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1. Introduction

In this paper we introduce a computable tight (or blending) locally C1,1 approxima-
tion method for

g(m)(x) = max{gk(x) : 1 ≤ k ≤ m}, x ∈ Rn (1)

with gk : Rn → R a C2 smooth function for k = 1, 2, . . . ,m. Our approximations
are based on the upper compensated convex transform Cu

λ(fm)(y) (see [30, 31, 32,
33, 34, 35, 36]) of the maximum function

fm(y) := max{yj : 1 ≤ j ≤ m} (2)

with y = (y1, y2, . . . , ym) ∈ Rm.
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We define our smooth approximations for g(m)(·) by the following composite function

g
(m)
λ (x) = Cu

λ(fm)(Gm(x)), x ∈ Rn (3)

where the vector-valued function Gm : Rn → Rm is defined by

Gm(x) = (g1(x), g2(x), . . . , gm(x))

for x ∈ Rn. It turns out that g(m)
λ (·) is a convexity preserving smooth approximation

in the sense that if every gk is smooth and convex in Rn, then the approximation
g
(m)
λ (·) is a convex, locally C1,1 and ‘tight’ approximation of g(m)(·) in the sense that

if g(m)(x) = g1(x) and g1(x) ≥ max2≤j≤m gj(x) + 1/(2λ), then g
(m)
λ (x) = g(m)(x).

Since many optimization problems are non-smooth, for which gradient based meth-
ods do not apply directly, various smoothing methods have been introduced to
approximate the original non-smooth functions (see e.g., [2, 3, 8, 9, 16, 20, 29] and
references therein). The widely used finite maximum function fm(x) = max1≤j≤m xj

for x = (x1, x2, . . . , xm) ∈ Rm is one of the basic non-smooth functions arising from
optimization problems. The study of smooth approximations of the finite maximum
function can be traced back at least to Bertsekas’ work in 1975 [3] and the follow-up
work by Zang [29] using smooth approximations of the function f+(t) = max{0, t}
for t ∈ R (also see [8]). The methods used in [3, 8, 29] are very involved if the
dimension m is large. A widely used approach is to use the ‘log-sum-exp’ formula
([2, 9, 26, 27], see also (13) below). The log-sum-exp approximation is not tight
and the error estimate depends on the dimension. These make it difficult for us to
keep the balance between the descretisation of the function and the choice of the ap-
proximation parameter in, say, semi-infinite minimax problems [19, 22, 23, 25, 28].
Therefore it is natural for us to seek alternative, more accurate, tight and sim-
ple approximations for which gradient based methods such as those introduced by
Nesterov [20, 21] and generalized Newton’s methods apply.
The standard unconstrained finite minimax problem is in the form

min
x∈Rn

max
1≤j≤m

gj(x),

where gj’s are smooth functions [20, 22, 25, 26, 27]. Usually finite minimax problems
are non-smooth. One approach for solving such problems is to approximate the
maximum function by the ‘log-sum-exp’ smooth approximation [22, 25, 26, 27]. The
semi-infinite minimax problem is to solve minx∈Rn maxy∈K f(x, y), where K ⊂ Rm

is a compact set. In many practical examples of semi-infinite minimax problems in
optimal engineering design, K ⊂ R is an interval on the real line. By discretisation,
this type of semi-infinite minimax problems are approximated by finite minimax
problems [22, 25]. We will compare our method with the ‘log-sum-exp’ smooth
approximation in [22, 26, 27] in Section 4.
Another type of basic problems in optimization is the feasibility problem (and more
generally the split feasibility problem). In many practical situations, the feasibility
problem is to find a point in the set {x ∈ Rn : gj(x) ≤ 0, j = 1, 2, . . .m}, the
intersection of the sublevel sets of constraint functions gj : Rn → R, j = 1, 2, . . . ,m.
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Many popular methods are based on alternating projections which are particularly
successful for linear constraints. The linear methods are also generalised to non-
linear problems using projections to subdifferentials [1, 5, 6, 7, 10, 12, 13]. One
may view the feasibility problem as a finite minimax problem for which we consider
minx∈Rn g

(m)
+ (x), where g+(x) = max{0, g1(x), . . . , gm(x)}. We can also approx-

imate g+(·) directly using a more involved upper compensated convex transform
formula than (10) below. We will study tight smooth approximations of g+(·) else-
where. Instead, in this paper our approaches are either to use a gradient based
method to minimise the smooth approximation g

(m)
λ (·), at each iteration we com-

pare the value g
(m)
λ (xn) against 0, similar to some projection based methods, or to

apply the upper compensated convex transform to the (m + 1)-dimensional maxi-
mum function at (x1, x2, . . . , xm, xm+1), then to set the last component to be zero,
that is, to set xm+1 = 0.
Next we describe our smooth approximation tools. The notions of compensated
convex transforms were introduced in [30]. Approximations by the upper compen-
sated convex transform of maximum-like functions were studied in [30, 31]. General
properties of compensated convex transforms and applications to singularity extrac-
tion and to approximation and interpolation for sampled functions can be found in
[30, 31, 32, 33, 34, 35, 36].
Suppose f : Rn 7→ R satisfies

f(x) ≥ −C1 − C2|x|2, x ∈ Rn, (4)

where C1, C2 > 0 are constants. Then the (quadratic) lower compensated convex
transform [30] (lower transform for short) is defined for each λ > C2 by

C l
λ(f)(x) = co[λ| · |2 + f ](x)− λ|x|2, x ∈ Rn, (5)

where |x| is the standard Euclidean norm of x ∈ Rn and co[g] denotes the convex
envelope [14, 24] of g : Rn 7→ R that is bounded below.
Similarly, if f satisfies

f(x) ≤ C1 + C2|x|2, x ∈ Rn, (6)

then the (quadratic) upper compensated convex transform [30] (upper transform for
short) is defined for each λ > C2 by

Cu
λ(f)(x) = λ|x|2 − co[λ| · |2 − f ](x), x ∈ Rn. (7)

If f satisfies the quadratic growth condition

|f(x)| ≤ C1 + C2|x|2, x ∈ Rn, (8)

then both the lower and the upper transforms can be defined. Furthermore, in this
case we have

Cu
λ(f)(x) = −C l

λ(−f)(x), x ∈ Rn. (9)
In this paper we focus on the approximation of the maximum function fm(·) by its
upper transform Cu

λ(fm)(·) given by (10) below. It was shown in [30, 31] that the
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upper convex transform Cu
λ(fm)(y) of the maximum function fm(y) can be calculated

explicitly for λ > 0 as

Cu
λ(fm)(y) = λ|y|2 − λ dist2

(
y,

∆m

2λ

)
+

1

4λ
, y ∈ Rm, (10)

where |y| is the Euclidean norm of y ∈ Rm, ∆m = co(Km) is the (m−1)-dimensional
simplex defined by the convex hull of the standard basis Km = {e1, e2, . . . , em}
for Rm and dist2 (y, K) is the Euclidean squared-distance function to a closed set
K ⊆ Rm. Later we also define Kj = {e1, e2, . . . , ej} ⊂ Rm as the first j elements
of Km (1 ≤ j ≤ m) and denote by ∆j = co(Kj) ⊂ Rm the convex hull of Kj ⊂ Km.
If we denote by P∆m/(2λ)(y) the convex projection of y to the scaled simplex ∆m/(2λ)
[14, 24], then we see that Cu

λ(fm)(y) is of linear growth in y ∈ Rm and is C1,1 with
Lipschitz constant of the gradient bounded by 2λ. We have

Cu
λ(fm)(y) = λ|y|2 − λ|y − P∆m/(2λ)(y)|2 +

1

4λ

= 2λy · P∆m/(2λ)(y)− λ|P∆m/(2λ)(y)|2 +
1

4λ
,

so that

|Cu
λ(fm)(y)| ≤ 2λ|y||P∆m/(2λ)(y)|+ λ|P∆m/(2λ)(y)|2 +

1

4λ
≤ |y|+ 1

2λ
,

as |P∆m/(2λ)(y)| ≤ 1/(2λ). We also have

∇Cu
λ(fm)(y) = 2λy − 2λ(y − P∆m/(2λ)(y)) = 2λP∆m/(2λ)(y), (11)

so that |∇Cu
λ(fm)(y)−∇Cu

λ(fm)(z)| ≤ 2λ|y − z|

for y, z ∈ Rm. Here we have used the fact [14] that the convex projection to compact
convex set K ⊂ Rm is a non-expanding map, that is, |PK(y)− PK(z)| ≤ |y − z|.
fm(·) is a piecewise affine function. Geometrically, the approximation Cu

λ(fm)(·)
is a piecewise affine-quadratic function which is built by smoothing the the edges
and corners of the graph of fm by automatically generated quadratic pieces. More
precisely, the affine pieces of Cu

λ(fm)(·) coincide with the graph of fm(·), and the
quadratic pieces lie above fm(·) around the points where fm(·) is non-differentiable.
In general upper transforms for convex functions are convex [30]. Also compensated
convex transforms are monotonicity preserving (see [30] Theorem 2.2). A function
f : Rm → R is called a non-decreasing function if for every y ∈ Rm and h =
(h1, h2, . . . , hm) ∈ Rm with hk ≥ 0 for k = 1, 2, . . . ,m, we have f(y + h) ≥ f(y).
It is easy to verify that fm is a non-decreasing function. Therefore Cu

λ(fm) is a
non-decreasing convex function.
A classical approach to smooth approximations of the maximum function is based
on a composition formula introduced by Bertsekas [3] given by

fm(x) = x1 + q[x2 − x1 + q[· · · + q[xm−1 − xm−2 + q[xm − xm−1]] · · · ]], (12)

where q(t) = max{0, t} for t ∈ R.
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The focus then was to design smooth approximations of q(·) (see [3, 8, 29]. Theo-
retically, approximations based on the smoothing of q(·) can be made ‘tight’ [29].
However, computations and analysis of such approximations for large dimension is
a challenge.
There is a more widely used smooth approximation - the ‘log-sum-exp’ smoothing
(also called exponential penalty function [26]) or entropic regularization (see, e.g.,[18])
for λ > 0 given by

H
(m)
λ (y) =

1

λ
log

(
m∑
j=1

eλyj

)
, y = (y1, y2, . . . , ym) ∈ Rm. (13)

For C∞ functions gj : Rn → R, j = 1, 2, . . . ,m, the corresponding C∞-smooth
approximation of g(m)(x) = max{gj(x) : j = 1, 2, . . . ,m} is defined by H

(m)
λ (Gm(x)).

We will compare this approximation with g
(m)
λ (x) := Cu

λ(fm)(Gm(x)) defined by
the upper transform in Section 4, showing that Cu

λ(fm) is a point-wise sharper
approximation of fm than H

(m)
4λ . Moreover, in the average sense, Cu

λ(fm) approaches
fm asymptotically faster than H

(m)
αλ log λ with 0 < α < 2.

Before we present the plan of the rest of the paper, let us clarify the terms ‘blend-
ing’ and ‘tightness’ of approximations for functions. ‘Blending’ is an operation in
computer-aided geometric design (CAGD) [15]) which smoothes edges of a geomet-
ric object in a neighbourhood of singularities and keep the rest of the object intact.
The result of such an operation is called a ‘blend’. Compensated convex transforms
are ‘tight’ approximations for general functions f : Rn → R with quadratic growth
in the sense that if in a neighbourhood of a point x0 ∈ Rm, f(·) is C1,1, then for
λ > 0 sufficiently large, we have Cu

λ(f)(x0) = f(x0) [30]. Thus we see that the
locally C1,1 approximation Cu

λ(f) of a convex function with quadratic growth [30]
can be viewed as a simple blend of the graph of f from above. It was noted in [29]
that the approximations of the maximum function obtained by repeatedly using
the smoothing f+(t) = {0, t} can be made tight, hence can be a smooth blending
operation.
The plan of the rest of the paper is as follows. In Section 2, we derive further fine
properties of the upper transform Cu

λ(fm) of the maximum function fm. Without
loss of generality, for x = (x1, x2, . . . , xm) ∈ Rm, we assume that x1 ≥ x2 ≥ · · · ≥ xm

by a ‘sorting’ process. Our main result is on the geometric structure of the upper
transform Cu

λ(fm)(x) which is reduced to the geometric structure of the convex
projection P∆m

2λ
x. In Theorem 2.2, we give a necessary and sufficient condition for

the convex projection P∆m
2λ

x to lie in the relative interior of a face of ∆m

2λ
, which is

a (k − 1)-dimensional simplex. As a result we obtain the tightness (or blending)
property of Cu

λ(fm) that Cu
λ(fm)(x) = fm(x) if and only if x1 − x2 ≥ 1/(2λ). As a

corollary of the geometric structure of the convex projection P∆m
2λ

x, we derive the
sharp error estimate

0 ≤ Cu
λ(fm)(x)− fm(x) ≤

m− 1

4mλ
, x ∈ Rm.

We also give a sufficient condition for Cu
λ(fm)(·) to be twice differentiable at a given

point with its Hessian in the simple form given by (27).
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Then, in Section 2 we establish the asymptotic properties for Cu
λ(fm)(x), ∇Cu

λ(fm)(x)
and ∇2Cu

λ(fm)(x) respectively at each fixed x ∈ Rm when λ > 0 is sufficiently large
but finite.
In Section 3 we study the composite function

g(m)(x) = fm(Gm(x)) = max{gj(x) : j = 1, 2, . . . ,m}

with gj : Rn → R smooth functions, where Gm(x) := (g1(x), . . . , gm(x)). We
show that if every gj is convex and locally C1,1 in Rn, e.g., gj ∈ C2(Rn), then
Cu

λ(fm)(Gm(·)) is also convex and locally C1,1. Also for C2-functions gj for j =
1, 2, . . . ,m, at a given point x ∈ Rn, after a ‘sorting’ operation we may assume
that g1(x) ≥ g2(x) ≥ · · · ≥ gm(x). If P∆m/(2λ)Gm(x) is a relative interior point
of some ∆k/(2λ) with k ≤ m and certain non-degenerate conditions are satisfied,
then Cu

λ(fm)(Gm(·)) is twice differentiable at x with its Hessian given by (30) which
only involves the functions gj for 1 ≤ j ≤ k, their gradients and Hessians. This is
quite different from the ‘log-sum-exp’ approximation H

(m)
λ (Gm(x)) whose Hessian

depends on all gj’s, their gradients and Hessians at any given x ∈ Rm. In case
gj(y) = ℓj(y) = aj · y + bj are affine functions, the Hessian of Cu

λ(fm)(Gm(x)) is
given by the simple formula (see (31))

∇2Cu
λ(fm)(Gm(x)) = 2λ

[
k∑

i=1

ai ⊗ ai −
1

k

(
k∑

j=1

aj

)
⊗

(
k∑

s=1

as

)]
.

We also present examples for some commonly used convex functions in applications
such as the semi-infinite minimax problems and its discretization.
In Section 4, we compare properties and asymptotic behavior of the smooth approx-
imation Cu

λ(fm)(·) with those obtained by the ‘log-sum-exp’ approximation given by
H

(m)
µ (·). We establish a point-wise comparison in Theorem 4.1 saying that

fm(y) ≤ Cu
λ(fm)(y) < H

(m)
4λ (y).

We also show in Theorem 4.4 that in the average sense, Cu
λ(fm)(·) approaches fm(·)

faster than H
(m)
αλ log λ(·) with 0 < α < 2. We show that for any closed ball B̄r(0) ⊆ Rm

centred at 0 with radius r > 0,

lim
λ→+∞

∫
B̄r(0)

Cu
λ(fm)(y)− fm(y)

H
(m)
αλ log λ(y)− fm(y)

dy = 0.

Under the strong convexity assumption that yT∇2gj(x)y ≥ c|y|2 for all j = 1, 2, ...,m
and for all x, y ∈ Rn with c > 0 a constant, we give estimates between the minimiser
of the original function g(m)(·) with the minimisers obtained by our approximation
Cu

λ(fm)(Gm(·)) and those obtained by using the ‘log-sum-exp’ smoothing respec-
tively.
In the Appendix we present proofs of two technical results needed in Section 4.
In this paper we denote by |a| and a · b the standard Euclidean norm of a ∈ Rm and
the inner product of a, b ∈ Rm for some m ≥ 1. We also denote by co(f) the convex
envelope of a function f : Rm → R which is bounded below and co(K) the convex
hull of a bounded closed set K ⊂ Rm [14]. For t > 0 we define K/t := {x/t : x ∈ K}.
It is easy to verify for a compact set K that co(K/t) = co(K)/t.
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2. The upper transform of the maximum function

In this section some fine properties of the upper transform Cu
λ(fm) of the maximum

function fm are studied. We present the precise tightness (blending) properties,
the sharp error estimate, the geometric structure of Cu

λ(fm) based on the convex
projection P∆m/(2λ)x from Rm to the simplex ∆m/(2λ) for a fixed λ > 0 and the
asymptotic properties for Cu

λ(fm)(x), ∇Cu
λ(fm)(x) and ∇2Cu

λ(fm)(x) respectively for
fixed x ∈ Rm and for sufficiently large λ > 0. In order to prove our tightness (blend-
ing) result for Cu

λ(fm) (Corollary 2.3), we need the following explicitly calculated
upper transform for f2(x) in R2 which can be easily derived from its definition.

Lemma 2.1. Let f2(x) = max{x1, x2} for x = (x1, x2) ∈ R2. We have

Cu
λ(f2)(x) = λ|x|2 − λ dist2(x, ∆2/(2λ)) +

1

4λ

=


x1 + x2

2
+

λ

2
(x1 − x2)

2 +
1

8λ
|x1 − x2| ≤

1

2λ
,

f2(x) |x1 − x2| ≥
1

2λ
.

(14)

Furthermore, we have

∇Cu
λ(f2)(x) =



(
1

2
+ λ(x1 − x2),

1

2
− λ(x1 − x2)

)
|x1 − x2| ≤

1

2λ
,

(0, 1) x2 ≥ x1 +
1

2λ
,

(1, 0) x1 ≥ x2 +
1

2λ
;

∇2Cu
λ(f2)(x) =


λ

(
1 −1
−1 1

)
|x1 − x2| <

1

2λ
,(

0 0
0 0

)
|x1 − x2| >

1

2λ
.

It is known that Cu
λ(fm)(x) is a globally C1,1 and convex function [30]. Furthermore,

we have fm(x) ≤ Cu
λ(fm)(x) for all x ∈ Rm. By definition, we have, for example,

co(λ| · |2 − fm(·))(x) ≤ λ|x|2 − fm(x), (15)
for all x ∈ Rm. If we have Cu

λ(fm)(x
(0)) = fm(x

(0)), then by a lemma in [17], both
Cu

λ(fm) and fm are differentiable at x(0) and ∇Cu
λ(fm)(x

(0)) = ∇fm(x
(0)) as the right

hand side of (15) is superdifferentiable and the left hand side is convex [17].
Next we focus on the geometric structure of the convex projection P∆m/(2λ) which
leads to the precise ‘tightness’ property of the approximation Cu

λ(fm) to fm.
Observe that an equivalent statement to that a point y ∈ Rm satisfying Cu

λ(fm)(y) =
fm(y) is that the convex projection P∆m/(2λ)(y) = ej/(2λ) for some 1 ≤ j ≤ m.
Therefore we see that fm(x) < Cu

λ(fm)(x) if and only if P∆m/(2λ)x lies in the relative
interior of a (k − 1)-dimensional face of the simplex ∆m/(2λ) for some 2 ≤ k ≤ m
with k the largest among all such faces. Thus

P∆m
2λ

x =
k∑

i=1

λi
eji
2λ

, λi > 0,
k∑

i=1

λi = 1, 1 ≤ i ≤ k.
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Without loss of generality and for simplicity of the notation, we may assume that
x1 ≥ x2 ≥ · · · ≥ xm. Note that the simplex ∆m is the disjoint union of all of
the relative interiors of its faces and we may also call the vertices as their relative
interiors of these zero-dimensional faces. We have

Theorem 2.2. Suppose x1 ≥ x2 ≥ · · · ≥ xm. Then the convex projection P∆m
2λ

x

from x to ∆m/(2λ) is in the relative interior of the (k−1)-dimensional face ∆(k)/(2λ)

with 1 ≤ k ≤ m, where

∆(k)

2λ
= co

[
K(k)

2λ

]
with K(k) = {ej1 , ej2 , . . . , ejk} ⊂ Km (16)

if and only if k ∈ {1, 2, . . . ,m} is the largest integer such that

(i) 0 < xj −
1

k

k∑
i=1

xi +
1

2kλ
≤ 1

2λ
, j = 1, 2, . . . , k;

(ii) xs −
1

k

k∑
i=1

xi +
1

2kλ
≤ 0, s = k + 1, k + 2, . . . , m.

(17)

Furthermore we have

P∆m
2λ

x = P∆k
2λ

x =
k∑

j=1

(
xj −

1

k

k∑
i=1

xi +
1

2kλ

)
ej, (18)

and ∆(k)

2λ
=

∆k

2λ
:= co

[
Kk

2λ

]
, with Kk = {e1, e2, . . . , ek} ⊂ Km.

As a consequence, if x1 − xs ≥ 1
2λ

, then s > k.

Proof. Suppose P∆m
2λ

x = P∆(k)

2λ

x. Clearly

P∆(k)

2λ

x =
k∑

j=1

λjeij , ∆
(k)/(2λ) = co

[
K(k)

2λ

]
where K(k) = {ei1 , ei2 , . . . , eik} ⊂ Km, and without loss of generality, we may assume

0 < λk ≤ λk−1 ≤ · · · ≤ λ1 ≤
1

2λ
,

k∑
i=1

λi =
1

2λ
. (19)

On the other hand, the k−1 dimensional simplex ∆(k)/(2λ) is contained in the sub-
space E(k) spanned by {eij}kj=1. Since P∆m/(2λ)x is the nearest point to x belonging
to the relative interior of ∆(k)/(2λ), it is the orthogonal projection of x to the affine
plane L(k) ⊂ E(k) spanned by {eij}kj=1. Let ê = 1

2kλ

∑k
j=1 eij ∈ ∆(k)/(2λ), then ê is

perpendicular to L(k). If we let PE(k)x be the orthogonal projection of x to E(k), we
have

P∆(k)

2λ

x = PE(k)x− (ê · PE(k)x)
ê

|ê|2
+ ê =

k∑
j=1

(
xij −

1

k

k∑
s=1

xis +
1

2kλ

)
eij .
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Thus we have 0 < λj = xij −
1

k

k∑
s=1

xis +
1

2kλ
≤ 1

2λ
.

By (19) we see that xi1 ≥ xi2 ≥ · · · ≥ xik which implies that i1 < i2 < · · · < ik if we
arrange components which are equal by increasing subscripts if necessary.
Since co[dist2(·, Km/(2λ))] = dist2(·, ∆m/(2λ)) (see [30]), by the definition of the
upper transform of Cu

λ(fm)(·), we have

co
[
λ| · |2 − fm

]
(y) = λ dist2

(
y,

∆m

2λ

)
− 1

4λ
≤ λ|y|2 − fm(y) ≤ λ|y|2 − ys (20)

for all y ∈ Rm and for every fixed s = 1, 2, . . . ,m.
At x above, (20) implies that the tangent plane of co [λ| · |2 − fm] (y) at y = x lies
below the graph of the function y → λ|y|2 − ys. As

dist2
(
x,

∆m

2λ

)
=
∣∣∣x− P∆(k)

2λ

x
∣∣∣2 ,

we have λ
∣∣∣x− P∆(k)

2λ

x
∣∣∣2 − 1

4λ
+ 2λ

(
x− P∆(k)

2λ

x
)
· (y − x) ≤ λ|y|2 − ys, (21)

for all y ∈ Rm and for every fixed s ∈ {1, 2, . . . ,m}.
We move the left hand side of this inequality to the right hand side and define

qs(y) = λ|y|2 − ys − λ
∣∣∣x− P∆(k)

2λ

x
∣∣∣2 + 1

4λ
− 2λ

(
x− P∆(k)

2λ

x
)
· (y − x), y ∈ Rm

and require that its minimum is non-negative. We consider two different cases. If
s ∈ {i1, i2, . . . , ik}, by solving ∇qs(y) = 0 we see that the minimum value is 0. So
(17) holds in this case.
If s /∈{i1, i2, ..., ik}, we see that the minimum point y∗ = (y∗1, y

∗
2, ..., y

∗
m) is given by

y∗ℓ = xℓ ℓ /∈ {s, i1, i2, . . . , ik};

y∗ij =
1

k

k∑
t=1

xit −
1

2kλ
j = 1, 2, . . . , k;

y∗s =
1

2λ
+

1

k

k∑
t=1

xit −
1

2kλ
.

The minimum value satisfies qs(y
∗) ≥ 0 if and only if

xs −
1

k

k∑
t=1

xit +
1

2kλ
≤ 0.

Thus we have xij = xj, x1 ≥ x2 ≥ · · · xk > xk+1, ∆(k) = ∆k and both (i) and (ii)
in Theorem 2.2 are satisfied. Now we claim that ∆k/(2λ) has the largest dimension
among faces ∆ℓ/(2λ) for which P∆m/(2λ)(x) is a relative interior point of ∆ℓ/(2λ).
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If this is not the case, we see that P∆m/(2λ)(x) is also a relative interior point of
some (ℓ − 1)-dimensional face ∆(ℓ)/(2λ) with ℓ > k. By repeating the argument
earlier, we see that ∆(ℓ)/(2λ) = ∆ℓ/(2λ) with ∆k/(2λ) lies on the relative boundary
of ∆ℓ/(2λ). Thus

x− P∆k
2λ

x = x− P∆ℓ
2λ

x+ P∆ℓ
2λ

x− P∆k
2λ

x, and x− P∆ℓ
2λ

x ⊥ P∆ℓ
2λ

x− P∆k
2λ

x.

As P∆ℓ
2λ

x 6= P∆k
2λ

x, by Pythagoras Theorem, we have∣∣∣x− P∆ℓ
2λ

x
∣∣∣ < ∣∣∣x− P∆k

2λ

x
∣∣∣ ,

hence P∆k
2λ

x cannot be the nearest point of x in ∆m/(2λ). This is a contradiction.

It is easy to see that the converse statement is also true as P∆k
2λ

x is given by (18)
and k is the largest integer such that (i) and (ii) hold. Thus if P∆m

2λ
x = P∆(ℓ)

2λ

x, then

∆(ℓ) = ∆ℓ and l = k.
To show the last argument in the theorem. Suppose that x1 − xs ≥ 1

2λ
and s ≤ k.

Then by (i)

0 < xs −
1

k

n∑
i=1

xi +
1

2kλ
≤ x1 −

1

2λ
− 1

k

n∑
i=1

xi +
1

2kλ
≤ 0, (22)

which is a contradiction. This completes the proof of the theorem.

If the maximum face is a vertex (k = 1), Theorem 2.2 provides a criterion for
Cu

λ(fm)(x) = fm(x). This is a tightness result for Cu
λ(fm)(·) to approximate fm(·).

If we examine the proof of Theorem 2.2 for this case, we have the following necessary
and sufficient condition for Cu

λ(fm)(x) = fm(x).

Corollary 2.3. Let m ≥ 2 and suppose that x = (x1, x2, . . . , xm) ∈ Rm satisfies
x1 ≥ x2 ≥ · · · ≥ xm. Then

Cu
λ(fm)(x) = fm(x) if and only if x1 − x2 ≥

1

2λ
.

Proof. If x1 − x2 ≥ 1/(2λ), then for any j > 1 we have
xj − x1 + 1/(2λ) ≤ x2 − x1 + 1/(2λ) ≤ 0.

Therefore items (i) and (ii) in Theorem 2.2 are satisfied for k = 1. Next we show that
the zero dimensional face - the vertex {e1/(2λ)} is the face with largest dimension
for which (i) and (ii) holds. Otherwise we have k > 1 such that both (i) and (ii)
hold. If (i) holds, we have

0 <
xk − x1

k
− 1

k

k∑
j=1

xj+
1

2kλ
=

xk − x1

k
+
1

k

k−1∑
j=2

(xk−xj)+
1

2kλ
≤ xk − x1

k
+

1

2kλ
≤ 0,

which is a contradiction as we have assumed the conditions that x1 − x2 ≥ 1/(2λ)
and x2 ≥ x3 ≥ · · · ≥ xm.
If fm(x) = Cu

λ(fm(x)), we define f (2)(y) = max{y1, y2} for y = (y1, y2, . . . , ym).
Clearly f (2)(y) ≤ fm(y) for y ∈ Rm. Thus Cu

λ(f
(2))(y) ≤ Cu

λ(fm(y)) for y ∈ Rm.
At x we have f (2)(x) ≤ Cu

λ(f
(2))(x) ≤ Cu

λ(fm(x)) = fm(x) = f (2)(x).
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Thus Cu
λ(f

(2))(x) = f (2)(x). We also observe that Cu
λ(f

(2))(y) = Cu
λ(f2)(ŷ) where

f2(·) is the two-dimensional maximum function and ŷ := (y1, y2) ∈ R2 for y ∈ Rm.
From the explicit formula (14) in Lemma 2.1, we see that Cu

λ(f2)(ŷ) = f2(ŷ) if
and only if |y1 − y2| ≥ 1/(2λ). Thus at x we have Cu

λ(f2)(x̂) = f2(x̂) so that
we obtain |x1 − x2| ≥ 1/(2λ). Since we have also assumed that x1 ≥ x2, hence
x1 − x2 ≥ 1/(2λ).

Remark 2.4. The proof of Corollary 2.3 was first established in an unpublished
work by us. Here we present a new proof based on Theorem 2.2. If we do not
assume the ordering x1 ≥ x2 ≥ · · · ≥ xm, then the second largest component of
x = (x1, x2, . . . , xm) can be represented by

f̂m(x) = min
1≤i≤m

max{xj : 1 ≤ j ≤ m, j 6= i}, x ∈ Rm.

The tightness property stated in Corollary 2.3 for the case k = 1 is equivalent to

Cu
λ(fm)(x) = fm(x) if and only if fm(x)− f̂m(x) ≥

1

2λ
.

Note that the set on which fm(x) = f̂m(x) is contained in the union of finitely many
hyperplanes V := ∪1≤i<j≤mLi,j, where Li,j = {x ∈ Rm : xi = xj}. Hence for every
point x in the open set Rm \ V , there exists λ such that fm(x) ≥ f̂m(x) +

1
2λ

and
Cu

λ(fm)(x) = fm(x). In this sense we may say that Cu
λ(fm) is a tight approximation

of fm.

Corollary 2.5. Suppose m ≥ 2. We have the following sharp error estimate

0 ≤ Cu
λ(fm)(x)− fm(x) ≤

m− 1

4mλ
, x ∈ Rm. (23)

Remark 2.6. We can easily see that for m = 2, as in Lemma 2.1 Equation (14),
the constant 1/(8λ) agrees with that for the explicitly calculated upper transform
Cu

λ(f2)(x). In the proof of Corollary 2.5 we also observe that if P∆m
2λ

x = P∆k
2λ

x,
where ∆k = co({e1, e2, . . . , ek}), we have a slightly sharper estimate than (23) that

0 ≤ Cu
λ(fm)(x)− fm(x) ≤

k − 1

4kλ
.

When k = 1 we have Cu
λ(fm)(x) = fm(x).

We need the following Lemma for the proof of Corollary 2.5.

Lemma 2.7. Suppose k ≥ 2, then

sup

{
(1− λ1)

2 +
k∑

j=2

λ2
j : λ1 ≥ λ2, . . . , λk > 0,

k∑
j=1

λj = 1

}
= 1− 1

k
, (24)

and the maximum is reached at λ1 = λ2 = · · · = λk = 1/k.

Proof. If k = 2, the function to be minimised is 2(1 − λ1)
2 ≤ 1/2 as λ1 ≥ λ2 and

λ1 ≥ 2 must be satisfied at the same time.



1204 K. Yin, K. Zhang / A Tight Smooth Approximation ...

Clearly we must have 1/k≤λ1 < 1. Now fix such a λ1 and consider the maximum of

F (λ2, . . . , λk) := (1−λ1)
2+

k∑
j=2

λ2
j subject to 0 < λj ≤ λ1 and

k∑
j=2

λj = 1−λ1.

It is well-known that this convex maximization problem over a polygon reaches
its maximum at a vertex point. If λ1 ≥ 1/2, then one of the maximum point is
λ2 = 1 − λ1 and λj = 0 for 3 ≤ j ≤ k. In this case the maximum of F (·) is
2(1− λ1)

2. This quantity reaches its maximum when λ1 = 1/2.
If 1/k ≤ λ1 ≤ 1/2, then 1− λ1 = jλ1 + rλ1 with j ≥ 1 an integer and 0 ≤ r < 1. In
this case, after a ‘sorting’ operation, a vertex must be in the form

λ2 = · · · = λj+1 = λ1, λj+2 = rλ1 and λi = 0 for i > j + 2.
Note that here we must have j ≤ k − 1. For such a point we have

F (λ2, . . . , λk) = (1− λ1)
2 + jλ2

1 + rλ2
1 = (1− λ1)

2 + (1− λ1)λ1

= 1− λ1 ≤ 1− 1

k
.

The proof is complete as we have assumed k > 2.

Proof of Corollary 2.5. Without loss of generality we may assume that we have
x1 ≥ x2 ≥ · · · ≥ xm. Suppose P∆m/(2λ)x is contained in the relative interior of face
∆k/(2λ) with the largest dimension. By Theorem 2.2, we can write

P∆m/(2λ)x =
k∑

j=1

λjej/(2λ)

with
∑k

j=1 λj = 1 and λ1 ≥ λ2 ≥ · · · ≥ λk > 0. Since e1/(2λ) ∈ ∆k/(2λ) and
P∆m/(2λ)x is the orthogonal projection to the plane spanned by ∆k/(2λ), we have

x− P∆m
2λ

x ⊥ e1
2λ

− P∆m
2λ

x.

We also have

fm(y) = λ|y|2 − λ dist2
(
y,

Km

2λ

)
+

1

4λ
, y ∈ Rm

with Km = {e1, e2, . . . , em}. Hence

0 ≤ Cu
λ(fm)(x)− fm(x) = λ

(
dist2

(
x,

Km

2λ

)
− dist2

(
x,

∆m

2λ

))
= λ

(∣∣x− e1
2λ

∣∣2 − ∣∣∣x− P∆m
2λ

x
∣∣∣2) = λ

∣∣∣ e12λ −
∑k

j=1
λj

2λ
ej

∣∣∣2
= 1

4λ

(
1− λ1)

2 +
∑k

j=2 λ
2
j

)
≤ k−1

4kλ
≤ m−1

4mλ
.

The last inequality above follows from Lemma 2.7 and the fact m ≥ k.
We need the following simple result for further calculations of the gradient and
Hessian for Cu

λ(fm)(·).
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Corollary 2.8. Suppose m ≥ 2 and that the point x = (x1, x2, . . . , xm) ∈ Rm

satisfies x1 ≥ x2 ≥ · · · ≥ xm. If P∆m
2λ

(x) is a relative interior point of face ∆k

2λ
for

some 1 ≤ k ≤ m with the largest dimension k − 1 and satisfies assumptions (i) and
(ii) in Theorem 2.2, then

∇Cu
λ(fm)(x) = 2λP∆k

2λ

(x) = 2λ
k∑

j=1

(
xj +

1

2kλ
− 1

k

k∑
i=1

xi

)
ej. (25)

If we assume (i) in Theorem 2.2 and

(ii)∗ xk+1 −
1

k

k∑
i=1

xi +
1

2kλ
< 0, (26)

then ∇Cu
λ(fm)(y) = 2λP∆k

2λ

(y) in a neighbourhood of x and Cu
λ(fm)(·) is twice dif-

ferentiable at x with the Hessian matrix given by

∇2Cu
λ(fm)(x) = 2λ

(
Ak 0
0 0

)
, where Ak = Ik −

1

k
1k1

T
k , (27)

with Ik the k × k identity matrix and 1k = (1, 1, . . . , 1)T ∈ Rk is the column vector
with entries 1.
If we assume (i) in Theorem 2.2 and

(ii)∗∗ xs −
1

k

k∑
i=1

xi +
1

2kλ
= 0, s = k + 1, . . . , k + r (r ≤ m− k),

then Cu
λ(fm)(·) is not twice differentiable at x.

Proof. From (10) and Theorem 2.2 it is easy to see that

∇Cu
λ(fm)(x) = 2λP∆m

2λ
x = 2λ

k∑
j=1

(
xj −

1

k

k∑
i=1

xi +
1

2kλ

)
ej.

If we further assume (ii)∗, we see that for y in a small neighbourhood of x, (i) and
(ii)∗ still hold, hence

∇Cu
λ(fm)(y) = 2λP∆m

2λ
y = 2λ

k∑
j=1

(
yj −

1

k

k∑
i=1

yi +
1

2kλ

)
ej.

This affine mapping is clearly differentiable for y close to x. So the Hessian at x is
given by (27).

Remark 2.9. We observe that the Hessian matrix ∇Cu
λ(fm)(·) is piecewise linear

and absolutely continuous, so ∇2Cu
λ(fm)(·) exists almost every where. However,

∇2Cu
λ(fm)(·) is not invertible, with eigenvalues 2λ with multiplicity k−1 and 0 with

multiplicity m − k + 1. All non-zero vectors perpendicular to 1k are eigenvectors
corresponding to the eigenvalue 2λ.

Next we study the asymptotic properties of Cu
λ(fm) and ∇Cu

λ(fm) when λ > 0
is sufficiently large but finite. Such properties will be used later for our smooth
approximations.



1206 K. Yin, K. Zhang / A Tight Smooth Approximation ...

Definition 2.10. Let x = (x1, x2, . . . , xm) ∈ Rm satisfy x1 ≥ x2 ≥ · · · ≥ xm. We
say that x is a level -(k − 1) singular point of fm if x1 = x2 = · · · = xk > xk+1. A
point x ∈ Rm is called a regular point of fm if x is a level-0 singular point, that is,
k = 1. In this case we assume x1 > x2. A level-(m − 1) singular point x satisfies
x1 = x2 = · · · = xm.

Note that in general we can always re-arrange components of a vector by ‘sorting’
so that they are in non-increasing order.

Theorem 2.11. Assume that x = (x1, x2, ..., xm)∈Rm satisfies x1 ≥ x2 ≥ ... ≥ xm.
(i) If x ∈ Rm is a level-(k−1) singular point of fm for some 2 ≤ k ≤ m, then for

λ > 0 sufficiently large, ∇2Cu
λ(fm)(x) exists and

Cu
λ(fm)(x)− fm(x) =

k − 1

4kλ
, ∇Cu

λ(fm)(x) =
1

k

k∑
i=1

ei,

∇2Cu
λ(fm)(x) = 2λ

(
Ak 0
0 0

)
, where Ak is given by (27).

(28)

(ii) If y is a regular point of fm, that is, y is a level-0 singular point in the sense
that x1 > x2, then for λ > 0 sufficiently large, we have

Cu
λ(fm)(x) = fm(x) = x1, ∇Cu

λ(fm)(x) = ∇fm(x) = e1, ∇2Cu
λ(fm)(x) = 0.

Proof. (i) Suppose x = (x1, x2, . . . , xm) ∈ Rm is a level-(k−1) singular point with
k ≥ 2. We have x1 = x2 = · · · = xk > xk+1. We prove that when λ > 0 is sufficiently
large, the face with the largest dimension such that P∆m

2λ
x is a relative interior point

is ∆k/(2λ), assumptions (i) in Theorem 2.2 and (ii)∗ in Corollary 2.8 hold, and

P∆m
2λ

x =
k∑

j=1

1

2kλ
ej.

For (i) to hold on ∆k/(2λ), we see that

xj −
1

k

k∑
j=1

xj +
1

2kλ
= x1 − x1 +

1

2kλ
=

1

2kλ
> 0

as x1 = x2 = · · · = xk. To satisfy (ii)∗ for k + 1 ≤ s ≤ m in our case, we need

xs <
1

k

k∑
j=1

xj −
1

2kλ
= x1 −

1

2kλ
⇐⇒ x1 − xk+1 >

1

2kλ
⇐⇒ λ >

1

2k(x1 − xk)
.

Next we show that ∆k/(2λ) is the face with the largest dimension on which (i) and
(ii)∗ hold. To see this let us consider ℓ > k, we only need to show that (i) cannot
hold by showing that

xℓ <
1

ℓ

ℓ∑
j=1

xj −
1

2ℓλ
.
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We have

1

ℓ

ℓ∑
j=1

xj −
1

2ℓλ
− xℓ =

(
kx1

ℓ
+

ℓ∑
j=k+1

xj

)
− xℓ −

1

2ℓλ

=
k(x1 − xℓ)

ℓ
+

1

ℓ

ℓ∑
j=k+1

(xj − xℓ)−
1

2ℓλ

≥ k(x1 − xk+1)

ℓ
− 1

2ℓλ
=

k

ℓ

(
x1 − xk+1 −

1

2kλ

)
> 0

when λ > 1
2k(x1−xk+1)

. Here we have used the fact that
x1 = x2 = · · · = xk > xk+1 ≥ xk+2 ≥ · · · ≥ xm.

Thus we have P∆m
2λ

x =
k∑

j=1

(
xj +

1

2kλ
− 1

k

k∑
i=1

xi

)
ej =

k∑
j=1

1

2kλ
ej.

We also have that for y in a small neighbourhood of x and for λ > 1
2k(x1−xk+1)

,

P∆m
2λ

y =
k∑

j=1

(
yj +

1

2kλ
− 1

k

k∑
i=1

yi

)
ej.

Thus Cu
λ(fm)(·) is twice differentiable near x hence for λ > 1

2k(x1−xk+1)
, we have

Cu
λ(fm)(x)− fm(x) =

1

4λ

∣∣∣∣∣e1 − 1

k

k∑
j=1

ej

∣∣∣∣∣
2

=
k − 1

4kλ
,

∇Cu
λ(fm)(x) = 2λP∆m

2λ
x =

k∑
j=1

1

2k
ej,

∇2Cu
λ(fm)(x) = 2λ

(
Ak 0
0 0

)
,

where Ak is given by (27). The proof of (i) is complete.
(ii) Since x1 > x2 ≥ x3 ≥ · · · ≥ xm, we have x1 − x2 > 1/(2λ) if λ > 1

2k(x1−x2)
. By

Corollary 2.3, we see that in this case Cu
λ(fm)(x) = fm(x) and in a neighbourhood

of x we have ∇Cu
λ(fm)(y) = e1, so we obtain ∇2Cu

λ(fm)(x) = 0. This completes the
proof of (ii).

3. Smooth approximations for maximum of smooth functions

As described in Section 1, in this section we consider smooth approximations of the
function

g(m)(x) = max{g1(x), . . . , gm(x)}, for x ∈ Rn

with gj : Rn → R a smooth (C2) function for j = 1, 2, . . . ,m. Let

Gm(x) = (g1(x), . . . , gm(x)) ∈ Rm, for x ∈ Rn.
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As in previous sections we define fm(y) = max{yi : i = 1, 2, . . . ,m} for y ∈ Rm and
denote by Cu

λ(fm)(y) the upper compensated convex transform of fm at y ∈ Rm.
First we calculate the gradient for the smoothed function Cu

λ(fm)(Gm(x)) and its
Hessian when it exists. For vectors a, b ∈ Rn, we define a⊗ b = abT . Here we treat
a and b as column vectors.

Theorem 3.1. Suppose gj ∈ C2(Rn) for j = 1, 2, . . . ,m with m ≥ 2. Let g(m)(x)
and Gm(x) be as defined previously for x ∈ Rn. Then for λ > 0 we have

∇Cu
λ(fm)(Gm(x)) = 2λ∇Gm(x)

TP∆m
2λ

(Gm(x)) = 2λ
m∑
j=1

λj(Gm(x))∇gj(x), (29)

where P∆m
2λ

(Gm(x)) =
∑m

j=1 λj(Gm(x))ej is the convex projection of Gm(x) to
∆m/(2λ) with λj(Gm(x)) ≥ 0 for j = 1, 2, . . . ,m and

∑m
j=1 λj(Gm(x)) = 1/(2λ).

If we further assume that g1(x) ≥ g2(x) ≥ · · · ≥ gm(x) and ∆k/(2λ) is the face of
∆m/(2λ) with the largest dimension with 1 ≤ k ≤ m such that P∆m/(2λ)Gm(x) is a
relative interior of ∆k/(2λ) and Gm(x) satisfies conditions (i) in Theorem 2.2 and
(ii)∗ in Corollary 2.8, then ∇2Cu

λ(fm)(Gm(x)) exists and is given by

∇2Cu
λ(fm)(Gm(x)) = 2λ

k∑
j=1

λj(Gm(x))∇2gj(x) + 2λ
k∑

i=1

∇gi(x)⊗∇gi(x)

−2λ

k

(
k∑

ℓ=1

∇gℓ(x)

)
⊗

(
k∑

s=1

∇gs(x)

)
,

(30)

where λi(Gm(x)) > 0 for i = 1, 2, . . . , k and
∑k

i=1 λi(Gm(x)) = 1/(2λ) satisfying

P∆k
2λ

(Gm(x)) =
k∑

j=1

λj(Gm(x))ej.

In the above statement, if k = 1, then by Corollary 2.3, we have
g1(x)− g2(x) > 1/(2λ).

Thus for the case k = 1 we have ∇2Cu
λ(fm)(Gm(x)) = ∇2g1(x).

Proof. By the chain rule we see that formula (29) for ∇Cu
λ(fm)(Gm(x)) holds.

Now we establish (30) under the assumptions (i) in Theorem 2.2 and (ii)∗ in Corol-
lary 2.8. Since Gm(·) is C2-smooth hence is continuous, by our assumption, we see
that for y in a neighbourhood of x,

P∆m
2λ

Gm(y) = P∆k
2λ

Gm(y) =
k∑

j=1

λj(Gm(y))ej =
k∑

j=1

(
gj(y)−

1

k

∑
i=1

gi(y) +
1

2kλ

)
ej

with λj(Gm(y)) = gj(y)−
1

k

∑
i=1

gi(y) +
1

2kλ
> 0, j = 1, 2, . . . , k,

and gs(y) +
1

2kλ
< 0, k + 1 ≤ s ≤ m.
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Therefore λj(Gm(y)) is differentiable at x for j = 1, 2, . . . , k and

∂λj(Gm(x))

∂xs

=
∂gj(x)

∂xs

− 1

k

∑
i=1

∂gi(x)

∂xs

,

so that we have

∂2Cu
λ(fm)(Gm(x))

∂xs∂xℓ

= 2λ
∂

∂xs

(
k∑

j=1

λj(Gm(y))
∂gj(x)

∂xℓ

)

= 2λ
k∑

j=1

λj(Gm(y))
∂2gj(x)

∂xℓ∂xs

+ 2λ
k∑

j=1

∂λj(Gm(y))

∂xs

∂gj(x)

∂xℓ

= 2λ
k∑

j=1

λj(Gm(y))
∂2gj(x)

∂xℓ∂xs

+ 2λ
k∑

j=1

(
∂gj(x)

∂xs

− 1

k

∑
i=1

∂gi(x)

∂xs

)
∂gj(x)

∂xℓ

= 2λ
k∑

j=1

(
λj(Gm(y))

∂2gj(x)

∂xℓ∂xs

+
∂gj(x)

∂xs

∂gj(x)

∂xℓ

)
− 2λ

k

(
k∑

j=1

∂gj(x)

∂xs

)(
k∑

i=1

∂gi(x)

∂xℓ

)
.

Thus we have derived (30):

∇2Cu
λ(fm)(Gm(x)) = 2λ

k∑
j=1

λj(Gm(y))∇2gj(x) + 2λ
k∑

j=1

∇gj(x)⊗∇gj(x)

−2λ

k

(
k∑

i=1

∇gi(x)

)
⊗

(
k∑

j=1

∇gj(x)

)
.

If we apply Theorem 3.1 to affine functions, we have

Corollary 3.2. Let ℓi(y) = ai · y + bi for y ∈Rn be affine functions with ai ∈Rn,
bi ∈ R for i = 1, 2, . . . ,m. Let the functions Lm : Rn → Rm be defined by Lm(y) =

(ℓ1(y), ℓ2(y), . . . , ℓm(y)) for y ∈ Rn. If we assume that ℓ1(x) ≥ ℓ2(x) ≥ · · · ≥ ℓm(x)

and ∆k/(2λ) is the face of ∆m/(2λ) with the largest dimension 1 ≤ k ≤ m such that
P∆m/(2λ)Lm(x) is a relative interior of ∆k/(2λ) and Lm(x) satisfies (i) in Theorem
2.2 and (ii)∗ in Corollary 2.8, then ∇2Cu

λ(fm)(Lm(x)) exists and is given by

∇2Cu
λ(fm)(Lm(x)) = 2λ

[
k∑

i=1

ai ⊗ ai −
1

k

(
k∑

j=1

aj

)
⊗

(
k∑

s=1

as

)]
. (31)

Proof. If we let gi(y) := ℓi(y) for y ∈ Rn. Then ∇gi(y) = ai and ∇2gi(y) = 0 for
y ∈ Rn. If we substitute these in (30), the conclusion then follows.

Remark 3.3. There are some obvious cases for which ∇2Cu
λ(fm)(Lm(x)) is not

invertible.
(i) If the linear span satisfies S := span[aj : j = 1, 2, . . . , k] 6= Rn, then S⊥ 6= {0}
so that the Hessian given by (31) has a nontrivial kernel. A simple example of this
case is when k < n, that is, when the convex projection is on a lower dimensional
simplex ∆k/(2λ) with k < n.
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(ii) If there is some y∗ ∈ Rn \ {0} such that a1 · y∗ = a2 · y∗ = · · · = ak · y∗, then
0 is the smallest eigenvalue with y∗ an eigenvector. This is a direct consequence of
the Cauchy-Schwarz inequality. This condition can be satisfied even when S = Rn

and k ≥ n if, say, a basis is given by a1, a2, . . . , an and aj ∈ co{a1, a2, . . . , an} - the
convex hull of the finite set {a1, a2, . . . , an} for j = n+ 1, . . . ,m when m > n.

Theorem 3.4. Suppose gk ∈ C2(Rn) for k = 1, 2, . . . ,m with m > 1. Let g(m)(x) =
max{gk(x) : k = 1, 2, . . . ,m} and Gm(x) = (g1(x), g2(x), . . . , gm(x)) for x ∈ Rn.
Then for λ > 0 we have
(i) If gi is convex in Rn for i = 1, 2, . . . ,m, then Cu

λ(fm)(Gm(·)) is convex in Rn.
(ii) The function Cu

λ(fm)(Gm(·)) ∈ C1,1
loc (Rn). More precisely, in any bounded

domain Ω ⊆ Rn, let LΩ ≥ 0 be the maximum of the Lipschitz constants of
Gm(·) and ∇Gm(·) in Ω and MΩ = supx∈Ω |∇Gm(x)|, then, for all x, y ∈ Ω,

|∇Cu
λ(fm)(Gm(y)−∇Cu

λ(fm)(Gm(x)| ≤ LΩ(2λMΩ + 1)|y − x|. (32)

(iii) g(m)(x) ≤ Cu
λ(fm)(Gm(x)) ≤ g(m)(x) +

m− 1

4mλ
for x ∈ Rn.

Furthermore, Cu
λ(fm)(Gm(x)) = g(m)(x) if and only if

g(m)(x) ≥ ĝ(m)(x) +
1

2λ
, (33)

where ĝ(m)(x) := min
1≤i≤m

max{gj(x), 1 ≤ j ≤ m, j 6= i}, x ∈ Rn.

(iv) If Gm(x) is a level-(k − 1) singular point of fm(·), then

lim
λ→+∞

λ(Cu
λ(fm)(Gm(x))− g(m)(x)) =

k − 1

4k
,

lim
λ→+∞

∇Cu
λ(fm)(Gm(x)) =

1

k

k∑
s=1

∇gis(x), (34)

lim
λ→+∞

1

2λ
∇2Cu

λ(fm)(Gm(x)) =
k∑

i=1

∇gi(x)⊗∇gi(x)−
1

k
(

k∑
ℓ=1

∇gℓ)⊗ (
k∑

s=1

∇gs).

Proof. Item (i) is a direct consequence of the fact that y → Cu
λ(fm)(y) is both

convex and monotonically increasing.
To prove (ii) we first recall (30) that

∇Cu
λ(fm)(Gm(x)) = 2λ∇Gm(x)

TP∆m
2λ

(Gm(x)) = 2λ
m∑
j=1

λj(Gm(x))∇gj(x).

Since gj ∈ C2(Rn) for j = 1, 2, . . . ,m and P∆m
2λ

(·) is an Lipschitz mapping, we see
that ∇Cu

λ(fm)(Gm(x)) ∈ C1(Rn). Next we establish (32). We have, for x, y ∈ Ω,

|∇Cu
λ(fm)(Gm(x))−∇Cu

λ(fm)(Gm(x))|

= 2λ|∇Gm(x)
TP∆m

2λ
(Gm(x))−∇Gm(y)

TP∆m
2λ

(Gm(y))|

≤ 2λ|∇Gm(x)
TP∆m

2λ
(Gm(x))−∇Gm(y)

TP∆m
2λ

(Gm(x))|

+2λ|∇Gm(y)
TP∆m

2λ
(Gm(x))−∇Gm(y)

TP∆m
2λ

(Gm(y))|
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≤ 2λ|P∆m
2λ

(Gm(x))||∇Gm(x)−∇Gm(y)|+ 2λMΩ|P∆m
2λ

(Gm(x))− P∆m
2λ

(Gm(y))|

≤ LΩ|x− y|+ 2λMΩ|Gm(x)−Gm(y)|
≤ LΩ(1 + 2λMΩ)|x− y|.

Item (iii) is a direct consequence of Corollaries 2.3 and 2.5.
Item (iv) follows directly from Theorem 2.11 and Theorem 3.1.

4. Comparisons between two approximation methods

In this section we compare our smoothing formula Cu
λ(fm)(·) of the maximum func-

tion fm(·) with the log-sum-exp formula H
(m)
λ (·).

Let us recall that the ‘log-sum-exp’ smooth approximation for the maximum function
fm(·) defined by (13) is given by

H
(m)
λ (y) =

1

λ
log

(
m∑
k=1

eλyk

)
, y ∈ Rm. (35)

Clearly for any λ > 0, H
(m)
λ (·) is a C∞ function. This allows us to take partial

derivatives of any order. Also H
(m)
λ (·) comes with an analytic formula which does not

require any sub-routines to calculate its value besides those built-in ones such as ‘exp’
and ‘log’. In order to a avoid the possible numerical overflow or underflow caused
by the exponential function, H(m)

λ (·) is computed by its shifted version ([20, 22]) as

H
(m)
λ (y) = fm(y) +

1

λ
log

(
m∑
k=1

eλ(yk−fm(y))

)
. (36)

However, it is shown in [4] that the shifted formula is not more accurate than the
unshifted one.
The calculations above by shifted formula requires the computation of the maximum
function fm(y) at y. If we try to find the maximum, the complexity is O(m). If we
sort the whole vector complexity is about O(m logm) [11]. Even for the maximum
of finitely many affine functions ℓ(m)(x) := max{ai · x + bi : i = 1, 2, . . . ,m}, the
Hessian for the ‘log-sum-exp’ formula is rather complicated. However the Hessian
of Cu

λ(fm)(Lm(x)) is given by a rather simple formula (31) and may require fewer
components than all of the m components when we calculate ∇2H

(m)
λ (Lm(x)).

The well-known error estimate for the approximation H
(m)
λ (·) is given by

fm(y) ≤ H
(m)
λ (y) ≤ fm(y) +

logm

λ
, y ∈ Rm. (37)

The error bound (logm)/λ is sharp and can be realised when all components of y
are equal. For a finite minimax optimization problem of a fixed size m, this error
may not cause serious problems for smoothing optimization.
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However if one considers semi-infinite minimax problems, for example, in the form

min
x∈Rn

max
y∈[0, 1]

g(x, y),

one natural approximation is to descretise [0, 1] and consider, e.g., yk = k/m for
k = 0, 1, 2, . . . ,m. Then the finite minimax problem is considered first by solving
minx∈Rn max1≤k≤m g(x, yk). Under mild conditions [22], one can show that the finite
problem converges to the semi-infinite problem as m → ∞. Due to the error bound
(37) this makes it difficult to consider a sequence of finite minimax problems for a
fixed smoothing papameter λ > 0. If we use the upper transform to approximate
g(m)(x) := max1≤k≤m g(x, yk), we have, from (23) that the error estimate satisfies

g(m)(x) ≤ Cu
λ(fm)(Gm(x)) ≤ g(m)(x) +

1

4λ

which is independent of m.
We also observe that H(m)

λ (·) is a nowhere tight approximation of fm(·) in the sense
that fm(y) < H

(m)
λ (y) for all y ∈ Rm. This makes it more challenging to be used for

nonlinear feasibility and problems where precise geometric information of approxi-
mations is needed. If we use the upper transform and assume Gm(x) is ‘sorted’, we
have Cu

λ(fm)(Gm(x)) = g(m)(x) if g1(x)− g2(x) ≥ 1/(2λ). In this case a point is in
the feasible set if Cu

λ(fm)(Gm(x)) ≤ 0. In general we have, based on the inequalities
above that{

x ∈ Rn : Cu
λ(fm)(Gm(x)) ≤ 0

}
⊂
{
x ∈ Rn : gj(x) ≤ 0, j = 1, 2, . . . ,m

}
⊂
{
x ∈ Rn : Cu

λ(fm)(Gm(x)) ≤
1

4λ

}
.

In case K = {x ∈ Rn : gj(x) ≤ 0, j = 1, 2, . . . ,m} = ∅, that is, if K is not feasible,
we see that under the coercivity assumption that g(m)(x) → +∞ as |x| → ∞, we
have g(m)(x) ≥ c0 > 0 for a constant c0 and for all x ∈ Rn. In this case, we also
have Cu

λ(fm)(Gm(x)) ≥ c0 for all x ∈ Rn.

Next we state our main comparison results for Cu
λ(fm)(·) and H

(m)
µ (·). The first

result (Theorem 4.1) says that pointwisely Cu
λ(fm)(·) is a much sharper approxima-

tion of fm(·) than H
(m)
4λ (·). The second result is a ‘weak’ generalisation of the last

part of Theorem 4.1 concerning an average asymptotic comparison of the speed of
convergence to fm(·) by Cu

λ(fm)(·) and H
(m)
µ(λ)(·) respectively in the sense that

lim
λ→+∞

∫
B̄r(0)

Cu
λ(fm)(x)− fm(x)

H
(m)
µ(λ)(x)− fm(x)

dx = 0,

where µ(λ) is a positive increasing function of λ > 1 and B̄r(0) = {y ∈ Rm : |y| ≤ r}
is the closed ball centred at 0 with radius r > 0. In Theorem 4.4 we claim that the
above result holds for m ≥ 2 if µ(λ) = αλ log(λ) with 0 < α < 2. In particular,
for m = 2 the same result is true for µ(λ) = 2λ log(λ). The third result (Theorem
4.7) says that under a strong convexity assumption, we can derive error estimates
between the minimiser of the original function g(m)(·) and those obtained by the
two different smoothing methods above respectively. We further establish that both
the minimum value and the minimiser obtained from Cu

λ(fm)(Gm(·))(·) are closer to
those obtained from g(m)(·) than those obtained from H

(m)
4λ (Gm(·)).
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Theorem 4.1. For λ > 0 and m ≥ 2, we have

fm(y) ≤ Cu
λ(fm)(y) < H

(m)
4λ (y), y ∈ Rm. (38)

We need the following lemma (Lemma 4.2) for the proof of Theorem 4.1. We put
the proof of the lemma in the Appendix. It is elementary but we have not been able
to find a reference for it.

Lemma 4.2. Suppose m ≥ 2. Then the following equality holds.

max

{ m∑
j=1

λjx
2
j −
( m∑

i=1

λixi

)2

: 0 ≤ λj ≤ 1, xj∈R,
m∑
j=1

λj = 1,
m∑
ℓ=1

x2
ℓ = 1

}
=

1

2
. (39)

The maximum is reached, for example, at the point with x1 = 1/
√
2, x2 = −1/

√
2,

λ1 = λ2 = 1/2 and xj = 0, λj = 0 for 3 ≤ j ≤ m.

An obvious consequence of Lemma 4.2 is that

m∑
j=1

λjx
2
j −

(
m∑
i=1

λixi

)2

≤ |x|2

2
(40)

for all x = (x1, x2, . . . , xm) ∈ Rm and 0 ≤ λj ≤ 1, satisfying
∑m

j=1 λj = 1.

Proof of Theorem 4.1. It is easy to see that fm(y) ≤ Cu
λ(fm)(y) (see [30] and

(15)). We only need to show that Cu
λ(fm)(y) < H

(m)
4λ (y). By the definition of the

upper transform, it is written as

λ|y|2 − co[λ| · |2 − fm(·)](y) < H
(m)
4λ (y),

which is obviously equivalent to

λ|y|2 −H
(m)
4λ (y) < co[λ| · |2 − fm(·)](y). (41)

Now we establish (41). We show that the left hand side of (41) is a convex
function by computing the quadratic form defined by its Hessian. We have, for
x = (x1, x2, . . . , xm)

T ∈ Rm that

xT∇2(λ|y|2 −H
(m)
4λ (y))x

= 2λ

|x|2 − 2

∑m
k=1 x

2
ke

4λyk∑m
j=1 e

4λyj
−

(∑m
j=1 xje

4λyj∑m
k=1 e

4λyk

)2
 ≥ 0 (42)

by Lemma 4.2 (see (40)) if we set λj = e4λyj/(
∑m

k=1 e
4λyk) and observe that we have

0 < λj < 1 and
∑m

k=1 λk = 1. Here we view x ∈ Rm as a column vector.

Since m ≥ 2, we also have that fm(z) < H
(m)
4λ (z) for every z ∈ Rm. Hence

λ|z|2 −H
(m)
4λ (z) < λ|z|2 − fm(z). (43)
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For every y ∈ Rm, there exist 0 ≤ λ1, λ2, . . . , λm+1 ≤ 1 and x1, x2, . . . , xm+1 ∈ Rm

satisfying
∑m+1

j=1 λj = 1 and
∑m+1

j=1 λjxj = y such that

co[λ| · |2 − fm(·)](y) =
m+1∑
j=1

λj(λ|xj|2 − fm(xj)).

By (43) and the convexity of λ|y|2 −H
(m)
4λ (y),

m+1∑
j=1

λj(λ|xj|2 − fm(xj)) >
m+1∑
j=1

λj(λ|xj|2 −H
(m)
4λ (xj))

≥ co[λ| · |2 −H
(m)
4λ (·)](y) = λ|y|2 −H

(m)
4λ (y).

This shows the strict inequality (41) holds.

Remark 4.3. Theorem 4.1 implies that pointwisely Cu
λ(fm) is a better approxi-

mation to fm than H
(m)
4λ . A direct consequence of (38) is that for every Lebesgue

measurable set Ω ⊂ Rm with finite Lebesgue measure, we have

lim
λ→+∞

∫
Ω

Cu
λ(fm)(y)− fm(y)

H
(m)
4λ (y)− fm(y)

dy = 0.

Therefore it is natural to ask whether in the average (integral) sense, we can find
a function µ(λ) for λ > 1 such that µ(λ)/λ → +∞, such that the above integral
asymptotic result still holds if we replace 4λ by µ(λ).

Theorem 4.4. Suppose m ≥ 2. Let µα(λ) = αλ log(λ) with λ > 1 and α > 0. Let

A(λ, α, r, m) :=

∫
B̄r(0)

Cu
λ(fm)(x)− fm(x)

H
(m)
µα(λ)

(x)− fm(x)
dx (44)

with B̄r(0) ⊆ Rm the closed ball centred at 0 with radius r > 0. Then
(i) for every m ≥ 2, for every 0 < α < 2, we have

lim
λ→+∞

A(λ, α, r, m) = 0; (45)

(ii) in particular, for m = 2 and α = 2, we have

lim
λ→+∞

A(λ, 2, r, 2) = 0; (46)

(iii) for m = 2, the parameter α = 2 is sharp for (46) to hold, that is, for any
α > 2,

lim inf
λ→+∞

A(λ, α, r, 2) = +∞. (47)

The proof of Theorem 4.4 is rather technical. We put its proof at the end of the
Appendix.
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Remark 4.5. Theorem 4.4 implies that in the average sense Cu
λ(fm)(·) approaches

fm(·) faster than H
(m)
αλ log(λ)(·). The ratio µσ(λ) is superlinear with respect to λ > 1.

The parameter 0 < α < 2 is nearly sharp when m ≥ 3 in (i) above as at least in the
case m = 2 we see that α = 2 is sharp.
However, by considering points with equal components, say xt = (t, t, . . . , t) ∈ Rm

we observe that when λ > 1 is sufficiently large, we have, by Theorem 2.11, formula
(28) and the fact that H

(m)
µ (xt) − fm(xt) =

logm
µ

, that the integrand in (44) is not
pointwise bounded above in any B̄r(0) with r > 0 when λ → ∞ as

Cu
λ(fm)(xt)− fm(xt)

H
(m)
µα(λ)

(xt)− fm(xt)
=

m−1
4mλ
logm

αλ log(λ)

=
α(m− 1) log(λ)

4m log(m)
→ ∞.

We need the following technical lemma for the proof of Theorem 4.4 whose proof
can be found in the Appendix.

Lemma 4.6. Let σ > 0 be a constant. Then

lim
λ→+∞

log λ

λ

∫ 1

0

1

log
(
1 + 1

λσt

) dt = 0 if 0 < σ < 1;

lim inf
λ→+∞

log λ

λ

∫ 1

0

1

log
(
1 + 1

λt

) dt ≥ 1

e
;

(48)

lim
λ→+∞

log λ

λ

∫ 1

0

(1− t)2

log
(
1 + 1

λt

) dt = 0;

lim
λ→+∞

log λ

λ

∫ 1

0

(1− t)2

log
(
1 + 1

λσt

) dt = +∞ if σ > 1.

(49)

The following theorem gives an error estimate of the minimisers of the two approx-
imations of g(m)(x) = max{gj(x) : j = 1, 2, . . . ,m}.

Theorem 4.7. Suppose gj : Rm → R is a C2 function for j = 1, 2, . . . ,m and
there is a constant c > 0 such that yT∇2gj(x)y ≥ c|x|2 for all x, y ∈ Rm and
j = 1, 2, . . . ,m. Let

g(m)(x) = max{gj(x) : 1 ≤ j ≤ m},

g
(m)
λ (x) = Cu

λ(fm)(Gm(x)),

h
(m)
λ (x) = H

(m)
4λ (Gm(x)), x ∈ Rn,

where Gm(x) = (g1(x), g2(x), . . . , gm(x)) and λ > 0. Suppose the global minima

argmin{g(m)(x) : x ∈ Rn} = xµ ∈ Rm,

argmin{g(m)
λ (x) : x ∈ Rn} = xc

λ ∈ Rm,

argmin{h(m)
λ (x) : x ∈ Rn} = xh

λ ∈ Rm,

exist, then we have
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|xµ − xc
λ| ≤

1√
2cλ

, |xµ − h
(m)
λ | ≤

√
logm√
2cλ

, (50)

and g(m)(xµ) ≤ g
(m)
λ (xc

λ) ≤ h
(m)
λ (xh

λ). (51)

Proof. From the error estimate (23) in Corollary 2.5, we have

g(m)(xµ) ≤ g
(m)
λ (xµ) ≤ g(m)(xµ) +

1

4λ
, g(m)(xc

λ) ≤ g
(m)
λ (xc

λ) ≤ g(m)(xc
λ) +

1

4λ
.

Thus we obtain
0 ≤ g

(m)
λ (xµ)− g

(m)
λ (xc

λ) ≤ g(m)(xµ)− g(m)(xc
λ) +

1

4λ
≤ 1

4λ
(52)

as xµ is the global minimiser of g(m)(x) in Rn.

Since xc
λ is a stationary point of g

(m)
λ (x) = Cu

λ(fm)(x), by Corollary 2.8 and the
chain rule we have

∇g
(m)
λ (xc

λ) = ∇Cu
λ(fm)(Gm(x

c
λ)) = ∇xGm(x

c
λ)

T∇yC
u
λ(fm)(Gm(x

c
λ))

= 2λ∇xGm(x
c
λ)

TP∆m
2λ

(Gm(x
c
λ)) = 0,

(53)

where ∇yC
u
λ(fm)(Gm(x

c
λ)) is the gradient of Cu

λ(fm)(y) at y = Gm(x
c
λ) ∈ Rm.

Now since Cu
λ(fm)(·) is convex and C1 in Rm, by the definition of g(m)

λ and (52) (53)
we have,
1

4λ
≥ Cu

λ(fm)(Gm(xµ))− Cu
λ(fm)(Gm(x

c
λ))

≥ ∇yC
u
λ(fm)(Gm(x

c
λ)) · (Gm(xµ)−Gm(x

c
λ))

= ∇yC
u
λ(fm)(Gm(x

c
λ)) ·

(
∇Gm(x

c
λ) · (xµ−xc

λ)+
1

2
(xµ−xc

λ)
T∇2Gm(ξ)(xµ−xc

λ)
)

(53)
=

1

2
∇yC

u
λ(fm)(Gm(x

c
λ)) ·

(
(xµ − xc

λ)
T∇2Gm(ξ)(xµ − xc

λ)
)

= λP∆m
2λ

(Gm(x
c
λ)) ·

(
(xµ − xc

λ)
T∇2Gm(ξ)(xµ − xc

λ)
)

= λ

m∑
j=1

λj(Gm(x
c
λ))(xµ − xc

λ)
T∇2gj(ξ)(xµ − xc

λ) ≥
c

2
|xµ − xc

λ|2,

where we interpret the results of the Taylor’s expansion in the bracket of the second
line above as column vectors with ξ a point in the interval [xµ, x

c
λ] (line segment).

Here we have used the notation ∇yC
u
λ(fm)(Gm(x

c
λ)) as the gradient of Cu

λ(fm)(y) at
y = Gm(x

c
λ) ∈ Rm and the fact that

P∆m
2λ

(Gm(x
c
λ)) =

m∑
j=1

λj(Gm(x
c
λ))ej,

where λj(Gm(x
c
λ)) ≥ 0, 1 ≤ j ≤ m, and

∑m
j=1 λj(Gm(x

c
λ)) =

1
2λ

.
Thus the first inequality in (50) holds, that is,

|xm − xc
λ| ≤

1√
2cλ

.
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Similarly for h(m)(x) we can easily see that
logm

4λ
≥ h

(m)
λ (xµ)− h

(m)
λ (xh

λ)

= ∇h
(m)
λ (xh

λ) · (xµ − xh
λ) +

1

2
(xµ − xh

λ)
T∇2h

(m)
λ (η)(xµ − xh

λ)

≥ 1

2

m∑
j=1

(
e4λgj(x

h
λ)∑m

i=1 e
4λgi(xh

λ)

)
(xµ − xh

λ)
T∇2gj(η)(xµ − xh

λ)

≥ c

2
|xµ − xh

λ|2,

where η ∈ [xµ, x
h
λ] and we have use the fact that ∇h

(m)
λ (xh

λ) = 0. Thus the second
inequality in (50) is also true:

|xµ − xh
λ| ≤

√
logm√
2cλ

.

It is also easy to see that (51) is also true as we have g(m)(x) ≤ g
(m)
λ (x) ≤ h

(m)
λ (x)

for all x ∈ Rn and the fact that xµ, xc
λ and xh

λ are minimisers of g(m)(·), g(m)
λ (·) and

h
(m)
λ (·) respectively.

Appendix

We establish Theorem 4.4 in this section. The left hand of (40) can be viewed as the
variance of some finite distribution in probability and there is a vast literature on
estimates of the upper bound for the variance under various assumptions. However
we are unable to find a result we can quote while we believe that Lemma 4.2 should
be known.

Proof of Lemma 4.2. Let Dk = {τ = (τ1, ..., τk) : 0 ≤ τj ≤ 1,
∑k

j=1 τj = 1} ⊂ Rk

for a positive integer k > 1 and Do
k its interior where the inequalities in the definition

of Dk are strict, that is, 0 < τj < 1 for 1 ≤ j ≤ k. We denote by Sk−1 := {x ∈ Rk :
|x| = 1} the unit sphere in Rk. Now we define for 2 ≤ k ≤ m

Ik(τ, x) =
k∑

j=1

τjx
2
j −

(
k∑

i=1

τjxj

)2

, τ ∈ Dk, x ∈ Sk−1.

By Cauchy-Schwarz inequality it is clear that Ik(τ, x) ≥ 0 and 0 is its minimum
value reach when τ or x has exactly one non-zero components or all components
of x are equal, that is, x1 = x2 = · · · = xk. We also see that Im(τ, x) reaches its
maximum in the interior of one of the faces of Dm. Without loss of generality we
may assume that the maximum (τ (m), x(m)) ∈ Dk as at all of vertices of Dm we have
Im(τ, x) = 0.
Let Jk(τ, x, λ, µ) = λ

∑k
j=1 τj + µ

∑k
j=1 x

2
j . We only need to compare values of

Ik(τ, x) at all interior critical points in Do
k for 2 ≤ k ≤ m for the function

Ik(τ, x)− Jk(τ, x, λ, µ),

subject to 0 < τj < 1, 1 ≤ j ≤ k,
∑k

j=1 τj = 1,
∑k

j=1 x
2
j = 1

by using the Lagrangian multiplier method.
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We need to find solutions of the following system of equations
∂
∂τi

(Ik(τ, x)− Jk(τ, x, λ, µ)) = x2
i − 2(

∑k
j=1 τjxj)xi − λ = 0, (54)

∂
∂xi

(Ik(τ, x)− Jk(τ, x, λ, µ)) = 2τixi − 2(
∑k

j=1 τjxj)τi − 2µxi = 0 (55)

for i = 1, 2, . . . , k, where 0 < τj < 1,
∑k

j=1 τj = 1, and
∑k

j=1 x
2
j = 1.

We solve (54) directly for 1 ≤ i ≤ k and we see that xi can take at most two values

xi =
k∑

i=1

τjxj +

√√√√ k∑
j=1

τjx2
j −

(
k∑

i=1

τjxj

)2

:= σ1

or xi =
k∑

i=1

τjxj −

√√√√ k∑
j=1

τjx2
j −

(
k∑

i=1

τjxj

)2

:= σ2.

Clearly σ1 ≥ σ2. Also if we multiply (54) by τi and take the sum, we obtain

λ =
k∑

j=1

τjx
2
j − 2

(
k∑

i=1

τjxj

)2

.

We consider three different cases: λ = 0, λ < 0 and λ > 0.
Case 1: λ = 0. In this case we have either xi = 0 or xi = c 6= 0 - a constant. If only
one of these two cases happen, then Ik(τ, x) = 0. Otherwise we may assume that
x1 = x2 = ·xℓ = c and xj = 0 for ℓ+1 ≤ j ≤ k with 1 < ℓ < k. Let τ1+ · · ·+ τℓ = s,
then 0 < s < 1 as we are only looking for critical points for τ ∈ Do

k. Since |x|2 = 1
we have c = 1/

√
ℓ and Ik(τ, x) = s/l − s2/l = s(1− s)/l ≤ 1/4 < 1/2. Thus in this

case critical points are not maximum points.
Case 2: λ < 0. In this case we have either 0 < σ2 ≤ σ1 or σ2 ≤ σ1 < 0. If σ2 = σ1

or xi takes only one values of σ1 and σ2, we see that Ik(τ, x) = 0. Thus we may
assume that σ2 < σ1 and that they have the same sign. We may also assume that
x1 = · · · = xℓ = σ1, xℓ+1 = · · · = xk = σ2 with 1 ≤ ℓ < k and s = τ1 + · · · + τℓ
satisfies 0 < s < 1. Thus
σ1 = sσ1 + (1− s)σ2 +

√
s(1− s)(σ1 − σ2)2 = sσ1 + (1− s)σ2 +

√
s(1− s)(σ1 − σ2),

so that ((1 − s) −
√
s(1− s))(σ1 − σ2) = 0. This implies s = 1/2 as σ1 − σ2 > 0.

Therefore we have ℓσ2
1 + (k − ℓ)σ2 = 1 and Ik(τ, x) = (σ1 − σ2)

2/4 ≤ 1/4 < 1/2 as
|σ1| ≤ 1/

√
ℓ ≤ 1, |σ2| ≤ 1/

√
k − ℓ ≤ 1 and σ1 and σ2 have the same sign. Thus in

this case critical points are not maximum points.
Case 3: λ > 0. In this case we have σ1 > 0 > σ2. Again if all xi take only one
value, we have Ik(τ, x) = 0. We use the same notation as in Case 2 and assume that
0 < s < 1 and 1 ≤ ℓ < k. We then have σ1 = sσ1 + (1− s)σ2 +

√
s(1− s)(σ1 − σ2),

so that ((1− s)−
√

s(1− s))(σ1 − σ2) = 0 which implies s = 1/2. Thus we obtain
Ik(τ, x) = (σ1 − σ2)

2/4.
Now we substitute these to (55). By summing up equations (55) from i = 1 to i = ℓ
and from i = ℓ+ 1 to i = k respectively, then divide both sides by 2, we obtain

(1− 2µℓ)σ1 − σ2 = 0, −σ1 + (1− 2µ(k − ℓ))σ2 = 0.
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This system of equations has a non-trivial solution if and only if the determinant of
the coefficient matrix equals zero which is equivalent to 2µ2ℓ(k−ℓ)−kµ = 0. If µ = 0,
then σ1 = σ2 which is not possible under our assumptions. If µ = k/(2ℓ(k − ℓ)), we
consider the constraint |x| = 1 for x ∈ Rk. We see that the two solutions must be
σ1 =

√
(k − ℓ)/(ℓk) and σ2 = −

√
ℓ/(k − ℓ)k) so that

Ik(τ, x) =
(σ1 − σ2)

2

4
=

1

4k

(
k − ℓ

ℓ
+

ℓ

k − ℓ
+ 2

)
.

It is easy to see that the right hand side of the above reaches its maximum if ℓ = 1
or ℓ = k − 1. In both cases we have Ik(τ, x) = k/(4(k − 1)). The maximum
is reached if we take k = 2 which gives I2(τ, x) = 1/2 at τ = (1/2, 1/2) and
x = (1/

√
2, −1/

√
2).

Proof of Lemma 4.6. We will use the following simple fact repeatedly below that
for τ > 0,

1

1 + τ
≤ log

(
1 +

1

τ

)
≤ 1

τ
.

We first prove the first claim in (48) which is a simple calculus question. We have
for λ > 1 that

0 ≤ log λ

λ

∫ 1

0

1

log
(
1 + 1

λσt

) dt ≤ log λ

λ

1

log
(
1 + 1

λσ

)
≤ log λ

λ
(λσ + 1) =

log λ

λ
+

log λ

λ1−σ
→ 0 as λ → +∞.

Now we prove the second claim in (48). Let ϵ(λ) = 1/ log λ for λ > 1, we have

log λ

λ

∫ 1

0

1

log
(
1 + 1

λt

) dt ≥ log λ

λ

∫ 1

1−ϵ(λ)

1

log
(
1 + 1

λt

) dt
≥ ϵ(λ) log λ

λ
λ1−ϵ(λ) =

ϵ(λ) log λ

λϵ(λ)
=

1

e
.

The conclusion follows.
Next we establish the first limit in (49). Let ϵ(λ) = 1/

√
log λ. We have

log λ

λ

∫ 1

0

(1− t)2

log
(
1 + 1

λt

) dt = I1 + I2,

where

0 ≤ I1 :=
log λ

λ

∫ 1−ϵ(λ)

0

(1− t)2

log
(
1 + 1

λt

) dt ≤ log λ

λ

1

log
(
1 + 1

λ1−ϵ(λ)

) dt
≤ log λ

λ
(1 + λ1−ϵ(λ)) =

log λ

λ
+

log λ

λϵ(λ)
=

log λ

λ
+

log λ

exp(ϵ(λ) log λ)

=
log λ

λ
+

log λ

exp(
√

log λ)
→ 0 as λ → +∞.
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We also have

0 ≤ I2 :=
log λ

λ

∫ 1

1−ϵ(λ)

(1− t)2

log
(
1 + 1

λt

) dt ≤ log λ

λ log
(
1 + 1

λ

) ∫ 1

1−ϵ(λ)

(1− t)2 dt

≤ log λ

λ
(1 + λ)

∫ ϵ(λ)

0

s2 ds =
(ϵ(λ))3 log λ

3λ
(1 + λ)

=
1

3λ
√
log λ

+
1

3
√
log λ

→ 0 as λ → +∞.

The result then follows.
Finally we establish the second limit in (49). Since σ > 1, we may fix 0 < ϵ < 1
such that (1− ϵ)σ > 1. Then we have

log λ

λ

∫ 1

0

(1− t)2

log
(
1 + 1

λσt

) dt ≥ log λ

λ

∫ 1

1−ϵ

(1− t)2

log
(
1 + 1

λσt

) dt
≥ log λ

λ log
(
1 + 1

λσ(1−ϵ)

) ∫ 1

1−ϵ

(1− t)2 dt ≥ ϵ3λσ(1−ϵ) log λ

3λ
→ +∞ as λ → +∞.

Proof of Theorem 4.4 We first consider the special case (ii) where we have m = 2
with 0 < α ≤ 2. By Lemma 2.1 we obtain

Cu
λ(f2)(x)− f2(x) =



λ

2

(
x1 − x2 −

1

2λ

)2

0 ≤ x1 − x2 ≤
1

2λ
,

λ

2

(
x2 − x1 −

1

2λ

)2

0 ≤ x2 − x1 ≤
1

2λ
,

0 |x1 − x2| ≥
1

2λ
.

Thus ∫
B̄r(0)

Cu
λ(f2)(x)− f2(x)

H
(2)
µα(λ)

(x)− f2(x)
dx =

λ

2

∫
U1,2

(
x1 − x2 − 1

2λ

)2
1

µα(λ)
log(1 + exp[−µα(λ)(x1 − x2)])

dx

+
λ

2

∫
U2,1

(
x2 − x1 − 1

2λ

)2
1

µα(λ)
log(1 + exp[−µα(λ)(x2 − x1)])

dx := I1 + I2, (56)

for U1,2 =
{
x ∈ B̄r(0) : 0 ≤ x1 − x2 ≤ 1

2λ

}
, U2,1 =

{
x ∈ B̄r(0) : 0 ≤ x2 − x1 ≤ 1

2λ

}
.

For I1 in (6.1) we change variables by a rotation u = (u1, u2) with u1 =
1√
2
(x1−x2),

u2 =
1√
2
(x1 + x2). Thus in U1,2 we have 0 ≤ u1 ≤ 1

2
√
2λ

< r and |u2| ≤ r when λ > 1

is sufficiently large. Therefore we have

0 ≤ I1 =
λ

2

∫
U1,2

(
x1 − x2 − 1

2λ

)2
1

µα(λ)
log(1 + exp[−µα(λ)(x1 − x2)])

dx

=
λ

2

∫
V1,2

(√
2u1 − 1

2λ

)2
1

µα(λ)
log(1 + exp[−µα(λ)

√
2u1])

du1 du2
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≤ λµα(λ)

2

∫ r

−r

du2

∫ 1
2
√
2λ

0

(√
2u1 − 1

2λ

)2
log(1 + exp[−µα(λ)

√
2u1])

du1

= rλµα(λ)

∫ 1
2
√

2λ

0

(√
2u1 − 1

2λ

)2
log(1 + exp[−µα(λ)

√
2u1])

du1 := J, (57)

where V1,2 =
{
u ∈ B̄r(0) : 0 ≤ u1 ≤

1

2
√
2λ

}
. Now in the last integral J in (57) we

make a change of variable u1 =
t

2
√
2λ

, and we obtain

J = rλµα(λ)

∫ 1
2
√
2λ

0

(√
2u1 − 1

2λ

)2
log(1 + exp[−µα(λ)

√
2u1])

du1

=
rλµα(λ)

4λ2

∫ 1

0

(t− 1)2

log
(
1 + exp

(
−µα(λ)

2λ
t
)) dt

2
√
2λ

=
αr

8
√
2

log λ

λ

∫ 1

0

(t− 1)2

log
(
1 + 1

λαt/2

) dt
≤ 2r

8
√
2

[
log λ

λ

∫ 1

0

(t− 1)2

log
(
1 + 1

λt

) dt]→ 0 as λ → +∞

by the first limit in (48) in Lemma 4.6. Thus I1 → 0 as λ → +∞. Similarly we see
that I2 → 0 as λ → +∞. Therefore the proof for the case m = 2, 0 < α ≤ 2 is
complete.
Next we consider case (iii) when m = 2 and α > 2. We define for λ > max{1,

√
2
r
}

the set U+ := {x ∈ R2 : 0 ≤ x1 − x2 ≤ 1
2λ
, |x1|+ |x2| ≤ r} ⊆ B̄r(0). Similar to the

proof of (ii), we make the same change of variables u = (u1, u2) as above in U+. In
our current situation we have 0 ≤ u1 ≤ 1

2
√
2
λ and |u2| ≤ r/

√
2. Thus∫

B̄r(0)

Cu
λ(f2)(x)− f2(x)

H
(2)
µα(λ)

(x)− f2(x)
dx

≥ λ

2

∫
U+

(
x1 − x2 − 1

2λ

)2
1

µα(λ)
log(1 + exp[−µα(λ)(x1 − x2)])

dx

=
λµα(λ)

2

r/2∫
−r/2

du2

1
2
√
2λ∫

0

(√
2u1 − 1

2λ

)2
log(1 + exp[−µα(λ)

√
2u1])

du1

=
rλµα(λ)

2

1
2
√
2λ∫

0

(√
2u1 − 1

2λ

)2
log(1 + exp[−µα(λ)

√
2u1])

du1

=
rλµα(λ)

8λ2

1∫
0

(t− 1)2

log
(
1 + exp

(
−µα(λ)

2λ
t
)) dt

2
√
2λ
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=
αr

16
√
2

 log λ
λ

1∫
0

(t− 1)2

log
(
1 + 1

λαt/2

) dt
→ +∞ as λ → +∞, (58)

following the second limit in (49) as α/2 > 1.
Finally we consider case (i): m ≥ 2 and 0 < α < 2. From the remark following
Corollary 2.3, we observe that Cu

λ(fm)(x)− fm(x) > 0 in Rm if and only if we have
fm(x)− f̂m(x) <

1
2λ

, that is, the difference between the largest component fm(x) of
x = (x1, x2, . . . , xm) and the second largest component f̂m(x) is less than 1

2λ
. If we

define

Wi,j :=

{
x ∈ B̄r(0) : 0 ≤ xi − xj ≤

1

2λ
, xj ≥ xk for 1 ≤ k ≤ m, k 6= i, j

}
,

then we see that the set W :=
{
x ∈ B̄r(0) : C

u
λ(fm)(x)− fm(x) > 0

}
⊆

⋃
1≤i ̸=j≤m

Wi,j.

Thus we have

0 ≤
∫

B̄r(0)

Cu
λ(fm)(x)− fm(x)

H
(m)
µα(λ)

(x)− fm(x)
dx ≤

∫
∪

1≤i ̸=j≤m Wi,j

Cu
λ(fm)(x)− fm(x)

H
(m)
µα(λ)

(x)− fm(x)
dx

≤
∑

1≤i ̸=j≤m

∫
Wi,j

1
4λ

1
µα(λ)

log (1 + exp[−µα(λ)(xi − xj)])
dx :=

∑
1≤i ̸=j≤m

Ji,j.

(59)

Here we have used the error estimate (23) in Corollary 2.5 in the numerator of the
integrand in Wi,j, and the fact that xi ≥ xj ≥ xk for k 6= i, j in the denominator so
that

H
(m)
µα(λ)

(x)− fm(x)

=
1

µα(λ)
log

(
1 + exp[−µα(λ)(xi − xj)] +

m∑
1≤k≤m, k ̸=i, j

exp[−µα(λ)(xi − xk)]

)

≥ 1

µα(λ)
log (1 + exp[−µα(λ)(xi − xj)])

for x ∈ Wi,j. Obviously if we can prove that J1,2 → 0 as λ → +∞, where Ji,j’s are
defined in (59), the proof is then complete as the only difference between J1,2 and
other Ji,j’s is the locations of component indices.
Similar to the proof of the first part, we change variables in the (x1, x2)-plane by the
same rotation as above. We set u1 = 1√

2
(x1 − x2), u2 = 1√

2
(x1 + x2), and uk = xk

for 3 ≤ k ≤ m. We also write û = (u3, . . . , um) ∈ Rm−2 and B̄r,m−2(0) ⊆ Rm−2 be
the closed ball centred at 0 with radius r. Thus in W1,2 we have 0 ≤ u1 ≤ 1

2
√
2λ

< r

and |u2| ≤
√

x2
1 + x2

2 ≤ r.
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We then have

0 ≤ J1,2 :=

∫
W1,2

1
4λ

1
µα(λ)

log (1 + exp[−µα(λ)(x1 − x2)])
dx

≤ α log λ

4

∫
B̄r,m−2(0)

dû

∫ r

−r

du2

∫ 1
2
√
2λ

0

du1

log(1 + exp[−µα(λ)
√
2u1])

=
αr

4
√
2
vol(B̄r,m−2(0))

(
log λ

λ

∫ 1

0

dt

log(1 + 1
λαt/2 )

)
→ 0, as λ → +∞

by (48) in Lemma 4.6, where vol(B̄r,m−2(0)) is the volume of the (m−2)-dimensional
ball. Thus J1,2 → 0 as λ → +∞, and the result follows.
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