Journal of Convex Analysis
Volume 30 (2023), No. 1, 329-342

Rotundity Properties, and Non-Extendability
of Lipschitz Quasiconvex Functions

Carlo Alberto De Bernardi

Dip. di Matematica per le Scienze Economiche, Finanziarie ed Attuariali,
Universita Cattolica del Sacro Cuore, Milano, Italy
carloalberto.debernardi@unicatt.it, carloalberto.debernardi@gmail.com

Libor Vesely

Dip. di Matematica “F. Enriques”, Universita degli Studi di Milano, Italy
libor.vesely@unimi.it

Received: May 6, 2022
Accepted: September 3, 2022

Let A be an open convex subset of a real normed linear space X. We prove that if the boundary
of A contains a non-LUR point then there exists a Lipschitz quasiconvex function f: A — R not
admitting any continuous quasiconvex extension to the whole X.

Keywords: Lipschitz function, quasiconvex function, LUR point, exposing functional.

2010 Mathematics Subject Classification: Primary 46A55, 52A05; secondary 52A99, 26B25.

1. Introduction

Let A be a convex set in a nontrivial real normed linear space X. A function
f: A — R is called quasiconvex if its lower level sets {x € A: f(z) < 5} (8 € R)
are convex. Quasiconvex functions are a natural generalization of convex functions
and play a crucial role in mathematical programming, in economics, and in many
other areas of mathematical analysis (see [1, 2, 15, 17] and the references therein).

In the last two decades, several authors studied the problem of extending real val-
ued continuous convex functions from a subspace Y of X to the whole X (see e.g.
3,4, 5,9, 10, 18] and the references therein), obtaining positive results under suit-
able hypotheses involving certain separability conditions. In a recent paper [6], the
first named author started to study the corresponding problem for continuous quasi-
convez functions, obtaining some positive results essentially in the finite-dimensional
case. Subsequently, in our paper [12], these results were generalized to the infinite-
dimensional separable case by a detailed study of relations between extendability
of continuous convex and that of continuous quasiconvex functions. Moreover, in
[13] we obtained some positive results on extending Lipschitz quasiconvex functions
from subspaces by proving that every quasiconvex L-Lipschitz (i.e., with a Lip-
schitz constant L > 0) function defined on a subspace of a normed space X admits
an L-Lipschitz quasiconvex extension defined on the whole X.

Here we are interested in a related problem of extendability of Lipschitz quasiconvex
functions from a convex set A C X to the whole X. It is a well-known fact that if
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g: A — R is an L-Lipschitz convex function then it admits an L-Lipschitz convex
extension G to the whole X; moreover, such an extension GG can be defined by the
infimal-convolution formula

G(z) =infyealg(y) + Lllz —yl|], ze€X.

Thus it seems natural to ask to what extent a similar result holds for Lipschitz
quasiconvex functions. Let us observe that the same formula does not work in
the quasiconvex case: it is an easy exercise to find an example of a quasicon-
vex L-Lipschitz function f: A — R such that the (L-Lipschitz) extension F(z) =
inf,caf(y) + L||z — y||], * € X, is not quasiconvex.

The aim of the present paper is to show that, in general, the problem mentioned
above has a negative answer, even in a strong sense described below. In Section 2,
after some notations and preliminaries, we present Example 2.10 which is a start-
ing point of our work: an elementary example of a quasiconvex Lipschitz function
defined on an open half-plane A C R? that cannot be extended to a continuous
quasiconvex function defined on any open half-plane properly containing A. The ge-
ometric construction used in this example and a certain characterization of strongly
exposing functionals (Lemma 2.3 below) are the basic ingredients for Theorem 3.2
which is the first main result of the present paper asserting that:

If A C X is an open convex set such that some xo € OA is not a strongly
exposed point of A, then there exists a Lipschitz quasiconvex function
f:+ A — R not admitting quasiconver continuous extensions to any open
conver subset of X containing A and xy.

Then, by combining this result and a certain property of non LUR points, stated in
terms of support functionals, we prove the following result (see Theorem 3.3):

If X is a Banach space and A_C X is an open convex set such that some
xo € A is not a LUR point of A, then there exists a Lipschitz quasiconvex
function f: A — R not admitting any quasiconvex continuous extension to X .

These last two results should be compared with our paper [13] in which it is proved
that each uniformly continuous quasiconvex function defined on a uniformly rotund
body A C X admits a uniformly continuous quasiconvex extension to the whole
X. This comparison leads to a couple of problems considered in Section 4. The
first one asks whether a similar extension result holds for the class of Lipschitz
quasiconvex functions. This is solved in negative in Example 4.2 by providing a
Lipschitz quasiconvex function on a circle in the Euclidean plane that does not
admit any Lipschitz quasiconvex extension to the whole plane. The second problem
asks whether the result in [13] about uniformly continuous quasiconvex functions
can be reversed, that is, whether extendability of uniformly continuous quasiconvex
functions from an open convex set A to the whole space implies that the set A is
uniformly rotund. This last problem remains open.

2. Notation, preliminaries, and an elementary example

We consider only real normed linear spaces of dimension at least two. If X is
a normed space then X* is its dual Banach space, and Uy, Bx and Sx are the
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open unit ball, the closed unit ball and the unit sphere of X, respectively. Other
notation is standard, and various topological notions refer to the norm topology of

X, unless specified otherwise. In particular, given sets £ C Z in X, the symbols ",
07(F) and intz(F) denote the relative closure, boundary and interior, respectively,
of Ein Z.

All functions we consider are real-valued. Let us recall that, if A is a convex subset
of X, a function f: A — R is called quasiconver if all its strict sub-level sets

f<pBl:={zcA: fx)<p} (BeR)

are convex; equivalently, if all its sub-level sets

[f<pl={xecA: f(x) <p} (6 €R)

are convex.

A set B C X will be called a body if it is closed, convex and has nonempty interior.
For z,y € X, [z,y] denotes the closed segment in X with endpoints = and y, and
(x,y) = [z,y] \ {z,y} is the corresponding relatively open segment; similarly, we

define [z,y) = [z, y] \ {y}.
A slice of a set K C X is a set of the form

Sa*,a, K)={z € K: z"(x) >supz™(K) — a},

where a« > 0 and z* € X* \ {0} is bounded above on K. If z € K C X, we denote
the set of all support functionals for K at z by

Yr(z) ={2" € X"\ {0} : 2"(2) =supz™(K)}.

We shall need the following easy lemma which asserts that the supporting functionals
of a body B at a point depend only on the portion of B contained in a neighborhood
of that point. Its easy standard proof is left to the reader.

Lemma 2.1. Let A be an open convex set and B a body in X. If xo € ANOB then
Yans(7o) = ¥p(70).

For 2* € Sx~ and « € (0,1), we denote
Clz*,a) ={x e X :2%(x) > o|z||}, C°(z",a) ={x € X : 2" (x) > o|z| }.

It is easy to see that C'(z*, «) is a nonempty closed convex cone (with vertex at the
origin), and C°(z*, ) = int C(z*, @) is a nonempty open convex cone.

Let us recall the notion of a strongly exposed point and a strongly exposing func-
tional.

Definition 2.2. (see, e.g., [14, Definition 7.10]) Let K be a nonempty subset of
a normed space X, a € K, and f € X*\ {0}. We say that f strongly exposes
K at a if f € ¥k(a), and z,, — a whenever {z,} is a sequence in K such that

lim,, f(z,) = sup f(K). If this is the case, we say that a is a strongly exposed point
of K.
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It is elementary to see that f strongly exposes K at a if and only if f(a) = sup f(K)
and diam(S (f,a, K )) — 0 as a — 0%. The next lemma gives a characterization
of strongly exposing functionals of a convex set C' in terms of containment of C
in certain translates of cones of the form C(f, a). It essentially coincides with [7,
Lemma 2.9]; we include a proof for the sake of completeness.

Lemma 2.3. Let C' be a conver set in X such that 0 € C. Let f € Sx« be such
that f(0) = inf f(C) and let xy € Sx be such that 6 := f(xy) > 0. Let us consider
the function

e:(0,1) = [0,00], e(a):=inf{A\>0: C C C(f,a) — Axo},

with the usual convention that inf ) = co. Then (—f) strongly exposes C' at 0 if and
only if e(a)/a = 0 as o« — 0F.

Remark 2.4. Observe that if o € (0,1) and e(«) is finite then the infimum in the
definition of the function ¢ above is actually a minimum. Hence, in this case, we
have that C' C C(f,«) — e(a)xq. Notice that, in the notation of Lemma 2.3, () is
always finite whenever « € (0,6) and C' is bounded.

Proof of Lemma 2.3. First suppose that (a)/a does not tend to 0 as a — 0.
Then there exist M > 0 and «,, — 07 such that e(a,,) > Ma,. For n € N, let
zn € C\ [C(f, an) — May,x) and observe that

f(zn) + MO, = f(z, + Mayzo) < ap||lzn + Magxo||.
Hence we have
0 < f(zn) < Mll2n + Manzo|| — Moy, = an(|| 20 + Manz|| — M6).

Since «,, > 0, from the previous inequality we have ||z, + Ma,zo|| > M6. Hence,
by the continuity of the norm, eventually it holds ||z,|| > M6/2. So we have

0< f( Zn )<an||zn+Manon—M9 < lznll + Mo, — MO

Q.

[lzn [lzn - [[zn -
In particular, we have f (%zzﬁ) — 0t as n — oo. Since C is convex, 0 € C, and
eventually % < 1, we have that eventually %zz’ﬁ € C. It follows that (—f) does

not strongly expose C' at 0.

For the other implication, suppose that e(a)/a — 0 as a — 07. Then e(«) is
eventually (for « — 07) finite, and C' C C(f,a) — e(a)zg by Remark 2.4. Let
reCn{zeX; f(z) <a?}, then eventually

allz +e(a)zoll < f(a+e(a)zo) = f(2) +e(@)f(z0) < 0 + &(a)

and hence

2]l < [l + e(a)zol| + [le(@)zoll = [z + e(@)ol| + e(@) < a + % +e(a).

This proves that diam (S(—f, a?, C)) — 0as a — 07, that is, (—f) strongly exposes
C at 0. O
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Definition 2.5. (see, e.g., [11] or [16, Definition 1.3]) Let A C X be a body. We
say that © € 0A is an LUR (locally uniformly rotund) point of A if for each £ > 0
there exists d > 0 such that if y € A and ||z — y|| > € then

dist (a’;y,aA> > 5. (1)
We say that A is an LUR body if each point in 0A is an LUR point of A.

The next lemma is well-known in the case the body is a ball (see, e.g. [14, Ex-

ercise 8.27]) and in the general case the proof is similar. For a proof see, e.g., [8,
Lemma 4.3].

Lemma 2.6. Let A be a body in X and suppose that a € OA is an LUR point of A.
If f € ¥4(a) then f strongly exposes A at a.

Recall that a body is said to be strictly convex (or rotund) if its boundary does not
contain any non-degenerate line segment.

Observation 2.7. Let A be a strictly convex body in a Banach space X and let
x9€0A be a non LUR point of A. Then there exist ¢ >0 and a sequence {x,, }neny C
0A such that:

o dist (222 9A) — 0;

. |zn — @m|| > €, whenever n,m € N, n # m;

. |xn, — x0|| > &, whenever n € N.

Proof. There exist e; > 0 and a sequence {x,} C A such that dist(23%) — 0
and ||z, — xo|| > &1 for each n. The strict convexity of A implies that {x,} cannot
contain any convergent subsequence, and hence by completeness of X, this sequence
is not totally bounded. By passing to a subsequence, we can (and do) assume that
there is €5 > 0 such that ||z, — z,,|| > €2 whenever n # m. Putting € := min{e;, &5}
completes the proof. [

In the sequel we shall need the following lemma.

Lemma 2.8. Let A be an open convex subset of a Banach space X, xo € 0A, and
let {x,} C OA be such that:

o dist (252, 0A) > 0;
. |zn — || > 9 whenever n,m € N, n # m;
. |zn — zol| > 9 whenever n € N.

Then there ezist sequences {z,} C 0A and {f,} C Sx~ such that:

° In € EZ(2n>;

o fulzn) = fulzo) = 0;

. |z — zm|| = 4 whenever n,m € N, n # m;
. ||zn, — xo|| > 4 whenever n € N.

Proof. Let {z,} C A be such that d, := ||z, — 22| — 0. Suppose without any
loss of generality that d,, < , and observe that ||z, — 2o > ||25%|| — d, > 4 for
each n € N. Similarly, ||z, — 2,,|| > 4 whenever n,m € N, n # m.
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By the Hahn-Banach theorem there exist functionals f,, € Sy« (n € N) such that
fa(zn) = sup fo(A). For n € N, since clearly f,(%F%) > sup f,(A) — d,, and
Jn(zn) < sup f,(A), we have that f,(*»5™) < d,, and hence

0 < falzn) = ful@o) = falzn — BF22) + fo(E2520) < 2d,.
The proof is complete since d,, — 0. 0

In the sequel we shall need the following lemma containing a geometrical construc-
tion that allows us to easily define Lipschitz quasiconvex functions. Given sets
D,, C A (n € N), the symbol D,, ,/* A means that the sequence {D,,} is monotone
nondecreasing and its union is A. By an L-Lipschitz function we mean a function
which is Lipschitz with a Lipschitz constant L.

Lemma 2.9. Let X be a normed space, A C X an open convex set, and L > 0. Let
{vn} C (1,00) and {D,}nen be a sequence of open convex sets in X such that:

(1) %UX C Dl,'
(i) D, "A;
(iii) ANvy1 D, C Dyyq whenever n € N.

Let us define oy =1 and o, =14+ >0 (v, — 1) (n>1). Let f: A — R be defined
by

MDl(:L‘) S Dla
flx)=<Sa,—1+up,(r) € (ANvyD,)\ D,, neN,
Opi1 T E Dn+1 \ Vn+1Dn> n e Na

where up denotes the Minkowski gauge of D. Then the function f is L-Lipschitz
and quasiconver, and

D A =10,14 32 — 1));

(IT) if a« € (0,1], we have [f < a] = aDy;

(III) if o < @ < g1, for some n € N, we have
f<al=An(1+a—o,)D,.

Proof. Tt is easy to see that (I), (II), and (III) easily follow by the definition of f.
In particular, f is quasiconvex. Let us prove that

[f () = f(y)l < Lljz =y (2)
whenever z,y € A. We claim that (2) holds if one of the following conditions is
satisfied:

(a) wyeDy;
(b) forsomen € N, z,y € D41\ Dp;
(¢c) forsomen €N,z € 0D, andy € 04Dy 1.

Indeed, cases (a) and (b) follow by the definition of f and by the fact that pp is
L-Lipschitz, whenever $Ux C D. If (c) holds then

0< f(y) = f(x) = a1 — oy = vpy1 — 1 < Ldist(y, D,,) < Lz — y|,
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and the claim is proved. If z,y € A, then (2) holds by the fact that each interval
in A is the union of finitely many non-overlapping intervals whose endpoints satisfy
one of the conditions (a)—(c). O

The next result is the starting point of our paper and provides an elementary example
of a Lipschitz quasiconvex function defined on an open half-plane A C R? not
admitting quasiconvex extension to any half-space properly containing A. Observe
that the continuity of the extension is not required in the statement of the result.
Example 2.10. Let X denote R? equipped with the Euclidean norm, and let AC X
be the open half-plane

P P A={(z,y) e X: y>—1}.

Then there exists a Lipschitz quasiconvex function f: A — R not admitting quasi-
convex extension to any open half-space of X properly containing A.

Proof. Let {¢,} C (0,1) be a null sequence. Define inductively positive numbers
m, and ¢, (n € N) such that m; =1, ¢ = 1 and:

(&) Gny1 = an + 2¢n;
(b) Mp+19n+1 < &n.
ForneN let D, ={(z,y) e X:y>—-1, y>—-1+m,(|z| —q.)}

Then (a) and (b) easily imply that ¢, ,* oo and m, N\, 0, and hence D, ~ A.
Moreover, it is clear that Ux C D;. For each n € N, put v, = 2, and observe that
(a) implies that

ANvpp Dy ={(z,w) € X : w> =1, w> —1+my,(|z]| — ¢ot1)} T Dpy1.

Let {a,,} C R and f: A — R be defined as in Lemma 2.9. Then a,, = n (n € N)
and f is a 1-Lipschitz quasiconvex function such that:

(D) f(A) = [0,00);
(IT) if o € (0,1] then [f < a] = aDx;
(III) if n < @ < n+ 1 for some n € N then

[f<al=An(1+4+a—n)D,.

In particular, [f < n]=,.,[f <a] = D, whenever n € N.

Now, suppose on the contrary that there exists H, an open half-plane of X properly
containing A, and a quasiconvex extension F': H — R of f. Since

[F<nnA=[f<n]=D,",
Lemma 2.1 shows that

[F <n]C{(z,w) € X;w>—-14+m,(|z] —qn)} =: Ep.

Since m,q, — 0, we have that [ E, C XX for each ng € N. Hence for each

ng € N we have

n>ng

A contradiction since F' is finite on H. O]
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3. Main results

Roughly speaking, the aim of the present section is to generalize the construction
contained in Example 2.10 in order to obtain, under suitable geometrical assumption
on the set A, existence of a Lipschitz quasiconvex function f: A — R not admitting
any continuous quasiconvex extension to the whole space. Let us start with the
following technical, but quite elementary lemma.

Fact 3.1. Let x* € Sx+ and let xy € Sx be such that *(xo) = 6 > 0. Define
H={reX;2"(x)>0}andlet t>0,0<azs <oy <1, 5 >0 (i=1,2).

If 02 + B+ p <02 — By — L,
then [MBX + Co(l’*, Oél) — 51.%0] NHC Co(l’*, Oég) — BQI().
Proof. Given x € X, it is elementary to see that:

. 1fx—|—51x0 € C'O(x 1) then |lz]| < = (‘T «951 + fi;

o if o) < 22 4 9’82 Ba then © + faxg € C°(2*, az).
Now, if x € Co(x ,a1) — Bixg and z € [x + uBx] N H, we have

o Sp+llall < p+E2 4ol 45 =20 22 4 ghy g4y,
z7(2) s B2 _ B xz*(z) B
< ai + 5 a1 + eaz 62 < s + 902 52.

a; —

Hence, z € C°(z*, ag) — Paxp and the proof is complete. O

We are now ready for the first main result of the present paper.

Theorem 3.2. Let A be an open convex set in a normed space X. Suppose that
0 € OA and that there exists ©* € Sx« such that

(i) 27(0) = inf f(A);
(ii)  (—a*) does not strongly expose A at 0.

Then there exists a Lipschitz quasiconvex function f: A — R not admitting quasi-
conver continuous extension to any open conver subset of X containing A and the
origin.

Proof. Let yp € A and 0 = x*(x9) > 0. Define H = {z € X : 2*(z) > 0}. By

homogeneity, we can (and do) assume that ||z|| = 1. By Lemma 2.3, there exist
K >0, a, (0, and {z,,} C A such that
z, & C(2*, o) — Koy (n € N). (3)

Since, for n € N and p > 0, we have

0 —ant1 — (2u/Kan) 200 + 20/ K)(1 + (1))
0+ an + (2u/K) 0 ’

0<1-—

it is clear that, by passing to a suitable subsequence of {«, }, we can (and do) suppose
that {a,} C (0,0), and that there exists a sequence {u,} of positive numbers such
that I%La’; <0 —ay41 (n€N)and

0o O—ant1 2
HMW% (4)
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2pn

00—« —
o § o n+1 Kan
Define 0; = 5, and for n € N put 0,41 = 5"—0+an+%un .

Observe that
(a) since & = 2 and by (4), we have that d, > 1, whenever n € N;

2
O—am1— Ry
9+an+%ﬂn

By (b) and by the definition of §,, (n € N), we have

(b) since < 1, we have that ¢,, < 2, whenever n € N.

Snt1kn

97&""’17 Kan
ZOntlT Kan
Ont1 < dp O+oin -+ fin (n € N),

: K K K K n
that 18, 9§+man+un <9m—man+1—g—n (TLEN)

Define D, =[C°(z*, ay,) — %@nxo] NA (n € N).

Fix n € N. We claim that if v,; € (1,00) is such that
Q= W — (1 + %an) < Y,

then [0 + Vna1(Dy — 20)] VA C Dy

Let us prove the claim. By Lemma 3.1 and (3), we have

K
. anlo-.

[nBx + C°(x*, avy) — %anxo] NHCC(z*, apyr) —
By the previous inclusion and A C H, we have

(2o + Vi1 (Dp —x20)|MA C [20+ Vnt1 (C’O(x*, ap) — %anxo — xo)] NA

Co(z*, o) — ganxo — Qo] NA
n) - %O‘n‘ro + lunBX] nA

C°(2*, py1) — s2—anzo] N A = Dpy1,

6n+1

Q
o
8
L
)

and the claim is proved.

Observe that since 2*(0) = inf z*(A) and «,, — 0, we have that D,, /' A, indeed
A=ANH = An,nC°(z% an)
C ANU,enlC°(z*, ap) — %(xnxo] = Upen Dn C A.
Let L > 0 be such that xy + %BX C Dy. Define vy =1, v, =1+ ZZZZ(Vk —1)

(n > 1), and Yoo = SUP,ey Tn- Up to a translation, we can apply Lemma 2.9 in
order to obtain an L-Lipschitz quasiconvex function f on A such that:

@D f(A) =1[0,70);
(IT) if a € (0,1], we have [f < a] = z¢ + (D1 — z9);
(III) if 4, < @ < 441 for some n € N then

[f <al=An[zo+ (1+a—7)(Dn —x)].
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Then [f < vl = Nacnminlf <ol =A ND, =AN|[C(z*, o) — %anxo} for each
n € N.

Now, proceeding by contradiction, suppose that there exist an open convex set
B C X containing AU {0}, and a continuous quasiconvex extension F': B — R of
f. Since (0,z0] C Dy, we have that F(0) <1 (< 7). Our proof will be done once
we show that

F(—tzg) > Yoo, for each t > 0 such that —txy € B, (5)

since this will contradict the continuity of F' at 0.

Let us show (5). Assume the contrary, that is, there exists ¢ > 0 such that —tzy € B
and F(—tzg) < Yeo. Since a, N\, 0 and Y " Voo, there exists n € N such that
t > Ka, and F(—txg) < ~,. Then t > an since 0,, > 1. For brevity, let us denote

P:=[F<~,] and I':=C(z" a,) — %Oénl'g.

Then P is a convex body, I' is a closed convex cone with vertex at — anxg, and xg is
an interior point of both P and I'. Notice that PNA = [f <, = FﬂA # A by our
construction. Thus there exists z € ' N A. Fix some g € Ypn4(2). By Lemma 2.1,
g belongs to both Xr(z) and Xp(2) and, by a well-known property of cones, also
to Zp( anxo) So, denoting o := g(—3 anxo) we have that g(xy) < o. Since

t> an we must have g(—txg) > o = sup g(P). But this implies that —tzg ¢ P,
Wthh is a contradiction that completes the proof of (5). We are done. O

The above theorem will now be used to prove our second main result.

Theorem 3.3. Let A be an open convex subset of a Banach space X . Suppose that
0A contains a non-LUR point for A. Then there exists a Lipschitz quasiconvex
function f: A — R not admitting quasiconvex continuous extension to the whole X.

Proof. We can (and do) assume that each point of JA is strongly exposed for A
by any of its support functionals; indeed, otherwise we are done by Theorem 3.2.
Notice that then A is strictly convex.

Let 2y € 0A be a non LUR point of A. By Observation 2.7, there exist € > 0 and a
sequence {x,} C 0A such that:

o dist (222 0A) — 0;
. |z — Zm|| > €, whenever n,m € N, n # m;
. |zn — xo]| > €, whenever n € N.

By homogeneity, we can (and do) suppose that ¢ = 9. By Lemma 2.8, there exist
sequences {z,} C 0A and {f,} C Sx~ such that:

o sup fu(A) = fulzn);
. |zn — zm|| = 4, whenever n,m € N, n # m;

. |z, — xo|| > 4, whenever n € N.
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Moreover, by translation we can also suppose that 0 € A and ||zg|| < 1. Hence,
|zn]| > 3, whenever n € N.

Now, since by our assumption f, strongly exposes A at z, (n € N), there exists
0, > 0 such that
diam[S(fn, 6n, A)] < 1.

So, the convex set W = A\ U,y S(fn,0n, A), contains AN2Ux. Let f: A — R

be the function defined as follows

||| reAN2Ux
flz)=4¢2 reW\2Ux .
2 +dist(z, W) ze€ A\W

Then it is clear that f is quasiconvex and Lipschitz. Suppose on the contrary that
there exists a continuous quasiconvex function F': X — R extending f, then

[F<2inA=[f<2]=W.

Observe that, by our construction, the sets S(f,, d,, A) (n € N) are pairwise disjoint.
In particular, for each n € N, there exists t,, € ANOW such that f,,(t,) = fu(2n) —0n.
Hence, by Lemma 2.1, the set [F' < 2] is contained in the body

Q= m{x € X; fn(x) < Supfn(W)} = ﬂ{l’ € X; fn<x) < fn('zn) - (Sn}

neN neN

Since fn(z,) — fa(zo) — 0 and since by our construction f,(z,) — fu(xo) > I,
we have that 6, — 0, and hence that f,(z¢) — sup f,,(W) — 0. This proves that
xo € 0N and hence there exists a sequence {y,} C X such that y, — x¢ and such
that F(y,) > 2. Since f(z) < 1, whenever z belongs to the segment [0, z¢), we get
a contradiction by the continuity of F'. [

4. Final remarks and an open problem

In the paper [13], the authors proved the following result on extendability of uni-
formly continuous quasiconvex functions.

Theorem 4.1. Let X be a normed space, A C X a bounded open convex set which is
uniformly rotund (that is, uniformly convez), and f: A — R a uniformly continuous

quasiconver function. Then there exists a uniformly continuous quasiconvex function
F: X — R that extends f and satisfies F(X) C f(A).

The following 2-dimensional example shows that a similar result does not hold for
the class of Lipschitz quasiconvex functions.

Example 4.2. There exists a Lipschitz quasiconvex function f on the open circle
A = {(z,y) € R? : 2 + y* < 1} such that f admits no Lipschitz quasiconvex
extension defined on an open convex set containing A.
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Proof. Fix an increasing sequence {b, },en C (1, 00) such that b,,/b,11 — 0. Notice
that b, ,* co. Then fix a decreasing sequence {t,}nen C (0,1/2] such that ¢; = 1/2
and b,1t, — 0. Clearly, ¢, \, 0.

For each n € N consider:
«  the point w, := (/1 —t2,t,) of 0A;

. the open half-plane H,, := {(z,y) € R* : y — t,, — b,(z — /1 — t2) > 0};
. the line L, := 0H, that passes through w, and whose equation is clearly
y—t,— by —\/1—t2) =0;
the open convex set D, := AN H,.
Since by\/1 —1t2 > /1 —t2 > t;, the set D; contains the origin. So there exists
L > 0 such that (1/L)Ug2 C D;. The monotonicity of {b,} and {t,} and an
easily sketched diagram show that, for each n, D, C D,;; and even there exists

Vne1 € (1,00) such that ANv, 1D, C D,y1. Moreover, the greatest such v, is
such that wy,y1 € vp11L,, that is, V—lﬂwnﬂ € L,. An easy calculation gives that

U br \/ n+l _thrl
T It

Also notice that D, 7 A.

By Lemma 2.9, there exists an L-Lipschitz function f: A — [0, 00) satisfying the
properties (IT), (IIT) therein. Then for each n € N,

f<al=4an () [f<al=4n [} (Q+a-a)D,=D,. ()

ae(an>an+l) ae(a’ﬂ7an+1)

where the numbers «,, are as in Lemma 2.9. Let us show that this function f has
the required property.

Proceeding by contradiction, assume that there exists a Lipschitz extension F' of f,
defined on B := (1 +n)A for some > 0. Let M > 0 be a Lipschitz constant of F.
It is easy to see that there exists n € N such that the point L, N L, belongs to B
whenever n > n.

In what follows, the sublevel sets of f and F' (in our simplified notation) are con-
sidered in A and B, respectively. Consider the convex, relatively closed subsets
E, =[F < a,) of B, n € N. Since by (6), £, NA=[f <] = 5:, by convexity
we must have E,, C H, for each n € N. Observe that if 2,y € B and o, 5 € R are
such that F'(z) < a < 8 < F(y), then f —a < F(y) — F(z) < M|y — z||. It follows
that

1

dist([F < al,[F > 8]) > M(ﬁ —a) whenever a < f. (7)

So by (7), we must have for n > n

1 < dist(Ey,, B\ E,41) < dist(wy,, B\ Hpy1) _dist(wn, Lpt1)

M — Op41 — Qp o On41 — Qp Qpy1 — Qn

= A,. (8)

The proof by contradiction will be complete once we show that A, — 0.
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First notice that

by — tht1)(tn + 1ty by —tht1) tn

s 12, /12 N

In what follows, the notation w,, ~ s, means that u, /s, — 1 asn — co. Now, a well-
known formula from analytic geometry, our choice of {b,}, {t,}, and (9) together
imply that

(tn - th) + an(\/l - t721+1 - \/1 - t121) -~ tn — tht1

V1I+02, bn1

bn(V1—toy —/1=8) 4+ (tn —tns1) 1, —tos

bo/1—12 —t, R

Therefore A,, ~ bbﬁ — 0, and we are done. [

dist(wy, Lpt1) =

Qpt1 — Op = Vpy1 — 1=

The results contained in the previous section show in particular that if the boundary
of an open convex set A C X contains a non-LUR point then there exists a uniformly
quasiconvex function defined on A not admitting quasiconvex uniformly continuous
extension to the whole X. Hence it seems natural to ask whether Theorem 4.1 can
be reversed, in the sense formulated in the following open problem.

Problem 4.3. Let X be a Banach space and A C X a bounded open convez set such
that each uniformly continuous quasiconvex function f: A — R admits a uniformly
continuous quasiconvex extension F': X — R. Is then the set A uniformly rotund?

Acknowledgements. The research of the first author has been partially sup-
ported by the GNAMPA (INdAM - Istituto Nazionale di Alta Matematica) Re-
search Project 2020 and by the Ministry for Science and Innovation, Spanish State
Research Agency (Spain), under project PID2020-112491GB-100. The research of
the second author has been partially supported by the GNAMPA (INdAM - Isti-
tuto Nazionale di Alta Matematica) Research Project 2020 and by the University
of Milan, Research Support Plan PSR 2020.

References

[1] K.J.Arrow, A.C.Enthoven: Quasi-concave programming, Econometrica 29 (1961)
779-800.

[2] M. Avriel, W. E. Diewert, S. Schaible, I. Zang: Generalized Concavity, Classics in Ap-
plied Mathematics No. 63, reprint of the 1988 original, Society for Industrial and
Applied Mathematics, Philadelphia (2010).

[3] J.Borwein, V. Montesinos, J. Vanderwerfl: Boundedness, differentiability and exten-
sions of convex functions, J. Convex Analysis 13 (2006) 587-602.

[4]  J.Borwein, J. Vanderwerff: On the continuity of biconjugate convex functions, Proc.
Amer. Math. Soc. 130 (2002) 1797-1803 (electronic).

[5] C.A.De Bernardi: A note on the extension of continuous convex functions, J. Convex
Analysis 24 (2017) 333-347.



C. A. De Bernardi, L. Vesely / Rotundity Properties ...

C. A.De Bernardi: On the extension of continuous quasiconvex functions, J. Opti-
mization Theory Appl. 187 (2020) 421-430.

C. A. De Bernardi, E. Miglierina: A wvariational approach to the alternating projec-
tions method, J. Glob. Optimiation 81 (2021) 323-350.

C. A. De Bernardi, E. Miglierina, E. Molho: Stability of a convex feasibility problem,
J. Global Optimization 75/4 (2019) 1061-1077.

C. A.De Bernardi, L. Vesely: FEztension of continuous convex functions from sub-
spaces I, J. Convex Analysis 21 (2014) 1065-1084.

C. A.De Bernardi, L. Vesely: Fxtension of continuous convexr functions from sub-
spaces II, J. Convex Analysis 22 (2015) 101-116.

C. A.De Bernardi, L. Vesely: Tilings of normed spaces, Canad. J. Math. 69 (2017)
321-337.

C. A.De Bernardi, L. Vesely: Extendability of continuous quasiconvex functions from
subspaces, arXiv: 2212.13789 (2022).

C. A.De Bernardi, L. Vesely: On extension of uniformly continuous quasiconvex func-
tions, Proc. Amer. Math. Soc. 151/4 (2023) 1705-1716.

M. Fabian, P. Habala, P. Hajek, V. Montesinos, V. Zizler: Banach Space Theory. The
Basis for Linear and Nonlinear Analysis, CMS Books in Mathematics, Springer,
New York (2011).

H. Greenberg, W. Pierskalla: A review of quasi-convez functions, Oper. Research 19
(1971) 1553-1570.

V.L.Klee, L. Vesely, C. Zanco: Rotundity and smoothness of convex bodies in reflexive
and nonreflezive spaces, Studia Math. 120 (1996) 191-204.

J.-P.Penot: What is quasiconvezr analysis?, Optimization 47 (2000) 35-110.

L. Vesely, L. Zajicek: On extensions of d.c. functions and convex functions, J. Convex
Analysis 17 (2010) 427-440.



