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We develop rapidly convergent forward-backward algorithms for computing zeroes of the sum of
finitely many maximally monotone operators. A modification of the classical forward-backward
method for two general operators is first considered, by incorporating an inertial term (close to
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term. In a Hilbert space setting, we prove the weak convergence to equilibria of the iterates (x,),
with worst-case rates of o(n~!) in terms of both the discrete velocity and the fixed point residual,
instead of the classical rates of O(n~'/2) established so far for related algorithms. Our procedure
is then adapted to more general monotone inclusions and a fast primal-dual algorithm is proposed
for solving convex-concave saddle point problems.
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1. Introduction

Let H be a real Hilbert space endowed with inner product and induced norm de-

noted by (.,.) and || . ||, respectively. For any given linear self-adjoint and positive
definite mapping M : ‘H — H, and any bounded linear operator £ : H — H, we
define || . [[m = /(M(.),.) (as an auxiliary metric on H) and || £|| = sup, = [|Lz]]-

Our goal is to propose and study rapidly converging forward-backward methods for
solving a wide class of structured monotone inclusions, but it can be applied to a
much larger class of problems.

1.1. A new way to speed up forward-backward methods

The simplest case of the considered problems consists of finding a zero of the sum
of two operators, especially the following monotone inclusion

find z € H such that 0 € A(z) + B(Z), (1.1)

under the assumptions that A:H — 27 is maximally monotone and that B:H — H
is co-coercive (see, e.g., [6, 15]). This framework finds many important applications
in scientific fields such as image processing, computer vision, machine learning, signal
processing, optimization, equilibrium theory, economics and game theory, partial
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differential equations, statistics, among other subjects (see, e.g., [5, 6, 13, 28, 30, 41,
46, 50]). In particular, we recall that the above setting encompasses the non-smooth
structured convex minimization problem

m&n{@ = f+g}, (1.2)

where g : H — (—00,00] is a proper, convex and lower semi-continuous function
and f:H — (—o00,00) is convex differentiable with Lipschitz continuous gradient.
Indeed, the gradient of a convex and Frechet differentiable function is well-known
to be co-coercive provided that it is Lipschitz continuous (see [6]). Thus, (1.2)
is nothing but the special instance of (1.1) when A = 9f (Jf being the Fenchel
sub-differential of f) and B = Vg (Vg being the gradient of g).

A typical method for solving (1.1), with a 5-co-coercive operator B (for some 5 > 0),
is the forward-backward algorithm (FBA, for short), which operates according to
the routine (see, e.g., Lions-Mercier [29], Passty [37])

Tnt1 = I, a(®n — A B(2,)), (1.3)

where (A\,) C (0,28) and Jy, 4 := (I + X\, A)~! is the resolvent operator of A with
index A, (see Section 1.2.1 for more details on the resolvent operators).

When applied to the minimization problem (1.2), FBA was shown to generate weakly
convergent sequences (,), with worst-case rates O(z,) — inf3 © = O(n™!) (for the
function values) and |z,11 — 2| = O(n~'/?) (for the discrete velocity). These
rates have been considerably enhanced through an accelerated forward-backward
algorithm (AFBA, for short, which will be described in Section 1.2.2), by means
of an inertial-type extrapolation process. The latter AFBA generates convergent
sequences (r,) with the improved worst-case rates O(z,) — infy © = o(n™?) and
|Zns1 — xnl] = o(n™!). Afterwards, general variants of AFBA, with arbitrary mono-
tone operators A : H — 2" and B : H — H, have been extensively studied and
many attempts to get convergence rates similar to that reached for the convex min-
imization case can be found in the literature (see, e.g., [1, 30, 33]). However, most
of these works are only concerned with empirical results.

Our purpose here is twofold with regard to the previous observations:

First, we aim at extending, in terms of discrete velocity and fixed point residual,
the above convergence properties (obtained for structured convex minimization) to
some new variant of (1.3). This process will be investigated with an additional pre-
conditioning strategy, as suggested by Lorenz-Pock [30], under the following general
conditions:

A:H — 2" is maximally monotone on H; (1.4a)
B :H —H is co-coercive w.r.t a linear, self-adjoint and positive

definite map L, (1.4b)
S = (A+ B)7'(0) # 0. (1.4c)

An operator B : H — 2% is said to be co-coercive w.r.t. a linear and positive definite
map L : H — H if it satisfies

<B$—By,l’—y> > ||B$_By|’%—lu for (x7y> EH2 (15)
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Note that in the simple case when L = 87T (for some 3 > 0), any operator B
satisfying (1.5) is f-co-coercive. It can also turn out useful to consider more general
map L as discussed in [30].

Specifically, for solving (1.1)-(1.4), we introduce CRIFBA (corrected relaxed inertial
forward-backward algorithm) which consists of sequences {z,,z,} C H generated
by the following process:

CRIFBA:
> Step 1 (initialization):
Let M : H — H be a linear self-adjoint and positive definite map,
let {z_1,2_ 1,20} C H, {1, 50,0} C [0,00), {e,\,w} C (0,00), and set
ctsn oy =1 %0 (1.6)

et+vny1’ e+vny1’

vp=8m+vy, 6,=1-—

> Step 2 (main step):
Given {z,_1,Tp_1,2,} C H (with n > 0), we compute the updates by

Up = Zn-1 — Tn, (1.7a)
Zn = Tp + gn(xn - xn—l) + YnUn, (17b)
Tpt1 = (1 - w)zn + wJ)\MflA(Zn - )\M_IB(ZTZ)) (170)

where Jyy-14 := (I + AM~1A)~! denotes the resolvent of M~!A (also referred
to as a generalized resolvent of A).

The algorithm under consideration can be regarded as a preconditioned and relaxed
variant of the classical forward-backward in which we further incorporate the mo-
mentum term “6,,(x, —z,-1)” (inspired by Giiler’s acceleration techniques for convex
minimization) and the correction term “7,(z,-1 — )" (similar to that suggested
by Kim [26] in proximal point iterations). Note that (1.7¢) can be formulated as

Tpi1 = (1 —w)z, +w(M + N A) " (Mz, — AB(2,)). (1.8)

Then, as illustrated in [30] in the context of convex-concave saddle-point problems,
the introduction of the map M can be helpful in some situations to make the iteration
feasible, but it can be also interpreted as a left pre-conditioner to the monotone
inclusion (1.1). Furthermore, this procedure allows us to investigate our algorithm
with respect to the auxiliary metric ||.||5s, which can be also used as a speeding up
process.

As a useful tool in our methodology we introduce the fixed point residual operator
defined by

G =3I —=Jwa0(l—=AM'B)). (1.9)
The term G}/ (2) (for z € H) can be regarded as a tool to measure the accuracy of
some point z to the solution set S since G\(z) = 0 is equivalent to z € S.

The simple form of CRIFBA allows us to extend the fast convergence rates obtained
for AFBA (in the context of potential operators) to the wide framework of the
structured monotone inclusion (1.1)-(1.4), especially in terms of the discrete velocity
and fixed point residual |G} (z,,)||ar. In particular, using appropriate parameters
{61, Yn, N\, w}, we establish, among others (see, Theorem 2.1), the weak convergence
of (z,) towards equilibria belonging to S, with the worst-case rates || ;11 — zn||m =
o(n~1) (for the discrete velocity) and ||GY (z,)|ar = o(n™!) (for the fixed point
residual).
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Secondly, by following the methodology developed by Raguet-Fadili-Peyré [40], we
aim at adapting the proposed acceleration techniques to the more general inclusion
problem :

find z € H s.t. 0€ B(z) + Y 1_, Ap(@), (1.10)

where B : H — H is 3-co-coercive and (A;)}_, : H — 2" is a family of p maximally
monotone operators. This gives rise to G-CRIFBA (generalized corrected and reg-
ularized forward-backward algorithm), whose structure bears similarities with FBA
(1.3). Indeed, G-CRIFBA consists of an explicit forward step, followed by an im-
plicit step in which the resolvent operators of each A; are computed in parallel. Let
us underline that G-CRIFBA provides yet another way for computing the resolvent
of the sum of maximally monotone operators at a point y € rang (I +> 7 A;).
This can be seen when taking B as the particular operator defined for x € H by
B(z) = v —y (hence B is 1-co-coercive). A particular attention will also be paid to
the case of potential operators.

1.2. Motivations and reminders on proximal splitting algorithms
1.2.1. Some splitting variants of the basic proximal algorithm

A classical method to compute zeroes of a maximally monotone operator A:H — 2%
is the so-called PPA (proximal point algorithm) (see Martinet [32], Rockafellar [43,
44]), which consists of the iteration

Tn+1 = J)\A(l’n), (111)

where Jy4 := (I +AA)~! (for some positive parameter \) is the resolvent operator of
A, which is well-known to be everywhere defined and single-valued (see, e.g., [9, 24,
27] for more details). In particular, when A = Jg is the Fenchel sub-differential of a
proper convex and lower-semi-continuous function g : H — (—o0, 0], the resolvent
operator of A reduces to the proximal mapping of g given by

prox,, () := Jygg = argmin, 4 (9(y) + (2X) 7|z — y|]?). (1.12)

It is well-known that PPA generates weakly convergent sequences (x,) with a dis-
crete velocity that vanishes at the rate ||z,41 — z,||*> = O(n™!) (or equivalently,
|z, — Jaa(zn)||* = O(n~1) for the fixed point residual).

In many situations, however, evaluating the resolvent of the sum of two maximally
monotone operators A and B turns out to be more complicated that evaluating
separately the proximal operators of A and B. This observation gave rise to two
main categories of splitting methods of practical interest (for instance, in the context
of sparse signal recovery [16, 19], machine learning [22] and image processing [40]):

(c1) The first category of splitting algorithms is composed of those that essentially
include backward steps, namely, no evaluations of A and B, but only evaluations of
both the resolvent operators of A and B. This kind of methods originates from the
Peaceman-Rachford and the Douglas-Rachford splitting algorithms (see [20, 29, 38]).
As an example, we mention the following iteration (see Corman-Yuan [18], Eckstein-
Bertsekas [23])

Tpi1 = H(z,), where H = (J,\A(2J,\B -N+1- J,\B) (for some A > 0). (1.13)
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The operator defined by D := H~!—I was shown to satisfy the remarkable properties
(see [23])

D is maximally monotone, H = Jp, D7'(0)=5:=(A+ B)"'(0). (1.14)

The iterates (z,) produced by (1.13) were shown to converge weakly to some element
of S.

(c2) The splitting methods in the second category combine both backward steps
(evaluations of resolvent operators) and forward steps (evaluations of one of the two
operators).

— A popular example of such methods, for a single-valued mapping B, is given by
so-called forward-backward algorithm (1.3). In specific, when B is (- co-coercive,
(1.3) was shown to be a weakly convergent method, provided that (\,) C (0,25).

— Another example, for a single-valued mapping B, is given by the following forward-
backward-forward algorithm proposed by Tseng [47] (see also [8])

Yn = J)\RA($n - )‘nB(xn))’ Tpn+1 = Yn — >‘n<B(y7L) - B(xn)) (1'15)

This method was shown to generate (weakly) convergent sequences, even when B is
L-Lipschitz continuous (which is a weaker condition than co-coerciveness), provided
that (\,) C (0,L71).

— Later on, generalized variants of the forward-backward and forward-backward-
forward algorithms (see, e.eg., [14, 40]) have been adapted to more general inclusion
problems such as (1.10).

1.2.2. Proximal splitting algorithms and acceleration processes

It is suitable to accelerate PPA and its splitting variants, in view of their various
applications.

Note that, in the context of the convex minimization (1.2), FBA (1.3) reduces to

Tpy1 = Proxy (v, — AV f(2,)). (1.16)

When V f is L-Lipschitz continuous, and for values ()\,) C (0, L), (1.16) generates
(weakly) convergent sequences (x,) that satisfy the (sub-linear) convergence rate
O(z,) —infy © = O(n™') ([10]).

Afterwards, (1.16) was enhanced through the Fust Iterative Soft Thresholding Algo-
rithm (FISTA) proposed by Beck-Teboule [7] (see also [48]), based upon the tech-
niques of Giiler [25] and Nesterov [34, 35, 36]). FISTA was shown to produce iterates
(z,) that guarantee a rate of convergence O(z,) — infy; © = O(n~?). However, the
convergence of these iterates has not been established.

This drawback was overcome by the following variant of FISTA recently introduced
by Chambolle-Dossal (see [12]) (see also Attouch-Peypouquet [3]) given by
-1
Zp = Ty + n— (:L‘n - xn—l)v
n+oa—1 (1.17)
Tny1 = ProxXy, (2, — AV f(z,)),

where A € (0,L7') and o > 0.
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It was proved for v > 3 (see [3]) that (1.17) generates (weakly) convergent sequences
(7,) that minimize the function values ©(z,) with a complexity result of o(n=?),
instead of the rates O(n~1) and O(n~?) obtained for (1.16) and FISTA, respectively.

In the case of an arbitrary maximally monotone operator A : H — 2% that acceler-
ated variants of PPA have been proposed and investigated through RIPA (Regular-
ized Inertial Proximal Algorithm) by Attouch-Peypouquet [4], PRINAM (Proximal
Regularized Inertial Newton Algorithm) by Attouch-Lészlé [2]. These algorithms,
despite their interesting asymptotic features, require unbounded proximal indexes
for convergence and so cannot be extended to the forward-backward framework. In
the same context, an accelerated proximal point method involving constant proximal
indexes was proposed by Kim [26], based on the performance estimation problem
(PEP) approach of Drori-Teboulle [21]. This yields the worst-case convergence rate
of O(n~?) in terms of fixed point residuals. Once again, no convergence of the
iterates was established.

To the best of our knowledge, regarding the existing algorithmic solutions to the
problems (1.1)—(1.4) with general operators, there are no analogous theoretical con-
vergence results to that obtained for (1.17). Only somewhat empirical accelerations
have been proposed, except for the work of Attouch-Cabot [1], via relaxation and
inertial extrapolation techniques. Some of these processes are recalled below:

(el) Inertial variants of (1.3), with a co-coercive operator B, have been discussed
by Moudafi-Oliny [33]:

Zn = Ty + 0 (Ty, — Tpo1), Tpgr = Ia,a(zn — A B(24)), (1.18)
and by Lorenz-Pock [30]:

Zn = Ty + 0 (Ty, — Tpo1), Tpgr = I, a(zn — AN B(22)), (1.19)
where (a,) and (A,) are positive sequences. Note that this second method involves
the evaluation of B at z, instead of z,, (as done in (1.18)).

(e2) A reflected variant of (1.3), with a Lipschitz continuous operator B, was
investigated by Cevher-Vu [11]:
Yn = 2T — Tp_1, Tpr1 = Ira(Tn — ABYy,). (1.20)

(€3) An inertial and relaxed variant of (1.3), with a §-co-coercive operator B, has
been discussed by Attouch-Cabot [1]:

Zn = Tp + (T — Tp1), Tpgr = (1 —wp)zn + wpdy, a(zn — \nBz,),  (1.21)

where {a,,, wn, A\, } are positive and bounded sequences. Under various conditions on
the parameters, the authors have established the weak convergence to equilibria of
the iterates (x,), with additional convergence rates in terms of the discrete velocity
and the fixed point residual |G (z,)||*> (where G4 was introduced in (1.9)).

In particular, this work meets the setting of Nesterov’s accelerated methods through
the choice of o, =1 — an™! with a > 2 (for the momentum coefficient), along with
A = X € (0,28) (for the proximal indexes), w, = 1 — pn~2 and finally with
0<p<ala—2)(1-— ﬁ) (for the relaxation factors).
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In this framework (see [1, Corollary 4.9], Attouch and Cabot have reached the
estimates ||z,41 — 2| = O(n7') and Y nljwni1 — z,]|* < oo (for the discrete
velocity), along with > n7!|GL(z,)||* < oo and lim, o ||GA(z,)| = 0 (for the
fixed point residuals).

As a consequence of the correction term in CRIFBA we improve these last rates
from ||z,11 — z,]| = O(n™!) and ||GA(z,)|| = O(1) to ||Tps1 — x| = o(n™!) and
|G4(x,)]| = o(n™1) (see Theorem 2.1).

1.3. Organization of the paper

An outline of this paper is as follows. In Section 2, we present our main convergence
results (see Theorem 2.1). Some preparatory estimations regarding CRIFBA are
also stated. Section 3 is devoted to the convergence analysis of CRIFBA and a
proof of the main results is then proposed. In Section 4, we specialize CRIFBA to
the setting of the more general monotone inclusion (1.10). Next, in Section 5, we
give an application of CRIFBA relative to convex-concave saddle point problems.

Remark 1.1. From now on, so as to simplify the notations, we (often) use the
following notation: given any sequence (u,,), we denote @, = u, — U,_1.

2. Main convergence results and preliminary estimations
2.1. Main convergence results

The following result states the convergence of CRIFBA, with an accuracy measured
through the operator G}! (introduced in (1.9)).

Theorem 2.1. Let L, M : H — H be linear self-adjoint and positive definite maps,
and let A : H — 2" and B : H — H satisfy (1.4), with S := (A + B)~(0) # 0.
Suppose that {x,,v,} CH are generated by CRIFBA with {s1, o, 0} C [0,00) and
{e,\,w} C (0,00) such that

2s1 <sp<e, O<w<l. (2.1)
Suppose furthermore that one of the following conditions (2.2a) and (2.2b) holds :

36 >0 s.t. N|L| <45 and M, := M — I is positive definite, (2.2a)

w(l —w)
My =M — mL is positive definite. (2.2b)
Then the following properties are reached:
Ensillar = o(n™"), P anllnsallly < oo, 3 an®ldnes — @ally < oo, (2.3a)
lvallar = o(n™"), S wnllvalliy < 00, 32 wn®[|tnrally; < oo, (2.3b)
IGY (@a)llar = o(n™"), 30 anllGX' (23 < o0. (2.3¢)

Moreover, denoting vy, = x,, + (1 — %) Up, we have:
g1l = o(n™"), 32 wnllgnslly < oo, (2.3d)
IGY (y)llar = o(n™h), 32 anl|GY (ya) 3 < oo (2.3¢)
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If, in addition, M and L are bounded, then:
3z € S, s.t. (Tn,yn) — (2,Z) weakly in (H,||.||a)? (2.3f)
Jyp € (A+B)(yn), st |yallar = o(n™) and 3 .nlly, |3, < oo (2.3g)

Theorem 2.1 will be proved in Section 3.3.
Let us give some comments on the above theorem.

Remark 2.2. Recall that a linear self-adjoint operator M : H — H is called
positive definite if it satisfies inf,cy ||(Max, x)||/||z]] > 0. So, we emphasize, for a
bounded operator L, that the two conditions (2.2a) and (2.2b) are always feasible
for 0 and A small enough. In specific, regarding the classical setting of (1.1)—(1.4)
when L = B7'I (with 8 > 0) and M = I (as used for instance in [1, 33, 40]),
(2.2a) reduces to 0 < A < 436 and 0 < 6 < w(l — w), for some & > 0, which
is equivalent to 0 < A < 4fw(1 — w), while (2.2b) becomes the more stringent
condition 0 < A < w(1 — w)pB. Nonetherless, condition (2.2b) (in general) does not
require L to be bounded.

2.2. Preliminary estimations on CRIFBA

As standing assumptions regarding this section, we assume that L : H — H and
M : H — H are linear self-adjoint and positive definite maps, and that A : H — 2%
and B : H — H satisfy condition (1.4).

2.2.1. A useful reformulation of the algorithm
We begin by making the following observation.
Remark 2.3. It is importance to notice that (1.7c) can be reformulated as
Tny1 = 2n — WAGY (2,), (2.4)

where G3! was introduced in (1.9).

A key result in our analysis is then given by the following proposition.
Proposition 2.4. The iterates (x,) and (v,) generated by CRIFBA satisfy (n > 0)
Uni1 = (Aw) Gy (20), (2.5a)
Tpi1 + Upi1 = 0,20 + YpUn. (2.5b)
Proof. For n > 0, we have v,,1 = z, — 41 (by definition of v,) together with
Zn = Tnp1+(Aw)GY (2,) (from (2.4)), hence, we obviously infer v, 11 = (A\w)G} (z,,),
which yields (2.5a). Furthermore, by z, = z, + 0,4, + Vv, (from (1.7b)), we
immediately obtain
Un41 = Zn — Tpt1 = enxn + YnUn — l"n—i-la
which entails (2.5b). O

2.2.2. Co-coerciveness of G)! and basic properties on (z,) and (vy)

The next result plays a central role in our methodology. For simplification, given
any (z1,x2) € H?, we write:

AGY (x1,29) = GY (21) — G} (29) and AB(x1,x9) = B(x1) — B(xs).
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Proposition 2.5. For any A > 0 and for any (x1,22) € H?, we have
(AGY (21, 29), 11 — 22) 1
> [|AB(z1, @) [|7-1 + MAGY (21, 22) |13 — MAGY (1, 22), AB(21,22)).  (2.6)
Hence, fori=1,2, the following inequalities hold:

(AG¥($1,I2),$1 —$2>M

Z OéiHAB([El, x2)||%_1 + /\<HZAG¥([E1, 172), AGﬁ/[(xl, 132)), (27)
with parameters c; and H; defined by
A
ag=1-— QHLH and Hy =M — 1 (for some given § > 0), (2.8a)
g = % and Hy = M — \L. (2.8b)

The proof of Proposition 2.5 is given in the Appendix A—1 and it makes use of the
following observation.

Remark 2.6. Recall that for any linear self-adjoint and positive definite operator

M . H — H, there exists a linear self-adjoint and positive definite, map denoted
1 1 1 1

M2 such that M = M2Mz3= (see [45]). The operator Mz is called of roof of M

and it also satisfies | Mz ||2 = || M]|.

As an immediate consequence of the previous proposition, we provide basic proper-
ties concerning the sequences (z,) and (vy,).

Proposition 2.7. Suppose that {x,,v,} C H are generated by CRIFBA with pa-
rameters {sg, s1} C [0,00), {e, v, A} C (0,00) and w € (0,1). Suppose furthermore,
for some integer i, € {1,2}, that M;_ is positive definite, where M, and M, are
defined by

)
w(l —w)

I (for some given § >0), My := M — A L. (2.9)

My =M — w(l —w)

Then, forn > 1 and for any q € S we have the following inequalities:

(1—w)?

B(zn-1) = B(@)||1-+ + [vall3s (2.10a)

(1 - w)?

(U, T — @) 2> (Aw) oy,

(On1s dngi )y = Aw)ai || B(zn) = Blzaa) L + [nsallar: (2.10b)

where «;, is given by (2.8).

Proof. For convenience of the reader we set ¢, = GY(z,). Clearly, for n > 1, we
have v, = AMw(,—; (from (2.5a)), or equivalently z,, = 2z,-1 — Aw(,—1 (as we have
Up = Zp_1 — Tp). 1t follows immediately for g € S that

(Ony 2 = @ar = (M) Gty 20 = Qs = (M) {Gat, 201 = Qs — (Aw)?[|Gaa 13-
Moreover, by Proposition 2.5 and recalling that G4/ (q) = 0 we have (for i = 1,2)
<Cn717 Zn—1 — q>M 2 OéiHB(znfl) - B(Q)H%—l + >\<HiCn717 Cn71>-
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Consequently, by the previous statements, we deduce that

<Una Ty — Q>M

> (Aw)ai|| B(zo-1) = B(@)ll-1 + Xw(HiGu1, Gor) = Qw)?[[Gueallfye (2:10)

In addition, concerning the last two terms in the right side of the previous inequality
we have

)\2w<HiCn71> Cn1) — ()\w)QHCnle?w
= < ()\2U}HZ — ()\U}>2M>) Cn—l, Cn—1> = )\2w< (Hz — UJM) Cn—l» Cn_1)>,
= )\2’(1](1 - w)<ji<-nfla Cn71>7 (212)

where J; = (1 — w) Y(H; — wM) (for i = 1,2). Moreover, by H; = M — 6l and
Hy; = M — AL (in light of (2.8)), we get

Ji=1-w) Y (H —wM)=(1-w)"Y (M-8l —wM) = (1 —w)M +wM,
together with
Jo=01—-w) Y (Hy—wM)=(1—w)"Y(M — AL —wM) = (1 —w)M + wh,.

This, combined with (2.11) and (2.12), leads immediately to (2.10a). Next, for
n > 1, by (2.5a) we obviously have that 0,,1 = Aw(({, — (,_1), or equivalently
1 = Zn — Aw((, — Cuo1) (since vpyq = 2, — Tpo1). Then we immediately see that

(Unt1, Tn1)nr = A0 — Guoty o) s — (Aw)?[| G — Gua |3
In addition, by Proposition 2.5, we have (for i = 1,2)
(Gos Zn)ar = @il| B(z0) — B(zn—1) 1221 + MHiCa, Ga).-
Then by the previous two results we are led to
(Ons1, Tnr)ar — (Aw)as|| B(zn) — Bzn-1) 11
> (NwH; — (Aw)*M)Go, Go) = Nw((H; — wM)Gy, G)
= Nw(l = w)(JiGn: G

where J; was previously introduced. This readily amounts to (2.10b). [

2.3. Links between the iterates and the graph of (A + B)
Consider the elements y,, and y; defined by
Yn = —2Up + 2p—1 and yi = (Aw) Mo, + B(y,) — B(2n-1). (2.13)
The following result makes the connection between y* and (A + B)(y,).
Proposition 2.8. Let {x,,v,} be produced by CRIFBA. Then, for n > 0, we have
(Aw) " Muv, 1 € B(2,) + A(Yni1), (2.14a)
Yni1 € B(yn+1) + A(Yn+1)- (2.14b)
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If, in addition, M and L are bounded and such that M — pL or M — pl is positive
definite (for some p > 0), then
1

. 1 /1 1 1
sl < — (XIIMH + W(IIMH-IILII)QU + ||L||2)> [vns1llar- (2.15)
The proof of Proposition 2.8 is given in the Appendix A-2.

3. Convergence analysis of CRIFBA

A series of estimates are obtained here by means of a Lyapunov analysis but also
by using the reformulation of CRIFBA given in Proposition 2.4. The main results
of Theorem 2.1 will be derived as a combination of these estimations. As standing
assumptions we assume that L : H — H and M : H — H are linear self-adjoint
and positive definite maps and that A : H — 27 and B : H — H are maximally
monotone operators.

3.1. Estimates from an energy-like sequence

With the iterates {z,, v, } produced by CRIFBA, we associate the sequence (&,(s, q))
defined for (s,q) € (0,00) x S and for n > 0 by

1 . 1
En(s,q) = 5lIs(q = za) — vadinllny + 55(e = s)llzn — alliy

+ s(e 4+ ) (Un, T — Q) a1 (3.1)

3.1.1. Properties of the energy-like sequence

Our Lyapunov analysis will be based upon the following lemma.

Lemma 3.1. Suppose that (1.4) holds and that {z,,v,} C H are generated by
CRIFBA with parameters {so,s1} C [0,00) and {e, vy, w, A} C (0,00) such that

0<s1<sp<e, 0O<w<l. (3.2)
Suppose further that there exists i, € {1,2} such that the following condition holds:

;. is non-negative and M;, is positive definite, (3.3)

where a;, and M;, are given by (2.8) and (2.9), respectively.
Then, for any (s,q) € (0,e] x H and for n > 1, we have

gn—i—l(sa Q) + 8(30 - Sl)<vn7~rn - q>M

1-— . 1 . .
+ D et v a)(e = 5 v BmialBr + 5 (e + vl — Buall3s
. 1 .
+ (50— ) (€ V)0 B )+ 5 (€= 5) (e + i) [} < 0. (3.4)

In particular, forq € S, the sequence (€,(s0,q))n>1 i non-increasing and convergent,
and the following estimates are reached:

o 2 < 251(807(]) 35
sup |z = allyr < S0 (3.52)
sup Vn<vnaxn - Q>M S M7 (35b)

n>1 S0
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sup nl| &, || pm < oo, (3.5¢)
. £1(50,
S i alnsalfy < TR0, (3.50)
. &1(50,
> netVnpillEna iy < %Soq); (3.5e)
_ £1(50,9)
Zn21<Uml’n q>M < m, (35f)

3.1.2. Proof of Lemma 3.1
3.1.2.1 Part 1: a useful equality for a Lyapunov analysis

We recall here an equality of independent interest which is related to our method
through the wider framework of sequences {z,,d,} C H and {e,v,,0,} C (0,00)
satisfying (for n > 0)

Tpy1 — OnTp +d, =0, (3.6a)

(e 4+ Vpy1)0n = Vp. (3.6b)

Basic properties regarding these iterates are established through the following result
stated in [31, Proposition 2.3].

Proposition 3.2. Let {z,.d,} C H and {0,,v,,e} C (0,00) satisfy (3.6), and
suppose that M : H — H is a linear self-adjoint and positive definite map. Then
for (s,q) € (0,¢e] x H and for n > 0 we have

: 1 . .
Fn-l—l(sa Q> + 5(6 + Vn+1>2||xn+l - enxnn?w + 8(6 + Vn+1><dn7 Tnt+1 — q)M
. 1 .
+(e+ vngr)(e = 5+ Vg1 ){dn, Snai)ar = —5 (e = 5) (e + 2vna) [dnia i, (3.7)

where F,(s,q) is defined by

1 . 1
Fu(s,0) = 5lls(a = @n) = vainllis + 55(e = 9)len — allas- (3.8)

3.1.2.2 Part 2: a main inequality and related estimates

Let us begin by proving (3.4). It can be observed (from (2.5b)) that the iterates
{zn,v,} generated by CRIFBA enter the special case of the general iterative process
(3.6) when taking d,, = v 11 — VnUn. Hence, for n > 0, by Proposition 3.2 we obtain

: 1 .
Fria(s,0) + 57| Wallds + (570){dn, Tnsr — @ar + (7300) s 1) 1t

(e = ) (e + 20ns) |l (3.9)

N =

where 7, = ¢ + Vpi1, 9, = 1 — s7,t and W,, = 2,11 — 0,0,. Let us evaluate the

quantity (s7,){dn, Tpny1 — @) ar + (720,){dp, i1 )ar. Setting U, = (v, Ty — q@)ar, by
dy, = Vpt1 — YuUp we have

<dnaxn+1 - q>M = Un+1 + <_/7nvn7x'n+1>M - ’YnUnv (310)

<dn7j;n+1>M = <Un+1; :thrl)M + <_’ann; Ltn+1>M- (311)
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This, noticing that s7,, + 729,, = 72, amounts to

(57 ) (s Tt = @) ar + (7700 ) (s Enr) ar
= (57)Unt1 = (570) 1 Un + (T000) (U1, Ensa ) it + Ty =V T )
In addition, we obviously have
(Vnt1s Zn1) M = (Onst, Bng1) v + (U, Tg1) -
Then, by the previous arguments we obtain
(57a){dn, Tns1 — @ar + (7390){dn, 1)t
= (57)Un+1 = Y (5T)Un + (7390) (Vns1, Ensi)nr — YTy (Uny 1)
= (570)Uns1 = Y (570)Un + (7390) (On 1, S ) ar + T (U — ) (U 1) a1
Furthermore, observing that v, =1 — so7,; Land that 7, := 7, — Tho_1 = 51 , an easy
computation gives us
VnTn = Tn — S0 = Tn—1 — (S0 — 1) and 7,(9,, — ) = (S0 — $).
In addition, for n > 1, by Proposition 2.7 and setting = (1 — w)?/w, we have
(415 Tog1) e 2 llnsa 3
Therefore combining the previous results amounts to
(87)(dn, Tor — O ar + (T0090)(dny Brii)ar 2 (570) Vs — (8T0-1)Un
+5(50 — 51)Upn + 0(720) | 0ns1ll3s + Tu(S0 — 8)(Vn, Trg1)ar- (3.12)
Consequently, in light of (3.9), we deduce for n > 1 that

Fn+1<s> q) + (STn>Un+l - (STnfl)Un + 5(50 - Sl)Un + nTgﬁnanJAH?\/j

. 1 .
+7n (S0 = 8) (Un, Tp1) i < 3 (e = 5) (e + 2vnp1) |Enia|3-
This, from &,(s,q) = F,(s,q) + (s7n—1)U, (in light of (3.1)), can be rewritten as

(3.4).

Now we prove the second part of Lemma 3.1. For ¢ € S and s = sp, inequality (3.4)
becomes (for n > 1)

gn—}—l(s()? Q) + SO(SO - 81)(”717 Tn — q>M + 777'3%1”2}71—5-1”?\/[

1 1 .
+57alWallas + 5 (e = s0) (e + 2vns)lEnsall3 <0 (3.13)

Clearly, we know that U, is non-negative (from Proposition 2.7). It follows im-
mediately that the non-negative sequence (&,(s¢,q))n>1 is non-increasing, since the
constants sp — s; and e — sg are non-negative (in light of condition (3.2)). Whence
it is convergent and bounded. Also recall from (3.1) that

1 .
gn(SO»Q) = §||50(q — ) — ann”?\/[

1
—|—§So(€ — 50)||zn — ql3; + s0(e + 20 ) (Un, Tr — @) s (3.14)
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Then, for n > 1, by the inequality &,(s¢,q) < &1(so,q) we get

1
5s0(e = s0)[lzn — qll3s < &i(s0.9) (3.15)
so(e + 2vp) (Vn, Tn — @) < E1(50, q), (3.16)

[vndnllv = [[so(q — zn) | < VEi(50,9). (3.17)

Estimates (3.5a), (3.5b) and (3.5¢) are direct consequences of these last three in-
equalities. Moreover, given some integer N > 1, by adding (3.13) from n = 1 to
n = N we obtain

N N
En+1(80,q) + so(so — 51 Z Un, Tn = q)M + 77273%”@%1”?\4
n=1

n=1

+5 ZTonn—H Oniinl[3s + (6—So)Z(e+2Vn+1)Hi“n+1Hﬁ4Sé’l(sO,q)- (3.18)
n=1

n=1

It follows immediately that

13- 1 Tatnllonsa i < E1(s0, ), (3.19)
2 (e = 50) (e + 20 i |3 < Ei(s0,0), (3.19D)
50(50 = 51) 20 net (s T — @) < E1(50, 9), (3.19¢)

Z el = Onall3r < Ex(50, ). (3.19d)

This straightforwardly yields (3.5d), (3.5¢) and (3.5f). The last estimate (3.5g) is
simply deduced from (3.19d) and (3.5e) (in light of the definition of 6,,) O

3.2. Estimates from the reformulation of the method

Additional estimates are established regarding CRIFBA, especially on the sequence
(U + Tp,)-

Lemma 3.3. Let {z,,v,} C H be given by CRIFBA with {s1,s0} C [0,00) and
{e, vy, w,\} C (0,00) satisfying 0 < so < e. Then, for any (s,q) € (0,e] x H and
forn > 1, we have

(€ + V1) *[vnrr + Enaliy = (e + va)?[Jon + @i,
+(50 — 251)(€ 4+ Vpy1)||vn + 2|3y < sgt(e — 50+ 81)%(e + vny1) |23 (3.20)
Suppose, in addition, that condition (3.3) holds and that the parameters satisfy
0<s1<(1/2)sp and 0<w<1. (3.21)
Then the following estimates are reached
S| dn + vall3s < 00, (3.22a)
&0 + vallpe = o(n™h). (3.22b)

Proof. For n > 1, according to Lemma 2.4 and denoting 7,, = e + 1,41 we have
Unt1 + Tpy1 = 0,25 + YnUn, together with v, =1 — 307—1 and

Op =vpm b =1—(e+s))7, "

’I’L )
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which yields v, 1+%n1 = Yo (Vn+3n) + (00 —Yn)Zn. Then, setting H,, = v, +,,, we
equivalently have H,, 11 = v, H,+ (0, — V) Zn, along with 0, —v,, = —(e—so+s1)7,, !,
which amounts to 0

Hopr =+ (1=7) 2224,
Hence, by convexity of the squared norm we infer that

nfen 2 .
sl < vl Hallys + (0= 3) (322 ) il

e—so+s1)°

= all a3+ 502

Hence we obtain

[ Hosill3r < (1= som DI HlR + 597 (€ = s0 + s1)° 7, |23
Then multiplying this last inequality by 72 amounts to

TallHas1 13 < (72 = soma) | Hall3 + 50 (€ = s0 + 51)°Tal|&nll3s,
while by 7,, = s; (from the definitions of 7,, and 1,,) we simply have

72— 712 < s51(Tn + Tao1) < 2517
Combining these last two results amounts to
TollHasi 13 < T HlR, = (s07a = 2517) | Hall3 + 5 (€ = S0 + 51)°Tal|&nll3,

which leads to the desired inequality.

Next we prove the second part of the lemma. Clearly, the assumptions of Lemma
3.3 guarantee that Y 7,[|@,||3;, < co (according to Lemma 3.1). Consequently, by
(3.20) under the condition 0 < s1 < (1/2)sg, we classically deduce that

> n Tallvn + a3y < 00
(namely (3.22a)) and that the sequence (72||v,_1 + @,_1||%;) is convergent.

Thus, there exists [; > 0 such that lim, . 72||vn_1 + Zn_1|[3; = l1, hence, we also

have lim, oo 77 [|vn + Znll3, = I (since == — 1 as n — o0). So, noticing that
>, Tt =00, we are led to [; = 0, which proves (3.22b). O

3.3. Proof of Theorem 2.1

Let us begin by observing that the conditions (2.2a) and (2.2b) correspond to condi-
tion (3.3) with i, = 1 and i. = 2, respectively. The rest of the proof will be divided
into the following three steps (B1), (B2) and (B3):

(B1) In order to reach (2.3a), (2.3b) and (2.3d), we prove the following estimates:

> anllvnlly; < oo, (3.23)
> a1 [(Un, Tn1)ae| < 00, (3.24)
[dnl[ar = o(n ™), (3.25)
[vallar = o(n™). (3.26)

Indeed, from a quick computation, we have

nllvallas < 2nllvn + alld + 20|23, (3.27)
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So, by >, nll@,|3; < oo (from (3.5¢)) and Y, nllv, + @,]|3, < oo (from (3.22a)),
we immediately obtain (3.23). The estimate (3.24) is an immediate consequence of
S nlliall3; < oo (from (3.5e)) and > nljv,|3; < oo (from (3.23)). Next, passing
to the limit as s — 0T in (3.4) amounts to

Vsl Znsi i — vllZalln,

. 1 .
+so(€e + Vns1)(Vn, Tng1) s + 5e(e + 22U 1) [ |13, < 0. (3.28)

Then, in light of Y, 1 |[(vn, Tni1) M| < 0o (from (3.24)) and Y, n||z, |3, < oo (from
(3.5e)), we derive, from (3.28), that (1/2]|Z,||3;) is convergent, namely, there exists
some ly > 0 such that lim,, o 2|3, = l2. Moreover, by > v, [l@, |3, < oo, and
recalling that > v, ! = oo, we get liminf, o v2||dy,][3; = 0. It follows that Iy = 0,
that is (3.25). Next, combining this last result with ||, + v,|[ar = o(n™') (from
(3.22b)) gives us lim,, o n||vn|[ar = 0, that is (3.26).

It can be seen that the estimations in (2.3a) are given by (3.25), (3.5¢) and (3.5g),
respectively. The estimates in (2.3b) follow from (3.26) and (3.23). Furthermore, by
Yn = T, + (1 - i) U, we obviously have v, = @, + (1 - %) Upn, which implies that
. : 2 .
1913 < 20lall?, +2 (1 = 5)" lonls- (3.29)

Therefore, by (3.29) in light of ||&, |3, = o(n™?) (from (3.25)) and Y n?|0,]|3, <
(from (3.5d)), we obtain ||g,]|3; = o(n™2), i.e., the first result in (2.3d). Further-
more, by (3.29), along with > nl|@,[|3;, < co (from (3.5¢)) and > n?[|0,|]3, < oo
(from (3.5d)), we are led to > n||y.]|3; < oo, that is the second result in (2.3d).

(B2) Let us prove (2.3c) and (2.3e). From (2.3b) and G¥(z,) = (Aw)v,11, we
readily have

IGY ()3 = O(n™2) and 37, nf|GY ()l < oo (3.30)

In addition, given {z,2} C H and setting AGY (z,2) = G (z) — G} (2), by the
simple decomposition G} (z) = AGY (z, z) + G} (2), we readily get

IGY (@)1 < 2(1AGY (2, 2) 13, + 21GY () 13- (3.31)
Moreover, from condition (3.3) and (2.7) we have
MH, AGY (z,2), AGY (2, 2)) < (AGY (2, 2), 2 — 2) (3.32)

where H;, = M — K; I (with K; = dI if i, = 1 and K;, = AL otherwise), hence, by
applying Peter-Paul’s inequality, we obtain

< (1/2) Q) |AGY (2, 2) 137 + (1/2) )~z — 2][3,
or equivalently

>\<(HZ'C — (1/2)w2M) AGY (z,2), AGY (z,2)) < (1/2)( M)z — 2|3,.  (3.33)
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Furthermore, we simply have
H;, — (1/2)w*M = (1 —w)M + (w — w*)M — K; I + (1/2)w*M
= (1 —w)M +w(l —w)M;, + (1/2)w?*M
= (1/2)(1 + (1 —w)>)M + w(1 — w)M;,.

Then, as M;, is positive definite (from condition (3.3)), combining the previous two
results yields

MAGY (z, 2)I3 < Ow) ™l = 2[l3,, (3.34)
which by (3.31) entails that
IGY ()13 < 2072w | — 213, + 216X (2) 13- (335)
In particular, using (3.35), by Z,411 — 2, = —AwG3 (z,) we obtain
IGX (@) 13 < 2(w + DGR (2a) I3 (3.36)

which in light of (3.30) amounts to (2.3¢). By yn+1 = Tna1+ (1 — %) Upn41 and using
(3.35) again we obtain
1G (i) 3 < 227207 (1= )7 [fonsa |3 + 21 GY (@) 13,
which in light of (2.3b) and (2.3c) implies (2.3e).
(B3) Let us prove (2.3f) and (2.3g). From Proposition 2.8, we know that there
exists a sequence (y}) C H (given by (2.8)) satisfying
Yn € (A+ B)(yn), (3.37)

where y, = 2, + (1 — +) v,. It can also be noticed from (2.15) that [|y;|[x = O(n ™),
since ||vn|[ar = O(n™t) (from (3.26)). This leads to (2.3f). At once, we prove (2.3g),
by means of the well-known Opial lemma which guarantees that (x,) converges to
some element of S, provided that the following results hold:

(h1) for any ¢ € S, the sequence (||x,, — q||ar) is convergent,
(h2) any weak-cluster point of (x,), in (H, ||.||ar), belongs to S.

Let us prove (hl). Take ¢ € S. Clearly, as a straightforward consequence of the
boundedness of (z,,) (given by (3.5a)) along with (3.26) we have

(Uny T — @)pr = o(n ™). (3.38)

Moreover, we know that (€,(sg,q)) is convergent (from Lemma 3.1), together with
1 . 1

gn(507 Q) = 5”50(q_xn) _I/nan?\/[_Fiﬁso Hxn_q|ﬁ\4+$0(e+2l/n)<vn> wn_q>M7 (339)

where fs, = so(e — s9). Then we conclude from v,||,|[y — 0 (from (3.25)) and
(e + 2vp){vn, T — q)pr — 0 (according to (3.38)) as n — oo that

lim,, oo En(S0,q) = limy, 00 %soeHxn — qll3,- (3.40)

This entails (hl). Now, we prove (h2). Let u be a weak cluster point of (z,) in
(H, ||-llar), namely there exists a subsequence (x,,) that converges weakly to u in
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(H, ||-lls), as k — oo. Observe that, as n — oo, by y, = z,, + (1 — 1) v, and
|lvnllar = 0 (from (3.26)) we have ||y, — x,||;r — O, whence, (y,, ) converges weakly
to w in (M, ||.||a) (as k — o0). Moreover, by (2.3f) we know that ||y%||rs — 0 (as
n — 00), while (3.37) gives us

Yny, € (A+ B)(Yn,,)- (3.41)

Then passing to the limit as k& — oo in (3.41) and recalling that the graph of the
maximally monotone operator A+ B is sequentially closed with respect to the weak-
strong topology of the product space H x H (see, for instance, [9]), we deduce that
0 € (A+ B)(u), namely u € S. This proves (h2) and completes the proof O

4. From CRIFBA to its generalized variant G-CRIFBA

Our purpose here is to adapt CRIFBA to the general structured monotone inclusion
problem

find ze€S:= (B + iAk> (0) # 0, (4.1)

k=1
where B : H — H is [-co-coercive on H, while (A;)Y_, : H — H is a family of p
maximally monotone operators whose resolvent operators can be easily evaluated.
For the sake of clarity we do not include pre-conditioning in the proposed method.
To deal with this problem, we follow the methodology of Raguet-Fadili-Peyre [40],
as described below.

Let {pr}i—; C (0,1) be such that > ?_, pr = 1 and consider the Hilbert space
E = H? endowed with the scalar product (.|.),,, defined, for elements x = (z3);_,
and y = (yx),_, belonging to E, by (z|y),» = > 1_1 Pr{Zk, yk). The induced norm
of (.].);,» will be denoted by ||.|/2».

Consider also the auxiliary problem
p
find z€S,:={zeM ;> pzueS} (4.2)
i=1

which was shown to have a nonempty solution set S, (whenever S # (). It can also
be reformulated as a monotone inclusion that fits the structure (1.1) and (1.4) on E.
Introduce indeed the mappings Ag and Bg from E onto E defined for (z;)!_; € E

b
y Aa(wi)fl):(%m(xi));, Ba(<xi>€l)=(3<xi>);, (43)

and let Np : H? — 27" be the normal cone to the (nonempty) closed convex set
= {(xi)le EH ;11 =29 =...=Tp}.

It can be checked that Ag and Bg are maximally monotone operator on E. So the
reflection operators R, = 2J4, — I» and Ry, = 2Jn;. — I3» are well-defined, which
allows us to consider the mappings 71, T» and T, from E onto E and such that

1 .
T1 = i(R/_‘G o RNF + IHP), Tg = IHP — )\BG ®) JNF and T = T1 OTQ. (44)
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The results given in the following proposition were established in [40].

Proposition 4.1. The following statements are obtained:

(1) (see [40, Propositions 4.1, 4.2 and 4.6]) There exists some mazimally monotone
operator A : E — 2F such that

Sp= (A+ Bao JNF>_1 (0). (4.5)

(2) (see the proof of [40, Proposition 4.1]) The operator Bg o Jy,. is 8 co-coercive.
(3) S, is nothing but the fized point set of the operator T which can be rewritten as

T = Jao (I — ABg o Jy.). (4.6)

Consequently, a strategy to solve (4.1) consists first of approaching an element of
S, (namely a fixed point of T') by means of sequences

(20) = ((zn)i=1) € H? and (Gu) = ((Gon)izr) C HP
generated by CRIFBA, in the context of (4.5)—(4.6), as follows:

Zp = Cn + en(Cn - Cn—l) + ’7n<zn—1 - Cn)7 (473)
o1 = (1 —w)zp, + wT'(2). (4.7b)
Next, we derive an element of S as the limit of (x,) C H given by , = > 7 _; prCok-
This leads us (see the proof of Theorem 4.2) to the algorithm (G-CRIFBA) given
below:
(G-CRIFBA):
> Step 1 (initialization):
Let {2—17€—17C0} C Hp, {6730731>V0a)\7w} C [0,00), {pk}]];:l C (07 1)a and set

_ __ 1 _ _ets1 — 1 _ S0
Up =8Sn+1y, 0,=1 p— and 7, =1 s

> Step 2 (main step):
Given {z,_1, (-1, G} € HP (with n > 0), we compute

Zn = Cn + Qn(Cn - Cn—l) + 7n(zn—1 - Cn)7 (4.8&)
Up = Zi:l PkZn.k> (48b)
Cot1 = (2o + w(JiAk (2un — AB(tn) = Znk) — Un) )1y (4.8¢)
Tpy1 = Zi:l kan,k (48d)

The next theorem sets the convergence rates of the iterates ((,) generated by G-
CRIFBA in terms of discrete velocity and fixed point residual to ||C,|lxr = o(n ™
and || T(¢,) —Gallse = o(n™1), respectively, instead of the convergence rates ||C,||2r =
O(n=Y2) and || T(¢n) — Call3r = O(n~1/2) obtained for classical fixed point iterations
of T as in [40] (that is (4.8) with w =1 and 6,, =, = 0).

Theorem 4.2. Let {z,} C H be generated by G-CRIFBA with {pi}y_, C (0,1)
satisfying > v_, p = 1, together with the other parameters such that

O0<A<4dw(l—-—w)b, 0<w<l1, 2s <sg<e. (4.9)
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Then the following results are reached:

[Gallar = o(n™"), 32, nllGallfer < 00, 30, 22 1Car1 = Gallfe < 00, (4.10a)
Gt = 2allio = 0n), X, 0llGust — 2all2m < 0, (4.10b)
IT(Ga) = Gallzer = o(n™h), 32, nlIT(Ga) — Gall3e < o0, (4.10c)
IC €S, st. (fork=1,..p) (ur — (G weakly in H, as n — oo, (4.10d)
T, — T = 0_ prCr € S weakly in H. (4.10e)

Proof. Let us evaluate the operator T on F from its formulation given by (4.4),
namely 7' = T} o Ty. It can be checked (see [40, Lemma 4.1]) that, for (z;)}_, € E,
we have

Tne ({zi¥i)) = (220, i)y (4.11)
Ry ({oedicy) = (2200 piws — )y, (4.12)
RAG ({.ﬁlﬁk}zzl) = (2JiAk(xk) — xk)zzl' (413)

Then, for (zk)p e E, by Ty = Iyp — A\Bg o Jn. we obtain

k=1

Ty ((21)5_1) = (2)h_y — AM(Be o JIng) ((2)5_y)
(£ ) (o))

In addition, for (yx)i_, € E and setting § = Y 7, piy; we get in consequence of
Ty = (1/2)(Ra, © Ry + Inp):
((29 = yn)p—y) + (yk)2=1>

T1 ykzk 1 - <
(ZJA A, QU —yr) =29 + y)hey + (Uk)ie 1)
J

p

Ay 2y Yr) — y+yk> .
Pk k=1

T2
1
2
=T»((2)7_,) and setting z =", p;z;, we have

T((Zk>i:1) =T ((yk)izl)a

Hence, taking (yx)h_;

or equivalently
T((2)7_,) :T1<(zk—)\B( )i 1) - (JiAk(zz_AB(z)—zk)—ﬂzk)

It follows that

p

k=1

(1 —w)(z)hey +wT ((21)5=1)

= (o 4w (J#k (22— \B (2) — %) — 7) >k:1‘ (4.14)

This leads us to the formulation of G-CRIFBA and the results (4.10a) to (4.10d)
follow straightforwardly from Theorem 2.1 (see also Remark 2.2), while (4.10e) is
immediately deduced from (4.10d). O
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5. An application of (CRIFBA) to some convex-concave saddle-point
problem.

Here we apply CRIFBA to the problem below (discussed by Lorenz-Pock [30]).

Let X and Y be two Hilbert spaces endowed with scalar products (.,.)x and {.|.)y,
respectively, and induced norms denoted by ||.||x and |||y, and consider the follow-
ing saddle-point problem

minmax  G(z) +Q(z) + (Kz,y)y — F'(y) — P'(y), (5.1)

where the function K : X — Y is linear and bounded, G : X — (—o0,00] and
F* .Y — (—o0,00] are convex functions, while the functions @ : X — (—o00, ]
and P*:Y — (—o00, 0] are convex differentiable with Lipschitz continuous gradient
(whose respective Lipschitz constants are g and [p«).

The above problem covers several primal-dual formulation of nonlinear problems
encountered for instance in image processing.

We denote by S the solution set of (5.1) and we assume that S # ().

Introduce the Hilbert space £ = X xY endowed with the scalar product (.|.) defined
for (1 = (z1,51) € E and 3 = (22,42) € E by

(Gi]G2) = (@1, 22)x + (Y1, ¥2) v

and let us denote its induced norm by ||.||. So, (5.1) through its optimality condition
can be reformulated as

find (z,y) € E such that 0€ (A+ B)( z ), (5.2)

where A and B are the monotone operators on E defined by

(G K* _(VQ o
A_(—K 8F*>’ B_( 0 VP*)' (5.3)

It is established in [30] the following result.
Proposition 5.1. (See [30, Proof of Theorem 5]) The operator B is co-coercive
w.r.t. to the mapping
L= telx 0 (5.4)
a 0 IpsIy )’ '

where Ix and Iy denote the identity mappings on X and Y, respectively.

Proof. Given {¢; = (z1,11),( = (22,y2)} C E, we have
(B(G1) — B(G2)[6 — ¢2)
= (VQ(x1) — VQ(12), 21 — 22)x + (VP (y1) — VP*(y2)|y1 — y2)v
> 15 Q1) = VQ(x2)||lx + VP (11) = VP (y2)lly

= (L7(B(&) — B(Q))|B(G) — B(é2)) = |1B(&1) — B(G)||7 - =

As a consequence, the above monotone inclusion (5.2) enters the setting of (1.1) and
(1.4) and so it can be solved by means of the proposed method CRIFBA.
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In general, as explained in [30], evaluating the proximal mapping (I +AA)~! may be
prohibitively expensive, which would make our algorithm impracticable in the stan-
dard case when M = I. Fortunately, this drawback can be overcame when choosing
the pre-conditioner mapping M in order to cancel out the upper off-diagonal block
in the sum M + A, as follows

(7 lxy -K* | T lx+0G 0
M= (T ) A (T L ) 69

where 7 and o are positive real numbers. Furthermore, an easy computation gives
us the following result.
Proposition 5.2. For any (¢',X') € X XY, we obtain

(M + A)~! (i) = ( pro,g(7¢’) ) . (5.6)

prox, p. (0 + 20K prox, ¢(7¢'))

It is clear that a solution to (5.2) can be approximated by means of a sequence
{(zn,yn)} C X XY generated by CRIFBA (with A\ = 1), in the context of (5.3) and
(5.5), as follows

(éﬁa Xn) = (xm yn) +9n(($m yn) - (xn—la yn—l)) +7n((€n—17 Xn—l) - (SEn, ?/n))v (5'73)
(‘rn-‘rlv yn—i-l) = (1 - ’UJ) (gTL? Xn> + wT(é-TH Xn)v (57b)

where T'= (M + A)~' (M — B). This in light of (5.6) leads us to the following
corrected relaxed inertial primal dual algorithm:
(CRIPDA):
> Step 1 (initialization):
Let {(&-1,x-1), (x_1,y-1),(x0,%0)} € X x Y, {e, so,s1,v0,w,0,7} C [0,00),

_ __ 1 _ _ets: — 1 _ S0
and set v, =sin+1y, 0, =1 prera and v, =1 .

> Step 2 (main step):
Given {(&,-1, Xn-1)s (®n—1,Yn-1), (Tn,yn)} € X XY (with n > 0), we compute

En =2+ 0 (xn — Tp1) + V(&1 — x0), (5.8a)
Xn = Yn + 0n(Yn — Yn-1) + Yu(Xn-1 = Yn), (5.8b)
T = (1 = w)é, + (w)prox,¢ (& — 7(VQ(&) + K™ xn)), (5.8¢)
& =20 (21 — (1 —w)&), (5.8d)
Ynt1 = (1 —w)Xn + (w)prox, p- (Xn — (VP (xn) — Kgn)) (5.8¢)

In the absence of any correction term and relaxation factor (that is v, = 0 and
w = 1) we retrieve the primal-dual algorithm in [30], which was discussed with step-
size rules regarding the momentum term 6,,. In the absence of inertial and correction
terms (that is 6, = =, = 0) we retrieve the primal-dual algorithms, proposed by
Condat [17] (for P* = 0) and Vu [49], which were also investigated with varying
relaxation factors. Compared with these methods, a fast convergence rate is proved
for CRIPDA.
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The next result establishes the convergence of the above algorithm.

Theorem 5.3. Let {(x,,yn)} C X XY be generated by CRIPDA with parameters

satisfyin
fying O<w<1, 25 <sp<e. (5.9)

Suppose in addition that one of the two conditions (5.10) and (5.11) holds:

( 1 1—
o> ZmaX{ZQ,lp*}, {r,0} C (O, w 5 w)> , ( |
5.10
2 -1 ) -1 1)
< (= ) (7 - )
(0<rcl=w) oo, owldzw)
lo Ip-
l l (5.11)
2 -1 Q -1 lp
KHKH < (T w(l—w)) (O w(l—w)) '
Then the following results are reached:
s 9)lar = 0(n™h), 32 anl|(dn, 9) l3s < 00, and
Znn2H(i'n+1 - jjnvgnJrl - yn)H?\J < 00, (5123)
1T (s Yn) = (0 Yn) s = O(n_1)> Yo T (T, yn) — (xnvyn)”?w < oo, (5.12b)
Az,y) €S, st (xn,yn) — (Z,7) weakly in X xX Y. (5.12¢)

Proof. Clearly, we have |L|| = sup{lp+,lg}, while it can be checked that the
operator M — ﬁ[ is positive definite if the last two conditions in (5.10) are
fulfilled. Moreover, it can be verified that the operator M — m[’ is positive
definite if (5.11) is fulfilled. Therefore, conditions (2.2a) and (2.2b) of Theorem 2.1
are satisfied under conditions (5.10) and (5.11), respectively. The rest of the proof

is a direct consequence of Theorem 2.1 O

A. Appendix
A—-1. Proof of Proposition 2.5

For reasons of simplification we write G instead of G}! and, given any mapping
I': H — H and any {z1, 22} C H, we denote Al'(zy,x9) = I'(z1) — I'(22).

Let A= M~A, B=M"'Band C =1 — AB. Clearly, A is monotone in (#, |.|sr).
It is also obviously seen for € H that G(z) = A7 (z — J,1(C(z))), or equivalently
G(z) = B(z) + A\(C(x)), (A.1)

where Ay := A\"! (I — J,4) is the Yosida regularization of A.
Now, given (x1,15) € H?, we get

(AG(z1,29), 21 — 220 = (B(x1) + Ax(C(21)) — B(22) — AX(C(22)), 11 — T2) 0r

= (AB(x1,79), 11 — T2)ar + (A(Ay 0 O) (21, 29), 71 — T2) us

= (AB(z1,72), 71 — 22)ar + (A(Ay 0 O) (1, 22), AC (21, 72)) 0r

+ (A(Ay 0 C) (1, 72), AT — C) (1, 22)) 01,
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hence, by I — C = \B, we equivalently obtain
(AG(z1,22), m1 — To)pr > (AB(21,%2), 11 — To) i
—|—<A<A)\ o C)(.Tl, 1’2), AC(.I’l, .CCQ)>M -+ )\<A(A)\ o C)(ilfl, .1'2), AB(Z‘l, l’g))M (AQ)

Let us estimate separately the last two terms in the right side of the previous in-
equality. As a classical result, by the A-co-coerciveness of Ay in (H, ||.|[rs), we have

(A(Ay o C)(x1,22), AC(w1, 29))pr > A|A(Ax 0 C) (w1, 22) I3,
which by Ay o C = G — B (from (A.1)) can be rewritten as
<A</_1)\ (0] C)(xl,xQ), AC(x1,$2)>M Z )\HAG($1,$2) — AB(Q?l,a?Q)“?\/[
== )\HAG(ZL‘l,ZL’Q)ﬁV[ + /\“AB(Q]l, l‘g)”?w - 2)\<AG($1,ZEQ), A 7(1’1, $2)>M

Moreover, by Ay o C'= G — B (from (A.1)), we simply get

>~

<A(A>\ © C)($1>$2),AB($1,$2)>M
MAG (21, 29) — (AB(21,29)), AB(21, 12)) ar
= MAG(21,22)), AB(z1,72)) pr — M|AB (21, 22) |3

Thus, by (A.2) and the previous arguments, we obtain
(AG(z1,22), 21 — Ta)pr > (AB(21,2), 21 — Ta)
+ MAG (w1, 22) I3 + AMAB(z1, 22) 3 — 2MAG (21, 23), AB(x1, 22)) mt
+ /\<AG(ZL’1, 5(72), AB(ZL‘hZEQ»M — )\HAB(ZL‘hlEg)H?\/[
= <AB(I’1, [IZ’Q),(El - .TQ)M + )\HAG(.Tl, Z'Q)H?w — )\<AG((E1,.’L’2), AB(I’1,$2)>M.

Hence, reminding that B = M ' B, we equivalently obtain

<AG($1,ZC2), r1 — 1'2>M Z <AB(Z’1,£C2), xr1 — .CEQ>
+>\||AG(ZL‘1, ZEQ)”?\/[ - )\(AG(Z‘l, ZEQ), AB(JZl, $2)>

Then by the co-coercivity assumption on B we infer that
(AG(21,29), 01 — w2)ar > [|AB(21, 22) |71 + AAG (21, 29) |34
— >\<AG(Q?1,Z’2),AB($1,CI32)>, <A3)

that is (2.6).
Now, let us prove (2.7) for i = 1. From an easy computation, we obtain
IAB(ay, 22) > < | L2 P | AB(a, 22) [} 1.

hence, for § > 0, using successively Peter-Paul’s inequality and the previous inequal-
ity, gives us

(AG(@1,25), AB(21,32)) < 3| AG(21, 2a)|* + | AB(w1, 32)] %,

1 1
< | AG(zy, z) |1 + IIL2PAB (w1, 22) 171 (A.4)
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Therefore, combining this last inequality with (A.3) entails
(AG(21,72), 01 — T2)m
AL
> (1= SILEP)1AB(@y, 22) - + A (IAG(@n, )13, — |IAG @, 22)]%)

A 1
_ (1 - 2L H2) IAB(z1, )|[21 + M(M — 6I) AG (21, 22), AG(x1, 72)),

that is (2.7) with ¢ = 1.
Let us prove (2.6) for i = 2. Using again Peter-Paul’s inequality, we readily have
MAG (21, 2), AB(21,22)) = (ANAG (21, 22), L2 L 2 AB(1, 23))
= (ALZAG(z1, 22), L 2 AB(x1, 73))
< N|LEAG (r, w)|? + L7 AB (w1, )]
= N(LAG(21,32), AG(21,32)) + L[ AB (w1, 22) 31,
which, in light of (A.3), gives us
(AG(z1,22), 1 —Ta) i > 3[|AB(z1, 2) |21 + M(M = NOL) AG (21, 22), AG (1, 22)),
that is (2.7) with i = 2. O

A—2. Proof of Proposition 2.8
According to (2.5a), we have

Unr1 = (A0)GY () = w (20 — Jan-14(20 — AM ™' B(22))) 4

namely (I +AM A (2, — AM'B(2,)) = 2, — %UH_H,

which is equivalent to the inclusion
Mz, — AB(2,) € (M 4+ AA) (2, — 2v,41).
This, by ¥ni1 = 2n — =Up41 (according to (2.13)) can be reduced to
Mz, — AB(z,) € Mz, — %Mvnﬂ + A (Yna1) ,
namely (Aw)ilMUnJrl € (B(zn) + AYn+1)),

that is (2.14a). Hence, by y*,; = (Mw) ' Muv,i1 4+ B(ynt1) — B(z,) (according to
(2.13)), we get y:.1 € B(Ynt1) + A(Yn+1), that is (2.14b). Next, by definition of
Yni1, we simply have

lynallar < Aw)"HMongallar + 1B (yns1) = Blza)llar- (A.5)

Let us estimate the two terms in the right side of the previous inequality. Concerning
the first term, since M and L are assumed to be bounded, by Remark 2.6 we have

1M 3= ((M?) 041, 041) = (M>M 20,40, MY20,40) < | M onsall3y. (A6)

Concerning the second term, we simply get

1B(yns1) = B(za)llas < |M2L2 || % | B(yat1) = B(za)ll-1,
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while the co-coerciveness of B (given by condition (1.4)) yields

1B(yns1) = Bzalle-t < 112 (g1 — 2a)ll

whence it comes that
11 1
1 B(Yn+1) — B(za)llar < | M2L2]| X || L2 (yny1 — 20)], (A7)

where Y11 — 2, = —=Up41 (from (2.13)). Then, by (A.5), (A.6) and (A.7), we get
« - T 1
lg5all < Q)M X flonsallag + =12 L2 < ([ L2 ona . (A.8)

On the one hand, if M — pL is positive definite, we have

1
101137 = pIIL2Vp41|1? = (M = pL) Vnt1, Vps1) > 0,

1/2

hence || L2vns1 || < p/2|| Lons| . However, if M — pl is positive definite, we get

1
||]W§Un-i-1||2 - IOHUTH—I”Z - <(M - :0]) Un+17vn+1> > 07

—1/2|

which yields [|v,41]| < p7'#||vns1||ar, hence

1 _ 1
IZ2vnsa || < p7 2 L2 fonsa [l ar-

Consequently, regarding the previous two situations, by (A.8) we are led to

. - 1.1 _ 1
lymsillar < o) MM X vnsallar + GIIMELE] x p~ 21+ [L2]]) % [vngallar,
which amounts to (2.15). O
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