Journal of Convex Analysis
Volume 30 (2023), No. 1, 175-204

On Concentration Behavior and
Multiplicity of Solutions for a System in R"

Segundo Manuel A. Salirrosas

Universidade de Brasilia, Dep. de Matemdtica, Brasilia, Brazil
semaarsa@gmail.com

Received: February 23, 2021
Accepted: July 11, 2022

We describe a result on the asymptotic behavior of the solutions of a system with two elliptic
equations in RY involving a small parameter. More precisely, we study the system

—e?div(a(z)Vu) +u = Qu(u,v) + 2l*l(u(u7 v) in RY,

A
2*
u,v € HY(RY), u(z), v(xz) >0 for each 2 € RV,

—e2Av + b(z)v = Qy(u,v) + — Ky (u,v) in RY,

where 2* = 2N/(N —2), N > 3, e > 0, a and b are positive continuous potentials, and ) and K are
homogeneous functions with K having critical growth. We use the penalization method for system
introduced by C.O. Alves [Local mountain pass for a class of elliptic system, J. Math. Analysis
Appl. 335 (2007) 135-150] in order to find a family of solutions (u.,v.) in H*(RY) x H*(RY) such
that, if II. , and Il ; are maximum points of u. and v, respectively, then

lim a(ll; ;) = inf a(x) and lim b(Il.,) = irﬁéfN b(z).
re

e—0+ z€ERN e—0+

Moreover, we relate the number of solutions with the topology of the set where the potentials a
and b attain their minima. We consider the subcritical case 7 = 0 and the critical case v = 1.

Keywords: Elliptic systems, Schrodinger equation, Ljusternik-Schnirelmann theory, positive solu-
tions.
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1. Introduction

Motivated by Floer and Weinstein [19] and Oh [25], [26] and [27], Rabinowitz shows
in [29] existence of a family of solutions u. of the problem

(R) —?Au+V(z)u = f(u) in RY,

where £ > 0 is a small parameter. In [30] Wang showed that the family of solu-
tions found by Rabinowitz concentrates around a local minimum of the potential
V', when ¢ converges to zero. Wang also noted that the concentration of any family
of solutions with energy uniformly bounded can only occur in a critical point of V.
Del Pino and Felmer [13] were the first to study (R) from the local point of view. In
[13] a penalization method was created to find a family of mountain pass solutions
that concentrates around a local minimum of V.
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Equations in this way appear in different physical and biological models, in which
the presence of a small € > 0 diffusion parameter is natural. For example, in the
study of the existence of standing waves, that is, solutions of the form

vl =exp (T2 ) )

for non-linear Schrodinger equations of the type

<9 = PGV ()~ F),

the problem is reduced to an equation similar to (R).

On the other hand, Caldiroli and Musina [9] studied the problem
(CM) —div(a(x)Vu) = g(z,u) in Q, w=0 on 01,

where a is measurable, nonnegative and can be vanishing at some finite number of
points if €2 is bounded and it can be vanishing at infinity number of points if Q is
unbounded. The authors proved the existence of solutions by variational methods.
In [28] Passaseo considers problem (C'M), where g has a powerlike behaviour and a
is bounded. Here the case inf a = 0 is considered, so that the equation is degenerate,
and standard variational techniques do not apply; on the contrary, some concentra-
tion phenomena arise, similar to those occurring with critical exponent. The author
proves first a very general identity (similar to the Pokhozhaev identity), from which
he deduces a nonexistence result in starshaped domains. Then he gives a condition
on a, sufficient to ensure the existence and multiplicity of nonnegative solutions, and
shows that this condition is optimal. Finally, he studies the effect of the topology of
the vanishing set of the function a on the number of positive solutions of uniformly
elliptic problems, which approximate the one given. In [10] Chabrowski showed an
existence result, where a is a positive function on the outside of a ball.

Lazzo in [22] and Figueiredo and Furtado in [14, 15, 16] showed multiplicity of
solution for problem (C'M) using category theory. However, they do not show
concentration results.

Concentration phenomena, as described above, for elliptical systems are also known
in the literature. In the spirit of problem (R), Alves and Soares [4] showed concen-
tration and existence of solutions for the system

— 2 Au+ W (x)u = Qu(u,v) in RY,
(AS) —2Av +V(2)v = Q,(u,v) in RY,

u,v € HY(RY), wu(x),v(x) >0 for each v € RY.
The system (AS) in the spirit of problem with techniques of Del Pino and Felmer
[13] was studied in [1], [20], [21] and [24].

Alves, Figueiredo and Furtado in [2] and in [3], Ambrosio in [7] and [6] showed
multiplicity of solution for system (AS) using category theory. However, they do
not show concentration results.
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Concentration and multiplicity of solutions using category theory for the system
—e2div(a(z)Vu) + u = Qu(u,v) + 5= Ky(u,v) in RY,
—e2div(b(z)Vv) + v = Qy(u,v) + 5= K,(u,v) in RY,

u,v € HY(RY), u(z),v(z) >0 for each z € RY

was showed by the authors of this paper in [18].

Motivated by the results just described, a natural question is whether the same phe-
nomenon of concentration and multiplicity results involving category theory occurs
for the following class of gradient systems that now we describe below.

In the first part of this paper we are concerned with the existence, multiplicity and
concentration of positive solutions for the following system given by

—e2div(a(r)Vu) + u = Q,(u,v) in RY,
(S:) —2Av +b(x)v = Qy(u,v) in RY,
u,v € HY(RY), wu(zx),v(z) >0 for each x € RV,

where ¢ > 0, N > 3, 2" = % and a, b are continuous potentials. The hypotheses

on the functions a and b are the following:

(aby) There are ag > 0 and by > 0 such that
ap < a(r) and by < b(x) for all z € RY.
(aby) There exists a bounded domain A C RY such that

ag = ;Ielg a(x) < xler}?an(x) and by = irelzf\ b(z) < xlenaf/\b(x)'

Setting R? := [0,00) X [0,00), for any given ¢ > 1 we denote by H? the collection
of all functions ' € C*(R%,R) satisfying the following properties.

(HI) F is g-homogeneous; that is

F(As,At) = \F(s,t), foreach A >0 and (s,t) € R:.
(HY) There exists ¢; > 0 such that

|Fs(s,t)| + |Fi(s,t)] < q (sq’1 + tqfl) for each (s,t) € Ri.
(Ha) F(s,t) > 0 for each s,t > 0.
(H3) VF(1,0)=VF(0,1) = (0,0).
(H4) Fi(s,t), Fi(s,t) >0 for each (s,t) € R%.

We relate the number of solutions of (S.) with the topology of the set of minima of
the potentials @ and b. In order to present our result we introduce the following set:

M ={z e R :a(x) =ay and b(x) = by} # 0.

We recall that, if Y is a closed set of a topological space X, catx(Y") is the Ljusternik-
Schnirelmann category of Y in X, namely the least number of closed and contractible
sets in X which cover Y.
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We denote by M := {x € RN : dist(z, M) < §} C A, the closed d-neighborhood
of M, and we shall prove the following result.

Theorem 1.1. Suppose that a and b are continuous potentials satisfying (aby) and
(absg). Suppose also that Q € HP for any 2 < p < 2*. Then,
(i)  Foralle >0, system (S.) has a ground state positive solution.

(ii) For any 6 > 0 there exists €5 > 0 such that, for any € € (0,g5), the system
(S:) has at least caty, (M) positive solutions.

(iii) If (ue,ve) is a solution for (S;) and if 11, , and Il are mazimum points of u.
and v, respectively, then Il ., I1., € A, lim+ a(ll. ,) = ap and lim+ b(IL. ) = by.
e—0 e—0

(iv)  Each solution (u.,v.) € C**(RY), for some A € (0,1).

In the second part of the paper we deal with a critical version of (S.), namely the

system
—ediv(a(z)Vu) +u = Qu(u,v) + 3 Ky(u,v) in RY,

(CSe) —2Av+b(x)v = Qy(u,v) + £ K,(u,v) in RV,
u,v € HY(RY), wu(z),v(z) > 0 for each x € RY.

In order to deal with the critical growth of the nonlinearity we assume the following

hypotheses on the functions ) and K:

(A4)) K € H? and Q € HP for some 2 < p < 2%,

(A2) The 1-homogeneous function G : R2 — R given by G(s*,t%) := K(s,t) is
concave.

(A3) There exists ¢* > 0 such that Q(s,t) > MO for all (s,t) € RZ, A\, B> 1,
A+ (B =:p € (2,2, forall ¢ > o*. P

The hypothesis (Ay) appeared for the first time in [12] and it will be used in Propo-

sition 6.2.

The constant ¢* will also appear naturally in Proposition 6.2.

The critical version of Theorem 1.1 can be stated as follows.

Theorem 1.2. Suppose that a and b are continuous potentials satisfying (aby) and
(absg). Suppose also that Q and K satisfy (A1) — (As). Then,

(i)  There exist £9 > 0 such that, for any e € (0,e0) the system (CS;) has a ground
state positive solution.
(ii) For any 6 > 0 there exists €5 > 0 such that, for any € € (0,g5), the system
(C'S:) has at least caty, (M) positive solutions.
(iii) If (ue,ve) is a solution for (C'S;) and if Il , and 11, are maximum points of u.
and v, respectively, thenIl. 4, I1., € A, lim+ a(ll. ,) = ap and lim+ b(IL. ) = by.
e—0 e—0

(iv)  Fach solution (u.,v.) € C**(RY), for some X € (0,1).

In several results mentioned above, the existence of solutions is related to the exis-
tence of a minimum of the potentials. Therefore, it seems natural to ask if concen-
tration behavior and multiplicity results hold for the systems (S:) and (C'S:). The
answer for this question is positive.
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The present work is strongly influenced by the articles above. Below we list what
we believe that are the main contributions of our paper.

(1) We give results of concentration and multiplicity for a new class of system that,
at least to our knowledge, had never been studied before.

(2) Since the potentials are in different positions in the equations, some results
need to be adapted, such as Lemma 2.1.

The paper is organized as follows. In order to overcome the lack of compactness,
in Section 2 we make a penalization of the nonlinearity using arguments that can
be found in [1]. In Section 3 we show existence of solution for the auxiliary system
introduced in Section 2. In Section 4 we obtain uniform estimates in order to show
that the solution of the auxiliary system is a solution of the original system. The
proof of the main result in the subcritical case is in Section 5. The critical case is
studied in Section 6.

2. Variational framework and a modified system

Since we are interested in positive solutions we extend the function () and K to the
whole R? by setting Q(u,v) = K(u,v) = 0 if u < 0 or v < 0. We also note that for
any function F' € H?, we can use the homogeneity condition (H) to conclude that

qF(s,t) = sFy(s,t) + tF(s,t) (1)
and q(q — 1)F(s,t) = s°Fi(s,t) + t*Fy(s,t) + 25t Fy(s, 1) (2)
for any (s,t) € R2
Hereafter, we will work with the following system equivalent to (S.).
—div(a(ez)Vu) + u = Q,(u,v) in RY,
(S.) — Av+bex)v = Q,(u,v) in RY,
u,v € HY(RY), wu(z),v(z) > 0 for each z € RY.

In order to overcome the lack of compactness originated by the unboundedness of RY
we use a penalization method. Such kind of idea has first appeared in the paper of
Del Pino and Felmer [13]. Here, we use an adaptation for systems introduced in [1].

We start by choosing o > 0 and considering 7 : R — R a non-increasing function of
class C? such that

n= 1 on (—O0,0é], n= 0 on [506, +OO>7 |77/<S)| S

for each s € R and for some positive constant C' > 0. Using the function 7, we

define Q : R? — R by
Qs, 1) == n(|(s,)NQ(s, 1) + (L= (| (s, £) ) A(s* + ),
where A= max{ Qls.0) (5,t) €ER? a < |(s,1)] < 504}.

52+ t2

Notice that, since A > 0 tends to zero as a — 07, we may suppose that A € (0, 1/4)
where = max{1,1/by} "
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Finally, denoting by I the characteristic function of the set A, we define the function
H :RY x R? — R by setting

H(z,s,t) = Ir(2)Q(s,t) + (1 — I (2))Q(s, t). (4)
For any a > 0 small and (s,t) € R? we have the following result.

Lemma 2.1. The function H satisfies the following estimates:
(Hy) pH(x,s,t) = sHg(x,s,t) + tHy(x,s,t), for each x € A.

(Hy) 2H(x,s,t) < sHy(x,s,t) + tH;(x,s,t), for each x € RNV \ A.
(Hs) For a small we have for each v € RN \ A:

sHy(z,s,t) + tHy(x,s,t) < (S +b(x)t )

(Hy) For a small we have ‘Hs(iy’&t)', ‘Ht(zs’t)‘ < g for each x € RM\A.

Proof. Since H(z,s,t) = Q(s,t) on the set A, we can use (1) to get
pH(z,s,t) = sHy(x,s,t) + tH(z, s,t)
for all x € A. This proves (H).

In what follows we denote |z| := v/sZ + 2. Notice that H(z,s,t) = Q(s,t) for all
r € RV \ A, consequently

H, = U%Q + Qs — n’ﬁA(SQ + %)+ 2A(1 — n)s
and Hy = n’é@ +nQ: — n'é—‘A(SQ +1%) + 2A(1 — )t

so, sH,+tH; =1n'|z| [Q — A(s* + t2)} 4+ 1 [5Qs + Q] + 2A(1 — n)(s* + 7). (5)

Notice that, in view of the definition of A, we have Q(s,t) — A|z|?> <0, for all x
belonging to the support of 1. Hence recalling that " < 0, we can use the above
estimate, (5), (1) and the fact 2 < p < 2*, to obtain

sHy + tH, > pnQ + 2A(1 — n)|z[> > 2 [nQ + A(1 — n)|2|?] =2H

for all z € RN \ A. Thus, (H,) holds.

Since 7 is smooth and supp 7' C [«, 5], we can use (5), (HY), (3) and the definition
of A, to get

sHy + tH, Q(s,t) n
e T L2+t2 EE [5Qu Q)+ 24(1 =)
Q(s,1)
< 7|7 [52+t2 —1—201 5 (s +17) +2A(1 —n)
Q(s, t) P
< 1l |20 ] ¢ sy 1 a4

C
< — -5a- 24+ 4dei(ba)P? + 4A.
«
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Then, for a sufficiently small we have that
sHy+tH, < 4(3 + 7).

Thus, for this choice of o, we can use the above estimate and (ab;) to obtain, for

each z € RV \ A,

sHy+tH; < ! (s* + b(z)t?)

W

showing that (H3) holds.

Since H(x,s,t) = @(s, t) for all z € RV \ A, from definition of @, supp ' C |, 5ay],
(HY) and (3)

’Hs(xasat)‘ = Q+77Qs_ (S —|—t2)—|—2A(1— )
| | IZI
Q(s,1), 12 1 1 2
< | ZH2|Z| + [nler (s + 77 + || Alz] + 44| 2]
< / Q( ) 2 2 p—1 A 2 4A
< |?7|2+t2||+|n| cilz[P70 + | Al + 44z
c 2 o C 2
< — - A-25a° 4+ 2¢; (ba)PT 4+ — - A - 25a° + 20aA.
o o
Then, for a sufficiently small we have W < %
\Ht(x,s,t)\

Using similar arguments, it is possible to prove %, proving (Hy). O

In view of definition (4), we deal in the sequel with the modified system

—div(a(ex)Vu) + v = H,(ex,u,v) in RY,
(Se.auz) — Av+b(ex)v = H,(ex,u,v) in RV,
u,v € HY(RY), wu(x),v(z) > 0 for each x € RY,

and we will look for solutions (u.,v.) verifying
|(ue(ex),ve(e7))| < a for each x € RV \ A,

where A, := {z € RN : ez € A}.
For each € > 0 we denote by X, the Hilbert space

X, = {(u, v) € HY(RY) x H'(RY) : / (a(ex)|Vul® + b(ez)|v]?) do < oo}
RN
endowed with the norm || - || given by

, )2 o= /RN [a(e2) |Vl + [Vol? + [ul? + b(ex)[v]?] dz
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The conditions (H3) and (H}) imply that the critical points of the C'-functional
Je + X — R given by

1
J(u,v) = 5 /RN [a(ex)|Vul* + |Vol? + |ul® + b(ez) |v]?] dw — . H(ex,u,v)dx

are weak solutions of (S .u;). We recall that these critical points belong to the
Nehari manifold of J., namely on the set

N = {(u,v) € X:\ {(0,0)} : J.(u,v)(u,v) =0} .

It is a well-known fact that, for any nontrivial element (u,v) € X. the function
t — J.(tu,tv), for t > 0, achieves its maximum value at a unique point ¢, , (u, v) €N-.
We define the number b. by setting

b := inf J.(u,v). (6)

(u,v)EN

3. Existence of a ground state solution for the modified system (5. 4u.)

We start the section by defining the Palais-Smale compactness condition. A sequence
((un,vy)) C X, is a Palais-Smale sequence at level ¢, for the functional J; if

Je(Up, V) — Ce

and [T (i, 0) | = 0 i (XY
h . = inf L(n(t
where c 717Ielrtem[3}1<] J-(n(t)) >0
and r':={neC(0,1],X.) :n0) = (0,0), J(n(1)) < 0}.

If every Palais-Smale sequence of J,. has a strong convergent subsequence, then one
says that J. satisfies the Palais-Smale condition ((PS) for short).

In order to show existence of a ground state solution for the modified system (.S quz ),
we use the Mountain Pass Theorem [5].

Lemma 3.1. The functional J,. satisfies the following conditions
(i)  There exists C,p > 0, such that J.(u,v) > C, if |[(u,v)|:=p.
(ii)  For any (¢,v) € C°(A:) x C§°(As) with ¢,vp > 0, we have

Proof. By using Lemma 2.1 and (#H}), we have

261

1 1
Tu,0) 2 gl o = 2 [l fopydo = [ (ul? o+ blea) o) de
P Ja. RM\Ae
By Sobolev embeddings, there exists C' > 0 such that
3 C
Jew,v) 2 gll(w, 0)Z = I us w12

and the proof of item (i) is over.
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Now, by definition of H and (), we get

Js<t¢,tw>——||¢w|r2 /Q¢¢ N

and the proof of item (ii) is over. O
Hence, there exists a Palais-Smale sequence ((u,,v,)) C X, at level c.. Using (H5),
it is possible to prove that

c. =b. = inf sup J, (tu, tv 7
F T T weXn00) 19 ( ) (7)

where b, was defined in (6).

In order to prove the Palais-Smale condition, we need to prove the next lemma.

Lemma 3.2. Let ((u,,v,)) be a (PS)y sequence for J.. Then for each & > 0, there
exists R = R(§) such that

limsup/ [a(ex)|Vun|* + [V [ + |un | + b(ez) v, |*] do < €.
RN\BR(0)

n—oo

Proof. Let ng € C*(RY) such that nr(z) = 0 if © € Bg/2(0) and ngr(z) = 1 if
z ¢ Bg(0), with 0 < ngr(z) < 1 and |[Vng| < £, where C is constant independent of
R. Since that the sequence ((u,nr,v,nr)) is bounded in X, fixing R > 0 such that
A. C Bg/»(0) and by definition of the functional J., we obtain

/ [a(sx)|Vun|2 + | Vun|? + |ua]? + b(e:p)|vn|2} nrdx
RN

- Jé(una Un)(unnRa UnT/R) + / [unHu(ex, Unp, Un) + UnHv (51'; U, Un)] T]Rdx
RN

Y T
RN

Using (Hj), we get the estimate

3

—/ [a(m:)WunI2 + | Vun |2 + |ua|? + b(e:p)|vn|2} dx
4 JrN\Bp(0)

< /N (0(e2) 1] [ttn] + [l [F]) [ V18] + 00 (1).
R
Since ((un,v,)) is bounded in X. and [Vng| < &, exists C; > 0 such that
C
/ [a(e2) |V * + [V |? + [un|? + b(ez) v, *] do < —5 + 0,(1)
RN\ B R

proving the lemma. [

Lemma 3.3. The functional J. satisfies the Palais-Smale condition at any level c.

Proof. Let ((uy,,v,)) C X. such that J.(un,v,) — ¢ and J.(u,,v,) — 0. Standard
calculations show that ((u,,v,)) is bounded in X..
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Then, up to a subsequence, we may suppose that,
(Un, ) = (u,v) weakly in X,

Up, — u, v, — v strongly in L (RY), forany 2<s< 2%, (8)

loc

un(z) = u(z), vo(z) = v(xr) forae. xRV,

Now using a density argument, we can conclude that (u,v) is a critical point of J..
Hence | (u,v)]|2 = /N [uH,(ex,u,v) + vH,(cx,u,v)] dx. 9)
R
On the other hand, we have
| (i, v ||? = /RN [un Hy (X, Up, V) + v Hy (e, Uy, vy)] dz + 0 (1). (10)
From Lemma 3.2, for any £ > 0 given, there exists R > 0 such that A. C Bg(0) and

limsup/ [a(e2)|Vun|? + [V [ + |un | + b(ez) v, |*] do < €.
RN\BR(0)

n—o0

This inequality, (Hs) and the Sobolev embedding imply that, for n large enough,
there holds

1
/ (g Hoy (22, i, 00) -+ 00 Ho (2, 1, 00)] d < Cy2€, (11)
RN\Bg(0) 4

where (] is positive constant. On the other hand, taking R large enough, we can
suppose that

/ [uH,(ex,u,v) + vH,(ex,u,v)| dz| < & (12)
RN\BRr(0)
Then, by (11) and (12), we conclude that

/ [unHy (X, Up, vy) + v Hy (e, Up, vy,)] da
RN\Bg(0)

= /RN\B o (uH,(ex,u,v) + vH,(ex,u,v)] dx + 0,(1). (13)
R

Since the set Br(0) N (RN \ A.) is bounded, we can use (Hjz), (8) and Lebesgue’s
theorem to conclude that

lim [un H (62, Uy, vy) + v Hy(e2, Up, vy,)] d

770 JBR(0O)N(RN\A.)

= / [uH,(ex,u,v) + vH,(ex,u,v)] dz. (14)
Br(0)N(RN\A.)

Using (H7), (8) and Lebesgue’s theorem again, we obtain

lim [un Hy (€2, Uy, vy) + v Hy (e, Up, vy)] do
n—oo AE

— /A [uH,(ex,u,v) + vH,(cx,u,v)] dz. (15)
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From (13), (14) and (15) we get

lim [un H (62, Uy, vy) + v Hy (62, Uy, vy,)] d
n—oo RN

—/ (uH,(ex,u,v) + vH,(cx, u,v)] dz.
RN

This equation in combination with (9) and (10) imply that ||(u,, v,)||? — ||(u,v)]?.
In consequence (u,,v,) — (u,v) in X,. O

4. Multiple solutions for the modified system (S. ...)
In order to prove the multiplicity result, we consider the following autonomous
system associated to (Sp), namely
—apAu + u = Qy(u,v) in RV,
(So) —Av + by = Qy,(u,v) in RY,
u,v € HY(RY), wu(x),v(z) > 0 for each z € RV,

In view of conditions (ab;) and (H7), the above system has a variational structure
and the associated functional is given by

1
Io(u,v) = 5/ [ao| Vul® + [Vol? + [u]* + bo|v|*] da — / Q(u,v)dx
RN RN

is well defined for (u,v) € Ey:= H'(RY) x H'(R"). We denote the norm in E, by
| (u, )|* := / [ao| Vul® + [Vol? + [ul* + bo|v[*] dz.
RN
We can show that I has the Mountain Pass geometry and therefore we can set the

minimax level ¢y in the following way

where I' :== {v € C([0,1], Ey) : v(0) = (0,0), Io(y(1)) < 0}. Moreover, ¢y can be
further characterized as

co= inf Iy(u,v 16
0 (u,v)EMo O( ) ( )

with My being the Nehari manifold of [y, that is

Mo = {(u,v) € Eyg\ {(0,0)} : Ij(u,v)(u,v) =0}.

Lemma 4.1. Let ((un,v,)) C Mg be a sequence such that Iy(u,,v,) — co. Then
there are a sequence (y,) C RY and constants R,n > 0 such that

n—o0

liminf/ (Junl® + [vn]?) dz > 1. (17)
Br(yn)
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Proof. Suppose that (17) is not satisfied. Since ((u,,v,)) is bounded in the space
HY(RN) x HY(RY), then, by [23, Lemma 1.1], we get

lim |up|*de =0 and lim |vp|*dx = 0,
n— o0 RN n—oo RN

for all s € (2,2%). Thus, from (HY), we conclude

/RN [ Qo (Un, V) + V3 Qo (U, V)] d = 0,,(1).

Since I{(uy, vy)(un, v,) = 0, we obtain ||(u,,v,)|| = 0,(1), which implies ¢y = 0,
which is a contradiction. [

The next result allows to show that system (Sp) has a solution that reaches c.

Lemma 4.2. (A Compactness Lemma) Let ((u,,v,)) C My be a sequence sat-
isfying Io(un,v,) — co. Then there exists a sequence (§,) C RY such that, up
to a subsequence, (wy(x),2,(x)) = (up(T + Yn), vn(x + Yn)) converges strongly in
HY(RY) x HY(RYN). In particular, there exists a minimizer for cy.

Proof. Applying Ekeland’s Variational Principle [31, Theorem 8.5], we may suppose
that ((un,v,)) is a (PS),, for Iy. Since ((un,v,)) is bounded in H*(RY) x H'(RY),
we have that u, — u, v, — v weakly in H'(R"Y).

Then, ||(u,v)||* < liminf ||(u,,v,)||*. We are going to prove that
n—oo

[t 0) 2 = Timn [ (a0 2 (18)

Suppose, by contradiction, that (18) does not hold. Then, by (H3), we can consider
(u,v) # (0,0), using a density argument we have that I)(u,v)(u,v) = 0, where we
conclude that (u,v) € M,. Using (1), we obtain

1

co < o) = o, v) = L. 0)(u.0) = (5 = 2) . v)]”

1 1\ ,. . .. 1
< <§ — 1;> hgr_ilorolf | (00 || = hgggolf [Io(un,vn) — Elé(un,vn)(un, vn)] = ¢
which is a contradiction. Hence, (u,,v,) — (u,v) in H'(RY) x H*(RY). Conse-
quently, Iy(u,v) = ¢y and the sequence (y,) is the sequence null.

If (u,v) = (0,0), then in this case we cannot have (u,,v,) — (u,v) strongly in
HY(RM) x HY(RY) because ¢y > 0. Hence, using the Lemma 4.1, there exists a
sequence (7,,) C RY such that

(Wn, 2n) — (w,2) in HYRY) x H'RY),

where w, () = u,(z + ¥y,) and z,(z) = v,(z + y,). Therefore, ((w,, z,)) is also
(PS)., sequence of I and (w, z) # (0,0). It follows from above arguments that, up
to a subsequence, ((wy, 2,)) converges strongly in H!'(R™) x H'(RY) and the proof
of the lemma is complete. Il
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In order to prove the multiplicity results, we need of the following the abstract
results that involve category theory.

Theorem 4.3. Let I be a C'-functional defined on a C'-Finsler manifold V. If I
is bounded from below and satisfies the Palais-Smale condition, then I has at least
caty(V) distinct critical points.

The following result, whose proof is similar to that presented in [8, Lemma 4.3], will
be used.

Lemma 4.4. Let ', QF, Q= be closed sets with Q= C QF. Let 5 : T — QF,
®: Q™ = T be two continuous maps such that B o ® is homotopically equivalent to
the embedding v : Q= — QF. Then catp(T') > catg+(Q7).

4.1. The Palais-Smale condition in the Nehari manifold associated to J.

From Lemma 3.3, the unconstrained functional satisfies (P.S),. for each ¢ € R. Nev-
ertheless, to get multiple critical points, we need to work with the functional .J.
constrained to N.. In order to prove the desired compactness result we shall first
present some properties of N.. The proofs of the next three results follows by using
the same arguments employed in [2, Lemma 2.2, Lemma 2.3 and Proposition 2.4]
for other class of system. For the sake of completeness, we sketch here.

Lemma 4.5. There exist positive constants oy, 01, C such that, for each o € (0, o),
(u,v) € N, the following inequalities hold

Q(u,v)dx > & (19)

Ae
and /RN\AE (v + bex)v?) da < C’/AE Q(u,v)dz. (20)

Proof. Since H has subcritical growth, it is easy to obtain § > 0 such that
|(u,v)||lc > 8 for each (u,v) € A-.

Thus, we can use (1) and (H3) to get

8 < |(u,v)|? < /[uQu(u,v)—l—va(u,v)]daﬁ—l—/ [uH, +vH,) dz

. RN\A.

1
< p | Qu,v)dx+ —/ (u? + b(ex)v?)dx
A 4 Jrva.

and therefore %Sﬁ % | (u,v)]|? < p/Q(u, v)dr which implies (19) with 6; = %.
Ac
By using (1) and (Hj3) again, we obtain
[ b de < o)
RN\A,

1
<p | Qu,v)dxr+ - / (v + blex)v?) da
A 4 Jr\A.

from which (20) follows. The lemma is proved. O
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The following technical results are the key stones in our compactness result.

Lemma 4.6. Let ¢. : X. — R be given by
Ge(u,v) = ||(u,v)]? —/ (uH,(ex,u,v) + vH,(ex, u,v)] dz.
RN

Then there exist s, M > 0 such that, for each a € (0, ),
oL (u,v)(u,v) < —M <0 for each (u,v) € N.. (21)

Proof. Given (u,v) € N, we can use the definition of H, (1) and (2) to get

o (1, ) (1, v) — / [(Qu + 0Q0) — (42 Qu + 0* Qo + 200Qu)] da

Ae
+ / [uH, +vH,) dr — / [uQHuu +v2H,, + QU’UHM,] dx
RN\A. RN\A¢
=—p(p—2) | Qu,v)dz+ / [Dy — Dy]dx
A- RN\A.
with Dy :=uH, +vH, and D, :=u?H,, + v*H,, + 2uvH,,.
Arguing as in the proof of [2, Lemma 2.3|, and using (ab,), we have
/ Dy — D] dx < 0(1)/ (u? + v*)dw < 0(1)/ (u? + b(ex)v?)dx,
RN\A, RN\A. RN \A.
where o(1) — 0 as a — 0.

Now we can use Lemma 4.5 to obtain, for o small enough

Qb/s(ua U)(ua U) < [—p(p — 2) + O(l)] Q(uﬂ))dx < _ZM

1) :—M<O.
AL 2 !

The lemma is proved. O

Proposition 4.7. The functional J. restricted to N satisfies (PS). for each ¢ € R.
Proof. Let ((u,,v,)) C N: be such that
Je(Un,vn) = ¢ and || JL(tn, va) ][« = 0n(1),
where 0,(1) approaches zero as n — oo. Then there exists (\,) C R satisfying
Tty 00) = A, (1t ) + 0n(1) (2
with ¢. as in Lemma 4.6. Since (u,,v,) € N. we have that
0 = JZ(ttn, 0n) (tn; vn) = An@L (thn; V) (tn; vn) + 0n (1) (tn, vn) -

Straightforward calculations show that ((uy,,v,)) is bounded. Moreover, in view of
Lemma 4.6, we may suppose that ¢L(un,v,)(u,,v,) — [ < 0. Hence, the above
expression shows that A\, — 0 and therefore we conclude that J.(u,,v,) — 0 in
the dual space of X.. It follows from Lemma 3.3 that ((u,,v,)) has a convergent
subsequence. Il
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From now on we will denote by (w;,ws) the solution for the system (Sp) given by
Lemma 4.2.

Let us consider 6 > 0 such that M; C A and ¢ € C*°(R™, [0, 1]) a non-increasing
function such that ¢» =1 on [0,6/2] and ¢ = 0 on [0, 00). For any y € M, we define
the function ¥, ., € X, by setting

Er —y .
Uiy (1) = W(lex — gl ( ) Ci—1e

3

and denote by t. > 0 the unique positive number verifying

Ja (ta(\lll,s,ya \1[2,s,y>> = I?&g( Js (t(qjl,e,ya \112,5,31))'

In view of the above remarks, it is well defined the function ®, : M — N. given by

Do (y) i=te(Vicy, Yary).
In the next lemma we prove an important relationship between ®. and the set M.
Lemma 4.8. Uniformly for y € M, we have
lim J.(®.(y)) = co,

e—=0t
where ¢y was given in (16).
Proof. Suppose, by contradiction, that the lemma is false. Then there exist ¢ > 0,
(yn) C M and e, — 07 such that

| e, (De,, (Yn)) — col = 0 > 0. (23)

We notice that, if z € Bs/.,(0) then e,2 + y,, € Bs(y,) C Ms C A. Thus recalling
that H = @ in A and ¢(s) = 0 for s > 0, we can use the change of variables
z = = o write

n

1
Jan(q)an (yn)) = §||(tan\:[jl7an7y’ tan’lsn,y)ugn - N H(gnfﬂ’tanll,sn,yvtanquan,y)dz
R
2

= % RN a(SnZ + yn)\V(w(!ffnZ’)m(Z))sz + % /RN ‘V(¢(|8nz\)w2(2))\2dz

+5 /RN Y (|enz])wi(2)dz + 7/sz b(nz + yn) [0 (|en 2 Jwa(2) |2d2

- [ QUailenshn(a) e vllenslun()d

Since () is homogeneous, we have that ¢., — 1. This and Lebesgue’s theorem imply

lim [(V1.e, s Y212, = 11 (w1, w2)?
n—oo
and lim Q1> Yor,y,)de = Q(wy, we)dx.
n—oo RN RN

Therefore lim, o Jo, (Pc, (yn)) = Lo(wy, we) = ¢y, which contradicts (23).

This proves the lemma. Il
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Proposition 4.9. Let ¢, — 0 and ((un,v,)) C N, be such that J., (un,v,) — co.
Then there exists a sequence (3,,) C RY such that the sequence

(wn (), 2n(2)) = (Un(T + Yn), vn(z + Yn))
has a convergent subsequence in H(RM) x HY(RY).
Moreover up to a subsequence, y, — y € M, where y, = €,Un.
Proof. Since ag < a(z) and by < b(z) for z € RY and ¢y > 0, we can use (H}),

(H3) and repeat the same arguments in Lemma 4.1 to conclude that there exists a
sequence (7,) C RY and constants R,7n > 0 such that

liminf/ (Junl® + [vn]?) dz > 7.
Thus, since ((uy,v,)) is bounded in H'(RY) x H'(RY), considering (w, (), z,(x))
defined above, we have that, up to a subsequence, w,, — w % 0 in H'(RY) and
2, = 2z #0in H'(R"). Let t, > 0 be such that

(Wn, 2n) = tau(wy, 2,) € M. (24)
Then, co < Io(Wn, 2n) < Je, (te, (Un,vn)) < Jo, (U, vn) = co + 0n(1) (25)
which implies Io(w,, 2,) = ¢ and ((Wy, Z,)) C M.

From the boundedness of ((w,,z,)) and (25), we get that (¢,) is bounded. In
consequence the sequence ((Wy, 2,)) is also bounded in H*(RY) x H'(RY), which
implies, for some subsequence, (w,, 2,) — (w, 2) weakly in H'(RY) x H*(RY).

We can assume that ¢, — to > 0. Then, this limit implies (w, 2) = to(w, z) #Z (0,0).
From Lemma 4.2, we conclude that (w,,z,) — (w0, 2) in H}(RY) x HY{(RY), and as
a consequence (W, z,) — (w, z) in H(RY) x HY(RY).

Now, we consider y,, = €,7,. Our goal is to show that (y,) has a subsequence, still
denoted by (y,), satisfying y, — y for y € M. First of all, we claim that (y,) is
bounded. Indeed, suppose that there exists a subsequence, still denoted by (y,),
verifying |y,| — oo. Note that from (ab)

/ [ao|Vwn|® + [V 2, |* + |wa|? + bolzn|?] da
RN

IA

/RN [a(ent + 90)[Vw0al? + [Vzal? + [wnl? + b(ent + ya)|zl?] de
= /RN [a(en2)|[Vun (2)]* + [Voa (2)]* + |un]” + blenz)|va(2)]?] d2
= /RN (W Hyy (En + Yy Wny 2n) + 20 HL (£ + Yn, Wa, 20)] da.

Fixing R > 0 such that A C Bg(0), since |,z + y,| > R and (H3), we have

/ [Wn Hup (En® + Yny Wn, 2n) + 20 H (0T + Yp, Wi, 2,,)] d
]RN

1

< Z/ (|wn|2+b(5nm+yn)|zn|2) dx + o,(1).
BR/sn(O)
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This implies that, ZH(wn,zn)H2 < 0,(1). It follows that (w,z,) — (0,0) in the

HY(RY) x HY(R"), which is a contradiction because ¢y > 0. Hence (y,,) is bounded
and, up to a subsequence, y, — y € RV,

Arguing as above, if y ¢ K,_we will obtain again (w,, z,) — (0,0) in the space
HY(RM) x HY(RY), thus y € A.

Now we are going to show that y € M. It is sufficient to show that a(y) = ap and
b(y) = by. Supposing, by contradiction, that a(y) > ag or b(y) > by, we have

1 e _ _
co = Io(i5.3 <§/ ()Y@ + [VEP + |& + by)EP] da;—/ Q. )da.
RN RN

Using again the fact that (w,,z,) — (w,z) in HY(RY) x HY(RY), from Fatou’s
lemma we get

n—oo

t2
co < liminf {En/ [a(n2)|Vun|? + [V, * + [un|” + b(en2)|v,|*] dz
RN

RN

n—oo

t2
< liminf {5”/ [a(en2)|[Vun|* + [Vou|* + |un]? + b(enz) |vn|?] dz
RN

— H(enz, thun, tnvn)dz}

RN
= liminf J. (¢, (un, v,)) < liminf J., (un, v,) = o
n—o0 n—oo
obtaining a contradiction. We conclude that y € M. ]
Let us consider p = ps > 0 in such way that Ms C B,(0) and define T : RY — RV
by setting Y (z) := x for |z| < p and Y(z) := pz/|z| for |x| > p. We also consider
the barycenter map B. : N. — RY given by

[ 0E) (u@)f + o)) do
| (@ + Py s

Since M C B,(0), the definition of T and Lebesgue’s theorem imply that

Be(u,v) ==

hr% Be(P-(y)) =y uniformly for y e M. (26)
e—

Following [11], we introduce the set
Yo = {(u,v) € No: Jo(u,v) < o+ h(e)},

where h : R™ — RT is such that h(e) — 0 as ¢ — 07. Given y € M, we can use
Lemma 4.8 to conclude that h(e) = |J.(P.(y)) — co| satisfies h(e) = 0 as e — 0T,

Thus, ®.(y) € X, and therefore X, # (), for any € > 0 small.
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Lemma 4.10. For any 6 > 0 we have
lim sup dist (B.(u,v), Ms) = 0. (27)

e—07F (u,v)€X

Proof. Let (g,) C R be such that e, — 07. By definition, there exists a sequence
((tn,vy)) C X, such that

dist (8., (un,vy,), Ms) =  sup dist (5., (u,v), Ms) + 0,(1).

(uv)€Teyp
Thus, it suffices to find a sequence (y,,) C Ms such that
| Bz (tns vn) = Y| = 0n(1). (28)
Thus, recalling that ((un,v,)) C X, C N, , we obtain

co < max Iy(tuy,, tv,) < max Je, (tun, tv,) = Je, (un, v,) < co + h(en)

from which follows that J. (u,,v,) — ¢. Thus, we may invoke Proposition 4.9 to
obtain a sequence (7,) C RY such that (y,) := (£,9,) C Ms, for n large. Hence,

T(e,x) (|un(x)|2 + \Un(:c)|2) dx

[ @) + fon(o)) da

/Ben(una Un) — JRY

/RN Y(enz + Yn) <|Un(z+ﬂn)|2 + |Un(2+?7n)|2) d

[ e+ 7+ fone + ) )

[ ez ) = ) (e T+ e + 7))

[ ute 3P+ o+ 3)P) dz

=Y+

Since £,z + y, — y € M and from strong convergence of ((u,(- + Un), n(- + Un))),
we have that . (un,vn) = yn + 0,(1) and therefore the sequence (y,,) satisfies (28),
proving the lemma. [

Theorem 4.11. Suppose that a and b are continuous potentials and satisfy (aby)
and (abg). Suppose also that Q satisfies (Qo) — (Q5). Then,

(i)  Foralle >0, system (S quz) has a ground state positive solution.
(ii)  For any 6 > 0 there exists e5 > 0 such that, for any ¢ € (0,¢5), the system

(Sc.auz) has at least caty, (M) positive solutions.

Proof. By using Lemma 3.1, Lemma 3.3, Mountain Pass Theorem [5] and of the
characterization of minimax level ¢, given in (7) we conclude that the system (S quz)
has a ground state positive solution.
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Now, given § > 0 such that Ms C A, we can use (26), Lemma 4.8, (27) and argue
as in [11, Section 6] to obtain 5 > 0 such that, for any ¢ € (0,&;), the diagram

M 20, 2 g
is well defined and .0 ®. is homotopically equivalent to the embedding ¢« : M — Mj.
Thus caty,_ (X.) > caty, (M).

It follows from Proposition 4.7 and Theorem 4.3 that J. possesses at least cat;(Ms)
critical points on N.. The same argument employed in the proof of Proposition 4.7
shows that each of these critical points is also a critical point of the unconstrained
functional J.. Thus, we obtain catys, (M) nontrivial solutions for (S guz)- O

5. Proof of Theorem 1.1

Proof. Suppose that § > 0 is such that Ms C A. Arguing by contradiction we can
use [17, Lemma 5.1] to get €5 > 0 such that, for any 0 < & < &5 and any solution
(ue,ve) € e of the system (S: 4uz) there holds

|(ue(ex),v-(ex))| < for each z € RV \ A.. (29)

Let €5 > 0 be given as in the proof of item (ii) of Theorem 4.11. We now define
g5 := min{&s, £5}. We shall prove the theorem for this choice of 5. Let 0 < & < &5
be fixed. By applying Theorem 4.11, we obtain cat;, (M) nontrivial solutions of the
system (S: quz). If (u,v) € X, is one of these solutions we have that (u,v) € ., and
therefore we can use (29) and the definition of H to conclude H(-,u,v) = Q(u,v).

Hence, (u,v) is also a solution of the system (S:). An easy calculation shows that
(u(z),v(x)) := (u(z/e),v(x/e)) is a solution of the original system (S.). Then, (S;)
has at least caty, (M) nontrivial solutions.

We now consider ¢, — 01 and take a sequence (u,,v,) € X., of solutions of the

system (§5n) as above. By applying [17, Lemma 5.1] again, we obtain R > 0 and
(7,) € RY such that

unllLBr@ye <7 and [JvallLeBrE.))e < 7-

Up to a subsequence, we may also assume that

[tnll Lo (Br@@a)) = 7 (30)
and |Vnll Lo (Br@n)) = - (31)

Indeed, if this is not the case, we have ||t poo®yy < 7 Or ||[Up]| oo (mry < v, Which is
is a contradiction with (19). Thus, (30) and (31) hold.

By using (30) and (31) we conclude that the maximum point 7, , € RY of u, and
the maximum point 7,; € RY of v, belong to Bg(7,). Hence T4 = Un + Gn.a, for
some ¢, € Br(0) and 7, = Yn + Gnp, for some g, € Br(0). Recalling that the
associated solution of () is of the form (u,(z),v,(x)) = (un(x/en), vn(x/E0)), We
conclude that the maximum point 1I,,, of @, and the maximum point II,,; of v,
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are I, o = €,Un + €n@no and 1L, 1= €,Un + €nqnp. Since (¢na), (qnp) C Br(0) are
bounded and ¢,y, — y € M (according to Proposition 4.9), we obtain

nh_}rg() a(ll,.) = a(y) = ay and nh_r}olO b(1L,,..) = b(y) = by.
Now we prove the regularity of the solution. By using [17, Lemma 5.1], (30) and
(31), we have u.,v. € L*(RY) N L>(RY). From the interpolation inequality, we get
(ue,v.) € LYRYN) x LYRN), Vg > 2. This implies Q,(ue,v.), Qy(us,v.) € LI(RY),
Vq > 2. From regularity elliptic theory, we get (u.,v.) € W24(RY) x W24(RYN),
Vg > 2. For ¢ sufficiently large, we obtain W24(RY) — CHMRY), for some A
with 0 < A < 1. Then u.,v. € C**RY). Since Q € C*RY), we obtain that
ue, v. € C?*(RY), which concludes the proof of the theorem. O

6. The critical case

In this section we present the proof of Theorem 1.2. Since many calculations are
adaptations of those presented in the early section, we will emphasize only the
differences between the subcritical and the critical case.

Hereafter, we will work with the following system equivalent to (C'S.)
—div(a(ez)Vu) + u = Qu(u,v) + 5 Kyu(u,v) in RY,

(CS.) — Av+blez)v = Qy(u,v) + 5 K,(u,v) in RY,
u,v € HY(RY), wu(zx),v(z) > 0 for each z € RY.

Using a function 7 given in (3), we define K:R*5R by

~

R(s,2) = nfl(s, DD (QUs. 1) + 5K (5,0)) + (1= n(l(s, ODA( + ),

~ {Q(s,t) + = K(s,1)

A . 2
where A := max 20 () € RY a < |(s,1) §5a}.

Notice that, since A > 0 tends to zero as o — 0F, we may suppose that A € (0, p/4).

We define H : RN x R? — R by setting
H(z,s,t) := Ix(z) (Q(s, t) + %K(s,t)) + (1= In(2)K (s, ). (32)

Using the fact that Q € HP and K € H?", we can arguing as the proof of Lemma
2.1 to get

Lemma 6.1. The function H satisfies the following estimates:
(f[l) pﬁ[(:v,s,t) < Sﬁs(x,s,t) + tﬁ[t(:v,s,t), for each x € A.
(Hy) 2H(z,s,t) < sHy(z,s,t) + tHy(x,s,t), for each x € RN \ A.
(Hs) For o small we have for each x € RN \ A :

sH,(z,s,t) + tH,(z,s,t) < i (s + b(z)t?) .

(Hy) For o small we have |Hs(x’8’t)|, [He(,5,0) < % for each z € RN \ A.

« [
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Using the definition (32), we deal in the sequel with the modified system

—div(a(ez)Vu) + u = Hy(ex,u,v) in RY,
(CS: quz) — Av+bex)v = Hy(ex,u,v) in RY,
u,v € HY(RY), wu(zx),v(z) > 0 for each x € RV,

and we will look for solutions (u.,v.) satisfying

|(ue(ex),ve(ex))| < o for each x € RN\ A..

The conditions (Hs) and (A;) imply that the critical points of the C'-functional
j; : X, — R given by

1 -
Je(u,v) = 5 /]RN la(e)|Vul> + |Vol* + |ul® + b(ez) |v]*] dx — - H(ex,u,v)dx

are weak solutions of (C'S: 4u.). We recall that these critical points belong to the

Nehari manifold of (75, namely on the set
Nz = { () € X\ {(0,0} : TL(u,v)(u,v) = 0}

and we define the number b, by setting

b.:= inf  J.(u,v). (33)
(u,v)EN:

In order to prove the multiplicity result for the system (C’§5), we consider the critical
version of the problem (Sy), namely

—apAu + u = Qu(u,v) + 5 K, (u,v) in RY,
(OSO) —Av + bOU = Qv(uu U) + QL*KU(U" U) in RNv
u,v € HY(RY), wu(z),v(x) > 0 for each z € RY.

In view of the conditions (ab;), (H}) and (H?"), the above system has a variational
structure and the associated functional is given by

~ 1 1
Iy(u,v) = 5 /RN[ao\VuP—l—\Vv|2+|u|2+bo|y\2] dx—/RNQ(u,v)d:U— > RNK(u,v)d:U

is well defined for (u,v) € Ej.

Standard calculations show that E] has the Mountain Pass geometry and therefore
we can set the the minimax level ¢y in the following way

Co = gelﬁg[% Io(~(1)),

where I := {~ € C([0, 1], Eo) : 7(0) = (0,0), Io(y(1)) < 0}.
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Moreover, ¢y can be further characterized as

Go= inf  Iy(u,v), (34)
(u,w)EMp

with MO being the Nehari manifold of 70, that is
Mo := {(u,v) € Eg \ {(0,0)} : Tj(u, v)(u, v) = 0}.

As usual, we denote by S the best constant of the embedding W12(RY) — [?".

To state the next result we need to define S i the best constant of the immersion
DYA(RY) x DV2(RYN) — L¥(RN) x L¥ (RY), that is,

/ (Vul? + [Vol?)dz
Sk = inf RY

u,we€DL2(RY) 2/27 "
u,v#0 ( K (u, v)da:)
RN

Proposition 6.2. There exists 0* > 0 such that for all o > o*

1 ~ \N/2
G < 5 (mln{ao, 1}SK> .
Proof. By using (H5) and (H2"), it is possible to prove that

Co = inf max ]No(tu,tp) > 0.
(u,0)€E\{(0,0)} t>0

Thus, it suffices to obtain (u,v) € Ey such that

1/ ~ \N/2
max Io(tu, tv) < N (mm{ao, 1}SK>

We first recall that, for any 6 > 0 the function

ws(z) == [ON(N — 2)](N*2)/4<5 + |x|2)(2—N)/2

satisfies / |Vw5|2dx:/ \ws
RN RN

By [12, Lemma 3], there exist A, B € R such that Sk is attainded by

' dy = SN2,

o Jw (VAP + V(B P de  §¥2(42 4 BY)
K — *
(Jour K (Aws, Bwg)dz)*?

(fRN K (Aws, Bws)dz)

2/2%

Let n € C5°(RY, [0, 1]) be such that n = 1 on B;(0) and = 0 on RY \ By(0).

va(a) o )

Consider
|77w5

2*

By using the definition of 15, (A3) and (HZ") we get

~ tQ t?*
Io(tAvs, tBs) < 5 Ds(A* + B?) = / K (Aps, Bis)da — " A*B” / [l da,
2 2% Jry D1 B (0)
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where p; € (2,2*) is given by condition (A3) and

Ds = /N max{ag, bo, 1} (|Vs[? + [15]?) da.
Thus .

2 2%
max {t—D(;(A2 + B?) — t—/ K (Axps, Bs)dx — ztplAABﬁ/
2 2% RN P1 B

>0

wapldx}

2(0)
> Io(tAgs, tBis).

Straightforward calculations show that

To(t Ay, tBis) < b (1 _ i) (Ds(A? + B2))p/(m1-2)

o2/(r1—2) \ 92 2/(p1—2)
D1 ANBB fB2(O) |¢5|p1dx>
1
= —0_2/(171_2) C(ao, bo)

_ A\ NJ2
Thus, max Io(tAvs, tBis) < %(min{ao, 1}SK> , for all ¢ > o* where

.o C(ao, bo) B
o = 1 . =~ \N/2 !
+ (min{ag, 1}Sk)

The proof is complete. O

Lemma 6.3. Let ((un,v,)) C M, be a sequence such that Io(tn, vn) — Co with
~ \N/2
co < % (min{ao, 1}SK> . Then we have either

() [I(un, va) [} = 0, or
(ii)  there exists a sequence (y,) C RY and constants R,n > 0 such that

liminf/ (Jun|® + [va|?)dz > 7.
Br(yn)

n—oo

Proof. Suppose that (ii) does not hold. Since ((uy,v,)) is bounded in the space
HY(RN) x HY(RY), then, by in [23, Lemma 1.1], we get

lim |up|’de =0 and lim |vn|?dx = 0,
RN

n—00 n—00 JpN

for all s € (2,2*). Thus, from (H}), we conclude
[ [@ulit ) + 0, 00) )z = 0, 1)
RN
Since f(’)(un, Un) (Un, vn) = 0, taking a subsequence, we obtain [ > 0 such that

| (tn, vn)]|* — 1 and . K (ty, vy,)dx — 1. (35)

Since fo(un, Un) — Co, we can use (35) to conclude that [ = N¢.
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Recalling the definition of Sk we get

(s va)|)? = /RN [ao| Vua|* + [V, |* + [un|* 4 bolva|?] dz

> min{ay, 1}/ [[Vu,|* + |V, |*] do
RN

N 2/2*
> min{ag, 1}Sk (/ K(un,vn)dx) :
RN

Taking the limit we conclude that | > min{ag, 1}SxI12/2". If | > 0 we obtain imme-
diately N¢g = > (min{ao, 1}S K)N/ ? which does not make sense. Hence [ = 0 and

therefore (i) holds. O

By using Lemma 6.3, we can arguing as the proof of Lemma 4.2 and show that the
system (C'Sp) has a solution that reaches ¢o.

Lemma 6.4. (A Compactness Lemma) Let ((u,,v,)) C M, be a sequence satis-
fying To(un,vn) — Co. Then, there exists a sequence (7,) C RN such that, up to
a subsequence, (wy (), 2,(x)) = (up(z + Yn), vn(x + Yn)) converges strongly in the
space HY(RN) x HYRYN). In particular, there exists a minimizer for ;.

As in Lemma 3.1, the functional J. satisfies the mountain Pass Geometry. Hence

there exists a Palais-Smale sequence ((uy,v,)) C X. at level ¢.. Using (H{) and
(HZ), it is possible to prove that

C. = b, = inf su j; tu, tv), 36
- (u,v)€X\{0} tz%)) ( ) (36)
where b, was defined in (33).

Lemma 6.5. Any sequence ((un,v,)) C X. such that

~ \N/2 -
Je(Un,v) — € < % (min{ao, 1}SK) and  J(up,v,) — 0
possesses a convergent subsequence.

Proof. Standart calculations show that ((u,,v,)) is bounded in X.. Then, up to a
subsequence, we may suppose that

(Un, V) = (u,v) weakly in X,
U, — u,v, — v strongly in L; (RY), for any 2 <s < 2% (37)

Up (1) — u(z),v,(x) = v(z) fora.e. z € RY.

Now using a density argument, we can conclude that (u,v) is a critical point of J..
Hence | (u,v)]|2 = / [wH, (e, u, v) + vH,(ex, u,v)]dz. (38)
RN

On the other hand, we have

| (i, v0)||? = /}RN [un Hy (62, Up, vy) + v Hy (e, Uy, vy)]dx + 0, (1). (39)
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Claim 1. lim K(uy,, v, dx—/ K(u,v)
n—oo AE
Since ((un,vy,)) is bounded, we may suppose that

|Vu,|* = u, |Vo,|* =0 and K(u,,v,) — v (weak*-sense of measures).

By [12, Lemma 6], we obtain an at most countable index set I', sequences (z;) € RY,
(1), (04), (v;) C (0,00) such that

w > |Vaul® + Zuiém, o> Vo> + Zaidx

i€l iel
= K(u,v) + Z v;0,, and §KVZ-2/2* < Wi+ oy (40)
iel

for all i € T, where d,, is the Dirac mass at the point x; € R¥.

Suppose that {x;};ier NA: # 0, then exists z; € A, for some i € T'. Define, for o > 0,
the function ¢,(z) := ¥((z — ;) /0) where 1 € C§°(R¥, [0, 1]) is such that ¢» =1 on
B1(0), ¥ = 0 on RN \ By(0) and |V|s < 2. We suppose that g is chosen in such
a way that the support of ¢, is contained in A.. Since ((¢),un,¥,v,)) is bounded,

z(unvvn)(¢guna¢gvn) = 0,(1). Then

/ (a(e2), | Vin]? + 1| Von|2)dz
]RN
+ / [a(ex)u, Vu, Vb, + v, V0, V), |dr + / [%ui + b(ea:)wgvg]dx
RN RN

= / [tn Hy (62, U, Un) + Un Hy (T, Un, V)| Yodx + 0,(1).
RN
Since supp(¢,) C A., we can use definition of H, (1) and (aby) to get

min{ay, 1}/ (1o V| + 10| VU |*|d
RN
< —/ [a(ex)u, Vu, Vb, + v, Vv, Vb, |dx
RN

+p Q(Un,vn)%dl’ + K(“navn)wgdx + On<1)

RN RN

Since () has subcritical growth and ¢, has compact support, we can let n — oo,
o — 0 and use (40) to conclude that

min{ag, 1}(u; + ;) < v;.

_ . _ \N/2
As SKVf/Q < u; + oy, we get  v; > <min{a0, 1}SK> )
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By using Lemma 6.1, p > 2 and (1) we get

_ 1~
¢ = J(tup,vy) — §Jé(un,vn)(un,vn) + 0, (1)

1
— / (é[unHu(ax, Up,y Un) + U Hy (2, up, v,)] — H (T, Uy, Un)) dx
RN\A

v/ (3100 @utt ) + Q)] = QL 10)) o

1 1
+ > <§[unKu(un, V) + Un Ky (U, v )] — K (up, vn)> dx + o,(1)
Ac

1 1
> —/ K(up,v,)dx + 0,(1) > —/ oK (U, vy )dx + 0, (1).
N Ae N Ac

By taking the limit and using (40) we get

c> % Z Yo(x)v; = % Z v; > % (min{ao, 1}§K>

{iel:x; €A} {ieT:z;€A}

N/2

which does not make sense. Therefore {x;}ier N A. = (), this conclude the proof of
the claim 1.

Claim 2.

/ [t Hoy (62, U, 0n) + Un Hy (£, Uy, vy)]d — [wH, (e, u, v) + vH,(ex, u,v)|dz.
RN RN

Arguing as in the Lemma 3.2, for any ¢ > given, there exists R > 0 such that
A: C Bgr(0) and

limsup/ [a(ax)|Vun]2 + [V |2 + |un)? + bez) v, |? | dx < €.
RN\BR(0)

n—o0

This inequality, ([:f 3) and the Sobolev embeddings imply that, for n large enough,
~ ~ 1
/ [t Hoy (62, Un, vy) + Op Hy (62, Uy, v,)|de < C1=E, (41)
RN\ BR(0) 4

where (' is positive constant. On the other hand, taking R large enough, we can
suppose that

/ [wH, (e, u,v) + vH,(ex, u,v)]dz| < €. (42)
RN\BR(0)

Then, by (41) and (42), we can conclude
/ [unﬁu(é‘x, Up, V) + vnflv(gx, Up, Up)|dz
RN\Bg(0)
= / [wH, (e, u,v) + vH,(ex, u, v)]dz + 0,(1). (43)
RN\BR(0)

On the other hand, since the set Bg(0) N (RY \ A.) is bounded, we can use (Hs),
(37) and Lebesgue’s theorem to conclude that
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lim [unffu(ex, Up,y V) + vnﬁv(sx, Up, Un)|d
%0 JBr(0)N(RN\AL)

= / [wH, (e, u,v) + vH,(ex, u,v)|d. (44)
Br(0)N(RN\A¢)

By using Claim 1, (H}), (37) and Lebesgue’s theorem again, we obtain

lim [ [u,Hy(ex,un,v,) + v, Hy(e, Uup, vy,)]da

n—oo AE

:/ [wH, (e, u,v) + vH,(ex, u,v)|d. (45)
Ac

From (43), (44) and (45) claim 2 is proved. By using (38), claim 2 and (39), we
have || (tn, vo)||> = ||(w,v)||?. This implies (u,,v,) — (u,v) in X.. O

From Lemma 6.5, the unconstrained functional satisfies (PS). for under the con-

dition ¢ < %(min{ao, 1}§K)N/ 2. Nevertheless, to get multiple critical points, we
need to work with the functional (7,3 constrained to /VE The proof the next three
results follows by using the same arguments employed in Lemma 4.5, Lemma 4.6

and Proposition 4.7

Lemma 6.6. There exist positive constants o, 51, C such that, for each a € (0, 1),
(u,v) € N, we have

/ pQ(u,v) + K(u,v)|dz > 5

€

and /]RN\AE (v + blex)v?) do < 6/ pQ(u,v) + K(u,v)]dx.

£

Lemma 6.7. Let 56 : X: — R be given by

Gl 0) o= |, 0)|? — /

[uﬁu(sx, u,v) + vH,(ex, u,v)| dz.
RN
Then there exist s, M > 0 such that, for each a € (0, ay),

O (u, v)(u,v) < =M <0 for each (u,v) € N-.

Proposition 6.8. The functional je restricted to /\N/; satisfies (PS). at any level

~ \N/2
c< % (min{ao, 1}SK) .

We also have the critical version of Proposition 4.9 and its proof is similar.
Proposition 6.9. Let e, — 01 and ((un,v,)) C N, be such that J., (un, va) — Go.
Then there exists a sequence (U,) C RY such that

(wn (), 2n(2)) = (Un(T + Yn), vn(z + Un))

has a convergent subsequence in H'(RN) x HY(RY). Moreover, up to a subsequence,
Yn — Yy € M, where y, = €,Yn.
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The proof of the next result is in the same spirit of [18, Lemma 4.14]. We omit the
details.

Lemma 6.10. The minimaz level ¢. satisfies limsupc. < ¢g.
e—0t

Theorem 6.11. Suppose that a and b are continuous potentials and satisfy (aby)
and (aby). Suppose also (A1) — (As). Then,

(i)  There exists £, > 0 such that, for any € € (0,£1) the system (CSequz) has a
positive ground state solution.

(ii)  For any § > 0 there exists €5 > 0 such that, for any ¢ € (0,¢5), the system
(CScauz) has at least caty, (M) positive solutions.

Proof. The demonstration of item (i) follows from the fact that .J. satisfies the
mountain Pass Geometry, Lemma 6.5, Mountain Pass Theorem [5], the characteri-
zation of minimax level ¢, given in (36) and Lemma 6.10.

Now we prove the item (ii). As in the Section 4, we set § > 0 such that Ms C A
and ¢ € C*(R*, [0, 1]) a non-increasing function such that ¥ (s) = 1if 0 < s < /2
and ¥(s) = 0 if s > §. Let (wy,ws) € Ey be a solution of (C'Sy) given by Lemma
6.4 and define, for any y € M

_ [ex—vy _
U, cy(x) = ¢(|5m—y|)wi( . ), i=1,2.

We introduce the map E)a M — ./\N/'E by setting

(Ee(y) = i(‘il,s,ya ‘AI;Z,s,y)a

where ¢, is the unique positive number satisfying

Te(e(Urcy, Uaey)) = max J(H( ey Do)

We conclude:  lim J.(D.(y)) = .

e—0t

Let T : RN — RY be a function defined in Section 4 and consider the barycenter
map BE : N. — R¥ given by

5.(u,v) / T(ex) (Ju(@)? + |o(z)?) do
B.(u,v) = LB .
/RN (Ju(@)]* + |v(2)|?) dx

As before we can check that

lim 3.(®.(y)) =y uniformly for y € M

e—0t
and lim sup dist (gg(u,v),M(;) =0,
e—0%+ (u,v)E€e
where DRE {(u v) € N.: J.(u,v) < & + h(e )}

and & : [0, 00) — [0, 00) satisfies h(g) — 0 as e — 0%,
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The above equations provide €5 > 0 such that, for any ¢ € (0, 5), the diagram
M 2 5, 2 g

is well defined and BE oEISE is homotopically equivalent to the embedding ¢ : M — Mj.

Hence we conclude that catg (3.) > caty, (M). It follows from Proposition 6.8 and
Theorem 4.3 that J. possesses at least caty, (M) critical points on M. The same
argument employed in the proof of Proposition 6.8 shows that each of these critical
points is also a critical point of the unconstrained functional J.. Thus, we obtain
catp, (M) nontrivial solutions for (C'Sc quz)- O

6.1. Proof of Theorem 1.2

Proof. By using [18, Lemma 5.1] and repeating the same arguments than Theorem
1.1 we get the result. [
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