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An element (x1,...,z,) € E™ is called a norming point of T € L("E) if ||z1]| = -+ = ||zn]| = 1
and |T'(z1,...,zy)| = ||T||, where L(™E) denotes the space of all continuous n-linear forms on E.
For T € L("E), we define

Norm (T) = {(z1,...,2,) € E™ : (21,...,2,) is a norming point of T'}.
Let Ri(w) denote R? with the octagonal norm with weight 0 < w # 1

1@, 9) o) = max {lo] + wlyl, [y] + wla |-

In this paper we classify Norm (T") for every T € £(2R3(“))) with weight 0 < w # 1.
Keywords: Norming points, bilinear forms.
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1. Introduction

Let us introduce a brief history of norm attaining multilinear forms and polynomials
on Banach spaces. In 1961 Bishop and Phelps [2] initiated and showed that the
set of norm attaining functionals on a Banach space is dense in the dual space.
Shortly after, attention was paid to possible extensions of this result to more general
settings, specially bounded linear operators between Banach spaces. The problem
of denseness of norm attaining functions has moved to other types of mappings like
multilinear forms or polynomials. The first result about norm attaining multilinear
forms appeared in a joint work of Aron, Finet and Werner [1], where they showed
that the Radon-Nikodym property is sufficient for the denseness of norm attaining
multilinear forms. Choi and Kim [3] showed that the Radon-Nikodym property is
also sufficient for the denseness of norm attaining polynomials. Jiménez-Sevilla and
Paya [5] studied the denseness of norm attaining multilinear forms and polynomials
on preduals of Lorentz sequence spaces.

Let n € N, n > 2. We write Sg for the unit sphere of a Banach space E. We
denote by L("FE) the Banach space of all continuous n-linear forms on E endowed
with the norm || T[] = sup,, ... 4 espx-xsp [T (T1, -+, 20)[. L("E) denote the closed
subspace of all continuous symmetric n-linear forms on E. A point (z4,...,z,)€E"
is called a norming point of T if ||xy|| = -+ = ||z,|| = 1 and |T'(z1, ..., 2,)| = ||T|
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For T'e L("F), we define

Norm(T') = {(z1,...,2,) € E" : (21,...,2,) is a norming point of 7'}.
Norm(T) is called the norming set of T.
Kim ([7], [8]) classified Norm(T) for every T' € L(*I2) or T € L,(31?).

Notice that (z1,...,x,) € Norm(T') if and only if (121, ..., €,2,) € Norm(7T) for
some €, = +1 (k=1,...,n). Indeed, if (xy,...,2,) € Norm(7'), then

T(e121, .. enzn)| = |e1+ - enT (@1, - . 1) = |T (1, .. )| = ||T],

which shows that (e;xy,...,€e,2,) € Norm(T). If (e124,...,€,2,) € Norm(7T) for
some ¢, = +1 (k=1,...,n), then

(x1,...,x,) = (a1(6121), - - ., €n(€nzy)) € Norm(T).

The following examples show that Norm(7') = () or an infinite set.

[e.e]

1
Examples 1.1. (a) Let T((x;)ien, (¥i)ien) = 25
i=1

We claim that Norm(7') = (). Obviously, ||T|| = 1. Assume that Norm(T') # 0. Let
((%i)ien, (¥i)ien) € Norm(T'). Then,

TiYi < ﬁS(ZCO).

= 1 — 1
L= [T ((:)iew, (Wi)iew)| < ikl lyil < >, 5= b
=1 =1

which shows that |z;| = |y;| = 1 for all ¢ € N. Hence, (2;)ien, (¥i)ien & co. This is a
contradiction. Therefore, Norm(T") = 0.

(b) Let T((xi)ien, (Yi)ien) = T1y1 € L4(*co). Then

Norm(7T)={((£1, za, z3,...), (£1,92,¥3,...)) Eco X co : |z;| <1, |y;| <1 for j > 2}.
(c) Let T € L(™F) and (21, ...,x,) € Norm(T"). By Hahn-Banach theorem there are

f; € E* such that f;(z;) = |f;]| =1 for every j =1,...,n. Let ¢ be a permutation
on {1,...,n}. We define T, f, 1. € L(*"E) by

n

Tpfrosn s v2m) = [ [ for Wot)) TWnss - Y2n).

j=1

.....

Then (Tp(1)s -+ Tom), T1s - - - Tp) € Norm(Ty 5, 7). O

A mapping P : E — R is a continuous n-homogeneous polynomial if there ex-
ists a continuous n-linear form L on the product F X --- x E such that we have
P(xz) = L(z,...,z) for every € E. We denote by P("E) the Banach space of
all continuous n-homogeneous polynomials from E into R endowed with the norm
1] = suppay_s | P(2)]

An element x € E is called a norming point of P€P("E) if ||z||=1 and | P(z)|=||P]].
For P € P("E), we define

Norm(P) = {x € E : z is a norming point of P}.
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Norm(P) is called the norming set of P. Notice that Norm(P) = () or a finite set or
an infinite set.

Kim [6] classified Norm(P) for every P € P(%1% ), where [2, = R? with the supremum
norm.

If Noom(T) # 0, T € L("E) is called a norm attaining n-linear form and if
Norm(P) # 0, P € P("E) is called a norm attaining n-homogeneoue polynomial

(see [3]).
For more details about the theory of multilinear mappings and polynomials on a
Banach space, we refer to [4].

It seems to be natural and interesting to classify Norm(7') for every T' € L("F).
Let RZ ) denote R?*with the octagonal norm with weight 0 < w # 1

12,9 louy = masx { 2] + wlyl, [y] + wlal .
Notice that ||(2,y)|lo@w) = |(¥, ) |low) = |(, —=¥)|lo@w) for (z,y) € Ri(w) and that
for every T € E(QRz(w)), Norm(7T') # 0 since SRz( : is compact.
In this paper, we classify Norm(7T') for every T' € E(Q]Ri(w)) with weight 0 < w # 1.

2. Main results

Let 0 <w # 1 and T € L(*R,,) be such that

T((z1,51) (22, ¥2)) = aziz2 + byrye + cx1y2 + dwayr.
For simplicity, we will denote T" by (a, b, ¢, d).

Theorem 2.1. Let 0 <w # 1 and T € E(Q]R?)(w)) be such that

T((l’h y1)7 (5527 1/2)) = ar1xy + by1ya + cx1ys + droy; = (a7 b, c, d)
for some a,b,c,d € R. Then:
(a) If0 <w < 1, then
1T = max{|al,[b], |c|, |d], (1 +w) " (Ja] + |c]), (1 +w) " (|a] + |d]),
(1+w)~ (6] + fe]), (1 +w) (o] + |d]), (1 4+ w)"*(la = b] + |¢ — d]),
(14 w)*(Ja+0b| + |c+d|)}.
(b) If1 < w, then
1T = max {w?|a|,w>|b|,w>|c|,w>|d|, (w(1+w))" (|a] + |c]),
(w(1 +w)) " (la] + [d]), (w(1 +w))~*([b] + [¢]),
(w(1+w))~ (b +1d]), (1 + w)~*(Ja — b| + |e — d),
(1+ w)_2(|a + b+ |c+ d|)}

Proof. (a) Let 0 <w < 1. Notice that
ext By, = { £ (1,0), £((1+w)™L £(1 +w) ™), £(0, 1)}.

By the bilinearity of T, we have

I = sup {IT((1, ), (w2, 9)] < (25,05) € ext B for j=1,2}
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= max {|T((1,0), (1,0))],|T((0,1), (0, 1))[,T((1,0), (0,1))],1T((0,1), (1,0))],
IT((1,0), £((1 +w) ™", £(1 +w)™ )] T(F((1 +w) ™ £(1 +w) ™), (1,0))],
T((0,1), £((1 +w) ' £(1 +w) )], [T(FH((1+w) ™, £(1+w) ™), (0,1))],
T(+((1+w) ™, +(1+ >>xu+w>, —(14w)™)],

IT(((1+w) ™ =1 +w) ™), ((1 ) ,(1+w)™h)],
IT((1+w) ™ (T+w) ™), (1 + ) (1+w) 1))I7
(

T(1+w) ™ —1+w)™), (T4+w) ™ =1 4+w) ™)}
= max {|al, 0], e, |d], 1+w) " (Ja|+]e]), (1+w) " (Jal+1d]), (1+w) (6] +]c]),
(14 w) 1 (o] + |d)), (1 +w)"%(la — b| + |c —d]), (1+w)_2(|a+b|—|—|c+d|)}.

(b) Let w > 1.

- -2
Claim: HTHﬁ(zRi(w)) = Hw TH .

Notice that ||(w™tz, w™'y)|low) = || (z,v)||, (2, for (z,y) € R2. It follows that
(w) o(3)

LeR? )

w

= sup ‘w_anwg + w_Qbylyg + w_QCzplyg + w_Qda:le’

”(x]’y])”o(%)zlv j:172
= sup a(w o) (was) + b(w_lyl)(w_lyg)
[(w=tzjw™ty;)llo@)=1, j=1,2

+e(w ) () + d(w ) (w )
= ITllcex

By (a), we have

_ -2 -2 -2 -2
HTH[Z(QRi(w)) - H(w a,w b:w c,w d)Hﬁ(QRi(L))
= max {w_Qfa\ w? ], w2, w™?|d], (1 +w™) " (w?[a] + w™?|e]),
(1 +w™ ) w™?fal +wd]), (1 +w™) " (w ™[] +w™2|e]),

T+ w ) w?la+ b +w?c+d])}

= {w?lal,w?b, w?|e], w?|d], (w(1 +w)) " (la] + [c]),
(w(1+w)) " (la] + |d]), (w(1 +w)) " (|o] + |c]),
(w(1 +w))~ (] + |d]), (1 +w)7*(la — b] + |c — d]),
(I4+w)*(a+0b+|c+d)}. O

Hw
(L+w™) " (w™?b] +w*d]), (1 + w™ ") (w*|a—bl+w*|c—d]),
*(w

Lemma 2.2. Let 0 <w # 1 and T = (a,b,c, d)€£(2R2 )) for some a,b,c,d€R.
Then, there exists T' = (a*,b*, c*, d*) € L(°R2 ) witha*,b*, c*, d* € {£a, £b, ¢, £d}
where a* > |b*| and a* > ¢* > d* >0 and ||T|| = ||T"].

Proof. If a < 0, taking —7', we assume that a > 0. If |b| > a, we simply define
Ty = (]|, sign(b)a, sign(b)d, sign(b)c). Then, ||T3|| = || T
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Hence, we may assume that a > [b]. If ¢ < 0, we define Ty = (a,—b, —c,d). Then,
|Tz|| = ||T||. Hence, we may assume that a > |bl,¢ > 0. If d < 0, we define
T3 = (a,—b,c,—d). Then, |T3|| = ||T||. Hence, we may assume that a > |b|, ¢ > 0,
d > 0.1If ¢ < d, we define Ty = (a,b,d,c). Then, ||T4|| = ||T'||. Hence, we may
assume that @ > |bl,c > d > 0. If a < ¢,b > 0, we define T5 = (¢, d,a,b). Then,
|T5]l = ||IT||. Hence, we may assume that a > |bl,c > d. If a < ¢,b < 0, we
define Ty = (¢, —d,a,—b). Then, ||T5|| = ||T'||. Hence, we may assume that a > |b|
and @ > ¢ > d > 0. Therefore, we can find a bilinear form 7" which satisfies the
conditions of the lemma. ]

Let 0 <w <1 and

B, = {t(0,1)+<1—t)(1%w, 1%0) 0<t<1),
B, = {t(1,0)+(1—t)(1%0, 1%0) ogtg1},
By = {t(1,0)+(1—t)<1iw, J_—lw>.0§t§1},
o= {10.-)+(1-0)(;—, ) 0],
Ay = L@y, (@2.) : (@1,00) € By, (22,92) € B} for i j=1,...,4.

Notice that SRz( = Ui<i<a(EBr).

Lemma 2.3. Let0<w <1 and T = (a,b,c,d) € E(Z]Rg(w)) for some a,b,c,d € R.

Then

Norm(T') = {(i(xl,y1)> i($2792)> : <($1>y1)a (9327242)) = U (Norm(T)ﬂAij)}'
1<i,j<4

Proof. This is obvious. Il

Lemma 2.4. Suppose that 0 <w < 1 and T = (a,b,¢,d) € L(*R ) be such that
|T|| = 1. Let ((xl,yl),(xg,yg)> € Norm(7T), z; > 0 for j =1,2 and 0 < t,s < 1.
Then the following statements hold:
(1) If ((a:l,yl), (l’g,yg)) € Aqq, then

(1, y1), (22, 92))]|

= |r(o.n+0-0( ) s )+ 1= 9) (o )|

14w 1+w 1+w 1+w
b+d b+c at+b+c+d
= ts|b] +¢(1 - ‘ 1—t ’ 1—t)(1— —‘:1,
slb| +¢(1 —s) T + ( )s T + ( )(1 — s) 5wy
(2) If ((xlayl)a (-TQ,QQ)) € Aig, then
T ((z1,91), (z2,2))]
1 1 1 1
= |T(t(0,1 1—t)(——,——),s(1 1— ‘
(0.0 +(0-0(7 ) S0+ 0 =9) (1 o))
b+d a+d a+b+c+d
SR e I e
tsld] +¢(1 = s)| g | + (L= )| |+ (L= 1)(1 = 5) 5wy
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(3) ]f (([El,yl), (l’g,yg)) S Alg, then
T((21,91), (22, 92))]
1 1

- ‘T( (0. 1)+ (1 - t)<1+w 1+w> s(1,0) + <1_8)(1iw’11—1w>)‘

—b+d a+d a—b—c+d
ol 0-ona| e -

= ts|d|+t(1

1+

(4) If (($1,y1), (902792)) € Ay, then

T ((71,91), (72, 92))]

:\TW@U+“—”G§;1iw)<O'” 209 ()]
— s — b+ t(1—s) Il):deu D3| T + (=01 )% _

(5) If (($17y1), ($27y2)) € Ay, then

T((71,91), (72, 92))]
1 1

:\T@L®+“—”G:;q+w)“an+“—ﬁin€fz»!

= tslel + (1) +(1—t)s]%\+(1—w<1—s)% 1,
(6) If ((x1,31). (x2,42)) € Ana, then
T((z1, 1), (22, 92))]
= [0+ 0 0( ) 00+ 09 ()
= tsla]+t(1—s) f:c + (1 —1)s a+d)+ 1—1t)(1— s)azbjuf;d =1.
(7) If (($1a?/1),($2792)) € Aos, then
1 T((z1, 1), (22, 92))]
- ‘T<t(1’0)+(1_t)(1iw’1iw>’8(1’0)+(1_8)<1iw’1:—111)))‘
= tsla| +t(1 —s) f;;’ +(1-1)s fii‘ +(1—1)(1—2s) %;;;d) =1.
(8) If ((x1,31). (x2,42)) € Agy, then
T((z1, 1), (22, 92))]
—\T@L®+ﬂ—ﬂinqiw)<0 0409 1)
_ ts|—c|+t(1—s)‘f+;;‘+(1—) (- s) “ﬁ;*d‘
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9) If ((%;yl), ($2,y2)) € Asq, then

T ((71,91), (72,92))]
1 -1

= )T(“LO)*“—”(H—W1+w)’3<0’1>+<1—S><1+1w’1%u))1

= tslel 10— )| 0+ (- 0y ITwau—t)a—s) azlbjuf);d 1
(10) If ((z1,31), (w2, y2)) € Asa, then
|T(($1 yl) (1’2 yz))’
- ‘T< (1,0)+(1 - )(1+w 1:—1@0) (1 0)+(1 - S)(liw’l—i-;u))‘
— tslal +t(1—s) i‘ (1—1)s (1 —s) % _ 1
(11) If ((ml,yl), (mg,yg)) € Ass, then
|T((x1,y1),(x2,y2))]
_ ‘T(t(1,0)+(1—t)(l+Lw,111w),5(1,0)+(1—5)(1iw,11—1w))‘
— tsla + (1 — s) f;;]Hl—t)s)%\+(1—t>(1—s> % 1
(12) If ((m,yl),(xg,yg)) € Asy, then
T ((71,91), (72,92))]
_ ‘T(t<1,o>+(1—t)(1+Lw,111w),s<o,—1)+(1—s)(liw,ll—lw))]

a+b—c—d
(1+w)?

a—=cC

= ts|—c|+t(1—s)1+ =1

+(1— t)s‘%‘ F(1-t)(1—s)

(13) [f ((xlay1)> (372,?/2)) € A417 then

T ((71,91), (72,92))]
1 -1

= |01+ ﬂﬁ:;1+w><&w+ﬂ—@inq%;D\

—b+c a—b+c—d‘_
1+w (14+w)? |

= ts|—bl+t(1— s)

)+1 £)s

|+ (1-)(1-5)|

(14) If ((xlay1)>($27?/2)) € Ay, then
T ((z1,91), (v2,92))]
1 -1

= [r(o.-v+a- ﬂG:zl+w)<L®+ﬂ—ﬁinq%;D1
a—b+c—d‘:

(14 w)?

= ts] = d| +1(1 - 5)| T \+ 1—t)s ‘—Z’wt(l—t)(l—s)
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(15> [f ((961,%), (ZEQ,yQ)) < A43, then

T ((71,91), (72, 92))]
1 -1

- ‘T(t(o,—1)+(1—t)(H—w,H—w>,s(1,o)+(1—s)<HLw,1:L—1w>>‘

(1 - >]—“(+1b+; d

= ts| —d| +t(1—s) f_i‘ﬂl—t

(—1
1+w

(16) 1If ((l'l,yﬁ, ($2,y2)) € Ay, then
T((1,91), (w2, 92))]

- )T(t(o,—1)+(1—t)< C—

1 —1
o ire) 0 =) (e )|
a+b—c—d
(14 w)?

b—d b
- ts|b\+t(1—s)‘1+w’+(1—t)s’1+—§)‘+(1—t)(1—5)

’ ~1.
Proof. This follows from Theorem 2.1 and the bilinearity of 7. [

We let Q:{(o,l),(o,—1),(1,0),< CR )( CR— )}

14+w 14w 14w 14w

Theorem 2.5. Let 0 <w <1 and T € LR ). Then
(X,Y)eNorm(T)N(QxQ), XeEB;,Y€EB;

(2) Let (X,Y) € Norm(T) be such that X = tWy+ (1 —t)Wy, Y = sW, + (1 —s)W,
for some VVi,W{ €eQ(,j=120<t s<1).

If there are Wi, W such that (W, W ,) & Norm(T'), then we have (t =0 or 1) or
(s=0 orl).

Proof. (1) Let S :={(z,y) € SRz( ez 0} and

(X,Y)eNorm(T)N(OQxQ), Xe€B;,YeEB;
It suffices to show that if (U, V') € (S x S)\F, then (U,V) ¢ Norm(T).
Let (U, V) € (S x S)\F. Then there are Wy, Wy, W, W, € Q and 0 < t,s < 1 with

U=tWi+ (1 —t)Wy, V =3sW, + (1 —s)W,.

Case 1. (t=0o0r1)and (s=0or1).
Thus (U, V) = (W,,, W .) for some 1 <y, j; < 2. Thus (U, V) ¢ Norm(T').
Indeed, assume that we have (U,V) € Norm(T). Let W, € B, W € B, for

209

some 1 < ig,jo < 4. Thus (U,V) = (VV,I,W ) € Norm(T') N (2 x Q) and hence
(U, V) € (Aiyjo UAjyi,) C F. This is a contradiction.
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Case 2. (0<t<1l)and (s=0or1l).

For each j = 1,2, W; € B, for some 1 < iy < 4 because ||U|[ow) = 1 and V = W,
or WQ' Without loss of generality we may assume that V = Wll Let Wl/ € B, for
some 1 < jo < 4. We claim that (W;, W;) ¢ Norm(T) for j = 1,2. Suppose not.
We may assume that (W, W;) € Norm(7T'). Thus (Wy, W,) € Norm(7T) N (2 x Q).

Hence, (U, V) € (Az'ojo U Aj0i0> C F. This is a contradiction.

Claim. (U,V) ¢ Norm(T).
Suppose not. It follows that

T = [TW.V)| < {T(W, W)| + (L= 0)|T(Wa, Wy)]
< TN+ @ =DITI = 171,

which is a contradiction. Hence, the claim holds.
Case 3. (0 <s<1)and (t=0or1).

For each j = 1,2, WJI € B, for some 1 < iy < 4 because ||V||ow) =1 and U = W,
or W,. Without loss of generality we may assume that U = W;. Let W, € B;, for
some 1 < jp < 4. We claim that (Wl,W;) ¢ Norm(T') for j = 1,2. Suppose not.

We may assume that (W;, W,) € Norm(T). Thus (W;, W,) € Norm(T') N (2 x Q).
Hence, (U, V) € (Ajoio U Aioj(]) C F. This is a contradiction.

By an analogous argument as in Case 2, (U, V) ¢ Norm(T).

Case 4. (0 <t<1)and (0 <s<1).

For each j = 1,2, W; € B;, and W, € B;, for some 1 < i, jo < 4 because ||U]|o(w) =
[V ]lo@w) = 1. We claim that (VVZ,VVJI) ¢ Norm(T') for i,7 = 1,2. Suppose not. We
may assume that (W, W,) € Norm(T). Thus (Ws, W,) € Norm(T) N (2 x Q).
Hence, (U,V) € (Aiojo U Ajolb) C F. This is a contradiction.

We will show that (U, V) ¢ Norm(7"). Suppose not.

|7 = |T(U, V)|
< ts|T(Wy, Wy)| + t(1 = )| T(Wy, Wy)| + (1 = t)s|T(Wa, W)
+ (1 =) (1 = 8)|T(Wy, W,)]
< ts|T(Wy, W)+ t(1 = s)||T|| + (1 — £)s|T (W, W7))|
+ (1 =) (1 = 8)|T(Wa, W,)|
<(ts+t(1—s)+ (1 —=t)s+ (1 —=8)(1—s)||T] = |71,

which is a contradiction. This completes the proof of (1).

(2) Assume the contrary. Then 0 <t < 1 and 0 < s < 1. Without loss of generality
we may assume that ig = 1 and jy = 2.
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Claim. t(1 —s) =0.
Assume that ¢(1 —s) > 0. Then
1T = [T(X,Y)|
< ts[T (W, W)l + (1= )| T (W1, W) | + (1= £)s[T(Wa, W)
(1= 1)(1 = 8)[T(Wa, W)
< ts|T(W, W)+ (L= $)| T + (L — t)s|T (W, W7)|
+ (L= 1)(1 = 5)[T(We, W})|
< (ts+t(1—s)+ (1 =t)s+ (1 =t)(1 = )T = [IT],
which is a contradiction. Hence, the claim holds.

Since 0 <t <land 0<s<1,0<t(1—s)=0, which is impossible. Therefore, we
complete the proof of (2). O

Lemma 2.6. Let 0 < w <1 and T = (a,b,c,d) € £(2Rg(w)) for some a,b,c,d € R
with | T|| = 1,a > |b| = =b and a > ¢ > d > 0. [fm(a—l—b—l—c—i—d) =1, then
a<1-—w?
Proof. By Theorem 2.1, a + ¢ < 1 4+ w. Notice that
(1+wl=a+b+tc+d=(a+c)—|b|+d<1+w—|b]+d

Hence, c>d>d— |b| >w+w?
which shows that —c < —w — w?. Therefore,

a<——c+ (14w <—w—w+(1+w)=1—w O

Lemma 2.7. Let 0 <w <1 and T = (a,b,c,d) € L(*R?

O(w)) for some a,b,c,d € R
with |T)| =1,a > |b| and a > ¢ > d > 0.

1 1

1
or m(d+b+0+d><m(a—b+6—d)§1.
Proof. Assume that

Then b+ d = 0. By Theorem 2.1, a + ¢ < 1 + w. It follows that
l+w)l=a+c<1l+w<(1+w)?
which is a contradiction. Therefore the proof is complete. O

Let W C SRz( | X SR2( - We denote

Sym(W) = {(X,Y),(Y,X):(X,Y)ew}.
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We are now in a position to prove the main result of this paper: In fact, for weight
0 < w < 1, we classify Norm(7') for every T' € E(Q]Rg(w))
Theorem 2.8. Let0 <w < 1 andT = (a,b,c,d) € L*RY ) be such that | T = 1,

a>1|bl and a > c¢>d>0. Then the following statements hold.
Case 1. b >0

1
Subcase 1. m(a—l—b—l—c—i—d) =1

Suppose that a = (a+c)=1.

1
14+w
Ifb=1, then

1 1 1—t ¢t 1
Norm(T)z{(:i:(—,—),:l:(—, W >>,
l1+w 14+w l+w 14w
1—¢t ¢t 1 t 1 1-—-1¢
<:i:(—7 W )7i<071>)7(i(170)7i(w+ 7—>>
14+w 14w l1+w 14w
t 1 1-—+¢ 1 1
(+ () () oz}
1+w 14w 14w 14w

If w? < b < 1, then

Norm(7") = {(i (170>7i(tfv++1(;1’ 11-!—;12;))

1 1-— 1 1
(2 (B ) (i ) =)
1+w’ ' 14+w 14+w 14+w

If b= w?, then Norm(T) = Ay,.

1
Suppose that 1+w(a+ c) <a=1.

Ifb=1 and c # 0, then
Norm(T) = {(:I: (1,0), j:(l,O)), (i (0,1), (0, 1)),
(+ (o) = )b

Ifb=1 and c =0, then

Norm(T) = { ( +(1,0

\_/

+(1,0)), (£(0,1),%(0,1)),
(+ () (5 ) (5 @) ()

If b <1 and ¢ # 0, then

o) = {(00.200), (4 (g ) 2 )
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If b <1 and c =0, then
Norm(T):{(i(l,O),i(l,O)),(i( L L >i—< L L ))

I1+w 1+w I1+w 1+w
1 -1 —
(o ) ()
1+w 1+w 1+w 1+w
Suppose that a < 1+w(a+c) =1
IfT ¢ Ly(*R3,,), then
t 1 1-—t¢ 1 1
Nmmau::{(i<w+, )= (+— )):0<t<1}
l+w’ 14w 1+w 14w
[fTGES(2]R3(w)), then

o) = s ({( (455 L) () oo <1)).

swmwemmHmﬂmT$Em+cn<1.
Ife+0, then
Nom(™) = {(+ (e ira) *(rw rra))
If e =0, then
Noru(1) = {(+ (5 0 # (e 1))
((rwrre) *(rwrre))

1
Subcase 2. m(a+b+c+d)<1

Suppose that a = —(a +c) = 1.

Ifb=1, then Norm(T') = {(j: (%,i—t}j),i(&l))a

tw+1 1—t
(:I:(l,O),:I:( iy —)) :0§t§1}.
14w 14w

Ifb<1landT ¢ ES(QRz(w)), then

Norm(T) = {(i(l,()),i( R

Ifb<land T € £3(2Rz(w)), then

Norm(T) = Sym({(j:(l,O),:t(tw+1 1_t)>20§t§1}>.

14+w’ 14w

Suppose that : ! (a+c)<a=1.

w

Ifo =1, then Norm(T) = {(i (1,0),i(1,0)>, (i (0,1), (0, 1))}.
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Ifb<1, then Norm(T) = {(i (1,0),1(1,0))}.

Suppose that a < . L (a+c)=1.

+w

IfT ¢ ES(QRz(w)), then

Norm(T) = {(i (1,0), i(ﬁ HLM))}

If T € Ly(*R3,,), then

o) = sy ({(£ 001515 1))

Case 2. b<0

Subcase 1. ﬁ(a%—b—l—c—l—d} <

1+ w)?

Suppose that a = 141_ (a+c)=1.

w

Ifb=-1 and\/§—1<w§@, then
1 -1 1—¢ ¢ 1
o) = {(+ (1 o+ (5 50)
1+w 1+w 14+w 14w

(i(l_t tw+1>,i(0,1)>,<i(1,0),i(

l+w 14w

(+ (o )=o) osestk
If b=—1 and w:\/ﬁ—l, then
Nom(r) = sy ({(+ (5. 22) = (L M2,
(i(l_t _( 2_1t+1>,j:(0,1)),

tw+1 1—t>)
1+w 14+w//’

V2 V2
(i(l,O),i<(\/§_\/1§)t+1, 1\;;)),

(= (33 25 7)) ose=1))

272

V2 V2

If w?4w<|b] <w?+2w <1, then

tw+1 1—t>>

Norm(T) = {(i(lao)’i<1+w’1+—w

1 t—1 1 1
i(i(thr A >i—< , )>;0§t§1}.
1+w 14w 1+w 1+w

123
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If |b] =w?+2w <1, then
Norm(7) = Sym ({ ( + (1,0), :l:(?{:;j, 1:_%)),

1 ¢t—1 1 1
(o (B s ) i< 1)
14+w ' 14+w l14+w 14w

1
T (a+c)<a=1.

w

Suppose that

Ifb=—-1, c#0,T ¢ LR, then
Norm(T) = {(i (1,0), i(l,O)), (i (0,1), +(0, 1)>,
(= (o) *rw rra)
Ifb=—-1, c#£0and T € Es(QRz(w)),
Norm(7) = Sym ({ (= (1,0),£(1,0)), (= (0,1, +(0. 1)),

(+ (o) Hmema)h)

Ifb=—1, c=0, then
Norm(7T) = {(:I: (1,0), £(1, 0)), (i (0,1), (0, 1));

(+ (535 w) (= (F R (F )
If b <1, c#0andT ¢ £8(2R3(w)), then
Norm(T) = {(i(l,O),i(l,O)),(i (L _—1)i<; L))}

I+w 1+ w I+w 14w
If (b <1, c#0andT € £8(2R3(w))) or (|b] < 1,¢=0), then

Norm(T) = Sym ({ (i (1,0),i(1,0)>, (i <1+;w ﬁ)i(ﬁ ﬁ)) })

1
+w

(a+c)=1.

Suppose that a < 1
IfT ¢ ES(QRi(w)), then
Norm(T) = {(i(tw+1 t_1>,i< CH )):ogtgl}.

14+w’ 14w 14+w 14w

IfT € ES(QRi(w)), then

tw+1 t—1 1 1
Norm(T) = § ({(i( ,—),i(—,—>>:0<t<1 .
orm(T) yin l+w' 1+w l+w l+tw ==

1

1+w

Suppose that max{a, (a+c)} <1

IfT ¢ Ly(°R3,,), then

o) = {(+ (= 7))
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IfT e 55(2Rz(w)), then

Noru(r) = sy ({(+ (i 150 = () D)

1
s(la—b+c—d) <

Subcase 2. (e

(1+w>2(a+b+c+d):1.

(a+c)=1.

Suppose that a < : L

+w

IfT ¢ ES(QRz(w)), then

Norm(T) = {(i(tw+1,1_t>,i< LR )):0§t§1}.
l+w 14w l+w 14w
If T € Ly(*R3,,), then

o) = s ({(+ (4550 L0) (1)) oo <1)).

1
1+w

If max{a, (a+c)} <1, then

Norm(T) = {(i <1—iw’ 1iw>’i(1iw’ 1iw>>}

1 1
Subcase 3. max{m(a—l—b—i—c—i—d),m(a— b+c—d)} <1
1
Suppose that a = H_w(a +c)=1.

Ifb=—1and T ¢ ES(QRz(w)), then
Norm(T) = {( +(0,1), £(0, 1)), ( +(1,0), i(

Ifb=—1and T € LR ), then

),i(@,l)),(i(1,0),i<@,ﬁ>) :0§t§1}>.
If | <1 and T ¢ L,(°R2, )

o(w)/?

t 1 1-—t¢
w + )):O

1+w’' 14+w

Norm(T") = Sym ({ ( +(0,1

Norm(7) = Sym ({ ( + (1,0), :i:<

Suppose that : ! (a+c)<a=1.

w

If b= —1, then Norm(T) = {(j: (1,0),i(1,0)>, <j: (0,1), £(0, 1))}.

If b < 1, then Norm(T) = {(i (1,0),1(1,0))}.
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1
Suppose that a < 1+w(a +c)=1.

IfT ¢ £.CR2,), then Nom(T) = { (1,0),i(1+Lw, HLw))}

IfT € L,(R%,)), then Norm(T):sym({<i(1,0),i<ﬁ,ﬁ))}).

Proof. We only present the proofs for each Subcase 1 of Case 1 and Case 2 because
the proofs for the other subcases are similar.

By Theorem 2.1, ¢ < 1% because ||T|| = 1. Let us take (X,Y) € Norm(7T'), where
X = (z1,y1) and Y = (z9,99) for z; >0 (5 = 1,2).

Case1l. b>0

By Lemma 2.7, ﬁ(a—b+c—d)<(1_:w)2(a+b+c+d)§1

Subcase 1. ﬁ(a—i—b—l—c—i—d):l.

By Theorem 2.1, a = f=(a+¢) =1, 5=(a+¢) <a=1la < z(a+c)=1or
max{a, —(a +¢)} < 1.

Suppose that a = 1+w ——(a+¢) = 1. Obviously, c = w > d. Let b= 1. Then

_ 2102
T=(1,1ww+w-1) ¢ LLRZ,)
By Theorem 2.5(1), (X,Y) € Aj; U Ay because ¢ # 0.
Let (X,Y) € Ay;. By Lemma 2.4,

|T((1‘1, yl)a (932, yz))|
_ ‘T(t<o,1)+(1—t)(L,L>,s(o,1)+(1—s>(L,L))‘

1+w 14+ w 14+w 14+w
b+c a+b+c+d
— tslb| £ 1(1— s ‘ 1—t 1—)(1— —‘:1.
s[b] + t( +( )Sl—i—w + (1 =1)(1—s) 15 w)?

By Theorem 2.5(2), t(1 —s) = 0. If t = 0, then, for every 0 <t < 1, we have

(= (i ) =00+ 0-0 (5 15))) € Norm)

If s =1, then
(i (t(0,1)+(1 —t)(
Let (X,Y) € Ag. By Lemma 2.4,

1T ((71,91), (72, 92))]
1 1

- [l 0-0(mg ) 00+ 09 (55 5)|

a+c a+d a+b+c+d

1 1

T H—ﬂ})),i(O, 1)) € Norm(7') for every 0 <t < 1.

‘:1.
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By Theorem 2.5(2), (1 —t)s = 0. If ¢t = 1, then, for every 0 <¢ <1,
1 1
i(l, ,i(tl, 1—t<—,—>>>> Norm(T).
(= (o =(t0+ (1 -0 15)))) € Norm(T)
If s =0, then, for every 0 <t <1,
1 1 1 1
00+ 0 0( ) (e L)) e Nomi)
(% (.0 +( o Trw o 1rw)) € Nomd)
Let b < 1. Then w? < b. Notice that ifw2<b<1,thenT¢£s(2R§(w)) and that if

b=w? then T = (1,w? w,w) € ES(Q]R?)(W)). By the above arguments as in the case

b =1, we get the results asserted in Theorem 2.8.

Suppose that 1+1 (a+c) <a=1.

w

By Theorem 2.5(1), (X,Y) € Aj; U Ay U As3 because ¢ may be zero. Notice that if
b=1andc#0, then vV2—1 < w < 1 and that if b= 1 and ¢ = 0, then w = v/2—1.
Note that if b < 1 and ¢ = 0, then w < v/2 — 1 and T' = (1,w? + 2w, 0,0). By the
above arguments as in the case b = 1, we get the results asserted in Theorem 2.8.

(a+c)=1.

Suppose that a < : 1

w

By Theorem 2.5(1), (X,Y) € Aj1 U Ay because ¢ # 0. By the above arguments as
in the case b = 1, we get the results asserted in Theorem 2.8.

1
e (a+c)} <1
By Theorem 2.5(1), (X,Y) € Aj; U Ags U A3z because ¢ may be zero. Notice that if

¢ =0, then 0 < w < v/2 — 1. By the above arguments as in the case b = 1, we get
the results asserted in Theorem 2.8.

Suppose that max{a,

Subcase 2. a+b+c+d) <1

o ¢
(1+w)?
By Theorem 2.5(1), (X,Y) € Aj; U Ayy. By Theorem 2.1,

a= (a+c)=1.

1 1
(a+c)=1, m(a+c)<a—1 or a<

1+w w

Suppose that a = (a+c)=1.

14+w
Ifb=1,thenvV2—1<w<1,T=(11,w,d) ¢ L,(*R,,) for some d < w’+w—1.

1

(a4+c)<a=1. Ifb=1,then V2 -1 <w < 1.
1+w

Suppose that

Note that Norm(7") in each step is contained in the norming sets which occurs in
each step in the Subcase 1. Since the results in the subcase 2 follows from those in
the Subcase 1, we omit the proof of the Subcase 2.

Case 2. b<0

By Lemma 2.7 we have

1
s(@+b+c+d) <

e (a—b+c—d)=1,

1+ w)?
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(a—b+c—d) < (a+b+c+d) =1,

(14 w)? (1 +w)?

or max{ (a—b+c—d) (a+b—|—c—|—d)}<1

b
(14 w)?
(a—b+c—d)=1.

1
(14 w)?

1
Subcase 1. m(a+b+c+d> <

(14+w)?
By Theorem21 a:L(a—i—C):l 1+w(a+0) <a=1, a<p+w(a—|—c):10r

max{a (a+c)} <1

71+

Suppose that a = (a+c)=1.

1
1+w
By Theorem 2.5(1), (X,Y) € Ay; U A3y, Obviously, ¢ = w > d.
Let b = —1.

Notice that v/2 — 1 < w —1<w<\f
T = (1 —1,w,—w —w+1) ¢ ES(Q]Rg(w)).

If w=+v2-1,then T = (1,-1,vV2 - 1,v2 - 1) € L,(*R},). If b= —1, ¢ #0,

T ¢ L(RY,,), then V2 -1 <w < 1. If (b= —1, ¢ #0, T € L,R,,) or

(b=—1, ¢c=0), then w = 2 — 1.

Let (X,Y) € Ay. By Lemma 2.4,

1T ((v1,91), (22, y2))]

1 -1 1 1
—|7(t0,-1)+ 1 -t)(—— —— 1)+ (1— ——‘
‘ <(0’ )+ ( )<1+w’1+w>’8<0’ )+ ( S)<1+w’1+w>>
b+d b—c a—b+c—d
_ (1—s ‘ (1— ‘—’ 1—)(1— ‘—‘:1.
= ts|b| + t( +(1—1)s T w +(1—=1t)(1—ys) At
By Theorem 2.5(2),15(1—3)20. If t = 0, then, for every 0 <t <1,
1 -1 1 1
t(— ) (o)) —— Norm(T).
( <1+w’1+w>’ <(O’ )+ )<1+w’1+w>>>€ orm(T)
If s =1, then, for every 0 <t <1,
1 1
(i <t(0,—1)+(1 —t)<1+w,—1+w>>,i(0,1)> € Norm(T).
Let (X,Y) € Asy. By Lemma 2.4,
‘T((xbyl)a(x%yZ))’
= |r (i 0+ (1) )os(L0) + (1= 9) (o )|
’ 14w 1+w/ 7 14w 14+w
a+c a—b+c—d
= 1-— 1-— 1— —_—— | = 1.
tsfal + 41— )| 0 4+ (1= 1)s =9 ‘

By Theorem 2.5(2), (1 —t)s = 0. If ¢t = 1, then, for every 0 <t <1,

(£(1.0),£(1(1.0) + (1 - )( LR ))) € Norm().

I+w 1+w
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If s =0, then, for every 0 <t <1,

(i(“Lm**l—”(yiwaiﬂ)iliun1iw))EN“mWW

Let || < 1.

Notice that w? + w < |b] < w? 4+ 2w. Note that if w? + w < |b] < w? + 2w,
then T ¢ L (QRz(w ) and that if [b| = w? + 2w, then T' € L,(*R,,). By the above
arguments as in the case b = —1, we get the results which asserted in Theorem 2.8.
Suppose that —(a+c¢) <a=1,a < —(a+c) = 1 or max{a, 71— Tw (a+c)} < 1. By
Theorem 2.5(1), (X,Y) € A4 U Aso. By the above arguments as in the case b = —1,
we get the results which asserted in Theorem 2.8.

1 _
(1+w)? (14 w)?

Notice that ¢ # 0. Thus by Theorem 2.5(1), (X, Y) € A1 U Ag. By Lemma 2.6,
a <1—w? Thus, a < gz(a+c) =1 or max{a, 7 (a+c)} < 1. By the analogous
arguments as in the subcase 1 of the case 1, we get the results which asserted in
Theorem 2.8.

Subcase 3. max{ﬁ(a —b+c—d),

Subcase 2. a—b+c—d)< (a+b+c+d)=1.

a{zﬁm+b+c+@}<L

By Theorem 2.5(1), (X,Y) € A3 U Ags. By Theorem 2.1, a = HLw(a +c) =1,

1+w(a +co)<a=1lora< 1J+w(a +¢) = 1. By analogous arguments as in Subcase 1
of Case 1, we get the results asserted in Theorem 2.8. This completes the proof. [J

Finally, we classify Norm(T") for every T' € E(QR?)(U))) with weight w > 1 in terms of

Norm(w~2T') which was classified in Theorem 2.8.

Theorem 2.9. Let w > 1 and T = (a,b,c,d) € LR ). Then

Norm(7T) = {((w’lxl,wflyl), (w’le,w’Iyg)) : ((xl, y1), (22, yg)) ENorm(w’QT)},
where w 2T € E(QRi(w,l)).

Proof. Let ((z1,41), (2,42)) € Norm(w>T). Notice that

(s 050 o) = 12, 95) oy = 1 for i = 1,2,
It follows that

||T||L(2Rg(w)) = Hw_QTHE w2 )T |w_2T((x1,y1), (%;?Jz))‘

= ‘T((w T, w ), (w’lxg,wflyg)) ,
which shows that ((w™'z1,w™y1), (wzs, w 'ys)) € Norm(T). Hence,
{((w‘lxl, w™ ), (w s, w_lyg)) : ((:171, Y1), (T2, yg)) GNorm(w_zT)} C Norm(T).
For the reverse inclusion, let ((ul,vl), (usg, U2>) € Norm(7'). Then

| (wui, W) ow-1) = || (s, Vi) |loqwy = 1 for i = 1,2.
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It follows that
‘w_2T<(wu1,wvl), (wu2,wvg)>‘ = ‘T((ul,vl), (u2,02)>‘
_ _..—2
= HTHL(Q]Rg(w)) = Hw THL(QRi(w_l))a

which shows that ((wu;,wv), (wus,wvs)) € Norm(w™>T'). Hence,

{((w™ 'z, w™ly), (W, w_1y2)> :((z1, 1), (22,92)) €Norm(w>T) } 2 Norm(T).
The proof is complete. [

Remark 2.10. By means of Theorem 2.8 and 2.9, we have classified Norm(7") for
every T' € L(*R2,,)) with weight 0 < w # 1. O
In [9], Kim posed the following question:

Let E be a real Banach space. Let T,S € L(2E) be such that ||T|| = ||S| and
Norm(T") = Norm(S). Is it true that T = £57

Kim [9] showed that the question is true for E = [}, where I = R? with the [;-
norm. Note that the question is not true in general: Indeed, let T" = (1, b|,0,0)
or (1,—10],0,0) € £(2Rg(w)) for 0 < [b] < min{l,w? + 2w} and 0 < w < 1. Then
by Subcase 2 of Case 1 and Subcase 3 of Case 2 of Theorem 2.8 we conclude that
Norm(T') = {( £ (1,0),%(1,0)) }.
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