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We discuss a set-valued generalization of strong proximinality in Banach spaces, introduced by
J.Mach [Continuity properties of Chebyshev centers, J. Approx. Theory 29/3 (1980) 223-230] as
property-(P;). For a Banach space X, a closed convex subset V' of X and a subclass .% of the closed
bounded subsets of X, this property, defined for the triplet (X, V, .%#), describes simultaneous strong
proximinality of V' at each of the sets in .#. We establish that if the closed unit ball of a closed
subspace of a Banach space X possesses property-(P;) for each of the classes of closed bounded,
compact and finite subsets of X, then so does the subspace. It is also proved that the closed unit
ball of an M-ideal in an Li-predual space satisfies property-(P;) for the compact subsets of the
space. For a Choquet simplex K, we provide a sufficient condition for the closed unit ball of a finite
co-dimensional closed subspace of A(K) to satisfy property-(P;) for the compact subsets of A(K).
This condition also helps to establish the equivalence of strong proximinality of the closed unit ball
of a finite co-dimensional subspace of A(K) and property-(P;) of the closed unit ball of the subspace
for the compact subsets of A(K). Further, for a compact Hausdorff space S, a characterization
is provided for a strongly proximinal finite co-dimensional closed subspace of C(S) in terms of
property-(P;) of the subspace and that of its closed unit ball for the compact subsets of C(S). We
generalize this characterization for a strongly proximinal finite co-dimensional closed subspace of
an Lq-predual space. As a consequence, we prove that such a subspace is a finite intersection of
hyperplanes such that the closed unit ball of each of these hyperplanes satisfy property-(P;) for
the compact subsets of the Li-predual space and vice versa. We conclude this article by providing
an example of a closed subspace of a non-reflexive Banach space which satisfies 1%—ball property
and does not admit restricted Chebyshev center for a closed bounded subset of the Banach space.
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1. Introduction

The concepts of best simultaneous approximation and in particular, proximinality in
Banach spaces are of great interest and significance in approximation theory. The
classical (restricted) Chebyshev center problem stems from these concepts. With
its first appearance in [11], the notion of strong proximinality rose to prominence,
which is evident through [3], [7], [8] and [14]-[16]. This article aims to explore its
generalization, introduced as property-(P;) in [20], in certain objects of the class of
Banach spaces.

In this article, we consider Banach spaces only over the real field R and all the
subspaces considered are assumed to be closed. Let X be a Banach space. For
x € X and r > 0, B[z, r] denotes the closed ball centered at x with radius r. In
particular, for simplicity, we denote the closed unit ball B[0,1] by Bx. The dual
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space of X is denoted by X*. If Y is a subspace of X, then By = Bx NY. For
a non-empty closed convex subset V' of X, let CB(V'), K(V) and F(V') denote the
classes of all non-empty closed bounded subsets of V', non-empty compact subsets
of V' and non-empty finite subsets of V' respectively.

Let B € CB(X) and V be a non-empty closed convex subset of X.

For each x € X we define r(z, B) = sup{||z — b|| : b € B}, and for each A\ > 0 let
Sx(B) ={x € X :r(z,B) < \}.

The restricted Chebyshev radius of B with respect to (in short, w.r.t.) V in X is
denoted by rady (B) and is defined as rady(B) = inf,ey r(v, B). A point v € X is
called a restricted Chebyshev center of B w.r.t. V in X if v € Syyq,(5)(B)NV. We
denote the set of all restricted Chebyshev centers of B w.r.t. V in X by centy (B).
For 6 > 0, we define centy (B,0) = {v € V : r(v,B) < rady(B) + 0}. Let us note
here that centy (B,6) = Sy (3)+s(B) N V. If V. = X, then radx(B) is called the
Chebyshev radius of B in X and the elements in centx(B) are called the Chebyshev
centers of B in X.

Definition 1.1. ([21]) Let V be a non-empty closed convex subset of a Banach
space X and .# C CB(X). Then the pair (V,.#) is said to satisfy the restricted
center property (in short, r.c.p.) if for each F' € .Z, centy (F) # . ]

A non-empty closed convex subset V' of X is said to be proximinal in X if for each
x € X, centy({z}) # 0. For each z € X, we denote centy({z}) by Py(z) and
rady ({x}) = inf,cy ||z — v|| is the distance of the point = from V', which we denote
by d(xz,V). We say a subspace Y of X is ball proximinal in X if By is proximinal
in X.

The following definition is a stronger form of proximinality, which was introduced
in [11].

Definition 1.2. A proximinal subset V' of a Banach space X is said to be strongly
proximinal at © € X if for each € > 0, there exists d(e,x) > 0 such that Py (z,d) C
Py(x)+eBx, where Py (x,0) = centy ({x},0). We say that V is strongly proziminal
in X if it is strongly proximinal at all points in X. A subspace Y of a Banach space
X is said to be strongly ball proximinal in X if By is strongly proximinal in X. [J

The set-valued analogue of strong proximinality was first introduced by J. Mach in
[20] and is defined as follows.

Definition 1.3. Let X be a Banach space, V' be a non-empty closed convex subset
of X and .% C CB(X) such that (V,.%) has r.c.p.. Then the triplet (X,V,.%#) has
property-(Py) if for each ¢ > 0 and F € #, there exists d(e, F') > 0 such that
centy (F,6) C centy (F) + eBx. O

It is clear from the definition of property-(P;) that if V' is a subspace and .% is the
class of all singleton subsets of X, then V is strongly proximinal in X if (X, V, %)
has property-(P;). Now, with the same notations as in Definition 1.3, an equivalent
way of saying that the triplet (X,V,.%) satisfies property-(Py) is if the sequence
{v,} CV is such that r(v,, F)) = rady (F), then d(v,, centy (F)) — 0. Examples of
triplets satisfying property-(P;) can be found in [20].
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It is proved in [3] that the notion of strong ball proximinality is stronger than that
of strong proximinality for a subspace of a Banach space. In Section 2, we explore
such a connection between the notion of property-(P;) of a subspace of a Banach
space X and that of its closed unit ball for CB(X), K(X) and F(X). In Sections 3
and 4, we mainly investigate property-(P;) in the class of L;-predual spaces. Let us
recall some of the basic notions and well-known results in an L;-predual space.

Definition 1.4. A Banach space X is said to be an Li-predual space if X* is iso-
metric to an Lq(p) space, where (§2, 3 1) is a positive measure space. O

J. Lindenstrauss characterized Li-predual spaces in terms of the intersection prop-
erties of the balls in these spaces in [18].

Definition 1.5. Let X be a Banach space and n € N. Then X is said to have the
n.2.1.P. if for every family of pairwise intersecting balls {B|x;,r;] : i = 1,...,n},
ﬂ?:l B[xia ri] 7£ 0. L

A detailed study on these intersection properties can be found in [18]. It is proved
in [18, Theorem 6.1] that X is an L;-predual space if and only if for each n € N, X
has n.2.1.P.. The class of spaces of real-valued continuous functions on a compact
Hausdorff space S equipped with supremum norm, denoted by C(S) and that of
spaces of real-valued affine continuous functions on a Choquet simplex K equipped
with supremum norm, denoted by A(K), are two major subclasses of the L;-predual
spaces (see [2] and [18]). We refer [1] and [2] for a detailed study on Choquet simplex
and Choquet theory in general. For a closed convex set V', the set of all extreme
points of V' is denoted by ext(V). If u is a regular Borel measure on a compact
Hausdorff space S, then the support of i is denoted by S(u).

The differentiability notion, introduced in [9] as strongly subdifferentiable (in short,
SSD) points, characterizes strongly proximinal hyperplanes. In [11], it is proved
that for a Banach space X and z* € X*, z* is an SSD-point of X™* if and only if the
kernel of z*, denoted by ker(z*), is strongly proximinal in X. It is also established
that if Y is a strongly proximinal finite co-dimensional subspace of a Banach space
X, then the annihilator of Y, denoted by Y, is contained in the set of all SSD-
points of X*. If X is an L;-predual space, then the converse is also true (see [16,
Proposition 3.20]).

Let us now recall another notion in a Banach space, which is stronger than proxim-
inality, called as an M-ideal. A detailed study of M-ideals can be found in [13].

Definition 1.6. Let X be a Banach space.

(1) A linear projection P on X is said to be an L-projection if ||z|| = ||Px| + ||z —
Pzl|, for each z € X.

(2) A subspace J of a Banach space X is said to be an L-summand in X if it is
the range of an L-projection.

(3) A subspace J of a Banach space X is said to be an M-ideal in X if J* is an
L-summand. ]

Another subclass of the Li-predual spaces is the class of M-ideals in an L;-predual
space. It is proved in [20] that if J is an M-ideal in an Li-predual space X, then
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(X, J,K(X)) satisfies property-(P;). This motivates us to investigate if the triplet
(X, By, K(X)) also satisfies property-(FP;) or not. The answer is in the affirmative
and is proved in Section 3. For a Choquet simplex K, if p € A(K)*, then it
means p € C'(K)* is a restriction map on A(K). Now, if Y is a finite co-dimensional
subspace of A(K), then we prove in Theorem 3.7 that (A(K), By, KC(A(K))) satisfies
property-(P;) by imposing the conditions that the support of each of the defining
measures of the subspace is finite and is contained in ext(K). As a consequence,
in particular, the condition that the support of each of the defining measures of
the subspace is contained in ext(K’) also establishes that the closed unit ball By
being strongly proximinal in A(K) is equivalent to the triplet (A(K), By, K(A(K)))
satisfying property-(P;).

Further, in Section 3, we also prove that for a compact Hausdorff space S, Y is
a strongly proximinal finite co-dimensional subspace of C(S) if and only if the
triplet (C'(S), By, K(C(S))) satisfies property-(P;). The equivalence of the triplets
(C(9),Y,K(C(9))) and (C(S), By, K(C(S))) satisfying property-(P;) is also estab-
lished. These results are then generalized in Section 4 for a strongly proximinal
finite co-dimensional subspace of an Li-predual space, thereby adding two more
characterizations to the list in [14, Theorem 2.6].

We now recall the notion of 13-ball property, which was first introduced in [22].

Definition 1.7. A subspace Y of a Banach space X is said to have the 1%-ball
property in X if for each y € Y, 2 € X and r,79 > 0, if ||z — y|| < 1 + 72 and
Y N Blx,r] # 0, then Y N Bly, r1] N Blx, ra] # 0. O

It is proved in [7, Proposition 3.3] that if Y satisfies 1%—ball property in a Banach
space X, then Y is strongly proximinal in X. In Section 5, we provide an example
of a hyperplane in a non-reflexive Banach space X which satisfies 1%—ba11 property
and does not satisfy r.c.p. for F(X).

2. Property-(P;) of a Banach space in relation to that of its closed unit
ball

In this section, for a subspace Y of a Banach space X, we prove that if % = CB(X),
K(X) or F(X) such that (X, By,.%) has property-(P;) then so does (X,Y,.%#). The
ideas used are similar to the ones in [3]. If A > 0, then for a non-empty set A C X,
the set {\a : a € A} is denoted by AA.

Lemma 2.1. Let Y be a subspace of a Banach space X and B € CB(X).
(i)  For each A > 0, Acentp, (3 B) = centyp, (B).

(ii)  For each X\ > sup,ep ||b|| + rady (B), centy (B) C centyp, (B).

(iii) For each A\ > supycp ||b]| + rady (B), centy (B) = centyp, (B).

Proof. (i) Let A > 0 and yo € By. Ayo € Acentp, (;B) < for each y € By,
r(vo, %B) <r(y, %B) & for each y € By, r(A\yo, B) < r(\y, B) < Ay € centyp, (B).

(ii) Let A > supycp ||b]] + rady(B) and yo € centy(B). Then for each b € B,
1ol < [[6ll + llvo = bll < supyep [[bl] +7(yo, B) = supyep [|b]| + rady (B) < A. Hence,
Yo € ABy and it follows that yo € centyp, (B).
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(i) Let A > supyep ||b]] + rady (B) and yo € centyp, (B). Let R = rady(B).
It is easy to see that for each § > 0, R = inf{r(y,B) : y € Spys(B)NY}. In
particular, let 6 = A — (sup,ep ||bl| + R). If y € Spys(B)NY, then y € ABy. Hence,
r(yo, B) < r(y, B). It follows that yo € centy (B). O

Proposition 2.2. Let Y be a subspace of a Banach space X and F = CB(X),
K(X) or F(X). If (By,Z) has r.c.p., then so does (Y, F).

Proof. We prove the result only for CB(X) because the same proof works for (X))
and F(X). Let B € CB(X) and A > sup,cp ||b|| + rady (B). Since (By,CB(X)) has
r.c.p., (By,CB(Bx)) has r.c.p.. Therefore, (ABy,CB(ABx)) has r.c.p.. Clearly, for
each b€ B, b € A\By.

Therefore, from Lemma 2.1(iii), centy (B) = centyp, (B) # 0. O

Proposition 2.3. LetY be a subspace of a Banach space X and B € CB(X). Then

(i)  For each A >0 and § > 0, centyp, (B, ) = Acentp, (3B, 3).

(ii)  For each A > 0, (X, ABy,{B}) has property-(Py) if and only if (X, By, {%B})
has property-(P).

(iii) Let F =CB(X), K(X) or F(X). If (X, By,.#) has property-(Py), then so
does (X,Y,.F).

Proof. (i) follows from a similar argument as in Lemma 2.1(i).

(ii) easily follows from (i).

(iii) We prove the result only for CB(X) because the same proof works for IC(X)

and F(X). Assume (X, By,CB(X)) has property-(P;). Obviously, (X, By,CB(Bx))

has property-(F;) and from Proposition 2.2, it follows that (Y,CB(X)) has r.c.p..

Let B € CB(X) and A > supyep||b]| + rady(B). Therefore, (X, By,{;B}) has

property-(P;) and hence, from (ii), (X, ABy,{B}) has property-(P;). Now, using

the same argument as in Lemma 2.1(iii) for 0 < 0 < XA — (supyep ||0]| + rady (B)), we

obtain centy (B, ) C ABy and hence, centy (B, 0) = centyp, (B, d). Also, we obtain

centy (B) = centyp, (B). It follows that (X,Y,{B}) has property-(P;). Therefore,

(X,Y,CB(X)) has property-(P). O

3. Property-(P;) in some L;-predual spaces

In this section, we study property-(P;) in few important subclasses of the class of
Lq-predual spaces.

We first aim to show that if J is an M-ideal in an L;-predual space X, then the
triplet (X, By, K(X)) satisfies property-(P;). The following lemma is obtained by
minor modifications to the proof of [19, Lemma 2.1].

Lemma 3.1. Let X be an Li-predual space, J be an M-ideal in X, F € K(X),
{z1,...;2,} S X and r,r,...,7, > 0. If for each x € F, Blx,r] N J # 0; for each
i=1,...,n, Blz;,r;jNJ # 0 and (;_, Blai,r:] N S.(F) # 0, then

Nizy Blwa, i) N S(F) N J # 0.

Theorem 3.2. Let X be an Ly-predual space and J be an M-ideal in X. Then
(X, B;, K(X)) has property-(Py).
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Proof. Lete > 0and F' € K(X). Let z € centp,(F,€) = Syaap, (r)+<(F)NB,. Obvi-
ously, Blx,e]NBx # 0 and for each y € F, B[z, c]N Bly, radg,(F')] # 0. By [16, Co-
rollary 4.8], J is ball proximinal in X. Hence for each y € F', Bly, d(y, B;)|N B, # 0.

Also, clearly, for each y € F, d(y, By) < radg,(F). It follows that for each y € F,
Bly, radg,(F)] N Bx # 0. By [19, Theorem 2.2], cent;(F) = Syuq, ) (F) N J # 0.
Since rad,;(F') < radp,(F') we have Syua,, (r)(F) # 0. Now,

{Bly, radp,(F)] :y € F} U{B|x,¢], Bx}

is a collection of closed balls which intersect pairwise. Therefore, by [18, Theo-
rem 4.5, p. 38] and [17, Theorem 6, p. 212],

B[JZ,€] N SmdBJ(F)(F) N Bx 75 0.

It is easily observed that each of the above closed balls intersects J. Therefore, by
Lemma 3.1,we obtain Bz, ] N Sy () (F) N Bx N J # 0. O

For a compact Hausdorff space S, the next main result in this section provides a char-
acterization for a strongly proximinal finite co-dimensional subspace Y of C(S) in
terms of property-(P;) of the triplets (C(.S),Y, K(C(S))) and (C(S), By, K(C(5))).
To this end, we need the following lemma, which also aids in proving other results
in this article.

Lemma 3.3. Let V be a non-empty closed convexr subset of a Banach space X and
B € CB(X). Then for every e > 0 and ~y > 0, there exists 6 > 0 such that

centy (B, + 0) C centy(B,~) + Bx.
Proof. Let € > 0, v > 0 and R = rady(B). We choose some 6 > 0 such that

d < min {R, 6}51%}. Let v € centy (B, + ). Then r(v, B) < R+ v + 0. Further,

let v' € centy (B,%). We define A = % and 0 = (1 — A\)v+ A\v'. After performing

some easy calculations, for each b € B, we obtain |0 — b|| < R + 7 and hence, it
follows that (9, B) < R+ ~. Also, for each b € B,

lv—2] < A(Jlv—="0] + ||[v" = b]|) < (BR+2y) <e. O]

20+ v

Remark 3.4. If X is an Lj-predual space, then it follows from [4, Corollary 3.4]
and [18, Theorem 4.5, p. 38| that for each F' € K(X), centx(F) # 0.

Theorem 3.5. Let S be a compact Hausdorff space and {1, ..., un} € C(S)* such
that for each i = 1,...,n, ||l = 1. If for each i = 1,...,n, S(u;) is finite and
Y =N, ker(w), then (C(S), By,K(C(S))) has property-(P;).

Proof. We employ techniques similar to those used in the proof of [15, Proposi-
tion 4.2]. We prove the result only for n = 2 because the same ideas work to prove
the result for n # 2. Let p1 = > ;0| il po = Z;Zl Bioe,, Y = ker(puy) N ker(pz)
and ' € K(C(9)).

Case 1: S(u1)NS(p2) =0.
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Let us define
A:{<7177/7m7’717771l”)€ [_171]m+rzalvl:0and Z/BJPY;ZO} (1)
i=1 j=1

and

a = inf ¢ sup max {5 — f(ki)], [vj = S} (s vma s €A (2)

Ter i<
For each f € F', the continuity of the map

(s P V) o max {lys = f(R)|s [ = f(85)1}
1<j<r

on R™*" implies the lower semicontinuity of the map

(P)/l: cee 7")/m7717 s 7")/7/") > sup 1214a<X {h/l - f(kl)’7 h/; - f<t])’}
i

on R™". The set A C R™"" is non-empty and compact and hence, the infimum in
(2) is attained. Let (91,..., 9m, 7y, ---,1.) € A be such that

a = sup max {|n; — f (k)| [ — f(t;)[}- (3)

Terigisr
Therefore, for each f € F,

—a+n < flki) <a+mnfori=1,...,m

(4)

and —a+n; < ft)) <a+qgpforj=1,...m

Let R = radp, (F). It follows from the definition of o that R > «. Therefore, from
the inequalities in (4), it follows that for each f € F,

—R+n < f(ky) <R+mnfori=1,....m
and —R+n; < f(t;)) < R+4mjforj=1,...,r

(5)
Now, from Remark 3.4, cento(s)(F) = Sndes (r)(F) # 0. Since rades)(F) < R,
Sr(F) # 0. By [15, Proposition 4.2], Y is ball proximinal in C(S). Therefore,
for each f € F we have B[f,d(f, By)] N By # (. It follows that for each f € F,
B[f,R] N Besy # 0. Since C(S) is an Lyi-predual space and F' is compact, by [18,
Theorem 4.5, p. 38], Sg(F) N Besy # 0. Let go € Begsy N Sgr(F). Then for each
f € Fandt e S we obtain

() = R<golt) < f(t) + R (6)
It follows that for ¢t € .S,

sup f(t) — R < inf f(t) + R. (7)

fer ~ fer
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It also follows from (6) that for each f € F and t € 5,
-1-R< f(t) <R+ 1. (8)

Now choose g € Bg(s) such that g(k;) = n; for i = 1,...,m, and g(t;) = n; for
j=1,...,r. Let hy : S — R be defined as hy = min{g,infrep f + R}. The
compactness of F' ensures hg€ C(.5).

Further, define h:S — R as h = max{hy, sup fer ] — R}. Then from the inequalities
in (5), (7) and (8), it follows that h € Bes); h(k;) = n;, for i = 1,...,m; h(t;) = n;,
for j = 1,...,7 and for each t € S, sup;cp f(t) — R < h(t) < infyep f(t) + R.
Therefore, h € centp, (F).

Now, we prove that (C(S), By, {F}) satisfies property-(P;). Let ¢ > 0 and let
X = R™*" equipped with the supremum norm and

F= g = (k1) Flhn)s f(02)o- o f(8)) € X : f € F} € K(X).
Subcase 1.1: R = «.

Due to the compactness of the set A, (X, A,CB(X)) has property-(F;). Hence, there
exists 0 < ¢ < € such that cents(F,d) C centa(F') + eBy.
Let g € centp, (F,0). Then zy = (g(k1),...,9(kn),g(t1),...,9(t,)) € cents(F,6).

Therefore, there exists z = (21, ..., Zm, 21, ..., 2.) € centa(F) such that ||z, —z| <e.

»r

Now, choose ¢' € Be(s) such that ¢'(k;) = z;, for i = 1,...,m and ¢/(t;) = 2z}, for
g=1,...,r. Let

fi =max{sup;cp f — R,g —¢,—1} and fo = min{infrep f + R, g +¢,1}.
Then f; < ¢ < foon {ki,...,kn,t1,...,t.}. Let hy = max{f1,¢'} and let hy =
min{hy, fo}. Since r(g, F) < R+ 6 < R + ¢ it follows that
suppep f—R<g+e and g—e <infsep f + R,

From the inequalities in (8) we obtain sup;cp f — R < 1 and —1 < infsep f + R.
Further, since ¢ € By, —1 < g < 1 and hence, g — ¢ < 1. Therefore, f; < fo
and f; < h;. We can then conclude that hy = ¢ on {ki,...,kn,t1,...,t.} and
fi < hy < fy on S. Therefore, hy € By, supfeFf — R < hy <infpep f + R and
g—¢ < hy < g+e. This implies hy € centp,(F) and ||g — hs| < e. Hence,
(C(9), By, {F'}) satisfies property-(P}).

Subcase 1.2: R > a.
Let 8 = R — a. By Lemma 3.3, there exists 0 < § < e such that
centa(F, B+ 6) C centa(F, 3) + eBx.
Let g € centp, (F,0). Then
79 = (9(k1), ., g(km), 9(tr), ..., g(t)) € centa(F, B+ 0).

Therefore, there exists z = (21, ..., 2m, 2,,...,2.) € cents(F, ) such that we have
|z, — 2| < e. Therefore, 7(z, F) < a+ = R. Now, choose ¢ € Bes) such that
g'(ki) = z;and ¢'(t;) = 2, fori=1,...,m and j = 1,...,r. Then by following the
same steps as in the last paragraph of Subcase 1.1 we can prove that (C(S), By, {F'})

satisfies property-(P;).
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Case 2: S(u1) N S(uz) # 0.

Without loss of generality, for simplicity, we assume that S(p1)NS(u2) = {k1, ..., ks},
where k; = t;, for 1 <i <s < min{m,r}. Let us define

%:%{ for 1 <i <s;

m 7

B: (717--'77771’74’"'77;)6[_171]’”14—7‘: Z / (9)
a;v; =0 and Zﬂﬂj =0
i=1 j=1
and

o = inf ¢ sup max {|v;—f ()|, [v; =)} - (s Yo Yoo EB B . (10)
f€F1<1<m

1<j<r

Applying the same argument as in Case 1, we can show that the infimum in (10)
is attained say at (n1,...,%m, M1, ---,1.) € B. We further proceed the same way as
in Case 1 to first prove that centp, (F) # () and then that (C(S), By, {F'}) satisfies
property-(P;). O

We now prove our main result.

Theorem 3.6. Let S be a compact Hausdorff space and Y be a finite co-dimensional
subspace of C(S). Then the following statements are equivalent :

(i) Y is strongly proximinal in C(S).

(ii) Y is strongly ball proximinal in C(S5).

(iii) (C(S),Y,K(C(S))) has property-(Py).

(iv) (C(9), By,K(C(S))) has property-(Py).

(v) Y+ C{ueC(S) :pisan SSD-point of C(S)*}.

Proof. By [15, Theorem 4.3|, (i)<(ii)<(v). The implication (v)=-(iv) follows from
[8, Theorem 2.1] and Theorem 3.5. Also, clearly, (iii)=(i) and from Proposition 2.3,
(iv) = (i) O

For a Choquet simplex K and a finite co-dimensional subspace Y of A(K), the
following result provides a sufficient condition for the triplet (A(K), By, C(A(K)))
to satisfy property-(P;). The convex hull of a non-empty subset A of K is denoted
by conv(A).

Theorem 3.7. Let K be a Choquet simplex and {1, . .., pn} € A(K)* such that for
eachi=1,....n, ||| = 1. If for each i =1,...,n, S(u;) is finite, S(p;) C ext(K)
and Y = (i, ker(p;), then (A(K), By, K(A(K))) has property-(Py).

Proof. We employ techniques similar to those used in the proof of [15, Theorem 5.4].
We prove the result only for n = 2 because the same ideas work to prove the result
for n # 2. Let 1y = 377", cidy, and pp = 377, B0y, and Y = ker(u1) N ker(pus).
Let F' € K(A(K)).

Case 1: S(u1)NS(p2) =0.
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Let o, A be as defined in the proof of Case 1 of Theorem 3.5 and following the same
argument as in that proof, let (n1,...,%m,n1,-..,7.) € A be such that

— Jppp— . /.— >
a_sgglgliaggl{!m Ok Iy — f(@5)]}-

1<j<r

Let R = radp, (F'). Then from the definition of « it follows that R > « and hence
for each f € F,

—R+n < f(ky)) <R+mn fori=1,...,m
and —R+n; < f(t;)) < R+mn; forj=1,...,r

(11)

Remark 3.4 implies centax)(F) = SmdA(K)(F)(F) # 0. Since radax)(F) < R we
have Sr(F') # (). By [15, Theorem 5.4], Y is ball proximinal in A(K). Therefore, for
each f € F, B[f,d(f, By)|N By # (0. For each f € F, since d(f, By) < R, it follows
that Bacx) N B[f, R| # 0. Hence, by [18, Theorem 4.5, p. 38|, Ba(x) N Sr(F) # 0.
Let go € Baky N Sr(F). Then for each f € F and t € K,

F() = R < go(t) < f(8) + R. (12)
It follows that for t € K,

sup f(t) — R < inf f(t) + R. (13)

fer fEF

It also follows from (12) that for each f € Fand t € K,
“1-R<f() <R+1. (14)

Let us choose g € Be(k) such that g(k;) = n;, for i = 1,...,m and g(t;) = 7, for
j=1,...,r. Define hy : K — R as follows: for each t € K,

infrep f(t) + R, if g(t) > infrer f(t) + R
ho(t) = 4 g(t) Af supyep f(t) — R < g(t) <infrep f(t) + R
supsep f(t) — R, if g(t) <supjep f() — R.

The compactness of F' and the inequalities in (14) ensure hy € Bek). By the
definition of hg, supsep f — R < hg < infjep f + R on K. From the inequalities in
(11) it follows that for i = 1,...,m, ho(k;) = n; and for j = 1,...,7, ho(t;) = 7).
Hence, ZZI Oézho(kh) =0= Z;:l ﬁ]ho(tj)

By [1, Theorem I1.3.12] there exists h € Bk such that for each i = 1,...,m and
j = ]_, T h(l{fl) = hO(kz) and h(tj) = ho(tj) Let G = COnU({th ...,k’,—mtl, 7tr})
Then G is a closed face of K. Further, foreach f € F, f—R < h < f+ Ron G and
hence, supep f — R < h <infjep f + Ron G. Also, =1 < h <1 on G. Therefore,
from the inequalities in (14), it follows that

max{—l,?lellgf—R} §h§min{1,}2£f+R} on G

and max{—l,supf—R}Smin{l, inff—l—R} on K.
fer fer
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Note that max {—1, SUpsep f — R} and —min {1, inf;cp f + R} are convex contin-
uous functions on K. Therefore, by [2, Corollary 7.7, p. 73|, there exists he A(K)
such that h = h on G and max{—l,supfeFf — R} <h< min {1,infrep f + R} on
K. It follows that h € centg, (F).

Now we prove that (A(K), By, {F'}) satisfies property-(P;). Assume ¢ > 0. Let
X = R™" equipped with the supremum norm and

F=A{xp=(f(k), -, flkm), f(t1), ..., f(t,)) € X : f € F} € K(X).

Subcase 1.1: R = «a.

The set A C X is compact and hence, (X, A,CB(X)) has property-(P;). Therefore,
there exists 0 < § < € such that centa(F,§) C centys(F') + ¢Bx.

Let g € centp, (F,0). Then z, = (g(k1),...,9(kn),g(t1),...,9(t,)) € centy(F,6).

Therefore, there exists z = (21, ..., 2m, 21, ..., 2.) € centa(F) such that ||z,—z| <e.

Now, choose g € Bek) such that ¢'(k;) = 2 and ¢'(t;) = zj, for i = 1,...,m
and j = 1,...,r. Then by [1, Theorem II.3.12], there exists h’ € Ba(x) such that
W(ki) = g'(ki) = 2, for i = 1,...,m and W'(t;) = ¢'(t;) = 2z}, for j = 1,...,r.
Therefore, > 7", a;h/(ki) = 0= 377, B;h/(t)).

Let G = conv({ki,...,km,t1,...,t,}). Then G is a closed face of K. Clearly,
supjep f—R< KB <infpep f+ Ron G, g—e < W <g+econGand -1 <H <1
on G. Since (g, F') < R+ < R +¢, it follows that sup;cp f — R < g+ on K
and g —e <infycp f + R on K. Since g € By, =1 < g <1 and hence g —¢ <1 on
K. Therefore,

max{supf—R,g—e,—l} §h’§min{inff+R,g+5,1} on G
fer fer

and max{supf—R,g—&t,—l} < min{ inff+R,g—|—€,1} on K.
fer fer

Also, note that max{supcr f — R,g — ¢, —1} and —min{infscp f + R, g +¢,1} are
convex continuous functions on K. Therefore, by [2, Corollary 7.7, p. 73], there
exists h € A(K) such that h = &' on G and

max{sup f — R,g —e,—1} < h <min{inf f+ R,g+¢,1} on K.
feF fer

It follows that h € centp, (F') such that ||g — h|| < e. Hence, (A(K), By, {F'})
satisfies property-(P;).

Subcase 1.2: R > «.
Let 8 = R — a. By Lemma 3.3, there exists 0 < 0 < ¢ such that
cents(F, B +06) C cents(F, B) + eBx.
Let g € centp, (F,d). Then
zy=(g(k1), .., 9(km), g(t1), ..., g(t.)) € centa(F, B +6).

Therefore, there exists z = (21,..., 2m, 2, ..., 2,.) € cents(F, 3) such that we have
|z, — 2|| <e. Hence, r(z,F) <a+ 3 =R.
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Now, choose ¢ € Bek) such that ¢'(k;) = z; and ¢'(¢;) = 2}, for i = 1,...,m and

j =1,...,r. Therefore, by [1, Theorem I1.3.12], there exists h’ € Byk) such that
W (ki) = g'(ki) = 2, for i = 1,...,m and W'(t;) = ¢'(t;) = 2}, for j = 1,...,7. Then
by following the same steps as in the last paragraph of Subcase 1.1, we can prove
that (A(K), By, {F'}) satisfies property-(Py).

Case 2: S(u1) N S(pa) # 0.

Without loss of generality, for simplicity, we assume that S(u1)NS(u2) = {k1, ..., ks },
where k; = t;, for 1 <i < s < min{m,r}. Let B and o be defined as in the proof
of Case 2 of Theorem 3.5. We further proceed the same way as in Case 1 to prove
that (A(K), By, {F'}) satisfies property-(P;). O

The following result is an easy consequence of [15, Theorem 5.3], Theorem 3.7,
Proposition 2.3 and [14, Theorem 2.6].

Theorem 3.8. Let K be a Choquet simplex; {1, ...,pun} € A(K)* be such that
for each i =1,...,n, S(;) C ext(K) and Y = (._, ker(w;). Then the following
statements are equivalent:

(i) Y is strongly proximinal in A(K).

(ii) Y is strongly ball proximinal in A(K).

(iii) (A(K),Y,K(A(K))) has property-(Py).

(iv) (A(K),By,K(A(K))) has property-(Py).

(v) Y+ C{ue AK)*:pis an SSD-point of A(K)*}.

4. Characterization of strongly proximinal finite co-dimensional sub-
spaces of L;-predual spaces in terms of property-(P;)

In this section, our main aim is to generalize the characterization in Theorem 3.6
for the strongly proximinal finite co-dimensional subspaces of an L;-predual space.
To this end, we need few technical lemmas.

For a Banach space X, the Hausdorff metric, denoted by dg, on CB(X) is defined
as follows: for each By, By € CB(X),

dH(Bla Bg) = inf{a >0:B,C B+ CLB(O, 1) and B, C B + CLB(O, 1)}

The following lemma is proved in [6, Theorem 2.5]. We include the proof here for
the sake of completeness.

Lemma 4.1. Let V be a non-empty closed convexr subset of a Banach space X
and Fy, Fy € CB(X). Then for each v € V, |r(v, Fy) — r(v, F3)| < dy(Fy, Fy) and
|TCLdv<F1) — Tadv(F2)| S dH<F1, F2>

Proof. Let v € V. Now, let y € F} and € > 0. Choose 2z € F;, such that we have
ly — z|| < du(Fi, F5) +¢. Then

o =yl < llv—=zll+llz =yl <7r(v, F2) +du(F1, F2) + e
It follows that r(v, F1) <r(v, Fy) + dg(Fy, Fy). (15)
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Further, after swapping F; with F5 in the above argument, we obtain the following
inequality:
r(v, Fy) < r(v, F1) + dp(F, Fa). (16)

The first conclusion of the result follows from the inequalities in (15) and (16).

The inequalities in (15) and (16) hold true for every v € V and hence, the final
conclusion of the result follows. [

Lemma 4.2. LetY be a subspace of a Banach space X. Then for each F € K(X),
radp,,, , (F) = radp, (F).

Proof. First we prove the result for each set in F(X). Let F' = {xy, ..., z,} € F(X).
Clearly, radp_, , (F') < radp, (F). Suppose radp_, , (F) < radp, (F'). Let us choose
e >0and ® € By.. such that r(®, F) < radp, (F) —¢.

Now, choose 0 < &’ < m and define £ = span{xy,...,z,, ®} C X**. Then

by the extended version of principle of local reflexivity in [5, Theorem 3.2], there

exists a bounded linear map T : F — X such that T'(z;) = z;, foreach i = 1,...,n;
T(®)eY and ||T]| <1+¢€. Lety:% € By. Then foreachi =1,...,n,
T(®)
o = ol < @) = 7@ + | @) - 1 -

<(14&)a; =@+ <r(P,F)+(1+7(D,F)) <r(P,F)+e.

This implies r(y, F') < r(®, F) + . Now, from the inequalities radp, (F) < r(y, F)
and r(®, F') < radp, (F) — ¢, it follows radp, (F') < radp, (F'), which is a contradic-
tion. Therefore, radp_, , (F) = radp, (F).

Now, for a set F' € IC(X), it follows from Lemma 4.1; the fact that for each € > 0,
there exists a finite e-net F. such that dy(F., F') < € and the first part of the proof
that radp _,, (F) = radg, (F). O

Lemma 4.3. Let Y be a subspace of a Banach space X. If (X** Byi1,K(X))
has property-(Py), then for each F € K(X) and y € Y, d(y,centp,  , (F)) =
d(y, centp, (I)).

Proof. We follow the proof technique of [14, Lemma 2.2]. Let F' € K(X) and
y €Y. Define r = d(y, centp_,, (F)) and 1" = radp, (F'). From Lemma 4.2 we know
that " = radp_, (F) and hence, for each § > 0, centp, (F,d) C centp_, (F,9).
Therefore, by our assumption, for each ¢ > 0, there exists 6. > 0 such that
d(v, centp_,  (F)) < e, whenever v € centp, (I, d.).

Now, let ¢ > 0 be fixed.

Let us choose 0 < 8 < £ and define § = 52%. For each m € N, let F},, C F be a

finite 2m%—net such that F,, C F,,,1 and define v/, = radp, (F,,). By Lemma 4.2,
Tm = radp , (Fy). Therefore, by Lemma 3.3, for each m € N and &’ > 0, there

m

exists 0 <" < g such that

d(v, centp | (Fn,> 4ty 91)) < €', whenever v € centp, (Fin, Y iy g1 +72)-
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5
22
exists &g € centp (F1, %) such that d(y, centp,, , (F1, %)) = |ly — ®o||. Define

Now, since centp_, | (Fy, ) is weak*-compact, it is proximinal and hence there

ro = d(y, centp,, | (F1, 2)). It is easy to see that centp,,, , (F) C centp ,, (F1, 2).
Indeed, it follows from Lemma 4.1 that ' < r{+ 2 and hence, for ¢’ € centp,, , (F),

r(® F) <r(®F)=r<r+%<ri+%

22"
Therefore, it follows that ro < r.

’Ylg

Choose 0 < &1 < min{22(§f+1), 1+r’i%}' Let E; = span{F; U {y,®o}} C X**.
2

Then by the extended version of principle of local reflexivity in [5, Theorem 3.2],
there exists a bounded linear map T3 : F; — X such that T1(z) = x, for each x € Fy;

Ti(y) = y; Ty(®p) € Y and ||Th]| < 1+e1. Now, let g = 212 € By Then

Ty (D
ly — wall < [[T12(y) — Ti(Po)|l + ‘ T1 () — Ti(®0)
1+51 (18)
30
< (1+€1)7“0+€1 §T+€1(1—|—r0) <7’—|—§,
Also, for each x € F7,
Ty (D
o — ]l < 1Ty (2) — Tu(@0)]| + ‘ (8) - T2
+ &1
40 0 19
§(1+51)T(@0,F1)+61§r1+22+51<1_|_7~1_|_22) (19)

<r’+£+’yl
LT o2 TG

It follows that r(y;, F) < r] + 5% + ~Y% . Thus, y1 € centp, (F1, % +~%). This
22 22

implies d(y1, centp,,, (F1, %)) < 2% Now, let ®; € centBYu(Fl,%) such that

lyr — @1l < 5
Let us make the following observation. Let x € F5. Then there exists x; € F7 such
that ||z — 21| < & and hence,

)
lz = @1l < flz = 2l + [lzr = uf| < 55 + (P, F1)

6,9 5 5
_§+T1+22_2+2+§

(20)

It follows that r(®1, Fb) < 75+ % + Z&. Choose

2
B 5 )
BA+L) 1+r+5+5

O<52<min{

Let By = span{Fy U {®1,y1}} € X**. Then, again by principle of local reflexivity,
there exists a bounded linear map T3 : Fy — X such that Ty(z) = x, for each x € Fy;
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To(y1) = y1; To(®1) € Y and ||Ta]| < 1+ e2. Now, let yo = T2(¢1) € By. Then

T5(®
i = sl < 7o) = Tafe)] + | 7o) — L2

(21)

8 B B B B 38

<(1+€2)22—|—€2 §+€2 1+22 ﬁ—i—?:?-

Also, for each = € Fj,
T5(d
|2 — ol < |T2(z) — To(P1)]| + ‘ T5(P1) — 12i 51) < (1 +e)r(P1, F2) + &2
. (22)
56 56\, & &
Srhtmtmte(ltntgtg) <ntgtm i

It follows that r(ya, Fo) <15+ & + & + 723 . Thus, y» € centp, (Fo, & + & + 723 ).

This implies d(ys, centBYu (Fy, 2% + %)) % Now, let ®, € centp ll(FQ, 5 + )
such that ||y, — ®,f| < &. Similar to the earlier observation, we can conclude that
’I“((I)Q,Fg) §T3+2—2+2_3+2—4

Proceeding inductively, we get a sequence {y,} C By such that ||y, — yns1] < 2,3’%

N N d
/ n /
and T(%7Fn)§rn+;2k+1+77ﬂl<r +;W+§'

2

Clearly, {y,} is Cauchy in By and hence, let z; € By with z; = lim,,_, y,. Hence,

3
Hy—zl||<’r+22n+1— —i——< —|—§

Now, let ¢’ > 0 and z € F. Then there exists ng € N such that we have zTo < =
5

[Yno — 21| < § and 312, 52+ < S+ & and @, € Fy, such that ||z — 2| < o5

Therefore,

[ = 21l <l = @ngll + Zne = Ynoll + 1Yo — 21l
/

£
+ i 7Fn + =
T(y 0 0) 3 (23)

2n0+2

<5/+ ’+i d +5+5I< "+o+¢
—+r — F+t -+t = <r .
3 Lokl T2 3

It follows that (21, ') < r'40+¢'. Since ¢’ is arbitrary, r(z1, F) <7'+6 =1"+05,.

Thus, z; € centp, (F, 0 ) and hence we have d(z1, centp,, , (F)) < 35. Now, for each

5
i{f; -net G, C F such that G,, C G,,41. Therefore, there

m € N, choose a finite 5

exists ¢ € centp | (G, 5/23) such that [[z; — 9| < 5. Then by applying similar
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arguments as above, there exists an element 2, € By such that ||z; — 2| < 5 and
/
(2, F) <r'+0g.

Proceeding inductively, we get a sequence {z,} C By such that ||z, — z,11|| < zo57

and 7(zp, F') < r'+6_=_. Without loss of generality, we assume d_c_ — 0. Clearly,

on+1 on+1
{z,} is Cauchy in By and hence, let zy € By such that zg = lim, ,, 2,. Let

x € F. Then ||z — 2| = limy,—e0 | — 20| < limy, 500 7(2, F') = 7', It follows that
(20, F') < 1’ and hence, zy € centg, (F). Also, |ly — || <r+>7 5 =7 +e¢.
Therefore, d(y, centp, (F)) < ||y — 20|l < d(y, centp_,, (F)) +¢. Since € is arbitrary,
d(y, centp, (F)) < d(y, centp , , (F)). This proves the result. O

The following result connects property-(P;) of the closed unit ball of a subspace of
a Banach space with its bidual. It is proved using an argument similar to that in
the proof of [14, Proposition 2.3].

Proposition 4.4. LetY be a subspace of a Banach space X. If (X, By11,K(X))
has property-(Py), then (X, By, K(X)) has property-(P;).

Proof. Let Fe KL(X). It follows from the proof of Lemma 4.3 that centp, (F') # 0.
Now, let {y,} be a sequence in By such that r(y,, F') — radp, (F). By Lemma 4.2,
radp, (F) = radg,,, (F). Therefore, d(yn, centp,, , (F)) — 0. Hence, by Lemma
4.3, d(yy, centg, (F)) — 0. Therefore, (X, By, {F'}) satisfies property (P). O

The next result characterizes property-(P;) of the closed unit ball of a finite co-
dimensional subspace of an L;-predual space in terms of property-(P;) of the closed
unit ball of its bidual.

Proposition 4.5. LetY be a finite co-dimensional subspace of an Li-predual space X .
Then (X, By, K(X)) has property-(Py) if and only if (X**, By, KC(X*)) has pro-
perty-(Pr).

Proof. Assume (X, By, K(X)) has property-(P;). Then, in particular, Y is strongly
ball proximinal in X. Now, using an argument similar to that in the proof of [14,
Proposition 2.4] and Theorem 3.6, it follows that (X**, By, C(X**)) has property-

(P1).

The converse of the result follows from Proposition 4.4. [

For a Banach space X, the result in [14, Corollary 2.5] shows strong ball prox-
iminality through the weak*-dense subset X in X**. In the following result, we
demonstrate the same for property-(P;) by following a similar argument.

Corollary 4.6. Let X be an Li-predual space and Z be a finite co-dimensional
weak*-closed subspace of X**. If (X*™*, Bz, K(X)) has property-(Py), then so does
(X*™, Bz, K(X*)).

Proof. Since Z is a finite co-dimensional weak*-closed subspace of X**, there exists
a basis {z7,...,2%} C X* for Z+. Now, let Y = (_, ker(z}). Then Y+ = Z.
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Hence, by Proposition 4.4, (X, By, (X)) has property-(P;). Therefore, the result
follows from Proposition 4.5. [

We now prove the main result of this section.

Theorem 4.7. LetY be a finite co-dimensional subspace of an Ly-predual space X .
Then the following statements are equivalent:

(i) Y is strongly proziminal in X.

(ii) Y is strongly ball proximinal in X.

(iii) (X,Y,K(X)) has property-(Py).

(iv) (X, By,K(X)) has property-(P;).

(v) Y+ C{x*e X*:z*is an SSD-point of X*}.

Proof. By [14, Theorem 2.6], (i)<(ii)<(v). Obviously, (iii)=-(i) and from Propo-
sition 2.3, (iv)=>(iii).

Now, we prove that (ii)=(iv). Assume Y is strongly ball proximinal in X. Since
(ii)=-(i), by [16, Theorem 3.10], Y*+ is strongly proximinal in X**. Now, by [18,
Theorem 6.1], X** is isometric to C(S), for some compact Hausdorff space S. It fol-
lows from [8, Theorem 2.1] and Theorem 3.6 that (X**, By, (X**)) has property-
(Py). Then, by Proposition 4.5, (X, By, (X)) has property-(P). O

We conclude this section by presenting characterizations for a strongly proximi-
nal finite co-dimensional subspace of an Li-predual space which are similar and in
addition to those stated in [14, Corollary 2.7].

Corollary 4.8. Let Y be a finite co-dimensional subspace of an Li-predual space
X. Then the following statements are equivalent:

(i)  (X,Y,K(X)) has property-(P).

(ii) (X, By,K(X)) has property-(Py).

(iii) Y is the intersection of finitely many hyperplanes Y1, ...,Y, such that for each
i=1,...,n, (X,Y;, K(X)) has property-(P;).

(iv) Y is the intersection of finitely many hyperplanes Y1, ...,Y, such that for each
i=1,...,n, (X, By, K(X)) has property-(P).

Proof. It follows from Theorem 4.7 and [16, Corollary 3.21] that (i)<(iii) and
(ii)<(iv). Clearly, (i)<(ii) follows from Theorem 4.7. O

5. An example of a subspace which satisfies 1%—ball property and does
not have r.c.p.

A. L. Garkavi presented an example in [10] of a hyperplane in a non-reflexive Banach
space which is proximinal but does not admit restricted Chebyshev center for a two-
point set after a renorming. It can be observed that this hyperplane satisfies 1%—ball
property in the renormed Banach space. This in turn shows that 1%-ball property
and hence, strong proximinality is not a sufficient condition for r.c.p.. We now
briefly describe Garkavi’s example and prove that it satisfies 1%—ball property for
the sake of completeness.



992 T. Thomas / On Property-(Py) in Banach Spaces

Example 5.1. Let X be a non-reflexive Banach space and Y = ker(z*), where
x* € X*\{0}, be a closed hyperplane in X. Then Y is also non-reflexive and by
James’ theorem, there exists a linear functional ® € Y* such that ||®|| = 1 and @
does not attain its norm on By. Define D = {y € By : ®(y) > 2} and then choose
a~y >0 and yo € D such that Blyy,v] NY is contained in the interior of the set D,
wrt. Y. Let @ = inf{®(y) : y € Blyo,7] NY}. Then 3 < o < 1. Further, let us
define U = {y € By : |®(y)| < a}. Now, U N B[y, ¥] NY = 0 because the infimum
defining « is not attained on Blyo,v| NY.

Let us fix zp € X\Y such that z*(zg) = 1. We define B, = B[0,7] N Y and
V = zo+ B,. Let B denote the closure of the set conv(U UV U —=V). Then B
is a closed bounded symmetric subset of X. Let X’ denote the Banach space X,
renormed to have B as the closed unit ball. Let the renorming be denoted by ||.| 5.
Then the new norm ||.|[z on X’ is equivalent to the old one on X. It is proved in
[10] that Y is proximinal in X" and centy ({0, 29 + yo}) = 0 in X". O

Let Y be a subspace of a Banach space X. For an element z € X and ¢ = 0, we
note here that Py(x,e) = Py(z). For a non-empty subset A of X and x € X, we
denote z + A = {z +a : a € A}. Let us now recall a characterisation of 13-ball
property provided in [12]. The following result follows directly from [12, Remark 6,
p. 50 and Corollary 4, p. 52].

Proposition 5.2. Let Y be a subspace of a Banach space X. Then'Y has 1%—ball
property in X if and only if Y is proximinal in X and for each x € X and ¢ > 0,
Py(z.e)={y €Y :d(y, Py(z)) < e}

The proof idea for the following result is similar to that used in [3, Example 3.3].

Proposition 5.3. Let Y be a closed hyperplane in a non-reflexive Banach space X
and X' be the Banach space X with the renorming ||.|g as defined in the Example 5.1.
Then'Y satisfies the 1%—ball property in X'.

Proof. Clearly, if v € X', then there exists A € R and y € Y such that x = y+ Axg.
Also, clearly, Py (y + Azg) = y + APy (x0) and Py (y + Ao, 0) = y + APy (o, ﬁ), for
0 > 0 and A # 0. Therefore, applying Proposition 5.2 and by translation, it suffices
to prove that for each € > 0, Py (z,e) ={y € Y : d(y, Py(z9)) < &}.

Now, d(zo,Y) = 1 and Py(z9) = B,. Let ¢ > 0. By [12, Remark 5, p.50], we
have {y € Y : d(y, Py(z0)) < €} C Py(zg,e). For ¢ = 0, it is trivial to see that
Py (xg) C{y €Y :d(y, Py(zg)) = 0}. Thus, it remains to show that for each ¢ > 0,
Py (zg,e) C{y €Y : d(y, Pr(x)) < €}, or in other words, we prove that if ¢ > 0
and y € Y is such that ||y — x¢||p < 1+ ¢, then we have d(y, B,) < .

Let y € Y such that n = ||y — x|l < 1+ e. Without loss of generality, assume
n > 1. Therefore, =% € B. Thus, there exists sequences {an}, {8.}, {vn} € [0,1]

such that for each n, a,, + B, + v, = 1 and sequences {u,}, {u,} C B,; {y,} CU
such that

Y710 _ Jim [ty + Brtty, + Vnn + (0 — Br) o).

77 n—o0
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Without loss of generality, assume o, — «, 5, — [ and v, — v, where «, 3,v €
[0,1] and o + B + v = 1. Therefore, it follows that § — a = %, and

y = limy, o0 n]ou, + pul, + vy,].

Now, % <a+ % = [ <1 and for each n, ||u,||5, ||v, |5, [|[yn]lz < 1. Therefore,

d(y, By) < inf[ly — 5 (24)
< liminf ||n[au, + Bu;, + vy,] — u, |5
= lim inf [pau, + (08 — 1w, + nrya| s

<na+mf-D+mw=n—1<ec O
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