
Journal of Convex Analysis
Volume 29 (2022), No. 4, 1065–1082

On the Convex Combination
of Volterra Operators

Uygun Jamilov
V. I. Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan;

Akfa University, Tashkent Region, Uzbekistan;
National University of Uzbekistan, Tashkent, Uzbekistan

uygun.jamilov@mathinst.uz

Received: August 14, 2021
Accepted: February 27, 2022
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1. Introduction

Let E = {1, . . . ,m} be a finite set and the set of all probability distributions on E

Sm−1 =
{
x = (x1, x2, . . . , xm) ∈ Rm : xi ≥ 0, for any i and

m∑
i=1

xi = 1
}

be the (m−1)-dimensional simplex.
Let us consider a continuous mapping Ψ: Sm−1 → Sm−1. A mapping Ψ is called
stochastic if Ψ(Sm−1) ⊂ Sm−1.
The trajectory {x(n)}, n = 0, 1, 2, ... of Ψ for an initial value x(0) ∈ Sm−1 is defined by

x(n+1) = Ψ
(
x(n)

)
= Ψn+1

(
x(0)

)
, n = 0, 1, 2, . . .

Denote by ωΨ

(
x(0)

)
the set of limit points of the trajectory {x(n)}∞n=0.

A mapping Ψ is called regular if the limit lim
n→∞

Ψn(x) for an initial value x ∈ Sm−1

exists. A mapping Ψ is said to be ergodic if the limit

MΨ(x) = lim
n→∞

1

n

n−1∑
k=0

Ψk(x)

exists for any x ∈ Sm−1.
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A quadratic stochastic operator (QSO) is a mapping V : Sm−1 → Sm−1 of the
simplex into itself, of the form V (x) = x′ ∈ Sm−1, where

V : x′k =
∑
i,j∈E

pij,kxixj, k ∈ E,

and the coefficients pij,k satisfy

pij,k = pji,k ≥ 0,
m∑
k=1

pij,k = 1, i, j, k ∈ E.

Such operators frequently arise in many models of mathematical genetics, namely
theory of heredity (see e.g. [1, 3, 4, 5, 7, 9, 11, 13, 16, 17, 22, 23, 26]). The main
problem in mathematical biology consists in the study of the asymptotical behaviour
of the trajectories for a given QSO. In other words, the main task is the description
of the set ωV

(
x(0)

)
for any initial point x(0) ∈ Sm−1 for a given QSO V . This

problem is an open problem even in two-dimensional case.
A QSO is called a Volterra operator if pij,k = 0 for any k /∈ {i, j}, i, j, k ∈ E. The
asymptotic behaviour of trajectories Volterra QSOs was analysed in [5, 6] using the
theory of Lyapunov functions and tournaments.
On the basis of numerical calculations, Ulam conjectured that any QSO is ergodic
[24]. But in 1977 Zakharevich [25] considered the following QSO on S2,

x′1 = x21 + 2x1x2, x′2 = x22 + 2x2x3, x′3 = x23 + 2x1x3, (1)
and showed that it is a non-ergodic transformation, that is, he proved that Ulam’s
conjecture is false in general. Later, a sufficient condition for a QSO defined on S2 to
be a non-ergodic transformation was established in [4], that is, Zakharevich’s result
was generalized to a class of Volterra QSOs defined on S2. In [3], we have shown the
correlation between non-ergodicity of Volterra QSOs and rock-paper-scissors games,
so the QSO (1) can be reinterpreted in terms of game theory as a rock-paper-scissors
game. In [15] the random dynamics of Volterra QSOs is studied. For a recent review
on the theory of quadratic stochastic operators see [7].
A cubic stochastic operator (CSO), mapping of the simplex Sm−1 into itself, is of
the form

W : x′l =
∑

i,j,k∈E

pijk,lxixjxk, l ∈ E, (2)

where pijk,l are the coefficients of heredity such that

pijk,l ≥ 0,
∑
l∈E

pijk,l = 1, (3)

and the coefficients pijk,l do not change for any permutation of i, j and k.
Let pijk,l = pij,l for any i, j, k, l = 1, . . . ,m, then (2) has the form

x′l =
∑

i,j,k∈E

pijk,lxixjxk =
∑
k∈E

xk
∑
i,j∈E

pij,lxixj =
∑
i,j∈E

pij,lxixj, l ∈ E,

that is, in this case, the cubic stochastic operator defined by (2) and (3) coincides
with a quadratic stochastic operator defined on the finite-dimensional simplex.
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In the present paper we consider certain families of discrete-time dynamical systems
generated by CSOs. Namely CSOs depending on the parameter θ. For more moti-
vations of such investigations see e.g. [8, 10, 12, 20, 21] and references therein. In
[20], a notion of cubic stochastic operator is introduced and investigated. For a re-
cent review on the convex combinations of QSOs and on the convex combinations of
CSOs see e.g. [13, 14]. In [18] a non-ergodic Lotka-Volterra operator is considered.
The paper is organized as follows. In Section 2 we recall the definitions and known
results. In Section 3 we consider convex combinations of a QSO and a CSO. We
also show that there is a critical value θ∗ such that for θ < θ∗ (resp. θ > θ∗) any
Volterra CSO of this family is regular (resp. non-ergodic) operator. In Section
4 we consider convex combinations of another Volterra CSOs and we prove that
there are two critical values of the parameter such that for θ ∈ (1/14, 1/2) (resp.
θ ∈ [0, 1/14) ∪ (1/2, 1]) any Volterra CSO of this family is a regular (resp. non-
ergodic) operator.

2. Preliminaries and known results

In this section we recall some necessary notions and known results. A point x ∈ Sm−1

is called a fixed point of a stochastic operator Ψ if Ψ(x) = x. Let

DΨ(x∗) =
(
∂Ψi/∂xj(x

∗)
) m

i,j=1

be the Jacobi matrix of the operator Ψ at the point x∗.
A fixed point x∗ is called hyperbolic if its Jacobi matrix DΨ(x∗) has no eigenvalues
1 in absolute value. A hyperbolic fixed point x∗ is called attracting (resp. repelling)
if all the eigenvalues of the Jacobi matrix DΨ(x∗) are less (resp. greater) than 1 in
absolute value; it is called a saddle if some of eigenvalues of DΨ(x∗) are less than 1
in absolute value and other eigenvalues are greater than 1 in absolute value (see [2]).

Let S := S2 = {x ∈ R3 : x1 ≥ 0, x2 ≥ 0, x3 ≥ 0, x1 + x2 + x3 = 1}.

Define intS = {x ∈ S : x1x2x3 > 0} and ∂S = S \ intS.
Consider the following QSOs defined on S:

V1 :


x′1 = x1 (1 + x2 − x3) ,

x′2 = x2 (1 + x3 − x1) ,

x′3 = x3 (1 + x1 − x2) ,

V2 :


x′1 = x1 (1 + x3 − x2) ,

x′2 = x2 (1 + x1 − x3) ,

x′3 = x3 (1 + x2 − x1) .

(4)

Theorem 2.1. [4] The following statements hold for the QSOs V1 and V2 of (4):
(i) Fix (V1) = Fix (V2) = {e1, e2, e3, c};
(ii) the vertexes e1, e2, e3 are saddle points and the center c is a repelling point;
(iii) the function φ(x) = x1x2x3 is a decreasing Lyapunov function;
(iv) ωV1

(
x(0)

)
⊂ ∂S is an infinite compact set for any x(0) ∈ intS \ {c};

(v) ωV2

(
x(0)

)
⊂ ∂S is an infinite compact set for any x(0) ∈ intS \ {c};

(vi) for all x(0) ∈ intS \ {c} and for the operators V1 and V2 the limit of averages
MV1(x) and MV2(x) do not exist.
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Consider the following CSOs defined on S

W1 :


x′1 = x1 (1 + x1x2 − x23) ,

x′2 = x2 (1 + x2x3 − x21) ,

x′3 = x3 (1 + x1x3 − x22) ,

W2 :


x′1 = x1 (1 + x23 − x1x2) ,

x′2 = x2 (1 + x21 − x2x3) ,

x′3 = x3 (1 + x22 − x1x3) .

(5)

Theorem 2.2. [14] The following statements hold for the CSOs W1 and W2 of (5):
(i) Fix (W1) = Fix (W2) = {e1, e2, e3, c};
(ii) the vertexes e1, e2, e3 are non-hyperbolic points. The center c is a repelling

point for the CSO W1 and it is an attracting point for the CSO W2;
(iii) the function φ(x) = x1x2x3 is a Lyapunov function;
(iv) ωW1

(
x(0)

)
⊂ ∂S is an infinite compact set for any x(0) ∈ intS \ {c};

(v) for all x(0) ∈ intS \ {c} and for the operator W1 the limit of averages MW1(x)
doesn’t exist;

(vi) the set of limit points ωW2

(
x(0)

)
= {c} for any x(0) ∈ intS \ {c}.

By Theorem 2.1 and Theorem 2.2 it follows that the QSOs V1, V2 and the CSO W1

are non-ergodic transformations and the CSO W2 is a regular transformation.

3. On convex combinations of QSOs and CSOs

In this section we consider on S the following family of Volterra CSOs defined by

θV2 + (1− θ)W2 = Vθ :


x′1 = x1

(
1 + θ

(
x3 − x2

)
+ (1− θ)

(
x23 − x1x2

))
,

x′2 = x2

(
1 + θ

(
x1 − x3

)
+ (1− θ)

(
x21 − x2x3

))
,

x′3 = x3

(
1 + θ

(
x2 − x1

)
+ (1− θ)

(
x22 − x1x3

))
,

(6)

where θ ∈ [0, 1], that is convex combination of a non-ergodic QSO V2 and a regular
CSO W2. Note that an evolution operator Vθ : S → S of the population which is a
discrete analogy of the Kolmogorov model of three interacting populations.
Let θ∗ =

√
6− 2 ≈ 0.4495. It is easy to verify that the faces Γ{1,2},Γ{2,3},Γ{1,3} are

invariant sets with respect to Vθ. The points

e1, e2, e3, c =
(1
3
,
1

3
,
1

3

)
are the fixed points of the operator (6). If 0 ≤ θ ≤ θ∗ then the center c is an
attracting point and it is a repelling fixed point when θ∗ < θ ≤ 1. The vertices
e1, e2, e3 are saddle points.
Consider the dynamics on the invariant face Γ{1,2}. On this face the CSO (6) can
be written as follows

fθ(x) = x((1− θ)x2 + (2θ − 1)x+ (1− θ)), x = x1 ∈ [0, 1].
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One can easily verify that the function fθ(x) has the fixed points x = 0, x = 1 and
the fixed point x = 0 is an attracting point and x = 1 is a repelling point. Further
for any 0 < x < 1 one has that

lim
n→∞

fn
θ (x) = 0. (7)

Consequently, we have lim
n→∞

Vθ
(
x(0)

)
= e2 for any x(0) ∈ Γ{1,2}.

Other faces can be considered in similar manner.

Theorem 3.1. For the Volterra CSO (6) the following statements hold:
(i) The function φ(x) = x1x2x3 is a Lyapunov function;
(ii) If θ ∈ [0, θ∗] then ωVθ

(x0) = {c} for any x0 ∈ intS;
(iii) If θ ∈ (θ∗, 1] then ωVθ

(x0) is an infinite subset of ∂S for any x0∈ intS2 \ {c}.

Proof. (i) Evidently the function φ(x) = x1x2x3 is continuous on the simplex S.
It is easy to see that

φ(x) = 0 iff x ∈ ∂S and max
x∈S

φ(x) =
1

27
iff x = C.

From (6) one has φ(x′) = φ(x)ψθ(x), where

ψθ(x) =
(
1 + θ

(
x3 − x2

)
+ (1− θ)

(
x23 − x1x2

))
·
(
1 + θ

(
x1 − x3

)
+ (1− θ)

(
x21 − x2x3

))
·
(
1 + θ

(
x2 − x1

)
+ (1− θ)

(
x22 − x1x3

))
. (8)

Using x3 = 1− x1 − x2 from (8) one has that

ψθ(x1, x2) =
(
1 + θ

(
1− x1 − 2x2

)
+ (1− θ)

(
(1− x1 − x2)

2 − x1x2
))

·
(
1 + θ

(
2x1 + x2 − 1

)
+ (1− θ)

(
x21 − x1(1− x1 − x2)

))
·
(
1 + θ

(
x2 − x1

)
+ (1− θ)

(
x22 − x1(1− x1 − x2)

))
,

where (x1, x2) ∈ S = {(x1, x2) : x1, x2 ≥ 0, x1 + x2 ∈ [0; 1]} and x1, x2 are the first
two coordinates of a point lying in the simplex S.
A simple but tedious calculation leads to

min
(x1,x2)∈S

ψθ(x1, x2) = 1 iff x1 = x2 =
1

3
and θ ∈ [0, θ∗], (9)

max
(x1,x2)∈S

ψθ(x1, x2) = 1 iff x1 = x2 =
1

3
and θ ∈ (θ∗, 1]. (10)

Thus if θ ∈ (θ∗, 1] then ψθ(x) ≤ 1 and φ(x′) ≤ φ(x). With other words, the function
φ(x) = x1x2x3 is a decreasing Lyapunov function. If θ ∈ [0, θ∗] then ψθ(x) ≥ 1
and φ(x′) ≥ φ(x), that is, the function φ(x) = x1x2x3 is an increasing Lyapunov
function.
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(ii) Suppose that θ ∈ [0, θ∗]. Then the function φ(x) is an increasing Lyapunov func-
tion. Therefore due to (9) we have ψθ(x) > 1 for any x ∈ intS \ {c}. Consequently
it follows that φ(Vθ(x)) > φ(x) whenever x ̸= c.
So {φ(x(n))}, n = 0, 1, . . . is a strictly increasing bounded sequence. Therefore
there exits lim

n→∞
φ(x(n)) = 1/27. Since max

x∈S
φ(x) = 1/27 iff x = c we obtain that

lim
n→∞

x(n) = c.

(iii) Suppose that θ ∈ (θ∗, 1]. Then the function φ(x) is a decreasing Lyapunov
function. Consequently, we have

φ(x(n+1)) ≤ φ(x(n))ψθ(x
(n)) ≤ φ(x(n)), n = 0, 1, . . . ,

that is there exists lim
n→∞

φ(x(n)) = ξ. Since x0 ̸= c it follows that

0 ≤ ξ ≤ φ(x0) < φ(c) =
1

27
.

We claim that ξ = 0. Suppose that ξ > 0. Then due to

1 = lim
n→∞

φ(x(n+1))

φ(x(n))
= lim

n→∞
ψθ(x

(n)),

it follows that ψθ(x
(n)) converges to its upper bound. Then the expressions

θ
(
x
(n)
3 − x

(n)
2

)
+ (1− θ)

((
x
(n)
3

)2 − x
(n)
1 x

(n)
2

)
θ
(
x
(n)
1 − x

(n)
3

)
+ (1− θ)

((
x
(n)
1

)2 − x
(n)
2 x

(n)
3

)
θ
(
x
(n)
2 − x

(n)
1

)
+ (1− θ)

((
x
(n)
2

)2 − x
(n)
1 x

(n)
3

)
converge to zero, consequently their sum

(1− θ)
(
(x

(n)
1 )2 + (x

(n)
2 )2 + (x

(n)
3 )2 − x

(n)
1 x

(n)
2 − x

(n)
1 x

(n)
3 − x

(n)
2 x

(n)
3

)
=

=
1− θ

2

(
(x

(n)
1 − x

(n)
2 )2 + (x

(n)
1 − x

(n)
3 )2 + (x

(n)
2 − x

(n)
3 )2

)
also converge to zero from which it follows

lim
n→∞

x(n) = c.

But this is impossible, because the fixed point c of the operator (6) is a repelling
point when θ∗ < θ ≤ 1. Thus ξ = 0, that is ωVθ

(x0) ⊂ ∂S.
We note that any trajectory of Vθ cannot converge to a vertex. Suppose on the
contrary that x(n) → e1, n→ ∞, that is, x(n)1 → 1, so x(n)2 → 0, x

(n)
3 → 0, n→ ∞.

Then using θ
(
x
(n)
1 −x

(n)
3

)
+(1− θ)

((
x
(n)
1

)2−x
(n)
2 x

(n)
3

)
→ 1 it follows that there is a

number n0 such that θ
(
x
(n)
1 − x

(n)
3

)
+ (1− θ)

((
x
(n)
1

)2 − x
(n)
2 x

(n)
3

)
> 0 for all n > n0.
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Consequently from (6) we obtain that x(n+1)
2 > x

(n)
2 > 0 for any n > n0 which would

prevent x(n)2 → 0 when n→ ∞.
Thus ωVθ

(x0) ̸= {e1, e2, e3}. So the limit set contains an interior point of some
edge. Since Vθ(ωVθ

(x0)) = ωVθ
(x0) it follows that {y(n)}∞n=0 ⊂ ωVθ

(x0) for any
y ∈ ωVθ

(x0) \ {e1, e2, e3}. This trajectory is an infinite set, e.g. the restriction of
(6) to the invariant face Γ{1,2} has the form fθ(x1) due to (7) it is follow that if
0 < x1 < 1 then for any sufficiently large n we have 0 < x

(n+1)
1 < x

(n)
1 < 1. Thus

ωVθ
(x0) is an infinite set, and the proof of the theorem is complete.

e1 e2

e3

G1

G2

G3 G4

G5

G6

Figure 3.1: The partition of S[17]

Consider the partition of the simplex S by their medians M12,M13,M23 into six
parts and their closures(see Figure 3.1):

G1 = {x ∈ S : x1 ≥ x2 ≥ x3}, G2 = {x ∈ S : x1 ≥ x3 ≥ x2},

G3 = {x ∈ S : x3 ≥ x1 ≥ x2}, G4 = {x ∈ S : x3 ≥ x2 ≥ x1},
G5 = {x ∈ S : x2 ≥ x3 ≥ x1}, G6 = {x ∈ S : x2 ≥ x1 ≥ x3}.

Proposition 3.2. Let θ > θ∗ then in a long run time, the trajectory of Vθ goes
around the periodic path G1 → G6 → G5 → G4 → G3 → G2 → G1.

Proof. Let θ > θ∗ and x ∈ intS \ {c} be an initial point. By Theorem 3.1 for any
sufficiently small ε > 0 there is a natural n0 such that for all n > n0

x(n) ∈ Sε = {x ∈ S : min{x1, x2, x3} < ε}.

Suppose x(n) ∈ G1 ∩ Sε, that is, x(n)3 is sufficiently small. Then from (6) one easily
concludes that x(n+1)

1 ≤ x
(n)
1 , x(n+1)

2 ≥ x
(n)
2 , x(n+1)

3 ≤ x
(n)
3 and also x(n+1)

1 ≥ x
(n+1)
3 ,

x
(n+1)
2 ≥ x

(n+1)
3 . Therefore either x(n+1)

1 ≥ x
(n+1)
2 ≥ x

(n+1)
3 or x(n+1)

1 ≥ x
(n+1)
1 ≥ x

(n+1)
3 ,

that is, either x(n+1) ∈ G1 or x(n+1) ∈ G6. Similarly one has if x(n) ∈ G6 then either
x(n+1) ∈ G6 or x(n+1) ∈ G5, etc. Hence, the proposition is proved.

Denote by U0 a neighborhood of the center c and by U1, U2, U3 neighborhoods of the
vertices e1, e2, e3 respectively, defined by

U1 = (G1 ∪G2) \ U0, U2 = (G5 ∪G6) \ U0, U3 = (G3 ∪G4) \ U0.
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Let us choose a neighborhood U0 such that U0 ⊂ intS and the neighborhoods
U1, U2, U3 are convex and they satisfy U1 ∩ U2 ∩ U3 = ∅ (e.g., see Figure 3.2).

e1 e2

e3

U1

U3

U2

Figure 3.2: The neighborhoods of fixed points [17]

By Proposition 3.2 the trajectory moves from the neighborhood of a vertex to the
neighborhood of another vertex, staying for some time T (n) in this neighborhood
and then moving to the neighborhood of a third vertex, etc. We would like to
estimate the staying time of the trajectory in a neighborhood of a vertex.

Proposition 3.3. Let θ > θ∗ and let x ∈ G1, x(s) ∈ U2 for any s = 1, . . . , n and
x(n+1) ∈ G4, then n > A log(B/φ(x′)),

where A,B some constants and x′ = Vθ(x).

Proof. Let x ∈ G1, x(s) ∈ U2 for any s = 1, . . . , n and x(n+1) ∈ G4. Then for
x ∈ G1 from (6) we obtain

x
(n+1)
3

x′3
=

n∏
k=1

(
1 + θ

(
x
(k)
2 − x

(k)
1

)
+ (1− θ)

((
x
(k)
2

)2 − x
(k)
1 x

(k)
3

))
< 2n

For x ∈ G1, x′ ∈ U2 and x(n+1) ∈ G4 one has

2n >
x
(n+1)
3

x′3
≥ 1

3x′3
=

x′1x
′
2

3φ(x′)

One can verify that

x′1 = x1
(
1 + θ(x3 − x2) + (1− θ)

(
x23 − x1x2

))
= x1(x

2
1 + 3(1− θ)x22 + 2x23 + x1x2 + 3θx1x3 + 2x2x3) ≥ x31

=
x2(x

2
2 + 11x22)

12
≥ x2(2x

2
1 + x22 + 3(1− θ)x23 + 3θx1x2 + 2x1x3 + x2x3)

12

=
x2
(
1 + θ(x1 − x3) + (1− θ)

(
x21 − x2x3

))
12

=
x′2
12
,

and using φ(x′) ≤ 1 we obtain

2n >
x′1x

′
2

3φ(x′)
≥ (x′2)

2

36φ(x′)
≥ 1

324φ(x′)
,

Thus n > log2(1/(324φ(x
′))) > A log(B/φ(x′)).
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Moreover for the point x(n) from the last inequalities we have

2T (n)φ(x(n+1)) >
1

324
. (11)

The proposition is proved.

Remark 3.4. The other parts of the cycle can be considered in a similar manner.

Proposition 3.5. Let θ > θ∗ and let U be one of neighborhoods Ui, i = 1, 2, 3 and
x ∈ intS \ {c}. Let {ui}∞i=1, {vi}∞i=1 be the sequences of natural numbers such that
x(ui) /∈ U , x(ui+t) ∈ U , for t = 1, 2, . . . , vi, and x(ui+vi+1) /∈ U , then there is a positive
constant K such that ui > Kvi.

Proof. By Theorem 3.1 and Proposition 3.2 it follows that ui → ∞ and

φ(x′) < τφ(x), for any x ∈ S \ U0,

where τ = max
x∈S\U0

ψ(x) < 1. Using Proposition 3.3 one has

ui > A log
( B

φ(x(ui))

)
> A′ log

( B

τuiφ(x0)

)
> Kvi.

From Propositions 3.3 and 3.5, it follows that the time spent in any neighborhood of
any vertex tends to infinity and the average time spent in the exterior of the union
of sufficiently small neighborhoods of all vertices is equal to 0.
Denote by U a neighborhood of the vertex set.

Theorem 3.6. If θ > θ∗ then for any x ∈ intS \ {c} and for the Volterra CSO Vθ
(6) the limit of averages MVθ

doesn’t exist.

Proof. Suppose on the contrary, let x ∈ intS \{c} be an initial point and the limit
of averages MVθ

exits.
Due to Theorem 3.1 it follows ωVθ

(x0) ⊂ ∂S and from Proposition 3.3 one has that
most of the time the trajectory belong to U and only finite points of the trajectory
belong to ∂S, otherwise it converges to one of the vertices e1, e2, e3. Therefore if
we denote by n1 the time spent of x(n) in U and n2 is the remaining time, then we
obtain lim

n→∞
n1

n
= 1, where n = n1 + n2.

Hence for any θ > 0 there exists a neighborhood U of a vertex set with φ(x′) ≤ θφ(x)

for x ∈ U . Consequently φ(x(n)) ≤ θn1φ(x) and using lim
n→∞

n1

n
= 1 one obtains

lim
n→∞

sup n
√
φ(x(n)) ≤ θ. Due to the fact that θ is arbitrary we obtain

lim
n→∞

n

√
φ(x(n)) = 0.

Using (11), we have 2T (n1)φ(x(n1+1)) >
1

324
and T (n1)

n
→ ∞ as n→ ∞.
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But then the average (x + x′ + · · · + x(n))/(n + 1) at the time the point leaves U1

is arbitrarily close to the closure U1. Consequently, if the limit of averages MWθ

exists, it lies in U1. By the same argument it lies in U2 and U3 which contradicts
to U1 ∩ U2 ∩ U3 = ∅. The theorem is proved.

Remark 3.7. By Theorem 3.1 it follows that if 0 ≤ θ ≤ θ∗ then ωVθ

(
x
)
= {c} for

any initial point x ∈ intS \ {c}. Also by Theorem 3.1 it follows that if θ > θ∗ then
for any initial point x ∈ intS \ {c} any trajectory of the Volterra CSO Vθ diverges.
Moreover by Theorem 3.6 it follows that average of a trajectory of the Volterra CSO
Vθ also diverges. Besides, note that the Volterra CSO Vθ is different from known
non-ergodic transformations (see [14], [19]).

One can consider the CSO Ṽθ = θV1 + (1 − θ)W1, θ ∈ [0, 1], that is convex com-
bination of a non-ergodic QSO V1 and a non-ergodic CSO W1. Using the above
techniques and repeating similar calculations one can prove the following

Theorem 3.8. For any 0 ≤ θ ≤ 1 and for any x ∈ intS \ {c} and for the Volterra
CSO Ṽθ the limit of averages MṼθ

doesn’t exist.

Remark 3.9. Theorem 3.8 shows that convex combination of a non-ergodic QSO
and a non-ergodic CSO, is also a non-ergodic transformation.

4. On convex combinations of CSOs

We consider the following family of CSOs defined on S

Wθ :


x′1 = x1

(
1 + 2θ−1

2

(
x2 + x1x2 − x3 − x23

))
,

x′2 = x2

(
1 + 2θ−1

2

(
x3 + x2x3 − x1 − x21

))
,

x′3 = x3

(
1 + 2θ−1

2

(
x1 + x1x3 − x2 − x22

)) (12)

where θ ∈ [0, 1].
It is easy to verify that Wθ = θP + (1− θ)Q, θ ∈ [0, 1], where the operators P and
Q have the form

P =
1

2
V1 +

1

2
W1 =


x′1 = x1

(
1 + 1

2

(
x2 + x1x2 − x3 − x23

))
,

x′2 = x2

(
1 + 1

2

(
x3 + x2x3 − x1 − x21

))
,

x′3 = x3

(
1 + 1

2

(
x1 + x1x3 − x2 − x22

))
,

Q =
1

2
V2 +

1

2
W2 =


x′1 = x1

(
1 + 1

2

(
x3 + x23 − x2 − x1x2

))
,

x′2 = x2

(
1 + 1

2

(
x1 + x21 − x3 − x2x3

))
,

x′3 = x3

(
1 + 1

2

(
x2 + x22 − x1 − x1x3

))
.

Note that for any θ ∈ [0, 1] the operator Wθ is a Volterra CSO and also it can
be seen as a discrete version of Kolmogorov equations for three interacting species.
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Since the operator Wθ is the convex combination of the operators P and Q from the
results of [13], [14] and the references therein it is natural to expect that also there is
a critical value of θ and depending to this value the trajectories are different. Note
that if θ = 1/2 the Wθ is the identity map.
The faces Γij = {x ∈ S : xk = 0; k /∈ {i, j}}, i ̸= j ∈ {1, 2, 3} are invariant sets
with respect to Wθ. The vertexes e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) and the
center c = (1/3, 1/3, 1/3) are the fixed points of the operator Wθ.

Proposition 4.1. If θ ̸= 1/2 then the vertexes e1, e2, e3 are saddles and they are
non-hyperbolic when θ = 1/2. The center

c is a/an


attracting point, if θ ∈ (1/14, 1/2),

non-hyperbolic point, if θ ∈ {1/14, 1/2}
repelling point, if θ ∈ [0, 1/14) ∪ (1/2, 1].

Proof. We rewrite the operator Wθ in the following form

x′1 =x1

(
1 +

2θ − 1

2

(
3x1 + 4x2 − 2− x21 − x22 − x1x2

))
,

x′2 =x2

(
1 +

2θ − 1

2

(
1− 2x1 − x1x2 − x21 − x22

))
, (13)

where (x1, x2) ∈ S̃ = {(x1, x2) : x1, x2 ≥ 0, x1 + x2 ∈ [0; 1]} and x1, x2 are the first
two coordinates of a point lying in the simplex S.
(i) It is easy to verify that the Jacobian of the operator (13) at the vertex e1 has
the eigenvalues µ1 = 2(1 − θ), µ2 = (2θ + 1)/2. Since θ ∈ [0, 1] it follows that the
vertex e1 is a saddle point when θ = 1/2 and otherwise it is a saddle point. Other
vertexes can be considered in a similar manner.
(ii) After simple algebra one has that the Jacobian of the operator (13) at the center
c has the eigenvalues

µ1,2 =
11 + 2θ ± 3

√
3(2θ − 1)i

12
and |µ1,2| =

√
28θ2 − 16θ + 37

6
.

The analysis of polynomial 28θ2 − 16θ + 37, θ ∈ [0, 1] gives that the center

c is a/an


attracting point, if θ ∈ (1/14, 1/2),

non-hyperbolic point, if θ ∈ {1/14, 1/2}
repelling point, if θ ∈ [0, 1/14) ∪ (1/2, 1].

Proposition 4.2. If θ ∈ [0, 1/14) ∪ (1/2, 1] (resp. θ ∈ (1/14, 1/2)) then the func-
tion φ(x) = x1x2x3 is a decreasing (resp. an increasing) Lyapunov function for the
operator Wθ.

Proof. It is easy to see that the function φ(x) = x1x2x3 is continuous on S.
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One has φ(Wθ(x)) = φ(x)ψ(x), where

ψ(x) =
(
1 +

2θ − 1

2

(
x2 + x1x2 − x3 − x23

))(
1 +

2θ − 1

2

(
x3 + x2x3 − x1 − x21

))
(
1 +

2θ − 1

2

(
x1 + x1x3 − x2 − x22

))
.

The case θ = 1/2 is obvious.
Let θ > 1/2 then using AM-GM relation one has

ψ(x) ≤
(
1 +

(2θ − 1)(x1x2 + x2x3 + x1x3 − x21 − x22 − x23)

6

)3

=

(
1−

(2θ − 1)
(
(x1 − x2)

2 + (x2 − x3)
2 + (x3 − x1)

2
)

12

)3

≤ 1.

Let 0 ≤ θ < 1/14 then using equality x3 = 1− x1 − x2 one has that ψ(x) on the set
S̃ has the form

ψ(x) =
(
1 +

2θ − 1

2
(x2 + x1x2 − (1− x1 − x2)− (1− x1 − x2)

2)
)

·
(
1 +

2θ − 1

2
((1− x1 − x2) + x2(1− x1 − x2)− x1 − x21)

)
·
(
1 +

2θ − 1

2
(x1 + x1(1− x1 − x2)− x2 − x22)

)
.

A simple but tedious calculation gives that (1/3, 1/3) ∈ S̃ is the unique solution of
the system

∂ψ(x)

∂x1
= 0,

∂ψ(x)

∂x2
= 0

and it follows that

max
x∈S

ψ(x) = 1 iff x1 = x2 =
1

3
and θ ∈

[
0,

1

14

)
∪
(1
2
, 1
]
. (14)

min
x∈S

ψ(x) = 1 iff x1 = x2 =
1

3
and θ ∈

( 1

14
,
1

2

)
(15)

Therefore if either 0 ≤ θ < 1/14 or 1/2 < θ ≤ 1 then by (14) it follows that ψ(x) ≤ 1
and φ(Wθ(x)) ≤ φ(x) for all x ∈ S.
Let 1/14<θ<1/2. Then by (15) we get ψ(x)≥1 and φ(Wθ(x))≥φ(x) for all x∈S.
Thus the function φ(x) = x1x2x3 is a decreasing (resp. an increasing) Lyapunov
function for the operator Wθ when θ∈ [0, 1/14)∪ (1/2, 1] (resp. θ∈(1/14, 1/2)).

Theorem 4.3. For the operator Wθ the following statements are true:
(i) if θ > 1/2 then ωWθ

(
x(0)

)
= {ei} for any x(0) ∈ Γij, {ij} ∈

{
{12}, {23}, {31}

}
;

(ii) if θ < 1/2 then ωWθ

(
x(0)

)
= {ej} for any x(0) ∈ Γij, {ij} ∈

{
{12}, {23}, {31}

}
.



U. Jamilov / On the Convex Combination ... 1077

Proof. Let θ > 1/2 and x(0) ∈ Γ12.Using x2 = 1 − x1 we can rewrite the operator
Wθ in the form

Wθ(x1) = x1

(
1 +

2θ − 1

2

(
1− x21

))
.

It is easy to verify that the function Wθ(x1) is monotone increasing in (0, 1) and it
has x1 = 1 attracting and x1 = 0 repelling fixed points and one easily has that for
a x1 ∈ (0, 1) the trajectory W n

θ (x1) → 1 when n→ ∞.
Let θ < 1/2 then using the similar method it can be shown that the trajectory
W n

θ (x1) → 0 when n→ ∞ for any x(0) ∈ Γ12.
Other faces Γij, {ij} ∈

{
{23}, {31}

}
can be considered in a similar manner.

Theorem 4.4. (i) Let 1/14 < θ < 1/2. Then we have ωWθ

(
x(0)

)
= {c} for any

x(0) ∈ intS \ {c};
(ii) Let θ ∈ [0, 1/14) ∪ (1/2, 1] then the set ωWθ

(
x(0)

)
⊂ ∂S is an infinite compact

set for any x(0) ∈ intS \ {c}.

Proof. It is evident that φ(x) = 0 iff x ∈ ∂S and maxx∈S φ(x) = 1/27 iff x = c.
(i) Let 1/14 < θ < 1/2 then by Proposition 4.2 the function φ(x) = x1x2x3 is an
increasing Lyapunov function. Besides, due to the fact that minx∈S ψ(x) = 1 if and
only if x = c we have ψ(x) > 1 for any x ∈ intS \ {c}. Consequently it follows that
φ(Wθ(x)) > φ(x) whenever x ̸= c.
So {φ(x(n))}, n = 0, 1, . . . is a strict increasing bounded sequence. Therefore
there exits limn→∞ φ(x(n)) = 1/27. Since maxx∈S φ(x) = 1/27 iff x = c we obtain
limn→∞ x(n)) = c.

(ii) Let θ ∈ [0, 1/14) ∪ (1/2, 1] then by Proposition 4.2 the function φ(x) = x1x2x3
is a decreasing Lyapunov function. So using ψ(x) ≤ 1 and φ(Wθ(x)) ≤ φ(x) one
has that for any x ∈ intS \ {c} the sequence {φ(x(n))}, n = 0, 1, . . . is decreasing
and bounded. Therefore there exits limn→∞ φ(x(n)) = τ .
We claim that τ = 0. Suppose on the contrary that τ > 0 then we get

1 = lim
n→∞

φ(x(n+1))

φ(x(n))
= lim

n→∞

φ(x(n))ψ(x(n))

φ(x(n))
= lim

n→∞
ψ(x(n)).

Therefore it follows that ψ(x(n)) converges to its upper bound. So the expressions

x
(n)
2 + x

(n)
1 x

(n)
2 − x

(n)
3 −

(
x
(n)
3

)2
, x

(n)
3 + x

(n)
2 x

(n)
3 − x

(n)
1 −

(
x
(n)
1

)2
,

x
(n)
1 + x

(n)
1 x

(n)
3 − x

(n)
2 −

(
x
(n)
2

)2
converge to zero, consequently their sum

x
(n)
1 x

(n)
2 + x

(n)
2 x

(n)
3 + x

(n)
1 x

(n)
3 −

(
x
(n)
1

)2 − (
x
(n)
2

)2 − (
x
(n)
3

)2
also converge to zero, that is, we obtain

lim
n→∞

x
(n)
1 = lim

n→∞
x
(n)
2 = lim

n→∞
x
(n)
3 =

1

3
⇒ lim

n→∞
x(n) = c.
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But this is impossible, because it contradicts that the center c is a repelling point.
Thus τ = 0, that is ωWθ

(
x(0)

)
⊂ ∂S.

We claim that any trajectory of Wθ cannot converge to a vertex. Indeed, suppose
on the contrary that x(n) → e1, n → ∞, that is x(n)1 → 1, so x

(n)
2 → 0, x(n)3 → 0,

n→ ∞. It is easy to see that if θ > 1/2 then from x
(n)
1 +x

(n)
1 x

(n)
3 −x(n)2 −

(
x
(n)
2

)2 → 1

it follows that there is n0 number such that x(n)1 +x
(n)
1 x

(n)
3 −x

(n)
2 −

(
x
(n)
2

)2
> 0 holds

for all n > n0. Consequently from (12) one has x(n+1)
3 > x

(n)
3 > 0 for any n > n0

which would prevent x(n)3 → 0 when n→ ∞.

Similarly if θ < 1/2 then using x
(n)
3 + x

(n)
2 x

(n)
3 − x

(n)
1 −

(
x
(n)
1

)2 → −2 it follows
that there is a number n0 such that x(n)3 + x

(n)
2 x

(n)
3 − x

(n)
1 −

(
x
(n)
1

)2
< 0 holds for

all n > n0. Therefore from (12) we obtain x
(n+1)
2 > x

(n)
2 > 0 for any n > n0 which

would prevent x(n)2 → 0 when n→ ∞.
Evidently ωWθ

(
x(0)

)
̸= {e1, e2, e3}. Since Wθ

(
ωWθ

(
x(0)

))
= ωWθ

(
x(0)

)
it follows

that {y(n)}∞n=0 ⊂ ωWθ

(
x(0)

)
for any y(0) ∈ ωWθ

(
x(0)

)
\ {e1, e2, e3}. This trajectory

is an infinite set, e.g. the restriction of Wθ to the invariant face Γ12 has the form
x′1 = x1

(
1 + (2θ − 1)/2(1− x22)

)
which implies if θ > 1/2 then 0 < x1 < x′1 < 1 for

any 0 < x1 < 1 and if θ < 1/2 then 0 < x′1 < x1 < 1 for any 0 < x1 < 1. Thus
ωWθ

(
x(0)

)
is an infinite set. The proof of the proposition is complete.

Proposition 4.5. If θ ∈ (1/2, 1] (resp. θ ∈ [0, 1/14) ∪ (1/14, 1/2)) then in a long
run time, the trajectory {x(n)}∞n=0 goes around the periodic path

G1 → G2 → G3 → G4 → G5 → G6 → G1

(resp. G1 → G6 → G5 → G4 → G3 → G2 → G1).

Proof. Let x ∈ intS \ {c} be an initial point and θ ∈ (1/2, 1]. Suppose x ∈ G1

then one easily has that x′1 ≥ x1, x′2 ≤ x2 and also x′1 ≥ x′2, x′1 ≥ x′3. Therefore
either x′1 ≥ x′2 ≥ x′3 or x′1 ≥ x′3 ≥ x′2, that is either x′ ∈ G1 or x′ ∈ G2. Similarly
one has if x ∈ G2 then either x′ ∈ G2 or x′ ∈ G3, etc.
The case θ ∈ [0, 1/14) can be considered similarly, and the proof is complete.

Denote by U0 a neighborhood the center c and the neighborhoods U1, U2, U3 of the
vertices e1, e2, e3 respectively, and we define them as

U1 = (G1 ∪G2) \ U0, U2 = (G5 ∪G6) \ U0, U3 = (G3 ∪G4) \ U0.

Let us choose a neighborhood U0 such that U0 ⊂ intS and the neighborhoods
U1, U2, U3 are convex and they satisfy U1 ∩ U2 ∩ U3 = ∅. By Proposition 4.5 the
trajectory moves from the neighborhood of a vertex to the neighborhood of another
vertex, staying for some time T (n) in this neighborhood and then moving to the
neighborhood of a third vertex, etc. We would like to estimate the staying time
of the trajectory in a neighborhood of a vertex. Let U be one of neighborhoods
U1, U2, U3.
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Proposition 4.6. Let θ ∈ [0, 1/14) ∪ (1/2, 1], x /∈ U , x(s) ∈ U for any s = 1, . . . , n
and x(n+1) /∈ U , then

n > A log(B/φ(x′)),

where A,B are some constants and x′ = Wθ(x).

Proof. Let θ > 1/2. Without loss of generality we can assume that x ∈ G6,
x(s) ∈ U1 for any s = 1, . . . , n and x(n+1) ∈ G3. Then for x ∈ G6 we obtain

x
(n+1)
3

x′3
=

n∏
k=1

(
1 +

2θ − 1

2

(
x
(k)
1 + x

(k)
1 x

(k)
3 − x

(k)
2 −

(
x
(k)
2

)2))
< 2n.

For x ∈ G6, x′ ∈ U1 and x(n+1) ∈ G3 one has

2n >
x
(n+1)
3

x′3
≥ 1

3x′3
=

x′1x
′
2

3φ(x′)
.

From the form of Wθ it follows that

x′2 = x2

(
2(1− θ)x21 + x22 +

2θ + 1

2
x23 +

5− 2θ

2
x1x2 + 2x1x3 + (2θ + 1)x2x3

)
≥ x32 =

x2(x
2
2 + 13x22)

14
≥ x1

14

(
x21 + 3x22 + 2x23 + 3x1x2 + 3x1x3 + 2x2x3

)
≥ x1

14

(
x21 +

2θ + 1

2
x22 + 2(1− θ)x23 + (2θ + 1)x1x2 +

5− 2θ

2
x1x3 + 2x2x3

)
≥ x′1

14
,

and using φ(x′)) ≤ 1 we obtain

2n >
x′1x

′
2

φ(x′)
≥ (x′1)

2

42φ(x′)
≥ 1

378φ(x′)
.

Thus n > log2
1

378φ(x′)
> A log

B

φ(x′)
.

Moreover for the point x(n) from the last inequalities we have

2T (n)φ
(
x(n+1)

)
>

1

378
. (16)

The case θ ∈ [0, 1/14) can be considered in a similar manner, and the proof is
complete.

Proposition 4.7. Let θ ∈ [0, 1/14)∪ (1/2, 1] and let U be one of neighborhoods Ui,
i = 1, 2, 3 and x ∈ intS \ {c}. Let {ui}∞i=1 , {vi}∞i=1 be the sequences of natural
numbers such that x(ui) /∈ U , x(ui+t) ∈ U for t = 1, 2, . . . , vi, and x(ui+vi+1) /∈ U ,
then there is a positive constant K such that ui > Kvi.
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Proof. Let θ > 1/2. It follows from Propositions 4.2 and 4.5 that ui → ∞ and

φ(x′) < τφ(x), for any x ∈ S \ U0,

where τ = max
x∈S\U0

φ(x) < 1. Using Proposition 4.6 one has

ui > A log
( B

φ
(
x(ui)

)) > A′ log
( B

τuiφ
(
x(0)

)) > Kvi.

The case θ ∈ [0, 1/14) can be considered similarly.

From Propositions 4.5, 4.6, 4.7, it follows that the time spent in any neighborhood
of any vertex tends to infinity and the average time spent in the exterior of the
union of sufficiently small neighborhoods of all vertices is equal to 0.
Denote by U a neighborhood of the vertex set.

Theorem 4.8. If θ ∈ [0, 1/14) ∪ (1/2, 1] then for the operator Wθ the limit of
averages MWθ

doesn’t exist for all x ∈ intS \ {c}.

Proof. Let θ > 1/2. Suppose on the contrary, let x ∈ intS \ {c} be an initial point
and the limit of averages exits.
Due to Proposition 4.2 it follows that ωWθ

(
x(0)

)
⊂ ∂S and from Proposition 4.6

one has that most of the time the trajectory belong to U and only finite points of
the trajectory belong to ∂S, otherwise it converges to one of the vertices e1, e2, e3.
Therefore if we denote by n1 the time spent of x(n) in U and n2 is the remaining
time, then we obtain limn→∞ n1/n = 1, where n = n1 + n2. Hence for any τ > 0
there exists a neighborhood U of a vertex set such that φ(x′) ≤ τφ(x) for any x ∈ U .
Consequently φ

(
x(n)

)
≤ τn1φ(x) and using

lim
n→∞

n1/n = 1 and lim
n→∞

sup n

√
φ
(
x(n)

)
≤ τ

and due to the fact that τ is arbitrary we obtain

lim
n→∞

n

√
φ
(
x(n)

)
= 0.

Using (16), one has 2T (n1)φ
(
x(n1+1)

)
>

1

378

and T (n1)/n→ ∞ as n→ ∞. But then the average(
x+Wθ(x) + · · ·+W n−1

θ (x)
)
/n

at the time the point leaves U1 is arbitrarily close to the closure U1. Consequently,
if the limit of averages MWθ

exists, it lies in U1. By the same argument it lies in U2

and U3 which contradicts to U1 ∩ U2 ∩ U3 = ∅. The theorem is proved.
The case θ ∈ [0, 1/14) can be considered in a similar manner, and the proof is
complete.
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Conclusions

Note that the Volterra CSOs Vθ and Wθ are different from known non-ergodic CSOs
(see [14], [19]). We shall call by regularity (resp. non-ergodicity) interval an interval
of the parameter θ where an operator is a regular ( resp. a non-ergodic) transfor-
mation. By Theorem 2.2 we have that critic value of the parameter is θ = 1/2 and
the (Lebesgue) measures of regularity and non-ergodicity intervals of the convex
combination of CSOs W1 and W2 are equal. In the third section we studied the
trajectory of convex combination of a non-ergodic QSO V2 and regular CSO W2. By
the assertion of Theorem 3.1 the critic value of the parameter is θ∗ =

√
6−2, that is,

as naturally expected the critic values of the parameter also depend on the degree
of the given operators. Consequently, by Theorem 3.6 it follows that the (Lebesgue)
measures of regularity and non-ergodicity intervals of the operator Vθ are not equal.
In the last section we considered a non-ergodic CSO P which is the equiprobable
combination of a non-ergodic QSO V1 and a non-ergodic CSO W1 and regular CSO
Q which is the equiprobable combination of a non-ergodic QSO V2 and a regular
CSO W2. We also studied CSO Wθ which is the convex combination of the operators
P and Q. Despite to that we took equiprobable combinations of the operators due
to Theorems 4.4 and 4.8 it follows that there are two critic values of the parameter
θ∗ = 1/14, θ∗∗ = 1/2 and the measures regularity and non-ergodicity intervals of
the operator Wθ are different values. Namely, the measures of the regularity and
non-ergodicity intervals are equal to 3/4 and 4/7, respectively.
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