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1. Introduction
In this paper we introduce a computable tight (or blending) locally C''*! approxima-
tion method for

g™ (x) = max{gi(e) s 1<k <m}, zER" @

with g, : R® — R a C? smooth function for k = 1,2,...,m. Our approximations
are based on the upper compensated convex transform CY(f,.)(y) (see [30, 31, 32,
33, 34, 35, 36]) of the maximum function

fm(y) == max{y; : 1 <j<m} (2)

with ¥y = (y1, 92, -+, Ym) € R™.
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We define our smooth approximations for g™ (-) by the following composite function

9" (@) = C(fn) (@), z €R" (3)
where the vector-valued function G, : R* — R™ is defined by

Gm(x) = (gl(x)a 92($)7 e 7gm<x>)

for x € R™. It turns out that gf\m) (+) is a convexity preserving smooth approximation
in the sense that if every g; is smooth and convex in R", then the approximation

gg\m) (+) is a convex, locally C*! and ‘tight’ approximation of g™ (-) in the sense that

if g™ (2) = g1(z) and gy(z) > maxa<;<m gj() + 1/(2X), then gf\m) (z) = g™ (2).

Since many optimization problems are non-smooth, for which gradient based meth-
ods do not apply directly, various smoothing methods have been introduced to
approximate the original non-smooth functions (see e.g., [2, 3, 8, 9, 16, 20, 29] and
references therein). The widely used finite maximum function f,,(r) = max;<j<m ¥,
for x = (z1,29,...,2,) € R™ is one of the basic non-smooth functions arising from
optimization problems. The study of smooth approximations of the finite maximum
function can be traced back at least to Bertsekas’ work in 1975 [3] and the follow-up
work by Zang [29] using smooth approximations of the function f,(¢) = max{0, ¢}
for t € R (also see [8]). The methods used in [3, 8, 29] are very involved if the
dimension m is large. A widely used approach is to use the ‘log-sum-exp’ formula
([2, 9, 26, 27], see also (13) below). The log-sum-exp approximation is not tight
and the error estimate depends on the dimension. These make it difficult for us to
keep the balance between the descretisation of the function and the choice of the ap-
proximation parameter in, say, semi-infinite minimax problems [19, 22, 23, 25, 28].
Therefore it is natural for us to seek alternative, more accurate, tight and sim-
ple approximations for which gradient based methods such as those introduced by
Nesterov [20, 21] and generalized Newton’s methods apply.

The standard unconstrained finite minimax problem is in the form

min max ¢;(x
zER™ 1§j§mgj( )

where g;’s are smooth functions [20, 22, 25, 26, 27]. Usually finite minimax problems
are non-smooth. One approach for solving such problems is to approximate the
maximum function by the ‘log-sum-exp’ smooth approximation [22, 25, 26, 27]. The
semi-infinite minimax problem is to solve min,egn max ek f(z,y), where K C R™
is a compact set. In many practical examples of semi-infinite minimax problems in
optimal engineering design, K C R is an interval on the real line. By discretisation,
this type of semi-infinite minimax problems are approximated by finite minimax
problems [22, 25]. We will compare our method with the ‘log-sum-exp’ smooth
approximation in [22, 26, 27] in Section 4.

Another type of basic problems in optimization is the feasibility problem (and more
generally the split feasibility problem). In many practical situations, the feasibility
problem is to find a point in the set {z € R* : g;(z) <0, j = 1,2,...m}, the
intersection of the sublevel sets of constraint functions g; : R® = R, 7 =1,2,...,m.
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Many popular methods are based on alternating projections which are particularly
successful for linear constraints. The linear methods are also generalised to non-
linear problems using projections to subdifferentials [1, 5, 6, 7, 10, 12, 13]. One
may view the feasibility problem as a finite minimax problem for which we consider
mingegn gim)(x), where g4 (z) = max{0, ¢g1(x),..., gm(z)}. We can also approx-
imate g, (-) directly using a more involved upper compensated convex transform
formula than (10) below. We will study tight smooth approximations of g (-) else-
where. Instead, in this paper our approaches are either to use a gradient based
method to minimise the smooth approximation gf\m)(‘), at each iteration we com-
pare the value g/(\m)(xn) against 0, similar to some projection based methods, or to
apply the upper compensated convex transform to the (m + 1)-dimensional maxi-
mum function at (1, s, ..., Tm, Tmi1), then to set the last component to be zero,
that is, to set x,,,41 = 0.

Next we describe our smooth approximation tools. The notions of compensated
convex transforms were introduced in [30]. Approximations by the upper compen-
sated convex transform of maximum-like functions were studied in [30, 31]. General
properties of compensated convex transforms and applications to singularity extrac-
tion and to approximation and interpolation for sampled functions can be found in
(30, 31, 32, 33, 34, 35, 36].

Suppose [ : R™ — R satisfies
flx) > =Cy = Colzf?,  x €R", (4)

where C, Cy > 0 are constants. Then the (quadratic) lower compensated convex
transform [30] (lower transform for short) is defined for each A > Cy by

CA()(x) = colA[ - P + fl(x) = Alz]?, z€R", ()

where |z| is the standard Euclidean norm of z € R"™ and co[g] denotes the convex
envelope [14, 24] of g : R” — R that is bounded below.

Similarly, if f satisfies

f(z) <O+ Cylz]?, z €R", (6)

then the (quadratic) upper compensated convex transform [30] (upper transform for
short) is defined for each A > C5 by

CH(f)(w) = Aaf? = colA| - 2 = fl(z), @€ R". 0
If f satisfies the quadratic growth condition
[f(2)] < CL+ Colzf?, x €R”, (8)

then both the lower and the upper transforms can be defined. Furthermore, in this
case we have

Cr(f)(@) = =CA(=f)(z), = eR" (9)
In this paper we focus on the approximation of the maximum function f,,(-) by its
upper transform CY(f.,)(-) given by (10) below. It was shown in [30, 31] that the
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upper convex transform C}( f,,)(y) of the maximum function f,,(y) can be calculated
explicitly for A > 0 as

A, 1
U _ 2 ct2 o m
CEU ) =l = Adist? (1, 53 ) + 45w € R” (10)

where |y| is the Euclidean norm of y € R™, A,,, = co(K,,) is the (m —1)-dimensional
simplex defined by the convex hull of the standard basis K,, = {e1,ez2,...,en}
for R™ and dist? (y, K) is the Euclidean squared-distance function to a closed set
K C R™. Later we also define K; = {ey, es, ..., ¢;} C R™ as the first j elements
of K, (1 <j <m) and denote by A; = co(K;) C R™ the convex hull of K; C K,,.

If we denote by Pa,, /2x)(y) the convex projection of y to the scaled simplex A, /(2)
[14, 24], then we see that C¥(f,,)(y) is of linear growth in y € R™ and is C™!' with
Lipschitz constant of the gradient bounded by 2A. We have

CY(fm) (W) = Myl* = My — Pa,.jen @) + 5o
1
=2y - Pa,./e20(Y) = A Pa,. /20 (y)l T o
so that

ICY(fm) ()] < 2M[Y[| P, /20 (@)| + Al Pay o) + 4/\ <yl + 2/\,
as |Pa,,/en(y)| < 1/(2X). We also have

VO (fm)(y) = 20y — 2\ (y — P, /0 (y)) = 2APA,, /23 (v), (11)
so that IVCX(fm)(y) = VO (fm)(2)] < 2Aly — 2|

for y, = € R™. Here we have used the fact [14] that the convex projection to compact
convex set K C R™ is a non-expanding map, that is, |Px(y) — Pk (2)| < |y — z|.

fm(+) is a piecewise affine function. Geometrically, the approximation CY(f,)()
is a piecewise affine-quadratic function which is built by smoothing the the edges
and corners of the graph of f,,, by automatically generated quadratic pieces. More
precisely, the affine pieces of C{(f,,)(+) coincide with the graph of f,, (), and the
quadratic pieces lie above f,,(+) around the points where f,,(+) is non-differentiable.

In general upper transforms for convex functions are convex [30]. Also compensated
convex transforms are monotonicity preserving (see [30] Theorem 2.2). A function
f : R™ — R is called a non-decreasing function if for every y € R™ and h =
(hi,ha, ..., hy) € R™ with hy > 0 for £ = 1,2,...,m, we have f(y + h) > f(y).
It is easy to verify that f,, is a non-decreasing function. Therefore C}(f,,) is a
non-decreasing convex function.

A classical approach to smooth approximations of the maximum function is based
on a composition formula introduced by Bertsekas [3] given by

fm(ZE) =+ Q[$2 — T+ Q[' -+ Q[xm—l — Tp—2 + Q[xm - xm—l]] T ]]7 (12)

where ¢(t) = max{0, t} for t € R.
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The focus then was to design smooth approximations of ¢(-) (see [3, 8, 29]. Theo-
retically, approximations based on the smoothing of ¢(-) can be made ‘tight’ [29].
However, computations and analysis of such approximations for large dimension is
a challenge.

There is a more widely used smooth approximation - the ‘log-sum-exp’ smoothing
(also called ezponential penalty function [26]) or entropic reqularization (see, e.g.,[18])
for A > 0 given by

1

H" (y) = 5 log (Z ) = te e yn) ERT (13)

j=1
For C* functions ¢g; : R = R, j = 1,2,...,m, the corresponding C'*°-smooth
approximation of g™ (x) = max{g;(z) : j = 1,2,...,m} is defined by H/(\m)(Gm(a:)).

We will compare this approximation with gg\m) () = C¥(fm)(Gm(z)) defined by
the upper transform in Section 4, showing that CY(f,,) is a point-wise sharper
approximation of f,, than H i;n). Moreover, in the average sense, C}( f,,) approaches
fm asymptotically faster than H (T%Og , with 0 < a < 2.

«

Before we present the plan of the rest of the paper, let us clarify the terms ‘blend-
ing” and ‘tightness’ of approximations for functions. ‘Blending’ is an operation in
computer-aided geometric design (CAGD) [15]) which smoothes edges of a geomet-
ric object in a neighbourhood of singularities and keep the rest of the object intact.
The result of such an operation is called a ‘blend’. Compensated convex transforms
are ‘tight” approximations for general functions f : R" — R with quadratic growth
in the sense that if in a neighbourhood of a point zo € R™, f(-) is CY! then for
A > 0 sufficiently large, we have CY(f)(zo) = f(zo) [30]. Thus we see that the
locally C! approximation C¥(f) of a convex function with quadratic growth [30]
can be viewed as a simple blend of the graph of f from above. It was noted in [29]
that the approximations of the maximum function obtained by repeatedly using
the smoothing f,(t) = {0, t} can be made tight, hence can be a smooth blending
operation.

The plan of the rest of the paper is as follows. In Section 2, we derive further fine
properties of the upper transform C§(f,,) of the maximum function f,,. Without
loss of generality, for x = (x1, 22, ..., 2,) € R™, we assume that x1 > 29 > -+ >z,
by a ‘sorting’ process. Our main result is on the geometric structure of the upper
transform C}(f,,)(x) which is reduced to the geometric structure of the convex
projection PATT 2. In Theorem 2.2, we give a necessary and sufficient condition for

the convex projection Pa,, x to lie in the relative interior of a face of AQ—KI, which is
2\

a (k — 1)-dimensional simplex. As a result we obtain the tightness (or blending)
property of CY(f.,) that C¥(fm)(z) = fim(z) if and only if 1 — 29 > 1/(2)). As a
corollary of the geometric structure of the convex projection PA?T x, we derive the

sharp error estimate

m—
Am\
We also give a sufficient condition for CY(f,,)(-) to be twice differentiable at a given
point with its Hessian in the simple form given by (27).



1198 K. Yin, K. Zhang / A Tight Smooth Approximation ...

Then, in Section 2 we establish the asymptotic properties for CY( f,)(x), VCY(fm)(x)
and V2CY(fm)(z) respectively at each fixed x € R™ when A > 0 is sufficiently large
but finite.

In Section 3 we study the composite function

g(m)(x) = fm(Gn(z)) = max{g;(z): j=1,2,...,m}

with ¢g; : R* — R smooth functions, where G,,(z) = (¢1(z),..., gm(x)). We
show that if every g; is convex and locally C*' in R", e.g., g; € C?*(R"), then
C(fim)(G(+)) is also convex and locally C'!. Also for C*-functions g; for j =
1,2,...,m, at a given point x € R", after a ‘sorting’ operation we may assume
that gi(xz) > go(x) > -+ > gm(x). If Pa,/20Gm(x) is a relative interior point
of some Ag/(2)\) with £ < m and certain non-degenerate conditions are satisfied,
then CY(fn)(Gm(+)) is twice differentiable at = with its Hessian given by (30) which
only involves the functions g; for 1 < j < k, their gradients and Hessians. This is
quite different from the ‘log-sum-exp’ approximation H im)(Gm(x)) whose Hessian
depends on all g;’s, their gradients and Hessians at any given z € R™. In case
9i(y) = {;(y) = a; -y + b; are affine functions, the Hessian of C{(f,,)(Gm(x)) is
given by the simple formula (see (31))

V23 (fn)(Gra()) = 27 [Z a; ® a; — % (Z ) ® (Z )] :

i=1 j=1 s=1

We also present examples for some commonly used convex functions in applications
such as the semi-infinite minimax problems and its discretization.

In Section 4, we compare properties and asymptotic behavior of the smooth approx-
imation CY(f.,)(-) with those obtained by the ‘log-sum-exp’ approximation given by
H,"(-). We establish a point-wise comparison in Theorem 4.1 saying that

Jnly) < Cx(fu) () < HE (),
We also show in Theorem 4.4 that in the average sense, C§(fm)(-) approaches f,,(-)
faster than H g\?og A (+) with 0 < @ < 2. We show that for any closed ball B,(0) C R™
centred at 0 with radius r» > 0,
lim C}(\ i{m)(y) — fuly)
A=+ JB0) Honoga(¥) — fn(y)

y = 0.

Under the strong convexity assumption that y? V2g;(z)y > cly|? forall j = 1,2, ...,m
and for all z, y € R™ with ¢ > 0 a constant, we give estimates between the minimiser
of the original function g™ (-) with the minimisers obtained by our approximation
CY¥(fm)(Gm(-)) and those obtained by using the ‘log-sum-exp’ smoothing respec-
tively.

In the Appendix we present proofs of two technical results needed in Section 4.

In this paper we denote by |a| and a - b the standard Euclidean norm of a € R™ and
the inner product of a, b € R™ for some m > 1. We also denote by co(f) the convex
envelope of a function f : R™ — R which is bounded below and co(K') the convex
hull of a bounded closed set K C R™ [14]. For ¢t > 0 we define K/t := {z/t: x € K}.
It is easy to verify for a compact set K that co(K/t) = co(K)/t.
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2. The upper transform of the maximum function

In this section some fine properties of the upper transform CY( f,,) of the maximum
function f,, are studied. We present the precise tightness (blending) properties,
the sharp error estimate, the geometric structure of C}(f,,) based on the convex
projection P, /2y from R™ to the simplex A,,/(2A) for a fixed A\ > 0 and the
asymptotic properties for C¥(f)(z), VC¥(fm)(z) and V2C}{(fm)(x) respectively for
fixed x € R™ and for sufficiently large A > 0. In order to prove our tightness (blend-
ing) result for CY(f,) (Corollary 2.3), we need the following explicitly calculated
upper transform for fo(z) in R? which can be easily derived from its definition.

Lemma 2.1. Let fo(x) = max{zi, 2o} for x = (x1,72) € R%. We have

Cifo)(x) = Az — Adist?(z, Aa/(2N)) + -
1+ X9 A 2 1 1
_ 5 +§(I1—x2) +8_/\ |z — x| < % (14
1
fa(x) |1 — 2] > )

Furthermore, we have

1 1 1
(5 + /\(£E1 - Ifz), 3 >\($1 - $2)> |ZE1 - $2| < 57
VO (fa)(x) =< (0, 1) To > x1 + 2)\,
(1, 0) I > T2 + 2/\,
1 -1 1
, A 1 1 > ’1’1 — .1'2‘ < %
(O O) [#1 — 22| > 55

It is known that C¥(f,,)(z) is a globally C*! and convex function [30]. Furthermore,
we have f,,(z) < CY¥(fm)(z) for all x € R™. By definition, we have, for example,

co(A[ - [* = fu())(@) < Alzf* = fim(@), (15)
for all z € R™. If we have C’A(fm)(x(o)) frn (@), then by a lemma in [17], both

C3(fm) and f,, are differentiable at (¥ and VO(f,,,)(2®@) = V f,,(2(?) as the right
hand side of (15) is superdifferentiable and the left hand side is convex [17].

Next we focus on the geometric structure of the convex projection Pa,,/2x) which
leads to the precise ‘tightness’ property of the approximation CY(f,) to fi,.

Observe that an equivalent statement to that a point y € R™ satisfying C¥(fn)(y) =
fm(y) is that the convex projection Pa,,@oxn(y) = e;/(2)) for some 1 < j < m.
Therefore we see that f,(z) < CY(fn)(x) if and only if Pa,, /@y lies in the relative
interior of a (k — 1)-dimensional face of the simplex A,,/(2)) for some 2 < k < m
with k the largest among all such faces. Thus

PAmx_ZAeﬁ A>0, Y a=1 1<i<k
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Without loss of generality and for simplicity of the notation, we may assume that
Ty > x9 > --- > x,. Note that the simplex A,, is the disjoint union of all of
the relative interiors of its faces and we may also call the vertices as their relative
interiors of these zero-dimensional faces. We have

Theorem 2.2. Suppose x1 > x9 > -+ > x,,. Then the convex projection PA?TQ:
from x to A,/ (2)) is in the relative interior of the (k—1)-dimensional face A®) /(2))
with 1 < k < m, where
A®) k)
2N [_] with KW ={ej,, e, ..., €5,} C Ky, (16)

if and only if k € {1,2,...,m} is the largest integer such that

1 1 1
: - i+ ——<—, 7=1,2 ...,k
(l) O<fl'fj kle+2k>\_2)\’ J ) 4y 7k7
y (17)
(ii) S_EZ:: <0, s=k+1,k+2 ....,m
Furthermore we have
k
P*%IP@;&C—Z(SL’J /{JZ 1+%> ] (18)
AR A K _
and WZQ_)]T:: {2—;], with Ky ={e1, e, ..., ex} C K.
As a consequence, if x1 —xs > 2/\, then s> k.
Proof. Suppose PM.T = P, x. Clearly
2
K®
=) Nei,, AW/(2)) =
T = Z € /(2X\) = CO|: 2)\}
where K®) = {e; | e, . .. ,ei, } C K, and without loss of generality, we may assume
0< <N < </\<1 zk:A—l (19)
k> Nk—1 > = 1_2)\7 - 1_2)\

On the other hand, the k — 1 dimensional simplex A®) /(2)) is contained in the sub-
space E®) spanned by {es, }5?:1. Since Pa,, /@2x)T is the nearest point to x belonging
to the relative interior of A®)/(2)), it is the orthogonal projection of z to the affine
plane L) ¢ E*) spanned by {e;, }i_,. Let é = = Zf L€, € AP /(2)), then é is
perpendicular to L*). If we let PE<k>:c be the orthogonal projection of = to E®*),

have
R k

~ (& ~
P&ZE:PE(k)J}—(e-PE(k)ZE)|é|2-f-ezz <l‘z] kz is 2]{:/\)

22 =1




K. Yin, K. Zhang / A Tight Smooth Approximation ... 1201
Thus we h 0< A LS g o <
us we have = — — T, + —— < —.
! 7o ke—= " 2kN T 2)
By (19) we see that z;, > x;, > --- > x;, which implies that i; < iy < --- < i, if we
arrange components which are equal by increasing subscripts if necessary.
Since coldist?(-, K,,/(2)))] = dist*(-, A,,/(2))) (see [30]), by the definition of the

upper transform of C{(f,,)(+), we have

co AP fu) () = Adist? (3 57 ) = 5 <= Ful) M -0 (20)

for all y € R™ and for every fixed s =1,2,...,m

At z above, (20) implies that the tangent plane of co[A| - |* — f,,] (y) at y = x lies
below the graph of the function y — Ay|? — y,. As

A
dist? |z, —= :( - P
1S <£E 2)\) X A;f)%

we have ‘ A(mx’ - — + 2\ < P&x> (y—x) < Ay]* — s, (21)

2\

2

Y

for all y € R™ and for every fixed s € {1,2,...,m}.
We move the left hand side of this inequality to the right hand side and define

q()—)\|y|2—ys—)\‘x— A(k)$‘ —|———2)\< —P&x>-(y—x), yeR™
2\ 4)\ 2\

and require that its minimum is non-negative. We consider two different cases. If
s € {iy, 42, ...,ix}, by solving Vg,(y) = 0 we see that the minimum value is 0. So
(17) holds in this case.

If s¢{iy, i2, ..., 1k}, we see that the minimum point y* = (y7, s, ..., y*,) is given by
'yzzzw £¢{87Z’177L27"‘7ik};
L
sz_EZ ]:17277k7
"
1 1
e Z
The minimum value satisfies ¢5(y*) > 0 if and only if

__Zx“ 2m =

Thus we have z;;, = x;j, v1 > 23 > -+ T > Tpy, A® = A, and both (i) and (ii)
in Theorem 2.2 are satisfied. Now we claim that Ag/(2)) has the largest dimension
among faces Ay/(2)) for which Pa, /0x) () is a relative interior point of A,/(2)).
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If this is not the case, we see that Pa,,/@x) () is also a relative interior point of
some (¢ — 1)-dimensional face A® /(2)) with ¢ > k. By repeating the argument
carlier, we see that A /(2)\) = A,/(2)) with Ag/(2)) lies on the relative boundary
of Ay/(2)). Thus
x—PAkx—x—PA,_,x—i—Pﬂ PAkx and x—PAng_PAZa:—Pika:
2\

2

As Pa,x # Pa,x, by Pythagoras Theorem, we have
2X 2X
‘x — P», x‘ <
22

I—PAkl",
Py

hence Pa, r cannot be the nearest point of z in A,,/(2)). This is a contradiction.
2

It is easy to see that the converse statement is also true as PAkZE is given by (18)

and k is the largest integer such that (i) and (ii) hold. Thus if Pam x = P,wx, then
o5
A® = Ay and | = k.

To show the last argument in the theorem. Suppose that z; — xs > % and s < k.
Then by (i)

0<xs__zxz < 1____2@ <0 (22)

which is a contradiction. This completes the proof of the theorem. Il

If the maximum face is a vertex (k = 1), Theorem 2.2 provides a criterion for
CYV(fm)(x) = fr(x). This is a tightness result for C}(f)(-) to approximate f,(-).
If we examine the proof of Theorem 2.2 for this case, we have the following necessary
and sufficient condition for CY¥(f,)(x) = fi(z).

Corollary 2.3. Let m > 2 and suppose that x = (x1, xa, ...
Ty > X9 > > Xy, LThen
1

CX(fm)(z) = f(x) if and only if x1 — 29> o

, Tm) € R™ satisfies

Proof. If 21 — x5 > 1/(2)), then for any j > 1 we have
T —$1+1/(2)\) S I2—1’1+1/(2)\) S 0.

Therefore items (i) and (ii) in Theorem 2.2 are satisfied for £ = 1. Next we show that
the zero dimensional face - the vertex {e;/(2)A)} is the face with largest dimension
for which (i) and (ii) holds. Otherwise we have k > 1 such that both (i) and (ii)
hold. If (i) holds, we have

k
xk—xl 1 Cxp—ap 1
0 < _ - -
kZ:: A

which is a contradiction as we have assumed the conditions that z; — z9 > 1/(2))
and x9 > x3 > -+ > 1.

If fm(x) = C;V\L(fm(x))a we deﬁne f(2)< ) max{yla y2} fOI' Yy = (yla Yo, ... >ym)
Clearly f@(y) < fiu(y) for y € R™. Thus C¥(f@)(y) < Cfm(y)) for y € R™.

At = we have f(2)(:c) < C’f\‘(f@))(x) < C¥(fm(x)) = flz) = f 2)(33)-

" 1 T — T 1
k 1
. < <

j=2
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Thus C¥(f@)(x) = f#(x). We also observe that C¥(f®)(y) = C¥(f2)(9) where
f2(+) is the two-dimensional maximum function and ¢ := (y;,92) € R? for y € R™.
From the explicit formula (14) in Lemma 2.1, we see that C}(f2)(y) = fo(y) if
and only if |y; — y2| > 1/(2X). Thus at x we have CY(f2)(Z) = f2(Z) so that
we obtain |r; — 23] > 1/(2)). Since we have also assumed that z; > x9, hence

Remark 2.4. The proof of Corollary 2.3 was first established in an unpublished
work by us. Here we present a new proof based on Theorem 2.2. If we do not
assume the ordering z; > x9 > .-+ > x,,, then the second largest component of
x = (r1,%2,...,%,) can be represented by

fnl) = 11<I%i<nmmax{xj o 1<j53<m, j#i}, ze€R™

The tightness property stated in Corollary 2.3 for the case k = 1 is equivalent to

CLfu) (@) = fula)  fand only if  fn(a) — fule) = o

2\
Note that the set on which f,,(z) = f,.(2) is contained in the union of finitely many
hyperplanes V := Uy<;<j<mLi;, where L;; = {x € R™ : 2; = x;}. Hence for every

point z in the open set R™ \ V, there exists A such that f(z) > fin(z) + 5 and
CY¥(fm)(x) = fm(z). In this sense we may say that Cy(f,,) is a tight approximation

of fin.

Corollary 2.5. Suppose m > 2. We have the following sharp error estimate

m —

< — m.
< T reR (23)

Remark 2.6. We can easily see that for m = 2, as in Lemma 2.1 Equation (14),

the constant 1/(8\) agrees with that for the explicitly calculated upper transform

CY¥(f2)(x). In the proof of Corollary 2.5 we also observe that if Pspx = Pa,x,
2X

where Ay = co({e1, €, ..., ex}), we have a slightly sharper estimate than (23) that
0< CY()@) — fulw) < S
) (x) — fn(2) < ——.
- 4k

When k = 1 we have CY(f,)(x) = fin(2).

We need the following Lemma for the proof of Corollary 2.5.

Lemma 2.7. Suppose k > 2, then

k k
1
sup{(l—)\l)2+Z)\j2: )\12)\2,...,)\k>0,Z/\jzl}zl—E, (24)
7j=2 7j=1
and the maximum is reached at \y = Ay = -+ = N\, = 1/k.

Proof. If k = 2, the function to be minimised is 2(1 — A\1)? < 1/2 as A\; > Ay and
A1 > 2 must be satisfied at the same time.
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Clearly we must have 1/k<\; < 1. Now fix such a A\; and consider the maximum of

k k
F(Xg, ..oy Ap) = (1—)\1)2—1—2 )\5 subject to 0 < \; < Ay and Z)\j =1-\.

Jj=2

It is well-known that this convex maximization problem over a polygon reaches
its maximum at a vertex point. If A\; > 1/2, then one of the maximum point is
A =1—X and A\; = 0 for 3 < j < k. In this case the maximum of F(-) is
2(1 — A\1)?. This quantity reaches its maximum when \; = 1/2.

If1/k <X <1/2,then 1 — Ay = jA; +7A; with j > 1 an integer and 0 <r < 1. In
this case, after a ‘sorting’ operation, a vertex must be in the form

)\2:"':)‘j+1:)‘17 )\j+2:T>\1 and )\Z:OfOI'Z>j+2
Note that here we must have j < k — 1. For such a point we have

Fay oo M) = (1= AD)2+ A2+ 722 = (1= M)+ (1 = M)\

1
=1 — <]l]-—2=
1-1<1 o
The proof is complete as we have assumed k > 2. Il

Proof of Corollary 2.5. Without loss of generality we may assume that we have
Ty > Ty = - 2> Ty, Suppose Pa, 2y is contained in the relative interior of face
Ay /(2X) with the largest dimension. By Theorem 2.2, we can write

k
Pa,. /20T = Z Ajej/(2A)

j=1
with Z =1land \y > A > -+ > Ay > 0. Since e;/(2)\) € Ag/(2\) and
Pn,. /20 is the orthogonal projection to the plane spanned by Ag/(2)), we have
a:—PAm:E J_ﬁ—PAm .

We also have

K, 1
w(y) = Alyl> — M dist? — R™
o) = N2 = adtis? (3, 52 ) 4 1w

with K, = {eq, es, ..., e, }. Hence

0 < CR(fm)(x) = fn(w) = A (dlst ( KT) —dist” (m é_;n))

:)\<|x— ‘—‘SC—PAM‘> Als
= (10’ zjzj)_zk;Strm;

The last inequality above follows from Lemma 2.7 and the fact m > k. ]

We need the following simple result for further calculations of the gradient and
Hessian for C{(f)(+)-
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Corollary 2.8. Suppose m > 2 and that the point x = (x1,x2,...,2,) € R™
satisfies x1 > X9 > -+ > Ty, If PA,,L< ) is a relative interior point of face 5 ﬂ for
some 1 < k < m with the largest dimension k — 1 and satisfies assumptions (i ) and
(ii) in Theorem 2.2, then

VO (fm)(x) = 2APsy (2 _2)\2(% T8 kz ) e;. (25)

If we assume (i) in Theorem 2.2 and
k
1 1
if)* =Y a <0, 2%
(ii) Thr — 7 2 x; + T (26)

then VCY(f)(y) = 2APa, (y) in a neighbourhood of x and C{(f)(+) is twice dif-
2X

ferentiable at x with the Hessian matrixz given by

A, O

1
V2O fm) (1) = 2) < 0 0 > : where Ay =T, —

with Ty the k x k identity matriz and 1;, = (1,1,...,1)T € R* is the column vector
with entries 1.

If we assume (i) in Theorem 2.2 and
(ii)** T ZZ‘Z *0 s=k+1,....k+r (r<m-—k),

then C¥(fm)(+) is not twice differentiable at x.

Proof. From (10) and Theorem 2.2 it is easy to see that

VO (fn)( )—QAPAmx—Q)\Z(x] kz Z+%>

If we further assume (ii)*, we see that for y in a small neighbourhood of z, (i) and
(ii)* still hold, hence

k
VO (fm)(y) = 2APsuy =2X ) (fyﬂ' Zyl 2k)\>
j=1

This affine mapping is clearly differentiable for y close to x. So the Hessian at z is
given by (27). N

Remark 2.9. We observe that the Hessian matrix VC}(f,,,)(+) is piecewise linear
and absolutely continuous, so V2C%(f,,)(-) exists almost every where. However,
V2C¥(f)(+) is not invertible, with eigenvalues 2\ with multiplicity £ —1 and 0 with
multiplicity m — k& + 1. All non-zero vectors perpendicular to 1, are eigenvectors
corresponding to the eigenvalue 2\.

Next we study the asymptotic properties of CY(f,,) and VC}(fn) when A > 0
is sufficiently large but finite. Such properties will be used later for our smooth
approximations.
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Definition 2.10. Let z = (z1,x2,...,2,) € R™ satisfy 1 > 29 > -+ > x,,. We
say that z is a level -(k — 1) singular point of f,, if 21 = 29 = -+ =} > 211 A
point x € R™ is called a regular point of f,, if x is a level-0 singular point, that is,
k = 1. In this case we assume x; > z5. A level-(m — 1) singular point x satisfies
L1 =T =+ = Tm-

Note that in general we can always re-arrange components of a vector by ‘sorting’
so that they are in non-increasing order.

Theorem 2.11. Assume that x = (1, xa, ..., Tpy) ER™ satisfies T > T9 > ... > Xy,

(i)  Ifz € R™ is a level-(k—1) singular point of f,, for some 2 < k < m, then for
A > 0 sufficiently large, V*C¥(fm)(z) exists and

kE—1
C;\L(fm)(x) - fm(x) = T3 VC)\ fm €i,
4k ]{: Z (28)

V2O (fin) () = 2 ( %’“ 8 ), where Ay, is given by (27).

(ii)  Ify is a regular point of fm, that is, y is a level-0 singular point in the sense
that x1 > xs, then for A > 0 sufficiently large, we have

Cy(fn) (@) = fm(@) = 21, VOX(fu)(@) = Vm(@) = €1, VCY(fu)(z) =0.

Proof. (i) Suppose x = (x1,z9,...,z,) € R™ is a level-(k—1) singular point with
k>2. Wehave xy =29 = -+ = x > xp1. We prove that when A > 0 is sufficiently
large, the face with the largest dimension such that PATT x is a relative interior point

is Ag/(2X), assumptions (i) in Theorem 2.2 and (ii)* in Corollary 2.8 hold, and

k
1
P%*Tx_zzm

]_

For (i) to hold on Ag/(2)), we see that

1< 1 1
Wopt 5 =5 g = >0

as 1 = oy = -+ = . To satisfy (ii)* for k +1 < s < m in our case, we need
1 1 1
< - =1 — =Ty — > = A
k Z“’J T DTS W A T 5\ 2h(z1 — )

Next we show that Ag/(2)) is the face with the largest dimension on which (i) and
(ii)* hold. To see this let us consider ¢ > k, we only need to show that (i) cannot
hold by showing that

1< 1
$5<Z;x]’—%



K. Yin, K. Zhang / A Tight Smooth Approximation ... 1207

We have
1 1 1
72T~ g5 % = <—+ ) l’) T
j=1 j=k+1
B k(x1 — ) 1
N 7 Z 20\
j=k+1
l{?(l’l — $k+1) 1 k 1
= [ 20 ¢\ T 90N
when \ > W Here we have used the fact that
Ty =Ty ="+ =T > Tyl = T2 = 2 T
k 1 1 F k
Thus we have P%&nx:;<xj+%——pl ) :Z::

1

We also have that for y in a small neighbourhood of x and for A > Ta ey

Pany :zk:(% 2% Zy)

Thus CY(f)(+) is twice differentiable near = hence for A > —Qk(xlimkﬂy we have
1 TP
C;\L(fmxx)_fm(x):E 61—Ejzlej :m
F
VO (fu) () = 2P = e,

9 A, O
vt =2 ( 5 o)

where Ay is given by (27). The proof of (i) is complete.
(ii) Since xy > x9 > x3 > -+ > Xy, we have x1 — x5 > 1/(2X) if A > m By

Corollary 2.3, we see that in this case CY(f)(z) = fn(z) and in a neighbourhood
of z we have VCU(f,.)(y) = e1, so we obtain V2C¥(f,)(z) = 0. This completes the
proof of (ii). O

3. Smooth approximations for maximum of smooth functions

As described in Section 1, in this section we consider smooth approximations of the

function
g™ (x) = max{g,(z),...,gm(z)}, for z € R"

with g; : R — R a smooth (C?) function for j =1,2,...,m. Let
Gn(z) = (1(2),...,gm(z)) € R™, for z € R".
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As in previous sections we define f,,(y) = max{y; : i =1,2,...,m} for y € R™ and
denote by C¥(fm)(y) the upper compensated convex transform of f,, at y € R™.

First we calculate the gradient for the smoothed function CY(f,,)(G..(z)) and its
Hessian when it exists. For vectors a, b € R", we define a ® b = ab?. Here we treat
a and b as column vectors.

Theorem 3.1. Suppose g; € C*(R") for j = 1,2,...,m with m > 2. Let ¢"™(x)
and G, () be as defined previously for x € R™. Then for A > 0 we have

VO (fm)(Gn(x)) = 2AVGin(2)" Pan =22 Z X (G (1)) Vgj(x),  (29)

2)\

where PATT(Gm(x)) = Y1 Ni(Gm(®))e; is the conver projection of G(z) to
A/ (2A) with A\j(Gr(x)) >0 for j=1,2,...,m and 377", Aj(Gn(x)) = 1/(2)).

If we further assume that g1(z) > go2(x) > -+ > gm(x) and Ag/(2)) is the face of
A/ (2X) with the largest dimension with 1 < k < m such that Pa,,joxGm(x) is a
relative interior of Ay/(2)\) and G,(x) satisfies conditions (i) in Theorem 2.2 and
(ii)* in Corollary 2.8, then V2C“(fm)( m(2)) exists and z’s given by

V2CU(f)(Gon(z)) = QAZA g;(z) +2)\2ng ) ® V()

_7 (Z Vgg(x)) ® (Z Vgs(x)> ,

where Ni(Gp(z)) >0 for i=1,2,...,k and Zle Xi(Gm(x)) = 1/(2\) satisfying

(30)

In the above statement, if k = 1, then by Corollary 2.3, we have

g1(x) = ga(x) > 1/(2X).
Thus for the case k =1 we have V2CU(fr)(Gm(z)) = Vigi(2).

Proof. By the chain rule we see that formula (29) for VC}(f,)(Gm(x)) holds.

Now we establish (30) under the assumptions (i) in Theorem 2.2 and (ii)* in Corol-
lary 2.8. Since G,,(+) is C*-smooth hence is continuous, by our assumption, we see
that for y in a neighbourhood of z,

k k
1 1
Pap Gn(y) = PayGm(y) = D> XN(Grny)e =) <gj(y) % > gily) + 2m)
j=1 j=1 i=1
it AN(Cn@) =00 — =S G+ —— >0, G=1,2,... .k
w1 ¥ my _g]y ki: gly 2]{)\ ) ]_ 9 Sy ey Yy
and g()+i<0 E+1<s<m.

2k
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Therefore \;(G,,(y)) is differentiable at x for j =1,2,...,k and

ON(Gr()) _ g(a e
7 Z

0T, 8:63 3565 ’
so that we have
PCL(fn)(Gm(@) o 0 [ dg;(x)
0x,0xy N 2)\8335 ;)\j(Gm(y)) 0xy
k
B ' 8 g] N ( y)) 9g;(z)
- 2A§AJ(Gm( o~ 8x QAZ o o
8 gi(x 9g;(x dgi(z) \ dg;(x)
_ 2>\Z>\ 3.%43:(: QAZ < oz, k; 9z, ) O,
N Pae) |, 0,() g;@)) _ 2\ (§~0,) (5
= ”Z ( ) owdz, T ow, o k ; a:cs 22: |
Thus we have derived (30):
V2C3(fin) (G (2)) = 2AZA +2AZV9J ) @ Vg;(x)
7j=1

—? (Z in(x)) ® (Z ng(@) :

If we apply Theorem 3.1 to affine functions, we have

Corollary 3.2. Let {;(y) = a; -y + b; for y € R™ be affine functions with a; € R",
b € R fori=1,2,...,m. Let the functions L,, : R* — R™ be defined by L,,(y) =
(1(y), lo(y), - - -, b (y)) fory € R™. If we assume that {y(x) > lo(x) > -+ > Ly (x)
and Ay /(2)) is the face of A,,/(2X) with the largest dimension 1 < k < m such that
Pn,./o0 Lim () is a relative interior of Ay/(2)X) and L,,(x) satisfies (i) in Theorem
2.2 and (ii)* in Corollary 2.8, then V2C¥(f)(Lm(z)) exists and is given by

V2CU(fn) (L (z)) = 2X [Z a; ® a; —% (Z aj> ® <Z @)] . (31)

Proof. If we let g;(y) := (;(y) for y € R". Then Vg;(y) = a; and V?g;(y) = 0 for
y € R™. If we substitute these in (30), the conclusion then follows. O

Remark 3.3. There are some obvious cases for which V2C}¥(f,)(Ln(7)) is not
invertible.

(i) If the linear span satisfies S :=spanfa; : j =1,2,...,k] # R, then S+ # {0}
so that the Hessian given by (31) has a nontrivial kernel. A simple example of this

case is when k < n, that is, when the convex projection is on a lower dimensional
simplex Ag/(2\) with k& < n.
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(ii) If there is some y* € R"\ {0} such that a; - y* = ay - y* = -+ = ax - y*, then
0 is the smallest eigenvalue with y* an eigenvector. This is a direct consequence of
the Cauchy-Schwarz inequality. This condition can be satisfied even when S = R"
and k > n if, say, a basis is given by a1, as,...,a, and a; € co{ay,as,...,a,} - the
convex hull of the finite set {aq,as,...,a,} for j=n+1,...,m when m > n.

Theorem 3.4. Suppose g, € C*(R") fork =1,2,...,m withm > 1. Let ¢'™(z) =

max{gp(z) : k= 1,2,...,m} and G (x) = (g1(x), g2(2), ..., gm(x)) for x € R".
Then for A > 0 we have

(i) If gi is convex in R™ fori=1,2,...,m, then CY(fn)(Gm(:)) is convez in R™.
(ii)  The function CY(fn)(Gm(:)) € CII(R”) More precisely, in any bounded

loc

domain Q0 C R™, let Lg > 0 be the maximum of the Lipschitz constants of
Gm(:) and VG, (+) in Q and Mg = sup,cq |VGn ()|, then, for all z,y € Q,

IVOX () (Cm(y) = VOX(fm)(Gr(2)] < La(2AMa + D]y — [ (32)
(iii)  g"(x) < CX(fn)(Gm(2)) < g"(x) + f07’ z € R™.
Furthermore, CY( fin)(Gm(x )) g™ (z ) zf and only if
() > 5 (@) + o, (33)
where ¢ () := min max{gj( ), 1<j<m, j#i}, zeR"

1<i<m

(iv) If Gpn(x) is a level-(k — 1) singular point of fin.(-), then

ENCOVRN
Jim MG (Gule) — g (@) = L
. 1L oo 5
k
s=1

Proof. Item (i) is a direct consequence of the fact that y — CY(f)(y) is both
convex and monotonically increasing.

To prove (ii) we first recall (30) that

m

VO () (Gn(@)) = 20V G (2)" Py (Gia() = 20 Y- X(Gun(2)) Vg5 (2).

j=1
Since ¢g; € C*(R") for j = 1,2,...,m and PAm () is an Lipschitz mapping, we see
that VCY(fin)(Gm(z)) € C* (R”) Next we estabhsh (32). We have, for z, y € Q,
VO (i) (G () = VO (fm) (G ()]
= 2\ VG (2)" Pag (G2
< DTG ) Pay (6o
+2/\|VG (y) 4 (Gm(‘r» - VGm(y)TPAm (Gm<y)>|

m
2X

) — VGm(y)TPM(Gm(y))l
)
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< 2Pay (Gn@)) IV Gon () = VGin(y)| + 2AM| Py (Gon(2)) — P (Grn(9))

< Lo(1 + 2AMgq)|z — y|.

Item (iii) is a direct consequence of Corollaries 2.3 and 2.5.

Item (iv) follows directly from Theorem 2.11 and Theorem 3.1. O

4. Comparisons between two approximation methods

In this section we compare our smoothing formula C}{(f,,,)(+) of the maximum func-
tion f,,(+) with the log-sum-exp formula H/(\m)(-).

Let us recall that the ‘log-sum-exp’ smooth approximation for the maximum function
fm(+) defined by (13) is given by

1 m
H{™(y) = 3 log (Z eky’“) , yER™ (35)
k=1

Clearly for any A > 0, H )(\m)() is a C'*° function. This allows us to take partial
derivatives of any order. Also H im) (+) comes with an analytic formula which does not
require any sub-routines to calculate its value besides those built-in ones such as ‘exp’
and ‘log’. In order to a avoid the possible numerical overflow or underflow caused

by the exponential function, H /(\m)() is computed by its shifted version ([20, 22]) as

m 1 - -
H" (y) = fuly) + 5 log (Z Ao f"‘“’”) : (36)
k=1

However, it is shown in [4] that the shifted formula is not more accurate than the
unshifted one.

The calculations above by shifted formula requires the computation of the maximum
function f,,(y) at y. If we try to find the maximum, the complexity is O(m). If we
sort the whole vector complexity is about O(mlogm) [11]. Even for the maximum
of finitely many affine functions /™ (z) := max{a; - = +b; : i = 1,2,...,m}, the
Hessian for the ‘log-sum-exp’ formula is rather complicated. However the Hessian
of CY(fm)(Lm(z)) is given by a rather simple formula (31) and may require fewer

components than all of the m components when we calculate V2 H /(\m)(Lm(x)).

The well-known error estimate for the approximation H im)() is given by

logm

Faly) < H () < fnly) + =,

yeR™. (37)

The error bound (logm)/A is sharp and can be realised when all components of y
are equal. For a finite minimax optimization problem of a fixed size m, this error
may not cause serious problems for smoothing optimization.
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However if one considers semi-infinite minimax problems, for example, in the form

R ey

one natural approximation is to descretise [0, 1] and consider, e.g., yx = k/m for
k=0,1,2,...,m. Then the finite minimax problem is considered first by solving
mingegre MaxXi<g<m ¢(Z, ¥x). Under mild conditions [22], one can show that the finite
problem converges to the semi-infinite problem as m — oo. Due to the error bound
(37) this makes it difficult to consider a sequence of finite minimax problems for a
fixed smoothing papameter A > 0. If we use the upper transform to approximate
g™ (z) 1= maxi<p<m g(z,yx), we have, from (23) that the error estimate satisfies

m u m 1
9" (@) < CY(fn)(Gn(2)) < g™ () +
which is independent of m.

We also observe that H )( -) is a nowhere tight approximation of f,(-) in the sense
that f,,,(y) < Hy" (m ( ) for all y € R™. This makes it more challenging to be used for
nonlinear feasiblhty and problems where precise geometric information of approxi-
mations is needed. If we use the upper transform and assume G,,(z) is ‘sorted’, we
have C¥(f)(Grn(2)) = g™ (z) if g1(z) — go(z) > 1/(2)). In this case a point is in
the feasible set if CV(f,) (G (z)) < 0. In general we have, based on the inequalities
above that

{z €eR": CY(fn)(Gn(z)) <0} C{zeR": g;(x) <0, j=1,2,...,m}
(e e B CHIn)Gnle)) < L),

Incase K ={z € R": g;(z) <0, j=1,2,...,m} =0, that is, if K is not feasible,
we see that under the coercivity assumption that g™ (z) — +o0 as |z| — oo, we

have g™ (z) > ¢y > 0 for a constant ¢y and for all # € R™. In this case, we also
have CY(fim)(Gm(z)) > ¢ for all x € R™.

Next we state our main comparison results for C¥(f,)(-) and H,Sm)(~). The first

result (Theorem 4.1) says that pointwisely CY(f,)(:) is a much sharper approxima-

tion of f,,(-) than H g\”)( ). The second result is a ‘weak’ generalisation of the last

part of Theorem 4.1 concerning an avera%e asymptotlc comparison of the speed of

convergence to f,(-) by CY(fn)(:) and H -) respectively in the sense that
Cf(fm)(ﬂf) — fm(@)

lim ) dx = 0,
At JB ) Hy) (@) = fn()

where 11()) is a positive increasing function of A > 1 and B,(0) = {y € R™: |y| < r}
is the closed ball centred at 0 with radius » > 0. In Theorem 4.4 we claim that the
above result holds for m > 2 if u(\) = aXlog(A) with 0 < o < 2. In particular,
for m = 2 the same result is true for p(A) = 2Alog(\). The third result (Theorem
4.7) says that under a strong convexity assumption, we can derive error estimates
between the minimiser of the original function g(™(-) and those obtained by the
two different smoothing methods above respectively. We further establish that both
the minimum value and the minimiser obtained from C} g ) (Gm(+))(+) are closer to
those obtained from g™ (-) than those obtained from H 4T)(Gm(~)).
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Theorem 4.1. For A > 0 and m > 2, we have

fuly) < CY(fu) W) < HY (), y € R™ (38)

We need the following lemma (Lemma 4.2) for the proof of Theorem 4.1. We put
the proof of the lemma in the Appendix. It is elementary but we have not been able
to find a reference for it.

Lemma 4.2. Suppose m > 2. Then the following equality holds.

m m 2 m m
max{Zij; — <Z Ax) 0N <L g eR Y =1, 2} = 1} =5 (39
j=1 i=1 (=1

The maximum is reached, for example, at the point with x1 = 1/\/5, Ty = —1/\/5,
M=X=1/2andz; =0, \; =0 for 3 <j <m.

An obvious consequence of Lemma 4.2 is that

m m 2

; Ajas — (; )\ix@) < % (40)
for all z = (21, 29,...,2,) € R™ and 0 < \; < 1, satisfying D770 A; = 1.

Proof of Theorem 4.1. It is easy to see that f,,(y) < CY(fn)(y) (see [30] and

(15)). We only need to show that CY(f,)(y) < Hg”)(y). By the definition of the
upper transform, it is written as

Ayl = co[A| - > = fu()](w) < HI(y),
which is obviously equivalent to
Ayl? = HS (y) < colA - 2 = fu()](w). (41)

Now we establish (41). We show that the left hand side of (41) is a convex
function by computing the quadratic form defined by its Hessian. We have, for
= (z1,79,...,2,)" € R™ that

TV (Nl — HY (y))z

m m Ay \ 2
PN ENCEPY P LG DY >0 (42)
Doy et Dy € -

by Lemma 4.2 (see (40)) if we set \; = e®i /(37" | e**¥) and observe that we have
0<Aj<land > ", A\; =1. Here we view z € R™ as a column vector.

Since m > 2, we also have that f,,(z) < Hi;n)(z) for every z € R™. Hence

Mz2 = HV(2) < Az = ful2). (43)
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For every y € R™, there exist 0 < Ay, Ao, ..., A1 < 1l and zy,29,..., 2,01 € R™

satisfying Z;n:ﬁl A; =1 and Z;n:ﬁl A\;jz; =y such that

m—+1

oAl [P = () () = D NNy P = funlay).

j=1

By (43) and the convexity of A|y|2 — H2 (y),

m—+1 m+1
S TN = fulw)) > Y NNy P~ HY ()
j=1 j=1

> col\| - P = H()](w) = Ayl = H ().
This shows the strict inequality (41) holds. O

Remark 4.3. Theorem 4.1 implies that pointwisely CY(f.,) is a better approxi-

mation to f,, than H 4(7;\”). A direct consequence of (38) is that for every Lebesgue
measurable set {2 C R™ with finite Lebesgue measure, we have

lim O;f(fm)(y) B fm(y)
v S H (y) = fly)

dy =0

Therefore it is natural to ask whether in the average (integral) sense, we can find
a function u(A) for A > 1 such that pu(\)/\ — +o0o, such that the above integral
asymptotic result still holds if we replace 4\ by pu(\).

Theorem 4.4. Suppose m > 2. Let ji,(N) = aXlog(A) with A > 1 and o > 0. Let

C(fm) () = fin(2)
A\, a, rym) =
( ) /BT(O) Hﬁ’:()/\) () = fn(2)

dz (44)

with B,(0) CR™ the closed ball centred at 0 with radius v > 0. Then

(i)  for every m > 2, for every 0 < a < 2, we have

lim A\ «, r, m) = 0; (45)

A—400
(ii)  4n particular, for m =2 and o = 2, we have

)\1_1&100 AN 2,1, 2) =0 (46)
(iii) for m = 2, the parameter o = 2 is sharp for (46) to hold, that is, for any

a > 2,
liminf A(\, a, r, 2) = +00. (47)

A——+o00

The proof of Theorem 4.4 is rather technical. We put its proof at the end of the
Appendix.
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Remark 4.5. Theorem 4.4 implies that in the average sense CY(f,,)(-) approaches

fm(+) faster than Hgfog(/\)(-). The ratio u,(A) is superlinear with respect to A > 1.

The parameter 0 < a < 2 is nearly sharp when m > 3 in (i) above as at least in the
case m = 2 we see that a = 2 is sharp.

However, by considering points with equal components, say x; = (¢, t,..., t) € R™
we observe that when \ > 1 is sufficiently large, we have, by Theorem 2.11, formula

(28) and the fact that H,Sm)(xt) — fmlzy) = M%, that the integrand in (44) is not

pointwise bounded above in any B,(0) with 7 > 0 when A\ — oo as

Cx(fm) (@) = Sulwe) _ i _ a(m—Dlog(h)
H™, (20) = fulz)  axiey Amlog(m)

We need the following technical lemma for the proof of Theorem 4.4 whose proof
can be found in the Appendix.

Lemma 4.6. Let 0 > 0 be a constant. Then

log) (! 1
lim — / —~dt=0 if 0<o<1;
A——+o00 )\ 0 log (1 + W) (48)
. Jdogh [t 1 1
lim inf ~dt > —;
1 Lo(1—1)?
lim 08 A / ( 2 ~ dt = 0;

logh 1 (1—1t)?
lim -2 / ( )1 dt =400 if 0> 1.
A—+400 )\ 0 log (1 —|— W)

The following theorem gives an error estimate of the minimisers of the two approx-
imations of g™ (z) = max{g;(r): j =1,2,...,m}.

Theorem 4.7. Suppose g; : R™ — R is a C* function for j = 1,2,...,m and
there is a constant ¢ > 0 such that y"V?g;(x)y > c|z|* for all z,y € R™ and
j=1,2,....m. Let

9™ (2) = max{g(e) : 1< 7 <m,

9" (2) = C3(f) (G (1)),
B () = HEY (Gn(2)), @ € R,
where G, (z) = (g1(2), g2(2), . . ., gm(x)) and X\ > 0. Suppose the global minima
argmin{g"™ (z) : r € R"} =z, € R™,
argmin{g\" (z) : = € R"} = 25 € R™,
argmz’n{hg\m)(x) cr € R"} =2l e R™,

exist, then we have
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1 (m) V4 logm
x, — 5| < . |, —h < , 50
| %2 Al = m ‘ 1% A | m ( )
and 9" () < g\ (25) < " (). (51)

Proof. From the error estimate (23) in Corollary 2.5, we have

m m m 1 m c m c m C 1
9 () < g (@) < g (@) + =, g™ (%) < g (@) < g™ (%) + ~.

4\’

Thus we obtain

m m c m m c 1 1
0 < g\ (@,) — " (25) < 9" (@) — g™ (@) + o <

4N
as z,, is the global minimiser of g™ (z) in R™.

Since z§ is a stationary point of g/(\m)(:c) = CY(fm)(z), by Corollary 2.8 and the
chain rule we have

Vgl (@5) = VO3 (f) (Crnl25)) = VoG (@5)TV, 3 (fin) (Gon(5)
= 20V, G (25)" Pag (G (25)) = 0, o
where V,CU(fn)(Gum(25)) is the gradient of C(fn)(y) at y = G (a5) € R™.
Now since C(f,,)(+) is convex and C" in R™, by the definition of g™ and (52) (53)
we have,
B 2 CUn)Gnl)) = CL) (Gn(a5)
>V, O3 (f) (Con(@5)) - (Con(,) — Gon(5)

= V0 () (Gonl15)) - (VO (a5) - (=545 (1~ 25) VG (€) (= 5)

D L0, A Gl (5~ 2507V (€) it — 1)
= AP (G (25)) - (2 = 25) V2 G (&) (20 — 25))

= C C (6] c C
=AY N(Gn(@§) = 15)TV2g5(€) (@ — 25) 2 gl — a5
j=1
where we interpret the results of the Taylor’s expansion in the bracket of the second
line above as column vectors with £ a point in the interval [z, z§] (line segment).
Here we have used the notation V,CY(fn)(Gm(x5)) as the gradient of CY(f,,)(y) at
y = Gn(25) € R™ and the fact that

PATr;(Gm(x,\)) = Zl/\j(Gm(m,\»@ja
=
where Aj(Gyn(25)) >0, 1< j <m,and 337", Aj(Gu(25)) = 55
Thus the first inequality in (50) holds, that is,

|t — 25| < —=—=

V2eA .
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Similarly for A (z) we can easily see that

logm m
o 2 ) =)

1 <& e4hg; (z5) T \
Z 3 Z T (2 — 23)" Vogi(n) (2, — xy)
>

where 1 € [x,, z}] and we have use the fact that Vh&m) (%) = 0. Thus the second
inequality in (50) is also true:

It is also easy to see that (51) is also true as we have g™ (z) < g™ (z) < h{™(2)
for all x € R™ and the fact that x,, 2§ and z} are minimisers of g™ (), gf\m)( -) and

hE\m) (+) respectively. O

Appendix

We establish Theorem 4.4 in this section. The left hand of (40) can be viewed as the
variance of some finite distribution in probability and there is a vast literature on
estimates of the upper bound for the variance under various assumptions. However
we are unable to find a result we can quote while we believe that Lemma 4.2 should
be known.

Proof of Lemma 4.2. Let Dy = {7 = (7, ...,7) : 0 < 73 <1, Z?Zl =1} CR*
for a positive integer & > 1 and D, its interior where the inequalities in the definition
of Dy, are strict, that is, 0 < 7; <1 for 1 < j < k. We denote by Sk=1.— {z € R -
|z| = 1} the unit sphere in R*. Now we define for 2 < k < m

k k 2
Ii(1, ) = ZT]’ZL‘? - (Z Tja:j> . TED xzesSL
j=1 i=1

By Cauchy-Schwarz inequality it is clear that (7, ) > 0 and 0 is its minimum
value reach when 7 or = has exactly one non-zero components or all components
of x are equal, that is, 1 = 29 = -+ = x,. We also see that I,,,(7, x) reaches its
maximum in the interior of one of the faces of D,,. Without loss of generality we
may assume that the maximum (7™, z(™)) € Dy, as at all of vertices of D,,, we have
Iy(1, ) =0.

Let Jp(T, x, \, ) = AZ?Zl T + IU’Z?:l z3. We only need to compare values of
I (7, ) at all interior critical points in Dy for 2 < k < m for the function

Ii(1, ) — Ji(T, z, A, p),

k
2 =1

subject to 0 <71; <1, 1 <5<k, Zle =1 35,7

by using the Lagrangian multiplier method.
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We need to find solutions of the following system of equations
2 (In(r, @) = Jul(7, A, ) = 2 = 20305 myag)w — A =0, (54)
%(Ik(ﬂ x) — Jp(1, 2, N\, 1)) = 2125 — 2(2?21 T;05)T — 2pz; =0 (55)

k

fori=1,2,...,k, where 0 < 7; <1, Z?ZIT]‘:L and Y7 ¥ =1.

We solve (54) directly for 1 <i < k and we see that x; can take at most two values

k k k 2
T; = E Tjﬂ?j‘F E Tj[E?— E ijlfj =01
i=1 j=1 i=1

k k k 2
or xT; = E le’j — E Tj.]?? — E zjj = 09.
i=1 j=1 i=1

Clearly o7 > 0. Also if we multiply (54) by 7; and take the sum, we obtain

k k 2
A= Zzj? -2 (ZzjJ) .
j=1 i=1
We consider three different cases: A =0, A <0 and A > 0.

Case 1: A = 0. In this case we have either z; = 0 or x; = ¢ # 0 - a constant. If only
one of these two cases happen, then [;(7,2) = 0. Otherwise we may assume that
r1=ay=-ay=candx; =0for {+1<j<kwithl</{<k Letm+---4+7=s,
then 0 < s < 1 as we are only looking for critical points for 7 € D?. Since |z|? =1
we have ¢ = 1/v/{ and Ii(1,2) = s/l — 5%/l = s(1 — 5)/l < 1/4 < 1/2. Thus in this

case critical points are not maximum points.

Case 2: XA < 0. In this case we have either 0 < 0y < g; 0or oy <07 <0. If 09 = 0y
or x; takes only one values of oy and oy, we see that I(7,z) = 0. Thus we may
assume that oy < oy and that they have the same sign. We may also assume that
TG = =Ty =01, Tyy1 = - =ap =0 withl <l < kands=m+-+7
satisfies 0 < s < 1. Thus

o1 = So1 + (1 — 8)0'2 -+ \/8(1 — S)(Ul — 02)2 = S0y + (1 — 5)02 —+ 4/ S(l — 8)(0’1 — 02),
so that ((1 —s) — /s(1 —s))(o1 — 02) = 0. This implies s = 1/2 as 01 — g9 > 0.
Therefore we have (o? + (k — £)os = 1 and I(7,2) = (017 — 09)?/4 < 1/4 < 1/2 as
lo1| < 1/\/2 <1, |os] <1/v/k—¥¢ <1 and oy and o9 have the same sign. Thus in
this case critical points are not maximum points.

Case 3: A > 0. In this case we have o7 > 0 > 05. Again if all x; take only one
value, we have I;(7,x) = 0. We use the same notation as in Case 2 and assume that
0<s<landl</¢<k Wethenhave o, =soy + (1 —s)o2+ /s(1 — s)(01 — 02),
so that ((1 —s) —/s(1 — s))(01 — 02) = 0 which implies s = 1/2. Thus we obtain
Ik(T, $> = (0’1 — 0'2)2/4.

Now we substitute these to (55). By summing up equations (55) from ¢ =1toi =/
and from i = ¢ + 1 to ¢ = k respectively, then divide both sides by 2, we obtain

(1 —2ul)oy — oy =0, —o1+ (1 —2u(k —0))oy = 0.
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This system of equations has a non-trivial solution if and only if the determinant of
the coefficient matrix equals zero which is equivalent to 2u?¢(k—¢)—kp = 0. If u = 0,
then o1 = 09 which is not possible under our assumptions. If u = k/(20(k — ¢)), we
consider the constraint |x| = 1 for € R*. We see that the two solutions must be

o1 =+/(k—10)/(lk) and 09 = —\//(k — {)k) so that
(01 — 03)? 1 (k-4 14
Line) =—7F"=5 (7+m+2)‘

It is easy to see that the right hand side of the above reaches its maximum if ¢ =1
or { = k—1. In both cases we have [(7,2) = k/(4(k — 1)). The maximum
is reached if we take k = 2 which gives Ir(7,2) = 1/2 at 7 = (1/2, 1/2) and

= (1/v2, —1//2). O

Proof of Lemma 4.6. We will use the following simple fact repeatedly below that
for 7 > 0,
L <l 1+ ! < !
— <o - —.
1+7 7~ & T) T

We first prove the first claim in (48) which is a simple calculus question. We have
for A > 1 that

log\ [* 1 log A 1
0< —dt < :
Ao log (1+ +) A log (14 55)
log A log\ log A
< — o7
=N Y=

Now we prove the second claim in (48). Let ¢(A) = 1/log A for A > 1, we have

log/\/1 1 qt > 10g>\/1 1 &
A Jo log (1 + %) A Jisq log (1 + %)

e(A) log)\Al_E()\) _eN)logh 1

—0as A — +o0.

(N7 +1)

= ST e

The conclusion follows.

Next we establish the first limit in (49). Let ¢(A) = 1/y/log A. We have

] Lo —1t)?
og)\/ (1=1) dt = I + I,
0

A log (14 57)
where
log A [N (1 —1¢)? log A 1
o< = 2 / L0y o ——di
A 0 10g (]. + F) A 1Og (]- + )\1—5()\))
< log)\<1 . )\1_60\)) _ log\  log A _ log A log A
A A A A exp(e(N) log \)
log A log A

= + —0 as A — +oo.

A exp(y/log \)
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We also have

log A [! 1—1¢)2 log A !
0<l, = -2 / U=t gy logd / (1—t)*dt
A i log (1 + 5¢) Mog (14 3) Jia)
log A O (e(N))? log A
< 14\ ds = 22 001 4\
< A(+)/0 s%ds = (1+A)
1 1

—0 as A — +oo.

3A/log A * 3v/log A
The result then follows.

Finally we establish the second limit in (49). Since ¢ > 1, we may fix 0 < € < 1
such that (1 —€)o > 1. Then we have

1 )2 1 _ 2
log A / (1—1) &> log A / (1—1) gt
0 1

A log (14 5%) A _log (1+ 55)
loo \ 1 32(1=9) [oo \
> A /‘O—Wﬁzi———%;%+wwA%+m. 0
)\10g (1 + m) 1—e 3\

Proof of Theorem 4.4 We first consider the special case (ii) where we have m = 2
with 0 < a < 2. By Lemma 2.1 we obtain

(A 1Y < p e L
5 xr1 — T 3\ ST $2_2>\7
u _ _ ) A 1)° 1
Cx(f2)(z) = folz) = 5(1}2—1’1—5) OSJ/’Q—'TlSﬁu
1
\ 0 |l‘1 — ZL'2| Z ﬁ
Thus
2
/ CLf) (@) = folw) A / (1 — 22 — 55) "
S H/(i)(k)@) — folz) 2U1 2 Mal()\) log(1 + exp[—pa(N) (21 — 22)])
2
Y (521 — %)
+= dr =1 + L5, 56
2U m log(1 + exp[—fta(N) (22 — x1)]) b (56)
2,1

for Uy » = {1’ €B.(0): 0<m — a2 < %}, Usq = {x €B.(0): 0<zy —2; < %}
For I; in (6.1) we change variables by a rotation u = (uy, ug) with u; = \%(ml — ),
U = \/Li(xl + x2). Thus in U; 5 we have 0 < uy < _2\%,\ < rand |us| <7 when A > 1
is sufficiently large. Therefore we have
(Z’l — Ty — l)2

0< 1, = _/ - 2)
2 Juns oy 10g(1 + expl—pa(A) (21 — 22)])

2

/ (V2ur — 55)

2 Vi Ha;()\) log(l + eXp[_:ua(A)\/iul])

dx

du1 dUQ
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Aua / / 10g1+:3/X_;[1 ()>fu1])d

(vau - 5)°

Q\fA
_ MMA)/ duy == J (57)
o log(1l+exp[—u ( )V2u1])
where Vi 5 = {u €B,(0): 0<u < 2\f } Now in the last integral J in (57) we
t
make a change of variable u; = , and we obtain
2v/2)

duy

) S (Vi — 1)
7= ) | log(1 + expl—pa(\)V3ur])

_ mAa(N) /1 (t—1)2 dt
4N 0 log (1 + exp ( )) 2V2)

_or log)\/ (t —1)? it
o log

8v2 A (1 + 5e72)
2r | log A /1 (t — )
< dt| -0 as A\ — 400

by the first limit in (48) in Lemma 4.6. Thus I; — 0 as A — +oo. Similarly we see
that Iy — 0 as A — 4o00. Therefore the proof for the case m =2, 0 < a < 2 is
complete.

Next we consider case (iii) when m = 2 and a > 2. We define for A > max{1, @}
the set Uy :={z € R?: 0 <2y — a5 < 55, |21| + |22 <7} € B(0). Similar to the
proof of (ii), we make the same change of variables u = (uy,u2) as above in Uy. In
our current situation we have 0 < u; < ﬁi)‘ and |ug| <1/ V2. Thus

X

[ Gt

oy Hraton(®) = Fa@)

2
- é/ 1 (0 =2~ ) dz
2 ey log(1 + exp[—fia(N) (21 — x2)])
+

% /d2/10g1+£;1 ())\/_ul])d

—r/2
2\/§>\
A Ua(A) (\/_ul )
2 0/ log(1 + exp[—p ( )\/_Ul])d
A pa(A) /1 (t—1) dt
= 52 J 10g<1+exp< )) 2v/2)
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ar log)\/ (t —1)?
= dt| — 400 as A — 400, 58
10v2 | A ) Tog (14 52) o

following the second limit in (49) as a/2 > 1.

Finally we consider case (i): m > 2 and 0 < a < 2. From the remark following
Corollary 2.3, we observe that CY(fm)(x) — f(x) > 0 in R™ if and only if we have
Fnl(@) = fi(z) < 5, that is, the difference between the largest component f,,(z) of

z = (21, T3, ..., &) and the second largest component f,,(z) is less than o5 I we
define

T 1
VViJ = {xeBr(O) OSI,L—CCJS—,

2\ ijxkforlngm,k‘#i’j}u

then we see that the set W := {z € B,(0) : CY(fin)(z) — fim(z) >0} C U Wi ;.
1<i#j<m
Thus we have

o< C“(fm)() ful@) 4 _ / C(fu) (@) = funl)
o HM (@)~ fal) T H", (1) - fm(>

BT(O) Ma(/\)

1<i#j<m Wi, j
(59)
1

e =2

Li = xj ) 1<i#j<m

1<17éy<m

Here we have used the error estimate (23) in Corollary 2.5 in the numerator of the
integrand in W, ;, and the fact that z; > x; > x; for k # ¢, j in the denominator so
that

H\ (@) = ful2)

m

= o (1+exp[—ua<A><xi—xj>]+ > exp[—uam(xi—xk)])

'u“()‘) 1<k<m, k#i, j

> log (1 + exp[—p1a(A) (2 — 25)])

,ua()‘)

for x € W; ;. Obviously if we can prove that J; 2 — 0 as A\ — 400, where J; ;’s are
defined in (59), the proof is then complete as the only difference between J; 5 and
other J; ;’s is the locations of component indices.

Similar to the proof of the first part, we change variables in the (x1, z2)-plane by the
same rotation as above. We set u; = \%(951 — X)), Uy = %(ml_—k x9), and ug = T
for 3 < k < m. We also write @& = (ug, ..., t,) € R™ % and B, ,,_2(0) C Rm_2 be
the closed ball centred at 0 with radius . Thus in W) 3 we have 0 < u; < 5 f,\ <r

and |ug| < /2?2 4+ a3 <.
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We then have

1

0< Jyg = / ) dz
- ety 108 (14 exp[—ta () (21 — 22)])
1%

1,2

Sodog)\ / 4 /r dus /zlm duy
4 . 0 log(1 + exp[—ua(A)ﬂul])

Br,m—Z (0)

ar _ log)\/1 dt
= ——vol(B, ,,_2(0 — 0, as A = +
2 vol(By ol >>< N — ~

by (48) in Lemma 4.6, where vol(B;,;,—2(0)) is the volume of the (m—2)-dimensional

ball. Thus J; 2 — 0 as A = +o00, and the result follows. O
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