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In a general real Hilbert space H, given a sequence (A, )nen of maximally monotone operators
A, : H = H, which graphically converges to an operator A whose domain is nonempty, we
analyze if the limit operator A is still maximally monotone. This question is justified by the fact
that, as we show on an example in infinite dimension, the graph limit in the sense of Painlevé-
Kuratowski of a sequence of maximally monotone operators may not be maximally monotone.
Indeed, the answer depends on the type of graph convergence which is considered. In the case
of the Painlevé-Kuratowski convergence, we give a positive answer under a local compactness
assumption on the graphs of the operators A,. Under this assumption, the sequence (A, )nen
turns out to be convergent for the bounded Hausdorff topology. Inspired by this result, we show
that, more generally, when the sequence (A, )nen of maximally monotone operators converges for
the bounded Hausdorff topology to an operator whose domain is nonempty, then the limit is still
maximally monotone. The answer to these questions plays a crucial role in the sensitivity analysis
of monotone variational inclusions, and makes it possible to understand these questions in a unified
way thanks to the concept of proto-differentiability. It also leads to revisit several notions which
are based on the convergence of sequences of maximally monotone operators, in particular the
notion of variational sum of maximally monotone operators.
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1. Introduction

Throughout the paper H is a real Hilbert space, endowed with the scalar product
(-,+) and the associated norm || - ||. The aim of this paper is to answer the following
question, that was raised for the first time in [2, Remark 6] as an open question.
Given a sequence (A, )neny of maximally monotone operators A,,: H = H which
graph converges to an operator A: H = H whose domain is nonempty !, can we

Ithis allows to avoid convergence to the empty set
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conclude that the limit operator A is still maximally monotone? In the case of a
negative answer, would it be possible to give a sufficient condition preserving the
maximal monotonicity property under the graph-convergence limit? After identify-
ing an operator with its graph, an equivalent formulation of the first question would
be: is the class of maximally monotone operators a closed subset of the hyperspace
of closed subsets of H x H, equipped with the Painlevé-Kuratowski (PK) set conver-
gence? It is well-known that in finite dimensional settings, the maximal monotonic-
ity is preserved under graphical convergence in the sense of Painlevé-Kuratowski set
convergence. This may fail in infinite dimension as shown by the counterexample
presented in Section 5. In relation to this phenomenon, we give a sufficient condition
ensuring the maximality of the limit operator, which reflects a local compactness
property of the graphs of the operators A,,. The difficulty linked to the use of conver-
gence in the sense of Painlevé-Kuratowski is that it is not attached to a metrizable
topology in infinite dimension. This therefore calls into question its usefulness for
such an “approximation” theory, and leads to consider other notions of convergence
of sets implying the Painlevé-Kuratowski convergence. One of them is the “bounded
Hausdorft” convergence, which is equivalent to the Painlevé-Kuratowski convergence
in finite dimension, and is attached to a metrizable topology even in infinite dimen-
sion. We will show that the bounded Hausdorff convergence is the right vehicle
to deal with the quantitative stability of variational systems involving maximally
monotone operators. We will therefore give a positive answer to the initial question
simply by replacing the Painlevé-Kuratowski convergence by the bounded Hausdorff
convergence.

The above question naturally arises in several situations involving the graph limit of
sequences of maximally monotone operators. We will pay attention to two of these
particular situations:

(i) In the sensitivity analysis of monotone variational inclusions, the concept of
proto-differentiability makes it possible to understand these questions in a uni-
fied way.

(ii) The notion of variational sum of maximally monotone operators.

2. Preliminary results

For a set-valued map A: H == H, the domain and the graph of A are given by
Dom(A) := {z € H | A(z) # 0} and Gph (4) := {(z,y) € HxH |y € A(x)}.
The product space H x H, where are located the graphs of the operators, will be
equipped with the usual classical norm ||(x,y)||luxx = /|z||* + ||y||?-

We denote by A™!: H = H the inverse of A, which is the set-valued map defined by:

AN y):={r e H |y A(x)} forallyecH.

The range of A is defined by Rge(A) = U A(x).
zeH

Given a sequence (x,,) in H that converges to some x € H, the strong (resp. weak

convergence is denoted as usual by s-lim z, =z or z,, — z (resp. w-lim z, ==z
n—-+00 n——+00
or T, — ).
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Let’s now recall some basic facts from the theory of maximally monotone operators,
and from the set convergence theory that will be useful for our developments.
2.1. Basic facts concerning maximally monotone operators

The set-valued mapping A: H = H is called monotone if it has the property
(x* —y*,x —y) >0 whenever (z,z") € Gph (A4), (y,y") € Gph (A).

The set-valued map A is said to be mazimally monotone if and only if it is monotone
and its graph is maximal in the class of monotone operators for the relation of
inclusion, i.e. Gph (A) is not properly contained in the graph of any other monotone
operator.

For a given set-valued map A:H = H, the resolvent of A of index A>0 is given by

Jaa = (Id+1A)7 (1)

where Id stands for the identity operator on H. It is well known that if A: H = H
is maximally monotone, then, for any A > 0, its resolvent Jy, : H — H is a
single-valued and nonexpansive mapping, i.e.

[xa(z) = a@)ll < llz —yll, Y,y € H.
Moreover, Jya : H — H is firmly nonexpansive, i.e.
[ hxa(@) = Ta@)® + (1d = Jna)(z) = (1d = Ha)@)* < llz = yl?, Vo, y € H
The resolvents are tied by the resolvent equation: for any A\>0, >0, for any x € H

(@)

J,\A(l') = J#A (%1’4—
The Yosida approrimation of index A >0 associated with the operator A is given by
1
Ay = X(Id — Jra).

The Yosida approximation plays an important role in the theory of monotone opera-
tors. It can be considered as a single-valued Lipschitz continuous regularization of a
given set-valued maximally monotone operator. It is well-known that if A: H = H
is maximally monotone, then its Yosida approximation A, is single-valued, every-
where defined and Lipschitz continuous with modulus % Moreover, for any x € ‘H

and A > 0,
(/ra(z), Ax(x)) € Gph (A).

The above formula reflects the fact that Gph (A) is a Lipschitzian manifold in the
product space H x H, see [24] for more details.

Given a maximally monotone operator A: H = H, for any z € Dom(A), A°(x) is
the unique element of minimal norm of the closed convex set A(z), i.e.

A%(z) = Proj,y(0), 2 € Dom(A),

where Proj,,) denotes the projection operator onto the closed convex set A(z),
x € Dom(A).
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The operator A is called the minimal section of the operator A.
For any x € Dom(A), we have limy o A)(z) = A%(z) € A(z).

We recall the following fundamental theorem, known in the literature as Minty’s
Theorem.

Theorem 2.1. (Minty, 1962) Let A: H = H be a monotone operator. The fol-
lowing statements are equivalent:

(i) A is a mazimally monotone operator;
(ii)  The operator (Id + A) is surjective, i.e. Rge(Id + A) = H.
We note that A is maximally monotone if and only if AA is also maximally monotone,

for every A > 0. Thus, property (ii) is equivalent to Rge(Id + AA) = H, for every
A>0.

2.2. Basic facts concerning set convergence

Let H be a real Hilbert space, and let (C,),en be a sequence of subsets of H. The
outer and the inner limits of (C,),eny when n — 400 are defined respectively by

Limsup C,, := {z € H|3IN € N*, Vn € N, Iz, € C,, : s-lim x, = x},

neN

Liminf C,, := {x e H|IN e N, Vn € N, 3z, € C, : s—lirglvxn::c},
ne

where N*:= {N C N | N is infinite } and N':= {N C N | N\ N is finite }.
We can define in the same manner w-Limsup and w-Liminf by replacing the strong
convergences in the definitions above by weak ones. The following inclusion holds

true in general:
Liminf ), C Limsup C,,.

The Painlevé-Kuratowski convergence is defined by this inclusion being an equality.
The following two inclusions hold true

Liminf C,, C Limsup C,, C w-Limsup C,

and Liminf C,, C w-Liminf C,, C w-Limsup C,.
The Mosco convergence? of the sequence (C,,) to C, denoted by C,, Moo , holds if
w-Limsup C,, C C' C Liminf C,,.

When considering graphs of operators from H to H, the above definitions should be
applied to subsets of the product space H x H.

Definition 2.2. (Graph-convergence) Let A,: H = H, n = 1,2... be a sequence
of operators. The sequence (A, ),en is said to be graph-convergent to the operator
A:H = H, if Gph (A,) converges to Gph (A) in the sense of Painlevé-Kuratowski

(PK). We then denote A, N O

2In general, the Mosco convergence is used for sequences of closed convex sets, since it necessarily
implies that the limit set is weakly closed
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For any subset C' C H, the distance from a point z € H to C' is defined by

d(z,C) = inf fla — y].

By convention, we set d(z, () = co.
Let C' and D be two subsets of H. The excess function of C on D is defined by
¢(C, D) = supd(x, D),

zeC

with the convention e(), D) = 0.

For any nonegative real number p > 0, the closed ball centered at the origin and with
radius p is denoted by pB. For any subset C' C H, we denote by C, the intersection
of C with pB i.e. C, := CnNpB.

Following Attouch-Wets [9, 10, 11], Attouch-Lucchetti-Wets [6], Azé-Penot [12], Beer
[15] we have the following quantitative notion.

Definition 2.3. (p-Hausdorff distance) For any p > 0, the p-Hausdorff distance
between two subsets C' and D of H is defined by

haus,(C, D) = max (e(C,, D), e(D,, C)).

A sequence (C),)nen of subsets of H is said to converge to a set C' C H with respect
to the p-Hausdorff distance, if for any p > 0, lim haus,(C,,C) =0, i.e. for any
€ > 0 and any p > 0, there exists N > 0 noee

C,NpB C C+ecB and CNpB C C, +¢B, for all n > N. O

We recall that the p-Hausdorft distance is not a metric.

The convergence for the p-Hausdorff distance is associated with a topology that is
metrizable. Following [6] and [15], it is induced by the metric which is defined with
the help of the semi-distances

d,(C,D) := sup |d(z,C) —d(x,D)|

llzl|<p

D
by the following formula Z 2™ T d C;C )D) (2)

where (p,) is a sequence of increasing positive numbers that tends to 4oo (this
sequence can be taken arbitrarily, the topology and the uniform structure remain
the same). The link between the p-Hausdorff distance and the above metric follows
from the following result

Proposition 2.4. For any p > 0 and py > max{d(0,C),d(0, D)}
haus,(C, D) < d,(C, D) < hauss,,,(C, D).

Proof. The first inequality is immediate. For the second inequality, we refer to [14,
Lemma 3.1]. O
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As an important result, we have the following completeness property.

Theorem 2.5. (Theorem 2.1 [6], Theorem 3.1.3 [15]]) The hyperspace of closed
sets is complete for the metric defined in (2).

We therefore use the two terminologies interchangeably: convergence for the p-Haus-
dorff distance, or convergence for the p-Hausdorftf topology. This contrasts sharply
with the Painlevé-Kuratowski convergence which is associated with a topology only
when the underlying space is locally compact (see e.g. [3, section 2.8], [15], [22]).

Remark 2.6. (i) If the Hilbert space # is of finite dimension, then the Painlevé-
Kuratowski and the p-Hausdorff set-convergence coincide.

(ii) Note also that if the Hilbert space H is of infinite dimension, and when consid-
ering sequences of closed convex sets, then the p-Hausdorff convergence implies the
Mosco convergence, i.e.

(for all p>0, liril haus,(C,,C) = O) implies C,, — C as n — +00. N
n—-+0o

The notion of p-Hausdorff distance can be specialized to functions via their iden-
tification with their epigraphs, and to operators via their identification with their
graphs.

For an extended real-valued function f : H — R U {+oco} its epigraph, denoted by
epi(f), is defined by
epi(f) = {(z,0) €H xR : f(z) < a}.

Let f, g : H — RU{+o0} be two extended real valued functions. For any p > 0,
the p-Hausdorff epi-distance between f and g is defined by

haus,(f, g) = haus,(epi(f), epi(g)).

We denote by I'g(H) the set of all convex, proper and closed extended real valued
functions.

Let A, B : H = H be set-valued maps and p > 0. The p-graph distance between A
and B is defined by

haus,(A, B) := haus, (Gph (A), Gph (B)).

Definition 2.7. (Epigraphical-convergence) Let (f,)nen and f be a sequence of
extended real valued functions on H.

(i)  We say that (f,)nen epiconverges to f if and only if epi( f,,) converges to epi( f)
in the sense of Painlevé-Kuratowski in the product space H x R. We write in

this case, f = epi-lim f, or f, PL, fasn — 4o0.

(ii)) We say that (f,)nen Mosco-epiconverges to f if and only if epi(f,,) converges
to epi(f) in the sense of Mosco in the product space H x R. We write in this

case, f = M-epi-lim f, or f, =% f asn — +00.
(iii) We say that (f,)nen epiconverges to f in the sense of the bounded-Hausdorff
topology if and only if liril haus,(f,, f) =0 for all p > 0. We write in this
n—-+0oo

case, f = epi-dist-lim f,, or f, =23 f asn — +oo.



S. Adly, H. Attouch, R. T. Rockafellar / Preservation or Not ... 419

Remark 2.8. Note that a sequence of closed proper and convex functions (f,),
Mosco-epiconverges to some f if and only if for all z € H,

. for any sequence x,, — z, we have liminf f,(z,) > f(x);
n——+00

«  there exists x,, — x such that limsup f,(z,) < f(z).

n—-+o00o

2.3. Basic facts concerning the convergence of sequences of maximally
monotone operators

The following proposition gives a characterization of the graph-convergence in the
sense of Painlevé-Kuratowski (PK) of a sequence of maximally monotone operators.
Note that in the following statement we assume that the limit operator is maximally
monotone (we refer to [3]).

Proposition 2.9. Let (A,), be a sequence of mazimally monotone operators
An:H = H, and let A: H = H be a mazimally monotone operator. Then the
following statements are equivalent:

i) A, S5 A, e (Ay) graph-converges to A in the sense of Painlevé-Kuratowski;
(ii)) Gph (A) C Liminf Gph (4,).

Equivalently, for every (z,y) € Gph (A), there exists a sequence (x,,y,) € Gph (A4,)
such that: x, — x and y, =y as n — 400.

The above proposition results from the fact that, under the assumption A maximally
monotone operator, the inclusion Limsup Gph (A,) C Gph (A) is automatically
satisfied. Moreover, we have the following property, see [3, Proposition 3.59] which
is an extension to the parametrized case of the strong-x-weak closure property of
the graph of a maximally monotone operator

Proposition 2.10.  Let (A,), be a sequence of mazximally monotone operators
A, H = H that graph-converges to a maximally monotone operator A : H = H.
Then the following property is satisfied:

Whenever a sequence (z,,y,) € Gph (A,) satisfies x,, — x strongly in H and y, — y
weakly in H as n — +oo, then y € A(x).

Remarkably, when working with sequences of maximally monotone operators, the
various notions of graph convergence can be equivalently formulated with the help
of the resolvents. Some of them are summarized in the following proposition (see

e.g. [3)).

Proposition 2.11. Let (A,)nen be a sequence of mazimally monotone operators,
and let A be a maximally monotone operator. Then the following statements are
equivalent:

(i) A, S A asn— +00;
(i)  Jaa,(x) = Jya(z)  strongly in H, for every x € H, for every X\ > 0;
(i)  Jrga, () = Jaga(z) strongly in H, for every x € H, for some g > 0.

This property naturally leads to the introduction of the topology of the convergence
of the resolvents on the class of maximally monotone operators acting on H, i.e.
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the weakest topology making continuous all the applications A — Jya(z) € H,
A >0, z € H. As an important result, when H is separable, this topology is
metrizable. An example of such distance is given by

A4, B) = 3 st {1, [ rgalen) — s} Q)
k

where () is in a countable dense subset of 7. The following result due to Attouch
(see Theorem 3.62 [3]) is in this sense.

Theorem 2.12. (Theorem 3.62 [3]) Suppose that H is a separable Hilbert space.
Then the class of the maximally monotone operators acting on H equipped with
the topology of the convergence of the resolvents is a metrizable, separable, complete
space. For any sequence (A )nen of mazimally monotone operators, and A maximally
monotone operator, the following properties are equivalent:

(i) A, S5 A asn — +00;

(i) d(A,,A) =0 as n — 4o0;

(iii)  Jaga, () = Jaga(x) strongly in H, for every x € H, for some \g > 0 as
n — 400.

We have parallel results for the bounded Hausdorff convergence, which are summa-
rized in the proposition below.

Proposition 2.13. Suppose that H is a general Hilbert space. Let (A,)nen be a
sequence of mazximally monotone operators, and let A be a mazximally monotone
operator. Then the following statements are equivalent:

(i) Vp>0 haus,(4,,A) -0 asn — +oo;
(ii)) VA>0,Vr>0 sup |[Jaa,(z) = ha(@)|]| =0 asn— 4oo;

llzll<r

(i) FIAg>0Vr>0 sup ||[Jya,(z) — Jrga(®)]] =0 asn — +oo.
l[=]|<r

Proposition 2.13 is a direct consequence of the more general Proposition 2.14 below.
In fact, we will need the following more precise result which shows that on the set
of maximally monotone operators, the uniform structure attached to the bounded
Hausdorff distances is equivalent to the uniform structure attached to the family of
pseudo-distances

dr, (A, B) := sup |JJra(x) — Jap(z)].

]| <r

Precisely, according to Attouch-Moudafi-Riahi [7], we have

Proposition 2.14. [7, Proposition 1.1 and 1.2.] Let A and B be two mazimally
monotone operators. Then, for any A > 0, p and r > 0

1
haus, (A, B) < max (1, X) dx,a42,(A, B) (4)
drr(A, B) < (2+ X) haus,(A, B) (5)

where in (5) p = max (7’ + a0, L + ||JAA(0)||)) .
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Let us notice that, according to the inequalities (4) and (5), to generate the above
uniform structure, we don’t need to consider all the pseudo-distances (dy,). It is
sufficient to consider the pseudo-distances (dy, ) for a given Ay > 0.

Proposition 2.15. [7, Proposition 1.4] Let A be a maximally monotone operator,

and let Ay be its Yosida approximation of index X > 0. Then as X\ — 0

Vp > 0 haus,(Ax, A) — 0.

For further results concerning the theory of maximally monotone operators we refer
to [13, 16, 30]. For the variational convergences of sequences of maximally monotone
operators see [3, 7, 10]. For properties concerning the set convergence theory and
its link with the variational analysis see [28] in finite dimensional spaces and [6, 15]
in general normed spaces.

3. Main results

In this section, we state and prove our main results. We start by giving a sufficient
compactness assumption (A.) ensuring the maximally monotone property of the
limit operator under the graph-convergence in the sense of Painlevé-Kuratowski
(see Theorem 3.1). We show in Theorem 3.4 that the answer to our initial question
is positive without any additional assumption when the graph convergence is taken
in the sense of the bounded Hausdorff topology. Finally, we show in Theorem 3.6,
that under the same compactness assumption (.4.) both graph-convergences in the
sense of Painlevé-Kuratowski and bounded Hausdorff topology coincide.

Theorem 3.1. Let (A,) be asequence of maximally monotone operators A, H = H
that converges graphically in the Painlevé- Kuratowski sense to an operator A:H = H
whose domain is nonempty. Suppose that the following compactness assumption (A.)
is satisfied: every sequence (x,) of H such that

(sup |zn|l < 400 and sup ||A%(z,)| < —|—oo)

is contained in a compact subset of H.

Then, the limit operator A is mazximally monotone.

Proof. The first five claims are elementary. Only the last claim 6 requires a detailed
proof.

Claim 1: The limit operator A is monotone.

Claim 2:  J4 := (Id + A)~! is single valued.
Claim 3: Id+ A, %, 1d + A in the graph sense.

Claim 4:  Jga, N 4 in the graph sense.
Claim 5:  Ja,(x) = Ja(x) for all x € Rge(Id + A) (pointwise convergence).
Claim 6: Rge(Id+ A) = H.

Given y € H, we have to solve x + Ax > y.
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According to Minty’s Theorem (see Theorem 2.1) and the fact that A, is maximally
monotone, for every n € N, there exists x,, € H such that

Tn + An(z,) 2 v,

that is z,, = Ja,(y). Let’s first verify that the sequence (x,) remains bounded.
Indeed, taking xy € Rge(Id+A) (recall that A has been assumed to have a nonempty
domain), and using that the resolvents are nonexpansive operators, we have

[ = Ja, (o) | = [[Ja, (y) = Ja, (o) || < [ly — ol

Therefore, by the triangle inequality

[zall < lly = woll + |/, (o) - (6)

According to claim 5, the sequence (J4, (o)), is convergent in H, and hence bounded.
Using (6), we obtain that the sequence (z,,) is bounded.

From x, + A,(z,) 3 y, we deduce first that ||A%(z,)|| < ||y|| + |||/, and therefore
sup,, ||[A%(x,)|| < +o0o. By the compactness assumption (A.), we deduce that (z,,)
remains in a compact subset of 7. Therefore we can extract a subsequence (z,, )

such that T, — T strongly in H.
We have Y — Ty, € An,(Tn,),

with y—=,, — y—2 and x,,, — 7 strongly in H. According to the graph convergence
of the sequence (A,) to A, we deduce that

which expresses that y € Rge(Id + A). We have obtained that A is monotone and
satisfies Rge(Id+ A) = H. Therefore, according to Minty’s theorem, A is maximally
monotone. [

Remark 3.2. During the reviewing process, we received the following simple proof
of Theorem 3.1, from one of the two anonymous referees. Since the domain of A is
nonempty, we select some y € A(zx). By the graphical convergence of (A,,) to A, there
exists a sequence (z,,y,) — (z,y) with y, € A,(z,). Hence, z, = Ja, (z, + yn).
Let z € H be arbitrary and set v, = Jy,(z). By the nonexpansiveness of J,, , we
have

[0 = vnll < [0 +yn — 2.

From this last inequality, we deduce that the sequence (||v,]), is bounded. Since
z— v, € A,(v,), we get the boundedness of A%(v,) as well. By the compactness
assumption (A.), we deduce that (v,) remains in a compact subset of . Therefore
we can extract a subsequence, still denoted (v,) such that v, — v. Passing to the
limit in z — v, € A,(v,) gives z — v € A(v). The conclusion follows from Minty’s
Theorem. ]

Remark 3.3. The compactness assumption (.A,) is verified in the following situa-
tions:
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(a) H is a finite dimensional Hilbert space. This is a clear consequence of the fact
that, in this case, bounded sets are relatively compact.

(b) A, = 09, where, for each n € N, ®,, € I'o(H), the set of extended real-valued
functions which are convex lsc. and proper, and the sequence (®,,) satisfies the
inf-compactness property

<sup |xn]] < 400 and sup ®,(x,) < +oo>
= (z,,) is contained in a compact subset of H, (7)

together with: there exists a sequence (w;,) such that we have sup,, ||w,| < 400 and
sup,, @, (w,) < +00. This results immediately from the subdifferential inequality

D (wn) = Pn(2s) + <(8<bn)0 (Tn), wn — C(7n> ;

which gives D (2,) < C+ || (09,)° (z0)]] [|wn — T |-

From the boundedness of the sequences (z,), (w,) and ((09,)" (z,)), we infer
sup,, ®,,(x,) < 400, which gives the relative compactness of the sequence (z,).

(c) Let us give a concrete example where A, = 0®,, and (7) is satisfied by the
sequence (®,). Let © be a bounded open set of RY, and let H be equal to the
Lebesgue space L?(2) endowed with its classical Hilbert structure. Various situ-
ations in calculus of variations involve dealing with a sequence of convex integral
functionals (®,,) of the following form, see [3] for examples (the elements of H are
functions which are denoted generically by w — u(w))

- /Qan(w)HVu(w)Hde if uwe Hy(f)
o +oo if u e LA(Q)\HJ ().

Suppose that the coefficients (a,) (diffusion or elasticity coefficients for example)
belong to L>(2) and verify a,(w) > ¢ > 0 with ¢ independent of n and w. According
to the Poincaré inequality, we have that the functions ®,, satisfy the coercivity
property:

() > rl|ullz g (8)

for some r > 0, independent of n. It follows that, for each n € N, the function
®,, is lower semicontinuous on H = L*(Q2). Indeed whenever u; — u in L*(Q) and
(P, (ug))r is bounded, it follows from (8) that the sequence (uy)x is bounded in
H}(Q), and therefore converges weakly to u in H{(f2). Since ®,, is convex contin-
uous on Hg (), it is lower semicontinuous for the weak topology of Hj(2). Then,
returning to prove (7), using a similar argument, we have that whenever a sequence
(un)n satisfies sup,, ®,,(u,) < +oo, then it is bounded in H} (). The conclusion fol-
lows from the Rellich-Kondrakov compact embedding of the Sobolev space H} ()
into L?(€2), which tells us that the sequence (u,), is contained in a compact subset
of L?(2). For related general results see [6, Theorem 3.2]. O
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Let’s give a positive answer to the initial question, without additional conditions,
when the graph convergence is taken for the bounded Hausdorft topology.

Theorem 3.4. Suppose that H is a general real Hilbert space. Let (A,) be a sequence
of mazimally monotone operators A, : H = H that graph-converges in the sense
of the bounded Hausdorff topology to an operator A : H = H, whose domain is
nonempty. Then, the limit operator A is maximally monotone.

Proof. By definition of the convergence for the bounded Hausdorff topology, we
have
lim haus, (A, A) =0

for all p > 0. By the “generalized triangle inequality”, see [10, Proposition 1.2], we
have for all n,m € N

haus,(A4,, A,,) < hauss,(A,, A) + hauss, (A, A,,).
Hence for all p > 0 lim haus,(4,,A,) =0.

n,m—-+00

The above property expresses that (A,) is a Cauchy sequence with respect to the
metric of the bounded Hausdorft distances. We now rely on Proposition 2.14 which
shows the uniform equivalence (i.e. same Cauchy sequences) between the metric
of the bounded Hausdorff distances and the metric of the uniform convergence of
the resolvents on the bounded sets. Precisely to apply Proposition 2.14 we need a
uniform bound sup,, ||/, (0)|| < +o00. Indeed this last property follows from the
graph convergence of (A4,) to A, and from the fact that the domain of A is nonempty,
as explained in Remark 3.2.

Let us fix some A > 0. As a consequence, for each x € H, (Jya,(x)), is a Cauchy
sequence in H, which is a complete metric space. Therefore, it converges strongly.
This gives the existence of an operator T: H — H such that, for each x € H, as
n — +0oo

Jaa, () = T(z), 9)
and (Al = 5 (@ = Jaa, (2)) = Ulw) = 5 (2= T(x). (10)

Let us define the operator B : H = H by
Gph (B) := {(T'(x),U(x)) | = € H}, (11)

ie. U(x) € B(T(x)) for every x € H. Note that Dom(B) = Rge(T"). Let us show
that B is a monotone operator. According to the relation

1

3 (@ = aa, (7)) € An(ra, (7)),

and the monotonicity of A,,, we have for any =,y € ‘H

(5 @ = Tan@) = 5 0= Jaa, 9)) Faa, (@) = Jaa, (9)) 2 0.
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According to (9) and (10), and by passing to the limit in the above equation we
obtain, for any x,y € ‘H

(Uz) = Uy), T(x) = T(y)) = 0. (12)

Using the definition of B in (11) and (12), it follows that B is a monotone operator.
Moreover, according to the trivial relation

Taa, () + A% (z — Jaa, (2)) = 2, (13)
we obtain, by passing to the limit in (13), as n — +o0
T(x)+ NU(x) = . (14)
Since U(x) € B(T(x)), we deduce that for all z € H
T(x)+ AB(T(z)) > x.

So, B is a monotone operator, which satisfies Rge(Id + AB) = H. According to
Minty’s theorem, this implies that B is maximally monotone. Using (14), we have
that T is equal to resolvent of B of index A, i.e. T = Jyp.

Finally, we have obtained that for any = € H,

J,\An(l') — T(l’) = J,\B(SC),

which expresses that the sequence (A,) graph converges to the maximally mono-
tone operator B. Since the bounded Hausdorff convergence implies the graph con-
vergence, and by uniqueness of the limit, we get A = B, which gives that A is
maximally monotone. [

Remark 3.5. When H is separable, we can give a different proof. Let us return
to the fact that we have obtained a Cauchy sequence for the metric d of the point-
wise convergence of the resolvents defined in (3). We note that by applying, the
dominated convergence theorem, we have

1
lim d(A,, A,) = lim Zginf(LuJAn(xk)—JAm(xk)H):o.

n,m—-+00 n,m—-+oo

Since the metric d is complete (see Theorem 2.12), we have the existence of a max-
imally monotone operator A such that

A, — A in the sense of the pointwise convergence of the resolvents.

According to the equivalence between the pointwise convergence of the resolvents
and the graph convergence, (see e.g. Theorem 2.12), we obtain

A, 9, A4 in the sense of the Kuratowski-Painlevé graph convergence.

Since the bounded Hausdorff convergence implies the Kuratowski-Painlevé conver-
gence we have A = A, and hence A is a maximally monotone operator. ]
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We show in the following theorem that, under the compactness assumption (A4.),
the graph-convergence in the sense of Painlevé-Kuratowski and the convergence for
the bounded Hausdorff topology coincide.

Theorem 3.6. Let (A,,) be asequence of maximally monotone operators A, : H = H

that satisfies the compactness assumption (A.). Then we have the following equiva-

lence: (i) <= (ii)

(i) (A,) graph-converges to A, with a nonempty domain, in the Painlevé-Kura-
towski sense.

(ii) (An) converges to A, with a nonempty domain, for the bounded Hausdorff
topology.

In this case, the limit A is maximally monotone.

Proof. As a general result, convergence for the bounded Hausdorff topology implies
convergence in the Painlevé-Kuratowski sense. So the implication (ii) = (i) is
automatically satisfied, and we just need to show (i) = (ii). So suppose (i). We
have previously shown in Theorem 3.1 that A is maximally monotone, and that for
all v € H, for any A >0

JAAn<1') — J)\A(x), (15)

where the convergence holds for the strong topology of H. According to Proposition
2.13 we must prove that the resolvents converge uniformly on the bounded subsets
of H. Let us argue by contradiction, and suppose that this is not true. Then
according to Proposition 2.13 (ii), there exists A\g > 0 and R > 0 such that the
following property is not satisfied

sup  |[Jaa, () — nga(@)|| = 0 as n — +o0.
z€B(0,R)

This gives the existence of € > 0, and of a subsequence (ny) such that, for all k € N

sup || Jxpa,, (2) — Jrea(@)[| = €
z€B(0,R)

In turn, this implies the existence of a sequence (zj) such that z;, € B(0, R) for all
k € N, and

1T3040, (2) = Tnga(@n)| > 3. (16)
According to (15), for k given we have that as n — +o00
J)\OAn(.Tk) — J)\OA(xk>~ (17)

Therefore there exists a sequence of positive integers m; which tends to infinity such
that for all £ € N

[ Tro Aum,, (T1) — Inga(@r)|| < (18)

€
Z-
According to (16) and (18), and by using the triangle inequality, we deduce that for
all k € N

[ Troan, (Tk) = Trgam, (Ti)]| > - (19)

B~

Since the sequence () is contained in a bounded set of H, we can extract a sequence
(still denoted (zx)) such that z; — = in H as k — +o0.
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By the same argument as in Theorem 3.1, we have that the sequences (Jx;a,, (Tx))x
and (Jy,A,,, (zx))x are bounded. Moreover,

AMoAn (Inon, (T1)) Dz — Irga,, (Tk)
and hence sup ||Agk(J>\0Ank (xp))|| < +oo.
k

In consequence of the compactness assumption (A.), we deduce that the sequence
(Sro4n, (Tx))x is relatively compact in H. Similarly, we obtain that the sequence
(SroAn, (Tx))x 1s relatively compact in H. Let us extract subsequences (we still keep
the same notation for subsequences) such that

IroAn, (xg) — z1 strongly in H  and IroAum, (xg) — z2 strongly in H.

On the one hand, by passing to the limit in (19), thanks to the above strong con-
vergence property
(20)

21 — 22 = i-
On the other hand using

zy — T weakly and Jya,, (zr) — 2o strongly,

and the convergence of the sequence of maximally monotone operators Jy,a,, to
Jr,4, we obtain by applying Proposition 2.10 that

Z9 = JAOA(f).
Similarly from
zy — T weakly and Jy 4, (7x) — 21 strongly,

and the convergence of the sequence of maximally monotone operators Jy,a,, to
Jroa We get

Z21 = J)\OA(Q_?).
Therefore zo = 21 = J),4(%), a clear contradiction with (20). The proof of Theorem
3.6 is thereby completed. ]

The following result completes Theorem 3.6 by showing that the limit operator A
has resolvents which are compact operators. Note that this is not an immediate
result since the compactness assumption (A.) involves the operators (A,) and not
their potential limit.

Proposition 3.7. Let (A,) be a sequence of maximally monotone operators
A, H = H that graph-converges and that satisfies the compactness assumption
(A.). Then (A,) converges for the bounded Hausdorff topology to a mazimally
monotone operator A which has compact resolvents. This means that for any r > 0

and A >0 Ja(B(0,7)) is compact in H.

Proof. According to Theorem 3.6 the sequence (A,) converges for the bounded
Hausdorff topology to a maximally monotone operator A. Let us give a bounded
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sequence (z,) such that z,, € B(0,r) for all n € N and Ay > 0. By the triangle
inequality and the definition of the Yosida approximate, we have

1
Ao (@)l < 1 Ax (@a) | + 5=l r0a, (2n) = Troa(za)l

1
< A (@)l + 5 sup [[Jxea,(2) = Jxoa(@)]

O [lzl|<r
< Al + 3 drgr (An, A). (21)
According to Proposition 2.13 and the fact that the sequence (A,,) converges for the
bounded Hausdorff topology to the maximally monotone operator A, we have
drgr(Any A) = 0 as n — +o0. (22)

Moreover, according to the Lipschitz continuity property of Ay, and (x,) bounded
we have
sup || Ax, (zn)]| < +oc. (23)

Combining (21) with (22) with (23) we deduce that
sup || Anx (2n)]] < +o00.

The same argument as in Theorem 3.6 gives that the sequence (Jy,4, (z5))n is rela-
tively compact in ‘H. Let us extract subsequences such that

Tn, — & weakly in H and  Jya, (25,) —> 7 strongly in H.
From (22) we deduce that
Iroa(Tn, ) = n strongly in H.

By the demi-closedness property of the resolvent operator Jy, 4, we get n = Jy,4(§).
Therefore
J)\oA(xnk) — JkoA(f) Strongly in H,

with £ € B(0,7). This proves the claim. N

4. Closedness of the family of maximally monotone operators with
respect to the pointwise convergence of the resolvents

The following result plays a central role in the proof of Theorem 3.4. It is important
to state it since it will also help us to give a counterexample showing that the answer
to our initial question may be negative.

Theorem 4.1. Suppose that H is a general Hilbert space. Let (A,) be a sequence of
mazximally monotone operators A, : H = H that converges in the following sense:
for some A > 0 and for all x € H

s-lim Jya, (z) ewxists.

In consequence the sequence (A,,) graph converges to a mazimally monotone operator
A:H = H, and we have, for all x € H

Jaa(x) = s-lim Jy 4, ().
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Proof. Since rescaling by a positive parameter A > 0 does not affect the maximal
monotonicity of an operator, without loss of generality, we assume that A = 1. The
proof is based on an argument similar to the one used in the second part of the
proof of Theorem 3.4. It is based on the introduction of the operator T: H — H
such that, for each x € H, as n — +oo

Ja,(x) = T(x) in H (24)
(x — Ja,(2) = U(z) = (x —T(x)) in H. (25)

Then define the operator A : H = H by
Gph (4) :=={(T(2),U(x)) | v € H}, (26)

ie. U(x) € A(T(x)) for every x € ‘H. Note that Dom(A) = Rge(7"). Then, following
the proof of Theorem 3.4, we can show that A is a monotone operator, which satisfies
Rge(Id + A) = H. According to Minty’s theorem, this implies that A is maximally
monotone. Morever, according to (25) we have T'(x) + U(x) = x, which gives

T(x)+ A(T(x)) > x.

Therefore, T' is equal to the resolvent of A of index 1, i.e. T'= J4. We have proved
that, for all x € H
Ja,(x) = Ja(z)

which, according to Theorem 2.12, gives the graph convergence of the sequence (A,,)
to A. O

5. A counterexample

We present a sequence (A,) of maximally monotone operators A, : H = H such
that A,, graph converges to A, and A is monotone but not maximally monotone.

Theorem 5.1. In an infinite dimensional Hilbert space H, the graph limit in the
sense of Painlevé-Kuratowski of a sequence (A,) of mazimally monotone operators
A, - H = H might be no more maximally monotone.

Proof. Take H = L*(0,1) the space of square integrable functions with respect to
the Lebesgue measure on [0, 1]. Classically, this is a Hilbert space, when equipped
with the scalar product (u,v) = fol u(t)v(t)dt and the associated norm.

Consider the sequence of functions (a,) which oscillates more and more rapidly
between two positive values, take 1 and 3. For example

1Lif tel0,iJul2,3]u..

an(t) = 3if te [l 2]uld 4.

This is a model situation for a sequence that converges weakly and not strongly
in X = L*(0,1). Indeed, the sequence (a,) converges weakly to its mean value,
which is the constant function equal to 2. But it does not converge strongly since
lan — 2| = 1.
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For each n > 1 define the operator A,, by
Ap(u) = anu

that is, (A, (u))(t) = a,(t)u(t). Clearly, A,: L?(0,1) — L*(0,1) is a linear continu-
ous and monotone operator. Indeed

(A, (u), 1) = /0 an (B2 (t)dt > /0 (b dt,

and [An () |2 < 3l

So, for each n > 1, the operator A, is maximally monotone. We note that the
operator A, is a subdifferential of a convex and continuous quadratic function. Let
us compute its resolvent. Given f € H, u, = Jy4, f is the solution of

un+&nun:f>

Ly

1+a,

which gives Ja, f =

Let us show that the sequence (J4, f), converges strongly in H = L?(0,1) if and
only if f = 0. Note that the sequence ({7.—) converges weakly o(L>, L') to its mean

value which is the constant function equal to %.
converges weakly in H to g f. Let us compute

Therefore, the resolvents (J4, f), converge strongly only for f = 0. As a conse-
quence, the sequence (A,,) does not converge to a maximally monotone operator.

Therefore, the sequence (Ja, f)n

1
1+ a,

=2l = gl Il

Let us show that the sequence (A,) graph converges to the operator A : H — H
whose domain is reduced to the singleton {0}, and such that A(0) = 0. Clearly,
since A,(0) = 0, we have

Gph A C Liminf Gph A,,.

We must show that
Limsup Gph A,, C Gph A.

So, let us give a sequence (u,,) such that
u, — u strongly in H and a,u, — f strongly in H.
By the triangle inequality we have
lanu = fI| < llanw — anun|| + lanun — I < 3llu = un |l + llanu. = I

which gives that the sequence (a,u) converges strongly to f. Since the sequence
(a,) converges weakly to its mean value which is the constant function equal to 2,
we have that (a,u) converges weakly to 2u. Hence f = 2u, and (a,u) converges
strongly to 2u. Then note that

lanw = 2ul] = [|ull.

This forces u to be equal to 0, which in turn gives f = 0. This gives the claim. [J
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Remark 5.2. Based on the above counterexample, we are led to modify our initial
question as follows:

Given a sequence (A,) of maximally monotone operators A,,: H = H that graph
converges to an operator A : H = H in the following sense

(5 xw - Limsup Gph An) U (w x s - Limsup Gph An) C Gph A C sxs-Liminf Gph A,

is the limit operator A maximally monotone?

This is a subject for further investigation. O

Remark 5.3. When finalizing this paper, we received a note by G.Wachsmuth
[29] where an other counter-example is given. This counter-example is based on the
construction of a sequence of maximally monotone nonlinear operators A,, : £2 — (2
such that its graphical limit (in the sense of Painlevé-Kuratowski) is the operator
A : (? — % such that its graph Gph (A) = {(0,0)}, which is clearly not maximally
monotone (see [29, Theorem 2| for more details). O

6. The proto-differentiability of a maximally monotone operator

Let A: H = H be a set-valued map. For all t > 0, x € H and 2* € A(x), we define
the following difference quotient

AA(le) () =

(A(x +tw) —z7¥). (27)

The concept of proto-differentiability was introduced by Rockafellar [25] and is asso-
ciated with the graph convergence properties of the net of operators (A;A(z]z*))e=o.

We will successively consider the case of the Painlevé-Kuratowski (PK), then of the
bounded-Hausdorff (BH) convergences. In infinite dimensional spaces, they give
rise to different concepts. In what follows, we will use the notation D, (respectively

D,) for the proto-differentiability associated with the PK (respectively the BH)
convergence.

6.1. Proto-differentiability with respect to the Painlevé-Kuratowski
graph convergence

Definition 6.1. (PK-Proto-differentiability) Let A: H = H be a set-valued map.
A is called PK-proto-differentiable at x € H relative to z* € A(x) if (ArA(z|z*))t=0
PK-graph converges. In that case, we denote the graph limit by

D,A(x|z") := PK- Graph-lim A;A(z|x™).

The set-valued map D, A(x|z*): H = H is called the PK-proto-derivative of A at
relative to x*. O

It is easy to check that if A:H = H is maximally monotone, then, foreach t € [0, T,
the mapping w — AyA(z]|z*)(w) = § (A(z + tw) — 2*) is also maximally mono-
tone (see [2, Lemma 1 |). This is a direct consequence of the preservation of the
maximality with respect to translation and homothety.



432 S. Adly, H. Attouch, R. T. Rockafellar / Preservation or Not ...

Question: Suppose that A: H = H is maximally monotone and proto-differentiable
at © € H relative to z* € A(z). Under which condition the monotone operator
D, A(x|z*): H = H is maximally monotone?

Let us translate the compactness condition (A.) for the sequence of maximally
monotone operators: Ay A(z|z*)(-) with t,, — 0. Let’s call this new compactness
condition (./ic): every sequence (w,) C H satisfying the following two conditions
(i)-(ii) is contained in a compact subset of H:

(i) sup||wn| < 400
(ii) 3M > 0 such that V¢, \, 0%, [[Proj,

T+tnwn

y(x*) — || < Mt,.

Proposition 6.2. Let A: H = H be a mazimally monotone operator. Assume that
A is proto-differentiable at x € H relative to x* € A(x). If the condition (A.) is
satisfied, then D,A(x|x*) is a mazimally monotone operator.

Proof. Let us first notice that if C' is a nonempty closed convex subset of H, then
for every x, x* € H and for every t > (0, we have

Proj%(c_m*)(()) = %(Projc(:c*) —z") = %Projc_m*(O). (28)
In fact,
y = Projs ) (0) <= (0 =y, ;(a— ") —y), Va € C
= <0—y,%(a—x*)—y), Va e C
= (2" — (2" +ty),a — (" + ty)), Ya e C
< 1" +ty = Projo(z").

We set C' = A(x + t,w,). Using (28), we have

% . 1 . * *
(A, A(z|z )]O(Wn) = PfOJi(A(anwn)—x*)(O) = r(PrOJA(ertnwn)(x ) — ")

n

It is easy to see that condition (\A.) is satisfied for A, A(x|z*)(wy).

Since we automatically have 0 € D,A(z|z*)(0), we do not have to assume that the
domain of the operator D,A(z|z*) is nonempty. The conclusion of Proposition 6.2
follows from Theorem 3.1. [

Remark 6.3. The counterexample in [29] shows that the proto-derivative of a max-
imally monotone operator may not be maximally monotone. This means that, the
assertion of Proposition 6.1 may fail if we drop the compactness assumption.

6.2. Proto-differentiability with respect to the bounded Hausdorff
topology

In the Definition 6.1 of proto-differentiability, let us replace the Graph-convergence
in the sense of Painlevé-Kuratowski by the Graph-convergence in the sense of the
bounded Hausdorff topology. The properties of the new proto-differentiability notion
can be studied in the same way. By specializing our results to the case of A = 0®
with ® € I'g(H) we can define the twice epidifferentiability of ® with respect to the
bounded Hausdorff topology.
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Definition 6.4. (BH-Proto-differentiability) Let A: H = H be a set-valued map.
A is called BH-proto-differentiable at x € H relative to x* € A(z) if (AtA(z]x*))i=0
graph converges in the sense of the bounded Hausdorff topology. In that case, we
denote the graph limit by

D, A(z|z*) := BH- Graph-lim A, A(z|z*).

The set-valued map lN?pA(x|x*): ‘H = H is called the BH-proto-derivative of A at x
relative to x*. O

The notion of proto-differentiability is defined in terms of graphs of first-order differ-
ence quotient set-valued maps (A;A(z|x*))i~0. It is easy to prove that this concept
is preserved by the inverse operation. The following proposition is in this sense.

Proposition 6.5. A set-valued map A: H = H is BH-proto-differentiable at x € H
relative to x* € A(x) if and only if its inverse A~ is BH-proto-differentiable at z*
relative to © € A~ (x*) and we have

[D,A(z]a)] ™" = DA™ (a*]x).
Proof. We notice first that for every z* € A(x), we have
Gph (A, A(e]a")) = §(Gph (4) ~ (z,2°))
and Gph (A AN (2*|2)) = %(Gph (A™Y) — (2%, 2)).

Let L : HxH — H xH be the automorphism defined by (x, 2*) — L(x,2*) = (z*, z).
Let us define the set-valued map LA : H = H by:

Gph (LA) := LGph (A) = Gph (A™).
We have,

L{Gph (AcA(r|s))] = Gph (A(LA)(a"[2) = §(Cph (LA) ~ ("[x)
= L(LGph (4) — (2"[2)) = 1 (Gph (A7) = (2"|))
= Gph (A A7 (2*]2)).
On the other hand, we have
L[Gph (A A(x]a"))] = Gph (1A A(x]a")] 7).
Hence, Gph (AA™H(a*|z)) = Gph ([AA(z]z*)] ™).

The conclusion follows from the fact that for every sequence of set-valued operators
A,, A :'H = H and every p > 0, we have

lim haus, <Gph (A,), Gph (A)) =0

n—-+00

<= lim haus, (Gph (A1), Gph (A_1)> =0,

n
n—-+4o0o

which completes the proof of Proposition 6.5. Il
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Remark 6.6. (i) Let A: H = H be a set-valued map and z € H with 2* € x+ A(z).
It is easy to prove that (Id + A) is BH-proto-differentiable at x relative to x* if and
only if A is BH-proto-differentiable at x relative to z* — x. In that case we have

D,(Id + A)(z]z*) = 1d + D, A(z|z* — z). (29)

(ii) Let A: H = H be a maximally monotone operator. By Proposition 6.5 and (i),
we have A is BH-proto-differentiable at x relative to z* if and only if J4 := (Id+A)~!
is BH-proto-differentiable at x 4+ x* relative to x. In this case, it holds

EpJA(x+:v*|x) = Jp, A (30)

z|lz*—x)"

In fact, by Proposition 6.5 and (29) we have

DyJa(z + x*|z) = Dy(Id + A) "' (z 4 2*|z) = [D,(Id + A)(z|z + z*)]
= [ld+ Dy(A)(ale” — )] = T5 4

(z|z*—z)

(iii) Proposition 6.5 and the items (i)-(ii) above are known if we consider the
Painlevé-Kuratowski convergence (see for example [17, 19, 27]). O

The following proposition shows that without additional assumptions, the BH-proto-
derivative of a maximally monotone operator is still maximally monotone.

Proposition 6.7. Suppose that ‘H is a general Hilbert space. Let A: H = H be a
mazximally monotone operator. Assume that A is BH-proto-differentiable at x € H
relative to x* € A(x). Then its BH-proto-derivative D,A(z|x*) is a mazimally
monotone operator.

Proof. The sequence (A;A(x|2*))t~0 graph converges in the sense of the bounded

Hausdorff topology to ﬁpA(x|x*) means that for every ¢, \, 0" and for every p > 0,
we have

lim hausp(AtnA(:d:z:*),ﬁpA(:c]:c*)> = 0.

n—-+00

Since for every t, > 0, A, A(z|z*) is a maximally monotone operator, by Theorem

3.4, the limit 5pA(x\x*) is also maximally monotone. N

Remark 6.8. Under the compactness condition (A.), by Theorem 3.6 the following

two conditions are equivalent

(i) (AiA(z]x*))is0 graph-converges to D, A(z|xz*) in the Painlevé-Kuratowski sense.

(i) (A¢A(z|x*))i=0 graph-converges to EPA($|ZIT*) in the bounded Hausdorff topo-
logy.

In this case, the unique limit D,A(z|z*) = ﬁ,,A(:c[:c*) is maximally monotone.

Remark 6.9. In order to take into account the perturbation of all the data in a

given variational problem it is possible to extend the notion of proto-differentiability
to a parametrized sequence of set-valued maps as e.g. in [1, 2].
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Let A: [0, T[xH = H be a parameterized set-valued map. For all t > 0, z € H and
x* € A(0,x), we define the following difference quotient

AA(ls")(w) = 1 (A(t o+ tw) — 2%) (31)

The concept of proto-differentiability is associated to the graph convergence prop-
erties of the net of operators (AA(z|z*))io.

We say that A is proto-differentiable at x € H relative to 2* € A(0, ) if (A A(z|x*))i=0
graph converges.

For the PK and the BH convergences, the proto-derivatives of A at x relative to z*
will be denoted respectively by D,A(x|z*) and D,A(x|z*).
It is easy to check that if A: [0, T[xH = H is such that A(¢,-) is maximally mono-
tone for all ¢t € [0, T, then, for each t € [0, T[, the mapping

w = AA(z|z*) (w) = 1 (AL, @ + tw) — z¥)

is also maximally monotone. We adapt the compactness condition (A.) to a pa-
rameterized set-valued map: every sequence (w,) C H satisfying the following two
conditions (i)—(ii) is contained in a compact subset of H:

(i) sup||wn| < 400
(ii) 3M > 0 such that ¥, \ 07, [[Proj s, siwn (T¥) — || < Mt,.

We note that Proposition 6.2 and Proposition 6.7 are still valid for the case of a
parametrized maximally monotone operator A: [0, T[xH =2 H. O

Remark 6.10. To define a second-order epi-derivative [17, 26, 27] associated with
a closed convex and proper function in a Hilbert space ® € I'g(H), the Mosco epi-
convergence plays a central role. The link between the PK-proto-differentiability of
the subdifferential 0® of the function ® and its twice epi-differentiability is tied to
Attouch’s theorem (see [3] Theorem 3.66). It is possible to explore the notion of twice
epi-differentiability of a function ® € I'((#H) in the sense of the bounded Hausdorft
convergence and its link with the BH-proto-differentiability of its subdifferential 0®.
In this case, instead of Attouch’s Theorem, one can use [8, Theorem 2.3]. ]

7. Application to the sensitivity analysis of monotone inclusions

Let us consider the following perturbed variational inclusion with respect to the
parameter t € (0,7, with 7" > 0

find z(t) € H such that £(t) € z(t) + A(t, x(t)), (32)
where

(i) A:[0,T[xH = H is a maximally monotone set-valued operator, i.e. for all
t €10, T, A(t,-) is a maximally monotone operator.

(i) €:[0,T[— H, t— &(t) € H is a given right hand-term.
It is easy to see that (32) is equivalent to

z(t) = (Id+ A(t, ) 7 (€(1)=:Taq (§(2)). (33)
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Our aim is to derive sufficient conditions on the data A, and £ ensuring the right-
differentiability at t = 0 of the solution z: [0,7[— H of (32), and to provide an
explicit formula for its right-derivative 2/(0). We show that the right-derivative
of z at 0 is solution of a variational inclusion involving the proto-derivative of the
operators A. Precisely, we prove that 2/(0) is the solution of the following variational
inclusion

¢'(0) € 2'(0) + DyA(2(0)|27(0)) (2'(0)), (34)
with 2*(0) := £(0) — z(0) € A(0,2(0)), and D,A(z(0)|z*(0)) is the proto-derivative
of A at x(0) relative to z*(0)

Theorem 7.1. Let A: [0,T[xH = H be a mazximally monotone operator, and let
€:[0,T[— H be a function. We consider a solution x: [0,T[— H to problem (32).
If the following assertions are satisfied:

(i) & is right-differentiable at t = 0;

(ii) A is PK-proto-differentiable at x(0) relative to 2*(0) := £(0)—x(0) € A(0,2(0))
with the proto-derivative operator having a nonempty domain,

(iii) The compactness assumption (A,) is satisfied.

Then x: [0,T[— H is right-differentiable at t = 0 with

2'(0) = Jp, a@©)a(0)) (€(0)),
which means that x'(0) is the unique solution of the following variational inclusion

§'(0) € 2'(0) + Dp A(2(0)]7(0))(«'(0))-

Proof. By Proposition 6.2, the compactness condition (flc) ensures the maximality
of the proto-derivative D,A(z(0)|2*(0))(2'(0)). The rest of the proof is similar to
the one given in [2]. O

We now give an equivalent result of Theorem 7.1 by replacing the PK-convergence
by the BH-convergence.

Theorem 7.2. Assume that H is general Hilbert space. Let A: [0, T[xH = H be
a mazimally monotone operator, and let £ : [0, T[— H be a given function. We
consider a solution x: [0, T[— H to problem (32). If the following assertions are
satisfied:

(i) & is right-differentiable at t = 0;

(ii) A is BH-proto-differentiable at x(0) relative to 2*(0) := £(0)—x(0) € A(0,2(0))
with the proto-derivative operator having a nonempty domain;

then x: [0, T[— H is right-differentiable at t = 0 with
2'(0) = JEPA(Q:(O)|;U*(0))(£,(O>)7

which means that x'(0) is the unique solution of the following variational inclusion

£(0) € 2/(0) + DpA(x(0)]"(0))(«/(0)).
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Proof. By Remark 6.6 (ii) and (30), we deduce from (ii) that the operator J, :=
Jaw,)(+) is BH-proto-differentiable at £(0) relative to 2(0) and its BH-proto-derivative
is given by B

DypJa(§(0)[2(0)) =I5, aa(o) e (0))-

In particular, we have
DpJ a(€(0)[2(0))(€'(0)) = I, (a(o)a+(0) (€'(0):
The function x: [0,7[— H is a solution to problem (32) if and only if

2(t) = Jaw)(E(1) = Jat, £(1)).

Since the convergence for the bounded Hausdorff topology implies the convergence
in the Painlevé-Kuratowski sense, we get by (ii) that A is PK-proto-differentiable
at z(0) relative to z*(0) := £(0) — x(0) € A(0,2(0)). Using the same argument as
in the proof of [2, Theorem 1], we deduce the right-differentiability of z(-) at t =0
and that

2'(0) = Jp, a)e+(0) (€' (0)) = J5, a¢(0)e=(0) (& (0)):
which completes the proof. [

Remark 7.3. It is possible to extend the analysis to the more general variational
inclusion

find x(t) € H such that (¢) € f(t,z(t)) + A(t, z(t)),

where f: [0,T[xH — H is a single-valued map assumed to be uniformly Lip-
schitz continuous and uniformly strongly monotone. Using the notion of semi-
differentiability for f, we can obtain the same result as in as in [2, Theorem 1]
by replacing the PK-proto-differentiability of A by the BH-proto-differentiability.

8. Application to the variational sum of maximally monotone operators

Let A,B: H = H be two maximally monotone operators such that we have
Dom(A)NDom(B) # (. In general, their pointwise sum A+ B, with Dom(A+ B) =
Dom(A) N Dom(B), is not a maximally monotone operator. An intensive literature
has been devoted to establishing sufficient conditions on the two operators to ensure
that their pointwise sum is also a maximally monotone operator. In a general way,
these conditions express that the intersection of the domains of the two operators is
sufficiently large, and they are called qualification condition. They give rise to the
resolution of the monotone inclusion: given y € H, find x € H solution of

A(x) + B(z) > v, (35)

where the sum is taken in the pointwise sense. Yet, it has been discovered that taking
the pointwise sum is often a too rigid approach, and that different notions of sum
can be defined, with interesting variational properties. They give rise to generalized
solutions of (35), with often rich physical interpretation such as viscosity solutions
or entropy solutions. Historically, the sum defined via the Trotter-Lie-Kato formula
naturally emerged to solve Schrodinger’s equation with a singular potential.
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More recently, and related to solving optimization problems and monotone inclu-
sions, the concept of variational sum naturally emerged. The starting point is the
following remark:

On the one hand, for any p > 0, the operator A + B,, is maximally monotone,
where B, is the Yosida approximation of index p > 0 of B. On the other hand, B,
graph converges to B as i — 0. So it is natural to consider the graph convergence
properties of the filtered sequence (A + B,,), as . — 0.

To obtain a commutative sum, one must be able to commute the role of A and B,
and consider instead A, 4+ B, which leads to the following definition.

We denote by Z = {(A\,pn) € R* | A >0, >0, A+ p # 0}, and by F the filter of
all the pointed neighborhoods of the origin in Z. We adopt the convention that
Ay = A, By = B, so that when (\, ) € Z, at least one of the two operators Ay or
B, is continuous, which makes the sum A, + B, maximally monotone.

Definition 8.1. (Attouch-Baillon-Théra [4]) Let A, B : H =% H be two maximally
monotone operators such that Dom(A4) N Dom(B) # (. The variational sum A7 B
is the monotone operator defined by

Gph (A7 B) = Liminfz Gph (A\ + B,,). O

Of course, the central question is to identify the operator A 3 B, and to know if it is
maximally monotone. When the operator A § B is maximally monotone, then the
filtered sequence (A, + B,) graph converges to A% B, see Proposition 2.9. Such
positive answer has been obtained in [4] in the following situations:

(a) The pointwise sum A+ B is maximally monotone. In this case A3 B = A+ B;
(b) The closure A + B is maximally monotone. In this case AF B = A+ B;

(c) The operators A and B are subdifferentials of closed convex proper functions,
let A=0f, B=0dg with domf Ndomg # 0. Then AFB =9(f + g).

Many questions remain to be solved. In view of our developments, it would be
interesting to answer the following question:

Suppose that the filtered sequence (Ay + B,) graph converges. So is the limit
operator maximally monotone? According to Theorem 3.4, if the convergence holds
for the bounded Hausdorff topology, then A § B is a maximally monotone operator.

Transposing Theorem 3.1 to our situation gives the following result

Theorem 8.2. Suppose that the filtered sequence (Ax + B,,) graph converges, let
A 7B be its limit whose domain is assumed to be nonempty. Suppose that the
following compactness assumption (A.) is satisfied: every filtered sequence (xy,) of

H such that

(sup |lzaull <400 and sup||Axzy, + Buraull < +oo)
A

A

is contained in a compact subset of H.

Then, AJ B is also a mazimally monotone operator.
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Due to the specific structure of the approximating sequence of operators (A, + B,,),
finding a counterexample as in section 5 would require taking a more sophisticated
situation.
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