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We are concerned with the time-periodic problem of some doubly nonlinear equations governed
by differentials of two convex functionals over uniformly convex Banach spaces. G.Akagi and
U. Stefanelli [Weighted energy-dissipation functionals for doubly nonlinear evolution, J. Funct.
Analysis 260/9 (2011) 2541-2578] considered the Cauchy problem of the same equation via the
so-called WED functional approach. The main purpose of this paper is to show the existence of
the time-periodic solution under the same growth conditions on functionals and differentials as
those imposed in Akagi-Stefanelli [loc.cit]. Because of the difference in nature between the Cauchy
problem and the periodic problem, we can not apply the WED functional approach directly, so we
here adopt standard compactness methods with suitable approximation procedures.
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1. Introduction

Let V' be a uniformly convex real Banach space and V* be its uniformly convex
dual. In this paper, we are concerned with the following time-periodic problem of a
doubly nonlinear evolution equation:

dp(u'(t)) + 0p(u(t)) o f(t), t€(0,7) in V¥,

AP
A u(0) = u(T),

where diy and 0¢ are the Gateaux differential and the subdifferential of convex func-
tionals ¢) and ¢ which are mappings from V into (—oo, +oc]. Here and henceforth,
u' denotes the time derivative of u and f is a given external force belonging to
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LP(0,T;V*), where p' := p/(p— 1) and p € (1,00) (precise definitions and assump-
tions will be given in the next section). A typical example which can be reduced to
(AP) is given by the following doubly nonlinear parabolic equation:

a/(z,t)) — Apu(z, t) = f(x,t), (1)

where a@ : R — R is a non-decreasing function and A,u = V - (|Vu|m_2Vu)
(so-called m-Laplacian).

The Cauchy problem for (AP) in Hilbert spaces has been studied by Barbu [13],
where the elliptic regularization technique by adding the term —e(dy ()" is em-
ployed and by Arai [10], Senba [42], Colli-Visintin [21] via the standard relaxation
procedure with the additional term eu’. Stefanelli [45] discussed a variational char-
acterization of the solutions to gradient systems relying on the Brézis-Ekeland prin-
ciple. Investigation of global solvability in Banach spaces began with Colli [20],
where the time discretization and the polygonal chain approximation are exploited.
In Akagi-Stefanelli [5], the authors adopted another approach based on the fact
that the solution to the Cauchy problem for (AP) with elliptic regularization can
be characterized by the minimizer of some functional with the weight exp(—t/¢),
the so-called Weighted Energy-Dissipation (WED, for short) functional (see also
3]]4][8][23][36][37][38] and references therein). By this procedure, they proved the
existence of global solutions to the Cauchy problem assuming some growth condi-
tions on ¢ and ¢ (see Remark 2.8 below).

We here comment on the following variant type of doubly nonlinear equation, studied
more vigorously than (AP):

(Au(t)) + Bu(t) > (1), (2)

where A and B are maximal monotone operators. The Cauchy problem of (2) is
investigated in, e.g., [24][28][29][35]. Akagi-Stefanelli attempt the WED functional
approach to (2) in [7]. Moreover, the papers [9][16][27][31][32][40][41][47][48] are
devoted to the initial boundary value problem of specific parabolic PDEs such as
Ou — AuP = fand Ou? — Au = f.

Compared with the Cauchy problem, there are only few results on the existence
of time-periodic solutions to doubly nonlinear equations. The periodic problem for
(2) is considered in [1][30][33][34] and concrete PDEs of the same type as (2) in
[25]]26][46][49][50][51]. However, to the best of our knowledge, the investigation into
other types of equations different from (2) can be found only in Akagi-Stefanelli [6].
They consider the solvability and the structural stability of the periodic problem of
the following abstract equation:

A(u'(1)) + 9¢(u(t)) > (1), (3)
where A is a possibly multi-valued maximal monotone operator.

In [6], they restrict their discussion to the Hilbert space framework and impose the
linear growth condition on A. These conditions seem to be more restrictive than
those imposed for the Cauchy problem in [5] when A = di¢). The main purpose
of this paper is to show that we can discuss the periodic problem for (AP) under
almost the same growth conditions as those in [5]. In the next section, we fix several
notations, present a few auxiliary tools, and state our main results more precisely.
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Section 3 is devoted to our proofs. In Section 4, we show that estimates established
in the previous section are immediately applicable to the study for some structural
stability of (AP). Finally, we exemplify the applicability of our setting by dealing
with the doubly nonlinear parabolic equation (1).

Some parts of our arguments for estimates and convergences rely on [5]. However,
our main strategy seems to be indispensable in order to cope with difficulties arising
from the difference in nature between the Cauchy problem and the time-periodic
problem, for which one would perceive that it is hard to find a suitable variational
structure to apply the WED functional approach by [5]. So here we depart from the
WED functional setting and adopt the standard compactness method with a suitable
approximation procedure (see (AP). in Theorem 2.6 given later). In establishing a
priori estimates for solutions of approximate equations, the coercivity of d¢ to be
assumed plays an essential role, since u(0) is an unknown value which may possibly
depend on approximation parameters for the periodic problem.

In proving our main results, we first deal with the easier case where ¢ dominates ¥
in Sections 3.2-3.4 and the other case will be treated in Section 3.5.

2. Main Results
2.1. Preliminary

We first fix some notations and recall basic properties (see [14][15][18]), which will
be used later.

Let E be a real Banach space and E* be its dual. The norms of £ and E* are
denoted by |- |g and | - |+, respectively, and the duality pairing by (u*,u),, where
[u,u*] € E'x E*. We define the duality mapping Fg of E by

QE‘* } .
By virtue of the Hahn-Banach theorem, Fg(u) is non-empty for every u € E. If

E* is strictly convex, then FF is a single-valued demi-continuous mapping. We also
know the following (see [39]):

Fp(u) = {u* € E (U u)y, = |u|2E = |u*

Proposition 2.1. A Banach Space E is uniformly convex if and only if for each
R > 0 there exists a non-decreasing function mg : [0,00) — [0,00) which satisfies
mg(0) =0, mg(p) > 0 for any p > 0, and

(U} — uy, ur — ug) p > mp(lur — us|p)|ur — usle,
for any uy,us € Bg and u} € Fp(uy), us € Fp(uy), where Bg := {u€F; |ulg < R}.

Let A be a (possibly) multivalued operator from E into 2% (the power set of E*)
and we often identify A with its graph G(A), more precisely, we write [u,u*] € A
ifue DA) :={vekE;Av# @} and u* € Au. An operator A is said to be
monotone if

(U] —uj,ug —ug)p >0 Vu,uleAd (1=1,2)

and a monotone operator A is said to be mazimal monotone if there is no monotone
operator which contains A properly. If £ and E* are reflexive and strictly convex,
maximality of A is equivalent to R(Fg + A) = E* (see also Lemma A.2 below).
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Let ¢ : E — (—o0, +00] be a proper (i.e., ¢ Z 4+00) lower semi-continuous (1.s.c., for
short) and convex functional. The set D(¢) := {u € E; ¢(u) < 400} is called the
effective domain of ¢ and the subdifferential operator d¢ from E into 27" is defined

by .
¢ 1 ur {n€ L ¢(v) = ¢(u) + (n,v —u)p Vv € D(¢)}. (4)
Then d¢ becomes a maximal monotone operator from E into 2&° (see, e.g., Theo-

rem 2.8 of [15]). Here we recall the following fundamental feature of closedness of
maximal monotone operators (see Lemma 1.2 in [19]).

Proposition 2.2. Let E be a real Banach space and A : E — 2F" be a mazimal
monotone operator. Assume that the sequences {u,}nen C E and {v,}pen C E*
satisfy u, — u weakly in E, v, — v weakly in E*, [u,,v,] € A, and either

lim sup (vy, — Uy Uy, — U ) p < 0
n,M—00

or lim sup (v, un) 5 < (v, 4) 5 -
n—oo

Then [u,v] € A and (vy, uy)p — (v, u) as n — 0.
Let Z be another Banach space which is densely embedded in E and D(¢) C Z.
Then we can consider the restriction of ¢ onto Z, denoted by ¢, and regard ¢ as a

proper l.s.c. convex functional on Z. To distinguish between the two subdifferentials
over ¥ and Z, we write

Opo(u) := 0¢(u) = {n € E%; 6(v) = ¢(u) + (n,v —u)p Yv € D(9)},
0z0z2(u) :=A{n € Z%; ¢z(v) = ¢z(u) + (n,v —u), Vv € D(¢z)}.

In general, we have Op¢ C Jz¢,. More precisely it is shown that (see Proposition
2.1 in [5])

D(0g¢) = {u € D(0z¢z); 07¢07(u) N E* # @}, )

We next define another functional derivative. Let ¢ be a functional defined over F.
Then 1) is said to be Gateaux differentiable at u € E if there exists £ € E* such that

o L+ he) = ()

h—0 h

= (¢ e)p Veelk.

We call ¢ the Gateaur derivative of ¢ at u and write & = dgt(u). When there
exists dgt(u) for every u € FE| 1 is said to be Gdteauz differentiable over E. 1t
is well known that if ¢ is proper l.s.c. convex and Gateaux differentiable at wu,
then the Gateaux derivative dgt(u) coincides with the subdifferential Ogp(u) (i.e.,

Op(u) = {dg(u)} holds).

For a proper l.s.c. convex functional ¢ on E, we define

_ |2 _ 2
éa(u) = inf { Ju 2;|E + ¢(v)} - Wz%“"ﬂ + o) A>0, u€E,

where Jy : E — E stands for the resolvent of dg¢, i.e., Jyu is the unique solution of
FE(J)\U — U) + A8E¢(Jw) 5 0.
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This functional ¢y, called the Moreau-Yosida reqularization of ¢, is convex, continu-
ous, and Gateaux differentiable over E. We can show that the Gateaux differential
dp¢, coincides with the Yosida approximation (Jg¢), of the subdifferential Og¢,
which is defined by

(8E¢))\u = —A_IFE(JAU - u)

Moreover, we have D(¢,) = E and for any u € D(¢)
dpoa(u) € dpo(u), O(/x) < ox(w) < O(u),  lm oa(w) =o(u).  (6)

We here present some useful tools, the chain rule and a formula concerning the
integration by parts.

Proposition 2.3. (see Lemma 4.1 of [20]) Let E be a strictly convex reflexive
Banach space and ¢ : E — (—00,+00] be a proper lower semi-continuous convez
function. Assume that v € WH(0,T; E) with p € (1,00), n € L?(0,T; E*), and
n(t)€dp(u(t)) a.e. t€(0,T). Then t — ¢(u(t)) is absolutely continuous on [0, T] and

%Qﬁ(u(t)) - <n(t),u’(t))E fora.e. t € (0,T).

Proposition 2.4. (see Proposition 2.3 of [5]) Let m,p € (1,00) and E,Z be re-
flexive Banach spaces such that Z — E and E* — Z* are dense. Moreover, let
we L™0,T; Z)N W (0,T; E), £ € LP(0,T; E*), and its derivative of distribution
¢ belong to L™ (0,T; Z*) + L (0, T; E*). Provided that t,,t, € (0,T) are Lebesgue
points of the function t — (£(t),u(t)) 5, then we have

<§/7u>Lm(t1,t2;Z)ﬁLp(t1,tQ;E) = <§(t2),u(t2)>E - <§(t1),u(t1)>E B <§?ul>Lp(t1,t2;E) :

2.2. Assumptions

In order to formulate our results, we introduce a suitable Banach space V and its
subspace X.

(A.0) Both V and its dual V* are uniformly convex real Banach spaces and X is a
subspace of V such that X and its dual X* are real reflexive Banach spaces.
Furthermore the embeddings X — V and V* < X* hold with densely
defined compact canonical injections.

We also assume the following growth conditions:

(A.1) The functional ¢ : V' — (—o0, +00] is proper lower semi-continuous convex
and ¢ : V. — (—o00,+00) is convex and Géteaux differentiable over V.
Assume that there exists a constant C' > 0 satisfying

uly, <C((u) +1) VueV, (7)
dvip()lf. < Clufl, +1) VYueV, (8)
ul} < C(¢(u) + 1) Vu e D(9), (9)
% < C(jul% + 1) ¥[u,n] € Oxox, (10)
with some exponents p, m € (1, 00), where p":= p/(p—1) and m':= m/(m—1)

(the Holder conjugate exponents).
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Remark 2.5. (i) From (7) and (9), we assume that ¢ > 0 and ¢ > 0 without loss
of generality henceforth (replace ¢ and ¢ with ¢ + 1 and ¢ + 1, respectively).

(ii) Combining (7) with (8), we can immediately see that

dyp(u)|f, < C(p(u) +1) VYueV. (11)

Moreover, since ¢(u) < 9(0) 4+ (dv1)(u), u),, holds by the definition of the subdif-
ferential, (8) leads to

P(u) < C(lulf, + 1) YueV, (12)
uly, < C(ldve(u)f. +1)  YueV. (13)

From (9) and (10), we can derive analogous inequalities for ¢:

nl%. < C(é(u) +1) V[u,n] € Oxox, (14)
d(u) < C(lu|f +1) Yu € D(Oxdx), (15)
ulf <C(nl%-+1)  Vu,n] € Ixdx. (16)

2.3. Statements of the main results

The following result is concerned with the solvability of the elliptic regularization
problem for (AP).

Theorem 2.6. Assume (A.0) and (A.1) with m > p. Then for any ¢ > 0 and
fe ¥ (0, T;V*), the time-periodic problem

—e(dvp(uC(t)) + dvip(uc(t)) + Ox ox (ue(t))
+eFy (ue(t)) + edv(uc(t)) 3 f(t)  t€(0,T) in X7,
ue(0) = ue(T),  dvip(ul(0)) = dvip(ul(T)),

possesses at least one solution u. satisfying
u. € WHP(0,T; V)N L™(0,T; X),
dy(uz), dyio(ul), Fy (u) € L (0,T; V"),
n. € L™(0,T; X*),
(dvip(ul)) € L7 (0, T3 V") + L™ (0, T X7),

and | vty de< [,

where n. is the section of Ox¢x(ue) satisfying (AP)., that means, n. satisfies
Ne(t) € Oxdx(us(t)) and

—e(dvp(u(t))) + dvo(ul(t)) + ne(t) + eFy (ue(t)) + edv(ue(t)) = f(t)
for a.e. t € (0, 7).

Via this approximation, the solvability of the original problem is assured as follows:
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Theorem 2.7. Assume (A.0) and (A.1). Then for every f € L¥(0,T;V*), (AP)
possesses at least one solution u satisfying

w € W0, T; V)N L®0,T; X),
o(u(t)) is absolutely continuous on [0,T], (18)

dvyp(u'), n e L¥(0,T; V"),

where n is the section of Oy o(u) satisfying (AP), i.e., n satisfies n(t) € Oy o(u(t))
and dyip(u'(t)) +n(t) = f(t) for a.e. t € (0,T).

Remark 2.8. (i) In so far as A is given as a Gateaux differential, i.e., A = dy¢ in
(3), we see that our result can cover that of Akagi-Stefanelli [6] by letting V = X
be Hilbert spaces and p = 2.

(ii) In Akagi-Stefanelli [5] (the Cauchy problem), they assume almost the same
growth condition as (A.1) and allow that constants C' in (9) and (10) depend on
|uly. In order to reveal a difference in nature between the Cauchy problem and
the periodic problem, we here check how to derive a priori estimates of solutions to
(AP). Testing (AP) by «’ and applying Proposition 2.3, we get

(ol (6), (1)) + (D)) = (), (1)

Integrating over [0, t] and using (7), we have for every ¢ € [0, 7]

[ @ s+ 0(u) < (118 ey + 00u0)) +T)

with some suitable constant C' > 0. Hence for the Cauchy problem, since u(0) is
given data, one can derive estimates of |u'|r(o7,v) and sup, ¢(u(t)) immediately.
For the periodic problem, however, since u(0) is unknown, the boundedness of
|t/ | Lpo,r;vy can be assured but one can not get any information on sup, ¢(u(t))
from the procedure above.

3. Proofs of the main results
3.1. Scheme of the proofs
Our proofs consist of the following four steps:

Step 1: We first deal with the case where m > p and show that

—e(dv(u)(t)))" + edvip(ua(t)) + v oa(un(t)) + eFy (ua(t))
(AP)} = f(t) + h(t) te(0,T) inV*
ur(0) = ua(T),

dvp(u)(0)) = dyip(uy(T)),
possesses a unique solution for every f, h € L (0,T;V*) and \,e > 0, where ¢,

denotes the Moreau-Yosida regularization of ¢ and -’ stands for the time derivative.
By letting A — 0, we next show the following result.
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Lemma 3.1. Let 1 <p <m and f,h € L? (0,T;V*). Then for any ¢ > 0,

— e(dv(uh (1)) + edyi(un(t)) + axest(uh(t)) +eFy (un(t))
(AP)" 5 f(t) +h(t) te(0,T) in X,
un(0) = un(T),  dyip(uy(0)) = deuh(T»

has a unique solution satisfying

u, € WHP(0,T; V)N L™(0,T; X),
dy(up), dvio(up), Fy(up) € LY (0,75 V),
m € L™ (0,T; X*),

(dvip(up))' € L¥(0,T;V*) + L™ (0,T; X*),

(19)

where ny, is the section of Ox¢x (up) satisfying (AP)", i.e., nu(t) € Oxdx(un(t)) and
—e(dyp(ul, (1)) +edvp(un(t)) +nu(t) +Fy (un(t)) = f(t)+h(t) for a.e. t € (0,T).
Note that the equality L” (0,7;V*) + L™ (0,T; X*) = L™ (0,T; X*) holds, since we

here assume that p < m. However, we still write as (19) for the sake of consistency
with the notation in [5].

Step 2: Let uy, be the unique solution of (AP)". Define an operator 3 by
B h = uy = —dyip(uy,), (20)

namely, 3(h) := —dyt(u;,). We apply the Schauder-Tychonoff fixed point theorem
to §in Z:= L (0, T; V*) endowed with its weak topology. Let h be the fixed point
of 8, then uj gives a solution of (AP). satisfying properties given in Theorem 2.6.

Step 3: By establishing a priori estimates for solutions of (AP). independent of
the parameter € and discussing the convergence of solutions, we show the solvability
of (AP) for p < m.

Step 4: We deal with the case where m < p.

3.2. Step 1: Existence of solutions of the auxiliary equations

Since our argument in this step is based on the procedure in Section 3 of Akagi-
Stefanelli [5], one may find some duplications in this subsection. We first prepare
the following result on some variational problem associated with (AP)%.

Lemma 3.2. Letp <m, p:=max {p,2}, T := LP(0,T;V), T* := LW (0, T;V*),
fo v dt, and let h, f € I, Then for any e, A > 0 the functional over I'
deﬁned by

/0 (ox(®)+ev (W )+ (®) +S O} — (FO+h0), u(t)), ) dt
fealu) := if u € WO, T3V), u(0) = u(T), ¥(u()), b)) € L'(0,7),

400 otherwise,



M. Koike, M. Otani, S. Uchida / Periodic Problems ... 947

admits a global minimizer uy on T'. Moreover, uy € W¥P(0,T;V) is a unique
solution to (AP)% satisfying
ur(0) = un(T), dvip(uy(0)) = dvib(up(T)),
) ) (21)
dyy(uy) € WHP'(0,T5V7), dyip(un), dvéalun), Fr(un) € LP'(0, T V7).

Proof. It is easy to see that I, ) is proper lower semi-continuous and strictly convex
on I'. By assumptions (7) and (9), I, is coercive and bounded from below. Then
the standard argument guarantees the existence of a global minimizer uy of I, ).

Divide I. 5 into the following five parts:

5/0 Y/ (t)dt  if ue D(ILy) = {u e W"(0,T;V);u(0) = u(T)},
+ 00

otherwise,
T
Eywi= [ oxfu(o)i
0

By d € [ vtmar it vt € 2.7,
+ o0

otherwise,

3

) =5 [ e and 2= [ @)+ .oy

We first show that Opl 51 ) coincides with the operator A : I' — I'* defined by

Au(t) == — (edyp(u'(t)))’

with the domain
D(A) = {u € DUL); dvi(/ () € WHP'(0,T5V7), dy(el(0)) = dyib(u(T)) }

Since dy 1) = dyyp, we have for every u € D(A) and v € D(Iel’/\)
T
IA0) = 0) 2 & [ (vl @), 00 - /(1) b
0

== [ (o @) o) = )y dt = (Au.o =)

which implies A C dpI],. To prove the inverse inclusion, we set A := W"P(0,T;V)
and define two functionals L, K : A — [0, +o0] by

0 if u(0) = u(T),

. (22)
+00 otherwise.

L(u) == 5/0 P(u'(t))dt, K(u):= {

Remark that the restriction of I 81 , onto A, denoted by I} henceforth, coincides with
the sum of L and K. Fix h € R and u,e € A arbitrarily.
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By the definition of the subdifferential,

h{dy(u'(1)), €'(t)y < (u'(t) + he'(t)) — ¥(u'(t)) < h {dv(u'(t) + he' (1)), €'(1))y
holds for a.e. t € (0,7"). Thanks to (8), we can apply Lebesgue’s dominated conver-
gence theorem and we obtain

L(u+he / Y(u +he( ) — ¢(u’(t))d

t

—>/0 (edyip(u'(t)), € (t)), dt = (daL(u),e), as h—0.

Hence the functional L is Gateaux differentiable over A. On the other hand, since K
is a proper indicator function of the closed linear subset {u € A;u(0) = u(T)} of A,
the subdifferential of K is well defined and (v, e), = 0 holds for every [u,v] € WK
and e € A s.t. e(0) = e(T). Since D(dpL) = A and D(0,K) = D(K), we can derive
81\]/1& = 8A<L + K) = dAL + 8AK and
D(O\I}) = D(dAL) N D(O,K) = {u € A; u(0) =u(T)}

(see, e.g., Theorem 2.10 in [15]). Let [u,v] € Opl}, and e € A s.t. e(0) = ¢(T'). By
the general relationship dpl, C dal}, we have

(v,€), = (dnL(u), e}, = / (e (ol (0),¢/(8) .

In addition, since (v,e), = fo ) v dt is verified by v € I'" — A~
and e € A — T, the equahty

/0 (v(t), e(t)), dt = /0 (edvo(u/ (1)), €' (t))y dt

holds for every e € A with e(0) = e(T"). Hence by testing this by e € C5°((0,7); V),
which is dense in I', we conclude that v = —(edy(u'(+))) € T* = L®'(0,T; V*).
Combining this with the integration by parts, we obtain

(v (' (T)), e(T))y = {dvp(u'(0)), e(0)y = (dvi(w/(T)) — dvi(u'(0)),e(0)),, = 0.
Therefore dy (v (T)) = dyy(u/(0)) in V* by the arbitrariness of e(0) and then
drll, C Ais shown.

We now check the remainders Iéx() (1 = 2,3,4,5). Obviously, these are proper
lower semi-continuous convex functionals defined on I". We first get

152,)\(“) < /OT (W + ¢(v)> dt Yu €T and Vv € D(¢)

from the definition of the Moreau-Yosida regularization, and the definition of Jv
and (8) yield

13,(u) < eT(v) + / dyp(u(t))

V* U,(t) — U|th

T
< eTyY(v) + 50/ (Ju(@®)F + v +1)dt Yu €T and Vv € D(v),
0

where C' is some suitable constant independent of £ and .
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Hence D(I2,) =T and I7,, I?, are well defined on I'. Moreover, by the standard
argument (see Appendice I in [17]), we have

OrlZ,\(u) = Ovoa(u(t),  OrlZ\(u) = edvip(u(t)),
OrIZ,\(u) = eFy(u(t)), Opll\(u) = —f(t) — h(t),

for any uw € I and a.e. t € (0,7"). Hence we immediately have

Orl. = aF(Iel,A + 152,,\ + IS,A + If,A + 155,,\)
- al".lgl)\ + al".[g’)\ + 6[‘_[63’)\ + ar]é)\ + 81"]557)\.

Therefore, since the global minimizer uy satisfies 0 = Jrl. x(uy), we conclude that
uy is the unique solution to (AP)%. O

Remark 3.3. If one tries to apply the WED approach to I 51 y by the same argument
as that in [5], one gets a solution with the condition dy(u}(0))=e~T/¢dy)(u)(T)).
Taking the limit as e, A\ — 40, one is forced to face with the over-determined problem
with dy ¢ (u/'(0)) = dyy(u/(T)) = 0.

We next take the limit A\ — 0 in (AP)%. In this procedure, we note that if we
multiply the equation of (AP)% by u} as in [5], we get for any ¢; and ¢,

t=to

[0 (@i (1) + (un(t) + Ex(un(®) + Slua(®)

t=t1

< | ") + (0, (0

t1

where ¢* is the Legendre-Fenchel transform of ¢ (precise treatment of the first term
of L.H.S. will be given in (56) and (57) below). However, this inequality seems to
be not useful for the periodic problem, since u,(0) is still an unknown value. So we
here adopt a different manner to prove Lemma 3.1.

Proof of Lemma 3.1. Let h, f€ L' (0,T;V*). Since L” (0,T;V*) C L®'(0,T;V*),
we note that Lemma 3.2 assures the existence of the unique solution uy of (AP)%
satisfying uy € WhP(0,T;V) C Wbr(0,T;V). We first multiply the equation of
(AP)% by uy. Then using the integration by parts and the periodicity of uy, we have

. / (b (s (£)). s (1)) it + / (b)), uaB)y dt (23)
+ / (O or(ur(1)), un () dt + ¢ / ur (8)[2dt = / (F(E) + ht), ur(t))y dt.

The definition of subdifferential and (7) yield

| vty = [ @) = o) e (g, ~T). @0
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and hence by (24) with v = v}, and v = u,, we get
T T T
o [ (RO + i@ de+ [ (o ®) )y di = [ us(o)fde
0 0 0

< / ' (1) + h(t), ux(t))y dt + 2:C1T. (25)

Here ¢; and (' denote positive general constants independent of the parameters A
and . From this and Young’s inequality, we can derive

/ (O, + lun(®)) dt + / (O (ur(t)), ur(t))y di + 2 / fur (£) 2t

f,/*dt + 2eChT, (26)

<c / () + h()

where C; is a general constant depending only on €. Then we obtain the following
estimate independent of A:

| Ovontuen iy dise [ (OF + ol + o) dt < C... @7

Hence for any fixed v € D(¢) C X, the definition of subdifferential and the fact
that ¢y (v) < ¢(v) yield

0< /0 Oa(ux(t))dt < /0 (Ovor(ua(t)), ux(t) — v)y, dt + Th(v)

T
< CE + ’U’)(/ ‘av(b)\(U)\(t» X*dt
0

Then since dy¢(Jyuy) C Oxdx(Jyuy) and ¢(Jyuy) < dx(uyn) < o(uy) (recall (6)),
we have from (9) and (10)

T T ,
/ or(ur())dt < C. + Clolx / (6(Tnun) + 1)V dt
0 0
T l/m
< C. + CTY™ul|x (/ (da(uy) + l)dt) :
0

T
whence follows 0< / oOa(un(t))dt < C.. (28)
0

Hence, again by (6), (9) and (10), we obtain

T
| (sl + vetus@nz.) de < c..
0

which together with (27) yields
|3V¢/\(U>\)|Lm’(0,T;X*) + |U/\|W1"’(07T;V)

+ ‘UA|L2(O,T;V) + U,\U,\|Lm(o,T;X) < C.. (29)
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Therefore (8) leads to

T

/0 dy i (un(£)[E i + / Ay (uly (E)Edt < C. (30)

and (12) implies /0 W(ux(t))dt +/0 W(u\(2))dt < C.. (31)

Returning to (AP)%, we get

|5(dV¢(u/A>),|LP'(0,T;V*)+Lm'(O,T;X*)
< ’Ede(uAHLP'(O,T;V*) + ’3V¢A(UA)’Lm’(o,T;X*)
+ |5FV(UA)|LP’(0,T;V*) +|f+ h‘LP’(O,T;V*) < C.. (32)

Here we used the fact that WP (0, T;V) C L>(0,T; V) and |Fy (uy)|y+ = |us|v-

Then by (29), (30) and (32), we can extract a subsequence {\, }nen such that \,, — 0
as n — 00,

uy, — Ju  weakly in W'P(0,T;V),
Iy, un, = Jv weakly in L™(0,T; X), (33)
Fy(uy,) = Jw  weakly in Lp/(O,T; V),

and
dydy, (uy,) — In  weakly in L™ (0,T; X*),
dy(uy,) = Ja  weakly in Lp:(O, T;V™), (3)
dyy(uy,) — 3¢ weakly in LP (0,T; V™),
(u},)

(dyip(uy, ) — € weakly in L' (0,T;V*) + L™ (0,T; X*),

where £ stands for the derivative of £ in the sense of distributions. Taking the limit
in (AP)} | we have

—ef' +ea+n+ew=f+h in LP0,T;V*)+L™(0,T; X").
Now we show that u gives a solution of (AP)". We first note that {uy},so forms
an equi-continuous family in C'([0,T]; V), which is assured by |u}|rr@rv) < C-.

Moreover, since uy € C([0,T]; V), there exists ¢ty € [0,T) such that

TP u(to)|y = TP tg[loil%} lux(W) v < |ur| oo rv) < Ce.

Then for any t € [to, to + T, we get

t
lua(®)lv < [ua(to)lv +/ [u(s) v ds < Jux(to)lv + T |uh| o) < C,
to

which implies sup |uy(t)|y < C-.. (35)
t€[0,T]
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Thanks to the general property |Jyuxly < Ci(Jur|y + 1), we also get
sup |J)\U)\(t)|v < CE. (36)

te€[0,7

We recall here that Jyuy is defined by the unique solution of Fy(Jyuy — uy) €
=0y o(Jyuy). Then from the monotonicity of dy ¢,

(Fy(ux(t +h) —ux(t +h)) — Fy(Jur(t) — ua(t)), Hhua(t + h) — hux(t)), <0
holds for any h € R. On the other hand, (35) and (36) yield
(Fv(Jaun(t +h) —ux(t + h)) — Fy(Dua(t) —ua(t)), —ua(t + h) +ux(t)),,
< Celua(t +h) —ua@)lv.
Then by adding two inequalities above, we obtain by Proposition 2.1

me. (| (Dxua(t +h) —ux(t + h)) = (Juat) —ua(?)) |v)
X | (J)\U)\(t + h) — U)\(t + h)) — (JAU)\(t) — U)\(t)) |V < C€|U)\(t + h) — U)\(t)lv,

which implies that {Jyuy — uy}aso forms an equi-continuous family in C([0,T]; V).
Hence so does {Jyuy}rso. Therefore Theorem 3 of [43] assures the relative compact-
ness of {Jyup}trso in C([0,T];V), i.e.,

Jr,uy, — v strongly in C([0,T]; V)

(recall that v is the weak limit {Jy uy, fneny in L™(0,7;X)). Since Jyuy(0) =
Jyuy(T), the limit v is also time-periodic. Furthermore, by the definition of ¢,
and the fact that ¢ > 0, we have

T T
/ |U/\(t) - J/\U)\(t)ﬁ/dt S 2)\/ gbA(u,\(t))dt S 2)\05,
0 0

which implies that {uy — Jyuy}aso converges to 0 strongly in L*(0,7;V) and then
u = v. Using the strong convergence of {J, ux, }nen and uniform boundedness (35)
and (36), we also have

uy, — u  strongly in L"(0,T;V) Vr € [1,00) (37)
and then by the demiclosedness of Fy and dy v, we get
w=Fy(u), a=dyp(u). (38)
Here we can extract a subsequence of {uy, }nen (We omit relabeling) such that
uy, (t) = u(t) strongly in V' for a.e. t € (0,7). (39)

Since (30), (32), and the compact embedding V* < X* hold, Theorem 3 of [43] is
also applicable to the sequence {dy 1 (u) )}nen. Readily,

dvip(uy,) = & strongly in C([0,T]; X™). (40)

Remark that {(0) = {(7") also can be deduced from the periodicity of dy1)(u) ).
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In order to complete this step, we have to check £ = dyy(u') and n € Ixpx(u). We
here define a subset T of (0,7) by

t is a Lebesgue point of ¢ — (£(¢), u(t)),, and
T.=¢ t€(0,T)|{\.} has a subsequence {\,} tending to 0 as n’ — oo
.. <de(u’/\;/(t)),uA2/(t)>v — (€(t), ult)), as ' — 0.

Since (£(+),u(:))y € L'(0,T'), almost every point of (0,7") satisfies the first require-
ment. Moreover, thanks to Fatou’s lemma and (30), ¢ — liminf, . |dy¢(uy, (1)) I"/,*
belongs to L'(0,7'), and then takes a finite value at a.e. t € (0,7'). Hence from (39)

and (40), the second requirement is also assured by a.e. ¢ € (0,7"). Therefore T has
full Lebesgue measure in (0,7).

Fix t1,ty € T with t; < to arbitrarily. Since Ady ¢y (uy) = Fy(uy — Jyuy) holds by
the definition of the Yosida approximation, we have for every A\ > 0

/t T (Ovon(ua(t)), Jnua(t))  dt = / (Ovn(ua(t)), Jnua(t))y dt

[ oty a2t [ sl

t1 t1

< / " (Ovon(ua(t)), un () d. (41)

t1

Repeating the same calculation as that for (23), i.e., multiplying the equation of
(AP)% by uy and integrating over (t1,s), we get

[ ), Oy de — & (il (1), un )l + 2 (s ) unlta)y

t1
to

+5/2<de(uA(t)),uA(t)>vdt+/ (Ov oa(ua(t)), ur(t))y dt

t1 t1
to

e / (B (un (), ux(t))y di = / G0+, m®)yd. (42)
Monotonicity of dyt in LP(tq,ts; V') yields
tmint [ (dytus, ()05, Oy de > [ DO d @3)

n—o0o
t1

Furthermore, in view of (33), (34), (37) and (38), we get

lim / C(dyv s, (1)) + Fy (un, (), un, (6)) dt

n—oo t1

_ / (dvb(ult)) + Fy (u()), u(t)), dt. (44)

ty
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Thus choosing a suitable subsequence of {\,} in (43), denoted by {\;}, and taking
the limit in (42) with A = Ay — 0 as k& — oo, we obtain by (41), (42), (43) and (44)

imasup [ (@ (ua, (0). s, (1)

k—o0 t1

s—e/2@uxwumﬂﬂ+s@w»uw»v—s@@nm@nw

t1

- [ dvutute) + Frla(v) - £ - BOu@)y i @)

t1

From the fact that u = v € W'(0,T;V) N L™0,T;X), & € LP(0,T;V*), and
¢ e LP(0,T;V*) 4+ L™ (0,T; X*), we can apply Proposition 2.4 and derive

lim sup / Oy, (un, (6)), Tngtin, (1)) 4 it

k—o0 t1
S € <£/<t>7 u<t)>Lp(t1,t2;V)ﬁLm(t1,t2;X)

- [ i) + Fou(e) - £0) - ho, ) i (10

t1
Substituting €&’ = edyy(u) + eFy(u) +n— f — h in (46), we have

t2

lim Sup/ : (Ov o, (unr, (1), Inun, (1) dt < / (n(t),u(t)) dt. (47)

k—ro00 t1 t1

Since Jy ¢y, (un,) € Ovo(Jy,uy,) C OxPx(Jy, uy,) and Ox¢x is maximal monotone
in L™ (ty,t2; X), then (47) implies that (recall Proposition 2.2)

to

lim @muww»Awumxﬁzfﬂmmwmwm (48)

k—o0 4 4

where n(t) € Ox¢x(u(t)) for a.e. t € (t1,t2). Moreover, since ti,ty are chosen
arbitrarily in Y which has full Lebesgue measure in (0,7"), we see that n € Ox¢x (u)
in L"(0,7;X). Let t1,t3 € Y. Recall that (41) and (42) give us

ej{2<dv¢«u;@>»za<w>vdt

< e(dvip(uy(ta)), ua(ta))y — eldvib(u)(tr)), ua(tr))y —/ (Ovoa(ua(?)), Jua(t)) x dt

t1

—/2<€dv¢(UA(t))+€Fv(UA(t))—f(t)—h(t%w(t»vdt-

t1

Taking the limit A = A\ — 0 in the inequality above and using (48), the definition
of T, and Proposition 2.4 (integration by parts), we obtain
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k—o00

e Tim sup /t (dylul, (1)), b, (1)), dt

< 2 (E(h), ulta))y — ¢ (€(t), ultr))y — / (), u(t))  dt

t1

- [ tedvitu(®) + Fetut) - ) - ho) u(®)y de (49

t1

[
<e(¢, W) L (44 41300 L (11 4257) T+ 6/ (€ ')y dt — / (n(t), u(t)) x dt

t1 t1

to

= [ tedvita(t) + <Fr(u(t) - £(0) ~ ht),ule)), dr

t1

Substituting e’ — n — edy(u) — eFy(u) + f + h = 0 in (49), we have

lim Sup/t 2 (dyip(uh, (1)), uh, (1)), dt < / 2 (& '), dt. (50)

k—o0 t1

Hence we can repeat the same argument as that for n € dx¢x(u) with the aid of the
maximal monotonicity of dy1) and we can show that & = dy(«') in LP (0,T;V*).
Therefore, we conclude that u is the desired solution to (AP)" satisfying (19). The
uniqueness of the solution can be assured by the monotonicity of operators in (AP)"
and Proposition 2.1. Il

3.3. Step 2 (Proof of Theorem 2.6)

Let Z := L (0,T;V*) with the weak topology. By Step 1, 3 defined by the re-

lationship (20) is well defined as an operator acting on =. In order to apply the

Schauder-Tychonoff fixed point theorem, we shall check:

#1. Let Kg:={h € L(0,T;V*); |hlpwrv-y < R}. Then there exists R > 0
such that § maps Ky into itself.

#2. For every sequence {hy}ney which weakly converges to h in LP(0,T;V*),
{B(hn) }nen weakly converges to S(h) in L¥ (0, T; V*).

Then by virtue of Theorem 1 in Arino-Gautier-Penot [11], 5 possesses at least one

fixed point hy € LP(0,T;V*). Obviously, u, is a solution to (AP). satisfying

regularities (17) in Theorem 2.6.

In this subsection, ¢, and C5 stand for general constants independent € > 0 and h.

Proof of #1. Let 1, be the section of dx¢x (uy) satisfying (AP)". Repeating the
same calculation as that for (25), i.e., multiplying the equation of (AP)" by u; and
using

/0 (n(t), un(t))  dt = / (mnt), wn(t) — v) y i + / (n(t), v}

> [ otwo)at=Tow) = ol [ Im@)lx-de voe D)

> C2|uh|?m(0,T;X) —Cy, (51)
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we obtain by Young’s inequality
coe|unlfyrmo. iy + C2ltn|Tmorx) + elunlizorv)
< /OT () + h(t), ur(t))y df +2(= + 1) Cs (52)
<y <|f|ilp/(0’T;V*) ) + 5|h| ‘orvey T Cslunlzo )

where § > 0 is an arbitrarily fixed constant and Cj is a general constant determined
only by 0 > 0. Since we assume that X — V and m > p, we get

Cg]uh]ip(oj;v) < Csluy, IZTVL(07T;X) < 6‘uh‘Tan(07T;X) + Cs.

Hence for every § < ¢y, we have

el oy < Cs (1 1w oy ) + 0100 e

From (8) we can derive

/

cael B, o1y = CEIV W) o pey (53)

<CCs (V111 gy ) + COlRIY 4 CCeT,

LY (0,T;V*)

where C' is the constant appearing in (8).

Here we fix R and § such that

Cy €& ’
CCJ(1+‘f’ 0TW>—|—C’C'5&?T:27R7’, 5—111111(02,20).
Then by (53), we get
/ 1 CoE / /
p — [== P P
13(h) wmve) S CoE ( 2 +05) R s 1
which implies B(h) € Kg. O

Proof of #2. Let {h,},en be a sequence such that h, — h. Let u, = uy, be
the solution of (AP)"» and denote by 7, the section of Oxdx (u,) satisfying (AP)"»
Moreover, let C" denote a general constant independent of n, which may depend
on e. Noting that |h,|; o1V < C’, we repeat the same procedure to establish a
priori estimates as in the previous step Indeed, multiplying the equation of (AP)
by u,, we have (see (52))

T
oz + linl220iz) + / (), un(0))  dt < ",

which yields (see (51))

T
Py () 1 + / o(un(t))dt < C. (54)
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Then by (8), (9), and (14), we get
|dv¢(un)|LP’(o,T;v*) + |dV,¢(u;L)|LP'(O,T;V*) + |Un|Lm(0,T;X) + |77n|Lm’(o,T;X*) <

From the boundedness of remainder terms in (AP)" we obtain

| (de(u;))'bﬂ 0,15V *)+ L™ (0,15X*) <

Arguments for the convergence given in the previous step can be repeated for this
step. In fact, applying Theorem 3 of [43] to {u,, }nen, which is uniformly bounded in
WP (0, T; VYN L™(0,T; X), we can extract a subsequence denoted by {u; };en which
strongly converges in C([0,7]; V). Let u stands for its limit (remark u(0) = u(7T)
holds). Furthermore, there exists a subsequence of {u; };en (we still employ the same
index) such that

Fy(w) — 3w weakly in LF (0,T;V*),
m — dn weakly in L™ (0, T; X*),
dy(w) — Ja  weakly in LP (0,T;V*),
dyp(u)) — 35 weakly in LP (0, T;V*),
(dyip(u))) — weakly in LF' (0, T; V*) + L™ (0,T; X*).

By virtue of the demiclosedness of Fy, and dyv), we can easily see that w = Fy/(u)
and a = dyv(u). Therefore limit functions given above fulfill the equation

—et 4 edyip(u) +n+eFy(u) = f+h in LP(0,T;V*)+ L™ (0,T; X*).
By the same reasoning as that for (40), we can deduce the strong convergence of
{dv(u)) hien to € in C([0, T]; X*) and then £(0) = &(T).
Define Y}, which has full Lebesgue measure in (0,7") by

t is a Lebesgue point of ¢ — (£(¢), u(t)),, and

T, :=<{ t€(0,7)|{l} has a subsequence {l}} tending to oo as k — oo
s.t. <de(ulz( )),ulz(t)>v — (€(t), u(t))y as k — .

Let t; < t2 belong to T. Tracing the argument from (42) to (46), we can show that

to
lim SUP/ (mn,, (1), wy, (t)>x dt <e <§,<t>7U(t»LP(thtg;V)ﬂLm(tl,tg;X)

k—o0 t1
to

- [ {edvotu(t) +eFult) = FO - ho) u®)y dt = [ (o) u(o) dr

t1 t1

where {l}ren is a suitable subsequence of {l}. Hence from Proposition 2.2, we
derive n € Oxox(u) in L™(0,T; X). Moreover, repeating the same verification as
that for (50), we can obtain

limsup / (1)), (1) dt < / ()l (1)), dt,

l—o00 t1 t1

which implies & = dy(u’) in L' (0,T;V*).
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Since the uniqueness of the solution to (AP)" assures that the above argument does
not depend on the choice of subsequences, the original sequence {dy ¥ (u,)}nen =
{B(hy) }nen also converges to dyi)(u') = B(h) weakly in L' (0,T;V*). O

Remark 3.4. In order to derive the uniqueness of the solution of (AP). by the
standard argument, we need to handle the following terms concerning the difference
of two solutions u; and us:

(dvip(uy) — dvip(up), us — ug)y,  (O¢(ur) — Op(uz), vy — us)y, -

Even for the Cauchy problem, assumptions (7)-(10) are not enough to control these
terms. The characterization of the Cauchy problem by the Euler-Lagrange equation
of the WED functional copes with this difficulty arising in the doubly nonlinear
evolution equations and enables us to assure the uniqueness of the solution to the
approximate problem when either ¢ or v is strictly convex (see Theorem 4.2 of
Akagi-Stefanelli [5]). If one leaves the variational approach, however, the uniqueness
can not be assured only by such a natural condition especially in the case of the
time-periodic problem, where the technical assumptions might be more aggravated
than those in the Cauchy problem in general.

In order to complete the proof of Theorem 2.6, we verify the following:

Lemma 3.5. There exists a solution u. to (AP). which satisfies

/0 (bl (1)), (1)) dt < / () (1)) . (55)

Proof. We return to Step 1. Let uy be the unique solution to (AP)%. Multiplying
(AP)% by ), and integrating over (0,7") with respect to ¢, we have

e / (dvb(uy (£)))' s (8))y it — / (h(t). s (£))y dt = / F(E). s (1)) it

Here we used Proposition 2.3 (chain rule) and the periodicity of u,.

By formal calculation, we get
- [ tavetoyy ),
= — (dvip(u(0)), ur(T') — u)(0))y + /0 (dvo(uy (), ux () dt

> G (0) = 9 (1) + [ GOl =0,

Although we can not assure the existence of v (¢) in a proper way, we can rigorously
justify the following:

- / (dv (s (1)) i (1) dt > 0. (56)
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Indeed, by the same procedure as that in the proof for Lemma A.1 in [5], one can
see that

/t (bl (1), ur(t))y dt <™ (dvip(uy(t2))) — & (dvip(uy(t))) (57)

holds for every t;, s belonging to

t is a Lebesgue point of

Ori=q t€(0.T)] t= ((dvp(ur(t),ur(®)y o

and w, is differentiable at ¢.

* denoting the Legendre-Fenchel transform of 1. Since dy1(u}(t)) € WH'(0,T;V*)
and uy € WHP(0,T;V) (recall (21)), ©, has full Lebesgue measure in (0, 7). More-
over, from the fundamental facts that ¢* is a proper l.s.c. convex functional on V*
and [v, u] € dy«1* is equivalent to v = dy1(u) = dy)(u), we can derive the absolute
continuity of ¥*(dy ¢ (u)(-))) on [0, T]. Then for t; — 0 and t; — T, we obtain (56).

Hence u,, satisfies —/0 (h(t),u)\(t)), dt < /0 (f(t),u\()), dt. (58)

Since we already showed that u) — u} in LP(0,7;V) as A\ — 40, where uy, stands
for the unique solution to (AP)", (58) leads to

_ /0 (h(t),u, (), dt < /0 (f(t),up(t))y dt (59)

for every h € L¥ (0,T;V*). Now let hy € L (0,T;V*) be a fixed point of 3, i.e.,
ho = B(ho) := —dy¥(uy,). Then substituting ho for A in (59), we can assure that
up, is one of solutions to (AP). satisfying (55). O

3.4. Step 3 (Proof of Theorem 2.7 : Case p < m)

Henceforth, let u. be the solution of (AP). given in Theorem 2.6 and Cj stand for
a general constant independent of the parameter ¢ € (0,1). We first note that the
definition of the subdifferential and (7) yield

(dy (1)), dl () > V() — (0) >

= (O = 1= 6(0).

Hence by (55), we get

[t < e [ oo art) < 3 [leofas g ., )

whence follows the a priori bound for |u|r»o.1;v). Then by (8) and (12), we obtain

[ ot [ vt

V*dt+/ Y(u,(t))dt < Cs. (60)
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Next multiplying (AP). by u. and repeating the same argument as that for (52), we
have

€|u8|€V17p(07T;V) + [te|fmo 1) 5\“5\%2(()@\/)
<0y (|f| o LD o e+ el i 1)
<03+ §|UE|?M(0,T;X)a
that is, 5|ue‘€vl,p(o,T;v) + |u€|Tm(O,T;X) + 8|Us|2L2(0,T;V) < Cs. (61)
Hence the canonical embedding L™ (0,7 X) < L?(0,7;V) and (60) yield
’Ugfwlp 0,75V < Cs. (62)

Moreover, from (8) and (10), we can derive

[

where 7). is the section of Ox¢x (u.(t)) satistying (AP).. Hence by the equation of
(AP)., we also have

v.dt < Cs, (63)

%m+é|ww%®>

|5(dV1/)(uls))/|L1”(0,T;V*)+Lm/(O,T;X*) < Cs. (64)

By using (60)-(64), we discuss the convergence of u.. To begin with, (61) and
(62) enable us to apply Theorem 3 of [43] and extract a subsequence {ue, }nen
which converges strongly in C([0,7]; V). Its limit, denoted by wu, clearly satisfies
u(0) = u(T"). We are going to show that u is the desired periodic solution of (AP).
By (62) and (63), we get

|€dV7vD(uE)|LP'(O,T;V*) + |5FV(“E)|LP’(0,T;V*) < eCs,

which implies that {e,dv1(ue, ) }neny and {e,Fv (u., ) fnen converge to zero strongly
in LPI(O, T; V*). Furthermore, there exists a subsequence, still denoted by {u., }nen,
such that

U, — U weakly in L™(0,T; X),
Ne, — In weakly in L™ (0, T; X*),
dyp(ul ) — 3¢ weakly in L7 (0,T; V"),

eldyp(ul,)) =3¢ weakly in L¥ (0, T;V*) + L™ (0,T; X ™).

For every v € Wt™(0, T; X) with v(0) = v(T), we get by (60)

(enldvi(ug,) U>LP O,T;V)NL™ (0,T5X) / (dyip(u (), dt =0

as n — oo (use Proposition 2.4). Then ¢ = 0 holds by the density. Therefore, we
obtain ¢ +n = f. Immediately, n belongs to Lp/((), T;V*), since the remainders &
and f are both members of L¥ (0, T; V*).
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Multiplying (AP)., by u,,, we have
T
|ttt

== [ (vt ()0, 0y dt =20 [ ot 0), v, () d

T T / (vl (£)). ue, (£)), dt + / (), e, (8), dt.

Taking the limit as n — oo, we obtain

imsup [ (o, (), e, (0) dt = = [ (€L u®)y b+ [ (0,0t

- | oy ar = [ o,

which implies n € Ox¢x(u) thanks to Proposition 2.2. Hence by virtue of (5)
together with the fact that n € L¥ (0,T;V*), we can conclude

1 € dyo(u). (65)
Finally, letting £, — 0 in (55) of Lemma 3.5, we can see that

imsup [ (v, () o, (@)t < [ (7000,

:/0 <f(t)—n(t),u/(t)>vdt:/o (), (8), dt.

Here we used Proposition 2.3 and (65). Then the maximal monotonicity of dy
leads to & = dy4(u') in L¥'(0,T;V*), hence it follows that u is a solution to (AP).

Furthermore Proposition 2.3 together with (62) and (65) assures that ¢(u(t)) is
absolutely continuous on [0, 7] and hence (9) assures that u € L*>(0,7; X). O
3.5. Step 4 (Proof of Theorem 2.7 : Case m < p)

In this subsection, we consider the excluded case, i.e., the case where m < p. Put

/’L 1+«
P = ——
¢+1+a¢ '

where p € (0,1) and « is some fixed exponent with a > p/m — 1. It is easy to see
that ® is a proper lLs.c. convex functional over V. Since ¢ satisfies (9),

m mo m(a+1
O(u) > culul 1+ [u3*) = C, > e lulv ™ — ¢,

holds for every u € D(®) = D(¢) with some constants c,,C, > 0 (which may
depend on the parameter ). Moreover, since we have

Oy ® =0y + ug“ove, OxPx = Oxdx + udoxodx (66)
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(see Appendix) and ¢ satisfies (10) and (15), then for any [u,n] € dx®Px there exists
some C' > (0 independent of i such that

a+1

() < o [|uIX (1+ |u,amm>]mfa+1 < C(Ju|7 4 1), (67)

Hence @ fulfills (9) and (10) with m := m(a+1) > p (note that the Holder conjugate
of m coincides with m’ = m/(a+ 1)/(m’a + 1)). Then we can carry out the same
argument given above with ¢ replaced by ®. That is to say, for every u € (0,1) and
f € LP(0,T;V*), the time-periodic problem

ApY { dvip(u)) + (1 + po®(u,)) Ove(u,) 3 f,  t€(0,T) in V7,
(AP),,
u#(o) = UH(T)a
possesses at least one solution satisfying
u, € WHP(0,T; V)N L™(0,T; X),
dyip(u,), (1+ po® (w))nu € L7 (0,T5 V),

where 7, is the section of dy¢(u,,) satisfying (AP)7.

(68)

We shall establish a priori estimates of u, independent of x by repeating the same
calculation in Step 3. Let ¢4, Cy > 0 denote general constants independent of pu €
(0,1). Multiplying (AP)?, by wu},, using the chain rule

@ (u(t)) = (1 + ™ (wu(t))) s, 1w, (1)),

and integrating over [0, 7], we have by (7), (8) and (12) (see (24))

T
A|%mmﬁ+/|mw

By the equation of (AP)%, we obtain

V*dt+ / W, (t))dt < Cy. (69)

’W‘LP’(O,T;V*)""M¢a(uu)77u’LP'(0,T;v*) < ’de(“;)|Lp’(o,T;v*)+|f’LP’(o,T;V*) < (. (70)

From (15), (16) and the canonical embedding |7, x+, we can derive

ve > ca|np

/ ' P (u, (1))dt < Cy. (71)

By Proposition 2.3, ¢(u,(-)) is absolutely continuous on [0,7] and hence there is
to =ty € [0,T] at which ¢(u,(-)) attains its minimum. Immediately, (71) implies
P(upu(to)) < Cy. Hence testing (AP)r by wj, again and integrating over [to,t] with
t € [to,to + 1], we obtain

sup 3(u, (1) < sup Bl (1)) < C (72

0<t<T 0<t<T

Combining (72) with (9) and (10), we can show that

ca sup |uu(t)ly < sup |u,(t)|x + sup |n,(t)[x- < Cu (73)
0<t<T 0<t<T

0<t<T
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Note that (69), (70) and (73) enable us to follows the same convergence argument
as that developed in Step 3. Indeed, (70) and (72) yield

O™ (W)l o 0.7y S HCa — 0 as = 0. (74)

Applying Theorem 3 of [43] and standard argument, we can extract a subsequence
of {u,}en (we skip relabeling) such that

u, — u strongly in C([0,T]; V),
weakly in W'?(0,T; V),
x -weakly in L>(0,T; X),

dyvip(u,) — § weakly in L7 (0,T;V*),
Ny — 1N weakly in LP (0, T;V*),
and £ +n = fin L” (0,T;V*). Using (74), we have

fimsup [ 0,0y it = = [ €O de+ [ 10.ue),

- / (), u(t))y dt,

which together with Proposition 2.2 implies n € dy¢(u). Furthermore, since
T T
| vt )., dt = 90,00) = ) + [ (00,0,

s Bu(0)) — d(u(T)) + / ) (B)y dt as p— 0,

we obtain

imsup [ (o 0). ), dt = = [ o)y e+ [ ro.a), a

n—0

- / (E(), (1) dt.

which together with Proposition 2.2 leads to £ = dy¢(u’). Thus it is shown that u
gives a solution of (AP) satisfying (18) . O]

4. Structural stability

In this section, we show that the method developed in the previous section is appli-
cable to the study of the structural stability for solutions to (AP). More precisely,
we here consider some perturbation to the functionals ¢ and ¢ in the following sense
(see Definition 3.17 and Proposition 3.19 in [12]).

Definition 4.1. Let Z be a reflexive Banach space and let ¢ and ¢, (n € N) be
proper lower semi-continuous convex functions from Z to (—oo,4o00]. Then it is
said that ¢, converges to ¢ in the sense of Mosco, if the following two conditions
(a) and (b) hold.
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(a) (Liminf condition) If w, — u weakly in Z, then liminf, .. ¢,(u,) > ¢(u)
holds.

(b)  (Existence of recovery sequence) For every u € D(yp), there exists a sequence
{tn }nen such that w, — u strongly in Z and ¢, (u,) — ¢(u).

We here present the following fact (see Theorem 3.66 and Proposition 3.59 in [12]),
which gives a generalization of Proposition 2.2.

Proposition 4.2. Let {o,}nen be a sequence of proper l.s.c. convex functions on
a reflexive Banach space Z which converges to a proper l.s.c. convex function ¢ :
Z — (—00,400] on Z in the sense of Mosco. Assume that [u,,v,] € Oz¢, satisfies
Uy, — u weakly in Z, v, — v weakly in Z*, and

limsup (v, ) < (v, 5
n—oo

Then [u,v] € Oz¢ and (v,,uy), — (V,u), as n — oo.

To state our result, we introduce the following growth conditions on ¢, and ,,
which is similar to (A.1):

(A.2) {&n}tnen and {¢, }nen are sequences of proper lower semi-continuous convex
functionals and Gateaux differentiable convex functionals over V', respec-
tively, such that ¢, and v, converge to ¢ and v in the sense of Mosco on V,
respectively. Furthermore there exists some constant C' > 0 independent of
the index n satisfying

uly, < C(hn(u) +1) Yu ey, (75)
|y (W) P < C(Julf, +1) Vu eV, (76)
‘u@ < C((bn(u) + 1) Vu € D(¢n)a (77)
nl%e < C(lul¥ +1) V[u,n] € dx(¢n)x, (78)

where p,m € (1,00) and (¢,)x stands for the restriction of ¢, onto X.

Then our result can be stated as follows.

Theorem 4.3. Assume (A.0), (A.1) and (A.2) and let u,, be solutions of

(AP), {dwn<u;<t>>+a¢n<un<t>>9fn(t), Le(0.T) iV

1, (0) = un,(T),

where { fr}nen and f satisfy either (i) or (ii) below:
(i) fu — f strongly in Lp’(07T; V),

(i) fo — f weakly in W' (0,T;V*) and f(0) = f(T), fu(0) = fo(T) hold for
any n.

Then there exists a subsequence {u;}jen := {Un, }jen and its limit u such that

uj — u strongly in C([0,T); V), weakly in WP (0,T;V),
« ~weakly in L*°(0,T; X),
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dyvpj(uj) — dy(u) weakly in LP' (0, T; V™),
nj — N weakly in L (0,T;V*),

and u is a solution to (AP). Here n and 1; = n,, denote the sections of d¢(u) and
O¢n, (un,) satisfying the equation of (AP) and (AP),,, respectively.

Proof. It is clear that assumptions (75) and (76) yield (11)—(13) with ¢ replaced by
Y, and C independent of n, and (14) with ¢ replaced by ¢, is a direct consequence
of (77) and (78). Moreover, (15)—(16) also hold with ¢ replaced by ¢, by virtue of
(b) of Definition 4.1. Indeed, let v € D(¢), then there exists a recovery sequence
{vn }nen which satisfies v, — v in V and ¢, (v,) — ¢(v). Remark that (77) implies
uniform boundedness of |v,|x. By the definition of subdifferential,

Gn(u) < dn(vn) + (,u — Un)x < n(vn) + 7
<C+|n ulx + C),

x+([ulx + [vnlx)

x+(

where [u,n] € dx(¢,)x and C is independent of n. Hence ¢, fulfills (15) by (78)
and (16) by (77).

Then repeating exactly the same manipulations as those for (69)—(73) in Step 4 of

the previous section, we can establish the following estimates for the solutions u,, of
(AP), :

T
| ooziv) + |y () ooy + / (el (£))dt < Cs,
0

X* + sup ¢n(un(t)) S 057

sup [un(t)|x + sup |9, (t)
0<t<T 0<t<T

0<t<T

where C5 > 0 is a general constant independent of n. Therefore we can reprise the
same discussion of convergence as that in Step 4 of the previous section and obtain

fmsup [ (o un(®)yat < [ G0(0).ute)y i

n—oo

n—oo

lim sup / (it (1))t (1)) < / (&), (8))y dt, (79)

where 7 and & are limits of (a suitable subsequence of) {n,, }nen and {dv ¢, (u),(t)) }ren,
respectively. Here assumption (i) on f, is used to assure

| o= [ oo, a

as n — oo and obtain (79). Assumption (ii) also leads to
/0 D)oty dt = (D), wn(T)y — (a0, 1n(0))y — / (8, (t))y
- / (), u(t))y dt = / (1), (8) dt.

Therefore, it follows our result with the aid of Proposition 4.2. ]
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5. Application

Let Q € R? be a bounded domain with sufficiently smooth boundary 9. As in
Akagi-Stefanelli [5], we consider the following doubly nonlinear parabolic equation:

(x,t) € 2 x (0,7),

(DNP) )
u(z,t) =0, (x,t) € 09 x (0,7T),

—N—
o
—~

§\
B
Tt
|
>
3o
I~
—
8
T
Il
—
—
8
N

where
Alu(z) =V - (a(z)|Vu(z)|"*Vu(z)), z€Q, me (l,00), a: Q=R

In [5], it is assumed that a, v, and the exponent m satisfy the followings:

(a.

a.l)
(a.2) «: R — R is a single-valued maximal monotone function with D(a) = R.
Moreover, there exist p € (1,00) and constants ¢, C' > 0 such that

There exist some constants ai, as > 0 such that a; < a(z) < ay for a.e. z € Q.

cls — 2 < AGs), lals)l < CslP +1) Vs€R,

where A(s) == [;
Nm

(N —m);

a(o)do (primitive function of «).
(a.3) p<m":=

To reduce (DNP) to (AP), set V := LP(Q) and X := W, "™() and define func-
tionals ¢ and ¢ on V' by

Plu) = / Au(z))d,

1 "dx if u 1m
o(u) = E/ﬂa(:p)|Vu(a:)| d fueWy,™(Q),

+ 0o otherwise.

Note that V, X, and V* = L¥ (Q) are uniformly convex and the embedding X <+ V/
is compact by (a.3). From the growth condition assumed in (a.2), we have D(¢) =
LP(€2). It is easy to obtain the convexity and differentiability of ¢» on V and see
that its derivative coincides with dyt¢(u) = a(u). Since a is assumed to be a
non-degenerate coefficient on €2, we can show that ¢x is differentiable on X and
Ox¢px(u) = —A%u by the standard variational argument (immediately Oy ¢(u) =
—A%u by Oy¢ C Oxpx). Moreover, assumptions (a.l) and (a.2) lead to growth
conditions (7)—(10).

Therefore, (A.0) and (A.1) are verified for (DNP), so Theorem 2.7 assures that the
following result holds.

Theorem 5.1. Assume (a.1)—(a.3). Then for every f € LP(0,T;L” (), (DNP)
possesses at least one time-periodic solution satisfying

we W0, T; LP(Q)) N C([0, T]; Wy ™(2)),
a(u), A% u e LY (0,T; L” (Q)).
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Proof. The assertions above follow from the direct application of Theorem 2.7
except u € C([0,T]; Wy"™(Q)). To verify this, we first note that (a.1) assures that

L™(Q) with norm |w|zp = ([, a Jw|™ dz)*/™ is uniformly convex and that the

function m @(u(t)) = |Vu(t)|7m is (absolutely) continuous on [0, T]. Therefore we
immediately derive Vu € C([0,T7]; (L™(£2))%), which together with (a.1) assures that
u e C0, 7 W (9). a

We next consider the structural stability of (DNP). For this purpose, we introduce
the following conditions:

(a.4) {an}nen is a sequence of functions a, :  — R such that a,(z) — a(z) as
n — oo for a.e. z €). In addition, (a.1) with a replaced by a,, holds for all n.

(a.5) {antnen is a sequence of functions a, : R — R such that the sequenee of
primitive functions A,(s) := [ an(0)do converges to A(s) := [; a(o)do in
the following sense:

(i) If s, = s in R, then liminf, ,. A,(s,) > A(s).
(ii) For every s € R, there exists a sequence {s,, }ner such that A,(s,) — A(s)
as nm — 00.

In addition, (a.2) holds with functions o and A replaced by «a, and A,, re-
spectively by the same ¢, C' > 0 (independent of n).

Define 1, and ¢, by (80) with A(s) and a(z) replaced by A, (s) and a,(x), respec-
tively. Then according to [2] and standard facts in [12], (a.4) and (a.5) assure the
Mosco convergence of {1, }nen and {d, }nen to ¢ and ¢ on V| respectively. Hence
the following theorem follows from Theorem 4.3.

Theorem 5.2. Assume (a.1)—(a.5) and { f, }nen and f satisfy either (i) or (ii) below:
(1) f. — f strongly in L¥ (0,T; L¥ (Q)),
(ii) fo — f weakly in W' (0,T; LP () and f(0) = f(T), f.(0) = fo(T) for anyn.
Let u,, be a solution of
an(u (z,t)) — Al (z,t) = folz,t)  (x,t) € Q x(0,7T),
(DNP), < wun(x,t) =0, (x,t) € 002 x (0,7,
un(2,0) = uy (2, T), x €,

whose existence is assured by Theorem 5.1. Then the following holds:
There exists a subsequence {u;}jen = {Un, }jen and its limit u such that
uj — u strongly in C([0,T]; LP(R2)),
weakly in WHP(0,T; LP(Q2)),
s ~weakly in L>®(0,T; Wy™(Q)),
a(uj) — a(u) weakly in L (0, T; L¥ (),

Apu; — Aru weakly in L (0, T; L¥ (),
and u is a solution to (DNP).



968 M. Koike, M. Otani, S. Uchida / Periodic Problems ...

A. Appendix

In order to complete our argument in Section 3.5 (Step 4), we here consider a
chain rule of subdifferential. Let ¢ be a l.s.c. non-negative convex function and
6 :[0,00) — [0,00) be a continuously differentiable non-decreasing convex function.
Then one may expect that the subdifferential of ® := 6 o ¢ coincides with 0®(u) =
0'(¢p(u))0p(u) on the analogy of the standard calculus. Actually, this fact is already
proved by Corollary 3.5 of [22] within a fairly general framework.

However, for the sake of completeness and independent interest, we here give another
proof of this result in our Banach space setting. Since 0® D ' (p(+))0p is clear,
the derivation of this chain rule is reduced to showing the maximal monotonicity
of u — 0'(¢(u))0p(u). The most often used criterion for the maximality of the
monotone operator A : E — 2F" is given by R(A+ Fg) = E*. However this criterion
is valid only when E and E* are reflexive and strictly convex Banach spaces (see
Theorem 2.2 of [15] and Remark 10.8 of [44]) and we here work in £, which is
assumed to be only reflexive.

So we here aim to verify this chain rule by using only the reflexivity of £ under the
restriction to the specific case where 0(s) := s + $2=s'** (a, u > 0).

Lemma A.1. Let E be a real reflexive Banach space and ¢ : E — [0, 00] be a proper
lower semi-continuous convex functional. Define

O (u) = p(u) + HLacpHa(u) uek

for some o, ;p > 0. Then the followings hold:
D(®) = D(p), D(0p®) = D(9pp), 0p®(u) = (1+ue*(u)dpp(u) Vu € D(Ipy).

Proof. First, D(®) = D(¢p) is trivial since ¢ > 0. Moreover, we can easily see that
(14 pp®)0gp C Jg®. Indeed, for every [ui,v1] € Opp and us € D(P) = D(p), we
have

(1 + pp®(wa) v, ur — ua) g > (1 + pep(ur))(p(ur) — p(ug))

@ « == 1 o
> ) = pla) + g () = (570" )+ e )

Hence we only have to check the maximality of A := (1 + pp®)dge.

To this end, we rely on the following criterion (see Theorem 10.6 of [44]).

Lemma A.2. Let E be a reflexive Banach space and A : E — 2F" be a monotone
operator. Then A is maximal monotone if and only if

G(A) + G(—Fp) = E x E*, ie.,
V(w,w*)eE x E*, I(u,u”)€G(A) such that w*eu” + Fg(u — w). (81)

According to this lemma, it suffices to show that for any (w,w*) € E x E* there
exists u € D(A) such that

Fr(u—w)+ (14 pe*(uw))0pe(u) 3 w*. (82)
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To see this, for any (w,w*) € E x E* and A > 0, we consider the following auxiliary
equation:
Fg(uyx —w) 4+ (1 4+ XN)0pp(uy) > w*. (83)

Since (1 + A\)Jgyp is maximal monotone in £ x E*, Lemma A.2 assures that (83)
admits at least one solution. In our setting, however, the uniqueness of the solution
is not ensured.

Define the set of all solutions of (83) by &\ C E and a set-valued mapping = :
[0, 00) — 2[0:) by

Y(A) = { ™ (un); uy € Xy}
We are going to show that v has a fixed point Ag. It is easy to see that u = wuy,
gives a solution of (82), which completes the proof.

In order to show the existence of the fixed point of v, we rely on Kakutani’s fixed-
point theorem. To do this, it suffices to verify the following facts:

#1 There exists L > 0 such that ([0, L]) C [0, L].

#2  The graph of 7 is closed, i.e., if A\, = A and y,, — y with y, € v()\,), then
y € v(A) holds true.

#3  ~(\) is convex and non-empty for each A € [0, 00).

We first establish a priori estimates for uy and ¢(uy). Let g\ and hy be the sections
of Opp(uy) and Fg(uy — w) satisfying (83), namely,

w* — h)\
9= N € Opp(uy). (84)

By the definition of subdifferential,

o) = p() > v =) = (0 =) e

holds for any fixed v € D(g). Hence u, satisfies
vl + luale) = 2(1+ N)p(un) + fuy —wlg, (86)

2(1 4+ Np(v) + |w —v|% + 2 |w*| g (

which implies the uniform boundedness of |uy|g and ¢(uy) with respect to .

Let u, € X, i.e., u, € D(Ory) be a solution of (83) with A replaced by v. Substi-
tuting u, with v in (85), we get

(1+ Ne(uy) = (T+ Np(un) = (W = hx, uy — ur)p - (87)
Reversing the roles of uy and u,, we have

(L4 v)o(un) = L+ v)e(w,) > (W = hy ux = w)p .- (88)
By adding (87) and (88), we obtain

(v = Np(un) = (v = Agp(uy) = (hx =, un = ) - (89)

The monotonicity of F and (89) yield
p(uo) = pur) = p(u) if v>A20, (90)
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where ug, uy, and u, are arbitrary elements of Xy, X, and &, respectively. Then
(89) also gives us

(hx = hy,uy —uy) p < @(ug)|A —v|  for any A\, v > 0. (91)

Multiplying the difference of two equations (83) with A = A and A = v by u, — u,
and using the monotonicity of Fr, we have

(9 = Gorttn — )+ (A — Vst — ) SO for any A, > 0.
Here, if A > v,
—Agx —vguun — )y = — (A=) (ga, tx — )y — ¥ (gr — G, Ux — ) g
<A =v)(e(u) — p(un)),
and if v > A,
—Agr = vgv,ux — ) p = — (A= V) (gy, ux — ) p — A{ga — Gu, Un — W) g
<(v =) (p(un) = @(uy)).
Hence (gn — gv,un —w)p < @(ug)| A —v| for any A\,v > 0. (92)

Now from (86), we can assure #1 with
1 * * “
L= (i(0) + gho = b + ool + als + u'l))

where v is an arbitrary element in D(¢p).

In order to see #2, let {\, }nen be a sequence of non-negative numbers which con-
verges to A > 0 and let y, — y with y, = pp(uy,)® € v(A,). By (84) and (86),
we find that |uy,|g, |ha, |, |92, |E+ are all uniformly bounded. Hence there exists a
subsequence of {\,}, denoted again by the same symbol, such that

wy, — Uy weakly in F,

hy, — hy weakly in £,
*—h

Ir, — gr = wl n /\/\ weakly in £*.

Thanks to Proposition 2.2, (91) and (92) with A = A\,, and v = A, imply that

w* — h>\
€0
T ESO(UA) (93)

<h)\n,U)\n>E — <h)\,U)\>E as 1 — oQ.

hy € Fg(uy), g =

Hence uy € &), i.e., uy is a solution of (83). Furthermore from (87) and (88) with
A=\, v =\, together with (93), we can derive

[p(ur,) — o) < [ (hn —w™, un, —wn) g |+ [ (hr, —w* uxn —uy, ) g |
—»0 as n — oo,
which implies that y = pp(uy)® € y(A). Thus #2 is verified.

To show #3, we discuss the following lemma.
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Lemma A.3. For each X € [0,00), X\ forms a non-empty closed convex subset of
E. Moreover for any uy,uy € X\, it holds that

p(rus+ (1 =7)ar) =7e(un) + (1 —7)p(a) vre(0,1). (94)

Proof of Lemma A.3. We first note that X) is not empty, since (83) admits at
least one solution. We put

1) = gl —wl} + (14 Npu) € Dlga) = Diyp).

Obviously, ¢; is a lower semi-continuous convex function and

Opp1(u) = Fg(u —w) + (1 + X)0gp(u) u € D(Opp1) = D(0pp).
Then uy, uy € X, is equivalent to [uy, w*], [uy, w*] € Opey, that is,

p1(v) —@r(un) = (W' v —un)g,  P1(v) = @i(Un) = (W' v — U
for any v € D(p1). These inequalities and the convexity of ¢; yield

p1(v) —er(Tur+ (1 = 7)ux) = p1(v) = 71 (un) — (1 = 7)1 (tn)

> (w v —(tTux+(1—7)u))) g,
which means that Tuy + (1 — 7) uy € X, for every uy,u) € &), i.e., X\ is convex.
Let uy € &\ converge to uy strongly in £, then letting n — oo in
e1(v) = ei(uy) =2 (W' v —ul)p Vv € D(p1),

we have p1(v) = 1) = (W0 —un)y Vo € D),

whence follows uy, € X, i.e., X is closed in E.

Let uy, uy € X\ and let g5, gx be the sections of Opp(uy), Orpp(uy) satisfying (83).
Then (92) with v = X\, u, = @y, g, = g, implies

(92 = Grsun — un)p =0, Pe,, (Ga,un — Un)p = (gr, ur — W) - (95)
Here by the convexity of ¢ and the definition of subdifferential, we get
T (p(ux) — () = 7o(ur) + (1 — 7)p(a ) ( A)
> o(tuy + (1 —7)uy) —
= <§7,\,7’U,\‘|’ (1 —T)ﬂ)\ —’U,)\>E :T<§,\,U)\ —’U,)\>E.

Hence by virtue of (95), we obtain

T (p(un) = @) = 7 (gr, ux — W) p > 7 (p(ur) = (un)),
whence follows (94). O

We here claim that 'y := {@(uy) ; uy € X\} is bounded, closed and convex in R.
The boundedness is obvious from (90) and the closedness can be derived from the
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same arguments for the verification of #2 above with A\, = A. For each y,ys € 'y,
there exist uy, us € Xy such that y; = p(u;) (i = 1,2). Then from (94), we have

Ty + (1= 7)o = 7o) + (1 = 7)p(ug) = p(Tur + (1 = 7)ug).

Hence 7y; + (1 — 1)y € T') follows by Lemma A.3. Thus I'y is convex and there
exist —oo < ay < by < 400 such that

F A= [a,\, b)\]
Immediately, we can conclude v(\) = [pa$, pbS ], whence follows #3. O
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