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1. Introduction and main results
The aim of this paper is to generalise the locality property and the density property
for compensated convex transforms obtained in [10, 11] for bounded and Lipschitz
functions to other types of functions under various continuity and smoothness as-
sumptions such as Cα, C1,β. We give quantitative estimates for the radius of locality
to show that the value of lower/upper transform for functions under various continu-
ity and smoothness assumptions depend only on the value of function f(y) + λ|y|2
in the closed ball B(x0;Rλ) with Rλ → 0 at different rates for different conti-
nuity/smoothness assumptions for f as λ → +∞. A consequence of the locality
property is the density property. It means when we approximate a function under
various continuity and smoothness conditions by using compensated convex trans-
forms, then there are some points xi inside the ball where the compensated convex
transforms are equal to the original function at those points. We have also estab-
lished some localized versions of such locality property.
Throughout the paper, we denote by Rn the standard n-dimensional Euclidean space
with the standard inner product x · y and norm |x| for x, y ∈ Rn. We denote by
B(x0; r) and B(x0; r) the open and closed balls centered at x0 with radius r > 0
respectively. Also co[K] denotes the convex hull of K [5, 6] which is the smallest
convex set containing K. For a given function f : Rn → R bounded below, the
convex envelope Co[f ] of f is the largest convex function whose graph lies below f
[5, 6]. We denote the class of globally Hölder continuous functions by Cα, and the
class of functions whose gradient is Hölder continous by C1,β [4] and the upper/lower
semicontinuous envelope of f by f(x), f(x) see [5, 6].
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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Let us first recall the notions of quadratic compensated convex transforms for
bounded functions in Rn defined in [1, 7, 9, 10]. For the definition of compen-
sated convex transforms for functions under more general growth conditions, see [7,
Definition 1.1].
Let f : Rn → R satisfy the growth condition

|f(x)| ≤ Cf |x|2 + C1, (1)

for some constants Cf > 0, C1 > 0 and for all x ∈ Rn.

The quadratic lower compensated convex transform for f (lower transform for short)
is defined by

Cl
λ(f)(x) = Co[λ| · |2 + f(·)](x)− λ|x|2, x ∈ Rn, for λ > Cf , (2)

where Co[λ| · |2 + f(·)](x) is the value of the convex envelope of the function
y 7→ f(y) + λ|y|2 at x ∈ Rn [5, 6].

The quadratic upper compensated convex transform for f (upper transform for short)
is defined by

Cu
λ(f)(x) := −Co[λ| · |2 − f(·)](x) + λ|x|2, x ∈ Rn, for λ > Cf . (3)

The two quadratic mixed compensated convex transforms for f (mixed transforms
for short) are defined, respectively, by Cu

λ(Cl
τ (f)), and Cl

λ(Cu
τ (f)), x ∈ Rn, when

λ, τ > Cf . Evidently our growth condition for f implies Cu
λ(f)(x) = −Cl

λ(−f)(x).

The present work is motivated by [10]. Our main results generalise those obtained
in [10]. We establish the locality property for such transforms under various conti-
nuity and smoothness conditions, including some of the borderline cases such as the
bounded lower semicontinuous functions and the uniformly continuous functions.
We generalise the locality property of compensated convex transforms established
for bounded functions in [10, Theorem 3.10(i)] and for Lipschitz functions in [8,
Proposition 2.3] to other types of functions under various continuity and smoothness
assumptions such as Cα, C1,β. We give quantitative estimates for the radius of
locality Rλ to show that the values of lower and upper transform depends only on
the values of the function f(y) + λ|y|2 in the closed ball B(x0;Rλ).
A consequence of the locality property is the density property. It means when we
approximate a function under various continuity and smoothness conditions using
compensated convex transforms, then there are some points xi inside the ball where
the compensated convex transforms equal to the original function at those points.
We also establish some localized versions of such locality property for functions
defined on a subset of Rn by using appropriate extensions to Rn. For localized
versions the property only holds at one point x0 in the domain. We study the locality
property of the compensated convex transforms for locally Lipschitz function at x0

by extending the original function f to Rn by a constant.
Before we state our main results, we need the following technical lemma.
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Lemma 1.1. Let A = {x > 0 : xµ ≤ ax + b} for a, b ∈ R+ and µ > 1. If there is
some x∗ > 0 such that (x∗)µ > ax∗ + b, then we have x ≤ x∗ for all x ∈ A, that is ,
x∗ is an upper bound of the set A.

Now we state the main locality result under various global continuity /smoothness
assumptions. These results show the quality of approximation of functions by com-
pensated convex transforms. We will use a simple example to show that some of
our estimates are sharp.

Theorem 1.2. Suppose f : Rn → R satisfies the growth condition (1) and is a
function under the continuity/smoothness assumptions below. Let λ > 0. Then for
every x0 ∈ Rn, the lower transform of f at x0 is given by

Cl
λ(f)(x0) = CoB(x0;Rλ)

[f(·) + λ| · −x0|2](x0), (4)
where the radius Rλ ≥ 0 depends on the following continuity/smoothness conditions
respectively.
(i) [11, Proposition 2.3] If f is a Lipschitz function with Lipschitz constant L > 0,

then
Rλ := RL

λ =
L(2 +

√
2)

λ
,

(ii) If f is a Cα-function for 0 < α < 1 with a constant L > 0, then

Rλ := Rα
λ = 2(

5−2α
2−α )

(
L

λ

)( 1
2−α)

,

(iii) If f is a C1,β-function for 0 < β < 1 with α = 1 + β and a constant L > 0,
then

Rλ := R1,β
λ = (M(α))1/(2−α)

(
L

λ

)1/(2−α)

,

where M(α) > 0 is a constant depending on 1 < α < 2.

(iv) If f is a bounded lower semicontinuous function with its oscillation in Rn

defined by osc(f) = sup(f)− inf(f), then

Rλ := RB
λ =

(1 +
√
2)
√
osc(f)√

λ
,

(v) If f is a bounded uniformly continuous function in Rn, then vspm1

Rλ := RU
λ =

3

√
ω̃f

(√
osc(f)

λ
(1 +

√
2)

)
+ 2

√
ω̃f

(
a∗

λ
+
√

b∗

λ

)
√
λ

,

where ω̃f (·), a∗, b∗ are given by Definition 2.5.
(vi) If f is a differentiable function, and its gradient is bounded and uniformly

continuous, then
Rλ := RD

λ =
4 ωDf

(
L
λ
(2 +

√
2)
)

λ
,

where ωDf is the modulus of continuity of Df (see also Proposition 1.5 below.)
(vii) [7, Theorem (2.3,v)] If f is C1,1 with Lipschitz constant L for Df such that

|Df(x)−Df(y)| ≤ L|x− y|,
then Cl

λ(f)(x)=f(x) for all x∈Rn whenever λ≥L, that is, Rλ=0 for λ≥L.
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The estimates in Theorem 1.2 also apply to the upper transforms under the same
continuity / smoothness conditions expect in iv lower semicontinuous is replaced by
upper semicontinuous. For (vii), this is a direct consequence of Theorem (2.3,v) in [7].

Remark 1.3. The various R′
λs above are in fact upper bounds for radius of a ball

on which (4) holds. However we can show later that asymptotically those bounds
are sharp (see Example 1.6).

The following table shows the rate of decay of Rλ to 0 when λ → ∞ from the slowest
to fastest. We say that f(x) = O(|x|α) for some α > 0 if |f(x)|/|x|α ≤ M for some
constant M > 0 and f(x) = o(|x|α) if limx→0(|f(x)|/|x|α) = 0.

Order Continuous/Smoothness Rate of decay
of function when λ → ∞

1 Bounded lower semicontinuous
function

RB
λ = O(

1√
λ
)

2 Bounded uniformly continuous
function

RU
λ = o(

1√
λ
)

3 Cα-function for 0 < α < 1 Rα
λ = O(

1

λ1/(2−α)
)

4 Lipschitz function [11] RL
λ = O(

1

λ
)

5 C1-function with bounded uni-
formly continuous gradient

RD
λ = o(

1

λ
)

6 C1,α−1-function for 1 < α < 2 R1,α−1
λ = O(

1

λ1/(2−α)
)

8 C1,1-function [7] Rλ = 0 for λ ≥ L

Table 1.1: A general observation from Theorem 1.2 is that the smoother the function,
the faster the rate of decay of Rλ to 0 is when λ → ∞ based on the power of 1

λ
.

For the borderline case (vi) in Theorem 1.2 where Df is bounded and uniformly
continuous, we also need the following lemma and proposition.

Lemma 1.4. Let f : Rn → R be a differentiable function, and its gradient be
bounded by L ≥ 0, that is, |Df(x)| ≤ L for x ∈ Rn and Df is uniformly continuous.
Then
(i) The function f is Lipschitz continuous with constant L ≥ 0,
(ii) |f(y)− f(x)−Df(x) · (y − x)| ≤ ωDf (|y − x|) |y− x|, where ωDf is the mod-

ulus of continuity of Df .

Proposition 1.5. Suppose f : Rn → R is a differentiable function, and its gradient
is bounded and uniformly continuous in Rn. Suppose ωDf is the modulus of continuity
of Df such that for all x, y ∈ Rn,

|Df(x)| ≤ L and |Df(y)−Df(x)| ≤ ωDf (|y − x|).
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Then for λ > 0, we have for all x ∈ Rn,

Cl
λ(f)(x) ≤ f(x) ≤ Cl

λ(f)(x) +

(
ωDf

(
L
λ
(2 +

√
2)
))2

4λ
. (5)

The following example shows that our locality properties are asymptotically sharp
for the power of 1

λ
as λ → +∞ for the cases (i), (ii), (iii) (see Table 1.1). Sharpness

in terms of asymptotic behavior means that they have both big O of the same power
1

2−α
. The best power that we obtain for the decay rate of Rλ to zero when λ → +∞.

Example 1.6. Assume f(x) = −|x|α for x ∈ R and 0 < α < 2, then f is Lipschitz
for α = 1, Cα-function for 0 < α < 1 and is C1,α−1-function for 1 < α < 2. The
lower transform can be calculated explicitly as follows: for 0 < α < 2

Cl
λ(f)(x) =

 λ
(

α
2λ

) 2
2−α −

(
α
2λ

) α
2−α − λ|x|2, for |x| ≤

(
α
2λ

) 1
2−α ,

−|x|α, for |x| ≥
(

α
2λ

) 1
2−α .

At x0 = 0, α = 1, Rλ =
(

1
2λ

)
= O

(
1
λ

)
.
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Figure 1.1: This figure shows the bigger λ is the closer the graph of the lower
transform to the orignal function.

Figure 1.2: This figure shows the evolution of the graph of the lower transform of
f(x, α) = −|x|α in [−2, 2]× (0, 2) when α increases.

Next we state the density theorem under various continuity and smoothness condi-
tions assumed in Theorem 1.2. The result follows from Theorem 1.2 and the proofs
in [10].
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Theorem 1.7. Suppose f : Rn → R is a function. Let Rλ be one of RL
λ , Rα

λ, R1,β
λ ,

RB
λ , RU

λ , RD
λ under the corresponding continuity/smoothness conditions in Theorem

1.2. We define the lower touching set of f by

T l
λ(f) = {x ∈ Rn, Cl

λf(x) = f(x)}.

Then for ∀ x0 ∈ Rn : x0 ∈ co(T l
λ(f) ∩B(x0,Rλ). (6)

More precisely, if x0 /∈ T l
λ(f), then there are xi ∈ B(x0;Rλ) with xi 6= x0, and λi > 0

for i = 1, . . . , k with 2 ≤ k ≤ n+1 satisfying
∑k

i=1 λi = 1 and
∑k

i=1 λixi = x0, such
that Cl

λ(f)(xi) = f(xi).

From Theorem 1.7, we see that T l
λ(f) is not an empty set and the convex density of

T l
λ(f) can be measured by (6). Similarly, we can introduce the upper touching set

T u
λ (f) of f and establish similar results.

Next we state the localized versions of the locality properties obtained from Theorem
1.2 for the Lipschitz case. We need the following Lemma.

Lemma 1.8. Suppose f : B(x0; δ) → R is lower semicontinuous and Lipschitz at x0

in B(x0; δ) with Lipschitz constant L ≥ 0 in the sense that |f(x)−f(x0)| ≤ L|x−x0|
for x ∈ B(x0; δ). Let f̂ : Rn → R be the extension of f outside B(x0; δ), defined by

f̂(x) =


f(x), for x ∈ B(x0; δ)

f(x0)− Lδ, for x /∈ B(x0; δ).

Then the extension of f is bounded and lower semicontinuous in Rn.

Theorem 1.9. Let f : B(x0; δ) → R be defined as in Lemma 1.8 and f̂ : Rn → R
be the extension of f defined in Lemma 1.8. Then there is Λ > 0 such that when
λ > Λ we have RL

λ := L(2+
√
2)

λ
< δ, and

Cl
λ(f̂)(x0) = CoB(x0;RL

λ )
[f(·) + λ| · −x0|2](x0).

The plan of the rest of the paper is as follows. Section 2 will present some preliminary
results which are needed for the proofs. We present the proofs of our main results
in Section 3.

2. Preliminary results

We first collect some basic results from convex analysis which will be used in the
following, and refer to [5, 6] for further details and proof.

Definition 2.1. [2] For a function f : Rn → R bounded below, we define its convex
envelope at x ∈ Rn, denoted by Co[f ], by

Co[f ](x) = sup{g(x), g(y) ≤ f(y), for all y ∈ Rn, g is convex}.
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We often use the following characterization of convex envelope in the proofs.

Proposition 2.2. [10, Proposition 2.1] Let f : Rn → R be bounded below and
x0 ∈ Rn. Then
(i) The convex envelope Co[f ](·) of f at x0 ∈ Rn is given by

Co[f ](x0) = inf

{
n+1∑
i=1

λif(xi) :
n+1∑
i=1

λi = 1,
n+1∑
i=1

λixi = x0, λi ≥ 0, xi ∈ Rn

}
. (7)

In addition, if f is lower semicontinuous and coercive in the sense that we have
f(x)/|x| → +∞ as |x| → +∞, then the infimum can be attained by some (λ∗

i , x
∗
i )

for 0 < λ∗
i ≤ 1, x∗

i ∈Rn, for i = 1, ..., k with 1 ≤ i ≤ k ≤ n+1, satisfy
∑k

i=1 λ
∗
i = 1,

and
∑k

i=1 λ
∗
ix

∗
i = x0, such that

Co[f ](x0) =
k∑

i=1

λ∗
i f(x

∗
i ).

(ii) We can replace the general convex functions g in Definition 2.1 by affine func-
tions [7, 10]:

Co[f ](x0) = sup {ℓ(x0) : ℓ affine and ℓ(y) ≤ f(y) for all y ∈ Rn} .

In particular if f is lower semicontinuous and coercive, then the sup is attained by
an affine function ℓ∗ ∈ Rn.

Next we introduce the local version of convex envelope at a point x0 ∈ Rn as follows.
Definition 2.3. [10, Definition 2.2] Let r > 0 and x0 ∈ Rn. Suppose that
f : B(x0; r) → R is a bounded function in B(x0; r). The local convex envelope of f
at x0 in B(x0; r) denoted by CoB(x0;r)

[f ](x0) is defined by

CoB(x0;r)
[f ](x0) = inf


n+1∑
i=1

λif(xi) :

n+1∑
i=1

λi = 1,
n+1∑
i=1

λixi = x0, λi ≥ 0,

|xi−x0| ≤ r, xi∈Rn, i = 1, ..., n+1

 . (8)

The difference between Co[f ](x0) and CoB(x0;r)
[f ](x0) is that for the latter the

points {xi} are restricted to the ball B(x0; r).
We need the following definitions from [10].
Definition 2.4. [10, Definition 2.11] Suppose f : Rn → R and let x0 ∈ Rn.
(i) We say that f is locally Cα at x0 for some 0 < α < 1 if there are constants

δ > 0 and L > 0 such that
|f(x)− f(x0)| ≤ L|x− x0|α whenever |x− x0| ≤ δ.

(ii) If α = 1 in the inequality above, we say that f is locally Lipschitz at x0.
(iii) We say that f is locally Cα at x0 for some 1 < α < 2 if f is differentiable in

B(x0; δ)and there are constants δ > 0 and L > 0 such that
|Df(x)−Df(x0)| ≤ L|x− x0|α−1 whenever |x− x0| ≤ δ.

In fact if we let β=α−1, our definition gives the local C1,β property of f at
x0.
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We recall from [3] the definition of modulus of continuity with some of its properties.

Definition 2.5. [3] Let f : Rn → R be a bounded and uniformly continuous
function in Rn. Then ωf : [0,∞) → [0,∞), defined by

ωf (t) = sup{|f(x)− f(y)| : x, y ∈ Rn and |x− y| ≤ t}

is called the modulus of continuity of f . In particular, there is a concave continuous
majorant ω̃f of ωf of f satisfying that ω̃f (0) = 0, ωf (t) ≤ ω̃f (t), and ω̃f ≤ a∗t + b∗

for some constants a∗ > 0, b∗ ≥ 0.

The modulus of continuity of f has the following properties.

Proposition 2.6. [3] Let f : Rn → R be a bounded and uniformly continuous
function in Rn. Then a modulus of continuity ωf of f satisfying the following
properties:
(i) ωf (t) −→ ω(0) = 0, as t −→ 0.
(ii) ωf is non-negative and non-decreasing continuous function on [0,∞).
(iii) ωf is subadditive ωf (t1 + t2) ≤ ωf (t1) + ωf (t2) for all t1, t2 ≥ 0.

Next we list some basic properties of compensated convex transforms (see [7, 9, 10]
for further details and proofs).
The lower and upper transforms are related to each other when λ > 0 by the
following relation [7]

Cl
λ(f)(x) = −Cu

λ(−f)(x),

when both can be defined. Furthermore, the ordering property of compensated
convex transform [7] holds for x ∈ Rn, 0 < λ < τ,

Cl
λ(f)(x) ≤ Cl

τ (f)(x) ≤ f(x) ≤ Cu
τ (f)(x) ≤ Cu

λ(f)(x), (9)

and for f ≤ g in Rn, we have that [7, 10]

Cl
λ(f)(x) ≤ Cl

λ(g)(x) and Cu
λ(f)(x) ≤ Cu

λ(g)(x), x ∈ Rn. (10)

In addition, the compensated convex transforms are affine invariant [10], that is,

Cl
λ(f + ℓ)(x) = Cl

λ(f)(x) + ℓ(x) and Cu
λ(f + ℓ)(x) = Cu

λ(f)(x) + ℓ(x), (11)

where ℓ is any affine function and we also have [7, Theorem 2.1(iii)]

Cu
τ (Cu

λ(f)) =

{
Cu
λ(f), if τ ≥ λ,

Cu
τ (f), if τ ≤ λ;

and Cl
τ (Cl

λ(f)) =

{
Cl
λ(f), if τ ≥ λ,

Cl
τ (f), if τ ≤ λ.

(12)

We also recall the following properties. If f is a continuous function with quadratic
growth [7, Theroem 2.3(i)], then

lim
λ→∞

Cl
λ(f)(x) = f(x) and lim

λ→∞
Cu
λ(f)(x) = f(x), x ∈ Rn.
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Also, if f and g are both bounded real valued functions in Rn [10, Proposition 2.9],
then for λ > 0 , and τ > 0, we have

Cl
λ+τ (f + g)(x) ≥ Cl

λ(f)(x) + Cl
τ (g)(x) and Cu

λ+τ (f + g)(x) ≤ Cl
λ(f)(x) + Cl

τ (g)(x).

The following property of compensated convex transforms in [10, Proposition 3.1]
will also be used:

Cu
λ(f)(x) = Cu

λ(f)(x), (13)
Cl
λ(f)(x) = Cl

λ(f)(x), (14)

where f, f is the upper and lower semicontinuous envelopes of f [6, 5].
We will use the following simple translation-invariance property in our proofs in
order to allow us to consider the point x0 = 0 without loss of generality.

Proposition 2.7. [10, Proposition 2.10] (Translation-invariance property) For
any f : Rn → R bounded below and for any affine function ℓ : Rn → R we have
Co[f + ℓ] = Co[f ] + ℓ. Consequently, both Cl

λ(f)(x) and Cu
λ(f)(x) are translation

invariant against the weight function, that is:
Cl
λ(f)(x) = Co[λ| · −x0|2 + f(·)](x)− λ|x− x0|2,

Cu
λ(f)(x) = −Co[λ| · −x0|2 − f(·)](x) + λ|x− x0|2,

for all x ∈ Rn and for every fixed x0 ∈ Rn. In particular, at x0

Cl
λ(f)(x0) = Co[λ| · −x0|2 + f(·)](x0), Cu

λ(f)(x0) = −Co[λ| · −x0|2 − f(·)](x0).

Now we state some results of compensated convex transforms which are used later
in our proofs. The following estimates for lower transform can be found in [10].
Similar results hold for the upper transform.

Theorem 2.8. [10, Theorem 2.12]
(i) Suppose that f : Rn → R is lower semicontinuous, f maps bounded sets to

bounded sets and satisfies f(x) ≥ −Cf |x|2 − C1. If at some x0 ∈ Rn, f is
locally Cα at x0 for 0 < α < 1 with constant L ≥ 0, or C1,β with α = 1 + β
and 1 < α < 2 then for λ > 0 sufficiently large,

Cl
λ(f)(x0) ≤ f(x0) ≤ Cl

λ(f)(x0) + L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (15)

(ii) Suppose that the f : Rn → R is lower semicontinuous, f maps bounded sets
to bounded sets and satisfies f(x) ≥ −Cf |x|2 − C1. If at some x0 ∈ Rn , f is
differentiable, then for any ϵ > 0, there is a Λ > 0, such that when λ ≥ Λ,

Cl
λ(f)(x0) ≤ f(x0) ≤ Cl

λ(f)(x0) +
ϵ2

4λ
. (16)

(iii) Suppose f : Rn → R is a globally Lipschitz function with Lipschitz constant
L ≥ 0. Then for λ > 0 and for x ∈ Rn we have

Cl
λ(f)(x) ≤ f(x) ≤ Cl

λ(f)(x) +
L2

4λ
. (17)

The following result gives the estimates for a bounded uniformly continuous function
f with the modulus of continuity ω̃f .
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Theorem 2.9. [10, Theorem 2.15]. Let f : Rn → R be a bounded and uniformly
continuous function and ω̃f is the least concave majorant of the modulus of continuity
ωf of f . Assume that a > 0, b ≥ 0 are such that 0 ≤ ω̃f (t) ≤ at + b for t ∈ [0,∞).
Then we have for λ > 0:

f(x)− ω̃f

(
a

λ
+

√
b

λ

)
≤ Cl

λ(f)(x) ≤ f(x) for x ∈ Rn, (18)

Cu
λ(f)(x) ≤ f(x) + ω̃f

(
a

λ
+

√
b

λ

)
for x ∈ Rn.

3. Proofs of the main results

Proof of Lemma 1.1: Consider f(x) = |x|µ for some µ > 1, x ∈ R. Since the first
derivative is strictly positive for x ∈ (0,∞), then the function f is strictly increasing.
Since the second derivative is strictly positive for all x except at x = 0, then the
function is strictly convex. Now we prove by contradiction by assuming that there
exists x0 > 0 with x0

µ ≤ ax0 + b such that we have x0 > x∗. Since f is strictly
increasing and x0 > x∗, then x0

µ > (x∗)µ. Moreover,

xµ−1
0 > (x∗)µ−1 (19)

Also, since x0 > x∗, then 1
x0

< 1
x∗ . Since x0 satisfies x0

µ ≤ ax0 + b, this is also
equivalent to x0

µ−1 ≤ a+ b
x0

. Then by the above we have

xµ−1
0 ≤ a+

b

x0

< a+
b

x∗ < (x∗)µ−1.

This means xµ−1
0 < (x∗)µ−1 which contradicts to (19). Hence for every x > 0 with

xµ ≤ ax+ b we have x ≤ x∗.

Proof of Theorem 1.2: By the translation invariance property [10, Proposition
2.10] (also see Proposition 2.7), we assume without loss of generality that x0 = 0.
Since f is bounded and continuous, the function y 7→ f(y)+λ|y|2 is continuous and
coercive. Therefore, by [10, Proposition 2.1] (also see Proposition 2.2), we have

Cl
λ(f)(0) = Co[f(·) + λ| · |2](0) =

k∑
i=1

λi[f(xi) + λ|xi|2], (20)

for some 2 ≤ k ≤ n+1, λi ≥ 0, xi ∈ Rn for i = 1, . . . , k with
∑k

i=1 λi = 1 and∑k
i=1 λixi = 0. We define g(y) = f(y) + λ|y|2 for y ∈ Rn, and λ > 0. Again

from Proposition 2.1 in [10] (also see Proposition 2.2), there is an affine function
ℓ(y) = a · y + b, y ∈ Rn with some a ∈ Rn and b ∈ R such that

ℓ(y) ≤ g(y) for all y ∈ Rn, (21)

ℓ(xi) = g(xi) for i = 1, . . . , k. (22)
The condition (21), means that, there is a support plane of the convex envelope of
g, and the condition (22), means that, the support plane touch the graph of g at
some xi, for i = 1, · · · , k.
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Since ℓ(y) is an affine function, then we conclude that by (21) and (22),

ℓ(xi) = Co[g](xi) for i = 1, . . . , k.

Hence at the origin point, and by (22) and (20), we have

Cl
λ(f)(0) = Co[g](0) = ℓ(0) = b.

Proof of (i): The proof of the Lipschitz case can be found in [11, Prop. 2.3].

Proof of (ii): Due to the translation invariance property [10, Proposition 2.10]
(also see Proposition 2.7), we only need to consider the case for x0 = 0. By [10,
Theorem 2.12 (i)] (see also Theorem 2.8 i), since f is a Cα- function for 0 < α < 1
with constant L ≥ 0, we have at x0 = 0 ∈ Rn,

Cl
λ(f)(0) ≤ f(0) ≤ Cl

λ(f)(0) + L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (23)

Furthermore, inequality (23) will take the form

b ≤ f(0) ≤ b+ L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
.

Then 0 ≤ f(0)− b ≤ L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (24)

Thus − L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
≤ b− f(0) ≤ 0. (25)

Recall that the affine function ℓ(y) = a · y + b for y ∈ Rn with some a ∈ Rn and
b ∈ R satisfies (21) and (22). To derive the bound Rλ we evaluate (21) at y = a

2λ
to

obtain an upper bound of |a| as follows:

a · a
2λ

+ b ≤ f
( a

2λ

)
+ λ

∣∣∣ a
2λ

∣∣∣2 .
So that |a|2

4λ
≤ f

( a

2λ

)
− b ≤ f

( a

2λ

)
− f(0) + f(0)− b

≤
∣∣∣f ( a

2λ

)
− f(0)

∣∣∣+ L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
≤ L

∣∣∣ a
2λ

∣∣∣α + L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (26)

Here we have used the fact that f is a Hölder continuous function and (24). Now
we aim at showing that

|a| ≤ 2
3−α
2−αL1/(2−α)λ

1−α
2−α .

Let |a| = λβt, then we can rewrite (26) as follows:

λ2βt2

4λ
≤ Ltαλαβ

λα 2α
+ L2/(2−α)

( α

2λ

)α/(2−α) (
1− α

2

)
. (27)
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Let 2β − 1 = α(β − 1), then we have β = 1−α
2−α

. Moreover, we have

2β − 1 = 2
(
1−α
2−α

)
− 1 = −α

2−α
.

Hence we can rewrite (27) as follows

λ2β−1t2

4
≤ L

(
t

2

)α

λα(β−1) + L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (28)

Since 2β − 1 = α(β − 1) = −α
2−α

, then by dividing (28) by λ2β−1, we have

t2

4
≤ L

(
t

2

)α

+ L2/(2−α)
(α
2

)α/(2−α) (
1− α

2

)
. (29)

Assume that t is given by t = gLδ. Then we can rewrite (29) as follows:

g2L2δ

4
≤ L1+αδ

(g
2

)α
+ L2/(2−α)

(α
2

)α/(2−α) (
1− α

2

)
. (30)

Similarly, let 2δ = αδ + 1, then we have δ = 1
2−α

. Moreover, we have the equalities
2δ = αδ + 1 = 2

2−α
. Then by dividing inequality (30) by L2δ, we have

g2

4
≤
(g
2

)α
+
(α
2

)α/(2−α) (
1− α

2

)
. (31)

Consider C(α) =
(
α
2

)α/(2−α) (
1− α

2

)
. Then we have

g2

4
≤
(g
2

)α
+ C(α). (32)

Let
(
g
2

)α
= y, then g

2
= y1/α. Now we can rewrite inequality (32) as follows:

y2/α ≤ y + C(α) with y ≥ 0.

Assume that y = x C(α), then we can rewrite the previous inequality as follows:
x2/α(C(α))2/α ≤ x C(α) + C(α).

Therefore x2/α ≤ (C(α))
α−2
α (x+ 1).

Assume that C∗(α) = (C(α))
α−2
α . Then we have
x2/α ≤ C∗(α)(x+ 1). (33)

Now by applying lemma 1.1 to the above inequality (33). If x∗ > 0 satisfies

x∗2/α > C∗(α)(x∗ + 1), (34)
then for every x > 0 which satisfies that inequality (33), we have x ≤ x∗. Inequality
(34) is equivalent to x∗2/α

1+x∗ > C∗(α), which is equivalent to

x∗
2−α
α

1 + 1
x∗

> C∗(α). (35)

Let x∗ 2−α
α = 2C∗(α), then x∗ = (2C∗(α))α/(2−α). Now we need to check whether

inequality (35) holds for x∗ or not.
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From inequality (35), we have

2C∗(α)

1 + 1
(2C∗(α))α/(2−α)

> C∗(α) ⇐⇒ 2

1 + 1
(2C∗(α))α/(2−α)

> 1

⇐⇒ 2 > 1 +
1

(2C∗(α))α/(2−α)
⇐⇒ (2C∗(α))α/(2−α) > 1, (36)

and this holds if and only if 2C∗(α) > 1. Since for 0 < α < 1 we have

2C∗(α) = 2(C(α))
α−2
α = 2

[(α
2

)−1 (
1− α

2

)α−2
α

]
= 2

[(
2

α

)(
1− α

2

)α−2
α

]
> 1.

Thus inequality (36) holds, implying that (35) holds for x∗ = (2C∗(α))α/(2−α). Thus
x∗ is an upper bound of x which satisfies inequality (33), that means,

x ≤ (2C∗(α))α/(2−α) ≤ 2α/(2−α)

C(α)
.

Furthermore, since y = xC(α), then y ≤ 2α/(2−α). Also since y =
(
g
2

)α, then

g

2
≤ 21/(2−α).

Hence, g ≤ 2
3−α
2−α . By using t = gLδ, we have t

Lδ ≤ 2
3−α
2−α where δ = 1

2−α
. Therefore

t ≤ 2
3−α
2−αL1/(2−α). By using |a| = λβt, then we have

|a|
λβ

≤ 2
3−α
2−αL1/(2−α),

where β =
(
1−α
2−α

)
. Thus we have

|a| ≤ 2
3−α
2−αL1/(2−α)λ

1−α
2−α . (37)

Now we use (22) to obtain an upper bound of |xi| for i = 1, . . . , k.

λ|xi|2 = a · xi + b− f(xi) = a · xi + b− f(0) + f(0)− f(xi),

≤ |a · xi|+ |f(xi)− f(0)| ≤ |a||xi|+ L|xi|α.

Here we have used the facts that f is a Hölder continuous function and b− f(0) ≤ 0
by (25). By (37), we can deduce that

|xi|2 ≤
|a|
λ
|xi|+

L

λ
|xi|α ≤ |xi|

λ
2

3−α
2−αL1/(2−α)λ

1−α
2−α +

L

λ
|xi|α.

If xi 6= 0 , by dividing the previous inequality by |xi|α, then we have

|xi|2−α ≤ |xi|1−α

λ
2

3−α
2−αL1/(2−α)λ

1−α
2−α +

L

λ
. (38)
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Write |xi| as |xi| = t1/(1−α), so t = |xi|1−α. Then we can rewrite inequality (38) as

t
2−α
1−α ≤ t

λ
2

3−α
2−αL1/(2−α)λ

1−α
2−α +

L

λ
≤ t 2

3−α
2−αL1/(2−α)λ−1/(2−α) +

L

λ
. (39)

Assume that t = sλm , then we can rewrite inequality (39) as follows:

s(
2−α
1−α)λm( 2−α

1−α) ≤ s 2
3−α
2−αL1/(2−α)λ(m− 1

(2−α)) +
L

λ
. (40)

Let m
(
2−α
1−α

)
= m−

(
1

2−α

)
, then we have m = −

(
1−α
2−α

)
. Moreover,

m

(
2− α

1− α

)
= m−

(
1

2− α

)
= −1.

Hence by dividing inequality (40) by λm( 2−α
1−α), we have

s
2−α
1−α ≤ s 2

3−α
2−αL1/(2−α) + L. (41)

Similarly we set s = qLγ, then we can rewrite inequality (41) as follows:

q
2−α
1−αLγ( 2−α

1−α) ≤ q 2
3−α
2−αL(γ+

1
2−α) + L. (42)

Also, let γ
(
2−α
1−α

)
= γ + 1

2−α
, then γ =

(
1−α
2−α

)
. Moreover, γ

(
2−α
1−α

)
= γ + 1

2−α
= 1.

Hence by dividing inequality (42) by Lγ( 2−α
1−α), we have

q
2−α
1−α ≤ 2

3−α
2−α q + 1. (43)

Using Lemma 1.1 again to (43) to find an upper bound of q denoted by q∗. If q∗ > 0
satisfies

q∗
2−α
1−α

> 2
3−α
2−α q∗ + 1, (44)

then for every q > 0 which satisfies inequality (43), we have q ≤ q∗. From inequality
(44) we obtain the following chain of equivalences:

q∗
2−α
1−α

2
3−α
2−α q∗ + 1

> 1 ⇐⇒ q∗
( 1
1−α)

2
3−α
2−α + 1

q∗

> 1 ⇐⇒ q∗
1

1−α
> 2

3−α
2−α +

1

q∗
. (45)

Let q∗
1

1−α = 2
(
2

3−α
2−α

)
= 2

5−2α
2−α , then q∗ = 2

(5−2α)(1−α)
2−α .

Now we need to check whether inequality (45) holds for q∗ or not. From (45), we
have

q∗
1

1−α
= 2

5−2α
2−α > 2

3−α
2−α +

1

2(
(5−2α)(1−α)

2−α )
.

This holds if and only if

2
5−2α
2−α − 2

3−α
2−α >

1

2(
(5−2α)(1−α)

2−α )
⇐⇒ 2

3−α
2−α (2− 1) >

1

2(
(5−2α)(1−α)

2−α )
,



M. Alatawi / The Locality Property ... 1051

and this holds if and only if 2
3−α
2−α

(
2

(5−2α)(1−α)
2−α

)
> 1. Since for 0 < α < 1 we have

2
3−α
2−α

(
2

(5−2α)(1−α)
2−α

)
= 2−2(α−2) > 1,

inequality (45) then holds for q∗ = 2
(5−2α)(1−α)

2−α . Thus q∗ is an upper bound of q which
satisfies the inequality (43), that means,

q ≤ 2
(5−2α)(1−α)

2−α .

Then we conclude by q = s
Lγ that s ≤ 2

(5−2α)(1−α)
2−α Lγ, where γ = 1−α

2−α
. Since s = t

λm ,
with m = −

(
1−α
2−α

)
, which can be written as

t ≤ L
1−α
2−αλ(−

1−α
2−α)2

(5−2α)(1−α)
2−α .

From the formula t = |xi|(1−α), we obtain

|xi|(1−α) ≤ 2(
(5−2α)(1−α)

2−α )
(
L

λ

) 1−α
2−α

.

Thus we obtain the estimate of xi

|xi| ≤ 2
5−2α
2−α

(
L

λ

) 1
2−α

.

Therefore we can take Rα
λ=2

5−2α
2−α

(
L
λ

) 1
2−α for all i = 1, · · · , k.

Proof of (iii): The proof is very similar to the Cα case but we need to consider
that ℓ(y) = a∗ · y +Df(0) · y + b for y ∈ Rn with some a∗ ∈ Rn and b ∈ R, then the
rest of the the proof will be very similar after this. Due to the translation invariance
property [10, Proposition 2.10] (also see Proposition 2.7), we only need to consider
the case for x0 = 0. By [10, Theorem 2.12(i)] (see also Theorem 2.8 i), since f is a
C1,β-function with α = 1 + β, 1 < α < 2, we have at x0 = 0 ∈ Rn,

Cl
λ(f)(0) ≤ f(0) ≤ Cl

λ(f)(0) + L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (46)

Furthermore, inequality (46) will take the form,

b ≤ f(0) ≤ b+ L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
.

Then 0 ≤ f(0)− b ≤ L2/(2−α)
( α

2λ

)α/(2−α) (
1− α

2

)
. (47)

To derive the bound Rλ we evaluate (21) at y = a∗

2λ
to derive an upper bound of |a∗|

as follows:

a∗ ·
(
a∗

2λ

)
+Df(0) ·

(
a∗

2λ

)
+ b ≤ f

(
a∗

2λ

)
+ λ

∣∣∣∣ a∗2λ
∣∣∣∣2 .
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Hence, we obtain

|a∗|2

4λ
≤ f

(
a∗

2λ

)
−Df(0) · a

∗

2λ
− f(0) + f(0)− b

≤
∣∣∣∣f ( a∗

2λ

)
− f(0)−Df(0) · a

∗

2λ

∣∣∣∣+ f(0)− b. (48)

Note that, by the fundamental theorem of calculus, we have

|f(y)− f(0)−Df(0) · y| =
∣∣∣∣∫ 1

0

(Df(ty) · y −Df(0) · y)dt
∣∣∣∣

≤
∫ 1

0

|(Df(ty)−Df(0)) · y dt| ≤
∫ 1

0

|Df(ty)−Df(0)| |y| dt

≤
∫ 1

0

L|ty|β |y| dt = L|y|β+1

∫ 1

0

|t|βdt = L|y|β+1

β + 1
=

L|y|α

α
. (49)

Here we have used the fact that f ∈ C1,β(Rn). Thus, by (47) and (49) we can rewrite
(48) as follows:

|a∗|2

4λ
≤ L

α

∣∣∣∣ a∗2λ
∣∣∣∣α + L2/(2−α)

( α

2λ

)α/(2−α) (
1− α

2

)
. (50)

We first show that |a∗| ≤ 2

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

.

Set |a∗| as |a∗| = λδt. Then we can rewrite (50) as follows:

λ2δ−1t2

4
≤ Ltαλα(δ−1)

α 2α
+ λ−α/(2−α)L2/(2−α)

( α

2λ

)α/(2−α) (
1− α

2

)
. (51)

Let 2δ − 1 = α(δ − 1), then we have δ = 1−α
2−α

. Moreover, we have

2δ − 1 = α(δ − 1) =
−α

2− α
.

Hence we can rewrite (51) as follows:

t2

4
≤ L

α

(
t

2

)α

+ L2/(2−α)
(α
2

)α/(2−α) (
1− α

2

)
. (52)

Let t = gLγ, we have

g2L2γ

4
≤ Lαγ+1

α

(g
2

)α
+ L2/(2−α)

(α
2

)α/(2−α) (
1− α

2

)
.

Let 2γ = αγ + 1, then γ = 1
2−α

. Moreover we have 2γ = αγ + 1 = 2
2−α

. Hence by
dividing the previous inequality by L2γ, we obtain(g

2

)2
≤ 1

α

(g
2

)α
+
(α
2

)α/(2−α) (
1− α

2

)
.
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Let
(
g
2

)α
= y, then g

2
= y1/α, and

y2/α ≤ y

α
+ C(α), (53)

where C(α) =
(
α
2

)α/(2−α) (
1− α

2

)
. Again by applying Lemma 1.1 to (53) to find an

upper bound of y denoted by y∗. If y∗ > 0 satisfies

y∗
2/α

>
y∗

α
+ C(α), (54)

then for every y > 0 which satisfies inequality (53), we have y ≤ y∗. Inequality (54)
is equivalent to

y∗
2−α
α

1
α
+ C(α)

y∗

> 1. (55)

Let y∗
2−α
α = n+1

α
, then y∗ =

(
n+1
α

)α/(2−α). Also, we can rewrite (55) as follows:

n+ 1

1 + αC(α)
y∗

> 1,

from which we receive the following chain of equivalences:

n+ 1 > 1 +
αC(α)

y∗
⇐⇒ n >

αC(α)

y∗
⇐⇒ y∗ >

αC(α)

n
. (56)

The last inequality of (56) holds if and only if(
n+ 1

α

)α/(2−α)

>
αC(α)

n
⇐⇒ (n+ 1)α/(2−α) >

α2/(2−α)C(α)

n+ 1

⇐⇒ (n+ 1)2/(2−α) > α2/(2−α)C(α) ⇐⇒ n+ 1 > α (C(α))
2−α
2

⇐⇒ n > α (C(α))
2−α
2 − 1.

Take n = n(α) = α (C(α))
2−α
2 , then (54) holds if

y∗ =

(
1 + n(α)

α

)α/(2−α)

. (57)

Thus y∗ is an upper bound of y which satisfies inequality (53). That means

y ≤
(
1 + n(α)

α

)α/(2−α)

.

Then from y = (g
2
)α, we have

(g
2

)α
≤
(
1 + n(α)

α

)α/(2−α)

. (58)

This implies that
(g
2

)
≤
(
1 + n(α)

α

)1/(2−α)

.
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By using t = gLγ where γ = 1
2−α

, we have

t ≤ 2L1/(2−α)

(
1 + n(α)

α

)1/(2−α)

. (59)

By using |a∗| = λδt, where δ = 1−α
2−α

, we conclude

|a∗| ≤ 2λ
1−α
2−αL1/(2−α)

(
1 + n(α)

α

)1/(2−α)

⇐⇒ |a∗| ≤ 2

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

. (60)

Now we use (22) to obtain an upper bound of |xi| for i = 1, . . . , k.

λ|xi|2 = a∗ · xi +Df(0) · xi + b− f(xi)

= a∗ · xi +Df(0) · xi + b− f(0) + f(0)− f(xi)

≤ |a∗ · xi|+ |f(xi)−Df(0) · xi − f(0)|,

as b− f(0) ≤ 0 by (47) and then from (49), we have

λ|xi|2 ≤ |a∗| |xi|+
L

α
|xi|α. (61)

Then we deduce that |xi| ≤
|a∗|
λ

+
L

αλ
|xi|α−1. (62)

Take |xi| = s1/(α−1) so that s = |xi|(α−1), then from (60) we can rewrite inequality
(62) as follows:

s1/(α−1) ≤ 2

λ

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

+
L

αλ
s. (63)

Using Lemma 1.1 to the above inequality (63) to find an upper bound of s denoted
by s∗. If s∗ > 0 satisfies

s∗
1/(α−1)

>
2

λ

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

+
L

αλ
s∗, (64)

then for every s > 0 which satisfies inequality (63) , we have s ≤ s∗. Inequality (64)
holds if and only if

s∗
( 2−α
α−1)

>
2

λs∗

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

+
L

αλ
,

which again holds if and only if

s∗
( 2−α
α−1)

2
λs∗

(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

+ L
αλ

> 1.

Let s∗
( 2−α
α−1)

=
(m+ 1)L

αλ
, then s∗ =

(
(m+ 1)L

αλ

)(α−1
2−α)

.
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We can rewrite the previous inequality equivalently as follows:

(m+ 1)L

L+ 2α
s∗

(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

> 1 ⇐⇒ mL >
2α
(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

s∗

⇐⇒ s∗ >
2α
(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

mL

⇐⇒
(
(m+ 1)L

αλ

)α−1
2−α

>
2α
(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

mL

⇐⇒ (m+ 1)
α−1
2−α >

(
αλ

L

)α−1
2−α 2α

(
Lλ(1−α)

(
1+n(α)

α

)) 1
2−α

(m+ 1)L

⇐⇒ (m+ 1)1/(2−α) >
(α
L

)1/(2−α)

λ
α−1
2−α 2

(
Lλ(1−α)

(
1 + n(α)

α

)) 1
2−α

.

Then we obtain m+ 1 >
(α
L

)
λ(α−1)2(2−α)

(
Lλ(1−α)

(
1 + n(α)

α

))
, thus

m >
(α
L

)
λ(α−1)2(2−α)

(
Lλ(1−α)

(
1 + n(α)

α

))
− 1.

Take m = m(α) = 2(2−α) (1 + n(α)), then (64) holds if

s∗ =

(
(1 +m(α))L

αλ

)α−1
2−α

.

Thus s∗ is an upper bound of s which satisfies inequality (63), that means,

s ≤
(
(1 +m(α))L

αλ

)α−1
2−α

.

From s = |xi|(α−1), we obtain |xi|(α−1) ≤
(
(1 +m(α))L

αλ

)α−1
2−α

, thus

|xi| ≤
(
(1 +m(α))L

αλ

)1/(2−α)

.

Take M(α) =
(

(1+m(α)
α

)
, then we have |xi| ≤

(
M(α)

L

λ

)1/(2−α)

.

Hence we deduce that for each xi with i = 1, · · · , k, we get |xi| ≤
(
M(α)

L

λ

)1/(2−α)

.

Therefore R1,β
λ = (M(α))1/(2−α) (L

λ

)1/(2−α)
.
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Proof of (iv): Without loss of generality we may assume that x0 = 0. Consider
ℓ∗(x) = inf(f), then ℓ∗(x) ≤ f(x) + λ|x|2 for all x ∈ Rn. So that

ℓ∗(0) ≤ Co[f + λ| · |2](0) = Co[g](0) = Cl
λ(f)(0) = b.

Then b ≥ inf(f). To derive the bound Rλ we evaluate (21) at y = a
2λ

to derive an
upper bound of a as follows:

a · a
2λ

+ b ≤ f
( a

2λ

)
+ λ

∣∣∣ a
2λ

∣∣∣2 ,
|a|2

4λ
≤ f

( a

2λ

)
− b ≤ f

( a

2λ

)
− inf(f) ≤ osc(f).

Thus we can deduce that |a| ≤ 2
√

λ osc(f).
Now we use (22) to obtain an upper bound of |xi| for i = 1, . . . , k.

λ|xi|2 = a · xi + b− f(xi) ≤ |a · xi|+ |f(xi)− b|

≤ |a||xi|+ f(xi)− inf(f) ≤ |a||xi|+ osc(f) ≤ 2
√
λ osc(f) |xi|+ osc(f).

Thus λ|xi|2 − 2
√
λ osc(f) |xi| − osc(f) ≤ 0.

Hence we can deduce that for each xi with i = 1, . . . , k,

|xi| ≤
√

osc(f)

λ
(1 +

√
2).

Thus RB
λ =

√
osc(f)

λ
(1 +

√
2) =

(1 +
√
2)
√

osc(f)√
λ

.

Proof of (v): Due to the translation invariance property [10, Proposition 2.10]
(also see Proposition 2.7), we only need to consider the case for x0 = 0. By [10,
Theorem 2.15] (also see Theorem 2.9), since f is a bounded uniformly continuous
function, we have at x0 = 0 ∈ Rn,

f(0)− ω̃f

(
a∗

λ
+

√
b∗

λ

)
≤ b ≤ f(0), (65)

where a∗ > 0 and b∗ ≥ 0 and ω̃f is the concave continuous majorant of ωf of f . As
above, we have from [10, Theorem (2.15)],

0 ≤ f(0)− b ≤ ω̃f

(
a∗

λ
+

√
b∗

λ

)
. (66)

To derive the bound Rλ we evaluate (21) at y = a
2λ

to derive an upper bound of a
as follows:

a · a
2λ

+ b ≤ f
( a

2λ

)
+ λ

∣∣∣ a
2λ

∣∣∣2
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This implies

|a|2

4λ
≤ f

( a

2λ

)
− f(0) + f(0)− b =⇒ |a|2

4λ
≤
∣∣∣f ( a

2λ

)
− f(0)

∣∣∣+ f(0)− b

=⇒ |a|2

4λ
≤ ω̃f

(
|a|
2λ

)
+ f(0)− b =⇒ |a|2

4λ
≤ ω̃f

(√
osc(f)

λ

)
+ ω̃f

(
a∗

λ
+

√
b∗

λ

)
,

hence we deduce that

|a|2 ≤ 4 λ

(
ω̃f

(√
osc(f)

λ

)
+ ω̃f

(
a∗

λ
+

√
b∗

λ

))
.

Here we have used the estimate of |a| by |a| ≤ 2
√
λ osc(f) when f is bounded and

lower semicontinuous, the definition of the modulus of continuity of f , and inequality
(66). Thus we have

|a| ≤ 2

√√√√λ

(
ω̃f

(√
osc(f)

λ

)
+ ω̃f

(
a∗

λ
+

√
b∗

λ

))
. (67)

Now we use (22) to obtain an upper bound of |xi| for i = 1, . . . , k.

λ|xi|2 = a · xi + b− f(xi) = a · xi + b− f(0) + f(0)− f(xi)

≤ |a · xi|+ |f(xi)− f(0)| ≤ |a||xi|+ ω̃f (|xi|)

≤ |a||xi|+ ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

.

Here we have used the estimate of |xi| obtained in iv as f is bounded and lower
semicontinuous, the definition of the modulus of continuity of f and that b−f(0) ≤ 0
by (66). Hence

λ|xi|2 − |a||xi| − ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

≤ 0.

Thus we can deduce that

|xi| ≤
|a|+

√
|a|2 + 4λω̃f

2λ
⇒ |xi| ≤

2|a|+ 2
√
λω̃f

2λ
⇒ |xi| ≤

|a|
λ

+

√
ω̃f

λ
. (68)

Hence from inequality (67), we obtain

|xi| ≤
2

√
λ

(
ω̃f

(√
osc(f)

λ

)
+ ω̃f

(
a∗

λ
+
√

b∗

λ

))
λ

+

√√√√√ ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

λ

|xi| ≤
2

√
ω̃f

(√
osc(f)

λ

)
+ ω̃f

(
a∗

λ
+
√

b∗

λ

)
+

√
ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

√
λ
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|xi| ≤
2

√
ω̃f

(√
osc(f)

λ

)
+

√
ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

+ 2

√
ω̃f

(
a∗

λ
+
√

b∗

λ

)
√
λ

|xi| ≤
3

√
ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

+ 2

√
ω̃f

(
a∗

λ
+
√

b∗

λ

)
√
λ

. (69)

Therefore we can take RU
λ =

3

√
ω̃f

(√
osc(f)

λ

(
1 +

√
2
))

+ 2

√
ω̃f

(
a∗

λ +
√

b∗

λ

)
√
λ

.

Proof of (vi): Consider ℓ(y) = a∗ · y+Df(0) · y+ b for y ∈ Rn with some a∗ ∈ Rn

and b ∈ R. By Proposition 1.5 at the origin 0, we have

0 ≤ f(0)− b ≤
(
ωDf

(
L
λ
(2 +

√
2)
))2

4λ
. (70)

To derive the bound Rλ we evaluate (21) at y= a∗

2λ
and derive an upper bound of |a∗|:

a∗ · a∗

2λ
+Df(0) · a

∗

2λ
+ b ≤ f

(
a∗

2λ

)
+ λ

∣∣∣∣ a∗2λ
∣∣∣∣2 ,

so that |a∗|2

4λ
≤ f

(
a∗

2λ

)
−Df(0) · a

∗

2λ
− f(0) + f(0)− b

≤
∣∣∣∣f ( a∗

2λ

)
− f(0)−Df(0) · a

∗

2λ

∣∣∣∣+ f(0)− b. (71)

Moreover, from Lemma 1.4(ii), we have∣∣∣∣f ( a∗

2λ

)
− f(0)−Df(0) · a

∗

2λ

∣∣∣∣ ≤ ∫ 1

0

∣∣∣∣Df

(
a∗

2λ
t

)
−Df(0)

∣∣∣∣ ∣∣∣∣ a∗2λ
∣∣∣∣ dt.

From the definition of modulus of continuity of Df , we obtain∣∣∣∣f ( a∗

2λ

)
− f(0)−Df(0) · a

∗

2λ

∣∣∣∣ ≤ ∫ 1

0

ωDf

(∣∣∣∣ a∗2λt
∣∣∣∣) dt

∣∣∣∣ a∗2λ
∣∣∣∣

≤ ωDf

(∣∣∣∣ a∗2λ
∣∣∣∣) ∣∣∣∣ a∗2λ

∣∣∣∣ ≤ ∣∣∣∣ a∗2λ
∣∣∣∣ωDf

(
L

2λ
(1 +

√
2)

)
, (72)

where the last inequality follows from the fact that f is a Lipschitz function so that
we can use the estimate of |a∗| in the Lipschitz case, that is |a∗| ≤ L(1 +

√
2). Now

by substituting (70) and (72) into (71), we have

|a∗|2

4λ
≤ |a∗|

2λ
ωDf

(
L

2λ
(1 +

√
2)

)
+

(
ωDf

(
L
λ
(2 +

√
2)
))2

4λ
. (73)

Let Λ = ωDf

(
L
2λ
(1 +

√
2)
)

and Lλ = ωDf

(
L
λ
(2 +

√
2)
)
.
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Then we have |a∗|2 − 2|a∗|Λ− Lλ
2 ≤ 0, hence |a∗| ≤ 2Λ + Lλ.

Now we use (22) to obtain an upper bound of |xi| for i = 1, . . . , k.

λ|xi|2 = a∗ · xi +Df(0) · xi + b− f(xi)

= a∗ · xi +Df(0) · xi + b− f(0) + f(0)− f(xi).

≤ |a∗ · xi|+ |f(xi)−Df(0) · xi − f(0)|. (74)

In the above inequality we have used that b − f(0) ≤ 0 by (70). Therefore, from
Lemma 1.4(ii), it follows that

|f(xi)− f(0)−Df(0) · xi| ≤ ωDf (|xi − 0|) |xi − 0|. ≤ ωDf (|xi|) |xi|.

Then by using the estimate of |xi| from the Lipschitz continuous case, we have

|f(xi)− f(0)−Df(0) · xi| ≤ ωDf

(
L

λ
(2 +

√
2

)
|xi|

and |f(xi)− f(0)−Df(0) · xi| ≤ |xi|Lλ.

Now we can rewrite inequality (74) as follows:

λ|xi|2 ≤ |a∗| |xi|+ |xi| Lλ,≤ (2Λ + Lλ)|xi|+ Lλ|xi|,≤ (2Λ + 2Lλ)|xi|.

Since ωDf (·) is a non decreasing function, we have

ωDf

(
L

2λ
(1 +

√
2

)
≤ ωDf

(
L

λ
(2 +

√
2

)
. (75)

This means Λ ≤ Lλ. Thus |xi|2 ≤
4Lλ|xi|

λ
.

Hence we can deduce that for each xi with k = 1, · · · , k,

|xi| ≤
4 ωDf

(
L
λ
(2 +

√
2
)

λ
. (76)

Therefore we can choose RD
λ =

4 ωDf

(
L
λ
(2 +

√
2)
)

λ
.

Proof of (vii): This is a direct consequence of Theorem 2.3(v) in [7].

Proof of Lemma 1.4: (i) Consider g(t) = f(x + t(y − x)). Since f is a differen-
tiable function, by using the fundamental theorem of calculus,

g(1)− g(0) =

∫ 1

0

g′(t)dt.

Since g′(t) = Df (x+ t(y − x)) · (y − x), we have

f(y)− f(x) =

∫ 1

0

Df (x+ t(y − x)) · (y − x)dt.
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Since the gradient of f is bounded, there exists L ≥ 0 such that |Df | ≤ L. Hence

|f(y)− f(x)| ≤
∫ 1

0

|Df (x+ (y − x)t) | |y − x|dt ≤ L|y − x|,

proving (i).

(ii) By using the fundamental theorem of calculus, we have

|f(y)− f(x)−Df(x) · (y − x)|

=

∣∣∣∣∫ 1

0

(Df(x+ (y − x)t) · (y − x)−Df(x) · (y − x))dt

∣∣∣∣
≤
∫ 1

0

|(Df(x+ (y − x)t)−Df(x)) · (y − x)dt|

≤
∫ 1

0

|Df(x+ (y − x)t)−Df(x)| |y − x|dt. (77)

Since the derivative of f is bounded and uniformly continuous, then we are able to
define the modulus of continuity of Df by ωDf(t). Hence we obtain

|Df(y)−Df(x)| ≤ ωDf (|y − x|).

Next we can rewrite inequality (77) as follows:

|f(y)− f(x)−Df(x) · (y − x)| ≤ |y − x|
∫ 1

0

ωDf (t|y − x|)dt

≤ ωDf (|y − x|)|y − x|, (78)

which completes the proof.

Proof of Proposition 1.5: Since f is differentiable and its gradient is bounded
and uniformly continuous, by Lemma 1.4(i), f is a Lipschitz function. By [10,
Proposition 2.1](see also Proposition 2.2), there exists λi ∈ R, and xi ∈ Rn with
2 ≤ k ≤ n+ 1, such that the lower transform is given by

Cl
λ(f)(x0) =

k∑
i=1

λi(f(xi) + λ|xi − x0|2),

with
∑k

i=1 λi = 1,
∑k

i=1 λi(xi − x0) = 0, λi ≥ 0, xi ∈ Rn. Therefore

f(x0)− Cl
λ(f)(x0) =

k∑
i=1

λi(f(x0)− f(xi)− λ|xi − x0|2)

= −
k∑

i=1

λi

(
(f(xi)− f(x0)−Df(x0) · (xi − x0)) + λ|xi − x0|2

)
. (79)

In (79) above we have used the fact that
∑k

i=1 λiDf(x0) · (xi − x0) = 0.
Furthermore, from Lemma 1.4(ii), we have

|f(xi)− f(x0)−Df(x0) · (xi − x0)| ≤ ωDf (|xi − x0|) |xi − x0|. (80)
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By substituting (80) into (79), we have

f(x0)− Cl
λ(f)(x0) ≤

k∑
i=1

λi(ωDf (|xi − x0|) |xi − x0| − λ|xi − x0|2),

≤
k∑

i=1

λi(ωDf

(
L

λ
(2 +

√
2)

)
|xi − x0| − λ|xi − x0|2).

Here we have used the facts that f is a Lipschitz function and we have used the
estimate of |xi| in the Lipschitz case. Now we consider

g(t) = ωDf

(
L

λ
(2 +

√
2)

)
t− λt2,

and g′(t) = ωDf

(
L

λ
(2 +

√
2)

)
− 2λt.

Let g′(t∗) = 0, then t∗ =
ωDf(L

λ
(2+

√
2))

2λ
. Therefore the function g(t) attains the

maximum value at the point t∗, hence

f(x0)− Cl
λ(f)(x0) ≤

k∑
i=1

λig(t
∗),

and f(x0)− Cl
λ(f)(x0) ≤

(
ωDf

(
L
λ
(2 +

√
2)
))2

4λ
.

Thus we conclude that the inequality on the right side of (5) holds and the left part
of (5) is given by the definition of the lower transform. The proof is complete.

Proof of Theorem 1.7: This is very similar to the proof of Theorem 3.10(ii) in
[10] but for completeness we will give the proof below.
By [10, Proposition 3.1] (14), we have Cl

λ(f)(x) = Cl
λ(f)(x), and by our assumption

of the theorem, we have Cl
λ(f)(x0) < f(x0). Furthermore,

Cl
λ(f)(x0) = Co[f + λ| · −x0|2](x0) < f(x0). (81)

Now, let g(y) = f(y) + λ|y − x0|2, since g is continuous and coercive, then by [10,
Proposition 2.1] (also see Proposition 2.2), there exists xi ∈ Rn with xi 6= x0 because
of (81), which belong to B(x0;Rλ), and λi ≥ 0 for i = 1, . . . , k satisfying

∑k
i=1 λi = 1

and
∑k

i=1 λixi = x0. Moreover, there is an affine function ℓ(y) = a · (y − x0) + b for
y ∈ Rn with some a ∈ Rn and b ∈ R such that

ℓ(y) ≤ g(y) for all y ∈ Rn and ℓ(xi) = g(xi) for i = 1, . . . , k. (82)

Since ℓ(y) is an affine function, we conclude that

ℓ(xi) = Co[g](xi) for i = 1, . . . , k.
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By accounting for (82), we conclude that
Co[f + λ| · −x0|2](xi) = ℓ(xi) = g(xi) = f(xi) + λ|xi − x0|2. (83)

Since the convex envelope is invariant with respect to affine functions, we have

Co[f+λ|·−xi+xi−x0|2](x) = Co[f+λ|·−xi|2](x)+λ|xi−x0|2+2λ(x−xi)·(xi−x0).

Therefore at x = xi we deduce that
Co[f + λ| · −x0|2](xi) = Co[f + λ| · −xi|2](xi) + λ|xi − x0|2. (84)

By comparing (83) and (84), we have for i = 1, . . . , k,

Co[f + λ| · −x0|2](xi) = Co[f + λ| · −xi|2](xi) + λ|xi − x0|2 = f(xi) + λ|xi − x0|2.

Hence we obtain
Cl
λ(f)(xi) = Co[f + λ| · −x0|2](xi) = f(xi) for i = 1, . . . , k,

which completes the proof.

Proof of Lemma 1.8: Since f is Lipschitz at x0, then we see that f is bounded.
In fact, for x ∈ B(x0; δ), we have

|f(x)| − |f(x0)| ≤ |f(x)− f(x0)| ≤ L|x− x0| ≤ Lδ, (85)
then f is bounded in B(x0; δ) by |f(x0)|+ Lδ. Also,

f(x0)− Lδ ≤ f(x) ≤ f(x0) + Lδ.

Thus f̂ is bounded in Rn. Now we show that f̂(x) is lower semicontinuous in Rn.

Since f is lower semicontinuous inside B(x0, δ), then f̂ is lower semicontinuous in
B(x0, δ). Moreover, f̂ is constant in the open set (B(x0, δ))

c, then it is clearly
continuous in the open set , hence it is lower semicontinuous, that means,

lim
y→x

y∈B(x0,δ)

f̂(y) = f(x0)− Lδ = f̂(x).

Now we need to show that f̂(x) is lower semicontinuous on ∂B. Let x1 ∈ ∂B and
consider two cases:
Case 1: lim inf

x→x1
x∈B(x0,δ)f̂(x)

.

Since x ∈ B(x0, δ), f(x) ≥ f(x0)− Lδ, we have
lim inf
x→x1

x∈B(x0,δ)

f̂(x) = lim inf
x→x1

x∈B(x0,δ)

f(x) ≥ f(x0)− Lδ = f̂(x1) (86)

Case 2: lim inf
x→x1

x∈B(x0,δ)
cf̂(x)

.

Since x ∈ B(x0, δ)
c, f̂(x) = f(x0)− Lδ, so

lim inf
x→x1

x∈B(x0,δ)
c

f̂(x) = lim
x→x1

x∈B(x0,δ)
c

f(x0)− Lδ = f(x0)− Lδ = f̂(x1). (87)

Thus we conclude that f̂(x) is lower semicontinuous in Rn.
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Proof of Theorem 1.9: Due to the translation invariance property [10, Proposi-
tion 2.10] (also see Proposition 2.7), we only need to consider the case for x0 = 0.
Consider the function g(y) = f̂(y) + λ|y|2 and by Proposition 2.1 in [10] (also see
Proposition 2.2), there is an affine function ℓ(y) = a · y + b for y ∈ Rn with some
a ∈ Rn and b ∈ R, such that (82) hold.
Our aim is to improve gradually the estimate of |a| in order to reduce the size of Rλ.
By Lemma 1.8, we have f̂(x) is bounded and lower semicontinuous in Rn. Then, by

following Theorem 1.2iv, we have |a| ≤ c
√
λ where c = 2

√
osc(̂f). Moreover,

|a|
2λ

≤ c√
λ
< δ, (88)

If
√
λ > c

δ
, hence λ >

(
c
δ

)2. Let Λ1 =
(
c
δ

)2, so that when λ > Λ1, we have
a
2λ

∈ B(0, δ). Thus f̂
(

a
2λ

)
= f

(
a
2λ

)
. From (82), we also have

a · y + b ≤ f̂
( a

2λ

)
+ λ|y|2,

and a · a
2λ

+ b ≤ f
( a

2λ

)
+

|a|2

4λ
.

Hence, |a|2

4λ
≤ f

( a

2λ

)
− b ≤ f

( a

2λ

)
− f(0) + f(0)− b

≤
∣∣∣f ( a

2λ

)
− f(0)

∣∣∣+ L2

4λ
≤ L|a|

2λ
+

L2

4λ
.

Here we have used the fact that f is Lipschitz at x0, hence |a|2 − 2L|a| − L2 ≤ 0.
Thus we have |a| ≤ L(1 +

√
2).

So, we have improved the estimate of |a|. Again, since f̂ is bounded and lower
semicontinuous in Rn then by Theorem 1.2iv, we have

|xi| ≤
c∗√
λ
< δ, where c∗ = (1 +

√
2)

√
osc(̂f).

If
√
λ > c∗

δ
,we conclude λ >

(
c∗

δ

)2. Let Λ2 =
(
c∗

δ

)2, so that when λ > Λ2, we
have xi ∈ B(0, δ). Therefore if we take Λ = max{Λ1,Λ2} and λ > Λ, we have
f̂(xi) = f(xi). Now we use (82) a · xi + b = f(xi) + λ|xi|2 to obtain

λ|xi|2 = a · xi + b− f(xi) = a · xi + b− f(0) + f(0)− f(xi)

≤ |a||xi|+ |f(xi)− f(0)| ≤ |a||xi|+ L|xi|,

as b− f(0) ≤ 0. Thus we can deduce that for each xi with i = 1, 2, · · · , k,

|xi| ≤
L+ |a|

λ
≤ L

λ
(2 +

√
2).

Therefore RL
λ := L

λ
(2 +

√
2).

That means Cl
λ(f̂)(x0)=CoB(x0;RL

λ )
[f(·) + λ| · −x0|2](x0), concluding the proof.
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