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We are interested about pairs (f,g) of C2-smooth functions f, g : R® — R with bounded Hess™
complements such that their product preserves this property as well. Recall that Hess+( f) stands
for the set of all points p € R™ such that the Hessian matrix H,(f) of the C?-smooth function
f:R™ — R is positive definite. In this paper we consider two pairs of real-valued functions with
empty Hess™ complements whose products happen to have bounded Hess™ complements.
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1. Introduction

We continue the program initiated in [5] concerning the analysis of the Hess™ regions
and their complements along with its application to the study of the (sub)level
sets. If in [5] we restricted ourselves to the study of the Hess™ (¢,) region and the
subsequent analysis of the (sub)level sets of the polynomial function ¢,: R? — R,
va(z,y) = (2% + y?)? — 2a*(2? — y?), in [4] we investigated the same issues for the
function ¢ : R®* — R, ¥(z,y,2) = (2® + y* + 2%)? — 8(2? — y* — 2?). Moreover, the
latter work concerns some theoretical statements both on the Hess™ complements
and on level sets as well. Among them we recall the closedness property with
respect to the product operation, of some family of functions with bounded Hess™
complements, along with the connectedness and convexity of the (sub)level sets for
sufficiently high levels.

We analyze the Hess™ regions both for the product of squared distance functions
d2d?, where d, : R" — R, d,(2) = ||z — pl|, and for the product f,f,, where

pTq
fp = /1+d. The Hess"(d2d?) and Hess"(f,f,) complements are shown to be
bounded and a subsequent analysis on the (sub)level sets of the two products is
done, partly as an application of the earlier proved boundedness property of the
Hess™ complements. The terminology of level and sublevel sets at the level y € R is
used for the inverse images of types f~!(y) and f~1((—o0, y|) of real-valued functions
f:R™ — R, respectively. If the function f is additionally convex, then its sublevel
sets are obviously convex. The level curves are understood to be convex whenever
they bound convex sublevel sets [6] (see also [2, p.175]). Another way to consider
convexity for regular curves of R? consists in their quality to stay on the same side of
all of their tangent lines [2, p. 174], [1, p.37]. In order to select the a priori strictly
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convex level sets, among the connected regular ones, we still use, as we did in [4]
and [5], the positivity test on the curvature function

H(f) (VT
Vi 0

IVAI?

S

Q
I
|

of f:R? — R along a level set C'= f~!(c). In order to find the Hess' regions of
some products fg of functions we will be using the positivity test both for Tr(H(fg))
and for det H(fg), where H(fg) stands for the Hessian matrix valued function of the
product fg. While the trace of H(fg) has a simple formula, we are going to prove a
more sophisticated formula for det H(fg) in order to systematize our computations.

2. Critical points of real-valued functions

For a real valued function f : R” — R the critical set of f is the vanishing set of
its gradient V f. Since d,(fg) = f(p)(dg), + g(p)(df), it follows immediately that
V,(fg) = f(p)V,eg + g(p)V,f, where V,h stands for the gradient of A : R* — R
at p € R", ie. Voh = (hy (D), .-, b, (D).

Remark 2.1. If f : R® — R is a C''-smooth convex function, then its critical set
C(f) is convex. Indeed the critical points of f coincide with the global minimum
points of f (see [7, Theorem 2.5.7]). In other words

C(f)={peR" : f(p) < f(x), Ve € R"}.
Note that C(f) = f~*(—o0, f(p)] for every p € C(f), i.e. C(f) is a sublevel set of

the convex function f in this particular case. Therefore C'(f) is convex. O

By using Remark 2.1 we shall provide examples of nonconvex functions which have,
or are good candidates to have, bounded Hess* complements.

Example 2.2. (1) The product dgdg of two squared distance functions, where
dy : R* — R, dy(x) = ||z — p|| is not convex if p # ¢, although both d; and d; are
strictly convex. Indeed,

Vao(d2d?) = 0 & do(x)(Vad2) + d2(2)(Vad2) = 0
& ||z —pl*(x — q) + ||z — q||*(x — p) = 0,

as (Vod)) = 2(x — p) and V,d; = 2(z — q). Moreover

lz = pl*(z — @) + llz — glI*(x —p) = 0

= [l —pl*(z — q) = —llz — q|*(z — p)

— ||z = pllPllz — gl = |z — ||z — pl|

> |z —plllz—dql(lz—pll =z —ql]) =0
< [lz —pll - [lx —ql| =0 or [lz — p|| = [|z — ¢

sax=porxz=gqorl|z—p|=|z—q
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These necessary conditions for x to be a critical point of df,dg combined with the
necessary and sufficient one

|z — pl*(z — q) + |l — ql|*(x —p) = 0

show that the critical set of df,dg is the discrete set

p+q
ct) - {n "5t}
Therefore the product d>d; is not a convex function via Remark 2.1 and its set of

critical values is
2 12 HP - QH4
B(dpdq) — {07 T .

Note that zero is the common value of d?)dg applied to p and ¢ and

||p_q||4_ 2 12 p+q
BT S

(2) Also the product f7fZ, where f, = /14 d2, is not convex if ||p — q|| > 2,
although each factor is a strlctly convex function. Indeed,

Valfpfg) = 06 (L+ dy(2))(Vady) + (1 + dg(2))(Vady) = 0

& 1+ ]z —p|)(@—q) + 1+ lz—q|*)(z—p) =0, (1)
1+ [jz —p||?
2+ [z —pl?+ ||z —ql|*

< x=(1—1t)p+tq, wheret=

By replacing x with (1 —¢)p+tq in (1) and taking into account that = —p = t(¢ — p)
and © —q = (1 —t)(p — q), we obtain
(L =2t)(llp — al*t* = llp = ql’t +1) = 0, i.e.

1 R ERVA :
b= L and 4y, = Pl E Vilp—al? ~

2 ’ 2|lp — ||

Thus, the critical set C'(f7f7) is the discrete set

p+q / p ¢ p+q p+q /
e qH2 = Q||2

and the set of critical values is

a2\’
B2 = Ip—all (1 " M)
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Note that |[p — ¢||* is the common value of f;?fq2 applied to

+ 4 _ + f 4 —
pta [ 2.p g PP 2_p q
2 lp — gl 2 2 P — g 2
p—ql?\ pg
and (1 + T) = (f2f2) (T) :

For ||[p — q|| < 2 the product fp2 fg has only one critical point and the multiple
connectedness structure of the critical set is not an obstruction any longer for the
convexity of the product f7fZ, which might be convex when [|p — ¢|| < 2. This is
actually the case, at least when n = 2. Indeed the product fg qu is a strictly convex

function, when n = 2 and ||p — ¢|| < 2, as we shall see later in Remark 3.14. Note

that C(fgqu) = C(fp94)-

3. On the Hess' of some products of functions

For n = 2 we particularly obtain

(2)

TT TT 21:;v Ty Yy rJY yogx
H(fg):( f9ae + 9fae + 20290 FGay + 9fay + fog +fg)_

JGay + 9f2y + fo9y + [y9a S 9yy + 9Ly + 2149y

Since the positive semi-definiteness of H(fg) can be expressed by means of Tr(H (fg))
and det(H (fg)) we also observe that

Tr(H(fg)) = fAg+gAf+2(Vf,Vyg), (3)

where A stands for the Laplace operator. The formula (3) follows immediately by
inspecting the Hessian matrix (2) of the product fg. In order to provide a formula for
the determinant of the Hessian matrix of a product fg of two C?-smooth functions,
we first define the vector-valued functions f @ g, D(g, f) : R* — R?, associated to
the real-valued functions f,g: R? — R by (f & g)(z,y) = (f(z,y), 9(x,y)) and

D(9,f)= fo9y(Gay® foy) + Fy92(9ay ® foy) — f292(9yy @ fyy) — fu 9y (922 D frz)

g:cx@fm‘ gxy@fxy f:c
= gyaz@fyx gyy@fyy fy )
Ya Gy 0

respectively. Note that f & g and g & f are usually not equal. In fact

fog=mno(gdf),

where 73, : R? — R? stands for the reflection about the first bisector b : x = . Also
f @ g is differentiable whenever f and g are differentiable and d,(f ® ¢) = d,f ® d,g
for every p € R%

Proposition 3.1. If f,g: R? — R are C%-smooth functions, then
det(H(fg)) = f* det(H(g)) + ¢* det(H(f)) — det*J(f @ g)
+ fg(det J(fo @ g,) +det J(g. © f,)) —2(f @ g,D(g, f)). (4)
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Proof. The formula (4) can be deduced in the following way:

det(H(f9)) = (f 9z + 9foa + 2f292) ([ 9yy + Loy + 2fy9y)

— (fGay + 9oy + fogy + [49:)°

= f2det(H(g)) + ¢* det(H(f)) — det>J (f & g)
+ fg (det J(f. ® g,) + det J(g: © f,))
+2(f ® 9, f29:(9yy © fyy) + [49y(Goz © faz))
+ 21 (9aa fy 9y + Gyyfe92) + 29(fou fygy + Fyyfege)
- 2<vf7 Ty © Vg> <f Dy, (gmy @ fwy)> )

= f2det(H(g)) + ¢* det(H(f)) — det*J (f @ g)
+ fg(det J(fz ® g,) + det J(g. @ f,))
+2(f @9, f29:(9yy © fuy) + [49y(Gze © fea))
—2(f @9, f29y(gay © fay) + fy92(Gay © foy))

= 2 det(H(g)) + ¢* det(H(f)) — det’J (f @ g)
+ fg(det J(fo © gy) +det J(g. © f,)) — 2(f © g,D(g, f)),

which completes the proof. [

Example 3.2. Consider the functions d7, d? : R* — R, where p, ¢ € R?,

dp(z) = ||z — pll, dy(2) = [[z — 4l
and where z = (z,y), p = (zo,%) and ¢ = (x1,y;). In other words,
d) = (x —x0)* + (y —w0)?, ) = (x —21)* + (y — ).

One can easily see that

(Vdf))(x, y) =2 (z — w0,y — yo), i-e. (Vd;)(z) =2(z—p)
(Vd2)(z,y) =2(x —x1,y — 1), Le. (Vd2)(2) =2(z — q)
and Hoy)(dy) = <(2) g) =2l = Hzy)(dy)

det H(%y)(d;) = det H(%y)(dg) = 4.

Note that [[(Vd2)(2)|| = 2|z — pll = 2d,(2) and [[(Vd})(2)|| = 2[|z — gl = 2d,(2).
Therefore

Tr(H(d2d2)) = XA + d2Ad2 + 2(Vd2, Vd2) = 4]2z —p—q|| > 0. (5)
For the computation of det(H(d2d2)) we first recall that

det(H(d2)) = det(H(d2)) = 4,
and observe that

det*J(dy @ ) (x, y) = 16[(x — x0)(y — y1) — (& — 21)(y — 0)]°
= ||Vd2 x Vd2|]*(z,y) det J((d2)o ® (d2),) + det J((d))s & (d2),) =4 +4 =38

D(d2, &) (x,y) = —[8(x — o) (x — x1) + 8(y — wo)(y — 11)] = —2(Vd}, Vd2)(x,y).
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Consequently
det(H(d>d2)) = dyy det(H(d2)) + dy det(H(d})) — det*J (d @ d2) (6)
+ d2d? (det J((d2)s @ (d2)y) + det J((d2), @ (d2),)) — 2(d> ® d2, D(d2,d))
= 4(d, +dy) — |V x Vd2|* + 8d3d2 + 4(Vd3, Vd2) (d + d2)
= [2(dy, + dg)* + (Vd2, Vd2)] x [2(d, — d,)* + (Vd2, Vd2)].
Remark 3.3. The following statements are equivalent:

(1) det(H(d2d2)) > 0;
(2) 2(dp — dg)?* + (Vd2, Vd2) > 0. O

Corollary 3.4. The product dgdg is a Morse function.
Proof. According to Example 2.2(1), the critical set of d2d? is

p+q
cughy - 5%}
Since det(H,(d}d2)) = det(H,(d2d?)) = 4[lq — p[|* > 0 and
det(H(p-Fq)/z(dgdg)) = —|lq —p||2 <0
it follows that the critical points are indeed non-degenerate. [

Remark 3.5. The following relations hold:
(1) Hess™(d2d2)={z € R?*: 2(d,—d,)* + (Vd, Vd2) > 0}.
(2) OHess™(d)d}) = {z € R* : 2(d, — dy)* + (Vd2,Vd2) = 0}. O

Remark 3.6. Hess"(d2d?) is unbounded and

_l_ i
R?\ cIB (7% M) C Hess™ (d2d2).

Indeed if (Vd2,Vd?) > 0, then det(H(d>d2)) > 0. On the other hand
lg —pl* =llg — =+ 2 = plI* = llg = 21* + Iz = plI* + 2{g — 2,2 = p)
= 2zl ~ 262, p+ @) + Il + gl — 5(V, Vi)
which shows that (Vd2 Vd?) > 0 if and only if

2[12|1> = 2(z,p + @) + lplI*> + llgl* > llg — pII?
HMF+H%2>HQ—MP
9 9
2>Hq—MP
T

= |elI* = (zp+a) +

P+q
2

= |-
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According to (5) we have Tr(H((d2d?)) > 0 everywhere except at

P+
—5— a5 Te(Hprga(dydy)) = 0.

In particular Tr(H(d2d2)) > 0 over R*\ clB (%7 @) which combined with

the above arguments on

4+ _
det(H(d2d2)) >0 over R*\ clB (p_ . q’ Ip . QH>

show that H(d>d?) is positive definite over
p+q llp—dl
R*\ cIB | ——
\e ( 2 2

and the statement is now completely justified. Moreover
(dpdg)ee (d5dg)ay (dpdg).
D3(d§d§) = (d:z%dg)xy (dgdg)yy (df:dﬁ)y
(dpdg)e  (dpdg)y O
= 4(mv — nu)’dad; — dod2(d2 + d2)(d2 + d2 + 2(mu + nv))
= 8dod2(—s" — 25t + 4dod? — 4t%),

wherem =x—xg,n =y —Yo, U =T — T,V =Y—Y1, S = dz—i-dg =m?+n?+u?+0?
and t = mu + nv. Since we are interested about values of k for which Ds(d>d?)
keeps constant sign along the curve df)dg = k, we shall find some useful information
on the local extrema of the restriction of the function h := —s* — 2st 4 4d2d2 — 41>
to the curve dgdg = k. Note that such level curves of the product df)dg are convex
and do not contain critical points of h as Dg(dgdg) vanishes at such points. They
are also compact due to the norm-coercivity of the product df)dg itself, i.e.
lim (df)(z)dg(z)) = 00.
llz]|—o00

Remark 3.7. If k < ||g — p[|*/16, then the determinant Ds(d2d?) is negative over
the k-level curve d]%dg = k. Indeed, one can easily see that the critical set of the
convex function s = d; + d reduces to the the midpoint (¢ 4 p)/2 of the segment
[pq], which is actually its global minimum point. In other words

_|_ _ 2
s(2) > s g+p\ _lla—0pl '
2 9

lg — p||*
1

Therefore h=—s"—2st +4d2d} — 4> < — — 25t + 4k — 4t

_ 4 . 4
<—M—%HM%#:—M—MSO,

which shows that Ds(d2d2) = 8d2d2h < 0 over the k-level curve of d2d; whenever
k< lla - pll*/16. O
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Theorem 3.8. The level curves of the product df,dg have the properties:

(1)  Fork < |lp—q||*/16 the level curve d2d2 = k is compact but not connected.
Howewver, each of its connected components is convexz.

(2)  For|p—ql*/16 < k < |lp — ql|*/4 the level curve d2d2 = k is a compact
connected reqular curve, diffeomorphic with the circle S*.

(3)  Fork>|p—q|*/4 the level curve d2d2 = k is compact and convex.
Proof. The compactness of all level sets of the product d]%dg follows due to its norm-
coercivity. We start our arguments by finding the local extrema of h subject to some

level curve df,dg = k constraint. To this end, we shall use the standard technique of
Lagrange multipliers via the Lagrange function

Ly, \) = 40202 — (5% + 25t + 41%) — A(d2d2 — ).
Note that h(z,y) = L(x,y,0) and therefore
sgn(Ds(dydy)) = sen(L(z,y,0)).

The local extrema of h subject to the constraint df)dg = k are part of the solutions
of the equation VL(z,y, \) = 0 which is equivalent to the following system

(22 —xo — x1)(25 + 5+ 2t + 4t) + (A — 4)((z — 20)d + (x — 21)d}) = 0
2y —yo —y1)(2s + 5+ 2t +4t) + (A —4)((y — wo)d? + (y — y1)d;) =0
[(x = 20)* + (y — wo)?J[(z — 21)* + (y — )] = &,
i.e.
3(s+2t)(m +u) + (A — 4)(md; + ud) = 0
3(s+2t)(n+v) + (A = 4)(ndZ +vd}) =0
(& —20)* + (y — w0)?I[(x — 21)* + (y — 1)) = k.
Multiplying the first equation with nd? + vd} and the second with —(md; + ud)
and adding them afterwards, we obtain
(s +2t)[(m + u)(nd; + vd2) — (n+v)(md; + ud;)] = 0 &
< (s 4+ 2t)(mv — nu)(df) — dg) =0
<:>s—|—2t:00rmv:nuord;:d3.

To+ Ty Yo+
Rt — , —
o 5 Y 2

or mv = nu or d, = d,.

Note that the midpoint (p + ¢)/2 of the segment [pq], is a critical point of h.

For the second restriction we have

mv =nu< (x—x)(y —y1) = (x —21)(y — yo)
< (Yo — y1)x + (21 — 20)y + Toy1 — T1Y0 = 0. (7)

Note that equation (7) represents the straight line pg. Moreover on the intersection
of pq with the k-level curve of d>d2, we have

242 _ 2 2 42 2 42
k=dd, = (mu+nv)”+ (mv—nu)”=t"+0" =t
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and, in this case, we get
L(z,y,0) =4d>d2 — s* — 25t — 48> = 4k — s(s + 2t) — 4k
= —s[(m+u)*+ (n+v)% <0. (8)
Note that £(z,y,0) = 0 if and only if z = (2o + 21)/2 and y = (yo + v1)/2, and
k = |lg— p||*/16 in that case. The intersection of the straight line pg and the k-level

curve of the product d’d? is not empty unless the k-level set of d>d? is empty, i.e.
k < 0. This intersection can be easily found by using the parametrization

z:¥+t(q—p), teR

of the line pg. Combining this equation with d>d? =k < |z — p|]?||z — ¢||* = k we

obtain
p=ly VE (9)

4

lg—pl?
which provides at least two points in the intersection, away from the midpoint of
[pq], which correspond to the values

Vk

g — |

+ +

=] =

of the parameter ¢. At these points we have L£(x,y,0) < 0, i.e. D3(d2d?) < 0 there
(see (8)). For the third restriction we have

A2 =di & (x—20)* + (y— )’ = (x —21)* + (y — 1)’
& 22 —20)z +2(y1 — Yo)y + g +ys — 21 —yi =0 (10)

and equation (10) represents the perpendicular bisector, say b, of the segment [pq].

Moreover on the intersection of b with the k-level curve of d}%dg, we have f = g = V&,

and s = 2v/k. Consequently, for (z,y) € bN (d2d2)~ (k) we have

L(z,y,0) = 4d2d? — s* — 2st — 4t* = 4k — 4k — 2t(s + 2t)
=—(s—llp—all*)@s = [Ip—all*),

as [[p—q||* = (m—u)*+ (n—v)* = m*+n® +u* +v*> — 2(mu+nv) = s — 2t. Since

z=pll+ 1z —=daD? _ llp—dl?
it follows that Dg(dgdg) is negative on the intersection of the perpendicular bisector
b of the segment [pg] with the k-level curve of d>d? if and only if

Ip — CJI|4_

Wk=s>|p—q|*ie k> 1

Note that this intersection starts to be nonempty with

e —=alt s e pta
k= _(czpdq)<T )
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which is a critical value of the product dgdg, and keeps being nonempty for all greater
values of k. Indeed, the perpendicular bisector b of [pg] can be parameterized by the

equation

z = Z% +tR7r/2(q_p)> te Ra

where R/, : R? — R? stands for a rotation of angle 7/2 around the origin, and it
punctures the level set dgdg = k in the points which correspond to the values

Vk

t? =
lp — ql|?

+

1

4
of the parameter t. Therefore the intersection between the line b and the k-level
curve of the product d2d? is, indeed, not empty if and only if

4
VRS 1 g el
lp — gl 4 16

6.
5.
4.
3..
2(

b
/1

-2 -1 0 1 2 3 4 5

_1.

Figure 3.1: A non-connected negative regular level of the product d2d? with two
components, a critical level and two connected regular levels, one of which is non-
convex and the other one is convex.

For k > ||p — ql|*/16, these intersection points correspond to the values

b )by VR
4 p—dl
of the parameter t. Since the local extrema of h, including the global ones, subject
to the constraint d2d? = k, are contained in the union of the lines

pq, b and the level set dzdg =k (11)

and Ds(d2d?) < 0 on (11) if and only if k > [|p — q||* /4, it follows that Ds(d>d?) < 0
on the whole k-level curve of d2d? if and only if k > ||p — q||*/4.
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Thus, for k < [|p — ¢||*/16 the k-level curve of the product d’d? is not connected
as its intersection with the line b is empty and its intersections with the opposite
perpendicular half lines, of the line pq, starting at the midpoint of [pg| are both
nonempty and these intersection points are located on both sides of b, as they
correspond to the values (9) of the parameter ¢. On the other hand the determinant
D3<d127d3) is, according to Remark 3.7, negative over all these k-level curves of the

product df)dg, which means that all of their connected components are convex.

By combining the equation

z:%—l—tv, teR

of the line through the midpoint of [pq] in the direction of an arbitrary unit vector
v € S' with the equation d2d? = k <= ||z — p||*||z — ¢||> = k one can show that the
intersection of each half line starting at the midpoint of [pq] with the k-level curve
of the product d2d? is a singleton if k > |[p — ¢|*/16. The intersection point of such
a half line

2= 1’% Ltv, £ >0

and the k-level curve of the product d%dg corresponds to the value

1 2
\@\/w-p, v)2 = WP ik (g—p vy —Ta—pIP(a—p.v)?

of the parameter ¢t and can be used to provide a diffeomorphism between the circle
S* and the k-level curve of the product d2d? whenever k > ||p — g||*/16. This shows
that all these level curves of the product dgdg are connected.

Figure 3.2: The nontrivial critical level curve of d2d?, a regular level curve of d>d?
partially contained in Hessﬂdﬁdﬁ) and partially in its complement, the boundary
of Hess™(d2d?), the first convex regular level curve of d2d? completely contained in
the closure of Hess™ (d2d2), and a regular level curve of d>d? completely contained
in Hess™ (d2d2) (p = (1,2), ¢ = (3,4)).
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According to Example 2.2(1), the critical values of the product dgdg are

(BR)(p) = () (a) =0 and (@) (717) =l 2L

which shows that the set of taken regular values of the product are

llq —p||4> <||q —p||* )
<0’ 6 )Y )
In particular the k-level curves of the product are compact connected regular curves
if k> ||p—¢||*/4, diffeomorphic with the circle S*. Since the determinant Dy(d2d?)

keeps constant sign along these k-level curves when k > ||p — ¢||*/4 it follows that
these k-level curves are also convex. For

lg—pl* _ . _ lla—pl*
6 ST

the k-level curves of the product dgdg are still diffeomorphic with the circle S!, due
to the classification theorem of 1-dimensional manifolds and the Non-Critical Neck
Principle [3, p.194]. However they are not convex any longer, as the determinant
D3<d§d§) changes its sign along them, being positive over the intersection of b with
the level curve (d2d;)(2) = k and negative over the intersection of the line pg with
the k-level curve of d]%dg. O

Remark 3.9. The level curve

4
Pd® — lp — ql] (12)

g 4

remains convex. Indeed, the convexity of (12) follows immediately out of its repre-
sentation

_ _ 4 _ _ 4 1
(df)dg) 1 (—OO, lp 4(]” } _ m(dZQ)dg) 1 (—OO, lp 4‘1” + =1,

n
n>1

and the convexity of all sublevel sets

4
(df,dg)_l <—oo, w + H , n>1. O

In fact (12) is the first convex level curve of the product d2d? completely contained
in cl Hess™(d2d?). It is tangent to the boundary of Hess™(d2dZ), whose equation is

2(dy — dy)* + (Vd2, Vd2) = 0.

In order to completely justify this, we need to show (see Remark 3.5) that
2(d, — dg)* + (Vd2,Vd2) >0

over the level curve d2d2 = ||p — ¢||*/4 of the product d2dz.

It suffices to show that whenever 2d,d, = ||q¢ — p||?, we have

2(d122+d2)+4<z_p72_@ > ddyd, < |22 —p—q|> =s+2t > |p—q|*.
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The relation 2d,d, = ||qg — pl|* gives us
lg = plI* = 2dydy < dp+dg = |z = p||* + |2 — qf”

—qlP=2(z=plP+lz=al®) = llp—dql* = |lp — gl

and subsequently [|2z — p
which fully justifies our claim.

Example 3.10. Consider the functions f,, f, : R* — R given by

= Vitllz=pl? foilz) = vV1+]z—dql?
(x0,%0) and ¢ = (z1,y1). In other words,

= V1+ (@ =21+ (y - p)*

where z = (z,y), p =

Fola,y) = V14 (= 20)? + (y = 90)2 fo(,y)

One can easily see that

Ofy 0fp T— %o Y—Yo
(Vh,)(e0) (%@:,y) ( ar y)>
_(Of, T—21 Y—Wh
1)) = (P, 2 ( e y))
e (Vfp)(z) = ) P and (Vf)(z) = fq( )
as well as
o*f, 0°f, L+ —w)?  (@—z)y—w)
| 822 dzoy | _ f3(z,y) f3(z,y)
HeoW =1 iy, 3 | = | @ ely—w) 14 G-z |
0xdy  Oy? f3(z,y) (@, y)
0% f,  0%f, I+y-wn)?  (@—z)ly—un)
| 022 dzay| _ [z, y) fe(z,y)
H(ac,y)(fq) = a2qu ﬁ = - (x . xl)(y _ yl) 1+ (x N 1’1)2
dxdy  Oy? [z, y) fo(x,y)
Therefore
Tr<H(fpfq)) = prfq + qufp + 2<pr, qu>
1+ f2 1+ 22
b Q o fa Lt fi-2—-lp—dl’
et T Tl

(= fo  Ta) llp—dql? fo  Ja) llp—dql?
TR ”(fﬁfp) A7 ZQ(fﬁfp) A
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Note that

fo | faq Ip—qll? 2 | g2 2
+ — >0 < 2 + > —
2(Lad) -l 2+ 52> Ip =l
< 20+ lz—plP+ 1+ |z —4q|*) > llg — pI?
S 44+2(]z —p|* + Iz — dlI*) > lla — pl*-

But [[¢ — pll < [[z — ¢l| + [[z — pl| which implies
lg =l < llz = plI* + Iz = ql* + 2[lz = pll - Iz — 4l
and the inequality
Iz = plI” + 1z = ql* + 2z = pll - ]2 = all < 4+2(]z = plI* + |12 — 4lI*)

is equivalent with 4 + (||z — ¢|| — ||z — p||)* > 0, which is obvious.
For the calculation of det(H(f,f,)) we first observe that

1

det(H(f,)) = Ik det(H(f,)) = f4’

det J(f, ® dy) = —[(x — 20)(y — v1) — (z — 21)(y — wo)]

fpfq

fo  90f4 fo _0f\ 1 (fi+fa
detJ(a—x@a_y>+detJ<%@a—y> fpfq( f2f2 —I—dtj(fp@fq)

Ofp Ofg [Pty Pfp\ [ Ofy Ofy (Pfs  Pfy
Do do) =5, %<0y2 v 31/2) +3_y'8_y<8x2 @ aq;?)

_ % %<82f‘1 D a2fp> dfp 0fq <82fq D azfp>

Or 0Oy \ 0xdy ~ 0Ozdy B (9_y O Oxdy ~ 0xdy

_ =)y —w) <1+(y—y1)2 1+(y_y0)2>

Jofa I3 ’ f3
N (x—zo)(x —21) (14 (x —21)% 1+ (x — 20)?
Jolaq 13 ’ f3
N (@ —x0)(y — 1) [ (& —21)(y—v1) (x—20)(y — ¥o)
fpfq ft? ’ fp3
n (x—21)(y—yo) { (x—21)(y —y1) (= 20)(y — Yo)
fofa I3 ’ f3

-2 <fp D foq, D(fqa fp)>
= 2z~ m)(e — 1) + (v~ )y~ )] (5 + )

N——
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Therefore

det(H(fpfy)) = f2 det(H(f,)) + qu det(H(f,)) — detzj(fp ®© fq)
Jo Jq fq Ip
+ ol (detJ (8_@ B_y) + det J <8_@ 8_3/)) = 2(fp, ® f4, D(fos 1))

2R R

T F+ 2 Iz =pl* + 11z =gl + 1= llp — qll?] (13)
2 2 2+ 2 2
ol e e (14

Remark 3.11. The version (13) of det H(f,f,) shows that H(f,f,) is everywhere
positive definite whenever ||p — ¢|| < v/2 as det H(f,f,) is positive in such a case
and TrH(f,f,) is everywhere positive anyway. The upper-bound /2 for the dis-
tance between p and ¢ can be improved up to 2 by keeping the everywhere positive
definiteness of H(f,f,), as we will see in Proposition 3.13. If ||p — ¢|| > /2, then
the version (14) of det H,(f,f,) shows that H(f,f,) is positive definite when

2 _ 2
S lp— qll o €R2\3<p+q lp — q||).

H2_2—4’ 2 7 9

In other words, Hess™(f,f,) is unbounded and

R\ B <p+q Ip - qn) C Hoss* (£, f,).

2 2
_ 16—4]p—q|® :
Note that det H,q)/2(fpfq) = pp < 0, which shows that
det Hpiq)/2(fpfq) <0 whenever ||p—gq|l > 2 (15)

and therefore H(f,f,) is not definite on a certain open neighbourhood O of (p+¢)/2
when ||p — ¢|| > 2. In other words

R\ B (p;” Hpgq”) Hoss™ (f,,) € B*\ 0. =

Remark 3.12. The product f, fq is a Morse function if ||[p — ¢|| > 2. Indeed, in this
case we have det (H wt+a)/2([p fq < 0, due to (15) and for the critical points

I /Hp QH2 (16)
re= Q||2 ||p qll

of f,f,, we have, according to (14),

i fi fit f5> () = B I = 12)°

(z) > 0. O

det(H.(fpfy)) = <f4 f4 fgqu f;lft;l
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Therefore the critical points (16) are local minima of the product f,f, and the
midpoint of the segment [pg| is a critical point of index one of f,f,. In fact the
critical points (16) are global minima of the product f,f;.

Proposition 3.13. If ||p — q|| < 2, then Hess™ (f,f,) = R%

Proof. In order to simplify the computations we first observe that
fp+1d
i
with equality if and only if f = g as

R LN S R SRS O/ b L6 At (IR
RTRTRTETE R RS e

In particular, for every u € S*, we have

det(H.(fpfy)) >

p+ﬂr_Hp—M3
2 Y

2 4‘—
<+ & 2

2
q—>p

p—q
— +tu
2

1+ 14+ T+tu det(H(p+q)/2+tu(fpfq)> >

2
<2+2t2 e q||2)
2

—_ qllI2 2
_ (2+ I Qqu +2t2) oy o2 P 2qH>

2

q—0p
+

it
9 u

> 12+

——
9 u

e —all® 160+ —llp —all* _ 16 —[lp —al*

= 4(1 4 t?)?
(1+79) 4 4 = 4

> 0,

for every u € S* and ||p—q|| < 2. If 2 € R*\ {(p+ ¢)/2} is an arbitrary point, then

p+gq - p+q
2 = —— +tu, where u=-—2 _ and t= z—mH.
2 = 2
2
Therefore
16 — 4{lp — q|?
det H,(f,f,) >0 and det H, fofe) = > 0,
( p Q) (P-HI)/Q( p Q> 44+ ||p_qH2
whenever ||p — q|| < 2. O

Remark 3.14. If ||p — ¢|| < 2, then f,f, is a strictly convex function as we have
Hess™(f,f,) = R? in such a case. The product f,f, remains strictly convex even
when |[|p — ¢|| = 2, although

Hess™ (f,f,) = R?\ {%}

in such a case. Indeed the restriction of f,f, to every segment of R? has everywhere
positive second order derivative except for at most one point where it could be zero.
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The boundary of Hess™ (f,f,) is the curve det H(f,f,) =0, i.e.

2 2 2+f(12

f_IqZ‘+ f_jf+ ijgf(? X [1+2(z — zo)(z — 21) +2(y — yo)(y —v1)] = 0
& [yt o+ 20 2@ —xo)(x —21) + (y — y0) (y — )] = 0. (17)
The unbounded component of its complement is precisely Hess™ (f,f,). O

Remark 3.15. When ||p — ¢|| > 2, the convex level sets of the product f,f, will
be selected among those of f2f2 =1+ d2 4 d? + d>d? as the two products f,f, and
f2f2 have the same level sets. Indeed (f,f,) "' (c) = (f2f2)"(c*). Moreover

TR (212)) = Te(H(d2 + &) + Tr(HL(d32))

=8+4[22 —p—q|* >0, Vz € R
We also have
det(H.(f2f2)) = det(4]y + H.(d2d2)) = 4[4 + 4(d2 + d2) + 2(Vd., Vd2)]
+ 12(dy + dg)? + (Vd2, V)] x [2(d), — dy)* + (Vd2, Vd2)]

= (VA2 Vd2) + A(d, — dg)* + 4][(Vd, Vd2) + 4(d), + dg)* + 4].

Thus, H,( fg qu ) is positive definite whenever

(VA2,Vd2) + 4(d, — dg)* + 4> 0.

q
Therefore 2(d,—d,)>+(Vd2,Vd2) >0 implying (Vd2 Vd2)+4(d,—dg)*+4 > 0,
which shows, via Remark 3.5(1), that Hess"(d2d?) C Hess™(f2f7). O

The convex levels of f]? qu are those along which the determinant

(o fDay (FfDw (Fo 1Sy
(fofd)e (ffDy 0
= A(d2d? — )1+ d2)(1 + d2)
- Q2+ &+ &) 20+ &) (1 + d2) + dpds + dody + 4d2d] + 2 + )

ol —

1
g Ds(fﬁff) =

keeps constant sign, where m = v — xg,n = y — yo,u = * — x1,v = y — y; and
c=mu+nv = (z—p,z—q). In this respect we shall find some useful information
on the local extrema of the restriction of the function

D = Dy(f2f?)

to the curve f7f? = k. Note that such level curves of the product f;f7 are convex
and do not contain critical points of D as Ds( fg fq2) vanishes at such points. They
are also compact due to the norm-coercivity of the product dfydg itself, i.e.

lim (£2£2)(z) = oo.

l[2[ =00
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Theorem 3.16. If we have ||p — q|| > 2, then the the level curves of the product
f]?ff =(1+ d?))(l + dfl) have the following properties:

2\ 2
(1) Forke <||p—q||2, (1 + @) ) the level curve f} f2 =k is compact but not

connected.

lp—al?\* llp—ql*
(2) Forke I+ , 1 — ), every connected component of the level curve

fl?fg =k is compact and conver.

2
(3) Fork > (1 + M) the level curve f,gqu = k is a compact connected reqular
curve, diffeomorphic with the circle S*.

(4)  Fork >|p—q||*/4 the level curve d2d2 =k is compact and convex.

Proof. The compactness of all level sets of the product df,dg follows due to its
Nnorm-coercivity.

%
TS

Figure 3.3: Two non-connected negative regular levels of the product f, f, with two
components each, a nontrivial critical level curve of f2 , & nonconvex connected
regular level, the first convex regular level and another ConveX connected regular
level. The boundary of the region Hess™ (f,f,) for p = (1,-1), ¢ = (—1,1).

We start our arguments by finding the constrained local extrema of D subject to
some level curve fg fq2 = k constraint. We shall use the standard technique of
Lagrange multipliers via the Lagrange function

Note that D(z,y) = L(x,y,0) and therefore
sen(Ds(f, f7)) = sen(D) = sgn(L(z,y,0)).
The local extrema of D subject to the constraint fg qu = k are part of the solutions
of the equation VL(z,y, A) = 0 which is equivalent to the following system
Dy — 2X(md; + ud +m +u) = 0
—2)\(nd3+vd§+n+v) =0
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By multiplying the first equation with nd? + qdf7 + n + v and the second one with
—(mdg + vdf) + m + u) and adding them afterwards, we obtain

D, (nd? + vd, + n+v) — Dy(md; + ud2 + m+u) =0
— (d — d2)(mv — nu)[—8kc — 16k — 4ck — 2d>d?s
— 8d2d? + 125 + 16 — 4sk + 3s°] =0,

<= mv=nu ord,=d, or

— 8ke — 16k — 4ck — 2d2d2s — 8dod? + 125 + 16 — 4sk + 3s°] = 0
where s = d? + dZ. The last factor
2(25% + 7s — d;dgs — 2ks — 6¢ck — 4d§d3 — 8k +38)
vanishes only when

(s+2)% —k(s+4)
2k ’

25 +7s—(k—s—1)s—2ks—6ck—4(k—s—1)—8k+8 =0 < c=

Along the curve defined by the last factor we have
2 2
Deaklb—s_1_ (s4+2)° —k(s+4)
2k
— (24 9)[(s+2)° —k(s+4)+ (s+4)(k—s—1)+ 5]

_ (k2R (5427 _
4k -

For mv = nu we have ¢* = d2d? — (mv — nu)® = k — s — 1, namely
L(z,y,0) = —(2 + s)[2ck + 4c* + (¢* + 1)s]
= —(2+8)(2¢> + 2¢s + 2c + 4* + s+ 5) = —(s + 2)(2c + s)(c + 1)°.

We are now looking for the extreme points of the intersection between the straight
line pg : mv = nu and the level curve f]?f(f =k, ie.

(I+d)(1+d2) =k
On the points of the line pq, parameterized by the equation

_l_
Z=]¥+t(q—p)7 teR,

p+q 1\
we have df) <T+t(q —p)) = (t—i— 5) g —PH2

p+q 1\?
and d; <T+t(q—p)> = (t— 5) g — plI*.
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We also have

c=(z—pz—q) = <t(q—p)+¥,t(q—p)—¥>

lg — pl|? 1
g — pl| 1 1 llg — pl| (18)
2c+ s

which shows that 5
llg — pll

is nonpositive.

= 4t* namely s + 2 > 0 and 2c¢ + s > 0 and therefore D

We are next looking for the extreme points of the intersection between the perpen-
dicular bisector of the segment [pq] : d, = d, and the level curve

Prr=ke= 1+ (1 +d) =k, ie dy=d,=Vk—1.
But for dp:qu\/%—lwe have

L(z,y,0) = 4k[(VE — 1) = ] — 2Vk[2¢k + (VE — 1)2(2 + 2Vk) + 2V — 2]
= —dk(c+ 1) (c+ Vk—1).
The extreme points are located at the intersection between the level curve
(I+d)(1+d) =k

and the perpendicular bisector d, = d, of the segment [pg|, which is parameterized

by the equation

p+q
z = T+tRw/2(q_p>7 tER:

where R/, : R? — R? stands for the rotation of angle § and is an isometry of R2.
One can easily see that the values of ¢ which correspond to the intersection points
between the level curve

2 2y 2 2\ _
(L+d)(I+dy) =k <= 1+ |z =pl)A+ |z —qll") =k
and the perpendicular bisector of the segment [pg] are the solutions of the equation
VE-1 1
la—p)I* 4

It follows that ¢ at the intersection points between the perpendicular bisector of the
segment [pq] : d, = d, and the curve (1+ d2)(1+d2) = k is

t2
q—p q—p
c=(z—pz—q)= <tRw/z(q = D)+ 5 tRepa(g = p) - T>
lg — pl|? 1
= t*||Rrj2(q — p)|I” — — = - 1) lla —p|)?

:(ﬂ 1) Hq_p”2:\/g_1_M' (19)

lg—p)|? 2 9
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— a2 _ 12
Therefore L(z,y,0) = —8k (\/E — u) <\/E 1 lp 4‘1” )

If |[¢ — p|| > 2, then for the values of D over the intersection points between the
perpendicular bisector of the segment [pq] : d, = dg and the curve (1+d2)(1+d2) = k
we have:

N
(1) Forke <1, (1 + %) ), these values of D are negative.

2 2 4
(2) For ke ((1 + lp—dl > , Lol > these values of D are positive.

(3) For ke (M, oo), these values of D are negative.

By using a similar approach to the one which we used when we studied the level
curves of the product d%dg one can show that the k-level curves of the product
212 = (14 d2)(1+ d?) are not connected for

2N 2
ke (lp—al? (1+ 125157, (20)
and convex connected for
lp — q|*
ke ™) (21)

Note that the inverse image of ||p — ¢||* through f2 f7 = (1 + d2)(1 + dZ) reduces to
its global minima, i.e. the critical points

+ 4 —q p+ —qll? -
L_bta, | i B A lp—al®  p-a
2 lp—qll* 2 2 4 Ip—qll

The constant sign of D over the k-levels (20) of f2f2 = (1 + d2)(1 + dZ), which
are nonconnected, show the convexity of every connected component of such a level

curve. Note that for
quW>2Hpﬂﬁ>
ke((1+ o) (22)

the k-level of the product f2f2 = (14 d2)(1 + d) remains connected, via the Non-
Critical Neck Principle (see e.g. [3, p.194]), but not convex as D changes its sign
over it, being positive on its intersection with the perpendicular bisector of the
segment [pg] and negative over the intersection of the level curve (1+d2)(1+d2) = k
and the line pg. On the other hand the connected k-levels (21) of the product
[2f2 = (14 d2)(1+ d2) are also convex. The level curve

4
(1+d2)(1+d2) = Ip 4q” (23)
remains convex as the argument of Remark 3.9 works to justify this statement as
well. In fact (23) is the first convex level curve of the product f2 fZ = (1+d2)(1+d2)
completely contained in cl Hess . In order to completely justify this, we nee

letel ined in cl Hess*(f,f,). In ord letely justify thi d
to show (see (17)) that

FA FEr 2f2 2 (0 — wo)(w — 1) + (¥ — 0) (y — 91)] = 0
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over the level curve

f2f2 ||p qH
of the product f2fZ. In this respect we only need to show that
(# —o)(z — 1) + (y —yo)(y — 1) = —1 (24)
over the level curve
4

of the product f2fZ. Indeed, in such a case

o+ T2 fiz—pz—q) > (ff— [7)? >0

In order to solve the constrained problem (24)+(25), we shall use the standard
Lagrange multipliers technique for the Lagrange function

4
L(w,y.0) = (2= w0) (@ = 21) + (5 = 30)(y — 1) = M 2w ) 2 ) — P20,
Indeed, the constrained local extrema of the function

c=(z—pz—q) =(@—x0)(x—21)+ (y — y0)(y — 11)

subject to constraint (25) are part of the solution set of the equation VL(z,y, ) =0
which is equivalent to the following system

x_$0+9€1 <fp f+fq2 fq):()

2
AL 2 (fp oy g fq):o (26)
4
| ey - 2200

By multiplying the first and second equation with

0 0 1 Of? 0f?
I f” Y fq —( 5aig+ 8—2) =) - (2D)

and

0 1 of? 0f?
—fpf2 fp —fq 58_];]:5< qza—];”r ﬁa—{%) = (z —m) fo + (x —21)f]

respectively, and then adding them we obtain

(3/0 - yl)l' + (961 - 370)3/ + 2oy — 1Yo = 0 <= dp(xu y) = dq(ﬂfa y).
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Thus, the constrained local extrema of the function ¢ = (z — p, z — ¢) subject to the
constraint \

) ) = 20

are at the intersection between the line pg with the level curve (25) of the product
f}? qu as well as at the intersection between the perpendicular bisector of the segment
[pq] : d, = dg with the level curve (25) of the product f7f7. The value of ¢ =
(z — p,z — q) over the intersection of the perpendicular bisector of the segment
[pq] with the level curve (25) of f2f2 is —1, according to (19), and the intersection
between the line pg with the level curve (25) of the product f7f? can be found by
combining (18) with the equation (25) itself and by taking into account that the line
pq can be parameterized by the equation

p+q
pg: z2=——+tqg—p).

2
Therefore we have
2702 ”p_QH4 2 2\ ||P—Q||4
fpfq =" — (1—{—dp)(1+dq) ==
4
= (Ul plP) e - gy = 12240

1\?2 1 p—ql|*
= (g Mlapli 2 (-5 ) la-plP e lg—p- 22000 o9

Ip — q|*
A

— o2 —4
jE||q pII\/||2q pll .

= 42+ 14 |g—pl* =

<— c+1=

The version with the minus sign is unacceptable as its counterpart of the solution
for t? of the equation (28), leads us to

12
Lt llg - ply/ A
2=~ —
4 llg — plI?
whose right hand side is less than zero for ||g — p|| > 2. Therefore the value of ¢ over

the intersection between the line pg with the level curve (25) is

— 2 —4
14 e pH\/Ilzq d .

Thus, the maximum of the function

c=(z—pz—q) =(x—z)(x—a1)+y—w)y—un)
subject to the constraint (25) is

_ — o2 —4
14 e pII\/||2q pl*—4

and its minimum is —1, i.e. the constrained inequality (24) is now completely
justified. ]
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