of the great performance of circumcentered isometry methods for solving the best ap-
proximation problem, in this work we further investigate the locally proper circumcenter map-
ping and circumcentered method. Various examples of locally proper circumcenter mapping are
presented and studied. Inspired by some results on the circumcentered-reflection method by
R. Arefidamghani, R. Behling, Y. Bello-Cruz, A. N.Iusem and L. R. Santos [The block-wise circum-
centered-reflection method, Comp. Optimization Appl. 76/3 (2019) 675-699; The circumcentered-
reflection method achieves better rates than alternating projections, ibid. 79/2 (2021) 507-530;
On the circumcentered-reflection method for the convex feasibility problem, Num. Algorithms 86/4
(2021) 1475-1494], we provide sufficient conditions for one-step convergence of circumcentered
isometry methods for finding the best approximation point onto the intersection of fixed point
sets of related isometries. In addition, we elaborate the performance of circumcentered reflection
methods induced by reflectors associated with hyperplanes and halfspaces for finding the best
approximation point onto (or a point in) the intersection of hyperplanes and halfspaces.
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1. Introduction

Throughout this paper, we assume that H is a real Hilbert space, with inner product
(-,-) and induced norm || - ||. Set N :={0,1,2,...}, let m € N~ {0}, and denote by
I[:={1,...,m}.

Let C4,...,C,, be closed and convex subsets of H with N*,C; # @. Let x € H.
The best approzimation problem is to find the projection Pnm ¢, @, and the feasibility
problem is to find a point in N, C;.

Denote by P(H) the set of nonempty subsets of H containing finitely many elements.
The circumcenter operator CC: P(H) — H U {@} maps every K € P(H) to the
circumcenter CC(K) of K, where CC(K) is either the empty set or the unique
point CC(K) such that CC(K) € aff(K) and CC(K) is equidistant from all points
in K.

Let I and D be nonempty subsets of H with D C K. Let (Vi € 1) T; : K — H.
Set S = {T\,...,T,,} and(Vz € K) S(z) := {Tiz,...,T,,x}. The circumcenter
mapping CCs induced by S is defined as (Vz € K) CCs(z) = CC(S(x)).
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We say that CCys is proper over D, if (Vx € D) CCsx € D. In particular, if D = H,
then we omit the phrase “over H”; if D g H, we also say that CCs is locally proper.
Assume that C'Cs is proper over D. Let x € D. The circumcentered method induced
by S generates the sequence (CCkx)en of iterations. When D # H, we also say
the related circumcentered method is locally proper. Particularly, if all Ty,..., T},
are isometries (resp.reflectors), then we call the method circumcentered isometry
method (resp. circumcentered reflection method) and CIM (resp. CRM) for short.

For every i € 1, let U; be an affine subspace and let Ry, be the reflector associated
with U;. In [9], Behling, Bello Cruz and Santos defined the circumcentered Douglas-
Rachford method (C-DRM), which is the first circumcentered method in the litera-
ture and is actually the circumcentered method induced by S := {Id, Ry,, Ru, Re, }-
Then they introduced the circumcentered-reflection method which is the circumcen-
tered method induced by S := {Id,Ry,, Ry, Ruy, -+, Ru, - - - Ry, Ry, }. Motivated
by the C-DRM, Bauschke, Ouyang and Wang introduced the circumcenter map-
ping and circumcentered method defined above and showed the global properness
of circumcenter mappings induced by sets of isometries in [5].

Results on circumcentered methods accelerating the well-known Douglas-Rachford
method and method of alternating projections can be found in [1], [7], and [9]. Note
that circumcenter mappings induced by sets of operators that are not isometric are
generally not globally proper, which implies that the related circumcentered methods
may not be well-defined on the whole space. But clearly if a circumcenter mapping
is proper over a nonempty set, say D, then the related circumcentered method is
well-defined with initial points in D. Considering the great performance of CIMs for
solving best approximation problems, naturally one may want to know how will the
locally proper circumcentered methods perform when solving best approximation or
feasibility problems?

In this work, our goal is to study locally proper circumcenter mappings and to explore
the finite convergence of circumcentered methods (not necessarily proper over H.) for
solving the best approximation and feasibility problems. The main results in this
work are the following:

R1: Theorem 3.5 presents an explicit formula for the circumcenter of three points
satisfying an equidistant condition, which plays a critical role in proving the
one-step convergence of the CIM with initial point from a certain set in The-
orem 4.1.

R2: Theorem 4.7 states sufficient conditions for the one-step convergence of cir-
cumcenter methods induced by S being

{Id, Tl, TQ, c ,Tm} or {Id,Tl, TQTl, ce ,Tm tee T2T1}
where (Vi € 1) T; is isometric. Moreover, Propositions 4.8 and 4.9 illustrate

that the sets of initial points required in Theorem 4.7 are dense in H and
specify clear procedures to find practical initial points.

R3: Theorem 5.14 illustrates that we can always find CRMs induced by sets of
appropriate reflectors for finding the best approximation point onto or feasi-
bility point in the intersection of hyperplanes and halfspaces in at most three
steps.
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The organization of the rest of the work is the following. Some preliminary results
are presented in Section 2. In particular, Theorem 2.9 generalizes Bauschke et al.
[5, Theorem 4.7] from circumcenter mapping to general operator and specifies suf-
ficient conditions for the weak convergence of the related iteration sequence. In
Section 3, we deduce a more practical formula for the circumcenter of three points
satisfying a equidistant condition. We also verify that some results on circumcenter
mappings with global properness assumption in [5] and [7] actually hold with only
local properness assumption (see Fact 3.8 and Proposition 3.9). In Section 4, suf-
ficient conditions for the one-step convergence of CIMs are exhibited in Theorems
4.1 and 4.7. In addition, Propositions 4.8 and 4.9 confirm that the conditions re-
quired in Theorem 4.7 are not strong and state clear steps to find desired initial
points. In fact, Theorem 4.1(iii), Theorem 4.7(ii), and Proposition 4.4(ii) are gen-
eralizations of [12, Lemma 2], [11, Lemma 3], and [12, Lemma 3], respectively. The
detailed relations between our results and the related known results are elaborated
in Section 4. Last but not least, the finite convergence of circumcentered reflection
methods induced by sets of reflectors associated with hyperplanes and halfspaces is
explored in Section 5.

We now turn to the notation used in this work. Let C' be a nonempty subset of H.
The orthogonal complement of C'is the set C*+ := {y € H | (Vz € C) {(x,y) = 0}.
C'is an affine subspace of H if C' # & and (Vp € R) pC + (1 — p)C = C. The
intersection of all affine subspaces of H containing C' is denoted by aff C' and called
the affine hull of C'. An affine subspace U is said to be parallel to an affine subspace
M it U = M + a for some a € H. Every affine subspace U is parallel to a unique
linear subspace par U, which is given by (Vy € U) parU :=U —y=U — U.
Suppose that C' is a nonempty closed convex subset of H. The projector (or pro-
jection operator) onto C' is the operator, denoted by P¢, that maps every point
in H to its unique projection onto C. Rg := 2Ps —1d is the reflector associated
with C. Let x € H and let ¢ € R,. Then kerz := {y € H : (y,z) = 0} and
Blz;e] == {y € H : |ly — z|]| < ¢}. For two subsets A and B of H we define
dist(A, B) := inf{|la — b|| : a € A and b € B}.

Let D be a nonempty subset of H, and let T': D — H. T is said to be isometric or
an isometry, if (Vz,y € D) || T(x) — T'(y)|| = ||x — y||. The set of fixed points of the
operator T is denoted by Fix T, i.e., FixT :={x € D : Tx = z}. The range of T is
defined as ranT := {T'z : x € H}; moreover, Tan 1" is the closure of ranT". Denote
by B(H,H) :={T : H — H : T is bounded and linear}. For every T" € B(H,H),
the operator norm ||T'|| of T' is defined by [|T'[| := supy, < [|Tz||. A sequence (x4 )ren
in H converges weakly to a point z € H if, for every u € H, (zy,u) — (r,u); in
symbols, x; — x.

For other notation not explicitly defined here, we refer the reader to [2].

2. Auxiliary results
In this section, we collect some results to be used subsequently.

Projections

Fact 2.1. [15, Fact 1.8] Let A and B be two nonempty closed convex subsets of H.
Let AC B and x € H. Then Pgx € A if and only if Ppx =P x.
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Fact 2.2. [2, Proposition 3.19] Let C' be a nonempty closed convex subset of H and
let v € H. Set D := z+ C, where z € H. Then Ppx = z+ Po(x — 2).
Fact 2.3. [2, Example 29.18] Let u € H ~ {0}, let n € R, and set
H={xeH : (z,u) =n}.
Then (Vo € H) Pyo =x + 1851y,

(IS

Fact 2.4. [16, Remark 2.9] Let u € H ~ {0} and n € R. Set
We={zxeH : (z,u)<n}and H:={xeH : (x,u) =n}.
Then W # @, W¢ 4 @, and (Vo € W) Pz = x4+ 2%y = Py 2.

[l

Lemma 2.5. Letu € H~ {0} and letn e R. Set W :={x € H : (z,u) <n} and

H:={zxeH : (z,u)=n}. Letx € H~W. Then Ryx =Rw z € int W.

Proof. According to Fact 2.4,

Rwz =Rpyxz=2Py(x) —x:x+2%u.
u

Clearly, x ¢ W means (x,u) —n > 0. Hence,

77_<:U7u> n—(x,u)
Rw z,u) == (2 +2————u,u) —n=(x,u) —n+2——"—(u,u)
< [[ull? > [Jull?
=n—(r,u) <0,
which implies that Ry x = Ry x € int W. ]

Sufficient conditions for weak convergence

Definition 2.6. [2, Definition 5.1] Let C' be a nonempty subset of H and let (xy)gen
be a sequence in H. Then (zy)ren is Fejér monotone with respect to C' if

(Vo e O)(Vk €N)  [apy — 2l < [l — =]

Definition 2.7. [2, Definition 4.26] Let D be a nonempty weakly sequentially
closed subset of H, let T': D — H, and let u € ‘H. Then T is demiclosed at u if, for
every sequence (zy)gen in D and every x € D such that 2 — = and Txy — u, we
have Tz = u. In addition, T" is demiclosed if it is demiclosed at every point in D.

Definition 2.8. [2, Definition 4.1(iv)] and [13, Definition 2.2] Let D be a nonempty
subset of H and let p € R,. Wesay T': D — H is p-strongly quasinonezrpansive

(Va € D)(Vz € FixT) |[T(x) — 2l + | T(2) — 22 < o 2. (1)

In particular, if p = 0 and p = 1 in (1), then T is called quasinonerpansive and
firmly quasinonexpansive, respectively.

Theorem 2.9. Let D be a nonempty weakly sequentially closed subset of H, let
T:D—Dandlet p e Ryy. Assume that T is p-SQNE, that FixT # &, and that
Id =T is demiclosed at 0. Let x € D. Then (T*x)eny weakly converges to one point
in FixT. Moreover, if FixT is a closed affine subspace of H, then TFx — Ppicr x,
and (Vk’ € N) Prixr TkFy = PrixT 2.
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Proof. Note that, by Definition 2.8, T" is p-SQNE implies that 7" is quasinonexpan-
sive. Moreover, because Fix T # @, using [2, Example 5.3, we know that (T%z)en
is Fejér monotone with respect to Fix 7. Now, in view of [2, Theorem 5.5 and Propo-
sition 5.9], it remains to show that very weak sequential cluster point of (T%z)en
belongs to FixT'.

Let y € H and let (T%x);en be a subsequence of (T*x)yen such that TFiz — y.
Let 2 € FixT. According to [2, Proposition 5.4], (T*x)gey is Fejér monotone with
respect to Fix T implies that the limit L, := limy_,||7%(x) — 2| exists. Because
T :D — D is p-SQNE, we have that

(Vi € N) pllT(T"x) — Thal|* < T (x) = 2|* = |T(T") — 2||*. (2)

Summing over ¢ from 0 to infinity in both sides of (2), we obtain that

<

(I7%(x) — 2|1* = L) .

= 1
M IT(Th ) — ThHa|* < -
=0 P

which implies that T'(T*z) — T*x — 0. Furthermore, using the assumption, Id —T'
is demiclosed at 0, and Definition 2.7, we see that

= (Id-T)y =0, ie,ye FixT.
T(T’“%)—T’“ix—)()} (d=T)y =0, te, y € Fix

Altogether, the proof is complete. 0

Remark 2.10. Let D be a nonempty weakly sequentially closed subset of H and
let T: D — D with FixT # @&. According to [2, Definition 4.1 and Theorem 4.27],
T is 1-SQNE implies that Id =T is demiclosed. Hence, Theorem 2.9 implies that if
T is p-SQNE with p > 1, then (T%x)gen weakly converges to one point in Fix 7.

3. Circumcenter mapping with local properness
In this section, we investigate the locally proper circumcenter mapping.

Recall that P(H) is the set of all nonempty subsets of H containing finitely many
elements, and that T:= {1,2,...,m}.

Circumcenters

According to [4, Proposition 3.3|, for every K in P(H), there is at most one point
p € aff(K) such that {||[p—z|| | € K} is a singleton. Hence, the following Definition
3.1 is well-defined.

Definition 3.1. (Circumcenter operator, [4, Definition 3.4])
The circumcenter operator is

OO PH) > HULD): K s {p, if peaff(K) and {||[p—z|| | z€ K} is a singleton;

&, otherwise.

In particular, when CC(K)€H, that is, CC(K) # @, we say that the circumcenter
of K exists and we call CC(K) the circumcenter of K.
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Fact 3.2. [4, Theorem 8.4]  Suppose that S := {x,y,z} C H and denote the
cardinality of S by l. Then exactly one of the following cases occurs:

(i) l=1and CC(S)=
(i) =2, say S = {u,v}, where u,v € S and u # v, and CC(S) = “t2.

(iii) [ =3 and exactly one of the following two cases occurs:

(a) x,y, z are affinely independent; equivalently, |ly—z||||z—=x| > (y—z, z—x),
and
co(S) = ly—z*(@—z, 2 —y)z+|z—2|*(y—2,y—2)y+ |z —y|*(z —2, 2—y)2
2(ly — [z — 2|* = (y — 2,2 — 2)?)

(b) x,y, z are affinely dependent; equivalently, ||y —z||||z —z|| = (y —z, z — x),
and CC(S) =

Lemma 3.3. Let {p,x,y} CH. Then the following statements are equivalent:
B lp—all=lp—yl.

(i) (p—zy—a)=dlly— 2|

(iii) (p— 5%, 5¥ —2) =0.

(iv) (p- ’”Zy,y z) = 0.

(v) @-py—p =lp—2z*=3ly— =l

Proof. By [4, Proposition 3.1], we know that (i)<(ii). Because y—z =2 (¢ — z),
we have that

1 T+y T+y 2
== Bl e 2lpn T ) o
r+y T+y a7+y > Hx+y H2
& (p— — — = -
<p 5 t—g “HTg 7 y
(:><p x+y a:+y >

<:><p—x ,y—x> 0,

which shows the equivalence of (ii), (iii) and (iv). On the other hand,

1 1
p—zy—a)=3lly—2l’ = p-vy—p+p—2) =y —=|’
1
& (e —py—p) = ol ~ gy~ al”,
which necessitates that (ii)<(v). Altogether, all of the equivalences hold. ]

Lemma 3.4. Let {p,z,y} C H. Assume that |p—z| = ||p—yl||. Then the following
statements hold:

(i) |y — = = 2|z — p| if and only if p = =L
(i) |y —z| < 2|z —p| if and only if p # w,

Proof. (i): If p= %%, then clearly 2||z — p|| = QHx - m;yH = |ly — =||.
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Assume that ||y — z|| = 2||z — p||. Because ||p — x| = ||p — y||, we have
ly =zl =2z = pll & lly = pl* + 2(y —=p.p = 2) + [lp = 2[* = 4]z = p|*  (3a)
& (y—pp—a) =lz-p| (3b)
S({y—-p+r—pp—2z)=0 (3c)
(:><x;ry—p,p—x>20. (3d)

Note that [|p —z[| = ||[p —yl| implies that ||y —z|| = 2|z — p|| & [l —y[| = 2]y = pl|
Combine this with the calculation of (3) to deduce that

<y;x—p,p—y>=0- (4)

Now (3d) and (4) add up to

y+x > <y + Y+ $> r+y
-p2p—r—y)=0& —p,p— =0&p=
< 5 b,2p—T —yY 9 b,p 9 p 5
Altogether, (i) holds.
(ii): Using the assumption ||p — z|| = ||p — y|| and the triangle inequality, we know

that ||y — || < |ly —p|| +lp —z|| = 2||z —p||. Then (ii) follows directly from (i). [

Theorem 3.5. Let {z,y,2} C H. Assume that ||x —y|| = ||x — z||. Then

T, if v =y;
a, if x and x = L=
CC{ay. ) - fe 7 :
r+aly—z)+alz —x),
where « := (4 — %)_1 € [%, —1—00[ ., otherwise.
Proof. If x = y, then ||z — y|| = ||z — 2| implies that * = y = z, and that

CC{z,y,2}) ==

Suppose that = # y and = 32, Then clearly, y # z and aff{z, y, 2z} = aff{y, z}.

Assume to the contrary that CC({z,y,z}) # @, say ¢ := CC({x,y,z}). Then [4,
Proposition 3.1(i)<(iii)] yields ¢ = 1(y + z), and so

1 1 1
|z —ql| = ||§(y+2) - §(y+2)|l =0# §Ily— 2l =lly —qll = ||z — 4|

which contradicts Definition 3.1. Hence, CC({x,y, 2}) = @.

Assume that = # y and « # 2%, Applying Lemma 3.4(ii) with replacing p, z, and

y by z,y, and z, respectively, we obtain that ||z — y||* < 4]jy — z||?, which implies
-1
that 4 — lr=212 ¢ 10,4]. Hence, o := (4 — Hy_z||2> € [1,+oo] is well-defined. Set

ly—=I lly—=|?

p=z+aly—z)+a(z—uz). (5)
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Because, clearly, p € aff{z,y, z}, in order to prove CC({x,y, z}) = p, it suffices to
prove that

lp =zl =Ip—yl =lp— = (6)
Applying Lemma 3.3(i)<(v) with p, x, and y substituted by x, y, and z respectively,
we have that

lz =yl = llz =zl & (y — 2,2 —2) = lz = y|I” = 5]= — yII*. (7)
Now,

lp—zll=lp—yl & p—z,y—=z)=13ly—=|* (by Lemma 3.3(i)<(ii)) (8a)

5
La-ay-a) =G -a)ly-al? (80)
v o
L —gllz—ll* = G — 20)lly — Il (8¢)
2
_ ol 1
P yH2 _2eemy) gy 1 (8d)
ly — |l a
ly — 2H2>_1
S a=(4-7—-5 : (8e)
( ly — |2
Moreover, repeat similar calculation in (8) for ||p — z|| = ||p — z|| and use ||y — z|| =
|z — 2| to obtain that
ly — Z||2)_1
p—zx||=|p—=z <:>a:(4—— . 9
lp =zl = [lp = =l e (9)
Combine (8) and (9) with the definition of « to see that (6) holds. O

Circumcenter mapping

Definition 3.6. (Induced circumcenter mapping, [6, Definition 3.1])

Let K and D be nonempty subsets of H with D C K. Let (Vi € I) T; : K — H.
Set S := {T\,...,T,,} and (Vz € K) S(x) := {Thz,...,T,,x}. The circumcenter
mapping CCs induced by S is

CCs: K —HU{D}: z— CC(S(x)),

that is, for every x € K, if the circumcenter of the set S(x) defined in Definition
3.1 does not exist in H, then CCsx = &. Otherwise, CCsz is the unique point
satisfying the two conditions below:

(i) CCszx € aff(S(z)) = aff{T1z, ..., Tp12, Thx}, and
(ii) ||CCsx —Tizx| == ||CCsx — Ty, 1z|| = ||CCsx — Tprnz||.

If (Vx € D) CCsz € D, then we say CCs is proper over D. In particular, if D = H,
then we omit the phrase “over H” and also say C'Cs is “globally proper”; otherwise,
we say that C'Cs is locally proper.

Example 3.7. Suppose that H = R2. We define the sets By := B[(—1,0);1] and
By := BJ[(1,0);1]. Set S; := {Pp,,Pp,}, S :={Id,Pp,,Pp,}, and D :=R - (0,1).
Then, by Fact 3.2 and [2, Example 3.18], it is easy to see that CCg, is both globally
proper and proper over D, and that C'Cs, is not globally proper but it is proper
over D. [
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Let D be a nonempty subset of H, let ¢ € N~ {0}, and let (Vi € {1,...,t})
F; : D — H. Denote by

O(F,...,F) = {F B F | reN, ig:=0, andil,...,ire{l,...,t}} (10)

the set consisting of all finite composition of operators from {Fi, ..., F;}. We use the
empty product convention, so for r =0, F;, - -+ F;, = Id. Hence, Id € Q(F}, ..., F).

Note that in the original papers of results presented in the following Fact 3.8, we
have the assumption that the corresponding C'Cs is proper. It is easy to see that
the global properness assumption in the original papers is too strong, and that using
the related proofs, we actually obtain the following results.

Fact 3.8. Let D be a nonempty weakly sequentially closed subset of H. Let (Vi € 1)
T; : D — H. Then the following statements hold:

(i)  [6, Proposition 3.10(iii)] and [5, Proposition 2.29] Suppose that S is a subset
of QUT,...,T,,) such that
{Id,Tl,. .. ,Tm} - S or {Id,Tl,TQTl,. .. 7Tm' . 'TQTl} - S.
Then Fix CCs = Ny Fix T;.
(ii) [6, Theorem 3.17] Set S :={T1,...,T,,}. Assume that (Vx € D) CCs(z) € D,
that (Vi € 1) Id —=T; is demiclosed at 0, and that for every (zx)ren in D,

x — CCsxyp — 0 implies that (Vi € 1) CCsxy — Ty, — 0. Then 1d —CCs is
demiclosed at 0, and Fix CCs = N;er Fix T;

(iii) [6, Theorem 3.20] Set S:={Id,T1,...,T,,}. Assume that (Vx€D) CCs(x)€D
and that (Vi € 1) T; is nonexpansive. Then I1d —CCs is demiclosed at 0.
(iv)  Suppose that (Vi € 1) T; : D — H is isometric with N1 FixT; # @&. Define
S :={1d,T1,...,T.,}. Then the following statements hold:
(a) [5, Theorem 3.3] (Vo € D) (Vz € Nicr FixT;) CCsx = Pag(s(a)) (2).
(b) [5, Lemma 3.5] Let F' : D — H satisfy (Vo € D) F(x) € aff(S(z)). Then
(Vx € D) (Vz € Nigt FixT)) ||z — CCsz|* + ||CCsx — Fz|* = ||z — Fxl?.
(v) [5, Proposition 3.8] Suppose that (Vi € 1) T; : D — H is isometric with
Nic FixT; # &, and that S is a subset of Q(Ty,...,T,) such that

{Id,Tl,...,Tm} g S or {Id,Tl,TQTl,...,Tm'"TQTl} g S.
Then we have
(Vx € D)(Vz € FixCCs) ||CCs(z) — 2||* + |CCs(x) — x||* = ||l — 2||*.

Consequently, CCs is firmly quasinonexpansive.

The following Proposition 3.9(i) generalizes [5, Theorem 4.7] where the global proper-
ness assumption is required.

Proposition 3.9. Let D be a nonempty weakly sequentially closed subset of H.
Let (Vi € 1) T; : D — H be isometric such that Mgt FixT; # &. Suppose S is
{Id, T, ..., T} or {1d, 11, ToTY, ..., Ty - - - ToT1 }. Assume that (Vx€D) CCsx€D.
Let x € D. Then the following statements hold:
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(i)  (Vk e NN A0}) Prm pixt, (CC%x) = P pixr, @, and (CO&x)ren weakly con-
verges to nglpixﬂ. T.

(i)  Assume that limsupy ., ||CCSx| < ||[Pam i x| or that H = R™. Then
(CCkx)ren converges to Pam picr, .

Proof. (i): Because (Vi € I) T; : H — H is isometric such that N Fix T; # @, by
[5, Lemma 2.24], [7, Proposition 3.4] and Fact 3.8(i), we know that (Vk € 1) T}, --- T}
is isometric and Fix CCs = N;¢r Fix T; is a closed affine subspace of H. Then using
Fact 3.8(iii)&(v), we obtain respectively that Id —CCys is demiclosed at 0, and that
CCys is firmly quasinonexpansive. Combine these results with Definition 2.8 and
Theorem 2.9 to see that (i) holds.

(ii): The required result follows from (i), [2, Lemma 2.51] and the well-known fact

that in R™ weak convergence is equivalent to strong convergence. [

Lemma 3.10. Let (Vi € 1) G; : H — H with Nye FixG; # @ and let z € H.

Define (Vi € 1) (Vo € H) Fix == Gi(x + 2z) — z. Set § :== {G4,...,G} and

Sp:={F,...,F,}. Let C be a nonempty subset of H, and let k € N. Then the

following statements hold:

(i) (Vi €]) FixF; = FixG; — z, and Mg Fix F; = Nje FixG; — z. Moreover, if
(Vi € 1) G; is affine and z € N1 Fix G, then (Vi € 1) F; is linear.

(i) (Vz € H) Pam pixe, @ = 2+ Prm_ pixp (. — 2) and CClx = 2+ CCE, (v — z).

(111) (VCL’ € C) OC";l’ = Pﬁ{llFixGix < (Vl’ S C—Z) C’C’";Fx = Pﬁ;’;IFixFi x.
Consequently, (Vr € Nier Fix G;) CChax = Pom rixg;  if and only if we have
(VZB € Mier Fix E) CC‘];FLL‘ = Pﬁ;’il FixF; T+

(iv) Then (Vz € C) CCkx € C if and only if (Vo € C—z) CCE x € C — z.
Consequently, (Vx € Nier FixGy) CChx € Nier Fix Gy if and only if we have
(Vx € Ny Fix F;) CC§Fx € Nyer Fix F.

Proof. (i): This follows from [7, Lemma 3.8(ii)&(iii)].

(ii): This is from [7, Lemma 4.8(ii)&(iv)].

(iii)&(iv): The desired results are clear from (i) and (ii) above. O

According to [6, Theorem 4.3 and Corollary 5.2], the CCs in Proposition 3.11 below
is globally proper. The following result states that this C'Cs is also locally proper.

Proposition 3.11. Let (Vi € I) v; € H\ {0} and n; € R.
Set (Viel) Hy:={x € H: (z,u;) =mn;}, and
C={zeH:Viel) ||z —Pgz|| =|z—Pu x|}
Assume that Nie1H; # @. Set S :={1d,Py,,...,Pn, }. Then (VzxeC) CCs(z)eC.
Proof. Take z € NjerH;. Set (Vi €1) L; := H; — z, i.e., L; :={x €H : (z,u;) = 0}.
Now, (Vi € I) L; is a linear subspaces of H, Py, is linear, and by Fact 2.2, (Vo € H)
Py,(z) =P,ip,(x) = 2+ Pp,(x — z), which implies that
C—z={yeH : y+z2z€C}
={yeH : (viel) [y+z-Puy+2)|=ly+z-Pumly+2)l}
={yeH : (viel) |y—Pr@l=Ily—PLl}



H. Ouyang / Finite Convergence ... 867

Set Sy, :={Id, Pr,,..., P, }. Moreover, by Lemma 3.10(iv), we know that (Va € C)
CCsz € C if and only if (Vz € C' — 2z) CCs,x € C — z. Therefore, without loss of
generality, we assume that (Vi € I) n; = 0, that is, (Vi € I) H; is a linear subspace
of H and Py, is linear.

Let x € C. If there exists j € I such that « € Hj, then by definition of C, z € C
implies that x € N;erH; and so CCs(x) = x € C. Suppose that (Vi € I) x ¢ H;.

According to [6, Corollary 5.2], CCs(x) € H satisfies CCs(z) € aft{z, Py, x,...,Ppg,, x}
and (Viel) ||CCs(z) —z|| = ||CCs(x) —Pg, z||. Let i€l. In consequence of Lemma
3.3(1)< (iii)«<(iv), we conclude

|CCs(x) = =f| = |CCs(x) — Py, x| (11a)
t+Pyx 2+Pyax B
= <C’Cg(x) AR Py, x> —0 (11b)
Py,
= <CC$(LL’) - HTH’x,x — Py, x> = 0. (11c)

Note that n; = 0 implies H; = keru; and H;* = span {u;}. Because z ¢ H;, by [2,
Corollary 3.24(v)|, we know that x — Py, x = Py« € span{u;} ~\ {0}. Hence, due
to (11c), CCs(z) — HPQHix € (span{z — Py, 2})" = (span{u;})" = H;, which, by
[14, Theorem 5.13(1)&(2)], implies that

x+ Py x
2

x+ Py x

OCg(x) - 9

— Py, (oos(x) - ) = Py CCs(x) — Py z. (12)

Using [6, Proposition 2.10(iii)] and (11b), we obtain, respectively, that

|CCs(z) — Py, z||* = |CCs(x) — Py, CCs(x)||” + [Py, CCs(z) — Py, z||*;

x+ Py x 2+Hx+PHia:
2 2 '

Combine these two identities with (12) to see that

|CCslw) = P, o] = || CCs(w) -

|CCs(x) — P, OCs(x)| =
Therefore, (Vz € C) (Vi € 1)

|0Cs(x) P, CCs(@)]| = 3 |w~Pu, 2]l = 5 lle—Pa, 2] = [ OCs(x)~Pu, COs()]|
which verifies that CCs(x) € C. O

4. One-step convergence of circumcentered methods

Assume that the circumcenter mapping C'Cs is proper over a nonempty subset
D of H. Recall that the related circumcentered method generates the sequence
(CCEx)pen of iterations, and that when D # H, we say the related circumcen-
tered method is locally proper. In this section, we show one-step convergence of
circumcentered methods in Theorem 4.1(iii), Corollary 4.2 and Theorem 4.7 below.
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Circumcentered methods with initial points from a certain set

Theorem 4.1(iii) is motivated by and a generalization of [12, Lemma 2|. In fact,
Corollary 4.2 below reduces to [12, Lemma 2] when H = R".

Theorem 4.1. Assume that Ty : H — H and T : H — H are isometries such that
FixT) NFixTo #£@. Set S :={Id, T1, T5T1}. Then the following statements hold:

(i) (Vo € H) (Vz € FixTi NFixTy) CCsx = Pags@y(2) € H and (Vk € N)

k _ .
Prixrinrixm, CCsx = Prixmynrixt, T- Moreover, for every x € FixTh,

x if ©="Tz;
CCs(z) = { ¢ T alhe —a) + (T2 — 2),

4 — T Tix—Thz|?

—1
where o 1= ( To—a]? ) € [};700[ otherwise.

(ii)  Assume that Ty(FixTy) C Fix Ty (e.g., when ranT; C Fix Ty or T§ = 1d).
Then (Vx € FixTy) CCs(x) € FixTs.

(iii) Assume that Ty (Fix Ty) C Fix T%, Fix Ty C Fix T?, and dim(par(Fix T7)*) = 1.
Then (V.Q? € Fix Tz) CCS(.T) = PFileﬂFing x.

Proof. (i): Note that compositions of isometries are isometries and that
FixT)y NFix T, = Fix T N Fix 1577
Then Fact 3.8(iv)(a) and [5, Theorem 5.7 imply that
(Vz € H) (Vz € FixTy NFixTy) CCsx = Pagsa))(2) € H
and (Vk € N) Prixrnrix CC§$ = Prixnynrixt, €. Combine this with Theorem 3.5
to see that
{zeH : |x—Tz| = ||lz—T2Tix||} N {:EEH cx # Tix and x = W} =g

In addition, inasmuch as 75 is isometric,
(VzeH) zeFixTh < z="Ta = |z —TTz| = |Tw — TyTiz| = ||z — Tyz|,

which yields FixT, C {z € H : ||z — T1z| = ||z — T3T1z||}. Therefore, for every
x € Fix Ty the required formula follows from Theorem 3.5 with x, y and z substituted
by z, Tyx and T, T x, respectively.

(ii): According to [7, Proposition 3.4], every isometry must be affine. Then using
Lemma 3.10(i)&(iv), without loss of generality, we assume that 77 and T3 are linear
isometries. Let x € FixT;. In view of (i) above, we have exactly the following two
cases:

Case 1: o = Tiz. Then CCs(x) = x € Fix Ts.
Case 2: z # Tiz. Then CCs(z) = z + a(Thz — z) + a(TyT1x — z), where
Ty — Tyz|?\ ™" 1
= 14— € |- .
! ( [EEEEE %

Note that x € Fix Ty and Ty (FixTy) C Fix 7§ entail that TyTyTix = Tyz. Combine
this with the linearity of T; to observe that
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Ty (CCs(x)) =Tz (z + a(Thx — z) + a(T2Tix — 1))
=z + ao(ThTix —x) + a(Tiz — x) = CCs(x),
which implies that CCs(z) € Fix Ts.

(iii): Recall that Fix Ty NFix Ty, = Fix T} N Fix 75T). Then similarly to the proof of
(ii) above, using Lemma 3.10(i)& (iii), we assume that 77 and T3 are linear isometries.
Now, FixT; N Fix T is a closed linear subspace of H. Let x € FixTs.

Note that if we can prove that CCSx_)E Fix T}, then, by (ii), CCsz € FixT) NFix Ty,
and so CCsz = Prixrynrixr, CCOsx =~ Prix 7 nrix, . Therefore, it remains to show
that CCsx € FixT;.

Because Ty is linear, € Fix Ty, and Fix T, C FixT?, we have that

Ty(Bzte) — 2H0L - that is, DL e Fix 1Y,

If CCs(z) — BLtE = 0, then CCs(z) = DL € FixTy. If Tyz = x, then by (i),
CCs(z) = z € FixTy. In the rest of the proof, we assume that Tiz — = # 0 and
that CCs(z) — BLE +£ 0. Because T is linear and isometric, by [7, Lemma 2.29],
Tyz—z € tan(Ty—1Id) = tan(Id —7}) = (FixT})*. Combine this with the assumption
dim(par(Fix7T})%) = 1 and Tyz — z # 0 to obtain that

(Fix Ty)* = span {Tiz — z}. (13)
By Definition 3.6, we know that ||CCs(z) — x| = ||CCs(x) — Tix]|.
Because, by Lemma 3.3(i)<(iv),

|CCs(x) - 2ll = | CCs(x) - Tiz|) & (CCs(w) - B85, T — ) =0,

we have that CCs(z) — DL € (span {Tyz — z})* = (FixTy)**+ = Fix Ty. Recall
that % € FixT| and that Fix 7] is a linear subspace. Hence, we obtain that

CCs(z) € DLt 4 Fix Ty = Fix T1.
Therefore, the proof is complete. O

Corollary 4.2. Letu € H~ {0} andn € R.Let H :={x € H : (z,u) =n}, and let
U be an affine subspace of H such that HNU # @.
Assume that S := {Id, Ry, Ry Ry }. Then (Vx € U) CCs(x) = Puru .

Proof. Because H and U are affine subspaces, by [5, Lemma 2.23(i)], Ry and Ry
are isometries. Moreover, the idempotent property of projectors and the definition
of reflectors imply that R?, = Id and R}, = Id. Hence, the desired result follows
from Theorem 4.1(iii). O

The following Lemma 4.3 is necessary in the proof of Proposition 4.4 below. In
fact, the result in the following Lemma 4.3 was directly used in the proofs of [12,
Lemma 5] and [1, Proposition 5|. For completeness, we provide a clear analytical
proof below.

Lemma 4.3. Let u € H ~ {0} andn € R. Let U be a closed affine subspace of H.
Define H := {x € H : (z,u) =n} and W :={x € H : (x,u) < n}. Assume that
WNU # @ andU~W # &. Then HOU # & and (Vx € UNW) Pyay z = Py .
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Proof. Let z € U~ W, and let y € W NU. Define f : R - R by (Vt € R)
f(t) == (tz + (1 — t)y,u) —n. Because y € W and = ¢ W, we have that f(0) =
(y,u) —n < 0 and f(1) = (x,u) —n > 0. So, there exists ¢ € [0,1] such that
f(t) = (tx + (1 — t)y,u) —n = 0, which implies that, tz + (1 — t)y € H. Because
x €U,y e U,and U is affine, we know that tx+(1—1t)y € HNU # &. Combine this
with the result that H N U is a closed affine subspace, and [6, Proposition 2.10(iii)]
to see that
I — P 2l + Py & — (o + (1= Dy)l® = o — (E + (1 - D)

= (1=l —y* < llz —yl”

Note that y € W N U is arbitrary. Hence, we obtain that
(Vy e WNU) [z —Puavz| <z -yl

which, combining with the fact that Pyrpx € HNU C W N U, implies that
PHQU:C:PWQUZ'- O

The result (Vz € U) CCs(x) = Py,~v x in the following Proposition 4.4(ii) reduces
to [12, Lemma 3] when ‘H = R™. In fact, the idea of proof of Proposition 4.4(ii)
is almost the same with that of [12, Lemma 3]. Proposition 4.4(iv) illustrates that
the inequality (4) in [12, Lemma 5] is actually an equation. In Proposition 4.4(v),
we apply the demiclosedness principle for the circumcenter mapping proved in [6,
Theorem 3.2] to generalize [12, Theorem 1] from R™ to general Hilbert spaces and
from convergence to weak convergence.

Note that the reflector associated with general convex set is generally not isometric.
Hence, the following result is not a direct corollary of Theorem 4.1.

Proposition 4.4. Let C' be a closed convex set of H and let U be a closed affine
subspace of H with CNU # &. Set S := {Id, R¢, Ry Re}. For every x € H, define

H - {yeH : (yx —Pcx)=(Pocx,z —Pcx)} if v ¢ C,
v C if x € C,

W e {{ye?—[ . (y,x — Pox) < (Pox,x —Pcx)} if v ¢ C,
e ifr e C.
Let x € U. Then the following statements hold:
(i) H,NU#@ and Py,rvx=Py,qv .
(ii) Set S := {Id,Ry,, Ru Ry, }.
Then S(x) = S(z) and CCs(x) = CCs(x) = Py,nv .
(ili) (Vz € CNU) CCsx = Pag(s)) 2. Moreover,
x if x € C;
CCs(x) = { =+ 2a(Py Re(z) — ),

-1
_ 2 )
where o = (4 — W) € [iw -I—OO[ otherwise.

(iv) (Vz € CNU) [|CCs(x) — z|* + ||CCs(z) — 2||*> = ||z — z||*. Consequently,
CCs :U — U 1is firmly quasinonexpansive.

(v) (Vk € N) CC%=x) € U. Moreover, there exists T € K N U such that
CCl(x) — 7.
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Proof. (i): If z € C, then we have in consequence of the definitions of H, and W,
that t € CNU = H,NU # & and * = Perpr = Py,rvx = Pw,nu 2. Assume
that ¢ C. Then by the definition of W,, x ¢ W,. So, x € U ~. W,. Note that
[2, Theorem 3.16] yields C' C W, which, combining with C' N U # &, deduces that
W, NU # &. Hence, applying Lemma 4.3 with W and H replaced by W, and H,
respectively, we see that H, N U # @ and Py, v v = Py, nv 2.
(ii): If x € C, then H, = C. Therefore,

S(z) =S(z) = {z} and CCs(z) =z = Pory x = Py, v .
Assume x ¢ C. According to Fact 2.3,

(Pex,z—Pox)—(x,z—Pcx)
[ = Po x||?

Py, z=x+ (x —Pecz)=2—(x —Pez)=Peux,
which implies that Rcx = Ry, z and Ry Rex = Ry Ry, . Hence, S(z) = S(w)
and, by Definition 3.6,

CCs(x) = CC({z,Rez, Ry Rea}) = CC({z,Ruy, ,Ru Ry, x}) = CC4(x).

Because = € U, and, by (i), H, N U # @, applying Corollary 4.2 with H = H,, we
know that

COS(JI) = COS(ZE) = CO({ZL’, RH;C Z, R,U RH;C I}) = PmeU xI.

(iii): Let z € CNU. If x € C, as we did in (ii), it is easy to see that we have
aff S(z) = aff{z, Rc z, Ry Re x} = {2} and CCs(z) = v = Pag(s@)) 2.

Assume = ¢ C. Now U is an affine subspace and H, is a hyperplane, which, by
[5, Lemma 2.23(i)], implies that both Ry, and Ry are isometries. By definition of
H, and Fact 2.3, it is easy to see that Rc x = Ry, x, and that z ¢ C implies that
x ¢ H, and = # Ry, x. Hence, applying Theorem 4.1(i) with 77 and T; replaced by
Ry, and Ry, respectively, we obtain

x

2
IRy Rex —Rez?\ ™ [1
h = 14— € |-, )
where o ( Rox — 2| 1 +00
Combine these results with Betfule — PRy and (ii) to obtain the required
results.

(iv): Apply Fact 3.8(i) with T}, T3, and S replaced by R¢, Ry and {Id, R¢, Ry Re}
respectively, to obtain that FixCCs = CNU.

Let z € CNU. By (ili), CCsx = Pag(s@)) 2. Note that the definition of S(x)
yields z € S(z), and that aff(S(z)) is an affine subspace. Hence, by [6, Proposi-
tion 2.10(iii)], we have that

12 = Pasi(se)) 217 + Pasicsey 2 — zl1> = ||z — |
& ||z = CCsz|]? + | CCs(z) — z|* = ||z — =|)?,

which, by Definition 2.8, implies that CCs : U — U is firmly quasinonexpansive.
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(v): Because, by (ii), CCs : U — U is well-defined, and R¢ and Ry R are non-
expansive, using Fact 3.8(1)&(iii), we have that FixCCs = C N U # @ and that
Id —CCs is demiclosed at 0. Moreover, (iv) shows that CCs : U — U is firmly
quasinonexpansive. Because, by [2, Theorem 3.34], U is a nonempty closed convex
set implies that U is weakly sequentially closed, using Theorem 2.9, we obtain that
(CCE(z))ren weakly converges to one point in C' N U. O]

One-step convergence of circumcentered isometry methods
Lemma 4.5. Let FF: H — H and T : H — H be linear and continuous. Let v € ‘H
and let z € H.

(i)  Suppose that H = R™ and that F' is isometric. Assume that z ¢ FixT, and

that Fx € FixT. Then (Vt € R\ {0}) F(x+tF*z) ¢ FixT.
(ii) Assume that Fx ¢ FixT. Then there exists t € Ry such that

(Vt € [-t,t]) F(x+tz) ¢ FixT.

Proof. (i): Because H = R" and F is a linear isometry, by [7, Lemma 3.9], we have
FF*=1d. Let t € R\ {0}. Then F(z+tF*z) = Fx+tFF*z = Fx +tz. Because
Fix T is a linear subspace, by assumptions Fz € FixT and z ¢ Fix T, and therefore
Flx+tF*z)=Fx+tz ¢ FixT.
(ii): Define f : R — R by (Vt € R) f(t) := dist(F(z + tz),FixT). Note that F
is continuous, that Fix7T" is a nonempty closed linear subspace of H, and that the
distance function dist(-, Fix T') is continuous. Hence, f is continuous. Because Fix T
is closed, Fax ¢ FixT yields f(0) = dist(Fz,FixT) > 0. Therefore there exists
t > 0 such that (V¢ € [—t,¢]) dist(F(z + tz),FixT) = f(t) > 0, which implies that
F(z+tz) ¢ FixT. O
Lemma 4.6. Let (Vi € 1) T; is linear and nonexpansive, and let x € H. The
following statements hold:
(i)  span{Tix—x, TyDyx—Tix, ..., Ty - ToTix—Tp_y --- TyTiz} C (MM, Fix T})™

and span{Tix —x,Thx —x,... Tpx —z} C (N2, Fix T)*.
(i)  Suppose that (Vi € 1) (FixT})" is one-dimensional.

(a) Assume that (Vi € 1) x ¢ FixT;. Then

span {Tyx — x, Tox — x, ..., Tpx — x} = (N, Fix T}) ™.
(b) Assume that (Vi € 1) T;_y ---Thx ¢ FixT;.' Then
span {11z — z, byT\x — Thx,..., Ty - - ToTix —Tpy--- TyTix}

= (N™, FixT))*.
Proof. Because (Vi € 1) T; is linear and nonexpansive, due to [7, Lemma 2.29],
(Vi € 1) tan(Id—T;) = (FixT;)*. (14)
Moreover, due to [14, Theorems 4.6(5)],
(M FixT)* = S (Fix 7). 2 S ran(1d —T). (15)
i€l i€l

1 We use the empty product convention, so if i =1, T;_; --- 17 = Id.
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(i): Recall that (Vi € I) T; — Id is linear. So,

Span {Tl.’lf — T, T2T1x — Tla:, . 7Tm ce T2T1I — Tm,1 tee TQTlx}

(15) S

= Z span{T;T;—1---Tha —T;—y---Tha} C Z ran(Id =7;) € (N%, FixT;)™,
i€l i€l
and span {T1x — x, Tox —x,...,Tpx —x}

1
= Z span {T;x — x} C Zran(ld -T)) (QS) (N, Fix T;) "
i€l 1€l
(ii): Because (Vi € I) (FixT})" is one-dimensional, the finite-dimensional linear
space . ;(Fix T;)* is closed. Combine this with [14, Theorems 4.6(5)] to see that

(Mt FixT;)" =) (FixT)t =) (FixT;)". (16)
i€l 1€l
(ii)(a): Because (Vi € I) ¢ FixT; and (FixT})" is one-dimensional, we have that
(Vi el) span{T;x — 2} = tan(ld —T;) = (FixT;)". Therefore,
span {Tyx — x, Tox —x,..., T,x — x}

=Y span{Tir — 2} = Y (FixT)* 2 (M Fix 7).
i€l i€l
(ii)(b): Because (Vi € I) T)_; --- Ty ¢ FixT; and (FixT})" is one-dimensional, we
get (Vi € 1) span{T;T;_1---Tyx —T; 1---Tix} =tan(ld —T;) = (Fix T;)". Hence,
Span {Tlx — T, T2T1I — Tll', . ,Tm s T2T1I — Tm,1 s T2T1I}

=Y span{TiTi - T — Ty - Tha} = Y (Fix )" 2 (N Fix L))" O

icl i€l
The following result provides sufficient conditions for the circumcentered isometry
methods finding the best approximation point in one step. In fact, Theorem 4.7
under the assumption (ii) below and Proposition 4.9 reduce to [11, Lemma 3] and
[11, Lemma 4], respectively, when H = R" and (Vi € {1,...,m}) T; = Ry, with H;
being a hyperplane.

Theorem 4.7. Let T,...,T,, be isometries from H to H. Assume that we have
z € N, FixT; # @ and that (Vi € 1) (Fix T;—2)* is one-dimensional linear subspace
of H. Let x € H. Assume that one of the following items hold.

(i) S:={1d,71,Ts,...,T,,} and (Vi €l) x ¢ FixT;.

(11) S = {Id7T1, T2T1, e ,Tm cee TQTl} and (\V/’L € I) ,-Tz'—l tee T1I ¢ FIXE

Then CCsx = Pam pixr, @

Proof. Because 17,...,T,, are isometries with z € N FixT; # & and composi-

tions of isometries are affine isometries, applying Lemma 3.10(i)&(iii), without loss
of generality, we assume that (Vi € I) 7} is linear and that z = 0.

Assume that (i) or (ii) holds. Denote by ;f\fS(x) := par aff S(z). Note that Id € §
implies that x € aff S(x). Then z;f\fS(x) =aff S(z) — x.
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In view of the assumptions and Lemma 4.6(ii), we have that affS (z) = (N™, Fix T;) "
This combined with [14, Theorems 5.8(6)] implies that

(affS(z))* = (N7, Fix T))* = N, Fix T, (17)
Using [5, Proposition 4.2(iii)] and [14, Theorems 5.8(2)], we have that

PﬂglFixTi r—CCsx = Pﬂi’glFixTi CCsx — CCsx
=—P L(CCs(x)) € (M, FixT)".  (18)

(N, FixT;)
On the other hand, by Fact 3.8(iv)(a), Fact 2.2 and [14, Theorems 5.8(2)], we obtain
Pam pixt, @ — CCsx = Prm vixry © — Pags(2) P Frixty ©
= Pron pixr, @ — <:c + Paigy (P, pis () — x))

L~ 17 .
= P gy (Pre, pi (2) — @) € (affS(2)* 2 i, Fix T,

which, combined with (18), implies
Prp rixr, @ — CCsz € (N Fix 7)™ N (N, Fix T;,) = {0},
that iS, Pmlrll FixT; T = CCSJ} ]

In the following Propositions 4.8 and 4.9, we affirm that the sets of points z satisfying
the conditions presented in Theorem 4.7 are actually dense in H. Note that in the

proof of Proposition 4.9, H = R" is required, while it is not necessary in Proposition
4.8.

Proposition 4.8. Let (Vi€l) T;:H — H be isometric such that z€N*, Fix T; # @
and (Vi € 1) (FixT; — 2)* # {0}. Set S := {Id, T3, T»,...,T,,}. Let x € H. Then
for every e € Ry, there exists y, € Blx;e| such that Prm picr, © = Prm pixt; Yo
and (Vi € 1) y, ¢ FixT;. Consequently, there exists a sequence (Tg)ken in H such
that limy oo vx = x, (Vk € N) Prm pier, @ = Prm piery 2 and (Vi € {1,...,m})
xy ¢ Fix T;.

Proof. Let € € R, .. Because (Vi € I) T; : H — H is isometric, using [7, Proposi-
tion 3.4], we know that (Vi € I) T; : H — H is affine.

Define (Vi € 1) (Vo € H) Fix := T;(z + z) — z. Then by Lemma 3.10(i), (Vi € I) F;
is linear, Fix F; = FixT; — 2z, and N2, Fix F; = N, FixT; — z.

Moreover, bearing Fact 2.2 in mind, we notice that there exists y, € B[z;¢] such
that Pam rpixr, © = Pam  pixr, ¥ and (Vi € 1) y, ¢ Fix T; if and only if there exists
Zp = Yo — 2 € Blz — z;¢] such that Pam picp (7 — 2) = Pam picr,(22) and (Vi € 1)
2, ¢ Fix F;. Hence, without loss of generality, we assume that (Vi € I) T; : H — H
is linearly isometric and z = 0.

Suppose m=1. If z¢ Fix T}, then y,=x. If x € Fix T}, then take w € (Fix T})*~{0},
Yp = T + ‘Te‘w. Because w € (FiXTﬁL, FixTj is linear, and Ppixp, is linear, we
know that in both cases, y, € B|z; €], Prix, © = Prixn, ¥ and y, ¢ Fix T7.
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In the rest of the proof, we assume that m > 2. If (Vi € 1) = ¢ FixT;, then
the proof is done with y, = x. Otherwise, assume that j is the smallest index in
I:={1,...,m} such that = € FixTj.

Step 1: Take z; € (FixT})* \ {0}. Because x € Fix T}, z; ¢ FixT; and Fix T} is a
linear subspace, we know that (Vt € R\ {0}) = + tz; ¢ Fix T}.

In addition, for every i € {1,...,7 — 1}, because x ¢ Fix T}, by applying Lemma
4.5(i1) with F' = 1d,T = T;, and z = z;, we have that there exists ¢; € R, such
Set a; := minj<;<;_1 t; and take y; := x + min{m, a;}z;. Then we obtain that
(Vie{l,...,7}) y; ¢ FixT;, and [jy; — 2| < <.

Furthermore, using the linearity of Prm picr, 2; € (FixT;)*= C (N, Fix T;)*, and
[14, Theorems 5.8(4)], we have that

. €
Pm:'ri1 FixT; Yj = sz@l FixT; L + mln{—HZ'Hm’ Oéj} Pﬁfb.il FixT; ?j = Pm;’;l FixT; L-
J

Recursive Steps: If j = m, we go to Step m—j+2. Otherwise, for k= j,...,m—1
successively, if yx ¢ Fix Ty, 1, then take yr.1 = y. Otherwise, we repeat Step 1 by
substituting z = g, j = k + 1 to obtain yiy; such that (Vi € {1,...,k + 1})
Yrs1 & FixTi, [[yrsa — yil| < -, and ng';lFixTi Ye+1 = Pm;glFixTi Y = ngl FixT; T-
Step m — j+ 2: Note that from our Step 1 and Recursive Steps, we got that
(Vk € {j,...,m}) yx satisfying |lyx — yr—1]| < 5, where y;_1 = x. Moreover, in our
Recursive Steps with & = m — 1, we obtained y,, such that (Vi € 1) y,,, ¢ FixT;, and
Pm;gl FixT; Ym = Pmy;l FixT; L.

Now take y, = ym. Then Prm pict, Yo = P pixry @ and (Vi € 1) y, & FixT;.

Moreover, lyo — 2| = llym — 2l < lym = y;ll + lly; — |
m—1
€ €
< ly; — —gll < = — )= <e
< |ly; — =l + ;Hykﬂ well < — 4+ (m—j)— <
Altogether, the proof is complete. O

Proposition 4.9. Suppose that H = R™. Let (Vi € 1) T; : H — H be iso-
metric such that z € N, FixT; # @ and (Vi € 1) (FixT; — 2)t # {0}. Set
S ={ld, 7", xTy,..., T ---TyT1}. Letx € H. Then for everye € R, there exists
Yo € Blw;¢€] such that Pam pixr, © = Pam pixr, yo and (Vi € 1) T;_y - - - Thy, ¢ Fix T;.
Consequently, there exists a sequence (Tp)ren in H such that limg oz = z,
(\V/k‘ c N) Pmﬁ1 FixT; T = Pmﬁl FixT; Lk, and (Vl € I) T;_l . -Tlxk ¢ FIX,I;

Proof. Similarly with what we explained in the proof of Proposition 4.8, without
loss of generality, we assume that (Vi € 1) T; : H — H is a linear isometry and
z=0.

If m=1, then S={Id, T} }. Hence, the required result was proved in Proposition 4.8.

Suppose that m > 2. If (Vi € I) T, --- Tz ¢ FixT;, then the proof is done with
Y, = x. Otherwise, assume that j is the smallest index in I := {1,...,m} such that
7}‘,1 c 'Tl.T € FIXCTJ
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Step 1: Take z; € (FixT;)* \ {0}. Because H = R", and Tj_;---T1z € Fix T},
then applying Lemma 4.5(i) with F' =T;_---1y, T =T}, and z = z;, we have that

In addition, since (Vi € {1,...,5 —1}) T,y --- Tz ¢ Fix T}, thus applying Lemma
4.5(1i) with F' =T, ,---T\,T = T, and z = TyT;y ---T; 25, we have that there
exists ¢; € Ry such that (Vt € [~1;,4]) Tioy - - Th(x + 7Ty - - - Tf 1 25) & Fix T;.

Set a; := minj<;<j—1 t; and take y; ;== + min{—— R T Ts - T 2

Then we obtain that (Vi € {1,...,j}) Ti_1---Tiy; ¢ FixT;, and [|y; —z| < <, since
(Vi € 1) T; is isometric implies that (Vi € I) |T7]| = ||7;|| < 1. Furthermore, because
(Vi € 1) T; is linearly isometric and N, Fix T} C Fix T, by [3, Lemma 2.1] and [7,
Lemma 3.7],

Prm wixr, Ty Ty - T; ) = Py wixry TV Ty - Ty = P wixry = Pom pixry - (19)
Employing Prm picr,, 2; € (FixTj)* C (N2, FixT;)*, and [14, Theorems 5.8(4)],
we establish that

. % * *
nggl FixT; Y5 = Pm;gl Fix7; T + Min{ —— Oég} Pmm Fix; 17 15 - T-_lzj

H Zll”
H Zll”

Recursive Steps: If j = m, we go to Step m—j+2. Otherwise, for k =7,...,m—1
successively, if Ty - Tiyr ¢ FixTiiq, then take yri 1 = yg. Otherwise, we repeat
Step 1 by replacing = y,, and j = k+1 to obtain yy such that (Vi € {1,...,k+1})
Tioy- - Thyrsr & Fix Ty, [|[yesr — wll < 5, and

ngl FixT; Yk+1 = Pm;,gl FixT; Yk = Pnggl FixT; T-

19

= Prm pixt, @ + min{——, a;} Prm pixr, 27 = Pam pixyy 7

Step m — j+ 2: This is almost the same as the Step m — j + 2 in the proof of
Proposition 4.8. Altogether, the proof is complete. Il

5. Finite convergence of CRMs associated with hyperplanes and
halfspaces

Throughout this section, for every i € I:= {1,...,m}, let u; be in H, let n; be in
R, and set

Wi={xeH : (x,u;) <mn;} and H;:={xeH : (x,u;) =n}. (20)

In this section, we investigate the finite convergence of CRMs induced by sets of
reflectors associated with halfspaces and hyperplanes for solving the related best
approximation or feasibility problems.

According to [16, Theorems 4.17 and 6.5], if u; and wug are linearly dependent or
orthogonal, then Py, Pw, = Pw,nw, and Py, Py, = Py, Pw, = Pu,nw,; moreover,
if u; and w9 are linearly independent, we can always find corresponding sequences
of iterations of compositions of projections onto halfspaces and hyperplanes with
initial points * € H converging linearly to Pyw,~w, * or Py ,Aw, 2.

For completeness we shall explore the performance of CRMs associated with hyper-
planes and halfspaces in all cases.
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CRMs associated with hyperplanes
Note that Corollary 5.1(ii) was first proved in [11, Lemma 3] when H = R".

Corollary 5.1. Assume that N* H; # @. Let x € H. Then the following state-
ments hold.

(i) SetS:={Id,Ru,,...,Ru,}. Ifrv ¢ UL H;, then CCsx = Prm g, x.
(11) Set S = {Id, RHU RH2 RHl, ce ,RHm ce RH2 RHl}
If (Vviel) Ru,_, - Ru, v & H;, then CCsx = Prm g, .

Proof. By [5, Lemmas 2.37], (Vi € I) Ry, is an affine isometry with Fix Ry, = H;.
Let z € NjerH;. Note that (Vi € 1)

dim ((FixRy,)* — z) = dim ((H; — 2)*) = dim ((ker u;)*) = dim (span {w;}) = 1.
Therefore, the required results follow directly from Theorem 4.7 with 77 = Ry, and
TQIRH2,...,Tm:RHm. D

Theorem 5.2 below illustrates that the CRM induced by S := {Id, Ry,, Rg, } gener-
ally can not find Py, g, « in finite steps. In particular, if x € (HyN Hy) U (H{NHS),
then the CRM converges in one step; otherwise, the classical method of alternating
projections becomes a subsequence of the CRM.

Theorem 5.2. Assume that Hy N Hy # @. Set S := {Id,Ry,,Ru,}. Let x € H.
Then exactly one of the following cases occurs:

(i) =z e (HiNHy)U(H{NHS). Then CCsx = Py,nm, T.
(i) x € HiNHS. Then (Vk € N)

CC%zx = (Py, Pu,)*z and CCEF 'y = Py, (Py, Pu,)*e.
(iii) x € HfN Hy. Then (Vk € N)

CC%x = (Py, Pu,)fx and CC¥ 'y = Py, (Pu, Pa,)*u.
Proof. (i): If x € Hy N Hy, then Ry, x = z, Ry, = z, Py,nm,* = z, and
S(z) = {z,Ry, v, Ry, v} = {x}. Hence, by Fact 3.2(i),

CCsx =CC(S(x)) =CC({z}) =2 =Ppy,nn, x.

If x € H{ N HS, that is, x ¢ H; U Hy, then by Corollary 5.1(i), CCsx = Py,nm, .
(ii): Assume that z € H; N HS. We prove (ii) by induction on k.

Clearly x € Hy N HS yields S(z) = {x, Ry, x,Rpy, x} = {x, Ry, x}. By Fact 3.2(ii),
CCsx = CC(S(x)) = (r+ Ry, ) /2 = Py, x. Hence, (ii) holds for k = 0.

Assume that (ii) is true for some k € N.
Denote by (Vt € N) z(¥) := CC%x. By induction hypothesis,
D) = CCF e = P, (Py, P, )fw € Hs,

so Ry, (xF+D)) = g1 and S(x@k+D) = {21 Ry (xF+D))} Then by Fact
3.2(ii) and by induction hypothesis again,

x(2k+1) 4 RH1 (x(2k+1)>
B 2

= Py, (@) = (Py, Py,)* 'z € Hy, (21)

COX g = 0O(S(xPHD))
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which implies that
Ry, (zCF+D)) = 2C0+1) and S(zC¢+1)) = {zC¢+D) Ry

Furthermore, using Fact 3.2(ii), we obtain that

(220,

2

22HFD) LRy (2201

2
- 2(k+1))y () k1
- PHz(x ) - PH2<PH1 PHz) Z.

CC;UH_I)-HJ? = CC(S(zPHHD))) =

Hence, the desired results hold for £+ 1 and so (ii) is true by induction.
(iii): Switch H; and Hs in (ii) to obtain the required results. O

In Example 1 of the first arXiv version of [11], the authors showed the idea that
the CRM induced by S := {Id,Rp,, Ru, Ry, } needs at most three steps to find a
point in H; N Hy in R™. This motivates the following Theorem 5.3. The main idea
of the following proof comes from that example as well. Note that the proof of that
Example didn’t consider the Case 3 below, and that taking advantage of our [5,
Proposition 4.4], we actually discover that the CRM solves the best approximation
problem in at most 3 steps.

Theorem 5.3. Assume that Hy N Hy # &. Set S := {Id,Rpy,, Ry, Ry, }. Then
for every x € H, there exists k € {1,2,3} such that CC&x = Py,nm, v, that is, the
circumcentered reflection method induced by S needs at most 3 steps to find the best
approzimation point Pm nm, T.

Proof. Applying [5, Proposition 4.4] and [5, Proposition 4.2(iii)] with substituting
m=3,T) =1d, T, = Ry,, T35 = Ry, Ry, and W = H, N H,, we obtain, respectively,

(Vz € H) CCsx =Pynm, v CCsx € Hy N Hy; (22a)

(Vo € H)(Vk €N) Py, CCElx = Pyynm, . (22b)
Let x € H. According to Definition 3.6,

CCsx = CC(S(x)) = CC({x,Ry, =, Ry, Ry, x}). (23)
We have exactly the following four cases.

Case 1: Ry, v —x =0and Ry, Ry, © — Ry, = 0. Then, in view of (23) and Fact
3.2(1), CCsx = CC({zx}) =2 = Py,nm, x.

Case 2: Ry, —x # 0 and Ry, Ry, © — Ry, « # 0, that is, x ¢ FixRy, = H;
and Ry, © ¢ FixRpy, = Hy. Then, using Corollary 5.1(ii), we obtain that CCsz =
PHlﬂHg xZ.

Case 3: Ry, z—x = 0and Ry, Ry, x—Rpy, ¢ # 0. Then S(x) = {Ry, =, Ry, Ry, v},
which, combining with (23) and fact 3.2(ii), implies that

RH1 x + PLH2 RH1 xr
2

e = CCsx = = Py, Ry, © € Hs. (24)

Case 3.1: Assume 2 € H,. Then by (24), CCsx € H, N Hy. Hence, by (22a),
CCSLC = PHlﬂHg X.
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Case 3.2: Assume 2 ¢ H,. If Ry, (V) ¢ Hy, then apply Corollary 5.1(ii) with
r = 2 to obtain
22b
CC3x = CCs(aV) = Prry, (2V) = Pryyr, OCsz = Py, .

Assume that Ry, (z™V) € Hy. Then S(zW) = {zM Ry, (z™M)}, and, by Definition
3.6 and Fact 3.2(ii),

) + Ry, (M)

2

Moreover, because Hs is an affine subspace, z(!) € Hy and Ry, (V) € H,, we know
that 22 = CCs(z™) = (2 4+ Ry, (z™M))/2 € Hsy, which, combined with (25),
yields that CCs(zM) = CC%x = 21® € H, N H,. Hence,

CC%x = CCs(2™) B Py, (2V) = Prpyuns, CCs B Py, .
Case 4: Ry, x — 2 # 0 and Ry, Ry, © — Ry, x = 0. Then S(z) = {z, Ry, x}, and,
by Fact 3.2(ii), #(V) := CCsz = (z + Ry, ©)/2 = Py, v € Hy. Then Ry, (V) = (V)
and S(x(l)) = {RHl (x(l))7 RH2 RHl (x(l))}'
If Ry, (#M) = Ry, Ry, (#V), then applying case 1 with z = 2™, we derive

22b
CCL = CCs(2M) = Prypuny (20) = Py, (CCs) 2 Py, .

If Ry, (M) # Ry, Ry, (), then employing Case 3 with # = 2!, we obtain that

z? = CCs(zV) = =Py, (V) € H,. (25)

(22b)

either CC%x = CCs(xW) = Py, (V) "= Py, @
22b
or CCgI = CC§($(1)) = PHIQHQ([E(I)) (:) PHlﬂHQ x.
Altogether, the proof is complete. [

CRMs associated with halfspaces and hyperplanes

Proposition 5.4. Suppose that u; # 0 and uy # 0, and that (uy,us) > 0. Set
S :={Id, Rw,, Rw, }. Then (Vx € Wy UW,), CCsx = Pyy,aw, .

Proof. Let x € W; U W,. Then we have exactly the following three cases:
Case 1: x € W, N Wy, Then by Fact 3.2(i), clearly
CCsx = CC(S(x)) =z = Pwynw, .
Case 2: z € W1 NWs. Then we have Ry, * = x and, by Fact 2.4, Py, x = Py, x and
Rw, v = Ry, . Hence, S(x)={z, Rw, =, Rw, } ={x, Ry, z}, and by Fact 3.2(ii)
x + Rw, @
2

Using definitions of Wy, Wy in (20) and = € Wy N Ws, we know that (x,u;) < m
and (x, ug) > 2. Combine this with the assumption (u;,us) > 0 to obtain that

CCsx =CC(S(x)) = CC{z, Ry, x}) = = Py, .

<I7u1> + ||U2||2 <u27u1> S M. (26)
In view of Fact 2.3,
—(z,u —(z,u (26)
<PH2 x)“l) — <~r + WU2’UI> - <I7U1> + W<u27ul> S m, (27)
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which implies that Py, x € W;. Hence, Py, x = Py, v € WiNHy C WiNW,. Apply
Fact 2.1 with A = W;NW; and B = W, to obtain that CCsz = Py, = Py,qns, .

Case 3: z € W N W,. Swap W; and W, in Case 2 above to obtain the required
result. ]

u; and u, are linearly dependent

Lemma 5.5. Assume that uy =0 or us = 0. The following statements hold:

(i)  Assume that Hy N Hy # &.
Set 81 = {Id, RH17RH2} and 82 = {Id, IZ{HI,IZ{H2 RHl}
Then (Vx € H) CCs,x = CCs,x =Pynp, ©

(ii)  Assume that Wy NWy # &.
Set 81 = {Id, RWU RW2} and 82 = {Id, RWU RW2 RW1}
Then (Vx e H) CCs,x = CCs,x = Pw,aw, .

(iii) Assume that Hi N Wy # @. Set Sy := {Id, Ry, Rw, },
SQ = {Id, RHU sz RHl} and 83 = {Id, RWQ, RH1 RWQ}
Then (Vx e H) CCs,x=CCsyx = CCsyx =Py aw,
Proof. (i): Note that H; N Hy # @ implies that for every i € {1,2}, if u; = 0, then

H; = H and Ry, = Id. Without loss of generality, assume u; = 0. Then H; = H
and, by Fact 3.2(ii), (Vo € H)

T+ Rp,
CCs,x = CCs,z = CC({z, Ry, }) = TH =P,z =Pynm, T
Hence, (i) holds.
The proofs for (ii) and (iii) are similar to the proof of (i) and are omitted. O

The following results are necessary for the proofs of the Propositions 5.7 and 5.8.
The long and mechanical proof of Lemma 5.6 is left for the Appendix.

Lemma 5.6. Assume that uy # 0 and uy # 0, and that u; and us are linearly
dependent. The following statements hold:

(i) (ui,us) # 0. Moreover, if (uj,ug) > 0, then uy = ”ZiHul and (ui,uy) =
e [[[[ual; if (u, ua) <0, then up = —{2huy and (uy, uz) = —|lual[ua ]

(ii)  Assume that (uj,ug) > 0. Then IIIZH = HZEII &S W, = Wy & Hy = H,.
Moreover, we have 2 |u H 7§ |u2” s HNHy, =9, ”u T H—T’u—” < Wy ; Ws, and
Tl > Taar & W2 & Wi

(i) Assume that (ui,us) < 0. Then ol = Ty © Hi = Ha. Furthermore

”Z—ill #+ — T2n 2H & HiNHy = @. Moreover, WiNWy # @& < 1 ||ua||+m2||ui ]| > 0.
In addition, if Wi NWy #£ &, then int Wi UWy = Wi Uint Wy =H, H C W,
and Hy C W;.

(iv) Assume that (uy,us) > 0 and T 2= Toep- Then Py, 2 —Pp, x| = Tl ~ Tl

(Vo € H). Moreover we have Ry, x € Wy & ||z — Py, z|| > [Py, @ — Py, ||
(Vo € H . Wh).
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(v)  Assume that (uy,uz) <0 and Wy N Wy # &.
Then (Vo € H) |Pp, & — Pr, af| = 0 + 2.
Moreover, Yoz € H~W1) Ry, x ¢ Wy < || — Pw, z|| > ||Py, © — Pp, ||
(vi) Assume that (uy,uz) <0, Wi NWy # @ and x € Wy NW5.
Then PW2 T = PWlﬁHz Tr = PW10W2 i
(vii) Assume that (uy,us) <0 and Wy NWy # &.
Let © € Wy with ||x — Py, z|| > [|Pu, © — Pu, x||. Then
(a) & Wh.
(b) RW1 r = RHl T ¢ WQ.
(C) ||RW2 RWI L= RW1 I‘H = 2(”1‘ - PH1 JZH - ||PH1 L= PH2 JZ”) < 2”1‘ - PH1 JZH
= |lz — Rw, z|.
(viii) Let x € H. Then x,Rpy, x, Ry, © are affinely dependent;
z, Ry, , Ry, Ry, x are affinely dependent; x, Ry, x, Rw, x are affinely depen-
dent; and x, Ry, x, Ry, Rw, x are affinely dependent.

Proposition 5.7. Assume that u; # 0 and uy # 0 and that uy and us are linearly
dependent. Assume that W1 N Wy # &. Set S := {Id, Rw,, Rw, }. Then ezactly one
of the following cases occurs:

Case 1: (u1,uz) > 0. Then if jhy = 25, then (Vo € H) CCsz = Pw,rw, @
otherwise, (Vx € W1UWs,) CCsx = Pw,aw, x, and (Vz € H~N(W1UW,)) CCsx = &
Case 2: (uj,us) <0. Then Wy UWy =H and (Vz € H) CCsx = Py,rw,

Consequently, (VYz € W1 UW,) CCsx = Pyyaw, ©

Proof. The assumptions and Lemma 5.6(i) imply either (uy,ug) > 0 or (uy, us) < 0.
Case 1: Assume that (uy,ug) > 0. If Tl = Teo» then by Lemma 5. 6(ii) we get
Wy =Wy =Wy NWyand S = {Id, R, }. Hence, by Fact 3.2(ii),
CCsx = CO({x, Ry, 2}) = T2 — Py &2 = Py, @

Assume gy 7 o7
Suppose that z € H ~ (W UWs). By Lemma 2.5 we get Ry, * = Ry, = € int W)
and Ry, x = Ry, x € int Wy, Note that, by Lemma 5.6(ii), H; N Hy = &. Then
clearly Py, © # Pg, . Now we have

r# Rw, x,v # Ry, z, and Ry, v =2Py, 2 — 2 # 2P,z —z =Ry, =
which, combined with Lemma 5.6(viii) and Fact 3.2(iii)(b), implies CCsx = @

Case 2: Assume that (uy, us) < 0. Then Lemma 5.6(iii) implies that H = W, UWa.
Hence, we have exactly the following three cases:

Case 2.1: z € Wy NW,. Then S(z) = {z}, and following Fact 3.2(i) we obtain
CCsr =z =Pw,nw, .

Case 2.2: z € Wy NWJ. Then S(x) = {z, Rw, 2}, and by Fact 3.2(ii) and Lemma
5.6(vi), CCsx = CC({z,Rw, x}) = Pw, . = Pw,ow, .

Case 2.3: z € Wy W{. This proof is similar to the proof of Case 2.

then Proposition 5.4 yields CCsx = Pyw,qw,

Altogether, the proof is complete. ]
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Propositions 5.7 and 5.8 suggest that if u; and us are linearly dependent, then the
CRM induced by § := {Id, Rw,, Rw, Rw, } performs worse than the CRM induced
by S :={Id, Rw,, Rw, }

Proposition 5.8. Assume that uy # 0 and us # 0, and that uy and uy are linearly
dependent. Set S := {Id, Ry, Rw, Rw, }. Assume that Wy N Wy # &. Then ezactly
one of the following cases occurs:

Case 1: (uj,ug9) >0 and 2~ < 2. Then (Vx € H) CCsx = Py, x = Py,rw, @

Jluall = Tuzll

Case 2: (uy,uz) >0 and gy > pr. Then

Tuall =~ Tzl
’LfZL' e Wy, then CCSI‘ = PW2 xr = PW1HW2 x
fo é Wi and ||I‘ - PW1$|| > ||PH1 T — PH2$||;
then CCsx = Py, © =Py, x ¢ Wy N Wy, and
if x ¢ Wy and ||z — Py, z|| < ||Pm, © — P, z||, then CCsx = &
Case 3: (uj,uq) <0. Then
if v € Wh, then CCsx = Pw,nw,
if x ¢ Wi and ||z — Pw, || < [Py, @ — Py, x|,
then OCSI = P[/V1 Tr = PW10W2
if v ¢ W, ||z — Pw, x| > ||PH1 — P, a||, and ;5g = —
then CCsx = Py, nw, ;
fo ¢ Wh ||$ - PW1 l’” > ||PH1 PH2:L‘|| and HU1|| 7é
then CCsx = &

Consequently, (Vz € Wp) CCsz = Pw,nw, ©

Proof. Case 1: Assume that (u1,uz) >0 and ¢l < ;2. Then by Lemma 5.6(ii)
and Lemma 2.5, Wy C W, and (Vo € H) Ry, Ry, © = Ry, . Hence, by Fact
3.2(i), (Vz € H) CCsz = ZEMT — Py oo = Py, @

Case 2: Assume that (u;,ug) > 0 and

HU2II ’

Tl > Teg- Then by Lemma 5.6(ii),
Wy G Wy and so Wy = WinNWs. If o € Wi, then o = Ry, « and S(x) = {2, Rw, x}.
Hence, by Fact 3.2(ii), CCsx = CC({z,Rw, z}) = m =Pw,z =Pw,rm, x
Suppose that « ¢ W;. Then = # Ry, . Using Lemma 5.6(iv), we know that

|t — Pw, z|| > [|[Pm, * — Pm, x|| & Ry, x € Wa. (28)

If |z — Py, z|| > ||Py, * — Py, ||, then Ry, € W5 and Ry, Ry, = Ry, 2. So
S = {Id, Rw, }, which, by Fact 3.2(ii), implies that

x + Rw, @

CCsx = CC({z, Ry, x}) = 5

= PW1 xr = PH1 X ¢ PWmW2 337

where the last inequality is because > 2 | yields Hy N Wy =

Tl 1|| Tzl

Suppose ||z —Pw, z|| < ||Pu, * — P, z||. Then, by (28), Ry, © ¢ Ws. Hence, apply
Lemma 2.5 with =Ry, z and W =W, to obtain Ry, Ry, v =Ry, Rw, x €int W.
Combine this with z € W{ C Wy to obtain x # Ry, Ry, x. Recall that x # Ry, =
and Ry, = # Rw, Rw, z. So, card{x, Rw, =, Rw, Rw, 2} = 3. Moreover, by Lemma
5.6(viii), =, Ry, x, Ry, Ry, x are affinely dependent. Therefore, by Fact 3.2(iii)(b),
CCsx =9
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Case 3: If © € Wy, then S(x) = {x, Ry, z} and so by Fact 3.2(ii) and Lemma
5.6(vi), CCsx = CC({z,Rw, z}) = (x + Rw, ) /2 = Pw, 2 = Pw,nw, .

Assume that x ¢ W;. Then, by Lemma 5.6(v),
||[E—PW1I|| > ||PH1$_PH2*T|| <:>RW1:L’¢VV2' (29)

If ||z —Pw, z|| < ||Pg, ©—Pp, x|, then by (29), Ry, x € Wy and S(z) = {z, Rw, z}.
Moreover, by Fact 3.2(ii) and by Lemma 5.6(vi) with swapping Wi and Ws, we
have CCsx = CC({z,Rw, x}) = (z + Rw, x)/2 = Py, * = Pw,nw, . Suppose that
|z —Pw, z|| > ||Pa, v — Pp, x| If m = —HZ—z”, then by Lemma 5.6(iii), H; = Ho.
Note that Py, x = Py,x € Hy N Hy € W; N W,. Then apply Fact 2.1 with
A=W, C W, and B = W to obtain that Py, x = Py,~w, . Moreover, by Fact
2.4 and (29), RW1 Tr = RH1 i §é W2 and RW2 RW1 xTr = RH2 RH1 T = RH1 RH1 r=2x.
Hence, S(z) = {z,Rw, } and CCszx = CC({z,Rw, }) = Pw, * = Pw,rw, ©.

Suppose HZ_in =+ —”Z—EH. Then by Lemma 5.6(iii) we obtain H; N Hy = @ and
Py, — Py, x # 0. Using Lemma 5.6(vii)(c), we know that = # Ry, Ry,  and that
|IRw, Rw, —Rw, z|| < ||x—Rw, z||. Combine this with z ¢ W; and (29) to see that
card{z, Rw, =, Rw, Rw, ©} = 3. Moreover, by Lemma 5.6(viii), =, Ry, =, Rw, Rw, =
are affinely dependent. Hence, via Fact 3.2(iii)(b), we obtain that CCsz = @.

Altogether, the proof is complete. [

According to Proposition 5.9 below, if u; and us are linearly dependent, then we
don’t need any projection-based algorithms to find Py, ,Aw, x.

Proposition 5.9. Assume that u; # 0 and us # 0, that uy and ue are linearly

dependent, and that Hy N Wy # @. Then Hy C Wy. Consequently, (Vz € H)
PH1 Tr = PHﬂTWg Z.

Proof. This is clear from Lemma 5.6(i) and the definitions of H; and W in (20). [

u; and u, are linearly independent

Although the following Proposition 5.10 implies that CCs with S := {Id, Ry, Ry, }
is proper, it is easy to find subsets W; and W, in R? such that there exists some
r € (WyNWE) U (WEN W) satistying (Vk € N) CCkx ¢ Wy N W,

Proposition 5.10. Assume that uy and uy are linearly independent. Define S :=
{Id, Rw,, Rw, }. Let x € H. Then exactly one of the following cases occurs:
Case 1: z € Wy UW,. Then (Vx e WiNWs,) CCsx = Py,aw, x;
(Ve e WiNWy) CCsx =Pg,z; and (Ve € WiNW,) CCsx =Py, x.
Case 2: z € H~ (W, UWy). Then CCsx = Py,np, x.
Proof. Case 1: Suppose that x € Wy, U Ws. If x € Wy N Ws,, then we clearly
have CCsx = = = Pw,aw, . If © € Wiy N W3, then © = Rw, z, Py, v = Pp, x,
Rw, © = Ry, z, and S(x) = {z, Ry, =, Rw, v} = {z, Rw, «}. Hence we have

CCsx = CC({z,Rw, z}) = (x +Rw, 2)/2 =Py, z =Py, x.
Similarly, if z € W{ N W,, then CCsx = Py, .
Case 2: Suppose that € H ~ (W UWs,). Then we have

S(z) = {z,Rw, z, Ry, x} = {z, Ry, =, Ry, =}.
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Because H; C W; and Hy C Wy, we know that x ¢ H; U Hy. Note that, in view of
[16, Lemma 2.3], if u; and wuy are linearly independent, then H; N Hy # @&. Hence,
by Theorem 5.2(i) we obtain that CCsx = CC({z, Ry, ,Ry, x}) = Pyyam, z. O

The following results are necessary for the proof of Proposition 5.12. We leave the
long and mechanical proof in the Appendix.

Lemma 5.11. Assume that u; and us are linearly independent. Let x € H.
(i)  Assume that x ¢ W;.
Then Ry, © € Wy & (@, uz) — m2)|Jus]]® — 2({@, uy) — m1) (ug, ug) < 0.
(ii) Assume that x € W{ N Wy and that Ry, © € Wy. Then Py, x € Wi N Wha.
(iii) Assume that (uy,us) > 0 and that v € Wy N W5. Then Py, x € W1 N Wy and
Rw, r € Wi Nint Ws.
(iv) Assume that (ui,us) < 0 and that v € Wi N W5. Then Ry, © ¢ Wa.
(v)  Assume that (uy,ug) > 0 and that Py, x ¢ Ws.
Then Py, Py, v =Py, Py, o € Wi N Ws.
(vi) Assume that (uy,us) <0, that x € Hy and that x ¢ Wy. Then Ry, © ¢ Whs.

The following result elaborates that the CRM induced by S := {Id, Rw,, Rw, Rw, }
needs at most two steps to find a point in Wy N Ws.

Proposition 5.12. Assume that uy and uy are linearly independent. Then define

S :=A{Id,Rw,, Rw, Rw, }. Let x€H. Then exactly one of the following cases occurs:

(i) xeW,nNWs. Then CCsx = x = Py,nw, .

(i) = e WinNWs. Then CCsx = Py, x = Py, © and there exists k € {1,2} such
that CChx € Wy N W,

(iii) =€ Wen Wy and ((z,us) — no)||ur])®* — 2({x, u1) — m1){ug, uz) < 0.
Then CCsx = Py, © = Py, © = Pyynms, .

(iv) x e WENWy and ({x,u) — no)||ud||* — 2({x, uy) — n1){u1, uz) > 0 (this case
won’t occur when (uy,us) > 0). Then CCsx = Py,nm, .

(v) z e WnWs and ({z,us) — no)||us]]? — 2({x, ur) — m1){us, us) < 0 (this case
won’t occur when (uy,ug) < 0). Then CCsx = Py, x = Py, x and there exists
k € {1,2} such that CC&x € Wy N W,

(vi) xe WENWE and ({x,u) — m2)||ur]]® — 2({x, uy) — m) {uy, us) > 0.
Then CCsx = Py,nm, .

Proof. (i): Assume that z € Wi, N W,. Then S(z) = {z}. Hence we clearly have
CCsr =z = Pw,nw, .
(ii): Assume that v € W3 N W5, Then x = Ry, x and
S(z) = {z,Rw, =, Rw, Rw, 2} = {z, Ry, z}.
Hence, by Fact 3.2(ii) and Fact 2.4,

CCsx = CC{z, Ry, x}) = HRTW?J: =Py, r =Ppy, z.

Assume that (ui,us) > 0. Then by Lemma 5.11(iii), Py, x € Wi N W,. Hence, by
Fact 2.1, CCsx = Pw, x = Pw,nw, .

Suppose (uy, us) < 0. We shall prove that CC%x € WiNWs. If CCsx = Py, x € Wy,
then we are done.
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Assume Py, © ¢ Wi. Then apply Lemma 5.11(vi) with x = Py, x to obtain that
Ry, Py, x ¢ Ws. Now Py, x ¢ Wy and Ry, Py, x ¢ Wy imply that Py, z ¢ H; and
Ry, Py, ¢ ¢ Hs, and that

CC({PH2 Z, RW1 PH2 Z, RW2 RW1 PH2 iL‘}) = CC({PHQ Z, IZ{H1 PH2 Z, RH2 RH1 PH2 1‘})
Using these results and applying Corollary 5.1(ii) with © = Py, x, we obtain that
CC({Pu, z,Ru, Pu, v, Ry, Ry, P, }) = Py, P, . Following [8, Lemma 2.3,
we achieve Py, nm, Py, * = Pyynm, . Altogether,

CC2z = CCs(CCsz) = CCs(Py, x) = Prym, @ € Wy N W

(iii): Assume that z € WENWy and ({x, us) — n2)||ur||* — 2({x, w1 ) — 1) {uy, ug) < 0.
Note that Lemma 5.11(i) yields Ry, © € W5. Then Ry, Ry, x = Ry, x, and

S(x) = {z, Rw, =, Rw, Ry, x} = {z, Ry, x}.
Hence, by Fact 3.2(ii) and Fact 2.4, we reach
CCsx =CC{zx,Rw, z}) = mhw e Pw, z =Py, z.

2
On the other hand, x € W N W, and Ry, x € Wy, Moreover, via Lemma 5.11(ii),
Pw,z € Wiy N W,. Combine these results with Fact 2.1 we finally deduce that
CCSl’ = PW1 T = PWIQW2 Z.

(iv): Assume that x € WENWy and ({x, us) — no)||ur||* — 2((z, ur) — m1 ) {ug, us) > 0.
By Lemma 5.11(i), we have that Ry, « ¢ Wa. Apply Lemma 5.11(iii) with swapping
Wiy and Wy to know that this case won’t happen when (uq,us) > 0. Moreover,
because x € W{ N W; and Ry, x ¢ Wa, by Fact 2.4,

S(ZE) = {ZE, RW1 Z, sz RW1 {L’} = {[E, RH1 Z, RH2 RH1 {L’}
Hence, by Corollary 5.1(ii), CCsz = Py,nm, .

(v): Assume that x € WENWS and ((z, ua) — no) |lut[|* — 2({z, ur) — ) {ur, uz) < 0.
In view of Lemma 5.11(i), Ry, * € W5. By Lemma 5.11(iv), this case won’t happen
when (uq,us) < 0. Hence, we have (uy,ug) > 0.

Because x € W N Wy and Ry, x € Wy, we have, by Fact 2.4, that Ry, v = Ry, z,

Rw, Rw, © = Ry, z, and, by Fact 3.2(ii),
CCsx = CC({z,Rw, z}) = MTWII = Py, z = Py, z.
If Py, © € Wy, then we are done. Assume that Py, x ¢ Ws. Then,
CO§$ = CCS(OCSZE) = OOS<PH1 J]) = OC({PH1 xZ, RW1 PH1 Z, RW2 RW1 PH1 lL‘})
= CC({PHl Z, RH2 PH1 ,I}) == w = PH2 PH1 xZ.

Hence, by Lemma 5.11(v), CC%x = Py, Py, * € Wi N Ws. Altogether, (v) holds.

(vi): Assume that x € WENWS and ((z, us) — o) |Jur||* — 2((z, w1) — m1 ) {ug, us) > 0.
By Lemma 5.11(i), Ry, © ¢ Ws. Hence, via Corollary 5.1(ii),

00337 = C’C’({PH1 Z, RH1 x, RH2 RH1 x}) = PH10H2 xZ.
In conclusion, the proof is complete. Il

In the following result, we reduce the CRM associated with one hyperplane and one
halfspace to the CRM associated with two hyperplanes which was considered in the
first subsection of Section 5.
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Lemma 5.13. Assume that uy and us are linearly independent.
Set Sl = {Id, RHU RWQ}, 32 = {Id, RHl, RW2 RHl} and 83 = {Id, RWQ, RHl RWQ}
Let x € H. Then the following statements hold:

(i)  Ifx € Wy, then CCs,x = Py, x; otherwise, CCs,x = CC({z, Ry, =,Ry, x}).
(i) If Rg,x € Wy, then CCs,x = Py, a;

otherwise, CCs,x = CC({x, Ry, =, Ry, Ry, ©}).
(iii) Ifx € Wy, then CCsyx = Py, x;

otherwise, CCs,x = CC({z, Ry, x, Ry, Ry, x}).

Proof. Note that x € Wy < =Ry,  and that Ry, v € Wo < Ry, © = Ry, Ry, @
Therefore, the required results follow easily from Fact 3.2(ii) and Definition 3.6. [

To end this section, below we summarize results on the finite convergence of CRMs
that we obtained in this section.

Theorem 5.14. For every i € {1,2}, u; is in H, n; is in R, and set
Wy={xeH : (x,u;) <n} and H;:={xeH : (x,u;) =n}.
(i)  Assume that HiNHy # &. Then the CRM induced by S := {Id, Ry,, Ry, Ry, }

needs at most 3 steps to find the best approximation point Py, ny, x (see The-
orem 5.3).

(ii)  Assume that u; and ug are linearly dependent and that Wy N Wy # &. Then
the CRM induced by S := {Id,Rw,,Rw,} with initial point x € Wi, U W,
finds the best approximation point Py, aw,  in one step (see Lemma 5.5 and
Proposition 5.7).

(iii) Assume that uy and uy are linearly dependent and that W1NWy # &. Then the
CRM induced by S := {Id, Rw,, Rw, Rw, } with initial point x € W, finds the
best approximation point Py, w, « in one step (see Lemma 5.5 and Proposition
5.8).

(iv)  Assume that uy and uy are linearly independent. Then the CRM induced by
S = {Id, Rw,, Rw, Rw, } with initial point x € H finds a feasibility point in
Wi N Wy in at most two steps (see Proposition 5.12).

(v)  Assume that HH N Wy # &. If uy = ug =0, then (Vo € H) CCsx = Py, rw, @
with S bemg {Id, RHU RWQ}, {Id, RH17 RW2 RH1}; or {Id, RWQ, RH1 RWQ},' Zf Uq
and ug are nonzero and linearly dependent, then (Vx € H) Py, x = Py, rw, x5
otherwise, the CRM induced by S := {Id,Ry,, Ry, Ry, } finds the feasibility
point Py np, x € Hi N Wy in 3 steps (see Theorem 5.3, Proposition 5.9 and
Lemma 5.5).

Appendix

Below, we provide proofs of the Lemmas 5.6 and 5.11.

Proof of Lemma 5.6

Proof. (i): Because u; and uy are nonzero and linearly dependent, due to [16,

_ 2]l
[[un ]

Fact 2.1], either uy = luzll) o gy =

el uy, which implies required results in (i).

(ii): These results follow easily from (i) and (20).
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(iii): Due to (20) and (i), we have clearly

Tl = Tt © H1 = H> and i # iy & B0 H =
In view of (i), (uy,us) < 0 implies that us = — ‘}Zﬁ ruy. This and (20) yield

Wy={zeH : (x,ug) Sng}:{xe?{ : <x,u1>>—”Z;Hng}. (30)

Employing (20) again, we yield Wy = {x € H : (z,u1) < m}. Hence,
[ |

||u2||772 < m < mllugl| + m2flui]] > 0. (31)

Assume that Wi N W, # &. Notice that

x ¢ Wy X (T, up) < — HU1|| %) (x,up) <m < o €intW

flual ™

and that x ¢ W) < (x,u) >m (:>) (r,uy) > —

W10W2#®<:>—

HulH P <:>) T € int W,.
Uz

Hence, H = int W; U Wy = W, U int W5, Because uy = — o Hu we have

]

U 20 (31)
. || 2” <ZE,U1> — (_) ‘ ”771 — 1 < O,
[Jua | [Jua|

(Ve € Hy) (x,us) —mp =

which implies that H; C W5. The proof of Hy C W is similar.

(iv): In consideration of (i), ug = Hu ju1. Combine this with Fact 2.3, the assumption
I\Zill > ”u2”, and some easy algebra to observe that (Vz € H)
(z,u1) 12— (2, up) M 2
I[P, x—Pp, x| = Hx%——m - <x+— )H = - . (32)
1 i lua]® lus]® ludll el

Let o € H ~ Wj. Then via (20) and Fact 2.4, (z,u;) > n; and

— M —(x,u1)
PW1 PHll‘ T+ a1 ]2 Uui.

Combining these results with (32), we derive that

<$7U1>—771> m 72 (33)

|l — Pw, z|| > ||Pg, © — Pu, z|| & > :
1 1 : J[ua | fuall [lue|

On the other hand,
RW1 reW, s <RW1 ZL‘,UQ) — 19 < 0 (by (20))

& <2 (a: + %m) — x,u2> —1n9 <0 (by Fact 2.4)
Uy

@< Lo~ (z, U1>u ||U2||u1> <0 (by up = ||U2||u1)
(%

1
[ |2 [ |
& [luz|l ({2, w1) +2(m — (2, w))) — |luallnz <0

<9C>U1>—771> mo T2
luall = el ]’
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which, combined with (33) leads to (z € H ~ W4) |l — Pw, z|| > ||Pu, 2 — P, 2|
if and only if Ry, z € Wa.

(v): The proof is similar to that of (iv) and is omitted.

(vi): Because we have x € W, N Wy, invoking Fact 2.4 and (iii), we know that
PWQLU = PHZZL’ € H2 - Wl. Hence, PW2$ = PH2.T € W1 N HQ - W1 N WQ. Apply
Fact 2.1 with A = W1N Hy and B = H, to obtain that Py, © = Py, g, . Moreover,
employ Fact 2.1 with A = W; N W, and B = W5 to deduce that Py, © = Pw,qw, .
So, (vi) holds.

(vii): By (i), (uy,us) < 0 implies up = —12ly; . Then via Fact 2.3 and (20),

flual]

U1 T2
< = — < . 34b
y<me (o) S p (G0)

m— <IL‘, ul)

; (34a)
|

h — <1’»U1>u1)

[[ua 2

lo = Pr ol = o= (2 +

_HU2HU1

[ |

x €Wy & (x,u) <mp < <:7c,

(vii)(a): Assume to the contrary that € Wi. Then (x,u;) < n;. Hence,

(34b)

_ m—(zu1) m 2 (V_) _
="l S Tl t er = 1Pme =P,

34a)

o~ P, af) °2 | i

([l

which contradicts the assumption, ||z — Py, z|| > ||Py, © — Py, z||.

(vii)(b): Due to (vii)(a) and (20), (x,u1) > m. So, (34a) and (v) lead to

<5L’>U1>—771> T n M2
[Jua | Judl]  flusll

| = Pu, 2| > [[Pr, # = Pp, 2| <

S —— (2 — (z,uy)) > no. (35)

771_<x7u1>

luall ) and Ry, o =2+2 Tz U1, we observe

[[ur ]

<RW1 x,u2) = <RW1 T, — ||U2||U1> - ”qu <$ + QMUM u1>

s [ | lua 2

On the other hand, adopting us; = —

[[uz|] (35)
== Hulu (2771 - <I‘,U1>) > 12,

which implies that Ry, x ¢ Ws.

(vii)(c): Notice that

IRw, Ry, @ — Rw, || = ||Rp, Ry, @ — Ry, zf|  (by (vii)(a), (vii)(b), and Fact 2.4)
= 2||2PH2 PH1 r — PHQJI — 2PH1 Jf—i‘IH

N2 — (7, uz) Lo (z,u1)
[z | [ |

2 m U1 sl
[[uz [Jua ||l ua | (by w2 Turll U1)

(Fact 2.3, [16, Lemma 2.11(i)], and ug = — 1“2l )

[

=2
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= + + +
luall [Jua] lall [l ludl [Jue

=2llz = Py, || = 2|[Pu, 2 — Py, || (by (vii)(a), (34a) and (v))

< 2|z = Pp, || = [l — R, 2.

o o m S| ) Y gs))

Therefore, (vii)(c) holds.
(viii): Let € N and (Vi € {1,2}) y; € H;. Bearing Fact 2.2 in mind, we have

R’Hi == Z(Pyr‘rparHi(x) - ZE) = -2 P(parHi)J-(x - yl> S (par kl%)L

= (keru;)* = span {u;}; (36a)
Ru, Rmy v — Ry, v = Q(Py2+ParH2(RH1 ZL‘) — Ry, 1:)
= —2P par m)r (R, © — y2) € span {us}. (36b)

Recall that u; and us are linear dependent. Hence, x, Ry, x, Ry, x are affinely
dependent, and so do x, Ry, , Ry, Ry, z.

In addition, if x € Wy U Wy, then Ry, x = x or Ry, * = z, which clearly forces
that x, Ry, =, Rw, = are affinely dependent. If x ¢ W; U Wy, then, by Fact 2.4,
(Vi € {1,2}) Ry, * = Ry, . Hence, by (36a), z, Rw, =, R, x are affinely dependent.

Similarly, in view of Fact 2.4 and (36b), z, Rw, =, Rw, Rw, = are affinely dependent.
O]

Proof of Lemma 5.11
Proof. (i): Because z ¢ Wy, by Fact 2.4, we derive that

Rw,z=2Py,z—x =2+ inﬁﬁigﬁul-

m— <$7 ul)

Then RW1x€W2<:)<x+2 L
Uy

U1,U2> <1
& ((z, ug) = mo)lua || — 2((, ur) — mr)(ur, ug) < 0.

(ii): As a consequence of (20) and x € Ws, (x,us) — ne < 0. Moreover, using
Rw, © € Wy and (20), we see that

(Ry, x,u) —me <0 2Py, & — x,u9) —1mp <0

= (Pw, @, uz) — o < 2({z,u9) —m2) <0,

which implies that Py, x € Ws. Clearly, Py, x € W;. Hence, Py, z € W; N Wj.

(iii): Because x € W1 N WS, by (20), we know that (z,u;) < n and (x,ug) > ns.
Combine these inequalities with (uy, u2) > 0 to see that

— (x,u
(T, u1) —m + W(Uhuﬁ <0
and (Tyug) —m + o2 (. uz) (u1,ug) < 0. (37)
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According to Fact 2.4,

2 — <{L’,U2>
(Pw, w,u1) —m = <x + WU2,U1> -
—(z,u (37)
= (@, u1) —m + W@huﬁ <0
—(z,u
and (Rw, 7,u1) —m = $+2WU27U1> — T
_ (37)

[z

which imply that Py, x = Py, x € W, and Ry, v+ € Wy, respectively. In addition,
because x ¢ Wy, by Lemma 2.5, Ry, z € int Wj.

(iv): Note that, by (20), x € WNWs means that (x,u;)—n; > 0and (z,us)—ns > 0.
Combine these two inequalities with (uy,us) < 0 to see that

2771 - <x7 u1>

(x,ug) — Mo + (ug,ug) > 0. (38)

Because x ¢ Wy, by Fact 2.4, Ry, z =2Pyg, e —z=x+ om—{.u),,  Now

flua]

—(z,u
<RW1 [L’,U2> — N2 = <£U + 2%”201“,U2> — 12
1
T, U (38)
= (z,us) — 1 + 21 ||u<1||2 1>(u1,U2> >0,

which entails that Ry, © ¢ Wh.

(v): On account of the assumption Py, © ¢ Wy and Fact 2.3 we have
(Pr, @ uz) > 12 & (2 — (z,u2)) wa|* = (1 — (2, w1))(ur, uz) < 0. (39)
According to the formula of Py, Py,  in [16, Lemma 2.11(i)] we obtain

<PH2 PH1 xZ, U1> —mn
m— (x,u1>

= (z,u1) —m + TTE (ur, uy)
+ m«% — (@, u))[Jua ||* = (1 — <x,u1>)<u1,u2))<ul,u2>
— m((% —{z, u)) Jur ||* — (1 — <x,u1>)(u1,u2>) (uy,up) < 0,

(by (39) and (uq,us) > 0)

which, by (20) and Fact 2.4, guarantees that Py, Py, © = Py, Py, © € W;. Clearly,
Py, Py, v € Hy C W,. Hence, Py, Py, o € Wi N Wa.
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(vi): Note that = ¢ Wy and (uy,us) < 0 ensure 22210 (41 45) > 0. On the other

[lua I

hand, using (20), Fact 2.3, and x € H,, we obtain that

m — <]J, ul)

RH1$¢W2<:><RH1$,U2> >772<:><x—i—2 Hu ||2
1

U1,U2> > N2

Hence, (vi) is true. O
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