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We characterize the subdifferential and the Fenchel conjugate of convex integral functions by means
of respectively the approximate subdifferential and the conjugate of the associated convex normal
integrands. The results are stated in Suslin locally convex spaces, and do not require continuity-
type qualification conditions on the functions, nor special topological or algebraic structures on
the index set. Consequently, when confined to separable Banach spaces, the characterizations of
such a subdifferential are obtained using only the exact subdifferential of the given integrand but
at nearby points. We also provide some simplifications of our formulas when additional continuity
conditions are in force.
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1. Introduction

Given two proper lower semi-continuous (Isc) convex extended real-valued functions
fi, f2: X = Ry, := RU {400}, defined on a locally convex space X, the well-known
Hiriart-Urruty-Phelps Theorem ([9]) asserts that the approximate subdifferential of
the sum f; + f is given for all x € X and € > 0 by

O-(f1 + fa)(x) = 5@0 o’ N U< +6361f1($) +0e, fol) |, (1)
51,5520

where cl¥” stands for the weak*-closure in the topological dual space X* of X,
and 0. denotes the approximate subdifferential (6). Another variant of (1) has
been established in [7] under a weaker Isc property. The main feature of formula
(1) is that (i) it requires no continuity-like conditions on f; or f, and (ii) under
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appropriate continuity-type qualification conditions, it implies the exact calculus
rules of Moreau and Rockafellar ([20]; see, also, [33, Theorem 2.8.7]). We continue
in this spirit in the current work by providing a similar formula for continuous
sums. Given infinitely many proper and lsc convex extended real-valued functions
fi: X = Ry = RU {400}, indexed in a measure space (T,&, u) with a o-finite
nonnegative (€-)complete measure u, we consider the convex integral function
Ir: X — Ry given by
It(x) = [ fu(z)dp, © € X

We prove that the approximate subdifferential of I, 0.1;(x), can also be character-
ized by means of the approximate subdifferential of the data functions f; as follows,

0.1;(x) = cI*” <UE<.)6AE [0 ft(x)du> , for £ > 0, (2)
and, consequently, the (exact) subdifferential of Iy is written
0ly(x) = ) 1" (Ueren Jreio fulwydn) (3)

where A, is defined in (27). As for finite sum formula (1), (2)—(3) hold without any
conditions on the involved functions, except a mere condition ((22)—(21)) needed to
make our analysis consistent; for instance, to guarantee the properness of I, and to
determine the sense of the given (strong or weak) integrals.

The term of the right-hand side in each of formulas (2)—(3) requires an appropriate
justification due to the use of vector multi-valued integration, leading us to limit
ourselves to the framework of Suslin locally convex spaces. This setting is less
general but includes most of the spaces that appear in applications ([3]) and, at the
same time, it is suitable for the use of measurable selection theorems ([28]). But
that does not prevent (2) from recovering (1) in its general setting of locally convex
spaces (see Corollary 4.11).

Formulas (2)—(3) will be simplified considerably, eliminating the closure cI*” and the
intersection on ¢, when additional natural qualification conditions are imposed. That
is, since our approach is based on submerging X in subspaces of functions defined in
T and taking their values in X (namely, L>(7, X)), our conditions will intrinsically
depend on the continuity properties of the associated functional I Fi LT, X) — R,

defined by -

I5(2() = Jpf (1, 2(t)de.
The specification of the topology in L*°(7, X) will be crucial in determining the
appropriate qualification conditions and, therefore, the desired formulas for 07;(x).

While the Mackey-continuity of I 7 at some constant function on X (say for example
zo(+) = xo € dom Iy, the effective domain of I;) will give

O:1¢(x) = UE(.)EAngﬁa(t)ft(x)du, for e > 0,

the norm-continuity of I; at such a point zo(-) (when X is, in addition, Banach)
will result in

85_[]"(1') = UE(')GAs—EO fTaE(t)ft(x)d/j/ + Ni?)m If (x)7

0<egp<e

where Ngo . ; (x) is the gg-normal set to dom I (7).
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In terms of the Fenchel conjugation (5), and using the continuous infimal convolution
¥, (see (4)), the conjugate of Iy is shown to satisfy

(y) = ol (BETft*d“) :

Thus, provided that the Mackey continuity condition above is verified, the last
formula simplifies to (with an exact continuous infimal convolution)

(Iy)" =y fidp. (4)

If, instead, X is in addition Banach and the used continuity condition is with respect
to the norm topology in L>(7', X), then

(If)»< = (Jfot*d/JJ) |:|O-domlfa
where both f,, and the (finite-) infimal convolution [J are exact.

In an additional step, we apply a variant of the Brgndsted-Rockafellar Theorem
([33, Theorem 3.1.1]) to derive other characterizations of 0I¢(z), always free of
qualification conditions, which are written by means of exact subdifferentials of
the f;’s but at nearby points. For instance, provided that X is a separable reflex-
ive Banach space, we prove that z* € 0Iy(x) if and only if there are sequences
(z,(+)) € L>(T, X) and (x%(-)) € L*(T, X*) such that (z,(-)) norm-converges to ,
lim,, [, fi(zn(t))dp = Ip(z), 25(t) € Ofi(xn(t)), for ae. t €T,

]| -lim [ (£)dp = o*, and lim [, [(@}(t), 20 (t) — )| dp = 0,

where ||-|| also denotes the norm in X*. This result slightly extends similar char-
acterizations given in [11], where it is established that (x,(-)) C LP(T, X) for fixed
p € [1,4+00[. The case p = +0oo has also been considered in [18], where the elements
(z*(+)) used above are taken in the dual space (L°°(T, X))* rather than in L' (T, X*).

n

There are many other contributions on this subject at different stages of generalities
that can be found, for instance, in [2], [11], [13], [19], [21], [22], [23], [24], [25], [26],
27], [29], [32], among many others.

This paper is organized as follows: notation and some preliminary results are gath-
ered in Section 2. Subdifferential and duality properties of convex integral func-
tionals are reviewed and investigated in Section 3. In Section 4, we characterize
the e-subdifferential of convex integral functions, defined on Suslin locally convex
spaces, and provide the expressions of the associated conjugates.

2. Notation and preliminary results

Let X be a real locally convex space (lcs, for short), and let X* be its topological dual
space with respect to a given dual pairing (-, -), defined on X*x X by (z*, x) := x*(x),
and endowed with a compatible topology for the pairing (-,-) . Examples of such a
topology on X* are the weak* topology (denoted by w* or o(X*, X)), the Mackey
topology (denoted by 7(X*, X)), or the topology of the norm when X is reflexive.

The weak topology on X (denoted by w or o(X, X*)) is also a compatible topology
on X. By Ny we refer to the family of convex closed and balanced neighborhoods
of the origin in X, and by B(X) the Borel o-algebra of X. When X is a normed
space, we denote its closed unit ball by By.
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We say that X is Suslin if it is the image by a continuous mapping of a separable
completely metrizable (Polish) space; thus, a Suslin space X is separable but does
not need to be metrizable. Many locally convex spaces that are used in applications
are Suslin ([5]); for instance, if X is a separable Banach, then the spaces (X, [-]),
(X,w) and (X*, w*) are Suslin.

We use the notation R, := [0, +oo[, R := RU {#o00} and R, := RU {+o00}. Given
aset A C X, we denote by cl(A) (or A, indistinctly), co A, €0 A, int(A), and ri(A),
the closure, the convex hull, the closed convex hull, the interior, and the topological
relative interior of A, respectively. The indicator function iy : X — R, of A is
defined by is(z) := 0 for x € A, and ia(x) := 400 otherwise. The characteristic
function 14 : X — [0,1] of A is defined by 14(x) := 1 for z € A, and 14(x) := 0
otherwise. Given a set A C X*, by ¢l (A) we denote its weak*-closure. The polar
setof Ais A° :={u € X : (z*,u) <1, for all z* € A}, and the support function of A
is the function o4 : X — R defined by 04(z) := sup,.. 4 {(z*, z), with the convention
op = —0OQ.

A function ¢ : X — R is said to be proper if ¢ > —oco and its (effective) domain,
domyp := {z € X : ¢(x) < +oo0}, is nonempty. The function ¢ is lower semi-
continuous (Isc) (convex, resp.) if its epigraph, epip = {(z,\) € X xR: p(z) < A},
is closed (convex, resp.). If ¢ is proper, convex and lsc, then we write ¢ € I'y(X).
The closed hull of  is the function cly : X — R such that epi(cly) = cl(epi p).

The conjugate function of ¢ is the function ¢* : X* — R defined by
@ (a7) = sup(a” — ). (5)
Given € > 0, an element z* € X* is called an e-subgradient of o at z € ¢ !(R) if
(% y—x)y < p(y) —p(z)+e, forally e X. (6)

The set of such elements is called the e-subdifferential of ¢ at x, and it is denoted by
O-p(x). The set dp(x) := dyp(x) is the subdifferential of ¢ at x. When x ¢ dom ¢
we set 0.¢(x) := (). The e-normal set and the normal cone to aset A C X at z € X
are respectively defined by

N&(z) == O.ia(z) and Ny(x) := NY(z). (7)

Given two functions ¢, : X — R, the (finite) infimal convolution of ¢ and 1 is the
function ) : X — R defined by

(eOY)(7) := inf{p(y) +¥(r —y): y€ X}

We say that ¢y is ezact at x € X if there exists y € X such that (v)(x) =
o(y)+1(z—y). For instance, oy is exact at x € X with ¢(x1)+¢(x2) = (p0Y)(2)
whenever 1 + 9 = x and

Op(w1) N OY(x2) # 0. (8)

Next we recall some classical results of convex functions and sets, which are used in
the sequel and that can be found, e.g., in [20] and [33].

Given ¢ € I'y(X), for all x € X and € > 0
Ocp() = {2 € X7 p(a) +¢"(27) < (27, 2) + ¢} (9)
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We also have (because the topology on X* is compatible)

(@) =, (10)
and so, for all z* € X*, we have 9p*(z*) = (0p) ' (z*) :={z € X : 2* € dp(2)}.

More generally, when the topology on X* is not necessarily compatible but contains
the o(X*, X)-topology, we have that

X Nog*(x*) = (0p) ' (z¥), for all 2* € X*. (11)
Also, using the fact that 0. C dom ¢* and dom (o gom ,+) = dom p+dom(Tdom 4+ ),
we verify that
OO dom o+ = . (12)
If Y is another lcs and A : Y — X is a linear continuous mapping, then for all € > 0,
yeX
(poA) =l (A"¢") and O.(po A)(y) = I’ (A"0-p(Ay)), (13)
where A* is the adjoint mapping of A, and A*p* : Y* — R is the convex function
given by
(A*")(y") == inf{p*(z") : A"z" = y"}.
If ¢ is finite and continuous somewhere in A(Y'), then we have for alle > 0, y € X
and y* € Y*
O=(p 0 A)(y) = A" (9-0(Ay))
and (poA)(y") = (A"¢")(y") = min{p"(z7) : A"2" == y"}. (14)
Let (T, &, i) be a measure space with p being a complete o-finite nonnegative mea-
sure. For simplicity reasons, sometimes we may assume that p is finite and, in

particular, u(T) = 1 (see, e.g., [10]). Indeed, given a positive function n € LY(T),
we have 0y :=n(-)/(1 +n(-)) € LY(T) N L>(T) and the function

—_mb o %0
™ = Ol © LN

satisfies [|7o(-)||z1(r) = 1. Hence, the measure ji defined on £ by

i(A) = [mo(t)du, A€E, (15)
is a nonnegative complete measure such that fi(7) = 1 and di = no(-)dpu.

Suppose that X and X* are Suslin. A function ¢:7T — X is said to be weakly mea-
surable (written o € M(T, £, X)) if the scalar function (x*,p(-)): t € T +— (2%, p(t))
is £&-measurable, for every z* € X*. In the current setting of Suslin spaces, such a
measurability property is equivalent to the classical measurability of ¢ in the sense
that o= 1(V) € & for every open set V C X or, equivalently, that ¢ is the limit of a
sequence of simple measurable functions (see, e.g., [31, Lemma 2] and [3, Theorem
111.36]).

A measurable function ¢ : T' — X is said to be weakly integrable, if the functions
(x*,p(+)), x* € X*, are integrable, and for each A€ & there exists x4 € X such that

(", xa) = [, (", (1)) dp, for all 2" € X*.
The weak integral of ¢ is w—fT<p Ydp = xp.
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Given the equivalence relation that two functions are equivalent if they coincide
in the complememt of a negligible set, we denote by L! (T, X) the vector space of
equivalence classes of weakly integrable functions.

A measurable function ¢ : T+ X is said to be (strongly) integrable, if

Jrov(e(t)) < +oo, (16)

for some V' € N, that is, oy (¢(+)) belongs to the usual space L'(T). We denote
by L(T, X) the vector space of equivalence classes of integrable functions. Since
X* is Suslin, the function oy (¢(-)) is measurable for being the supremum of a
countable family of measurable functions, and the above integral makes sense. Also,
if o € LY(T,X) and (16) holds for some V € N, then for each z* € X* the
Cauchy-Schwarz inequality implies

(%, 0(t)) < oy(p(t))oye(x¥), for ae. t €T.

Hence, since oye(z*) € R (because V° is compact in X, by the Alaoglu-Banach-
Bourbaki Theorem), for each fixed A € £ we have

fA P |d:u < UVO fAOV (t))d/'b < +00,

and the function (z*, (p()) is integrable on A. Furthermore, the linear mapping
la: X* — R defined by

= [a (2" (1)) dp,
satisfies, for all z* € V,

[La(z®)] < [, ™, o)) dp < ave(a”) [yov (@(t)du < [, ov(@(t)dp < +oo,

and this shows that [4 is continuous on X*, that is, [, € X** = X (as V € Nx~ and
we are considering a compatible topology in X*); that is, ¢ is weakly integrable. In
other words, every integrable function is weakly integrable, and so we call strong
integral or, simply, integral of  the element of X given by

Jro(t)dp = w-[0(t)

Equivalently, since X is Suslin, the measurabilty of ¢ entails the existence of some
sequence of measurable simple functions ¢y, : T'— X, say @ = D) 1cp, Thla, (for
xp € X, Ap € €, ngp > 1), that converges for a.e. on T' to ¢, and we have that

Jpet)dp = hm Jpert)dp = hm Z Trp(Ag).

1<k<ng
We also define the vector space (of equivalence classes) L> (T, X) as follows

L®(T, X) = {gp T X ¢ is measurable and (7T \ N) is bounded} ‘

in X for some negligible set N C T

If X is additionally a reflexive Banach space with a norm ||-||, then L*>°(T, X) and
LY(T, X) are normed spaces with norms given respectively by (see, e.g., [5, Ch. 2])

lplloo == esssup [o(t)[| and oy == [ [l(®)] dp.
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In other words, when X is Banach reflexive, the usual vector space of Bochner
integrable functions (requiring [, [|¢(t)|| du < +00) coincides with our definition in
(16), provided that we endow X* with its norm topology which is compatible for the
pairing (X, X*). However, the definition in (16) can be restrictive in non-reflexive
Banach spaces and, consequently, the family of integrable functions following our
definition can be smaller than the usual family of Bochner integrable functions. But
With respect to our goals of characterizing the subdifferential of the integral functions

fT f(t, z)dp, this discrepancy will be an advantage and will provide us with
more pre(:lse characterizations of the required subdifferential 0/ (see Theorem 4.2
and subsequent results).

We recall the Lebesgue decomposition theorem for separable Banach spaces (see,
e.g., [17, Theorem 4.1]), ensuring that the dual space of L*>°(T, X) is written as

(L=(T, X))* = LNT, X*) & A(T, X*), (17)

where A(T, X*) denotes the set of singular measures on 7', that is, A € A(T, X*) if
and only if there exists a nondecreasing sequence of positive measure sets (7,,), C T
such that T\ (U,T,) is negligible and (X, z(-)17,) = 0, for all z(-) € L>(T, X) and
n>1.

Given a set-valued map F : T' = X, we say that F' is measurable if, for each open set
UcC X, wehave {t € T: F(t)NU # 0} € £. By Sp, S;* and Sk we denote the sets
of measurable, weakly integrable and integrable selectors of F' given respectively by

Sp:={¢: T — X measurable : ¢(t) € F(t), a.e. t € T},
Spv={p e LL(T,X) : o(t) € F(t), ae. t € T},
and Spi={pe LNT,X): p(t) € F(t), ae. t € T}.

The weak integral and the (strong) integral of the set-valued map F' are respectively
given by

w- [ F(t)dp == {w- [ o(t)dp : goESlw}
JpE@)dp = { [po(t)dp: o € Sp}.

A linear subspace L C M(T, &, X) is said to be decomposable ([21]-[25]) if, for any
measurable set A C T and any measurable functions f € L and g € M*(T, €&, X)
(that is, g(T'\ N) is compact in X with N C T negligible), we have that

laf + Im\ag € L.
We have the following lemma.

Lemma 2.1. Assume that X and X* are both Suslin. Then, for every functions
p € LYT, X*) and ¢p € L>=(T, X), the function t — (p(t),¥(t)) is integrable, and
the mapping

(o, ¢>L1(TX*)L°°TX = Jp (o ) du, (18)

is a separating duality pairing for the pair (L°°(T, X), Ll(T, X)).
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Proof. The measurability of the function t — (p(t),1(t)) easily follows. Take some
V' € Nx such that [, oy (p(t))dp < 4+0o0. Then, since ¢p € L®(T, X), there exists
some A > 0 such that (¢ ) € AV, a.e. t € T. Consequently,

[(p(2), ¥ (E))] < Aav(p(t))ove(p(t)) < Aov(e(t))
and so Jr e ) dp < X [pov(p(t))dp < +oo,

that is, the function ¢t — (p(t),?(t)) is integrable.

Finally, according to [31], L>°(T, X) and L'(T, X*) are decomposable subspaces of
measurable functions and (18) is a separating pairing. N

A function ¢ : T'x X — R, is said to be a convexr normal integrand if the mapping
(t,x) = pi(z) := p(t,z) is € ® B(X) measurable, and ¢(t,-) € ['o(X) for all t € T'.
Equivalently, ¢ is a convex normal integrand if and only if the mapping ¢t = epi ¢ (¢, -)
has closed and convex values and its graph belongs to &€ ® B(X) (see [3, Lemma
VII-1]). If ¢ is a convex normal integrand, then so is ¢* : T' x X* — R, defined by
O (t, z*) = (¢(t, )" (x*) (see [3, Corollary VII-2]).

Given an extended real-valued measurable function ¢ : T'— R, we define as usual
its (extended) integral as

Jpe)dp == [T (t)dp — [0 (t)dp

if [LoT(t)dp < +oo, and ngo )dp := 400 otherwise. Here ¢t := max{y,0} and
¢~ = max{—¢, 0}, that is, ¢ and ¢~ are the (measurable) positive and negative
parts of o, respectively If, in addition, ¢ is bounded from below by an integrable
function, then [~ (t)du € R and, consequently, [,¢(t)du € R (we say in this case
that ¢ is integrable) if and only if [ @(t)du < +o00. Then, for a convex normal
integrand f: T'x X — R, we consider the integral function /5: X — R defined by

I() = [ f (b 2)dp, (19)
and introduce the associated convex integral functional I p L®(T, X) — R as
Ij(x(-) = [pf (¢, a(t))dp. (20)

Both definitions (19) and (20) will require appropriate integral lower bounds of
f(-,x) and f(-,x(-)). Namely, we shall frequently use either the condition

f(t,-) = (y(t),-) + B(t) (for all t € T\ N), with v € L, (T, X*), B € L)(T), (21)
or the following one
ft,) > (y(t),") +B(t) (forall t € T\ N), with v € LY (T, X*), p € LY(T), (22)

where N C T is a fixed negligible set. Condition (21) implies that I; > —oo, and
for all € X we have [,f~(t,z)du € R; hence, Iy(x) € Riff [.f*(t,x)du € R,

Similarly, (22) ensures the stronger property I; > —oo0, and for all z(-) € LY(T, X)
we have [.f7(t,z(t))dp € R, so that Ir(x) € R iff [, f*(t,z(t))dp € R. It is
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worth recalling that, since every function from I'y(X) is bounded from below by a
continuous affine function, both conditions (22) and (21) automatically hold when
T is finite and p is the counting measure.

The following lemma gives us some insight on the geometry of dom /. The relation
in (iii) below can also be found, e.g., in [13].

Lemma 2.2. Assume that X is Suslin, and let f : T'x X — Ry, be a convex normal
integrand satisfying (22). Then the following assertions hold true.
(i) Ifx € dom Iy, then there exists a negligible set N C T such that

re () dom f(t,-).

teT\N

(ii) There is some negligible set N C T such that

int(dom]f)Ccl( N domf(t,-)).

teT\N
(iii) If X is finite-dimensional, then there is some negligible set N C T such that

int(dom ;) C () dom f(t,-).

teT\N

Proof. (i) Given z € dom Iy, we have that [ f(t,x)du < +o0 and so, due to (22),
f(t,z) e R for ae. t€T.

(i) We may assume that int(domI;) # (. Using the separability of X, there
exists a countable set D := {(z,,)n,>1} C domI; such that cl(dom I;) = D. Next,
by assertion (i), for each n > 1 there exists some negligible set N,, C T such
that x, € Nier\n, dom f(t,-) C Mep\wv dom f(t,-), where N := U,> N, is also a
negligible set. Hence,

Dc () domf(t,-), (23)

teT\N

and we deduce int(dom Iy) C D C cl (N n dom f(2,-)) .
(iii) Assume that X is finite-dimensional and int(domIf) # (. As in (ii), there

is a countable set D C domI; such that cl(doml;) = D. We also have that
cl(dom I) = coD, due to the convexity of Iy, while (23) entails

coDC () dom f(t,-). (24)

teT\N
Hence, since we have assumed that int(dom Iy) # (), we obtain
int(dom /) = int(cl(dom If)) = int(coD) = ri(coD) = ri(co D),
because X is finite-dimensional. Therefore int(dom /) = int(co D) and (24) imply

int(dom Iy) = int(co D) C ;e dom f (2, -). O
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Proposition 2.3 below reviews the main duality result for the functional I # defined
n (20). It was given firstly in finite-dimensional spaces in [21], and secondly for
separable reflexive Banach spaces in [25] (see, also, [2]). The present form of Propo-
sition 2.3 can be found in [31, Theorem] and is valid for general locally convex Suslin
spaces.

Proposition 2.3. Assume that X and X* are Suslin. Let f:T x X — Ry, be a con-
vex normal integrand satisfying (22). Let Vi € M(T,E,X) and Vo C M(T,E, X*)
be two decomposable subspaces paired with a separating bilinear mapping. Assume
that the (effective) domains of the functionals Iy - Vi € M(T,€,X) — Ry and

1} : Vo € M(T,E,X*) = Ry are nonempty. Then Iy € T'o(V1), ff* € I'o(Va),
(Iy)" = Ig+, and (Ip-)" = Iy.
3. Convex functional integrals and duality

In this section, X and its dual X™ are two locally convex Suslin spaces endowed with
locally convex and compatible topologies with respect to the pairing (z*, z) := z*(z)
defined on the space X* x X. We consider the measure space (T, &, ) where the
measure (4 is o-finite, nonnegative and complete. Given a convex normal integrand
f:TxX — R, we review here some duality properties between the convex integral
functionals I; : L®(T, X) — R and I+ : LY(T, X*) — R, defined by

) = fo(t, z(t))dp (25)
and = [ t))dp. (26)

Taking into account Lemma 2.1, we consider the duality pair (L>(T, X), L} (T, X*))
associated to the separating pairing

(x*(- = [, (x VWdu, x(-) € L=(T, X), z*(-) € L'(T, X*).

Hence, the e-subdifferential of the functional I; at 2(-) € (I;)"Y(R) (C L®(T, X))
is the set 0.17(x(-)) of subgradients z*(-) € L*(T, X*) such that

(@ (), y() —2() < L(y() = L(a() +e
for all y(-) € L>(T, X), that is,
Jo @™ (), y(t) = x(t)) dp < [ f (ty(®)dp — [pf(t x(t))dp + e

Similarly, the e-subdifferential of I at 2(-) € (I;)""(R) (C LY(T, X*)) is the set
O:1p+(x*(+)) of subgradients z(-) € L>(T, X) such that, for all y*(-) € L}(T, X*),

() =2 ()2 () < (" () = Ip(a*()) + e,
that is, [, (y*() — 2* (1), 2(t)) dp < [f* (v (8))dp — [ f* (27 (t))dp + e

We start by giving different consequences (and characterizations) of condition (22),
stating that for some functions v € L'(T, X*) and 8 € L'(T) we have, for a.e. t € T,

fi(z) > (v(t),z) + B(t), forall z € X,

where we denote f; := f(t,-).
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Also, if there exists zo(-) € L(T, X) with I;(20(-)) €R, we have for a.e. teT

[ (@ (1) > (wo(t),a" (1)) — f(t,o(t)), for all 2*() € LNT, X*),

that is, the function ¢ — f*(2*(¢)) is bounded from below by the integral func-
tion <x0( ) x*(+)) — f(-,x0(:)). Hence, the function t — f;(x*(t)) is integrable iff
fT fE) 7 (@")dp < +oo.

We shall use the following notation,

A = {6() e LNT,R,): / e(t)du < 5} , €>0, (27)
and A i={e(-) e A.:e(t) >0, ae. t €T}, e > 0.

Proposition 3.1. Let f be a conver normal integrand such that I;(zo(-)) € R
for some xo(-) € L®(T,X). Then condition (22) is equivalent to each one of the
following assertions.

(i) For all 2(-) € dom I and & > 0, we have
O.1;(x) = U-)ea{z7() € LNT, X*) : 2*(t) € Ocry fi(z(1)), a.e. t €T},
and O.1;(x(-)) # 0 whenever e > 0.

(ii) The convex functionals jzf and ff* are proper, ff is o(L>=(T, X), LY(T, X*))-Isc,
I« is o(LNT, X*), L=(T, X))-Isc, and we have

I;o = (Ip)* and I; = (I;+)".
(iti) For alle > 0 and x(-) € dom I; (equivalently, for some x € dom I;), we have
Ueoyear JrO:o filx(8))dp # 0.
(iv) There exists a function ¢ € L'(T, X*) such that [.f;(C(t))dpn < +o0.

(v) For some U € Nx, there exist « € L*(T) and nonnegative function r € L*(T)
such that, for a.e. t €T,

fi(x) +r(t)oye(z) > a(t), for allz € X.
Proof. We establish the necessary implications in the following order:
(i) = (ili) = (22) = (iv) = (ii) = (i) = (ii) and the equivalence (22) < (v).

(ii) = (iii). Assume that (ii) holds, and fix ¢ > 0 and x(:) € dom I;, so that we
have 0:Iy(x(-)) # 0 (e.g., [33, Theorem 2.4.4(iii)]). Take

2*() € 0s1p(x(-)) (Cdom (I;)" = dom Iy C LY(T,X*), by (ii)).

Then the functions f(-,z(-)), f*(-,z*(-)), and (z*(-),z(-)) are integrable, and (ii)
yields

Jolf () + <xw>cumwmm
Le(O)dp+ [ (62 (O)dp — @ (0), 2() dp
(UH#%CD%fMM%

= Ii(a() + (1) @ () = @ () < 5

I
J=f
I
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Let us denote

(1) = F(ta(t) + (27 (0) — (@ (1), 2() + 720,

where 19 € LY(T) N L>*(T) is a positive function such that |[no(-)||z1) = 1 (see
(15)). Then £(-) € AF, as e(t) > Em(t > 0 forae. teT,and 2*(t) € O- fr(x(t))

£
for a.e. t € T. In other words, x ( ) is an integrable selection of the measurable

multifunction ¢t = 0. fi(«(t)), and assertion (iii) holds true.

(iii) = (22). Assume that, for each ¢ > 0 and z(-) € dom I;, there are ¢(-) € AF
and z*(-) € LY(T, X*) such that z*(t) € O.¢) fi(x(t)) for a.e. t € T. Then, for all
such t € T, we have

fty) = (@*(t),y — () + f(t, x(t)) —e(t), forally € X,
that is, (22) follows with v := z*(-) € LY(T, X*) and

Bro=f(x() = (°(),2()) — e() € LN(T).
(iv) = (ii). Assume that I;-(¢) < 4oo for some ¢ € LY(T,X*). Due to the
current assumption I #(zo(+)) € R, Proposition 2.3 implies that I = (f £+)*, and so
I;is o(L®(T, X), LY(T, X*))-lsc and proper. The same argument shows that I is
proper, o(LY(T, X*), L>(T, X))-Isc and satisfies I;- = (I;)*.

(i) = (i). Fix 2(-) € dom I; and € > 0. Since I; is assumed to be proper, convex
and o(L>(T, X), L'(T, X*))-Isc, we have that 0.If(z(-)) # @ when ¢ > 0. Take
z*(:) € 0-14(x(-)) € LYT, X*). Then I;(z(-)) € R and (ii) implies that

Ip(2 () + (Ip)" (" ()) = (2" (-), 2 () = Ip(() + (2" (-) = (2" (), ()
= Jp(fela(t) + f7 (2" (1)) = (2" (), 2(1)))dp < e.

Thus, takmg e(t) = filz) + fi(z*(t)) — (x*(t), x(t)), we have that ¢(-) € A. and
z*(t) € O fir(x(t)) for a.e. t € T. Conversely, let 2*(-) € LY(T, X*) and £(-) € A,
be such that z*(t) € Oy fi(x(t)) for ae. t € T, that is,

flw @) + [ (@"(8)) < (" (t), x(t)) + (b).

Then, since z(-) € dom Iy, we have that 2*(-) € dom I and

Jrpfela@)dp+ [ f7 (" (t))dp < [ (@™ (), 2 (1)) dp + . (28)

Consequently, because we have, for all z(-) € L>(T, X),

(@7 (-),2()) = Tp(2()) = [ (@*(8), 2(0) = f(t, 2(8) dp < [ fi (@ (0)de,

inequality (28) gives rise to

Li(a() + ()" (@*() < Iy( ()) +ff = [pfe(@®)dp + [ 17 (@ (t))dp
< fT d,u+6

which shows that z*(-) € .1;(x(-)).
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(i) = (ii). Assumption (i) implies that the convex functional I is proper and

o(L(T, X), LN(T, X*))-Isc. Moreover, given any z(-) € dom I;, for each £ > 0 as-
sertion (i) yields some x*(-) € 0.1;(z(-)) and &(-) € A, such that 2*(t) € O f:(z(t))
for a.e. t € T'. This implies that

(@ (), z(t)) < fulz(t) + f7 (@"(8)) < (27(t),2(t)) +e(t), forae teT,

and the functions f(-,z(-)) and f*(-,z*(-)) are integrable. Hence, by integrating,
fot t))dp < If( +fT , (1) dﬂ+fT )dp < 400,

and z*(-) € dom I Therefore, according to Proposition 2.3, we have (1) = I
and Iy« = (Iy)*, that is, Iy« is proper.

(22) = (v). Assume that (22) holds with v € LY(T, X*) and 8 € LY(T). Then
there exists some U € N such that [,ou(y(t))dp < +o00. Moreover, using the
Cauchy-Schwartz inequality, for a.e. t € T' we have

fe(w) = ((t), ) + B(t) = —ove(x)ou(v(t)) + B(t), forall z € X,

and (v) follows by taking r(-) := oy (y(+)) (€ LY (T,R,)) and «(-) := B().

(v) = (22). By (v) there exists U € Ny such that f,(x)+r(t)oye(x) > a(t) for a.e.
t € T and for all z € X. Observe that the convex function oy is continuous on
X, as U° is w*-compact by the Alaoglu-Banach-Bourabaki theorem. Hence, since
xo(t) € dom f; for a.e. t € T, by Lemma 2.2(i), for a.e. ¢t € T' the Moreau-Rockafellar
Theorem implies that

(fe + r(H)ove)"(0) = (f; Tiree) (0) < —aft),

where the infimal convolution is exact. Hence, there is some u* € —r(t)U° = r(t)U°
such that f/(u*) < —a(t), and the measurable multifunction F' : 7" = X* defined

by
F(t) :={u" er@U°: f;(u") < —a(t)},

has nonempty closed convex values (a.e. t € T). Consequently, the measurable
selection theorem ([31]) gives rise to a measurable selection v(-) of F', that is, for
a.e. t € T we have f(v(t)) < —a(t) and therefore

fi(z) > (v(t),x) + a(t) forall z € X.

Moreover, because (t) € r(t)U° we infer that [, oy (v(t))dp < [, 7(t)dp < 400, and
v € L\T, X*).

Finally, the implication (22) = (iv) is straightforward. O

The following result is the counterpart of Proposition 3.1 for weak integrals. Note
that the duality arguments used before are not directly applicable here, because
the pair (L>(T,X), LL(T,X*)) does not need to form a duality pair. It is worth
observing that, generally, we cannot take strong integrals instead of weak integrals
in the following result (see Example 4.6).
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Corollary 3.2. Let f be a conver normal integrand such that I;(zo) < 400, for
some xg € X. Then the following assertions are equivalent:

(i) Condition (21) holds with some v € L. (T, X*) and 8 € L'(T).
(ii) For any e >0 and x € dom I, we have

U.(year W-J7O0u) fe()dp # 0.

Proof. It is clear that (ii) implies (i). For the opposite implication, we assume (i)
and introduce the convex normal integrand f : 7' x X — R, given by

f(tx) = f(t,z) = (v(1), =) — B(t); (29)
hence, for a.e. t € T', we have f(t,:v) >0 forall z € X.

Obviously, the convex normal integrand f satisfies (22), and we obtain

Ti{aolr()) = [y f (6 zo)dpn — [o({2(0),0) + B(0)dp < +oo.

Then, for every x € domI; and € > 0, we have z(-) = zlp(-) € domj:];, and
Proposition 3.1(iii) yields some &(-) € AZ such that

0 # [0 fe(x)dp.

Take 2*(-) € LY(T, X*) such that z*(t) € D) f(t, x), for a.e. t € T. Then

2*(t) € O fi(@) = O o) — (1), ace. t €T,

and 7*(+) := z*(-)+7(-) € LL(T, X*) (because L*(T, X*) C L} (T, X*)) is a selection
of the multifunction ¢ = 0. fi(7). O

4. Characterization of the e-subdifferential of I

As in the previous section, X and its dual X* are two locally convex Suslin spaces
endowed with compatible topologies with respect to a given pairing (-, -) defined on
X* x X. We consider the measure space (7, &, 1) where the measure p is o-finite,
nonnegative and complete. In this section, we characterize the e-subdifferential of
the convex integral function Iy : X — R, defined by

]f(x) = fo<t7 I)dﬂ,

where f: X x T — R is a convex normal integrand.
We begin by the following example to justify the need of using approximate subdif-

ferentials 0. f; with t-varying approximations &(-).

Example 4.1. Given T := [0, 1] with the Lebesgue measure, we consider the inte-
gral function I; : R — Ry, defined by Is(z) := 01 %dt, that is, I is the indicator
function of the singleton {0}, so that 91;(0) = difp1(0) = R.

We verify, on the one hand, that for every € > 0

N e (J05/u(0)dt) = [~4VE, 4VE] (30)

>e
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Indeed, given ¢t € (0,1) and § > ¢, we have that a € 95 f;(0) if and only if

R
So, /01 05 (0)dt — {/Ola(t)dt ; ‘f}f <a) <22 ae e, 1]}
— [—4V/5,4V/5), (31)
and we get () c ( I ft(O)dt> = {0} ¢ 01;(0).

On the other hand, given 0 < 6 < € < 1, we consider the function 6(-) defined on
[0, 1] by 52y

2
" ifte [ts, 1], and 0(¢) := R otherwise,

i(t) = bre

where t5 := e'~5 (€]0,1[). Then we get

Jod(ydt = [,7(8*t/a)dt + [ (5%/(4t))dt

= 0%12/8 4 (6% /4) (=1 4+ 1/5) < 6%/8+ /4 <5 < ¢,
so that 0(-) € A., and (31) entails
—d < at) <9, ae. te0,ts]
fo %ot (0 {fo % <at) < g, a.e. t € [ts, 1}}
= [—0ts — 1 —1/4,dts + 1+ 1/9].

Consequently, since dts +14+ 1/ — 400 as 0 — 0, we deduce

U Jy 00 fi(0)dt = U [=6ts —1—1/8,8ts +1+1/6] =

0<do<e 0<o<e

which gives us ( U fo L) f+(0) > =R = 0I(0).

e>0

We give now the characterization of the subdifferential set 0.17(x) (¢ > 0). The
first two expressions below do not require any qualification condition on the data
functions f; := f(t,-), t € T. These expressions are simplified in (i)—(ii) under
additional continuity conditions. The formula in statement (ii) is a known result
in separable and reflexive Banach spaces (see [13] and references therein). The
counterpart of formula (35) for the e-subdifferential is given in Corollary 4.8.

Theorem 4.2. Let f be a convex normal integrand satisfying condition (22). Then,
for every x € X, we have

Oels(z) = cl (UE(.)GAEfTas(t)ft(l")d#) , foralle >0, (32)

and consequently, dlf(x) =) cl (U yed JpO= frl@ )d,u) (33)

e>0
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Moreover, the following assertions hold:

(i) If I; is continuous with respect to the Mackey topology T(L>(T, X), L*(T, X*))
at some xo(-) = xo € dom Iy, then

O:1f(x) = UE(,)GAEfTaa(t)ft(x)du, for all e > 0, (34)

(i) If X is a (separable) Banach space and I} is continuous with respect to the norm
topology on L>(T, X) at some x¢(-) = xo € dom I, then

oIy (x) = [0 fux)dp + Naom1, (). (35)

Proof. To prove formula (32), it is enough to establish the inclusion “C” when
O.1;(x) # 0; that is, I;(x) = I;(x) € R. Thus, the mapping I; : L=(T, X) — Ry,
is proper, convex and o(L>®(T, X), L*(T, X*))-Isc, due to Proposition 3.1. We also
have that I, = ff o A, where A: X — L*(T, X) is the linear mapping given by

Au = u. (36)

Notice that A is 7x-o(L°°(T, X), L}(T, X*))-continuous, where 7y is the initial topol-
ogy on X, with the adjoint being the mapping A* : L}(T, X*) — X* defined by

A*(u*) = [pu*(t)dp. (37)

Next, taking into account (13), Proposition 3.1 gives rise to
0.1;(x) = cl (A*aeff(Ax)> (38)
=cl (UE(.)GAszx*(t)du ca* € LNT, X*), 2*(t) € O filz) ae. t € T)

= o (U frOuo fi2)dn) (39)

and the desired inclusion “C” in (32) follows. Formula (33) comes easily from (32)
thanks to the relation 0I¢(z) = N.s00-1f(x).

(i) To prove this statement, we first check that the operator A : X — L*(T, X)
defined in (36) is 7x-7(L>(T, X), L' (T, X*))-continuous. Consider a net (z;); C X
which 7x-converges to z € X and a (symmetric) o(L'(T, X*), L=(T, X ))-compact
set K C L'(T, X*), then there exists a weak symmetric convex neighborhood U of 0
in L>(T, X) such that K C U°. Since A is 7x-0(L*>°(T, X), L' (T, X*))-continuous,
as we have commented before, we find some 7y such that for all ¢ posterior to ig we
have z;1p — 21y = A(z; — z) € U and, so,

0< swp (()ale()— () € sp (F(Ou() <1
z*()eERK z*()eU°u(-)eUu
Hence, z;17(-) — 217(-) € K° eventually for 4, and A is 7x-7(L>(T, X), L*(T, X*))-
continuous. Therefore 0.1;(z) = A*0.I;(Ax) (by (14)) and, like in (39) above,
assertion (i) follows again by Proposition 3.1.
(ii) We consider here the pair (L>°(T, X), (L= (T, X))*), where L>(T, X) is endowed
with its norm topology and (L>°(T, X))* is the corresponding topological dual space;
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that is, (L=(T,X))* = LYT, X*) ® A(T, X*) due to the Lebesgue decomposition
theorem. We also consider the ||-|| -7 (L>®(T, X), L' (T, X*))-continuous linear map-
ping A; : X — L>*(T, X)) given by

Ayu = u, (40)
whose adjoint mapping A} : (L>°(T, X))* — X* satisfies
= [pu(t)dp, for all u* € L'(T, X™). (41)

Then, using the relation I; = ff o A together with (14), we get
Ol (x) = A;01;(Az). (42)

Moreover, on account of (17), for each given z*(-) € 9l;(Ajx) (C (L=(T, X))*)
there are some elements z%(-) € L'(T, X*) and y* € A(T, X*) such that

() ==1() +y, (43)
and so, for all y(-) € L>(T, X),
(@i() +y"y() — Aww) < Tp(y()) = Ip(Arz). (44)

We choose a nondecreasing sequence of positive measurable sets (7,,),, C T such
that the set T\ (U,7},) is negligible and

(y*,z(-)1r,) =0, forall z(-) € L=(T,X) and all n > 1.

Then, on the one hand, for any given y(-) € dom I; C L=(T, X) and n > 1, relation
(44) yields

Jr, @i(t),y(t) — x) dp , (y() = Aw)lr, ()

+y (y() — Aw)lr, ()

y(: ) Aoz, () + Avz) — [;(Arz)
fely(t))dp — anft(l‘)d/J

But we have that I;(y(-)) € R, I;(A,x) = I;(x) € Rand (z3(-),y(-) — Ajz) € LY(T),
and the last inequality yields, as n — +o0,

(@1(),y() = Avr) = [ (@i(8),y(t) — @) dp < Tp(y() — I(Aww),  (45)

showing that 2% (-) € 9I;(A;2) N LY(T, X*). Thus, according to Proposition 3.1(i),
we have that x3(t) € 0f:(x) for a.e. t € T', and we deduce

Ajzi(-) € [p0fi(x)dp. (46)

On the other hand, for any y in dom I, we have that A;y € dom jzf C L™(T, X) and
(44) implies

(" Ay —2)) = (", (y — 2)1ng,)
< — (@10 (v — Dlrs,) + Iy — o), + Awe) — [(Aww). (A7)

1)
1)
7 ((

IN

= (x
= (x
I
= Jr,
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Observe that, for a.e. t € U, T,,,

<x*1‘(t), (y —x)1lnm, (t)> — 0 and fi((y — z)lng, (1) + Arz) = fi(z).

and so, since (z3(-), (y — 2)1n7,(-)) < [{27(-), Ai(y — 2))], by the dominance con-
vergence theorem
lmn (25(-), (y = #) Lz, ) = 0.

Also, taking into account condition (22), the Fatou lemma assures that

lim sup ff((y —x)lpg, + Ajx) < ff(a:) = I;(z).

n—oo
Therefore, taking limits in (47), for all y € dom /¢
(Aly"y —x) = (y", Ay — Ayz) <0,

and we infer that Ajy* € Naomy,(2). Finally, combining this with (42), (43), and
(46), we derive that

0L (x) = Ai0I;(Ar2) € [,0f(@)dpt + Noow 1, (2).

and the proof is finished as the opposite of this inclusion holds straightforwardly. [

Remark 4.3. When X = R"”, the continuity assumption used in Theorem 4.2(ii) is
equivalent to the nonemptiness of int(dom [;); formula (35) is known in this case (see
[14, Theorem 4] and [18, Corollary 5.1]). Other consequences of the continuity of /¢
are discussed in Lemma 2.2. Formula (35) was also obtained in [16] for continuous
convex integral functions defined on separable Banach spaces.

We give next the counterpart of Theorem 4.2 for weak integrals.

Corollary 4.4. Let f be a convex normal integrand satisfying (21). Then, for every
x € X, we have

O:If(x) =cl (UE(.)EAEw-fTﬁs(t)ft(x)du> , foralle >0,

and, consequently, 0I;(z)= ) cl (Ué(.)eAéw—fT&;(t)ft(x)d,u> :
6>0

Moreover, the assertions (i) and (ii) in Theorem 4.2 are also valid when the weak
integrals are used instead of (strong) ones.

Proof. Again we use the convex normal integrand f : T'x X — R, defined in (29),
that is,

ftw) = f(tu) = ((t),u) = B(1), (48)

where y(-) in L), (T, X) and 3(-) € L'(T,R,.) are as (21), together with the associated
functional I : L>(T, X) — Ry defined by

I (u) = [ f(t,u)dp.
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Hence, f(t, u) > 0 for a.e. t € T and all u € X, and Theorem 4.2 applies and yields,
for all # € dom Iy and € > 0,

0.1;(x) =l (Us(-)eAg J0- ft(x)du)
= ol (U.ppeafr (0o file) = (1)) di)
= w- [y(t)dp + cl (UE(_)GAew—fTas(t)ft(x)du) :

Consequently, the desired formula of 0.1¢(x) follows as

O:Iy(x) = O:1f(x) + v [y (t)dp = cl <Us(-)eAEW‘fTae(t)ft(l’)dﬂ> -

Next, the formula of 01;(x) comes by intersecting this last set over € > 0. Finally,
the proof of assertions (i) and (éi) in Theorem 4.2 for weak integrals follows the
same pattern. ]

Remark 4.5. Since the sets U.(yea. ;0= fe(@)dp and U.yeaw — [ 0. fi(2z)dp
are convex, in the case of a reflexive Banach space X the expressions involving
closures in Theorem 4.2 and Corollary 4.4 are still valid if such closures are taken
with respect to the norm topology of X*.

The following example draws the attention to the choice of the functions v involved
in (22)-(21), and the influence they have in the determination of the subdifferential
Oflf.

Example 4.6. Take X = [?, the space of real sequences (z,,),>1 With the property
Y sl T2 < 400, and let (e,),>1 be its canonical basis. Let the integral function

I; : I = R be defined as

1
Ip(z) = ~ {en, ) = (a0, 2)pp , Where ap = (1/n)>1 € 12,

n>1
that is, Iy is a linear form; hence,
O-1;(z) = {ag}, for all x € I* and € > 0.

The function Iy above corresponds to our model integral function with 7' =N, &£ is
the discrete o-algebra of N, i is the counting measure, and f(n,z) := (1/n) (e,, =)
is the underlying convex normal integrand.

Notice that 3~ [(1/n) (en, z)| € R, for all x € I?, and

S n)edll pn) = 3 1/n = +oo.

n>1 n>1

Hence, since [? is a Hilbert space, the function  : ' — [? defined as y(n) := (1/n)e,
satisfies
v € L (T, )\ LY(T, ),
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that is, 7y satisfies condition (21) but not (22). Therefore we can compute the e-
subdifferential of I; at 0 by applying Corollary 4.4: for each € > 0, we have

0.15(0) = e (U e, fiBeto fulwdin) = {(1/m),,}

as expected. At the same time, the (strong) integrals [, 0. fi(x)dpu, e(-) € A., are
all empty, as

JrO fu@)dp =Y "(1/n)e,, and D _|[(L/n)en]| =D 1/n = +oc.

n>1 n>1 n>1

In other words, @ = cl (U yea. JrO=( du) G 0.14(0), for all € > 0.

Theorem 4.2 can be rewritten in terms of the continuous infimal conzolution of the
conjugate functions f;, ¢t € T, which is the function ng fidp : X* — R defined by

gngt*du(:L'*) = "fot*(x d
= inf { [ fF(z*(t))dp : [pa*(t)dp = 2*, 2*() € LY(T, X*)}.
Recall that cI*” (of,, fdu) denotes the weak™ closure of the function tf,, fdp.

Theorem 4.7. Let f be a conver normal integrand satisfying (22) and the condition
I¢(z0) < +00 for some xg € X. Then we have

()" = e (fpfrdp) . (49)

Moreover, the following assertions hold:

(i) With the assumptions of Theorem 4.2(i), for each z* € X* there exists some
a*(-) € LT, X*) such that [, x*(t)dp = «* and

(L) (z") = s fi (2" dp = [ f7 (2" (t))dp. (50)

(ii) With the assumptions of Theorem 4.2(ii), for each z* € X* there exist some
x*(-) € LYT, X*) and y* € X* such thath d,u+y = z* and

(If) ( ((.[fot d:u) DUdOHlIf) fot dlj“ + Odom Iy (y ) (51)

Proof. We proceed as in the proof of Theorem 4.2 and write I = If o A, where
I;: L®(T, X) — Ry, and A: X — L®(T, X) is the my-o(L(T, X), L\ (T, X*))-
continuous linear mapping defined in (36), and whose adjoint is computed in (37).
Then, since jzf is proper, convex and o (L>®(T, X ), L*(T, X*))-Isc, due to Proposition
3.1, (49) and (50) follow by applying (13) and (14), respectively.

We are going to prove (51). Assume first that z* ¢ dom(If)*. Since I; € I'g(X),
and (I;)* = (I;)*0odom1, by (12), (49) yields

00 = (I)"(z") = (1) Boaom1,) ()
= (cl (fot*du) Uodom If) (2")
< ((«[#‘Tft*du) Dadomff) (2%) < (gngt*du) (7).
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Hence, (51) obviously holds with z*(-) = no(-)2* € LY(T, X*) and y* = 0, where
no(-) € LY(T') is such that [, no(t)dpu =1 (see (15)).

Now we take z* € dom(/f)*; hence, (I7)*(z*) € R because we have I; € I'y(X) and
(I5)* € T'o(X*). Given ¢ > 0, by [33, Theorem 3.1.4] we choose elements z, € X
and z¥ € 0I(z) such that

((Lp)"(22) = (Ip)"(z")[ <€ and |22 = 27| <e. (52)

Thus, according to Theorems 3.1 and 4.2(ii), there are

2i(-) € 0I(2.17) N LYT, X*) and y’ € Naomr, () (53)
such that zi(t) € Ofi(z.), forae. t €T, (54)
and = [pal(t)dp+yZ. (55)

At the same time, Theorem 4.2 ensures that

vl = [pal(t)dp = Ajal(r) € 0Iy(z),

where Ay : X — L>(T,X) is the ||| x-7(L>(T, X), L'(T, X*))-continuous linear
mapping defined in (40) and (41). Moreover, since we have

(017) " (a2) = 0I5)"(x2) and 00dom1,(y2) = (OMeraom 1)) ™" (41)

by (11), we obtain that z. € 00gem 1, (yZ) N O(Ly)*(z%). So, (55), (8) and (12) imply

(L5)*(22) = ((5)"Dodom 1, )(27) = (I5)"(x7) + Gdom 1, (42)- (56)
The rest of the proof is divided into four steps.
Step 1. We prove in this step that, for each given € > 0,

( *(Z fot a d,u + Odom I¢ (ya) (57)

The inequality “<” in (57) comes from (56) and the following relation, which is a
consequence of statement (i) of the current theorem,

(L) (aZ) = (fot d:u) ) < fot zZ(t)) dp.
Also, taking into account that z. € dom I, by using (9) and (54) we obtain that
Joft @) dp = [ ((2Z(t), z) = fi (22))dp = (af, ze) — Iy (22) < (Ip)"(2),

which leads us, again by (56), to the inequality “>” in (57).

Step 2. We show here that the net (2%(-)). C (L*(T,X))* has a cluster point
u*(-) + A%, with u*(-) € LY(T, X*) and \* € A(T, X*), satisfying

(\ylp,) =0, forally € L=(T,X) and n > 1, (58)

for some nondecreasing sequence of positive measure sets (7},), C T such that
T\ (U,T,) is negligible.
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Consequently, the continuity properties of the operator A; will imply that the cor-
responding net (z¥). is o(X*, X)-convergent to Aju*(-) + A7A*, while (52) and (55)
will ensure that the corresponding net (y). is o(X*, X)-convergent to some y* € X*
such that

2F = At () + AN +yt (59)

To show the existence of such u*(-) and A\*, we use the current continuity assumption
to find some m, p > 0 such that for all y(-) € pBre(7,x) we have I;(zo +y(-)) < m,
that is,

(@2(),y()) <220, (2 = o) ln) + Ip(wolr +y () = Ip(z) +e  (by (53))
< (2l =yl ze —wo) +m—Ip(2) +¢ (by (55))
< (2, ze —wo) — Ip(ze) +m+e (by (53))
< (£p)"(22) — (22, @0) + M +¢,

and (52) yields some r > 0 such that
(@2(),y()) < (Ly)"(z7) = (2%, w0) +m + 2e + € [|lao| <7 (60)

Therefore, using (17) and the weak™-compactness of Bz xy), we may suppose
that the net (z(-))c is o((L>(T, X))*, L>=(T, X*))-convergent when ¢ | 0 to some
u*(+) + A\, with u*(+) € LY(T, X*) and A\* € A(T, X*). The existence of the sequence
(T},)n as required in (58) comes from the definition of the space A(T, X*).

Step 3. We prove in this step statement (ii) when all the f;’s are nonnegative.
Given n > 1, we denote by I}, 1,": X — R, the convex integral functions given by

fT ft d,LL and ] fT\T ft d/L,

so that the sequences (I}), and (/;™), are nondecreasing and nonincreasing, respec-
tively. Moreover, invoking the main statement of the current theorem and the fact
that I > IJ’}, for all n > 1 and € > 0 we have that

15 (w2 0dn)) < (1) (fp, 2 (0)dp)
=l (f, frdn) (Jp 22 (0dp) < fp fGO)dp, (1)
and, similarly,
) (S, 22 OdR) < fpg, S @20 dp (62)

Notice that
w* hm fT (dp = [ w(t)dp, (63)

because of the convergence results of Step 2 we have, for all z € X,
(Jrwe®)dp, ) = (@2(), 217, ()
—reno (u(0) + A, 217, (1))

= (" (). 217,()) = (" (D, =)
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The same arguments show that

llm fT\T (t)dp = fT\T (t)dp + ATN", (64)
w _nEIJIrloo an t)dp = [pu(t)dp =: v*, and w -nEIEOO fT\T (t)dpu =0. (65)

Therefore, by making € | 0 in (61), and using (63) and the weak*-lower semiconti-
nuity of (I5)*, we obtain for all n > 1

liminf i, f7 (@2(0) da) 2 lim inf(1,)* ( fp, 22 (0)dn) = (I)" (Jy,u" (@) . (66)

Similarly, for all n > m > 1 we have that [,™ < I, so that (I;")" > (I;™)" and
(62) together with (64) entail that

lim inf fT\Tnft* (xX(t))dp > hmimf <fT\T )

€0
) (S @dp o+ AN) = () (g w Odp o+ AN) . (67)

Now, taking into account that the f;’s are supposed nonnegative, using successively
(52), (57), (66)-(67) and (65) we get for any m > 1 (remember that u* := [, u*(t)dp)

(1) (=") = lim f(1)" (=)

= tim inflimind ([, 7 (2200) dp+ fy, f7 @20) dit + Gaom 1, (42) )

n—+oo  el0

> timinf (1) (fp, " (O + ADN) (L) (J, 0 (0ar) ) + 0nr, ()

= (™) (ATAT) + (L) (u") + Gdom 1, (Y7),
and so, for all y € dom I (C dom I;™),

(Ip)*(2") = (ATA",y) — fT\Tmft(y)dM + (Iy)" (u*) + Cdom 1, (Y7)-
Thus, using the dominated convergence theorem, as m — +oo we get
(L)"(z") = (AN ) + ()" (") + Odom 1, (47)-
In other words, for all y € X we have
(L) (") = (AN y) = Sdoms, () + (1p)" (u*) + Odom 1, (Y"),
and by taking the supremum over y € X we deduce, as (iqom1,)* = Tdom1;;
(L5)"(2%) = aom 1, (ATA") + (I5)" (u”) + dom 1, (")
> (Ir)" (u) + Gdomr, (¥ + ATAT).
Therefore, taking into account (10) and (12), (59) yields
(L)"(z%) = ()" Dodom ) (u" +y" + AIN) = (1) Doaom1,) (27) = (Ip)" (),

and the desired relation follows.
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Step 4. We prove statement (ii) in the general case, when the f;’s are not necessarily

nonnegative. To this aim, we consider the convex normal integrand f T'x X — Ry
defined by

filt,2) == f(t,2) = (4(t), 2) = B(1),
where v € L}(T, X) and 8 € L(T) come from assumption (22). Then f satisfies the
same continuity properties as f, dom [ = dom I, and we have that

(L5)"() = (Lp)"(- +70) + Po,

where v = [, 7(t)dp and By := [, B(t)du. Consequently, using Step 3, for all
z* € dom(Iy)* we have that z* —~ € dom(/;)* and so there exist z7(-) € L'(T, X*)
and y* € X* such that fol Ydp +y* = z* — vy and

(hf@ﬂz%#f@“—%%w%:(@%ﬁf@&ﬂmmw>@*—%)—%
= fT ft (t))dp + odom1, (¥™) — Bo

=Lﬂwﬁw+v@wu+anwW

Then, since the following relation is easily verified,

<<9€Tft*d,u> DUdomIf) (2" =) ((fot dM) fodomff) (2%) + Po,
the element 2*(-) := z}(-) + v(-) € L' (T, X*) satsifies fT (t)dp + y* = z* and

(If)*(Z*) = ((fot*dﬂ) Dadomlf) fot d,u + UdomIf (y )7

as we wanted to prove. Il

Corollary 4.8. (Theorem 4.2(ii), continued) Assume that X is a (separable) Ba-
nach space, and let f be a convexr normal integrand satisfying condition (22). If
ff is continuous with respect to the norm topology on L*(T,X) at some point
zo(+) = xo € dom Iy, then for every x € dom If and ¢ > 0 we have that

aff[f( ) U5 G-Ae sofT dlu—i_Nfi%mIf( ) (68)

O<€o <e

Proof. Fix © € domI; and ¢ > 0. On account of Theorem 4.7(ii), an element
x* e X* belongs to 0, If( ) if and only if there are z*(-) € L'(T, X*) and y* € X*
such that [, a*(t)du+y* = z*, [, f(z*(t))dp = I-(z*(-)) € R (due to Proposition
3.1), and

If(x) + ([f)*(l'*) = If iL‘ + fot du—i—odomff(y )
< (z*, x>+&?—<fT tdp, x) + (y*, ) +e.

Denote €1(t) := fi(z) + fr(z*(t)) — (z*(t),x) (> 0), so that 2*(t) € 0., fe(x), and
the inequality above yields

fTEI d,u + Udomlf(y ) - <’y*,$> S g,
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that is, e1(-) € L'(T) and e, := [, e1(t)dp satisfies

0< Udomlf(y ) <y Q?) £ —£1.

In other words, y* € Nzoﬁlll (x), and we deduce

S fo*(t)d” +y* € fTaEl(t)ft( z)dp + NZorillf( ),

that is, the inclusion “C” in (68) follows. The proof is finished as the opposite
inclusion is straightforward. O

We now characterize the subdifferential of /7 in a sequential form that involves exact
subgradients of the f;’s at appropriately chosen nearby points, namely at points
converging in the L*°(T, X)-norm to the reference point. The use of LP(T,X)-
norms with 1 < p < o0, instead of L>(T, X), has been considered in [11]. The
case p = 400 has also been investigated in [18] where the dual estimates are taken in
the dual space (L*°(T, X))*, while the following result considers z(-) in the smaller
space L}(T, X*). Tt is worth recalling that the finite sum version of Corollary 4.9
has been first established in [30] (see, also, [4] and [15]).

Corollary 4.9. Assume that X is a (separable) reflexive Banach space, and let f
be a conver normal integrand satisfying condition (21). Given a point v € X, we
have that x* € 0l;(x) if and only if there are sequences (x,(-)) C L>(T,X) and
(zx(+)) € LN(T, X*) such that

(i) (xn(-)) converges to x1(-) in the L>=(T, X)-norm,
(i) = ( ) € (9ft(xn(t)), ae teT,

(iii) x fT xk (t)dp converges to x* in the norm of X*,
(iv) fot (1 du—> Iy (),

(v) Jp(z —z)dp — 0.

Proof. Fix n > 1. If #* € 0Iy(x), then by Theorem 4.2 and Remark 4.5 we find
Ty C T, (en) € A2 and (z3) C L'(T, X*) such that u(T'\ Ty) = 0,

T, = [pE,(O)dp, ||, — 27| < 1/n, (69)

and .ﬁz’;(t) € 8€n(t)ft(:1:), for all t € T07

hence, according to Proposition 3.1(i), we also have that z}(-) € 8%ff($]_T(')).

Next, by the Brgndsted-Rockafellar Theorem [33, Theorem 1.4.1], there are se-
quences A, € [—1,1], 2:(-) € Brir,x+), Zn(-) € L®(T, X) and

() € 0Ly(wa(")) (70)

such that [2n () = 212 ()l oo .y + (&R () 20 () = 212 ()] < (71)

S|
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Ii(@a() + 2 12a) = 22Oy + = 1HEL ) 20() = 212()]

< Ip(@) + (F5(), 2a() — 212() (72)
1) = T() = () + 22 (). (73)

From (70) together with Proposition 3.1(i), we infer that 27 (¢) € Jfi(z,(t)) and
assertion (ii) follows. From (71) and (73) we obtain that ||z, (-) = 217(-)|| foc (7, x) = 0
and

Jr (), 2a(t) — ) dps

= Jp (@ (1), 2n(t) — ) dpu + %IT (20 (8) + A (1), 2a (1) — ) dpt
1 2

Sn Tt

and assertions (i) and (v) follow. Moreover, from (72), (71) and the lower semi-
continuity of I; (again by Proposition 3.1) we obtain

(&) = Iy(s()) < limninf Iy, ()
< i s T (1)) < Ty(a) + limsup (350), () = #12()) = I(0),
and assertion (iv) holds true. Now, using (69) and (73), we get
1@ dn = || < || [y @)dp = [, ()dnl]

ezl + | s @du] + 1

IN

2 1 1
<E+ﬁ+ﬁ||x*”’

and assertion (iii) holds.

The proof of the corollary is complete because the opposite implication is straight-
forward, that an element z* satisfying assertions (i)—(v) is necessary a subgradient
of Iy at x. [

Remark 4.10. The limitation to Suslin locally convex spaces in the current work
is mainly due to the need to apply measurable selection theorems ([28]). Notice
that general nonconvex integral functions over arbitrary Banach spaces are stud-
ied in [19], but assuming some regular and uniform Lipschitz conditions on the
integrands. This condition implies in particular that the Clarke generalized subdif-
ferential multifunction ¢ = 0°¢y(x) is w*-compact and non-empty valued, allowing
the use of a measurable selection theorem from [1]. In our case, the given integrands
are assumed to be convex and only Isc, so that the multifunction ¢ = 9f;(x) can
be unbounded or even empty-valued, hence the requirement of the separability of
the space. However, we can avoid such a restriction when 7' is finite as we show in
Corollary 4.11 below.

We close the paper by recovering formula (1) in general locally convex spaces, based
on Theorem 4.2.
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Corollary 4.11. Assume that X is a locally convexr space. Given fi, fo € T'o(X),
for every x € dom f; Ndom f; we have

0-(f1+ fa)(x) = ¥’ U 0., fi(z)+ 0., fo(x) |, foralle >0,

e1t+ea2<e
€1,622>0

and, consequently,  O(f + f)(x) = ool (0-fi(x) + 0. falx)).

Proof. First observe that condition (22) holds in the current case.

Fix x € dom f;Ndom f; and € > 0, and pick any finite-dimensional subspace L C X
such that x € L. Let us denote by fl and fg the restrictions of the functions f; +1ip,
and f, + 1z, respectively, to the subspace L. Hence, fi, f> € ['g(L) and formula (32)
applied in the finite-dimensional space L yields

O-(fi+ f)@)=cl| U 0, file) +0,fa() |, (74)

e1+ea<e
€1,622>0

where the closure is in the dual space L* of L. Observe that L* is isomorphic to the
quotient space X* L+, where L* is the orthogonal space of L. Also, we can easily
verify that

O:(fi + P)(w) = {afy - 4" € O(fi + fo+ip) (@)},
and 0fi(w) ={af, :a” € 0(fi+ir)(x)}, i=12,
where z; denotes the restriction of z* € X* to L. Then (74) simplifies to

O(fi+ L)) | U 0-fi(x) + 0y folw) + LT |,

e1+e<e
£1,622>0

and by taking the intersection over the L’s we obtain that

O(fi+ L)) [ U 0 f1(x) + ey fola)

e1+eo=¢
€1,6220

Thus, we are done since the opposite inclusion is straightforward.

The last statement of the corollary easily follows from the main statement. ]
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