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1. Introduction and main results

The aim of this paper is to generalise the locality property and the density property
for compensated convex transforms obtained in [10, 11] for bounded and Lipschitz
functions to other types of functions under various continuity and smoothness as-
sumptions such as C%, C*#. We give quantitative estimates for the radius of locality
to show that the value of lower /upper transform for functions under various continu-
ity and smoothness assumptions depend only on the value of function f(y) + A|y|?
in the closed ball B(xg;Ry) with Ry — 0 at different rates for different conti-
nuity /smoothness assumptions for f as A — +o00. A consequence of the locality
property is the density property. It means when we approximate a function under
various continuity and smoothness conditions by using compensated convex trans-
forms, then there are some points z; inside the ball where the compensated convex
transforms are equal to the original function at those points. We have also estab-
lished some localized versions of such locality property.

Throughout the paper, we denote by R" the standard n-dimensional Euclidean space
with the standard inner product = -y and norm |z| for z, y € R™. We denote by
B(zo;7) and B(zg;7) the open and closed balls centered at o with radius r > 0
respectively. Also co[K]| denotes the convex hull of K [5, 6] which is the smallest
convex set containing K. For a given function f : R® — R bounded below, the
convex envelope Co[f] of f is the largest convex function whose graph lies below f
[5, 6]. We denote the class of globally Hdélder continuous functions by C*, and the
class of functions whose gradient is Hélder continous by C** [4] and the upper/lower
semicontinuous envelope of f by f(x), f(x) see [5, 6].
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Let us first recall the notions of quadratic compensated convex transforms for
bounded functions in R"™ defined in [1, 7, 9, 10]. For the definition of compen-
sated convex transforms for functions under more general growth conditions, see [7,
Definition 1.1].

Let f: R"™ — R satisfy the growth condition
[f(@)] < Cylzf* + Cn, (1)

for some constants Cy > 0, €} > 0 and for all z € R".

The quadratic lower compensated convez transform for f (lower transform for short)
is defined by

CA(f)(@) = Co[Al - [P+ f()](x) = Alzf*, = € R, for A > Cy, (2)

where Col[\| - |2 + f(-)](z) is the value of the convex envelope of the function
y— f(y) + Nyl* at z € R™ [5, 6].

The quadratic upper compensated convez transform for f (upper transform for short)
is defined by

Ci(f)(x) := —Co[A| - |> = f()](z) + Az|>, = €R™, for A > Cy. (3)

The two quadratic mized compensated convex transforms for f (mixed transforms
for short) are defined, respectively, by C¥(CL(f)), and C4(C%(f)), = € R", when
A\, 7 > C}. Evidently our growth condition for f implies C¥(f)(z) = —Ci(—f)(z).

The present work is motivated by [10]. Our main results generalise those obtained
in [10]. We establish the locality property for such transforms under various conti-
nuity and smoothness conditions, including some of the borderline cases such as the
bounded lower semicontinuous functions and the uniformly continuous functions.

We generalise the locality property of compensated convex transforms established
for bounded functions in [10, Theorem 3.10(i)] and for Lipschitz functions in [8,
Proposition 2.3] to other types of functions under various continuity and smoothness
assumptions such as O, C%?. We give quantitative estimates for the radius of
locality R, to show that the values of lower and upper transform depends only on
the values of the function f(y) + Aly|? in the closed ball B(zq; R.).

A consequence of the locality property is the density property. It means when we
approximate a function under various continuity and smoothness conditions using
compensated convex transforms, then there are some points z; inside the ball where
the compensated convex transforms equal to the original function at those points.
We also establish some localized versions of such locality property for functions
defined on a subset of R™ by using appropriate extensions to R™. For localized
versions the property only holds at one point xy in the domain. We study the locality
property of the compensated convex transforms for locally Lipschitz function at x
by extending the original function f to R™ by a constant.

Before we state our main results, we need the following technical lemma.
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Lemma 1.1. Let A= {x > 0: 2" < ax + b} for a,b € R" and p > 1. If there is
some x* > 0 such that (z*)* > ax* + b, then we have x < z* for all x € A, that is ,
x* is an upper bound of the set A.

Now we state the main locality result under various global continuity /smoothness
assumptions. These results show the quality of approximation of functions by com-
pensated convex transforms. We will use a simple example to show that some of
our estimates are sharp.

Theorem 1.2. Suppose f : R" — R satisfies the growth condition (1) and is a
function under the continuity/smoothness assumptions below. Let A > 0. Then for
every xo € R™, the lower transform of f at xq is given by

CA(f)(@0) = Coppp,) [F () + Al - =20l (20), (4)

where the radius Ry > 0 depends on the following continuity/smoothness conditions

respectively.

(i)  [11, Proposition 2.3] If f is a Lipschitz function with Lipschitz constant L > 0,
then L(Q =+ \/Q)

— pL _
R, =R, = 5 ,

(i) If f is a C*-function for 0 < o < 1 with a constant L > 0, then
Ry R —2(5) (1))

(iii) If f is a CYP-function for 0 < B < 1 with « = 1+ B and a constant L > 0,
then L> 1/(2—a)

A

where M(a) > 0 is a constant depending on 1 < o < 2.

Ry = Ry = (M(a)/*™

Y

(iv) If f is a bounded lower semicontinuous function with its oscillation in R™

defined by osc(f) = sup(f) — inf(f), then
R, — R)E\; _ 1+ \@\)A osc(f)’

(v) If f is a bounded uniformly continuous function in R", then vspml

3 \/@f (@(1 + \/§)> +2 \/a;f (2 +/%)
R, =R} = 7 :

where @¢(-), a*, b* are given by Definition 2.5.

(vi) If f is a differentiable function, and its gradient is bounded and uniformly
continuous, then o dwpy (&(2 4 \/5))
R)\ = RA — )\ y
where wpy is the modulus of continuity of Df (see also Proposition 1.5 below.)
(vii) [7, Theorem (2.3,v)] If f is CY' with Lipschitz constant L for Df such that
[Df(x) = Df(y)| < Llx —yl,
then CL(f)(x)=f(x) for all x €R™ whenever \> L, that is, Ry=0 for A\> L.
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The estimates in Theorem 1.2 also apply to the upper transforms under the same
continuity / smoothness conditions expect in iv lower semicontinuous is replaced by
upper semicontinuous. For (vii), this is a direct consequence of Theorem (2.3,v) in [7].

Remark 1.3. The various R/ s above are in fact upper bounds for radius of a ball
on which (4) holds. However we can show later that asymptotically those bounds
are sharp (see Example 1.6).

The following table shows the rate of decay of R to 0 when A — oo from the slowest
to fastest. We say that f(z) = O(|z|*) for some a > 0 if |f(x)|/|x|* < M for some
constant M > 0 and f(x) = o(|z|*) if lim, (| f(x)|/|z|*) = 0.

Order | Continuous/Smoothness Rate of decay
of function when \ — oo
1 Bounded lower semicontinuous | RY = O(i)
functi VA
unction
2 Bounded uniformly continuous | RY = o(i)
functi VA
unction
: a 1
3 C*-function for 0 < a < 1 RS = O(m)
4 Lipschitz function [11] R} = O(%)
5 C'-function with bounded uni- | RY = 0(%)
formly continuous gradient
a— . La-1 __ 1
6 Che~lfunction for 1 <a <2 | Ry = O(m)
8 CH!-function [7] Ry=0for A\>L

Table 1.1: A general observation from Theorem 1.2 is that the smoother the function,
the faster the rate of decay of R, to 0 is when A — co based on the power of %

For the borderline case (vi) in Theorem 1.2 where Df is bounded and uniformly
continuous, we also need the following lemma and proposition.

Lemma 1.4. Let f : R®™ — R be a differentiable function, and its gradient be
bounded by L > 0, that is, |Df(x)| < L for x € R™ and Df is uniformly continuous.
Then

(i)  The function f is Lipschitz continuous with constant L > 0,

(i) |f(y) = f(x) = Df(x) - (y — )| < wps (ly = 2]) [y — x|, where wpy is the mod-
ulus of continuity of Df.

Proposition 1.5. Suppose f : R" — R is a differentiable function, and its gradient
is bounded and uniformly continuous in R™. Suppose wpy is the modulus of continuity
of Df such that for all x, y € R,

[Df(e)l < L and |Df(y) = Df(x)] < wpr(ly — =),



M. Alatawi / The Locality Property ... 1041

Then for A > 0, we have for all x € R,

@) < ) < i) + L2 GEEVD). )

The following example shows that our locality properties are asymptotically sharp
for the power of § as A — 400 for the cases (i), (i), (iii) (see Table 1.1). Sharpness
in terms of asymptotic behavior means that they have both big O of the same power

—__ The best power that we obtain for the decay rate of R to zero when A — +o00.

2—a’

Example 1.6. Assume f(z) = —|z|* for z € R and 0 < o < 2, then f is Lipschitz
for o = 1, C%function for 0 < a < 1 and is O function for 1 < a < 2. The
lower transform can be calculated explicitly as follows: for 0 < a < 2

M) T (8)77 A for o] < ()77

C(f)(@) = 2 L
—|z|%, for |z > (&)>.

Atxozo,azl,RA:(%):O(i).

-0.4 -0.2 0.2 0.4

_01L
-0.2]

_03L

-0.4]

Figure 1.1: This figure shows the bigger A is the closer the graph of the lower
transform to the orignal function.

Figure 1.2: This figure shows the evolution of the graph of the lower transform of
f(z,a) = —|z|* in [-2,2] x (0,2) when « increases.

Next we state the density theorem under various continuity and smoothness condi-
tions assumed in Theorem 1.2. The result follows from Theorem 1.2 and the proofs
in [10].
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Theorem 1.7. Suppose f : R™ — R is a function. Let Ry be one of Rf, % Ri’ﬂ,
R}, RY, R under the corresponding continuity/smoothness conditions in Theorem
1.2. We define the lower touching set of f by

T(f) = {z € R", C§f(x) = f(2)}.
Then for ¥V xy € R™: zo € co(TI(f) N B(zo, Ry). (6)
More precisely, if xo ¢ T,.(f), then there are x; € B(xo; Ry) with x; # xo, and \; > 0
fori=1,...,k with2 <k <n+1 satisfying Zle A =1 and Zle \i; = T, such
that C§(f)(x:) = f(x:).

From Theorem 1.7, we see that T](f) is not an empty set and the convex density of
Tl(f) can be measured by (6). Similarly, we can introduce the upper touching set
T(f) of f and establish similar results.

Next we state the localized versions of the locality properties obtained from Theorem
1.2 for the Lipschitz case. We need the following Lemma.

Lemma 1.8. Suppose f : B(xo;8) — R is lower semicontinuous and Lipschitz at g
in B(xo;d) with Lipschitz constant L > 0 in the sense that | f(z) — f(zo)| < L|z — x|

for x € B(xg;6). Let f: R™ — R be the extension of f outside B(xo;d), defined by
f(z), for x € B(xg;9)

f(xo) — L9, for x & B(x;0).

Then the extension of [ is bounded and lower semicontinuous in R™.

Theorem 1.9. Let f : B(xy;0) — R be defined as in Lemma 1.8 and f: R" —- R
be the extension of f defined in Lemma 1.8. Then there is A > 0 such that when

)\>AwehaveRL::L(2+‘/§)<5, and

~

CA(f)(@o) = Copope)[f () + Al - =0’ (o).

The plan of the rest of the paper is as follows. Section 2 will present some preliminary
results which are needed for the proofs. We present the proofs of our main results
in Section 3.

2. Preliminary results

We first collect some basic results from convex analysis which will be used in the
following, and refer to [5, 6] for further details and proof.

Definition 2.1. [2] For a function f : R* — R bounded below, we define its convez
envelope at x € R™, denoted by Co[f], by

Colf](z) = sup{g(x), g(y) < f(y), for all y € R", g is convex}.
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We often use the following characterization of convex envelope in the proofs.

Proposition 2.2. [10, Proposition 2.1] Let f : R® — R be bounded below and
xg € R™. Then

(i) The convex envelope Co[f](-) of f at zog € R™ is given by

n+1 n+1 n+1
i=1 i=1 =1

In addition, if f is lower semicontinuous and coercive in the sense that we have
f(x)/|z| = 400 as |x| — +oo, then the infimum can be attained by some (A}, x})

R

. N n o . . . Eoo\s
for 0 <X <1, 2feR" fori=1,.. kwithl <i<k<n+1, satisfy > ;. A\ =1,
and Zle Nzt = xg, such that

k
Colf)(w) = Y Al f(x}).
i=1
(ii) We can replace the general convex functions g in Definition 2.1 by affine func-
tions [7, 10]:
Co|f]|(xg) = sup {l(zo) : ¢ affine and {(y) < f(y) for ally € R"}.

In particular if f is lower semicontinuous and coercive, then the sup is attained by
an affine function ¢* € R™.

Next we introduce the local version of convex envelope at a point x5 € R™ as follows.

Definition 2.3. [10, Definition 2.2] Let r > 0 and z, € R". Suppose that
f: B(zo;7r) — R is a bounded function in B(zo;r). The local convex envelope of f
at 7o in B(zo;7) denoted by Cog,, ., [f](0) is defined by

n+1 n+1
n+1 )\z — 1’ )\Z{L'Z = g, )\1 > 0’
=1

|zi—xo| <7, z;€R", i=1,....,n+1

The difference between Colf](zo) and Cog,, . [f](7o) is that for the latter the
points {x;} are restricted to the ball B(xg;r).

We need the following definitions from [10].

Definition 2.4. [10, Definition 2.11] Suppose f : R™ — R and let zo € R™.

(i)  We say that f is locally C* at xo for some 0 < a < 1 if there are constants
0 > 0 and L > 0 such that

|f(z) = f(xo)|] < L|x — 2|* whenever |z — x| < 0.
(ii)) If & =1 in the inequality above, we say that f is locally Lipschitz at x.
(iii) We say that f is locally C* at xo for some 1 < a < 2if f is differentiable in
B(z¢; 0)and there are constants § > 0 and L > 0 such that
|Df(x) — Df(z0)| < Llz — 20|*'  whenever |2 — 20| < 6.
In fact if we let S =a—1, our definition gives the local C'# property of f at
xo-
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We recall from [3] the definition of modulus of continuity with some of its properties.

Definition 2.5. [3] Let f : R® — R be a bounded and uniformly continuous
function in R™. Then wy : [0,00) — [0, 00), defined by

wy(t) = sup{|f(z) — f(Y)| : 7, y € R" and |z — y| < t}

is called the modulus of continuity of f. In particular, there is a concave continuous
majorant @y of wy of f satisfying that w(0) = 0, ws(t) < @y(t), and @p < a*t + b*
for some constants a* > 0, b* > 0.

The modulus of continuity of f has the following properties.

Proposition 2.6. [3] Let f : R" — R be a bounded and uniformly continuous
function in R™. Then a modulus of continuity wy of f satisfying the following
properties:

i we(t) — w(0) =0, ast— 0.

f
(i) wy is non-negative and non-decreasing continuous function on [0, 00).
(ili) wy is subadditive wy(ty +t2) < wp(ty) +wyr(ta) for all ti,ty > 0.

Next we list some basic properties of compensated convex transforms (see [7, 9, 10]
for further details and proofs).

The lower and upper transforms are related to each other when A > 0 by the
following relation [7]

C(N)(@) = =C(=/)(x),

when both can be defined. Furthermore, the ordering property of compensated
convex transform [7] holds for x € R", 0 < A < T,

CA(N)(@) < L)) < flz) < CH(f)(x) < CR(f)(@), (9)
and for f < g in R", we have that [7, 10]
C\(f)(@) <C(g)(x) and CY(f)(x) < C(g)(x), = € R". (10)
In addition, the compensated convex transforms are affine invariant [10], that is,
CA(f +O)(x) = CA(f)(x) + £(x) and  CX(f +0)(x) = CX(f)(z) + L(x),  (11)
where £ is any affine function and we also have [7, Theorem 2.1(iii)]

Ci(f), ifr>A
Cu(f), ifr<XN

CL(f), ifT >\

CL(f), ifr <A (12)

Cr(Cx(f) = { and  C(CA(f)) = {

We also recall the following properties. If f is a continuous function with quadratic
growth [7, Theroem 2.3(i)], then

lim C{(f)(x) = f(x) and  Jim CH(f)(x) = f(x),x €R".

A—00
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Also, if f and g are both bounded real valued functions in R™ [10, Proposition 2.9],
then for A > 0, and 7 > 0, we have

Crir(f +9)(2) > CU(f) (@) + Co(g)(x) and C3,(f + g)(x) < CA(f)(2) + Cr(g)(2).

The following property of compensated convex transforms in [10, Proposition 3.1]
will also be used:

D) =C(f)(@), (13)
! A()(@), (14)

where f, f is the upper and lower semicontinuous envelopes of f [6, 5].

We will use the following simple translation-invariance property in our proofs in
order to allow us to consider the point xq = 0 without loss of generality.

Proposition 2.7. [10, Proposition 2.10] (Translation-invariance property) For
any f : R" — R bounded below and for any affine function ¢ : R* — R we have
Co[f + (] = Co|f] + . Consequently, both Ci(f)(z) and CX(f)(x) are translation
invariant against the weight function, that is:

CA(f)(@) = Co[\[ - —wo|* + f()](x) — Alz — o[,
Cx(f)(@) = = Co[A| - —xof* = f())(x) + Alx — wol?,
for all x € R™ and for every fized xo € R™. In particular, at xg

CA(f)(@o) = ColA| - —aol* + f(-)](w0),  C(f)(wo) = = Co[A| - —wof* — f(-)](wo).

Now we state some results of compensated convex transforms which are used later
in our proofs. The following estimates for lower transform can be found in [10].
Similar results hold for the upper transform.

Theorem 2.8. [10, Theorem 2.12]

(i)  Suppose that f : R" — R is lower semicontinuous, f maps bounded sets to
bounded sets and satisfies f(x) > —Cyla|* — Cy. If at some zg € R™, [ is
locally C® at xy for 0 < o < 1 with constant L > 0, or C*% with o = 1+ B
and 1 < a < 2 then for A > 0 sufficiently large,

CL(0) < flao) < AN (o) + L2C=) (2) 0 (1-2) (1)

(ii)  Suppose that the f : R™ — R is lower semicontinuous, f maps bounded sets
to bounded sets and satisfies f(x) > —Cylx|* — Cy. If at some xg € R™ | f is
differentiable, then for any € > 0,there is a A > 0, such that when \ > A,

2
€
Cy(f)(0) < flxo) < C(f) (o) + e

(iii) Suppose f : R"™ — R is a globally Lipschitz function with Lipschitz constant

L >0. Then for A > 0 and for x € R" we have

(16)

L2
Cf)(@) < f(2) < C(f)(@) + 31 (17)
The following result gives the estimates for a bounded uniformly continuous function
f with the modulus of continuity w;.
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Theorem 2.9. [10, Theorem 2.15|. Let f : R™ — R be a bounded and uniformly
continuous function and wy is the least concave majorant of the modulus of continuity
wy of f. Assume that a > 0,0 > 0 are such that 0 < &¢(t) < at+ b fort € [0, 00).
Then we have for A > 0:

Fla) — @y (§+ ;) <@ < @) fora e R, (18)

Cy(f)(x) < f(x) + @y (ﬂ + \/E) for x € R".

>

3. Proofs of the main results

Proof of Lemma 1.1: Consider f(z) = |z|* for some x> 1,2 € R. Since the first
derivative is strictly positive for € (0, 00), then the function f is strictly increasing.
Since the second derivative is strictly positive for all  except at x = 0, then the
function is strictly convex. Now we prove by contradiction by assuming that there
exists o > 0 with x¢* < axg + b such that we have xy > x*. Since f is strictly
increasing and zp > x*, then x¢* > (z*)*. Moreover,

ah ™t > (gt (19)

Also, since zy > z*, then % < mi Since z( satisfies zo" < axg + b, this is also

equivalent to zo* ! < a + % Then by the above we have
-1

b b
wg_1§a+—<a+—*<(m*)“
Zo T

This means z ' < (z*)*~! which contradicts to (19). Hence for every z > 0 with
ot < ax + b we have x < z*. O

Proof of Theorem 1.2: By the translation invariance property [10, Proposition
2.10] (also see Proposition 2.7), we assume without loss of generality that zo = 0.
Since f is bounded and continuous, the function y — f(y) + A|y|? is continuous and
coercive. Therefore, by [10, Proposition 2.1] (also see Proposition 2.2), we have

k
CL()(0) = Col£(-) + Al - PJ(0) = D>~ Nl f () + A, (20)
i=1
for some 2 < k < n+1, \; >0, x; e R" for i = 1,...,k with Zle)\i = 1 and

Zle Nir; = 0. We define g(y) = f(y) + Ay|? for y € R", and A > 0. Again
from Proposition 2.1 in [10] (also see Proposition 2.2), there is an affine function
ly)=a-y+0b, y € R" with some a € R" and b € R such that

l(y) <gly)  forallyeR", (21)
Ux;) = g(x;) fori=1,...,k. (22)

The condition (21), means that, there is a support plane of the convex envelope of
g, and the condition (22), means that, the support plane touch the graph of ¢ at
some x;, fori=1,--- k.
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Since /(y) is an affine function, then we conclude that by (21) and (22),
l(x;) = Colgl(x;) fori=1,... k.
Hence at the origin point, and by (22) and (20), we have
CA(f)(0) = Colg](0) = £(0) = b. 0
Proof of (i): The proof of the Lipschitz case can be found in [11, Prop. 2.3]. O

Proof of (ii): Due to the translation invariance property [10, Proposition 2.10]
(also see Proposition 2.7), we only need to consider the case for 2o = 0. By [10,
Theorem 2.12 (i)] (see also Theorem 2.8 i), since f is a C*- function for 0 < a < 1
with constant L > 0, we have at xy =0 € R",

CLN0) < 7(0) < ENO) + L7 (2" (1 9) 0 ag)

Furthermore, inequality (23) will take the form

b< f(0) < bt LYC (ﬁ)“/ e (1-9).

) 2
Then 0< f(0) —b< LY (%)a/(“) (1 - %) . (24)
Thus _ e (%)W—a) (1- %) <b-—f(0)<0. (25)

Recall that the affine function ¢(y) = a -y + b for y € R™ with some a € R" and
b € R satisfies (21) and (22). To derive the bound Ry we evaluate (21) at y = 5% to
obtain an upper bound of |a| as follows:

a |12

=1 (5) Al

lal”

So that Kgf(%)—bgf(%)—f(owf(o)—b

<y () s0] 20 ()" (1-9)

a |« o\ o/(2—a) Q
- !
_L)z)\’ +L = 1-2 (26)

Here we have used the fact that f is a Holder continuous function and (24). Now
we aim at showing that

la| < 2774 LM/ \o=a
Let |a| = A\Pt, then we can rewrite (26) as follows:

A2 [pa)es a\ o/ (2—a) a
< 12/ (-) (1 _ —) . 2
D = eoa T N 5 (27)
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Let 26 — 1 = a(f — 1), then we have § = é:—g Moreover, we have

26-1=2(3=2)-1=72.

Hence we can rewrite (27) as follows

W LA ( ) | p/e-a) <%>“/ e (1-3). (28)

Since 2 — 1 = a(f — —<then by dividing (28) by A2, we have
t? t\* a\o/(2-a) a
Larp(l) e (—) (1 - —). 2
4= (2) * 2 2 (29)
Assume that t is given by t = gL°. Then we can rewrite (29) as follows:
2725 _
g°L 1tas (g)a 2/(2—a) <a>a/(2 @) ( a)
——— <L = L = 1—=). 30
4 = 2 + 2 2 (30)
Similarly, let 2(5 = a0 + 1, then we have § = . Moreover, we have the equalities
20 = ad + 1 = s=. Then by dividing mequahty (30) by L, we have

2 @ a/(2—a)
() (5T 0-3)
9 < (9 @ 1-9). 31
4 7 \2 + 2 2 (31)
Consider C'(a) = (%)a/(Q—a) (1 —2). Then we have
2
=)
=< (= C(a). 32
L < (9)" + ) (32)
Let (%)a =y, then § = y'/*. Now we can rewrite inequality (32) as follows:
y?* <y+C(a) with y>0.
Assume that y = x C'(«), then we can rewrite the previous inequality as follows:
2?(C(a)* <z C(a) + C(a).
Therefore e < (C(a))%(x +1).

Assume that C*(a) = (C(@))“=". Then we have
2% < C*(a)(z +1). (33)
Now by applying lemma 1.1 to the above inequality (33). If z* > 0 satisfies

2

2 > C* () (z* + 1), (34)

then for every x > 0 Which satisfies that inequality (33), we have x < z*. Inequality

(34) is equivalent to *— > C*(«), which is equivalent to

14+x*

2—a
* o«

T
1+

> C*(). (35)

Let 2*%%% = 2C*(a), then z* = (20%(«))*2 ). Now we need to check whether
inequality (35) holds for z* or not.
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From inequality (35), we have

2C* 2
((f) > C*(a) <= - > 1
1 + (20*(a))a/(2—a) 1 + —(20*(04))0‘/(2*0‘)
1
— 2>1+ = (20%(a))¥ ) > 1,

(2C+(@)"/

and this holds if and only if 2C*(«) > 1. Since for 0 < a < 1 we have
« a—2 a1 (0% anz
200 = 2@y =2 (5) " (1-5) 7|

—2 K;) (1—%)_} > 1.

1049

(36)

Thus inequality (36) holds, implying that (35) holds for z* = (2C*(a))*/=%). Thus

x* is an upper bound of = which satisfies inequality (33), that means,

9a/(2—a)
T Cla)

< (207()/ <

Furthermore, since y = 2C/(a), then y < 2%/2~%) Also since y = (g)a, then

9 < 9l/(2-a)
5 <

Hence, g < 9220, By using t = gL°, we have 75 < 922-a where § =
t < 224 [1/(2-a), By using |a| = M\, then we have

lal

SR
I <2 oL

where 3 = ( ) Thus we have

la| < 2774 LY/ \5=5
Now we use (22) to obtain an upper bound of |z;| fori =1,... k.

Mol =a-zi+b— flz;) =a -z +b— f(0)+ f(0) — f(),
<la- x| +[f(z:) — F(O)] < laflzi| + Llzi|*.

Here we have used the facts that f is a Holder continuous function and b — f(0) <

by (25). By (37), we can deduce that

|x2’

L
jz]* < ‘i/\ul’i\ +ylwl® = o A |»’Ui’a-

If z; # 0, by dividing the previous inequality by |z;|*, then we have
1-
’ 22 Ll/ (2—a) )\2 a 4 £

ZT;
‘1'1’2 « < | )\

. Therefore

0
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Write |z;| as |z;| = t/(1=%) so t = |2;/*=®. Then we can rewrite inequality (38) as

i < ¢ 9374 [1/(2—a) \o=a | L < ¢ 9274 [V/(2—a) \~1/(2=0) 4 £ (39)
- A AT A
Assume that ¢ = sA™ , then we can rewrite inequality (39) as follows:
(2=2) ym(2=2) 8=a 1/ a)y (m-ptsy) |, L
s\1i=a) \""\1=a < s 22=a [, /( Oé))\ Z—a) +X (40)
Let m (?:—3) =m — (ﬁ), then we have m = — (;:—g) Moreover,
2 —« 1 1
m =m — =—1.
-« 2 -«
Hence by dividing inequality (40) by )\m(%), we have
sita < 27a[MCe) 4 [ (41)
Similarly we set s = ¢L”, then we can rewrite inequality (41) as follows:
gia (58 < goip0es) Lo (42)

Also, let v (32) = v + 52— , then v = (3=2). Moreover, v (32) =y + 57— = 1.

Hence by dividing inequality (42) by LV(%), we have
2—a 3—a
gi=e < 2ag +1. (43)

Using Lemma 1.1 again to (43) to find an upper bound of ¢ denoted by ¢*. If ¢* > 0

satisfies
2—a

¢ > 2Ta gt 41, (44)

then for every ¢ > 0 which satisfies inequality (43), we have ¢ < ¢*. From inequality
(44) we obtain the following chain of equivalences:

q*% q*(ﬁ) 1 3_ 1
> 1 = 5 > 1 <= q*l_a > 22-a 4 - (45)
22=ag* + 1 22=a 4 L q

q
(5—2a)(1—a)

Let ¢ =2 (255) = 255, then ¢" =2 %=

Now we need to check whether inequality (45) holds for ¢* or not. From (45), we
have

T 5-2a 3-a 1
q = 272-a >22*°‘+T.
()
This holds if and only if
5—2a 3—«a ]_ 3—a 1
PE= D) = LSt < 1 N . S—
2((572204_)8711)) ( ) 2((572204_)(0}704))
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(5—2a)(1—a)

and this holds if and only if 23=a (2 o ) > 1. Since for 0 < a < 1 we have

R (2 L yen sy

(5— 2a)(1 a)

inequality (45) then holds for ¢* = 2 . Thus ¢* is an upper bound of ¢ which
satisfies the inequality (43), that means,
(5—2a)(1—a)
<2 2a
)0-a)
Then we conclude by ¢ = % that s < 2 T L", where v = . Since s = /\Lm,
with m = — (é O‘) Wthh can be written as
t < LraA(-m2)
From the formula ¢ = |z;|(!=®), we obtain
l—a
o) (1—a L\ 2«
1a)<2((52)<1 N (L .
|$Z| A
Thus we obtain the estimate of z;
| | < 25—2a L ﬁ
Ti| S 22—« — .
A
24 1
Therefore we can take R‘j:25272a (%) e foralli=1,--- k. [

Proof of (iii): The proof is very similar to the C* case but we need to consider
that ¢(y) = a*-y+ Df(0) -y + b for y € R™ with some a* € R” and b € R, then the
rest of the the proof will be very similar after this. Due to the translation invariance
property [10, Proposition 2.10] (also see Proposition 2.7), we only need to consider
the case for zp = 0. By [10, Theorem 2.12(i)] (see also Theorem 2.8 i), since f is a
CYP-function with o =1+ 3, 1 < a < 2, we have at 2y = 0 € R",

CLN0) < 7(0) < ENO) + L7 (2" (1 2) )

Furthermore, inequality (46) will take the form,

b < £(0) < b+ LY <i>a/ e (1 - 9) .

) >
Then 0< f(0) — b < L (%)Wa) (1-%) (47)

To derive the bound Ry, we evaluate (21) at y = & to derive an upper bound of |a*|

as follows:
* < PR
¢ (2)\)+Df() <2A)+b f(2)\)+)\ 22

2
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Hence, we obtain
2 *
\CL| _f( >_Df(0)-g—>\—f(0)+f(0)_

<|r () = 0) - DFO) - | + Fo) b, (48)
7 (5) s

Note that, by the fundamental theorem of calculus, we have

|f(y) = f(0) = Df(0) - y| =

[ @5t -u- D50 et

< / (Df(ty) — DF(0)) -y dt] < / Df(ty) — DFO)] |y] dt

1 1 [|y’ﬁ+1 [|y‘a
< Llty|? dt = L|y|? 1/ t1Pde = = . 49
_/0 | yI |y| |y| ; | | 811 ( )

Here we have used the fact that f € C1#(R™). Thus, by (47) and (49) we can rewrite
(48) as follows:

L [2e-) (ﬁ)a/@_a) (1 _ 2) . (50)

X .
We first show that |a*| <2 (L)\(l_a) (+—n(oz))> .
a

Set |a*| as |a*| = A°t. Then we can rewrite (50) as follows:

\20—142 Lta)\oc(é—l) o\ o/(2—a) o
< Ao/ (2-a) [ 2/(2-a) (—) (1 - —) . 51
4 = a2~ * 2 2 (51)
Let 20 — 1 = a(d — 1), then we have 6 = :=%. Moreover, we have
—

25—1:a(5—1):2 .
-«

Hence we can rewrite (51) as follows:

2 L [t\" a\ a/(2-a) a
- 12/ (-) (1 - —) . 2
4 (2) * 2 2 (52)

Let t = gL, we have

272 +1 e a/(2—a
Eah (g) e () (1-5).
4 o 2 2 2

Let 2v = ay+ 1, then v = . Moreover we have 2y = ay+ 1 = Ea. Hence by
dividing the previous mequahty by L?7, we obtain

(5 <26+ (-3
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Let (g)a =y, then § = yY/* and

v/ < 24 0(o) (53)

where C(a) = (%)a/@_a) (1 —2). Again by applying Lemma 1.1 to (53) to find an

upper bound of y denoted by y*. If y* > 0 satisfies

*
¥2/a

g > % + (), (54)

then for every y > 0 which satisfies inequality (53), we have y < y*. Inequality (54)
is equivalent to

e > L (55)
ot o

2o a/(2—a .
Let y* * =2l then y* = (%) /=) Also, we can rewrite (55) as follows:

n+1

aC(a)
1+ 5

> 1,

from which we receive the following chain of equivalences:

n+1>1+%£a)<:>n>%ia)<:>y*>%(a>. (56)

The last inequality of (56) holds if and only if

a/(2—a) 2/(2—a
<n+ 1> - aC(a) (n+ 1)) 5 a0 ()
o n n+1

= (n+ 1Y) 5 YC00(0) = n+1>a(Cl)

2—«

— n>a(Ca)? —1

2—«

Take n = n(a) = a (C(a)) 2, then (54) holds if

e < 1+n(a) ) a/(2-a) | -

«

Thus y* is an upper bound of y which satisfies inequality (53). That means

)< (1 + n(a))“““f

(67

a/(2—a)
a 1
Then from y = (%)%, we have (g) < (—l—_n(oz)) :

. (59)

This implies that <g> < (

1+ n(a)) "¢
- .
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By using t = gL” where v = 2% we have

o’

1/(2—a)
t < 2L/ (1+—M) _ (59)
a

By using |a*| = \°t, where § = é_—a, we conclude

—

1/
0| < 2AFE L1/ (—1 * ”<O‘))

a
1
1 a
= |a*| <2 (Lk(la) (+—"m>>> : (60)
a
Now we use (22) to obtain an upper bound of |z;| fori =1,... k.

Nzil? = a* -2, + Df(0) -2 + b — f(x;)
=a" -2, +Df(0)-2;+b— f(0)+ f(0) — f(z;)
<la”- x| + [f(z:) = DF0) - 2 = f(O)],
as b— f(0) <0 by (47) and then from (49), we have

L
M < la*] |ai| + a|$z"a- (61)
Then we deduce that |lz;| < ] + £|Jl?-\°‘71 (62)
D aX"" ’

Take |z;] = sV so that s = |2;/®"V, then from (60) we can rewrite inequality

(62) as follows:
sl/e=1) < ; (L/\(l—a) (1+—M>)M + L (63)

«Q a\

Using Lemma 1.1 to the above inequality (63) to find an upper bound of s denoted
by s*. If s* > 0 satisfies

1

1/(a—1) 2 _ 1+ n(a) 2-a L
* “ L)\(l a) [ T o 4
s 2 ( ( ! )> e (64)

then for every s > 0 which satisfies inequality (63) , we have s < s*. Inequality (64)
holds if and only if

B 2 (o (H_w))ﬁ L L

As* a a\’

which again holds if and only if

L(39)
i : > 1.
—a L4n(o) 2-a
= (LW ) (T)) + 5
20 DL AN =D,
Let sn 1) — (MADL g e ((m+ DL -
aA aA
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We can rewrite the previous inequality equivalently as follows:

2 (waa) <1+n<a>>> za
1)L P
(m +1) — >1 <= mL >

L+% (L)\(lfa) <_1+n<a>>> = 5

o

2% (L)\(l—a) (1+n<a>>> =a
mL

*

— s >

1

(m n l)L a-l 20 (L)\(l—a) (1+Z(a)>> —a
< (—> >

a\ mL

_1
o A) = 20 (LA0-0) (e )y

— (m+1)3a>< CESY

L
_1
— (m+ 1)V (%)MH) A2 (LMM) <—1 +Z(O‘))>

1
Then we obtain m +1 > (%) Ae—1)o(—a) (L)\(l_a) (—1—_71@4)))’ thus
Q@

A\ (a-D)g2-a) [ 7y(1-a) (L n(@) )Y _
m><L>/\ 2 (LA (a 1.

Take m = m(a) = 2279 (1 + n(a)), then (64) holds if
: ((1 + m<a>>L)?—‘i
= —— :
a\

Thus s* is an upper bound of s which satisfies inequality (63), that means,

sg(M)

a\

(1 +m(a))L)3<i,

) thus

From s = |xi|(a*1), we obtain |xi|(°‘_1) < (

a\

i< (e

1A\ VG
Take M (a) = <W>, then we have |z;| < (M(Q)X) :

1/(2—a)
Hence we deduce that for each x; withi =1,--- |k, we get |z;| < <M(Q>X) :

Therefore R}\"B = (M(a))l/@—a) (é)l/@—a) _

]
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Proof of (iv): Without loss of generality we may assume that xq = 0. Consider
¢*(x) = inf(f), then £*(z) < f(x) + Az|* for all z € R™. So that

£(0) < Colf + A| - ]2} (0) = Colg](0) = CA(£)(0) = b.

Then b > inf(f). To derive the bound R, we evaluate (21) at y = 55 to derive an
upper bound of a as follows:

GQ_)\er f<2/\>

W< p () f(%)—inf(fmosc(f).

2

)

Thus we can deduce that |a| < 24/A osc(f).

Now we use (22) to obtain an upper bound of |z;| fori =1,... k.
Nwi|? = a-ai +b— f(a;) < |a-a| + | f(2:) — ]
< lallai| + f(x:) — nf(f) < lal|| + osc(f) < 2/ X ose(f) || + osc(f)

Thus A|x;|? — 24/ osc(f) |z;| — osc(f) <0

Hence we can deduce that for each x; with 7 =1, ...k,

ol <4/ 2P va),

ose(f) (1+ V) /osef)

1+ 2 . O
v V=T

Proof of (v): Due to the translation invariance property [10, Proposition 2.10]
(also see Proposition 2.7), we only need to consider the case for zo = 0. By [10,

Theorem 2.15] (also see Theorem 2.9), since f is a bounded uniformly continuous
function, we have at o = 0 € R",

£(0) ~ & (% + \@) <b< f(0) (63)

where a* > 0 and b* > 0 and @y is the concave continuous majorant of wy of f. As
above, we have from [10, Theorem (2.15)],

Thus RY =

ogf(O)—bgaf<‘§+ %) (66)

To derive the bound Ry we evaluate (21) at y = g5 to derive an upper bound of a
as follows:
a- a a |2
b<1(55) +Alax
o = (5n) A g
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This implies

M < p () = )+ 10— = EE <[5 () = )]+ 100 -

al? 0SC a* b*
:>%_ <| |)+f(>—b:>|4—)\§@f< S;f))—i-@f(X—f‘ X)7

hence we deduce that

ja]* <4 A (wf< OSC;f)>+azf<%*+ %))

Here we have used the estimate of |a| by |a| < 24/X osc(f) when f is bounded and
lower semicontinuous, the definition of the modulus of continuity of f, and inequality
(66). Thus we have

la] < 2¢A(@f< Os‘ff>>+wf<a§+ %)) (67)

Now we use (22) to obtain an upper bound of |z;| fori =1,... k.
Nl = a-ai+b— f(z;) = a-2;+b— f(0)+ f(0) = f(x:)
<la- il + [f (i) = FO)] < laf|zi] + @y (J:])

§|a|\xi|+azf< OSCA( )( +f))

Here we have used the estimate of |x;| obtained in iv as f is bounded and lower
semicontinuous, the definition of the modulus of continuity of f and that b— f(0) <0

by (66). Hence
Mm%mmw@<oﬁ)(+fﬁ

Thus we can deduce that

V]al? +4X& 2lal + 2/ A& ”
|$i’§ |a|+ |;|)\ Wy - |$’<M = ‘x.|<M+ wr (68)

e 2\ T A

Hence from inequality (67), we obtain

2 (o (VEE) v (54 8)) [ (V2R 4 vD)
2] < +

2\/@( oscff)>+@f<§+ %)+\/@f(\/@(1+\/§))
2] <
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N 2\/@f< °—§“)+\/@f< Ll (+\/_)) \/ (%Jr b;*)

VA
o for (VEE ) 2 for (54 5)
i 7 (69)
) 0D
Therefore we can take RY = . ]

va)

Proof of (vi): Consider ¢(y) = a*-y+ Df(0)-y+0b for y € R" with some a* € R"
and b € R. By Proposition 1.5 at the origin 0, we have

y < (or (F2+V2)"

< _
0< £(0) = (70)
To derive the bound R, we evaluate (21) at y=%; and derive an upper bound of |a*|:
* * * * 2
a a a
o T PI0) 5+b f<5)+Aﬁ :
| |2 a*
so that <f —Df(0)~ﬁ—f(0)+f(0)—
< |7 (55 )~ 70) = DAO) - 5| + F0) — b ()
- 2\ 2\ '

Moreover, from Lemma 1.4(ii), we have

*

dt.

o1 (5) oo

a /1
| <
Al o

From the definition of modulus of continuity of D f, we obtain

a* a ! a
2 ) = - D <
(5:) - 10 -0 | < [ ([55e])
L (1++v2) (72)
Df 2\ ’
where the last inequality follows from the fact that f is a Lipschitz function so that

we can use the estimate of |a*| in the Lipschitz case, that is |a*| < L(1 + v/2). Now
by substituting (70) and (72) into (71), we have

Wpf (%(1 + \/5)) + (wa <X(Z)\+ \/5))) . (73)

]f (5) ~1(0) - DFO)- &

* * *

2\

a*

Swa(—

2\

a*

_ﬁw

a*

2\

o]

AN 72X

Let A:wa (%(14—\/5)) and L)\:(UDf (%(24‘\/5))



M. Alatawi / The Locality Property ... 1059

Then we have |a*|> — 2|a*|A — Ly®> < 0, hence |a*| < 2A + L.

Now we use (22) to obtain an upper bound of |z;| fori =1,... k.
MNzi> = a* -2 + Df(0) - 2 +b— f(x;)
=a"-2;+Df(0) -z, +b— f(0)+ f(0) — f(z;).
<o - @] + [f (i) = DF(0) -2 — fO)]. (74)

In the above inequality we have used that b — f(0) < 0 by (70). Therefore, from
Lemma 1.4(ii), it follows that

|f(zi) = f(0) = Df(0) - i < wpy (Jzi — Of) [ — O < wpy (@) |-
Then by using the estimate of |x;| from the Lipschitz continuous case, we have
L
) = 10 = DJO) 1] <y (524 VE) b
and |f(z:) = f(0) = Df(0) - @] < [as]Ln.
Now we can rewrite inequality (74) as follows:

Aail® <la*| |zi| + |2 Ly, <

(2A + L)) |zi| + Lalzi], < (2A 4+ 2L)) |x;].

Since wpy(+) is a non decreasing function, we have

WDf( (1 +f) < wpy (§(2+\/§). (75)

4Ly |x;
This means A < Ly. Thus |z;]* < ;Jw ’
Hence we can deduce that for each x; with k =1,--- |k,
4wps (£2+ V2
A
4 £2+Vv2

Therefore we can choose RY = Dt ()‘; \/_)) . ]
Proof of (vii): This is a direct consequence of Theorem 2.3(v) in [7]. O

Proof of Lemma 1.4: (i) Consider g(t) = f(z + t(y — «)). Since f is a differen-
tiable function, by using the fundamental theorem of calculus,

o) =9(0) = [ (o)
Since ¢'(t) = Df (x + t(y — z)) - (y — x), we have

fy) = f(z) =/O Df (z+t(y —z)) - (y — z)dt.
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Since the gradient of f is bounded, there exists L > 0 such that |Df| < L. Hence

) — flo)] < / Df (2 + (y— 2)0)| |y — 2ldt < Lly a1,

proving (i).
(ii) By using the fundamental theorem of calculus, we have

[f(y) = f(z) = Df(x) - (y — )]

/0 (Df@+ (y— 0)) - (y—x) — Df(x) - (y — x))dt

< / (Df(x+ (y— 2)t) — DF(x)) - (y — 2)dt]

< [ 105+ (= ) - Df )| 1y - ol (77)

0

Since the derivative of f is bounded and uniformly continuous, then we are able to
define the modulus of continuity of D f by wps). Hence we obtain

[Df(y) = Df(x)] < wps(ly — ).

Next we can rewrite inequality (77) as follows:

) — f(x) — Df(x) - (y— )] < |y— 1] / wpy(tly — )t

< wpy(ly — ]y — |, (78)
which completes the proof. 0

Proof of Proposition 1.5: Since f is differentiable and its gradient is bounded
and uniformly continuous, by Lemma 1.4(i), f is a Lipschitz function. By [10,
Proposition 2.1](see also Proposition 2.2), there exists A\; € R, and z; € R™ with
2 <k <n+1, such that the lower transform is given by

k

CA(f) (o) = Zl Ai(f (i) + M — xol?),
with S5 A =1, 38 Ni(@ — 20) = 0, \; > 0, 2; € R”. Therefore
F(wo) = CA(f)(wo) = i&(f(fvo) — f(@:) = Mai — xof)
== i i ((f(@:) = flwo) = Df (wo) - (25 — @0)) + Alzs — @o]*) - (79)

In (79) above we have used the fact that 3% | A\;Df () - (x; — 20) = 0.

Furthermore, from Lemma 1.4(ii), we have

|f(x:) = f(x0) — Df(x0) - (xi — 20)| < wpy (|20 — 20|) |75 — 20| (80)
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By substituting (80) into (79), we have
f@o) = CA(f)(= Z)\ (wpy (i = o]} |s — wo| = Alzi — o),

<Z>\ wa( 2+f)) |2 — x| — Az — 20]?).

Here we have used the facts that f is a Lipschitz function and we have used the
estimate of |z;| in the Lipschitz case. Now we consider

ol0) oy (§(24 VD)) 1= 22,
and g'(t) = wpy (§(2 + \/5)) — 2\t

*\ *x ""Df( (2+\f))
Let ¢'(t*) = 0, then t* = ——2—+

maximum value at the point t*, hence

. Therefore the function g(¢) attains the

(o) = CL(f)(o) < Z Aig(t"),

(wpy (42 +v2))*
4\ '

and f(xo) — Cf\(f)(-f’fo) <

Thus we conclude that the inequality on the right side of (5) holds and the left part
of (5) is given by the definition of the lower transform. The proof is complete. [

Proof of Theorem 1.7: This is very similar to the proof of Theorem 3.10(ii) in
[10] but for completeness we will give the proof below.

By [10, Proposition 3.1] (14), we have Ci(f)(x) = C4(f)(z), and by our assumption
of the theorem, we have C(f)(xo) < f(zo). Furthermore,

CA(f)(wo) = Colf + A| - —wo|*|(wo) < (o). (81)

Now, let g(y) = f(y) + Aly — o|?, since g is continuous and coercive, then by [10,
Proposition 2.1] (also see Proposition 2.2), there exists x; € R™ with z; # xy because
of (81), which belong to B(z¢; Ry), and A; > 0 fori = 1, ..., k satisfying Zle =1
and Y% | \jz; = xo. Moreover, there is an affine function £(y) = a - (y — x0) + b for
y € R™ with some a € R" and b € R such that

ly) <g(y) forally e R"and {(x;) = g(x;) fori=1,...,k  (82)
Since /(y) is an affine function, we conclude that

l(x;) = Colgl(x;) fori=1,... k.
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By accounting for (82), we conclude that

Colf + Al - —xo|*)(w:) = U(x:) = gl:) = f(x5) + Awi — w0 (83)

Since the convex envelope is invariant with respect to affine functions, we have
Co[i+>\|'—xi+xi—x0|2](q;) = Co[i—l—)\]-—xiﬂ(x)+)\|xi—x0|2+2/\(x—xi)-(xi—x0).

Therefore at x = x; we deduce that

Colf + Al —z0|?)(2:) = Colf + )| - —x;*)(5) + Ma; — o] (84)
By comparing (83) and (84), we have for i =1,...,k,
Colf + A - —zo[*)(z;) = Co[f + A| - —zi|](z;) + Na; — @o|* = f(2:) + Mai — ol
Hence we obtain

Cf\(i)(:vl) = Col[f + )| - —z0|(z;) = S (i) fori=1,... k,

which completes the proof. Il

Proof of Lemma 1.8: Since f is Lipschitz at zo, then we see that f is bounded.
In fact, for © € B(z; ), we have

[f(@)] = [f(xo)] < |f(2) — fl2o)| < Llx — 20| < L9, (85)
then f is bounded in B(xg;0) by |f(xo)| + Ld. Also,
flxo) = Lo < f(z) < f(zo) + L6

Thus f is bounded in R". Now we show that f(z) is lower semicontinuous in R".

Since f is lower semicontinuous inside B(xg,d), then f is lower semicontinuous in

B(xzg,0). Moreover, f is constant in the open set (B(z0,0))°, then it is clearly
continuous in the open set , hence it is lower semicontinuous, that means,

~ -~

lim  f(y) = f(xo) — L6 = f(x).

y—x
y€B(z0,9)

Now we need to show that f(z) is lower semicontinuous on dB. Let x; € 0B and
consider two cases:

Case 1: lim inf
r—x

xGB(xol,é)f(z)
Since x € B(xo,9), f(z) > f(xo) — L, we have
liminf f(z) = liminf f(x) = f(zo) — Lo = f(z1) (86)
z€B(z0,0) z€B(z0,0)
Case 2: lim inf
T—T1 -~
wGB(zo,(s)cf(z)

Since z € B(xg,0)°, f(x) = f(x0) — L, so

~

liminf f(z) = lm  f(zo) = L6 = f(zo) — L6 = f(z1). (87)
€ B(x0,0)¢ z€B(z0,0)¢

~

Thus we conclude that f(z) is lower semicontinuous in R™. ]
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Proof of Theorem 1.9: Due to the translation invariance property [10, Proposi-
tion 2.10] (also see Proposition 2.7), we only need to consider the case for xy = 0.

~

Consider the function g(y) = f(y) + Aly|> and by Proposition 2.1 in [10] (also see
Proposition 2.2), there is an affine function ¢(y) = a -y + b for y € R™ with some
a € R™ and b € R, such that (82) hold.

Our aim is to improve gradually the estimate of |a| in order to reduce the size of R.

~

By Lemma 1.8, we have f(x) is bounded and lower semicontinuous in R™. Then, by

following Theorem 1.2iv, we have |a| < ev/A where ¢ = 24/ osc(/f\). Moreover,
< — <4, (88)

If VA > $, hence A > (§)2. Let Ay = (§)2, so that when A > A;, we have

35 € B(0,6). Thus f(%) = f(&). From (82), we also have

2
a-y+b< F(g55) + AP

and %;%-bﬁf(%)‘f‘%-

Hence, %Sf(%)—bﬁf(%>—f(0)+f(o)_b

a L?* Lla] L?
<|r(55) - FO|+ 5 =50+ 1
<|r()-fOl+ 5o+ 5
Here we have used the fact that f is Lipschitz at xo, hence |a|*> — 2L|a] — L* < 0.
Thus we have |a| < L(1+ /2).

So, we have improved the estimate of |a|. Again, since ]/t\ is bounded and lower
semicontinuous in R™ then by Theorem 1.2iv, we have

|| < \C/—; < 0, where ¢* = (1+ \/5)\/OSC(/f\).

If vV > %,We conclude A > (%)2. Let Ay = (%)2, so that when A > A,, we

have z; € B(0,0). Therefore if we take A = max{A;, A2} and A > A, we have

~

f(z;) = f(z;). Now we use (82) a-x; +b= f(z;) + Mx;|* to obtain
Nail* = a-ai+b— f(z:) = a-a;+b— f(0) + f(0) = f(z:)
< lallai| + | f(x:) = FO)] < lalfai] + L],
as b — f(0) < 0. Thus we can deduce that for each z; with i =1,2,--- |k,

Therefore RY := £(2 +v/2).

Y
That means C4(f)(zo) =Copruf (1) + Al —9|%] (o), concluding the proof. [
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