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We establish the existence of positive solution to the critical nonlocal elliptic system
(—A)su+ a(@)|uP~u+ c(z)|v[P~v = %Ku(u, v) in RV,

(S) (—A)sv + (@) |[ulP~u + b(z) o[’ 0 = I)%Kv(u, v) in RY,
u,v >0 in RN w,v € DP(RY), N > ps, s € (0,1).

Here (—A); denotes the fractional p-Laplacian, a,b and ¢ are suitable functions and K is a p}-
homogeneous function, pf = (pN)/(N — ps), N > ps. One of the main tools is to apply the
global compactness result for the associated energy functional similar to that due to M. Struwe [A
global compactness result for elliptic boundary value problems involving limiting nonliarities, Math.
Zeitschrift 187/4 (1984) 511-517] combined with some information on a limit system of (S) with
a = b = c =0, the concentration compactness due to P.L.Lions [The concentration-compactness
principle in the calculus of variations. I: The limit case, Rev. Mat. Iberoamericana 1/1 (1985)
145-201] and the Brouwer degree theory.

Keywords: Variational critical system, fractional equations, global compactness result, Brouwer
degree theory.
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1. Introduction

In this paper we show the existence of positive solution to the critical nonlocal
elliptic system of type

s —2 —2 . N

(=A)yu+a(z)|ul"u + c(z)[v]’"v = I}%Ku(u,v) in RY,

(S) (—A)v + (@) [ulP>u + b(z) o[’ *v = JT%Kv(u, v) in RY,
u,v > 01in RY, u,v € D*?(RY), N > ps, s € (0,1),
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2019/24901-3.
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where p¥ = J\f%]\;s, N > ps, K, a,b c are continuous function, (—A)? is the fractional

p
p-Laplacian, which is defined, up to a normalization constant, as

— p—2 —
(~M0te) =2t [ A=A GO 4y, e 6 e o),
RN\{Be(z)}

and, by normalizing the constant,

oty = [ [ O vy = s,

and we denote by matrix notation
|a ¢ lu|P~2u
A(u,v) = { . b} [ oj—20 } :

Define the space D*P(R¥), as the completion of C{°(RY) with respect to the norm
above |[w||. Let Y = D¥P(RN) x D*P(RY) be the Sobolev space with norm

1
1z[ly = (lal” + ol

where z = (u,v) € Y and || - || is the usual norm in D*P(RY).

Recently, great attention has been focussed on the study of nonlinear problems in-
volving fractional Laplacian, in view of real-world applications. For instance, this
type of operators arise in thin obstacle problems, optimization, finance, phase tran-
sitions, stratified materials, anomalous diffusion, crystal dislocation, soft thin films,
semipermeable membranes, flame propagation, conservation laws, ultra-relativistic
limits of quantum mechanics, quasi-geostrophic flows, multiple scattering, minimal
surfaces, materials science and water waves, see Di Nezza, Palatucci and Valdinoci
[14].

Let R% := [0,00) % [0,00). Our main hypotheses on the function K € C*(R%,R)
can be stated as follows:

(Ky) K is pf-homogeneous, that is,
KMo, \B) = )\sz(a,ﬁ) for each A > 0, (o, f) € Ri;
(Ky) there exists ¢; > 0 such that
|Ko(a, B)] + | Kple, B)] < c1 (@77 +p7%7Y)  for each (o, B) € RY;
K(a,p) >0 for each a, 8 > 0;
VE(0,1) = VK(1,0) = (0,0);
Ko(a, B), Kg(a, ) > 0 for each (o, 8) € R%;

the 1-homogeneous function G : RZ — R given by G(a?s, %) := K(a, ) is
concave.
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Notice that by homogeneity condition (Kj) we obtain

K(a, B) = Z%aKa(a,ﬁ) + %5}(5(&,@. (1)

To state our main result we need some previous definitions and notations. Let us
denote by Sk s the best constant of the immersion

D*P(RN) x D*P(RN) — LP*(RY) x LP5(RY),

~ p p
that is, Sk = inf (lel” + Ilv1”)
U,UEDS’P(RN),uw;éO <

p/ps’
K (u, v)das)

RN

From now on, even we do not know all the minimizers of Sk s, more exactly, of the
minimizers of (M

S = 1nf * 9
i p/P}
pS da:)

uEDSP (RN),u;éO
RN

in virtue of [5]( see also [20]), we consider the function ®;,, € D¥P(RY) given by

)

5 (N—ps)/p
CD(;@O(JZ) = C( ) , I,Tg € RN, p/ =

p
d d 2
6p/ _|_ |I’ _ x0|p/ 1 an > 07 ( )

where C'is a positive constant. The functions ®5,, are positive radial solutions of

(—A)su = [u[*?u in RN,
(Py) u>0 in RY,
u € DP(RY), N > ps.

That is, u = ®s,, satisfies for all v € DSP(RY),

— p—2 — —
[ [ )= ) — )= )y gy [ -t
R2N |z — y| Nt RN
Moreover, it verifies @520 ]| =S and  |Pszlp: = 1. (3)

For p = 2, the existence of a minimizer (see also [24] for the local case, [9] for
uniqueness) is obtained in [12]. We will use the following notation

[u(z) — u(y)["~*(u(z) — uly))(v(z) = v(y))

|z — y|Ntps

and // < L(u),u > dzdr = ||ul|’.
R2N

< L(u),v >=

By [13, Lemma 1], (see [15, Lemma 5.1]), there exist a,, 3, > 0 such that §K,s is
attained by (a,®s,, 3oPs,), which is the unique solution (see [21, 4]), at least for

p=2.
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Moreover, MySk, =S, (4)
where Mg = max K(a, B)PP" = K (o, 3,)P/P.

aP+pBP=1
The hypotheses on the functions a, b, c : RY — R* are given by:

(A;) The functions a,b, ¢ are positive in a same set of positive measure.

N(p-1)
p2s — N

(Ay) a,b,c € LYRY) for all ¢ € [py,po] with 1 < p; < % < pg and py <

if N < p?s.
(As)  aBla|pn/es @y + BEID] paws @iy + 0B Bole] paws @y + o357
< Spes(p/N —1).
Since we are going to use the variational method, we consider the C' functional
I: D¥P(RN) x D*P(RY) = R associated with system (S) given by

ClLN/pS(RN)

1 1 1
[(U,U) = _(”qu + HUHP> + _/ (A(ua U)a (u7 v))Rde - K<uav)d'xa
p D Jry Ds JrN

whose Fréchet derivative is given, for all (p,v) € D*P(RY) x D*P(R"), by
Iuo)e) = [ [ (< Liuo>+ < L), v >)dady
R2N

1 1
s o eds - [ Kiwopdst [ K uoids
RN Ps JrN Ps JrN

The critical points are precisely the weak solutions, that is, we can say that the
function (u,v) : RY x RY — R x R is a positive weak solution of (S) if u,v > 0 in
D*P(RY) and for all ¢,¢ € D*P(RY) we get I'(u, v)(p, 1) = 0.

Using the above notation we are able to state our main result.

Theorem 1.1. Assume that (A1) —(As) and (Ko)— (K5) hold. Then, (S) has a
positive solution (ug,vg) € D*P(RYN) x D¥P(RYN) with
%gg’/sps < [(UO, Uo) < %gg{sps

The paper is organized as follows. In Section 2 we study the limit system associated
to (S). In Section 3 we give the complete descriptions for the Palais-Smale (PS)
sequences for the functional /. The proof of the main result is in Section 4.

In the celebrated paper [3], Benci and Cerami studied the following semilinear elliptic
problem

(BO) —Au+ a(z)u = uv2 in RV,
we DY(RYN), u>0, N>3,
where

(a1) a(x) >0 and a(x) > ag > 0, for all x € RY in a neighborhood of a point Z.

N .
4_leN—B.

(az) a€LI(RYN) for all g€ [p1, po] with 1 < p; < % < po with py <

(a3) ’CL|LN/2(RN) < S<22/N — 1)
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They used the properties of the solutions of a limit problem given by (BC') with
a = 0, the version to RY of Struwe’s Global Compactness result [23], Lions’s Con-
centration and Compactness result [19] and arguments of Brouwer degree theory.

We would also like to mention that the same arguments used in [3] were also used
by Cerami and Passasseo in [7] with Neumann boundary conditions in a half-space
RY and by Alves in [1] with p-Laplacian operator. As far as the extension to the
p-Laplacian operator is concerned, some technical difficulties as the lack of linearity
and homogeneity must be faced. The version of bi-Laplacian operator was studied
by Alves and do O in [2].

A multiplicity result involving category theory was studied in [8] by Chabrowski and
Yang. More recently, in [26] Xie, Ma and Xu proved a version for [3] considering the
Kirchhoff operator. Correia and Figueiredo show the same result of [3] considering
the fractional Laplacian. A version for Choquard equation was proved by Gao, da
Silva, Yang, and Zhou in [17] and a version for Schrodinger-Poisson system was
studied by Cerami and Molle in [6]. In [10], Chen, Wei and Yan showed existence
of infinitely many non-radial solutions, whose energy can be made arbitrarily large
with a radial. In [22] Penga, Wang and Yan showed the existence of infinitely many
non-radial solutions with a partially radial.

A natural, still open question is to know whether Benci and Cerami’s results is true
in the system of equations case. Recently, Figueiredo and Silva in [16] answered
positively the question for the local case. In this paper, we are going study for the
fractional p-Laplacian systems. We recall that, the extension to local or nonlocal
systems involves some technical difficulties which are overcome with some refined
estimates, as can be seen in Lemma 3.1, Theorem 3.2 and Subsection 4.2. More
precisely, in these results we give the complete descriptions for the Palais-Smale (PS)
sequences of the corresponding energy functionals and by using these descriptions,
the existence results of solutions are obtained. Moreover, the main feature of the
system is a “double” lack of compactness due to the unboundedness of the domain
and the presence of the critical Sobolev exponent. The solutions are sought by
means of variational methods, although the functional related to the problem does
not satisfy the Palais-Smale compactness condition.

2. Limit problem

In this section we study the limit problem given by

(—A)Su = iKu(u,v) in RY,

R O
(Ssc) (—A)v = Z%Kv(u,v) in RY,

u,v >0 in RY, u,v € D¥P(RY), N > ps,

which the functional associated I, : D*P(RY) x D*P(R") — R is given by

1 1
Ioo(u,v) = =([[ull” + [Jv]|") — —*/ K(u,v)dz.
p Ps JrN
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Lemma 2.1. Let (u,,v,) be sequence (PS). for 1. Then

(i)  The sequence (U, v,) is bounded in D*P(RY) x D*P(RY).

(ii)  If up — u in D¥P(RY) and v, — v in D*P(RY), then I’ (u,v) = 0.

(i) If ¢ € (—oo,%@ffs), then I satisfies the (PS). condition, i.e, up to a
subsequence, (un,v,) — (u,v) in D¥P(RN) x D*P(RN),

Proof. Let (u,,v,) be a (PS). sequence for I, that is, we have I (u,,v,) — ¢
and I/ (up,v,) — 0.

(i) The boundedness follows by using (1) and estimating
1

Too(unvy) — —1I. (U, v) (U, 0.
p;

(ii) follows by a density argument.

(iii) Consider w, = u, —u and z, = v, —v. Note that applying [18, Lemma 4.6]
also from [13, Lemma 8|, we have

1
lwn|[” + lJull” + l[zall” 4+ 0] — —*/ Koy (Wn, 2p)wpda
Ps JrN
1 1 1
—— K (Wn2n)2ndr — — K (u,v)udr — — K (u, v)vdr = 0,(1).
Ds Ds Ds
Usingitem (ii) and (1) we obtain
Janll + alP = [ K z)do = 0,(1)
RN
Up to a subsequence, we conclude that there exists p > 0 such that

0<p= lim {Hwan + Hanp]: lim / K (wy,, 2, )dzx.
n—00 n—00 JpN

Suppose, by contradiction, that p > 0. From the inequality

_ p/p;
sKﬁ( Kxum,a»dx) < awnll? + 1zall”
RN

we get p>SK pP/Ps :>p>SN/pS. (5)
Since  L(u,v) = (5 = =)l + olP) = Il + o]) 2 0
and ¢ = llwall” + 2l + Lo (u, ) + 00 (1), (6)
we conclude c= i[||wn||p + || 20llP] + Too(w, v) + 0,(1)

> 2 (llwall” + 1zl + 0n(1) = 20 2 %5,

which is a contradiction. Hence p = 0 and

[wn]l” = llun —ul[” = 0 and |[z,[|” = [lvn — o]|” = 0. H
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3. A compactness result

Now, we establish the following lemma which will be useful to prove a compactness
result.

Lemma 3.1. Let (uy,v,) be a (PS). sequence for the functional I, with u, — 0,
v, — 0 and u, - 0, v, - 0. Then, there are sequences (R,) C R, (z,) C RN and
(Yo, Y1) € DSP(RN) x D*P(RYN) nontrivial solution of (Ps) and a sequence (7, ()
which is a (PS);z for the 1, such that, up to a subsequence of (uy,v,),

Tn() = un(x) — R;N_ps)/pTO(Rn(x — ) + 0n(1)
and Co(®) = up(z) — RVPIPY (R, (2 — x,)) + 0n(1).

Proof. Let (u,,v,) C DSP(RY) x D*?(RY) be a (PS). sequence for the functional

IOO7 .' )
e Ioo(tn,vn) = ¢ and I (up,v,) — 0. (7)

From Lemma 2.1(i), we get that (u,,v,) is bounded in D*P(RY) x D*P(R¥Y). Since
uy, — 0, v, — 0 and u,, - 0, v, - 0 it follows from Lemma 2.1(iii) that

N/ps
c> NSKS .

Note that from (1) we obtain

1 s
c+0n(1) = Loo(Un, vp) — Z)T.Iéo(umvnxumwb) = N(H%Hp + [|vn|P),
which implies Hm ([|un]” + [lval?) > SN/ (8)
n—o00 ’

Let 6 be a number such that By(0) is covered by € balls of radius 1, (R,) C R,
(z,,) C RY such that

sup // [< L(uy), u, >+ < L(vy), v, >|dzxdy
32

yERN 1 y

NN/ps

// < L(uy), up > + < L(vy,), v, >]dzdy = pT

and the function

(w(2), zn(2)) = (RPN P (- ) R0, (5 +2,)).
Using a change of variable, we can prove that
~N/ps
// (< L(wy), w, >+ < L(2y), 2, >]dzdy =
B2(0 p9

= sup // (< L(wp), w, >+ < L(2y), 2, >|dxdy.
B2(

yERN
Now, for each (®1, ®,) € D¥P(RY) x D*P(RY), we define
(ci)l,na éQ,n)(I) = (Ra(zN_ps)/p(I)l(Rn(x - :En)), RgzN_pS)/qu(Rn(x - $n)))
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which satisfies //RQN[< L(uy), @1, > + < L(vy), ®a,, >]dady

= //RQN[< L(wy,), ®1 > + < L(z,), 3 >|dzdy 9)
and /R Kt 0210+ K (0, 00) 1

_ /R (Kl 2)@0 4 K, 20)®d, (10)

where we conclude that
Io(wWy, 2,) = ¢ and I’ (wy, z,) — 0. (11)

From Lemma 2.1, there exists (To, Y1) € D*P(RY) x D*P(R¥) such that, up to a
subsequence, (wy,2,) — (Yo, T1) in D*P(RY) x DSP(RY) and I’ (1o, Y1) = 0.

As a consequence of [13, Lemma 6], we get

K(wy, z)¢de — | K(Yo, Ti)gdr + Y d(z)y;, Vo€ CFRY)  (12)

N N
R R el

and < L(wy), wy, >+ < L(2,), 20, > p+0

> [VXol” + VYL + ) dlaj)p + > élaj)o;,
jeJ jeJ
Vo € C°(RY), for some {z;};c; C RY and for some {v;},es, {1tj}iers, {0;}jes CRT.

Since §Kuf/pz < p; + 04, we can conclude that J is finite.

From now on, we denote by J = {1,2,...,m} and I' C R" the set given by
I'={z; € {z;}jes;|z;| > 1}, (x; given by (12)).

We are going to show that (Yo, T;) # (0,0). Suppose, by contradiction, that
(Yo, Y1) = (0,0). Then, by (12) we have

K (W, 2n)¢ds — 0, Vo € CF(RN\ {1, 22, ..., 2 }). (13)

RN

Since (¢1n, Pan) = (pwy, ¢z,) with ¢ € CP(RN \ {x1, 9, ..., 2, }) is bounded, we
obtain I (wn, 2n)(P1.n, P2.n) = 0,(1), that is,

// [< L(wy), ¢1.n > + < L(zn), 2. >]dxdy
R2N

1
—— [Kw(wna Zn)¢1,n + Kz(wny Zn)¢2,n]dx = On(l)
Ps JrN
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Using the definition of (¢q ,, ¢2,) and (1) , we have

//ka L(w,),w, > + < L(2,), 20 >]¢(x)dxdy

+//Rw[wn<y)<L(’wn)a¢>+Zn(y)<L(zn>,¢>]d:cdy — | K(wn, 20)pdz = 0,(1).

RN

Using the Holder inequality we get

//ka L(wy,),w, >+ < L(zy), zn, >]¢(x)dzdy

<t ([ [ 200 )

|¢ z) — d(y)[? v
P p + +
+ ||zl </ /Rz EN [ — g dzdy K (wy, zn)pdx 4 0,(1).

RN

Since there exists R > 0 such that supp¢ C Br(0), we have

//ka L(wy), w, >+ < L(2,), 2n, >|0(x)dzdy

1/2
<clulr( [ / )

1/p
el (f [ ook ) [ K)o+ on(t)

RN

Since (wy, 2,) is bounded in D*P(RY) x D*P(RY), from compact embedding and
(13), we obtain

Wp, zn, — 0, a.e., as n — oo, and verifying |w,|, |z,| < 1, Vn.

Now, for fixed R and N > sp, we have € L'(B%(0)). Then by the

|z — y| Ve

dominated convergence theorem we get
// |zn|p s dxdy — 0 // ]wn\p Nps dwdy — 0,
B%(0 ‘ B%(0 ’
and, for all ¢ € C°(RN \ {z1, 22, ..., Tm}),
[ ]I B> + < L) >1o(dedy o (14)
R2N
Let p € R be a number that satisfies 0 < p < min{dist(", B;(0)),1)}. We show that

//B . [< L(wy,), w, >+ < L(2,), 2,] > ¢(x)dzdy — 0. (15)

1+f’
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We consider ¢ € C5°(RY) such that 0 < ¢(z) < 1 and ¢(z) = 1 if x € B14,(0). If

-----

// [< L(wy), w, > + < L(2,), 2, >|ddzdy — 0.
R2N

Since

(Bi+p(0\B

1+3

IN

// (< L(wy),w, >+ < L(zy,), 2, >|dzdy
Bl+p(0)

= // [< L(wy),w, >+ < L(2,), 2n ]gbdxdy
B2

1+4o(0

< //RQN[< L(wy),wy, > + < L(2,), 2, >]¢dzdy,

we have that (15) is true.
Let U € C5°(RY) be such that 0 < ¥(x) < 1 for all z € RY and

17 T e BlJr%(O)?

W(z) = c
0, z€ BH%,)(O).

Consider the sequence (¥ ,, Vs ,,) given by (¥ ,,, Vs, )(z) = (V(x)w,(x),V(x)z,(2)).
Note that, by Holder’s inequality, we have

/ / < L(WL,), Uty > + < L(Us), Uy, >dady
(B14p(0\B, ;£ (0)

//B O\B "Pl(x)<< L(wn), wn >+ < L(zn), 20 >))dxdy

1+P

//(B " (Iwn(y)\”+|zn<y)yp) < L(D), U >)dzdy.

1+3

From (15), as well as, in its proof, we obtain

// [< L(\Ijl,n)a \Dl,n >+ < L(\Ijlna \Ij2,n >>]d.ﬁl§dy — 0. (16)
B14p(0\B,, £ (0))

Since (¥q,,, ¥y,,) is bounded in D¥P(RY) x D¥P(RY), we derive that

//Bl+p (O\B, ;¢ (0
//Bl+p \B

L(w,), Uy, > dzdy +// wy), ¥y, > dedy
1+”

< L(zn), Vo, > dxdy + // Zn), Vo, > drdy
1+P

1+P
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1 1

- — U1 Koy (Wi 20 )dr — — Uy, Ko (W, 2,)dx (17)
P J(Brip(0)\B, , 4 (0) Pi J(B, 4 0)
1 1
— Wy K (Wh, 2n)dr — — Uy K (wy, 2,)dx = 0,(1).
Ps J(Bi1(0\By ¢ (0)) Ps J (B, p(0))

From the definition of ¥, we get

(< L(wy), Uy, >+ < L(2,), Yo, >)dzdy — 0 as n—oo. (18)

(Bl+p(0)\B1+§ (0))2

Moreover, from a direct calculation we obtain

1
— (U1 K (Wi, 20) + Vo K, (W, 2,,) )dx = 0, (1). (19)
Ds Bl+p(0)\B1+§(0)
From (17), (18) and (19) we conclude
// (< L(V1), Uy, >+ < L(Vy,), Ys,, > dzdy (20)
1+3

1
- v,y nK (\Ijl,nu ‘IIQ,TL)dJJ_* / \Ilz’nKZ<\I]17n’ \1127”>dx = On(l)
ps Bl+§(0) Dy B:[Jrg(o)

Note that

// [< L(\Ill,n)y \Ijl,n >+ < L(\IJQ,n)a \Ill,n >]dl‘dy
R2N

- / / (< LV, Wy > + < L(Ws,), Uy, >)didy
Bitp

// // [<L(¥y,), Uy ,> 4+ <L(¥s,), Uy, >|dedy
B1+P(O \Bl+f’ 0) 1+/)

// < L ‘I’l n) \Ijl,n >4+ < L(m27n>, \Ijl,n >]d£[)dy
1+”

and using (1), we get

K<\Ill,n; @2’n>d$ = / K(\I’Ln, \Ijg’n>d!17

RN B145(0)

= / K(\Ijlﬂw \Pg’n)dfﬁ + / K(\I,LTH \Ij2,n)dx
Brip(O\B, ¢ (0) Bi g (0)

we conclude that

// [< L(qjl,n)7 \I’Ln)—i— < L(qlgjn), \Ijgyn > dxdy — K(\Ijl,na \1127”)611' = On<1)
R2N

RN
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From the definition of S K,s; We have

]. *
19117+ 10l 1 (7 )l + 102 P
K,s
1

api/p
SK's

= [[[W1nll” + 1 W2n]"] = (117 o+ (19,0 ][]

<Ol + [0 |P] — / K (U1, Wa,)dz = 0,(1). (21)
RN
Note that
[Vl + [, P

) </ / ’

/ / (€ LWy, W) < L(Ws,0), Uy, >)dndy
1+p

// < L \Ifln) ‘Ill,n)+ < L(\Ifzn), \Ijgm >]dl’dy
(0) 1+£

1+£

Since @1, = wy, Py = 2, in Biye() and that By s ) C Ba(0), we obtain

Nl + 2l < 0u() [ [ (€ L)1)+ < L(E2,), Way >y
B2
which implies

U1 l]P 4+ |0l < on(1) + // [< L(wy), w, >+ < L(2,), 2, >]dzdy
k 1B (l/k)

< o0,(1)+ L sup // (< L(wy),w, >+ < L(zy,), 2, >|dzdy
Bi(y)

yeRN
§N/ps
< op(1) + 22
p
Then, this implies
(Ps—p)/p GN/P?s pi-p
(||\p1,n||p+||\1/2,n||p> Son(l)—l—( e ) | (22)

Using (21) and (22), we have that

1 N/ps pi—p
n 2,n 1 On 1 ~ /p

T
1 *®
< sl + W2 [1 e 1P+ ([ 7 } — oa(1).
K,s

. N , & Dy . .
But notice that %(ps p) s = 0 implies

1\ ®@s—»)/p
foaefi-(3) ] <o

from which we conclude that (@4, ®;,) — (0,0) in D*P(RY) x D%P(RY).



A.C.R. Costa et al. / Existence of Positive Solutions ... 1095

Since w, = @y, 2, = P2, in B;(0), we obtain
0< //BQ(O)[< L(wy), wy, >+ < L(2y), 2, >]dzdy < [|[U1,]|7 + [|Panll?,
i
which implies
//192( )[< L(wy,), w, >+ < L(2,), 2, >|dzdy — 0 as n — oo.
20

But this last convergence it is a contradiction with

oN/ps

// [< L(wy), wy > + < L(2n), 20 >]dady = =22~ Vn e N.
B3(0)

20

Hence we have (Yo, T1) # (0,0). Now we are going to show that there is (7,,(,) in
D*P(RY) x D*P(RY) such that (7,,(,) is a (PS); sequence for I, satisfying

To(7) = un(z) — R%N_ps)/pTO(Rn(x — T5)) + on(1),
Cn(x) = Un(x) - R%N_ps)/pTl(Rn(x - $n)) + On(l)a

for some subsequence of (u,,v,) that still denote by (u,,v,). For this, we consider
Y € C3°(RY) such that 0 < ¢(x) <1 for all z € RY and

{1, if =€ B(0),

YO =00 i 2 e By0)

and consider a sequence (7,,(,) defined by

Tu(@) = un(2) = B PIPTo(Ry(a — ) ) (Rl — ), (23)
Gn(7) = va(@) = RYTPVPY (R (2 — ) ) (R (@ — ), (24)

_ . R, .
where (R,,) satisfies R,, = 5 — 00. From (23) and (24), we obtain

Rgsz_N)/an(x) = Rgsz_N)/pun("E) — To(Rn(z — mn))¢(Rn(w — )
and Rgps—N)/an(m) = Rgzps_N)/pvn(x> — T (Ra(z — xn))@z)(Rn(x = Zn)).

Making change of variable, we conclude

R, (Ri + x) = Ry, (i + :c> — Tot (i)

mn Rn Rn
and  RP—N/p¢, (Rin + xn) — RWPs=N)/py (Rin + :cn> — T (Ri,)

Now we define Tn = RP=N/rr (Ri + fn)
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and G, = Ry, (i " x)
R

Since wy(x) = Rﬁl N/py,, (— + xn)

and 2n(x) = RPs=N)/py (— + xn)

we get, Fol2) = wn(2) — <Rin> (25)
and G =6l = (£ ) (26)
I Yl2) = 6 (—) 1)

1, if z€ Bf%n (0),
we have that Un(z) = (28)
0, if z€ B, (0).

From (25), (26) and (27), we derive that

77”(2) = wn(z) - T0<2)¢n<z) and En(z) = Zn(z) - Tl(z)¢n(z>
Since R, — 0o, it is not difficult to show that Y1, — T, in DsP(RN), i =0, 1.
Then Tn(2) = wn(2) — Yo(z) + 0n(1) (29)
and Ga(2) = 2a(2) = T1(2) + 0n(1). (30)

To finish the proof, it is enough to show that (7,,(,) is a (PS)z sequence for I,
Note that making a change of variable we get

Ino(Ts Gn) = Too(Tas Ga)
Using (29) and (30) and applying [18, Lemma 4.6], [13, Lemma 8] and (11), we have
Loo(Tn, Gn) = Loo(wn, 2n) = Loo(Yo, T1) + 0n(1) = ¢+ 04 (1),
where ¢ = ¢ — Io(To, T1). Now, since
0 < 7 (Ts Go)llpr < 1T (Fos G,

it is sufficient to prove that ||I’_(7,, ()|l or — 0 which is equivalent to show that

12 (Fas Go) = L, 20) + I (T, Y1)l = 0. (31)
But the last convergence is a direct consequence of [13, Lemma §]. [

The next result is a version for a gradient system in RY of the result due to Struwe
that can be found in [23].
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Theorem 3.2. (A global compactness result) Let (un,v,) be a (PS). sequence for

I with u, — ug in D*P(RY) and v, — vy in D*P(RY). Then, up to a subsequence,

(un,vy) satisfies either,

(@) (Un,vpn) = (ug,vo) in D¥P(RN) x D*P(RN) or,

(b)  there exists k € N and nontrivial solutions (z§,¢3), (22,C2), ..., (28, ¢¥) for the
system (S ), such that

k
lall” 4 Nwall” = Nuoll? + lool” + D[l 117 + 1G]
j=1
k . .
and I(tp,vy) = I(ug,vo) + Z Io(23, Q).
j=1

Proof. From the weak convergence and a density argument, we can conclude that
(ug,vp) is a critical point of I. Suppose that u, — ug, v, - vy in D¥?(RY) and
let (wl,zl) c D¥P(RN) x D*P(RY) be the sequence given by w! = wu, — uy and
2zl = v, —vo. Then, w} — 0, z! = 0in D¥?(RY) and w} - 0, 2} - 0 in D¥P(RY).

Applying [18, Lemma 4.6] and [13, Lemma 8], we obtain

Io (Wi, 28) = Iy, v,) — (g, vo) + 0n(1) (32)
and I' (wh, 2) = I' (U, vy) — I'(ug, v0) + 0,(1). (33)
Then, we conclude from (32) and (33) that (w?,z!) is a (PS)., sequence for I.

Hence, by Lemma 3.1, there are sequences (R, ;) C R, (z,1) C RY, a nontrivial
solution (24, ¢}) € D¥P(RY) x D*P(R¥) for the system (P,,) and a (PS)., sequence
(w?, 22) c D*?(RY) x D¥P(RY) for I, such that

n» n

w?(z) = wl(z) — R(N_ps)/pzé(le(x — Tn1)) + 0,(1)

n n n,1
and 22(2) = zh(2) = RSP PQ (R (@ — 21)) + 0a(1).
If we define dl(r) = Rfﬁ_N)/pw}l <R$ ) + 1),
V@) = RO ()
n,1
and w?(z) = Rﬁfﬁ_N)/pwi(Rx + l’n,1>,
n,1
2 (ps—N)/p 2( %
=R ( nt):
Zn(l‘) n “n le + T,
we get w2 (z) = ®L(x) — 24 (x) + 0, (1),
(@) = U, (2) — G (@) + on(1)

and

1@l = llwall, @5l = [lz,]l and /RNK(fbi,\I’i)dx: K(w,, z,)dz.  (34)

n’»<n
RN
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Hence, Io (@, UL) = T (w}, 2}) (35)
and I' (®L,Ul) — 0 in (D*P(RY)). (36)

From (35), (36) and from item (a) by lemma 2.1, we have that (®}, ¥!) is a bounded
sequence in DSP(RY) x D*P(RY) and, up to a subsequence,

&~ WG i DURY). (37)
Applying [18, Lemma 4.6] and [13, Lemma 8| again, we obtain

]OO({EEL’ g?z) = IOO(CI>71w \Prlz) - IOO(Zév C(}) + 0, (1)
= I(tn, vn) = I(uo,v0) — Ino(25, Gp) + 0n(1). (38)
and I (W5, 22) = I (9, 0,) — IL (25, Cp) + 0n(1). (39)

If w?,22 — 0 in D*P(RY), the proof is over for k = 1, because in this case, we have
[[enlP + wall” = fluoll” + [[vol” + 21" + oI
Moreover, from continuity of I, we get
I(tp,vy) = (g, vo) + Ino(2g, ).

If w2 - 0,22 -+ 0 in D*P(RY), using (3) and (37) that w?,z2 — 0 D*P(RY), by

n’n

(38) and (39), we conclude that (w?,z2) is a (PS),, sequence for I.

n»n

From Lemma 3.1 we conclude that there are sequences (R,2) C R, (z,2) C RY,

nontrivial solutions (22, ¢2) € D*P(RY) x D*P(RY) of (Sy) and a (PS)., sequence
(w3, 23) c D*P(RY) x D¥P(RY) for I, such that
wp(w) = @) = By P A (Rl = n2)) + 0a(1),
au() = Za(w) = By "G (R = n2)) + on(1).
If ®2(x) = Ry NP2 ( Rx + xn72)7
n,2
V() = BV )
n,2
and WP (x) = R%*N)/pwi (RJ: 5 + xng), (40)
HORS e (41)
n,2
we have that w? (r) = ®2(x) — 25(x) + 0, (1), (42)
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Arguing as before, we conclude
lan I + 123117 = (44)

= [[unll? + [[onll” = [Juol” = flwoll” = lzolI” = 16117 = 128117 = NG 1IP + 0n(1),
I (1,172,,2\;31) - ](umvn) - I<u07U0) - 100(287 C&) - 100(237 C§> + On(l) (45>

and I (W, 23) = Io (@5, 07) — I (25, G5) + 0n(1)- (46)

n7 n

If @3,22 — 0in D*P(RY), the proof is over with k& = 2, because ||@3]|*> — 0,

n»~n

123]|> — 0 and from (44), we have

2
et I? 4+ l[oal? = Hlaol” + Ilwoll” + Y [l 117 + G 17]-

Jj=1

Moreover, from the continuity of I, we have I(z3) — 0. Now using (45) we get

2

I(tup,v,) = I(ug,vo) + Zfoo(zé,g“g).

Jj=1

If w3, 23 -+ 0in D*P(RY), we can repeat the same arguments before and we can find
(23, CO), (22,¢2), ..., (2571, ¢&~1) nontrivial solutions for the system (S,) satisfying

k—1
TENP+IZENP = et P+ 0l = [lsolP = oo 1P =D (217 = 1G 171 +0n(1),  (47)
7=1
k—1
and [ (27]27/52) - I(unavn) - Uo,’UO ZIOO ZO?CO +0n<1) (48)
7=1
From the definition of S K,s» we conclude that
o 2/2% _ . .
([ KG@de)" So IR+ IGI j=1.2000k =1 (49)
RN

Since (zg, Cg) is nontrivial solution of (Sy), for all j =1,2,....k — 1, we get

2P+ 1617 = [ K o
RN

Hence, —I2IP = 1@l < —S¥2, j=1,2,.. k1. (50)
From (47) and (50), we have
k—1
TN+ 1ZE]7 = Neall? + Noall” = luoll” = lleoll” = D U117 + G171 + 0a(1)
j=1
< lun P P u||” = |JvolP = (k — 1)S~/> 1 51
< unll” + [Jon][” = [luol[” = [lvoll” — (k = 1)Skls + oa(1). (51)

Since (uy,v,) is bounded in D*P(RY) x D*P(RY), for k sufficient large, we conclude
that w®, zF — 0in D¥?(RY) and the proof is complete. O
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Corollary 3.3. Let (un,v,) be a (PS). sequence for I with ¢ € (0, %51’?1’8). Then,

S

up to a subsequence, (u,,v,) strong converges in D¥P(RY) x D*P(RY).
Proof. We have that (u,,v,) is bounded in D¥P(RY) x D*P(RY),
Uy, — Uy, Vp — vy in D*P(RY)
and by a density argument I'(ug,v9) = 0. Suppose, by contradiction, that
Uy = Uy, Uy vy in DIP(RN).

From Theorem 3.2, there are k € N and nontrivial solutions (z¢, ¢3), (22, ¢3), ..., (25, ¢F)
of the system (S, ) such that,

k
P+ lloall” = Nuoll” + [lwoll? + > 112517 + 163117
j=1
k . .
and Iy, v,) = I(ug,v0) + Y Ino(2), Q).
j=1

Note that by (1) we have

1 1 1 1
](U(),U()) = —”'LLO||p+—HUO||p+—/ (A(Uo,vo),<U0,U0>>R2dI— — K(UO,Uo)d
p p D JrN

1 1 1
= —luol” + ~l[wol[” + —(/ K (uo, vo)dw — [Juol|” — HvoHp> - —/ K (ug, vo)d
p p D\ JrN

— % N K(UO,UO)dﬁf Zk O )
i N/ps S SN/ps .
Then, ¢ = I(up, vo>+j§;foo<z6, e Z 4.6 2 Ké” > SR/, which
is a contradiction to ¢ € <0 S SN/pS>. O]

Corollary 3.4. The functional I : D*?(RY) x D*P(RY) — R satisfies the Palais-

Smale condition in <%Sg/sps7 2]§SN/ps).

Proof. Let (u,,v,) be a sequence in D*P(RY) x D*P(RY) that satisfies
I(up,v,) = ¢ and  I'(un,v,) — 0.
Since (uy,,v,) is bounded in D¥P(RY) x D*P(R¥), up to a subsequence, we have
U, — Uy, Vp — v in DIP(RN).
Moreover, I(ug,v9) > 0. Suppose, by contradiction, that

Uy = Uy, Un = vy in D*P(RY).
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From Theorem 3.2, there are k € N and nontrivial solutions (28, ¢}), (23,¢3), .- -,
(2, ¢k) of the system (S,) such that

k
et I” 4+ l[oall” = llaoll? + [lwoll” + > [z 117 + 1G317]
j=1
k . .
and I(tp,vn) = I(ug,vo) + Z Io(2, Q) =c
j=1

Since I(ug,vp) > 0, then k =1 and 2}, ¢} cannot change of the sign. Hence,

S GN/ps
Cc = [(UOaUO) _I_IOO(Z(%,COl) = [(UO,UO) + ngfsp )

From the definition of Sk, I'(ug, vo)(ug, v9) = 0 and

1
I(up,v9) = — K (ug, vo)dz,
N Jgn
we have, SN/pS < I(ug,vo) + SN/pS =c,
which is a contradiction to ¢ € ( S,Ji/fs, ?\‘,"’SN/pS) O

Corollary 3.5. Let (u,,v,) C D*?(RY) x D¥P(RYN) be a (PS). sequence for I with
ce (’“Sﬁ/fs, (ks S[A(](Sps), where k € N. Then, the weak limit (ug,vo) of (up,vy,) is

N
not trivial.

Proof. Suppose, by contradiction, that ug, vy = 0. Since ¢ > 0, then u,,v, - 0 in
D*P(RY). From Theorem 3.2, up to subsequence, we get

k k
e l” 4+ lfoall” = llaoll? + llooll” + > =17 + 1G1FT = D TlI=dl” + G311
=1 =1
- (k+1)s
d I(up,vy) — I Lo(,¢) = ¢ > SN/ps,
an (u U ) (u07U0) + ; Zngo Z ZO CO = N K,s
which is a contradiction to ¢ € (NS%/;”S’ WS%/SPS). O

From now on we consider the functional f: D*P(RY) x D*P(RY) — R given by
o) =P + ol + | (AGw0). (0,0))sods
R
and the manifold M C D*P(RY) x D*P(R") given by

./\/l:{(u,v)EDs’p(RN)XDS’p(RN): K(u,v)dle}.

RN

The next results are direct consequence of the corollaries above.
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Lemma 3.6. Let (uy,v,) C M be a sequence that satisfies
f(un,vn) = ¢ and ') p(tn, v,) — 0.
Then, the sequence (wy, z,) C D*P(RY) satisfies the following limits:
I(wy, 2n) = %CN/])S and I'(wy,, z,) — 0,

where (wy, zn) = (NP5 (N=ps)/Dsyy )

Lemma 3.7. Suppose we have a sequence (u,,v,) C M and ¢ € (§K,s,ppS/N§K,s)

such that
f(un,vp) = ¢ and ') p(tn, v,) — 0.

Then, up to a subsequence, u, — u, v, — v in D*P(RN), for some u,v € D*P(RY).

Corollary 3.8. Suppose we have a sequence (uy,v,) C M and ¢ € (§K,S,pps/N§K,s)

such that
f(tun,vn) = ¢ and  f'(up,v,) — 0.

Then I has a critical point (ug,vy) € D¥P(RY) x DSP(RN) with I(ug,vy) = %CN/”S.

4. Existence of a positive solution to (5)

Now we recall some properties on the function ®;,, given by in (2). Note that
(P50, Poiay) € X = {(u, v) € D*P(RY) x D*P(RV);u,v > 0}. (52)

Moreover, making a change of variable we can prove that

D5, € LYRY) for g€ ( p:}, Vo >0 and Vz, € RY. (53)

N —ps’

The proof of the next result can be seen in [1, Lemma 4].

Lemma 4.1. For each zy € RY, we have
(i> ||(I)5,g;0||H1,oo(RN) —0asd — +00,
N

(i) [@saly — 0 asd —0, Vge (m,pg),

N
(ili) [Psagly = +00 as d — +o0, Vg€ <m,ps).
The proof of next result can be consulted in [1, Lemma 5].

Lemma 4.2. For each ¢ > 0, we have

// < L(®s0), Psp > dedy — 0 as § — 0.
R2N\ B2
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4.1. Technical lemmas

Lemma 4.3. Suppose that a,b,c € LY(RY), Vq € [p1,ps], where 1 < p; < pﬁs < p2

with py < 3;)(22_1; if N = 3. Then, for each ¢ > 0, there are 6 = d(¢) > 0 and

§ =6(g) > 0 such that

sSup f(ao@é,wovﬁoq)&xo) < §K,s + €, )€ (O,Q] U [5, OO)

yeRN

Proof. Consider zp € RY, q € (;\;,pg] and t € (1,400) with é—l— % =1.

A direct calculations leads to

s < pt < pi. (54)

Since ®5,,, € L4YRN), Vd € (%m’p:>’ we get |Ps ., [P € LY(RY). Then, using the

Holder inequality and change of variable, we obtain
[ @) ®slpdo < lal@saly, vy € RY,
RN

pty

[ b P < afsaly, vy € RS,
RN

pt?

and / ()| @s 0 [Pdz < ||y Psolly, Vy € RY.
RN
From item (ii) of Lemma 4.1, given ¢ > 0, there exists 0 = d(¢) > 0 such that

- 4 .
sup f(aoq)é,zoa Boq)é,xo) < SK,s + _8 < SK,S + ¢, Yo € (O,Q]
yeRN 5

Suppose that ¢ € [pl, %) with ¢ € (1,+00) and é + % = 1. Note that pt —p: >0

and for 6 > 1,
|s0o| € LZ(RY) (55)

and | s, [P* € LYRY). Then, |®s,,[P € L'(RY). Using the Hélder inequality with
q and t, we get

1/t
o [ s e < agily( [ 0soas)
RN RN

1/t
= atlaly ([ 1950l 0sap i)
RN

< af;|a|q|<1>5,o|§;t-pﬁ>/t( [ 120
]RN

< O;O;,a|qc<pt—p:>/t5(W—%)((m—pzw) Vo € RV,

Y

1/t
pﬁdz) < a[aly Do P
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Then, given £ > 0, there is 0 = §(¢) > 1 such that

(P2 Mg () /1) € _
5 1 < 5ag|a|qC(Pt—P§)/t7 V(S € [57 OO)

Arguing as the same way, we have for all z; € RY

p (N—ps) _N-—ps

A / ()| @o.0o|"dr < BBl C PR/ RN,
RN

o

p/(N—ps) _N-ps

0,8 / ()| @i [Pl < 0B8], PP/ e,
RN
and
ol 5, / ()| @ 0P < 02715, ] CHP) 15 H T E )
RN

Then

f(@oq)(i,xov Bo(pé,zo) = §K,s + 055/

]RN

()| B [Pl + 7 / b()| P o P
RN
T L LNy T
RN RN

< Sicu+ a? sup / 0(2)| @0, Pdz + B? sup / b()| Dy oy [P
RN RN

yERN yeRN

—i—ozé”lﬁo sup / c(x)@(;,zo\pdx—l—aoﬂg’l sup / c(x)| s a, [Pdx
RN RN

yeRN yeRN

- 4 - _
< Swes + EE < Sxste, Voo eRY and Vo e [5,00). 0

Lemma 4.4. Suppose that (As) is true. Then,

sup f(aoq)é,mm 50@6,:170) < pps/NgK,s-

x( erN
6€(0,400)

Proof. Using the Holder inequality with N/ps and N/(N — ps), we get
f(aoq)é,xoa 60(1)6,10)
< Sk + abla| pxms @y + BEID Lvims vy + &b Bol el pavims mvy + Qo857 |l vims -

From (A3) we conclude

sup f(ao(bé,moyﬁoq)é,zo) < §K,s + S’/K,s(ppS/N - 1) = ppS/NgK,s- U

z N

560(%]1,{{00)
Consider now the function &(z) = { (1)’ g m i }’ and define the function

g : D3P(RN) x DsP(RN) — RN+L by
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SKS //R2N <|I| )[0/3 < L(u),u > +p5 < L(v),v >]dzdy

= (h(u, v),7(u, v)),

where h(u,v) = ;// i[0/3 < L(u),u > +p% < L(v),v >|dzdy
SKs R2N |£C|

and Y(u,v) = / E(z)[ab < L(u),u > +p2 < L(v),v >|dzdy.
SKS R2N

Lemma 4.5. If |z > , then

oy 0s(1) when § — 0.

h((bé,xm q)é,xo) = |l’0|

Proof. Given € > 0, from Lemma 4.2, there is 6 > 0 such that

// < L(CI)&:BO), @5@0 > dl‘dy = // < L(CI)&:CO), @5@0 > dZdy <€,
R2N\ B2(xq) R2N\B2(0)

for all § € (0,4). Then,

p
’h<q)6,zoa (I)é,zo - % + 60 // — < L (1)5,960)7 (I)é,zo > diﬁ'dy‘ (56)
BQ(.I() |‘T’

p .

< M// < L((I)g’xo), @57$0 > dxdy < e, Vo € (0,5)
Sk,s R2N\ B2(x)

Note that
p -
a+ﬂf// L (@), By, > dady| < de 2= Ce, (57)
\550’ Sk.s B2(z0) 7]

for all § € (0,4). From (56) and (57), we have for all § € (0, 4)

To
‘h(q)(s,xou q)5,:v0) - |_0|

P
= ‘h((I)(;,IO, (1)5,31:0 — a + 50 // — < L q)é,:co) q)écc() > dl’d o
SKS B2(z0) |517’ |35o|

P
Lt / / L L(®s0y), By > dxdy'
SKS 32 (zo) ‘.CL"

ob —l—
< ‘h(®571307®6,xo _ B //BQ( m < L(Ps24)s Ps oy > d:cdy‘
1'0

D
%o +50// L < L(®yay), Pray > dudy —
Sk.s B2(z0) || |0

<e+Ce=(1+0). O
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Lemma 4.6. Suppose that a,b,c € L/(RY), Yq € [p1,ps], where 1 < p; < % < P2
3(p—1) if N = 3. Then, for every 6 > 0, we have

p2s—3
lim f(aoq)é,:coa 50‘136,:50) = SK,s-

|zo| =00

with py <

Proof. Since

f(aoq)é,wm /80(1)574130) = gK,s + 04];/

a(2)| @00 [P + 7 / ()| sy P
RN RN

+ar-1g, / ()| [P + 1y 371 / ()| Dy g [P,
RN RN

we need to prove that

lim a(2)|Ps 2 |Pdx =0, Vo >0, (58)
|x0|—>oo RN
lim / b(z)|Ds zo [Pdx =0, V5§ >0, (59)
|:ro|~>oo RN
and lim c(x)|Ps 0 [Pdz =0, Vo > 0. (60)

|:E0|~>OO RN

Note that given £ > 0, there is ky > 0 such that for all p > kg

ps/N
(/ a(a:)N/dea:) < e, (61)
RN\ B, (0)

. 1/p3 X 1/p3
and (/ |D5 20 dex) = (/ |Ds0 dex) <e. (62)
RN\ B, (x0) RN\ B, (0)
Consider ko < 2p < |zo| (p fixed) (63)
and note that B,(0) N B,(xg) = 0. (64)

Using the Hoélder inequality with N/ps and N/(N — ps), we get

/ a(z)|Ps 4, [Pdx
RN

ps/N
S (/ CI,N/deI) (/ |(I)6,wo
RN\(B, (0)UBy(x0)) RN\(By(0)UB(x0))
ps/N (N—ps)/N
+ (/ CLN/de[L'> </ |(I)5,$0 )
By (0) By (0)
ps/N (N
+ (/ aN/psdx) (/ |CI>5,$O|p$dx)
By (20) By(zo0)
ps/N O\ e/
S (/ aN/dex) (/ |(p§7y|psdx>
RN\ B, (0) RN\By (x0)
ps/N A\ /N
+ (/ aN/psda:> (/ |Ds 0 de:c)
RN RN\B,(z0)

O\ (VepsN
pS dx)

Ps




A.C.R. Costa et al. / Existence of Positive Solutions ... 1107

ps/N X (N—ps)/N
+ (/ aN/de:v) (/ D5 20 pOd:E)
RN\ B, (0) RN

< eef + |a|nypse? + €.

Arguing along the same way as for the term (60) completes the proof. O

Now we define the set & = {(u,v) € M;h(u,v) = (O, %)} and note that from
Lemma 4.2 and Lemma 4.1(i) there is §; > 0 such that (®s, 9, Ps,0) € S

Lemma 4.7. The number ¢y = inf f(u,v) satisfies the inequality ¢y > §K75.
ueS

Proof. Since & C M, we have S’/K,s < ¢p.

Suppose, by contradiction, that §K7s = ¢o. By Ekeland variational principle [25],
there exists (u,,v,) C D*P(RY) x D*P(R") such that

K(tup,vp)de =1, h(un,v,) — (O, 1) (65)
RN 2

and Fltn,vn) = Sgsy [ (tn, ) = 0. (66)

Then, (uy,,v,) is bounded in D¥?(RY) x D*P(RY) and, up to a subsequence, u,, — ug,
v, — vg in DSP(RY).
If wn g S(N_ps)/pgsun, Z?’L — S(N_ps)/p2sfun and wo — S(N_ps)/p28/u/07 ZO — S(N_ps)/pZS/UO7
we have that w,, — wp, 2, — 2 in D¥P(RY). Moreover, from (66) and Lemma 3.6,
we get 5 ~
I Wy, 2,) — NS%{,SPS and I'(w,, z,) — 0.
We are going to show that (wy, z9) = (0,0). Note that

Uy = Uy, Up = Uy in D*P(RY), (67)

since otherwise, (ug,v9) € M implies uy # 0, vo # 0. Then,

!

(luol” + [lwol”)
p/p5
( K(uo,vo)dx)
RN

< HUOHP + HUOHP + /N(A(U07U0)7 (U(),Uo))ﬂvdx = §K,su
R

[[uol|” =+ [|vol”

Ks =

which is absurd. Hence, w, - wq, 2z, - z in D*P(RY) and, since (wy, 2,) is a
(PS). sequence for I, by Theorem 3.2 we obtain that

k
H(uwnza) = Lo, 20) + Y Loo(24, ) = -5

J=1
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Since I' (%), ¢]) = 0, we have I(wo, z0) = 0, (68)
k=1, (69)
20,6 > 0, (70)
s
I(U]Q,Zo) = N K(UJ(),Z(])diL’
RN

and from (68), we conclude that wy = 0 and zy = 0. Then, (w,,z,) is a (PS).
sequence for I such that w, — 0, z, — 0 and w,, - 0, 2z, - 0. Note that

/RN a(z)|wy [Pdz = 0,(1), /RN b(x)|2nlPdz = 0(1),

/ c(z) |wp|P 2wy zpdr = 0,(1) and / c(2)| 2P 2nwndr = 0,(1).
RN

RN
Then,

2 S 4 0n(1) = T(wn, 20) = Too(twn, 20)+ /R ala)|w,Pdz + /R b()|zfPdz (71)

—1—/ (@) |wp P 2wy zpda + / c(2)|2n P2 znwndr = Iog(vy) + 0, (1)
RN RN

and 1 (Wns z0) [l < T (wn, 20) [ + 0n(1). (72)

From (71) and (72) we conclude that (wy, z,) is a (PS). sequence for I, and by
Lemma 3.1, there are sequences (R,) C R, (z,,) C RY, a nontrivial solution (z{,¢})
of (S) and a sequence(®,, V,) a (PS), for I, such that

wy(7) = Oy () + R;N_ps)/pzé(Rn(x —Zp)) + 0n(1) (73)
and zn(2) = U, (2) + RN PIPCHR, (2 — 2,)) + 0n.

Note that if we define

By (x) = ROV (R(w = 20)), WUalx) = RNV (R — 20)),
making change of variable, we have for all n € N,
Iéo((,i/)nu CI}TL)(QOJ ¢) - ];o(zé7 Cé)((pThz/}n) - 07 V(QO, w> S Ds,p(RN) X D&p(RN))

i.e., (B, ,) is a solution of (Sx), for all n € N.

Moreover, from the definition of (®,, ¥,,) and by (70), we get

_ ~ 57 (N—ps)/p
D, (z) =V, (z) = C’< ; - /) .
o + | — (zo)n|?
By (73), we obtain
Un(2) = () + P, (1), () + 0n(1), 0 (x) = V() + P, (1), () + 0n(1)

where (I)n<l'> = = \:[In(.'lf) = W\Pn(m)

——, (),
S}(N —ps)/ p2s SK
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Using (69), we derive that ®, — 0, ¥,, — 0 in D*>P(R"), which implies that o, — 0,
U, — 0 in D*?(RY). From (65) we have

1 ~
(0.5) + 0n(1) = Alttn, v) = 9(Bu(@) + @s, a0y, (2), T (&) + Do a0, (2)) + 0 (1))
g(q)én 170)n7 q)(sn, «TO) )
WhiCh implies (1) (CI)(;” (xo s (I)(;n (wo)n) 0

1
and ( ) (®5n CEO n’ ®6n IO n) Py

Passing to a subsequence, one of these cases can occur.

(a) 6, — 400 as n — 400;

(b) 8, — 0 #0asn — +o0;
(¢) 0, — 0and (zg), = Tg as n — +oo with |Zo| < %;
(d) 6, —0asn— +ooand |(zg)n| > % for n sufficient large.

Suppose that (a) is true. Then,

ob + 5
7(®5n,(mo)n7@5n,(zo)n) =1- 0 // (I)én a:o)n) (I)dn (20)n = dxdy,
SK s B2(0
which implies by Lemma 4.1,
ol + B
|7(®5n7($0)n7q)6n7(-r0)n) - = 0 // ®5n mO) ) q)(sn:(mo)n > d:ljdy
Sk B3(0)
ab + 3
S =~ 0 // < L(CI)(Sn,(xo)n)v (I)5n,(500)n > dl‘dy = On(l),
SK,S R2N

which contradicts (ii).

Suppose that (b) is true. In this case we can suppose that |(zg),| — +00, because
if (x9)n, — o, we can prove that

D5, (20 — sz, In D*P(RY).
Since ®,,, ¥,, — 0 in D*P(RY) and

Up = (/I\)n + (I)(sn,(a:o)n + On(1>> Up = cI}n + (I)(Sn,(xo)n + On(1)7
we have that (u,,v,) converges in D*P(R") x D*?(RY). But this is a contradiction
o (67). Then,
ap + 5

g / R2N 5(1.) < L(één,(mo)n), ®6n7($0)n > dxdy
K,s

7(®5n7($0)n ) (I)5n,(930)n) =

ot + &
SK75 R2N\ B2(0

D
g tB / / L(®s, 0), ®s, 0 > dzdy. (74)
SK,s 32 —(zo)n
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From Lebesgue’s Theorem we can prove that

// q)g 0) (I)(;mo > di‘d@ — 0
B2 (zo)n

and from (74), we obtain
Y(®Ps, 20y > Pon,(z0)n) — 1 a8 n — 400,

which is a contradiction to (ii).

Suppose that (c) is true. We have

ab + 55
V(D5 (20)ns Pon.(z0)n) = g §(z) < L(®s, (20)n ), Po (20)n > ddy
K.s R2N
af + 58
= N—BO // < L<q)5n7(-730)n>7 (I)5n,(xo)n > dl’dy
SK,s R2N\B?(0)
ab + 3
— . ﬁo // < L CI)5 (x0)n ) @5 (x0)n > d:cdy (75)
SKs R2N
p
CY +50 // CI)(gn ) @57“0 > di‘dg
SKS 32 (—(=0)n
P
_at A // L(®s, o), ®5, 0 > dzdy. (76)
SKS B2 —(z0)n

Note that using Lebesgue’s Theorem again, we can prove that

p
%o _'_60 // CI)(;n ) (1)57“0 >dffdﬂ:1
32 (zo)n)

n~>oo SKs

Then, by (75) we have Y(Ps, (z0)n> Ps,.(z0),) — 0, which is a contradiction to (ii).

0)n
Suppose that (d) is true. Since |(xg),| > % for n large, then (), - 0 in RY. From

Lemma 4.5, we get

Hence, h(q)én,(aso)na (I)(Sn,(:co)n) - 0,

which is a contradiction to (i). Hnece, we conclude that S K,s < co and the proof is
complete. n

Lemma 4.8. There is 6; € (0,1/2) such that
S ng
(a)  f(0®Ps,.z, BoPsyap) < T2 Vg € RY;
1
57

(b) 7((1)51,900’ (1)51,z0> <
To 1

(c) (D5, 2y Poyong) — | < E Vo € RY such that |zo| > %

|0l

‘v’xo € RY such that || < %,
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- SK,S

5 > 0, 02 < min{d, 1/2} and

C
Proof. From Lemma 4.3, we can choose ¢ = =

conclude that, for all z, € RY,

f(a()@&mo; 60(1)(5@0) S sup f(OZU@(S,I(n /Boq)ts,aco)
aC()ERN
Co — §K,s o §K,s + Co

< Sks :
Kst 9

(77)

Now by definition of &, we have

ab + 58 _
’7((1)5,107 (1)5,10> =1- —o 0 // (I)5 0) CI)(;’() > dltdy
SKS B2 (—zo)

From the Lebesgue Theorem

p
ao~+ BO // CI)(; 0) Ds o > drdy =1
SK7S 32 330

and the proof of this item is complete.

Note that from Lemma 4.5, we conclude that

M DBy Psay) = —2 +05(1) as 6 — 0, VaoeRY; |:130|2

[zo]

and the proof is finished. O

Lemma 4.9. There is 6o > 1 such that

Sk.s +
(a) f(a0®52,z07 B()(I)(Sz,xo) < K coy on S RN}

2
1
(b) ’7((1)52@0’ CI)(SQ,xO) > 5, \V/ZL‘() & RN.

- SK,S

Proof. From Lemma 4.3, we can choose £ = > 0, 63 > max{d, 1} we have

~ —Sks S
FlaoPs.20, BoPszy) < supN FoPs .20, t0Ps.00) < Sks + Co . Ks _ 1r<2+607 (78)
zo€ER

for all zp € RY. Moreover, from definition of ¢ and Lemma 4.1, we can conclude
that
7((1)6@07 ®67x0) — 1 as 5 — +OO7

and the proof is complete. ]

Lemma 4.10. There is R > 0 such that

(a) f(aoq)é,xmﬁﬂcbﬁ,xo) < SK7S2+ CO) Vmo» ’:EO’ 2 R and (5 € [61762]7
(b)  (A( P52y, Pszg)s o) )ry >0 Vao; |zo| > R and § € [1, d2).
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co — Sk,s

Proof. The first item follows by Lemma 4.3 and the choose of ¢ = 5 > 0.
The second item follows from the definition of A and ®5,, and adaptations the same
arguments explored in [3] O

Consider the set
V = {(z0,6) € R" x (0,00); |zo] < R and 6 € (01,02)},

where 01,02 and R are given by Lemmas 4.8, 4.9 and 4.10, respectively.
Let @ : RY x (0,+00) — D*P(R") be the continuous function given by

Q(x0,0) = Ds 4.

Consider now the sets

© = {(Q(wo,0), Q(z0,0)); (w0, 0) € V},

H = {BEC(Z NM): hlu,v) = (u,v)¥Y(u,v) €L N M; f(amu, Bov) < W}
and Ir={AcCYnM;A=hO),hecH}

Note that © € XN M, © = Q(V) x Q(V) is compact and H # ), because the
identity function is in H.

Lemma 4.11. Let F :V — RNT! be a function given by

F(x0,0) = (90(Q, Q))(z0, ) aig:sﬁp //R?N (’x"g ) < L(®s40), Py > dady.

Then, d(F,V,(0,1/2)) =1 (Topological degree).

Proof. Let Z:[0,1] x V — R¥*! be the homotopy given by

Z(T, (20,0)) = 1F(20,0) + (1 — ) Is(xo, 0),

where [3; is the identity operator. Using Lemma 4.8 and Lemma 4.9, we can show

that (0,1/2) ¢ Z([0,1] x (9V)), i.e,
th(®s 2y, Psuy) + (1 —8)y #0, VE€[0,1] and V(xg,d) € IV (79)

_ 1 —_
or Y (Po,pg, Poy) + (L —1)0 # 5 Vit € [0,1] and V(zg,9) € OV. (80)

Hence (0,1/2) ¢ Z([0,1] x V). We conclude that d(F,V, (0,1/2)), d(iy, V, (0,1/2))
and d(Z(t,-),V,(0,1/2)) are well defined and

d(F,V,(0,1/2)) = d(i, V, (0,1/2)) = 1. O

Lemma 4.12. If A€T, then ANS #0.
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Proof. It is sufficient to prove that for all i € H, there exists (Zo, %) € V such that
_ 1
(90 M 0 (Q.Q))(@0, %) = (0,3):

Given h € H, let F; : V — RNFL be the continuous function given by

Fﬁ(xm (5) = (g oho <Q7 Q))(Z‘o, 5)
We are going to show that F; = F in dV. Note that

8V - H1 U H2 U H37 (8].)
where Ty = {(z0,01); |zo| < R}, Iy = {(o, d2); |xo| < R}
and I3 = {(x0,6);|zo] = R and ¢ € [d1, 2]}

If (zg,0) € IIy, then (x,d) = (x¢, 1) and by item (a) from Lemma 4.8, we have
f(O‘OQ(a:O? 5)7 ﬂoQ(x()? 6)) = f(aoQ@jOa 51)7 50@(1307 51))

Sk.s+
= f(Oéo‘I)al,:co, 50(1)(51@()) < K,TCO? \V/(l‘o, 5) € Hl' (82>

If (zg,0) € Iy, then (x0,d) = (z¢,d2) and by item(a) from Lemma 4.9, we get
f(CYoQ(l’o, 6)7 50Q($0, 5)) = f(OéoQ(»’an 52)7 50@(3;07 52))

Sk.s+
- f(a0®52,$07 50@62,;30) < K 9 CO? V(I’O, 5) S HQ‘ (83)

If (z9,0) € Il3, then |xo| = R and 0 € [0y, 0] and by item (a) from Lemma 4.10, we
obtain

f(aOQ(x()? 5)7 60@('7;07 5)) - f(aoq)5,zo7 /8()@5,:50) < SK’SQ_F CO; \V/(.ZU(), 5) S ]-_-[3' (84)

From (81), (82), (83) and (84) we conclude that

Fl0aQ(0.0). 5QUw0.)) < 52D (g, 0) € 0.

Hence,
Fi(20,8) = (goho(Q,Q))(z0,8) = (g0 h)(Q(z0,5),Qxo,))

= 9(h((Q(x0,9), Q(x0,9)))) = 9((Q(x0,0), Q(x0,)))
= (90(Q,Q))(x0,0) = F(x0,0), V(x0,0) € V.

Since (0,1/2) ¢ F(0V), we have

d(F,V,(0,1/2)) = d(F;,V,(0,1/2)).

From Lemma 4.11, we get
d(F;,V,(0,1/2)) = d(F,V,(0,1/2)) =1,

and there exists (Zg, dp) € V such that

F;(Z0,00) = (g o ho (Q,Q))(To,d) = (0’ %)

and the proof is complete. [
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4.2. Proof of Theorem 1.1

Consider the number ¢ = inf max f(u,v) and for each g € R,
AT (uw)eA

fq:{(uav) GZHM;JC(UJ?U) SQ}

We are going to show that

§K,s <c< pps/NgK,S. (85)
Note that
— inf < < o®s 20 Bo®san) < PPN Sk .
¢ = inf (%@f(u, v) < (g}?g@f(u, v) < feig (@520, BoPs ) < P77 Sk,
6€(0,+00)

On the other hand, from Lemma 4.12, we have

= it s o= g feen 6e0)

< sup f(e®sa0; BoPoag) < PPN Sk . (86)

) erN
5€(0,+00)

From Lemma 4.7, we have that S K,s < ¢p and the proof is complete.
Using the definition of ¢, there exists (u,,v,) C 3N M such that
f(tp, vy) = c. (87)
Suppose, by contradiction, that f’|y(un, v,) = 0.
Then, there exists (uy;, Un;) C (Un, v,) such that
11 a1 (tnss o)l = © >0, Vj € N.

Using a Deformation Lemma [25], there exists a continuous mapping

n:[0, 1] x (ENM)—= (ENM), g6>0
such that

(1) 70, u,v) = (u,v);

(2) nt,u,v) = (u,v), V(u,v) € foU{(ENM)\ fer=}, vt € [0, 1];
(3) (1, f3) c o7

From the definition of ¢, there exists A € T such that

¢ < max f(u,v) <c+ 2, where AC f7 (88)
(uw)eA 2

Since A € T, we have A C (X N M) and there exists h € H such that
hoe) = A. (89)
From the definition of n, we have

n(1, A) c (N M). (90)
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Let h : (N M) — (XN M) be the function given by h(u,v) = n(1, h(u,v)) and
note that h € C(X N M). We are going to show that

feteo\ pem=o prS/N§K,s \ f(§K7s+co)/2. (91)
Considering (u,v) € feteo\ fee0 we have
c—ep < flu,v) <c+eg
and by (85), for g sufficiently small, we get
c—ego < flu,v) <c+eg< ppS/NgK,s. (92)

Now from Lemma 4.7 and (86), we obtain

w <cp—ep<Cc—e€p <ppS/N§K,5
and w <cp—eg<c—ey< f(u,v), (93)
which jmpljes (u’ U) c fpps/NSK,s \f(SK,s‘f'CO)/Q.

Consider (u,v) € (¥ N M) such that

flu,v) < §K2+C° (94)

Then, h(u,v) = (u,v) and from (94), we have that (u,v) ¢ FPPIN S \ f(Srstco)/2
and by (91), we get
(u,0) ¢ fONf

Then, (u,v) € foU{(ENM)\ ft°} and from Deformation Lemma, we obtain
n(1,u,v) = (u,v). Hence,

h(u,v) = n(1, h(u,v)) = n(1,u,v) = (u,v)
from which we conclude that h € ‘H, which implies
h(©) = 1(1,h(8)),
and from (89), we conclude that

7(©) = n(1,h(©)) = n(1,A). (95)

From (90), we have n(1, A) € I, which implies

¢ = inf max f(u,v) < max f(u,v). 96
i ma 0,0) € max f(u,0) (96)

From the Deformation Lemma again and by (88), we get

n(1,A) (1, fH3) c e
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Then, Fuw) < c— 2, Viu,v) € (L, A),
which implies max  f(u,v) <c— 2
uen(1,4) 2

and using (96), we conclude that

c< max_ f(U,U) <c-— 50
uen(1,4) 2

which is absurd. Then,
f(tn,v,) = ¢ and | p(tn, v,) — 0

and from Lemma 3.7, up to a subsequence, u, — g, v, — ¥y in D*P(RY), which
implies that ug, vy > 0,

f(to,v0) = ¢ and  f'|x(to, (Vo) =0

and from(85)
Sk < f(to, Vo) < pps/NSK,s-

The positivity of @y and 7y is a consequence of the classical maximum principle.
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