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1. Introduction

Consider the following maximization problem

maximize

o\

(P)

subject to  g(t,x(t)) >0 a.e. in [0,7], z(-) € Loo([0,T],R"),

where f:[0,7] x R* - R and ¢ : [0, 7] x R — R™ are given functions.

This type of optimization problem is now known as continuous-time linear pro-
gramming problem and was first considered by Bellman [4] in 1953, related to
production-inventory “bottleneck processes”. He formulated a corresponding dual
problem, provided duality relations and suggested some computational procedures.
Since then, Bellman’s theory has been extended to wider classes of continuous-time
linear problems.

Some early investigations on optimality conditions for Karush-Kuhn-Tucker type for
continuous-time nonlinear problems were given by Hanson and Mond [8] and further
generalizations of the theory of optimality conditions and duality for continuous-time
nonlinear problems were considered in Abraham and Buie [1], Reiland and Hanson
[13], Scott and Jefferson [14] and Zalmai [15, 16, 17, 18], where authors assumed
some kind of constraint qualifications and used direct methods. Many other authors
have also approached this matter.
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Considering necessary conditions for continuous-time programming, Brandao et al.
[5] followed the approach of Zalmai [17], but unlike Zalmai, they treated the nons-
mooth case. In both articles ([5] and [17]), the authors used Gordan’s Transposition
Theorem from Zalmai [16]. As shown in [3], this result was not valid, so Arutyunov
et al. provided an alternative theorem. By using this alternative theorem, do Monte
and de Oliveira have dealt with a smooth case of continuous-time programming
problem in their work [7], where they came up with very valuable results not only
for problems with inequality constraints but also for problems with both equality
and inequality constraints. In [9] continuous-time optimization problems with vec-
tor valued objective function are considered. Applying the alternative theorem to
the corresponding systems, new necessary optimality conditions are obtained. In
the case when some constraint or cost functions are linear, refined version of the
main theorem is given. Theorems of the alternative (also known as transposition
theorems) play an important role both in linear and nonlinear programming and
are crucial in deriving optimality conditions for wide classes of extremal problems.
In this manuscript we will use the same direct approach to provide new zero or-
der necessary optimality conditions for convex continuous-time problems involving
inequality constraints, without differentiability assumption.

This paper is organized as follows. In Section 2 we give some notation, state the
Theorem of alternative and define the regularity condition. In Section 3 we prove
our main results, first for the general problem and then for a special case where cost
function and some of the constraint functions are affine. There’s also an example
included.

2. Preliminaries

In the first subsection we state the notation set used in the paper and the second
subsection presents some auxiliary results that we will use below.

2.1. Notation
By R we denote the set of extended reals, i.e. R = RU {oc}.

The domain of an arbitrary function f : L — R, where L is a linear space, is denoted

by dom(f), i.e. dom(f)={x € L: f(z) < oo}.

Let (E, || - ||) be a normed space. For a closed convex subset X of £ we denote by
Tx(x) the tangent cone to the set X at a point z € X.

All vectors in the text below are column vectors and we use prime for transposition.
For vector w € RP we write w < 0 if w; < 0 for each i = 1,...,p and w < 0 if
w; < 0,2=1,...,p. For a vector x € F and a linear bounded functional p € E*  we
denote the value of ¢ at x by (p, x). We also use this notation for inner product of
vectors ¢, x € R".

For a function g : [0,1] x E — R and a point ¢ € [0, 1] such that g(t,-) is convex, we
denote by 0,¢9(t, z) the subdifferential of g(t,-) at a point x € E.
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2.2. Auxiliary results

Let us present the theorem of the alternative by Arutyunov et al. [3], which will
be a powerful tool in what follows. We will also state a certain regularity condition
that has to be satisfied for applying this theorem.

Let (E,| - ||) be a Banach space with given functions f; : [0, T]x E — R,i = 1,.... k,
let X C E be closed and convex and let I; and Iy be sets of indices such that
L ul, ={1,..,k} (U stands for disjoint union). Consider the system

fl(tax) §07 ZEII
fl(t,x) < 0, 1 E [2 (1)
r e X.

A solution of system (1) is a function z(-) € Ly ([0, 1], X) such that for a.e. ¢t € [0, 1]
the following holds:

fl(t,l'(t)) <0,7€ I, fz(t,l'(t)) <0,1€ Iy, x(t) € X.
We also assume that the following conditions are valid:

(A1) The functions f;(t,-) are convex and continuous on X, and for a.e. t € [0, 1],
i=1,...,k, we have X C int(dom(f;(t,-)));

(A2) the functions f;(-,z) are Lebesgue measurable for all x € X, i =1,..., k;

(A3) for each K > 0 there exists M = M(K) > 0 such that for a.e. ¢ € [0,1] and
foralli =1,....k we have (v € X A |z| < K) = |fi(t,z)| < M.

Let Z(t,x) be the set of active indices of the system (1), i.e.

Definition 2.1. We say that the system (1) is regular, if there exist a function
Z(+) € Loo([0,1], X), real numbers R > 0 and o > 0 such that for a.e. ¢ € [0,1] and
for all x € X with || — Z(t)|| > R, there exists e = e(t,z) € —Tx(x), |le]| = 1,
which satisfies

(x%e) > a Va* €0, fi(t,x), 1 € I(t,x).

Theorem 2.2. (Theorem of the Alternative [3]) Assume that the Banach space E
is separable, the system (1) is reqular, and for a.e. t € [0,1] there exists a vector
x = x(t) € X such that fi(t,z(t)) < 0 for each i € I,. Then, one and only one of
the following assertions is valid.

(i)  There exists a solution x(-) for system (1);

(ii)  there exmists a nonzero function ¢(-) = (¢1(), ..., k() € Loo([0,1], RE) such
that p;(t) Z 0 for some i € Iy and

k
Zfi(t,x)cpi(t) >0 ae. in[0,1], VzreX.

=1
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This theorem is valid if, instead of [0, 1], we consider a set T' with a measure that is
countably additive, regular finite and positive.
3. Optimality conditions

In order to discuss the necessary optimality conditions for (P), we assume that for
a.e. t € [0, T] the functions f(t,-) and g(¢, -) are convex on R™ and that for all z € R"
the functions f(-,z) and g(-,x) are Lebesgue measurable. Also let us assume that
for each M > 0, N > 0 there exist, respectively, L = L(M) > 0, K = K(N) >0
such that for a.e. t € [0,7T]

(x € R*" Az < M) = [f(t,2)] < L,
(x e R"Aljz|| < N)=gi(t,z)| < K, iel={1,..,m}.

Let F denote the set of all feasible solutions of (P) (assumed to be nonempty), i.e
F={z() € Lo([0,T],R") : g(t,xz(t)) >0 a.e. in [0,T]}.

Definition 3.1. We say that z(:) € F is a global mazimizer of (P) if
J(2(-) < J(2(), Va() €F.

Lemma 3.2. If there exists a global maximizer z(-) for (P), then the following
system,

(S) - / (0, f(t, 2(t)), @ — 2(t)) dt < 0,

¢i(t,x) = —gi(t,2(t)) — (0,09i(t, 2(¢)),x — 2(t)) <0, i€ l, x € R",
does not have a solution for a.e. t € [0,T].

Proof. Suppose that Z(-) is a solution to the system (S). Then we have

/ (O f (£, 5(1)), 7(t) — £(8)) dt > 0, 2)
gi(t, 2(t)) + (0x9:(t, 2(t)), T(t) — &(t)) >0, i € I, a.e. in [0,T]. (3)

From (3) we conclude that g;(¢,Z(t)) > 0, because
gi(t, (1)) — gi(t, 2(t)) = (Qagi(t, £(1)), T(t) — (1)), i €1, ae. in[0,T],

which means 7(-) € F. By integrating the inequality

fz(8) = f(2() = (0:f (L, 4(1)), 2(t) — 2(1))

on [0, 7], we obtain

/ (L 7(0)) — f(t 2()))dt > / (O (1, 2(1)), T () — () dt > 0.
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This leads us to

:/j@ﬂmﬁ>/j@ﬂMﬁ=ﬂﬂﬁ

which contradicts the assumption that z(-) is a global maximizer for (P). O

Let us translate the notation Z(t,z) from the preceding Definition 2.1 through the
above functions ¢; as follows

I(t,x):= {l ¢(t,r) = max gbp(t,a:)}, te0,T], x e R".

pe{0}Ul

Definition 3.3. We say that the system (S) is regular, if there exist a function
Z(-) € Loo([0,T],R™), reals R > 0 and a > 0 such that for a.e. t € [0, 7] and for all
x € R" with ||z —Z(¢)|| > R, there exist e = e(t,z) € R™, ||e|| = 1, which satisfy

(Oxu(t, ), €) = o, VIE€TI(t,x),
with ¢; as defined in Lemma 3.2. Notice that for a.e. ¢ € [0, 7]

(Octo(t,),6) 2 a0 = (=0:f(1,2(1)),e) = a

and (Op0i(t,x),e) > <= (=0,0:(t,2(t)),e) >, 1€,

where Z(+) is a global maximizer for (P).

Theorem 3.4. Let 2(-) be a global maximizer for (P). Assume that the system (S)
is reqular and that there exists z: [0,T] — R™ such that g(t,z(t)) > 0 for almost
every t € [0,T). Then, there exists u(-) € Loo([0,T],R™) satisfying the following
conditions:

(1) a(t) >0 a.e. in[0,7T],

(2) @ (t)g(t,2(t)) =0 a.e. in[0,T],
(3) ( w(t )[()) ;] w'(t)g(t, x(t)) = f(t,2(t) + @' (t)g(t, 2(1)), V() € Loo([0, T],R™),

Proof. Since Z(-) is a global maximizer for (P), according to Lemma 3.2 the system

),z — &(t)) dt < 0,

O\ﬂ

—gi(t,2(t)) — (Opqi(t, 2(t)),x — 2(t)) <0, i€l xeR",

does not have a solution.
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Assuming that there exists z : [0, 7] — R™ such that g(¢, z(t)) > 0 for almost every
t € [0,7] , and knowing that

g, (1)) = g(t, 2(8)) + (Dag (L, 2(1)), 2(1) = 2(1)) ,
we conclude
gt 2(1)) + (Dug(t, &(t)), 2(t) — 2(t)) = g(t, 2(t)) > 0, a.e. in [0, 7).
It follows from Theorem 2.2 that there exists a nonzero function
(AC) @1(); P () € Loo([0, T], RYH)

such that A(t) # 0 and

&w/X@ﬂaﬂ@»ﬂﬁ—f@»w+

(W
Z% )(gi(t, 2(1)) + (Dags(t, 2(1)), 2(t) — &(1))) <0,
for all 2(-) € Loo([0, T], R™), ace. in [0, T]. Putting () = #(-), we get
immmwww
hence gmmmw»ﬂ, 6

since ¢;(t) > 0 and g;(¢,2(t)) > 0 a.e. in [0,T],i € I.
From (4) it follows that

A1) [ (0. f(s.(5).(s) ~ 3 %+Z% (@it #(1)), (1) — (1) <0,

for all (-) € Lo([0,T],R™). By integrating this inequality on [0, 7], we obtain

T

/(ﬁ@J&iwkﬂﬂ—f@)+EZQ@H@%@@@%ﬂﬂ—f@»)ﬁSO,

0 =1

for all (-) € Loo(]0,T],R™), where

0= /X(t)dt > 0. (6)
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Setting

—~
~—

(1t
wt) =25 e i [0,T], iel,
n
we obtain for all z(-) € Lo ([0,T],R™)

/ <8xf(t, B(0) + Y ()it 2(1)), 2(t) - gz(t)> dt < 0. (7)

, i=1
We show that inequality (7) implies

<3xf(t, B() + D i) 0pgi(t, #(1)), 2 (t) — i’(t)> =0,

=1

Vz(-) € Loo([0,T],R"), a.e. in [0,T].
If there was some Z(-) € Loo(V,R") such that
i=1
where the set V' C [0, 7] does not have measure zero, we could define a function

z(t), tevV,
y(t)Z{O 2V

<8xf(t, z(t)) + Zuz(t)axgi(t,m(t)),y(t) - x(t)> >0 ae. in[0,7],
and consequently
/ <<9zf(t, 2(t) + Z ()0 gi(t, (1)), y(t) — i‘(t)> dt > 0,

which is a contradiction to (7).

On the other hand, let us assume that there exists Z(-) € Loo(V,R") such that
<8mf(t,3?(t)) S ()it 5(1)), T() fc<t>> <0 aeimV,  (9)
i=1
where set V' C [0, 7] doesn’t have measure zero. Defining a function

28(t) —T(t), tev,
y(t):{o() (t) t:V
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we obtain

<8mf(t, B(t) + D i(t)0pgs(t, #(1)), y(t) — i(t)>

i=1
= <8xf(t,33(t)) + Zﬁi(t)argi(t, z(t)), z(t) — E(t)> >0 a.e. in[0,7].
i=1
This inequality again leads us to a contradiction to (7), so (8) must be true.

It follows that

m

0= (0o f(t, (1)), x(t) — (1)) + Z i(t) (Oegi(t, £(1)), x(t) — £(t))
< f(tx(t) — (5, 2(2) + Z i) (gi(t, x(t)) — gi(t, £(t)))

= f{t,x(t) = (8, 2(t) + @/ ()g(t, x(t)) — @/ ()g(t, £(1)),

for all z(+) € Lo ([0,T],R™), a.e. in [0, T], which proves condition 3. Condition 1 is
satisfied by construction and veracity of condition 2 is obvious from (5) and (6). [

Example 3.5. We consider the following problem:

1
maximize J(z(-)) = /xl(t) dt, x(-) € Ly([0,1],R?),
0
subject to  |za(t) — 3| + 2x9(t) — 6 >0 a.e. in [0, 1],
9 — 3z1(t) — 3z2(t) > 0 a.e. in [0, 1].
A global maximizer for this problem is #(t) = (#1(t),Z2(t)) = (0,3) a.e. in [0, 1].
The condition g(t, z(¢)) > 0 a.e. in [0, 1] is satisfied for z(t) = (—2,4).

Given z = (z1,79) € R?, for almost everywhere in [0, 1], we have

¢o(t, x) = —x1,
((0,1), (x1,22 — 3)), x9 < 3,
o1t z) = — q (0% [1,3]), (z1,22 = 3)), 22 =3,
((0,3), (z1, 22 — 3)), Ty > 3,

Go(t,x) =32, + 325 — 9, xR
Define the sets
Ro={(x1,22) € R : 0y — T >3, day + 322 <9, 0 € [1,3]},
Ry = {(21,22) €R?: 321 + (3 4+ 0)ag <9+ 30, 25 — % <3,0¢c](1,3]},

Ry = {(21,22) €R? 14wy + 325 > 9, 30y + (3 4+ 0)ay > 9430, 6 € [1,3]}.
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2
Obviously, we have U R; = R%
=0
For x € intRy we have ¢o(t,z) = max{¢po(t, ), p1(t,z), p2(t,x)} a.e. in [0,1], that
is Z(t,z) = {0}.
For x € intR; we have ¢ (t,z) = max{¢o(t, ), p1(t,x), p2(t, )}, a.e. in [0,1], that
is Z(t,z) = {1}.
For x € intRy we have Z(t,x) = {2} and {0,1} ¢ Z(t, z) for x € R;.
For x € int(Ry U Ry) we have Z(t,x) = {0,1} a.e. in [0,1].
For x € int(R; U Ry) we have Z(t,x) = {1,2}, and finally
for x € int(Ry U Ry) we have Z(t,z) = {0,2} a.e. in [0,1].
It is clear that the system

do(t,x) = —x1 <0, ¢1(t,x) =0(3—x3) <0,
Go(t,x) =32, +31,—9<0, x€R?0el,3],

13013
x € int(Ry U Ry) and e( ,:17) = (3. 1) for x € Ry. Conditions 1-3 from Theorem
1

3.4 are satisfied for 4, (t) = 1 and 4s(t) = § when 25 < 3 and for 4 (t) = Go(t) = 3
when zo > 3.

is regular with 2(¢) = (0,3) and a.e. in [0,1] we have e(t,r) = (==, —12) for
t

3

In what follows we will examine a similar maximization problem (P’), which is a
special case of problem (P).

Maximize = Ao ‘|‘ bo( ))d 37() € Lm([oaTLRn)’
() ’

subject to g(t,z(t)) >0 a.e. in [0,T],
Ai(t)z(t) +b:1(t) > 0 a.e. in [0,T7,

where Ai(t) are [ X n matrices, by(t) € Rk € {0,1} and g : [0,T] x R® — R™ are
given non-affine functions. Having these affine constraint functions, we can obtain
new optimality conditions, where at least one of the multipliers that correspond to
non-affine constraint functions is nonzero. In addition to all the previous assump-
tions for function g(t, z), we will consider the following hypotheses:

(i) Ap(t) # 0 a.e. in [0,T7;
(ii) System (S):

T
/AO (t)) <0, zeR",
0

Gi(t,x) == —gi(t, 2(t)) — (029:(t, 2(t)), z — 2(t)) <0 a.e. in [0,T],
QSj(lf,[E) = —Alj(t)l'(t> — bU(t) S 0 a.e. in [O,T],
iE[l :{1,...,m}, j€]2:{1,...,l},

is regular with I = I; U I, where Z(-) is a global maximizer for (P’) ;
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(iii) There exists at least one solution Z(-) € L ([0, T],R™) to the equation
Ay (t)z(t) + bi(t) = 0, a.e. in [0,T7,
which isn’t a feasible solution for problem (P’).

Theorem 3.6. Let Z(-) be a global maximizer for (P’). Assume that the hypotheses
(i), (ii) and (iii) hold and there exists some z : [0, T] — R™ such that for a.e. t € [0,T]

g(t,z(t)) >0 and Ai(t)z(t) + bi(t) > 0.

Then, there exist U(-) € Loo([0,T],R™) and 0(-) € Loo([0,T],RY) satisfying the
following conditions:

(1) a(t)>0,0(t) >0 a.e. in
(2) @(t)g(t,z(t)) =0 and

n[0,T] and u(t) Z0 on [0,T],
o'(t
(3)  Ao(t)x(t) +u'()g(t, x(t)) +

J(AL()(t) + 01(2)) =0 a.e. in [0, 7],

()AL (t)2(t) =
> Ap(1)(0) + #(1)g(t, 2(1)) + () A1) (1),
V() € Loo([0,T],R™),a.e. in [0,T].

Proof. Since (P’) is a special case of problem (P), the conditions proved in Theorem
3.4 hold, so that the only thing which we have to show is that u(¢) # 0. Assume
the opposite, 4(t) = 0 a.e. in [0,T]. From Condition 3 we have

Ao(t) (x(t) — 2(2)) + 0" (1) Ar (£) ((2) — 2()) = 0,
Va(-) € Loo([0,T],R"), a.e. in [0,T].
For each mapping z : [0, 7] — R™ define the mapping A(z(-)) by
Al (t)) = (Ao(t) + 0" (1) As (1)) ((t) — 2(1)).

Putting x(-) = z(+), A(Z(+)) is obviously equal to zero a.e. in [0,7]. We prove that
A(z(+)) vanishes on whole space L ([0,7],R™). Suppose to the contrary that there
exists an admissible point Z(-) such that

A(Z(t)) = (Ao(t) + 0'(t)A1(t))(Z(t) — 2(t)) >0 a.e. in V C [0,T7, (10)

where the set V' does not have measure zero. Define a function

o= {00 e

Now we have
A(y(t)) = (Ao(t) + o' () A1) (2(t) —Z(t) >0 ae. inV,
which implies

(Ao(t) + /(DAL (D) (@) — 2() <0 ace. in V.
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Since this is in contradiction to (10), A(z(-)) must be equal to zero on whole space

Loo([0, T, R™).
From (iii) there exists Z(-) € Lo ([0, 7], R™) such that for a.e. t € [0,T]

A1 (t)Z(t) + bi(t) = 0,
SO we obtain
O'()(A()Z(F) + bi(t) — ' (O (A (B)2(F) + bi(2)) = 0" () A (D) (E(t) — 2(¢)) = 0

and hence A(Z(t)) = Ao(t)(Z(t) — 2(t)) = 0 a.e. in [0, T]. Since Ay(t) # 0 a.e. in
[0, T, this is a contradiction to hypothesis (iii), so @(t) must be nonzero. O

Example 3.5 also illustrates this case, so the multiplier u;(t) that corresponds to
non-affine function must be nonzero.
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