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For convex multistage programming problems, we propose a variant for the Progressive Hedging
algorithm inspired from bundle methods. Like in the original algorithm, iterates are generated by
first solving separate problems for each scenario, and then performing a projective step to ensure
non-anticipativity. An additional test checks the quality of the approximation, splitting iterates
into two subsequences, akin to the dichotomy between bundle serious and null steps. The method
is shown to converge in both cases, and the convergence rate is linear for the serious subsequence.
Our bundle-like approach endows the Progressive Hedging algorithm with an implementable stop-
ping test. Moreover, it is possible to vary the augmentation parameter along iterations without
impairing convergence. Such enhancements with respect to the original Progressive Hedging algo-
rithm are obtained at the expense of the solution of additional subproblems at each iteration, one
per scenario.
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1. Introduction and motivation

Multistage stochastic programs represent an important source of large-scale opti-
mization problems. This is because the number of variables and constraints needed
to formulate the problem grows with the number of scenarios. As illustrated by en-
ergy applications in [33], decomposition methods are essential for solving effectively
this type of problems; see also [37].

A very popular approach that deals with scenario decomposition is the Progressive
Hedging (PH) algorithm, introduced in [31] and later extended to handle risk mea-
sures in [30]. The setting is such that the problem uncertainty, represented by a set
of S scenarios, reveals progressively, in T  stages. For each scenario s, the decision
variable is x5 € R", the convex objective function is f; : R® — R and a nonempty
convex compact feasible set C'; < R" is given. Consider the following stochastic
multistage optimization problem,

xT

S
min E[f(x)] = Y pofi(a)

st. z,eCy, foralls=1,...,5 zeN,
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where, in the last inclusion, the linear subspace N gathers the so-called non-anti-
cipativity constraints. Such constraints ensure that, at each stage ¢, the decision
making process depends only on information that is available at time .

Non-anticipativity constraints couple decisions along scenarios in a structured man-
ner. The PH algorithm decouples those constraints so that, at each iteration, in-
dividual subproblems can be solved separately for each scenario. This makes the
approach very suitable for parallel implementations. The parallel phase of sepa-
rate scenario subproblems is followed by a synchronization step that yields a non-
anticipative vector by projecting onto the linear subspace N.

The PH algorithm is in fact a Douglas-Rachford splitting, in a space endowed with
a weighted scalar product; see for example [13]. Early work on splitting methods,
dealing with the classical problem of finding a zero of a sum of maximal monotone
operators, can be traced back to [9, 23, 24]. The more recent family of projective
splitting methods [7, 10, 11, 12] expanded significantly the reach of Douglas-Rachford
approaches. The projective hedging algorithm [13], in particular, can operate in
block-iterative and partially asynchronous manner. For a randomized asynchronous
variant of the PH algorithm, we refer to [14].

Another important advance of projective splitting methods is the ability to dy-
namically update certain proximal parameter involved in the calculations. Along
iterations, the PH algorithm also generates a dual sequence, that lies in N'*, the or-
thogonal complement of the non-anticipative space. The update of the dual variable
amounts to maximizing certain dual function, by applying a gradient method with
fixed stepsize (related to the aforementioned proximal parameter). Empirically,
splitting methods are generally observed to converge linearly, but at a rate that
becomes asymptotically slow and is heavily dependent on the parameter choice. In
order to speed up the process, practitioners resort to various heuristic techniques that
can be computationally expensive and may not always prove successful [36, 15, 21].
This difficulty is not a surprise as, for the specific PH context, the parameter in
question must strike a good balance between optimality and feasibility. Clearly,
such a goal is not easy to attain with a value that is kept fixed along iterations.

Our proposal is to employ, instead, a proximal bundle method [6, Part II], tailored
to maximize the dual function over N'*. To this aim, we consider a more general
setting, the constrained minimization of weakly convex functions. For tackling such
problems, assuming that projecting onto the feasible set is an easy operation, we
propose to apply a bundle algorithm of projective type.

This work is organized as follows. After introducing some notation and definitions, in
Section 2 we recall the PH algorithm and formulate a problem dual to (1). This dual
problem is a particular instance of a constrained weakly convex problem considered
in Section 3. Therein, the subspace Nt is replaced by a general constraint set M,
onto which projecting points is assumed to be easy. In such a setting, we introduce
a new bundle-like approach with projections, that exploits separable structures as
those present in multistage programs like (1). The convergence analysis of the
serious step subsequence of this new bundle method is an extension to the projective
setting of the theory in [4]. The corresponding results are proven in Appendix A.
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The general methodology developed in Section 3 is particularized to (1) in Section 4.
The resulting Bundle Progressive Hedging algorithm is formulated in both primal
and dual forms. Convergence to solutions of (1) and (6) is shown in Section 5,
using the dual form. An equivalent primal formulation is useful to compare our new
approach with the original PH algorithm. The final Section 6 discusses similarities
and differences between the original Progressive Hedging algorithm and our proposal.

2. The PH algorithm

Before stating the Progressive Hedging algorithm when applied to the multistage
program (1), we fix our notation and discuss the crucial non-anticipativity constraint
in this stochastic setting.

2.1. Notation and some definitions

Our notation is standard, following mainly [32] and [18]. Given S scenarios, for a
certain scenario realization s € {1,...,S}, the probability of occurrence is denoted
by ps>0. For a vector ve R™ with components v;e R for all s = 1,...,5, the ex-
pected value and the conditional expectation at stage t are respectively denoted by

s
E[v] = Zpsfus, and Ep_q[v],

s=1
where the uncertainty realization at the stages 1,...,¢ — 1 is known.

Considering that all vectors are column vectors, the inner product employed in the
space of decision variables is

S
Vu,v e R™ : (u,v)g = Zpsuzvs.

s=1
Note that this inner product uses the (nonnegative) probability of each scenario as a
weight, a crucial feature in the analysis. We denote by ||| s its corresponding induced
norm in R™ while | - || stands for the usual Euclidean norm in R™. Throughout the
text, the symbol (-, -) refers to any inner either product (with or without weights),
and similarly for the corresponding norms.

On non-anticipativity

In the stochastic setting, decisions have to be taken progressively, as uncertainty is

revealed: at stage t, decisions should only depend on the information that became

available in stages 1,...,t—1. If z; ; denotes the decision made in stage ¢ for scenario

s, the following relations, called of non-anticipativity, need to hold for all £ and s:
Tts = E[t—l] [l't] .

For the first stage, this constraint states that x; ; are equal for all scenario s. Non-
anticipativity constraints define a linear subspace N of decision variables character-
ized by conditional expected values. In a manner similar, the projection operator
Py onto N is characterized by the following simple algebraic relations:

for each stage t, Py[z]s = Ep_1[@].
Being a self-adjoint operator, the following relation holds for the projection:

Py. =1 — Py.
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2.2. Primal and dual formulations of the multistage program

To induce separability, the PH algorithm relaxes the non-anticipativity constraint
in (1), namely
reN < x = Py|z],

by means of the following Lagrangian:
L(z,w) = E[f(z)] + (w,z = Py[z])s .

Because of the identity Py = I — Py, the Lagrangian multiplier w = (w,)?_, € R™
can be assumed to satisfy

weNt — Pylw] =0. (2)
Furthermore, by perpendicularity, the linear term in the relaxation can be simplified:
(w,x — Pylelys = (w, 2)s — (w, Pylal)s = (w,2)s.

Therefore, the Lagrangian L(z,w) = E[f(z)] + (w,z)s is decomposable along
scenarios. More specifically,

S
E(m,w) = Zps£5($s>ws)a
s=1

where for each scenario s = 1,...,S, we defined the s-Lagrangian
Ly(x5,ws) = folws) +w/ . (3)

Throughout our development, subindices s refer to scenario components (of func-
tions, sets, or vectors). To ease the understanding, Table 2.1 below summarizes the
main elements in our notation and clarifies their dimensionality.

In Algorithm 1, with the PH algorithm, the s-Lagrangians (3) are used to construct
separate subproblems in the primal space, one per scenario.

Algorithm 1: Progressive Hedging (PH) Algorithm [31]

1: Initialization: Choose a primal-dual starting point (z°, w®) e N x Nt
2: for k=0,1,... do

3: Primal subproblems: solve
k+3 . t
zs 2 =arg min Ly(zs, wh) + =z —a¥|? for s =1,...,85. (4)
zs€Cy 2
4: Primal projection: 2**! = PN(.%’IH_%).
k+i
5: Dual update: wh*! = w¥ + tk(ws+2 —zkt) fors=1,...,5.

Notice that, by (3) and (4), the dual updating rule can be interpreted as a gradient
step for maximizing an augmented s-dual function.

A notable feature of the PH algorithm is that feasibility is achieved both in the
primal and dual iterates by performing simple calculations. On the primal space,
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the vector formed by collecting the subproblem solutions is projected onto N'. On the
dual space, the difference ahte — 2¥*1, which measures primal feasibility, lies in N'*.
As a result, dual feasibility is guaranteed throughout the iterative process, as long as
the starting dual point belongs to N'*. The Bundle Progressive Hedging algorithm
proposed in this work preserves this characteristic, introducing some modifications
in the PH scheme by resorting to duality. More precisely, consider the convex dual
function derived from the Lagrangian, that is

S
h(w) = Zpshs(ws), where hg(wy) = max(—Ly)(xs, wy) . (5)

zs€Cls

With this notation, the problem dual to (1) has the expression
min h(w), s.t.weN", (6)

Since the multistage stochastic program (1) is convex with a linear constraint, there
is no duality gap. As a result, a convergent dual method applied to (6) yields
solutions to the original problem. Note that in view of weak duality and the fact
that the feasible set of the primal problem is compact and the primal objective
function is continuous, then infyL A > —c0.

vector in R™¥ scenario s subvector in R"
primal variable x T
dual variable w W,

full function scenario s subfunction
primal objective f:RY SR fs :R* >R
Lagrangian L:R™ xR™ - R Ly R"xR" >R
dual objective h:R™ - R hs: R* - R

Table 2.1: Notation and dimensionality of variables and functions.

3. A projective bundle-like approach

In (6), the objective function is nonsmooth and convex while the feasible set is
a subspace. To handle constrained problems, many bundle methods include easy
constraints directly in the subproblems that define iterates, usually a quadratic pro-
gramming problem, [28, Section 3]. An alternative is to make use of an improvement
function or a filter method, as in [2, 3, 20, 35].

The drawback of those approaches is that they destroy decomposable structures, like
the one present in (5). We now explain how to put in place a new algorithmic scheme
that preserves separability in the iterate subproblems while keeping the well-known
convergence properties of bundle methods.

On subdifferentials and weak convexity
Consider a function H : RN — R U {+o0}, and a point w where H(w) is finite.
If H is a locally Lipschitz function, then the Clarke subdifferential of H at w is the

set 0H(w) given by the convex hull of all the points of the form limy_, o VH (wg),
where {wy} is a sequence of points where H is differentiable, and w;, — .
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If H is a proper convex lower semicontinuous (lsc) function, then 0H (w) coincides
with the subdifferential of H at w of convex analysis:

0H(w) = {x e RN : H(w) = H(®W) + {x,w — W) for all w e RV}
We shall work with a special class of nonconvex objective functions, defined below.

—  Given p > 0, the function h : RY — R U {400} is said to be p-weakly convez, if
the augmented function h(-) + g| -|? is convex. Recall that |- | could either be

| -] or|-|s (in the latter case, the dimension is N = nS).

Weakly convex functions are related to other nonconvex notions in the literature,
such as prox-regular or lower-C? functions [32, Definition 13.27], generalized dif-
ferentiable functions in the sense of Norkin [27], and semismooth functions [26].
Furthermore, weakly convex functions can be characterized using the Clarke subd-
ifferential. In particular, from [4, Proposition 2.2], h is p-weakly convex if and only
if, for all w,w € RY with nonempty oh(w), any g € oh(w) satisfies

h(w) + g|w —w]* = h(0) + {g,w — ).

Considered setting for the bundle method

Given h : RN — R U {+0} a p-weakly convex function and M a nonempty closed
convex set, onto which computing a projection is not costly, we are interested in
solving the following constrained minimization problem

Sélﬁ h(w) (7)

by means of a bundle-like method. For the multistage program (1), the constraints
are given by M = A/t in problem (6), but any easy-to-project feasible set could be
considered (for instance a nonnegative orthant, M = {w = 0}).

Accordingly, assumptions (A1)—(A5) in Theorem 3.2 shall make use of the following
definitions, stated for a function H given by the dual function h plus the indicator
function of the feasible set.

—  Alsc function H : RY — R U {+o0} satisfies the proper separation of isocost
surfaces property, if there exists € > 0 such that

71,72 € (QH)7H0), |71 — To| <& = H(T1) = H(T,). (8)

—  The subdifferential error bound holds for problem min,, H(w), where the func-
tion H : RY — Ru{+o} is bounded below, if for every v > inf g~ H(w), there
exist €,/ > 0 such that whenever w e RY, H(w) < v, and z € dH (w) n B(0,¢),

the following is true: d(w,S) < l|z|, (9)

where & = (0H)~'(0) is the set of critical points of H.

The subdifferential error bound, sometimes also called metric subregularity, is re-
lated to other concepts in the literature. For convex functions, condition (9) is
equivalent to the Kurdyka—t.ojasiewicz inequality with exponent %, and also equiv-
alent to a quadratic growth condition with respect to the distance to the set of
minimizers ([38, Proposition 2]).
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In the weakly convex case, the subdifferential error bound implies the Kurdyka—
Lojasiewicz inequality with exponent %, and the quadratic growth condition for the
set of critical points [8]. For nonconvex structured problems, the subdifferential
error bound combined with the assumption of properly separated isocost surfaces
implies the Kurdyka-F.ojasiewicz inequality with exponent % [22, Theorem 4.1].

All these regularity conditions relate primal and dual information, in particular
points in the primal space or their function values, with subgradients at a critical
point or near a critical point. These conditions are usually used in the literature to
prove linear rate of convergence of different methods, see [4, 5, 25].

3.1. A general algorithmic pattern for weakly convex problems

In the setting of problem (7), a family of model functions {¥,}, built along itera-
tions, is available. Denoting by i, the indicator function of the feasible set, given
w® € M, the model is a

convex function ¢*,(-) approximating h(-) +im(-) — h(w®). (10)

If the objective function h is convex, a typical construct is to create a cutting-plane
model for the sum h + i,. For nonconvex h, cutting-plane models need to be tilted
and/or downshifted to be adequate. If the parameter of weak convexity p is known,
this is an easy task. Otherwise, estimates of such parameter must be “guessed” and
suitably updated along the iterative scheme, as in the redistributed proximal bundle
method from [16, 17].

In our development, to generate iterates with a special subsequence converging with

linear rate, the following property should be satisfied by the models.

Definition 3.1. (1QAmodels)  The family of finite-valued convex functions
oF . RY — R satisfying (10) is one-sided with quadratic accuracy for h + iy, if

w

there exists ¢ > 0 such that
vt e M, YweRY | ¢F (w) < h(w) + ip(w) — h(w”) + g]w —w?. 0O (11)

It is shown in [4, Proposition 5.2] that the redistributed approach from [16, 17],
which defines piecewise linear models for h(w) + £|w — w*|?, satisfies the 1QA

property.

Model functions are useful to define iterates with low computational burden. Finding
a new iterate in our proposal amounts to solving

. 1
min {gpfuk (w) + E|w — wk\Q} , (12)

a problem that is a simple quadratic program if the model is piecewise linear. The
first-order optimality condition for problem (12),

0e 6goﬁ]k(w) + %(w — wk),

characterizes the implicit updating rule (13a) given below.
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Given parameters m € (0,1), tym > 0, and some initial w® € M, for all k > 0, our
algorithmic scheme defines

whts = wk — 1,G*, for some G* € 0k (wF7) (13a)
uFH = Pr(whte), (13b)
if R — h(w®) < mek,(w**2), declare a serious step.
Set wtt = w1 and choose tj1 . (13c)
Otherwise, declare a null step.
Set w*™ = w" and choose f3;; . (13d)
k+1

In both cases select a new model ¢ 77, and f41 = fin -

In this algorithmic pattern, iterates satisfying (13a)—(13c) form the so-called serious-
step subsequence in bundle methods. As indicated by (13c), at serious steps the
objective functional values decrease. Iterates satisfying (13a) and (13b) but not
(13c) form the subsequence of nullsteps.

Since iterates in bundle methods can be of two types, the convergence theory splits
the asymptotic analysis into two parts, depending on whether the serious step se-
quence is finite or infinite. We state below the corresponding result for the latter,
referring for the proof in the appendix. Note that the result extends the theory for
descent methods in [4], to take into consideration the extra projective step in (13b).

For the next result, by construction (cf. (13c)), recall that the stepsizes tj are
bounded from below by t;, > 0.

Theorem 3.2. (Global convergence and local linear rate of serious subsequence)
Consider problem (7) with the following assumptions:

h:RY — R U {+w} is a p— weakly convex function; (A1)
M is a nonempty closed convex set; (A2)
h is bounded below on M, that is inf y,yh > —o0; (A3)
h + inm satisfies the proper separation of isocost surfaces property (8); (A4)
h + ia satisfies the subdifferential error bound (9). (Ab)

Assume that in the pattern (13) the functions 4p5jk are 1QQA models having parameter
q < p as in Definition 3.1, and that the stepsizes t; are bounded above by ty.c > 0
in step (13c).

If there is an infinite subsequence of serious steps, that is {w"} satisfying (13a)—(13c),
the following holds.

(i)  The subsequence of functional values {h(w*)} monotonically converges to some
critical value h* of h + i, such that the sequence of functional errors {vF =
h(w*) — h*} converges to 0 with Q-linear rate: there exists r € (0,1) such that
for all sufficiently large k, v**' < ro* .

(i)  The subsequences of iterates {w*} and intermediate points {w**2} converge to
a critical point w* of h + iy with R-linear rate: there exists r € (0,1), and
¢ > 0 such that for all sufficiently large k

1

wf —w < ey, bt —wt| < o2 = V)it
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It remains to analyze the asymptotic behavior of the “tail of null steps”. To do
so, the specific definition of the model functions plays a crucial role. Since this
feature is problem dependent, we consider the particular instance of interest, that
is problem (1)—(6), and give a complete convergence analysis for the bundle PH
algorithm presented in the next section.

4. Bundle progressive hedging

Our motivation to consider algorithmic schemes of the form (13a)-(13c) is to exploit
decomposable structures in (7). The challenge is to define model functions that
inherit A’s structure and, at the same time, incorporate information on the feasible
set M without destroying separability. We now explain how to build suitable model
functions for (6) and present the bundle variant of the PH algorithm.

4.1. Building separable models

Usually bundle methods define linearizations for the sum h + iy, but such model
functions are not separable. To illustrate this difficulty, consider the following simple
instance of (7), where wy,wy € R are decision variables and A € R is given:

min  hy(wy) + ha(ws)
w1,w2
st. w +wy=A.

A classical model for this problem takes cutting-plane approximations for each term,
say hs(ws) for s = 1,2, and adds the indicator function:

gpfyk (wy,wy) 1= ?Ll(wl) + 7LQ(QU2> — hl(w’f) — hg(wlg) + i (wr, wa) .

With such a model, problem (12), whose solution yields (13a), is not separable:

w1 o U),f 2
Wo wh '
By contrast, if a separable model function was available for the indicator function

ipm(wr, ws), the calculations required in (13a) could be performed separately, by
solving, for s = 1,2,

min < ¥, (wy, wsy) + L
w1 t+wo=A w b 2tk;

. 1
min { by (w,) + 5w, —wt|?} . (15)

When the objective function h involves the sum of more than two terms, as in the
case of multistage programs with many scenarios, using separable models improves
significantly the computational performance (the solution to (15) can be computed
in parallel for the different scenarios).

Following the spirit of Table 2.1, and because the ability of defining separable models
depends on the constraints M under consideration, we recall in Table 4.1 the feasible
sets involved in the primal and dual problems.

Regarding the PH setting, that is when (7) has the format (5)—(6), the feasible set
therein is given by the non-anticipativity constraints written in dual form.

Hence, as in (2), M = N+ = {w: Py[w] = 0}.



462 F. Atenas, C. Sagastizabal / A Bundle-Like Progressive ...

space H nature ‘ notation
general framework of subsection 3.1 - M
nonanticipative primal N
nonanticipative orthogonal dual Nt

Table 4.1: Spaces involved in the general framework of subsection 3.1, and in the
BPH analysis.

This subspace has a favorable structure and the projection step (13b) is straightfor-
ward:
Pulw] =w — Pylw].

Recall that, by (5), h(w) = Zf;l pshs(ws). Our proposal is to work with the weighted
sum of special model functions, defined for each scenario and derived from (4).

Proposition 4.1. (Separable 1QA models) Given (z* w*) e N'x N, for s =

1,...,8 consider the approximate s-Lagrangian
/315(965, w) = f(xs) + w;—(xs - :Uf) = Ly(rs,w5) — wg—x’; 5 (16)

and the individual functions

SOZ’; (wy) = max(—L")(z,, ws) — hy(wF). (17)

rs€Cly

The corresponding weighted sum

s
Phi(w) = Y Pl (w,) = h(w) = h(w") + (w, ")

s=1
defines a model for (h +iy1) (w) at w* that is separable, convex and of type 1QA
with ¢ = 0.
Proof. First, the model gof; . is separable by construction, and convex, since each
¢" . is the maximum of affine functions —L (s, ws) — hy(w?) in w,. From (17) it
follows that

Pt (W) < ha(ws) +wg o — hy(wf).

After multiplying by p, and adding all scenarios, this means that
P (w) < h(w) + (w, 2%)s — h(w").
Note that since 2% € N, then (w,2*)s < iyi(w) for all w. Indeed, if w € N2,

(w,¥)g = 0 < 0 = ip1(w). On the other hand, if w € N\{0}, (w,z*) is a finite
value, thus (w, z¥)g < 400 = iy (w). Therefore,

" (W) < h(w) + iy (w) — h(wh).
Hence, ¢*, is a 1QA model for h + iy1 at w* with ¢ = 0. O

The approximate s-Lagrangians put together build a 1QA model for h + iz, In
fact, as

»C];(l‘s, ww) = ‘Cs(x&ws) - (l{;)Tws’

the term (2%, w)g corresponds to a lower linearization of the indicator function i .
Using the wording from [2], the models ¢*, are of lower type; see also [1].



F. Atenas, C. Sagastizabal / A Bundle-Like Progressive ... 463

4.2. Comparison with subproblems in the PH algorithm

To understand the given definition for the individual models, first recall we are
interested in dealing with separate subproblems (15). Plugging (17) therein yields

min{ max (— L") (25, ws) — he(w") + %st - w§||2}

Ws zs€Cy

s
Ws zs€Cs

— min { max(—L,)(z,, w,) + (08) wy = hy(wh) + 5w, = w2}
k
For this (convex-concave) saddle-point problem it is equivalent to solve

max min {(—ES)(:ES,U)S) + (%) Twy — hy(wF) + %st — waz}
k

xs€Cs ws

. 1
= —hs(wf) + max { min [ — folxs) — wST(a:s — :L‘l;) + EHwS — waQ]} )

zs€Cs Ws

The expression between brackets is minimized at w, = w* + ¢;,(z, — 2¥). Therefore,
(15) is equivalent to

t
maxc { = fi(w) — (wf + ta(e, —ab) (@, — 2%) + L, — 2k}

zs€Cs
t
= max { = f(z,) = (W8 (@, - 2) — tellz, — 2> + L, — ot}
xs€Cy 2
. t
= - min {£u(w) + (@) (2. — b + Fle. — at)?}
rs€Cs 2
= (wh) "ok — min Ly, wl) + %o, — k] (18)
rs€Cy 2

This last minimization problem is practically identical to the PH original subproblem
(4). The difference is that the stepsize t, in this case, can be dynamically updated,
as in a bundle method.

Additionally, note that the Lagrangian £* is an approximation of the original La-
grangian obtained when relaxing the non-anticipativity constraint. More specifi-
cally, the Lagrangian

HMO}

fs Is —I-IU ( S_PN[CC:IS))

is approximated with
LF(z,w) = ips (fo(ms) + w) (x5 —2b)), akeNN.
s=1
Consequently, the non-separable augmented Lagrangian subproblems
S min {0) + wT (e~ Pufel) + S, - Pulel )
s=1
are approximated (in both PH and BPH) by the separable subproblems

Zpsglelcr}s{fs(xs)—i—w( —ab) + L, - 2k}
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With our approach, the quality of this approximation is measured by means of the
serious/null step test (13c). Performing the descent test is not free, as it requires
an extra dual function evaluation, that is, solving another set of subproblems in
parallel. This is made clear in the descent test in Algorithm 2 given below.

4.3. Statement of the algorithm in dual form

Algorithm 2: Bundle Progressive Hedging (BPH) Algorithm in dual form

1: Inmitialization: Given a stopping tolerance TOL > 0 and parameters m € (0, 1) and
tmin > 0, choose a primal-dual starting point (2°, w®)eN x N L and an initial stepsize
to > 0. Compute the dual value hs(w?) = —L4(52,w?), by finding

70 € arg min Ly(zg,w?) for s=1,...,5.
zs€C
2: for k=0,1,... do
3: Dual subproblems: given gpﬁ)? (ws) = maxy cc, (—LF) (x5, ws) — hs(wh), solve
3 -k 1 k|2
W :argmm{gp p(ws) + —|lws — wy | }fors:l,...,S. (19)
ws Ws 2ty
. [ N .
The nominal decrease ¢*, (ws ?) is available.
wS
4: Primal projection: z**! = PN[m’”%], where
k+3 1, k+i
zo 2 :m§+t—(ws+2—w§) for s=1,...,5. (20)
k
5: Stopping test: if —cpik(w’”%) < TOL, stop and return (2, w*).
6: Dual projection: u"*! = Py (w*t2) = wh*z — Py[wht2] .
7: Descent test: Compute the dual value hg(uf*1) = —Lg(y*+1 wb1)| by finding
Y"1l e arg min Ly(zs, ut ) for s =1,...,85.
zs€Cs

If —L(y*+ ub ) < —L(GF, wh) + mcpﬁ}k(wk*%) declare a serious step:

k+1 +1 ~k+1 _  k+1
y Y =Y

Otherwise, declare a null step: set w

k
w =U ; tk-i—l Z tmin.

k+1 k ~k+1 ~k
* :waer =Y and tk+1 = tmin.

Recall that the PH algorithm keeps separate subproblems for each scenario, per-
forming afterwards a coordination step, projecting the primal candidates onto the
linear subspace of non-anticipative constraints. The Bundle Progressive Hedging
Algorithm 2 maintains those features, adding a descent test to measure the quality
of the model approximation. The main steps of the algorithm are as follows.

—  Tteration k starts by solving, for each scenario s = 1,..., S5, a dual subproblem,
yielding dual intermediate iterates.

—  Intermediate primal points are derived from the dual intermediate solutions. As
shown in Lemma 4.2(i), such primal points actually correspond to minimizing
an augmented s-Lagrangian in the primal space.
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The projection of the dual intermediate points onto the orthogonal subspace of
the non-anticipativity ensures dual feasibility.

The projected dual iterates are evaluated, to determine if there was some de-
crease in the dual function h:

— if there is sufficient descent, a serious step is made. This point then becomes
the best candidate point generated so far, or

— if there is no sufficient descent, a null step is made.

The Bundle Progressive Hedging Algorithm 2 results from applying the scheme (13)
with the 1QA model in Proposition 4.1, to the dual problem (6). Being a particular
instance of the general algorithmic pattern given in Section 3.1, convergence of the
serious dual subsequence generated by BPH is therefore ensured by Theorem 3.2.

Table 4.2 compares the notation employed in Algorithms 2 and 3 to generate, re-
spectively, the primal and dual sequences of the bundle approach.

vector in R™ | scenario s subvector in R™

. . . 1 k+1
intermediate primal 2 Ts 2

projected primal aF zk

: : k+l k-‘r%
intermediate dual w2 s

projected dual u” uk

dual serious step w” wk

minimizer of L£,(-, u¥) over C y" y*

Table 4.2: Notation for primal and dual sequences generated by Algorithms 2 and 3.

Before passing to BPH’s convergence analysis, some remarks are in order.

Notice that the descent test is performed with the full Lagrangian £, and not
the individual s-Lagrangians.

In (13), consider h to be the dual function defined in (5), the linear subspace
M = N2+ and N = nS. First, the optimality conditions of the problem in (19)
correspond to (13a), for

GF = —(aF — 2¥Ft2), (21)

according to (20). Furthermore, step 6 of Algorithm 2 is exactly (13c), while
the descent test in step 7 of Algorithm 2 is equivalent to (13c), by using the
definition of the dual function h in (5), the construction of y**!, and the defi-
nition of §*. Barring the stopping test, Algorithm 2 is a particular instance of
the pattern in (13).

The stopping test of step 5 in Algorithm 3 yields indeed approximate solutions.
To see this, recall that the BPH method stops when the aggregate error and
the aggregate subgradient defined in Lemma A.1(i) are sufficiently small. Since,
see Lemma A.1(ii), GF € dprh  (wk) for EF > 0, and ¢F, (wh) = 0, this means
that for all w | ’

h(w) — h(w") + <w,$k>s > (G*,w—w*) — E* | where t,|G*|?, EF < TOL.
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In particular, for all w € Nt the linear term in the left-hand side vanishes, and

w* is an approximate minimizer of the dual problem (6), for

TOL
} C h(w) > h(w®) = o — b — .

7 = max {TDL,

4.4. Relation with progressive hedging and primal formulation

The BPH Algorithm 2 differs from the PH Algorithm 1 in the implementation of the
descent test. Notwithstanding, both methods also share some features. As shown in
(18), for each scenario, the subproblem (19) solved by BPH is dual to the subproblem
of the PH Algorithm 1. In both PH and BPH, primal points are projected onto the
set of non-anticipativity constraints; and the nature of the dual update is the same,
projecting onto N+ to guarantee dual feasibility.

The resemblance between the two methods becomes more apparent after formulating
Algorithm 2 in primal terms, exploiting in addition to (18), primal-dual relations
stated in Lemma 4.2. The primal formulation of the Bundle Progressive Hedging
given in Algorithm 3 allows a straightforward comparison with the PH Algorithm 1.
However, the dual form Algorithm 2 is more handy for the convergence analysis.

Lemma 4.2. (From dual to primal BPH formulations) Consider the approzimate
s-Lagrangian L% defined in (16), and the model oF, of (17) that defines subproblems
(19) in Algorithm 2. The following holds.

1
(i)  For all scenario s = 1,...,S, the intermediate step m’;+2 defined in (20) can
be equivalently computed as follows
1
zi e arg min {ﬁ’;(azs,wf) + t—kas - x’;HZ}
zs€Cy 2

. k+1
In particular, xs * € Cs.

(ii)  The dual projection rule uF+1 = whts —PN[w’”%] can be equivalently performed

by doing uktt = wk + t(aFrz — ZFHL).

(iii) The dual model ¥, evaluated at the dual intermediate point W can be
written in primal-dual terms as follows
Pl (wh2) = L@ k) = £Hh 15w r),
Proof. To show item (i), recall the relations (18). Since ws"? minimizes the expres-

1
2ty

k

1 1
sion ©* (w,) + 5 |ws — w¥|?, and it also has the form wi? = wk + tk(x§+2 -z,

1

then m’;+2 minimizes over C

fol@s) + (Wh)T (s — 2b) + L, — b = L5y, wh) + Lo — k]
Regarding item (i), since w**z = w* + t,(z**2 — 2%), and w* € N, then
— 2" — Py[w" + tp(aF7 — 2Y)]

_ wk + tk(xk+% . :L’k> . tk(karl o xk) _ wk + tk(xk+% . karl)’

[NIES

whts — PN[war%] — Wkt tk(xk+

where in the second equality we use z5+! = Py[z4"2].
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Finally, note that (20) and (19) imply that 2t "2 solves max,, cc, (—LF)(zs, ws
Therefore, from the definition of gpi} %, it holds that

1 1 1
P (we ) = (L8 (a2 ) — hy(uh).

S
Moreover, by construction, 7* solves max,, cc,(—Ls)(xs, w¥), then
k+3 k+5 k+j ~
Phs(ws™?) = (L7 ™) + Lo(Goy w0l

Taking the expected value in this last formula gives item (iii). O

Algorithm 3: Bundle Progressive Hedging (BPH) Algorithm in primal form

1: Inmitialization: Given a stopping tolerance TOL > 0 and parameters m € (0,1) and
tmin > 0, choose a primal-dual starting point (2%, w") e N’ x N L. Compute

72 € arg min Ly(zg,w?) fors=1,...,9.
zs€Cls
2: for k=0,1,... do
3: Primal subproblems: solve

1

k+ . 13
xs * = argmln{fs(:ns) + (wh Ty + —k||xs - xl§|2} , fors=1,...,85.

xs€C 2
Primal projection: z¢+1 = Py[z""2].

k+ L1 k+ L

Dual update: Compute we'? = wk + tk(xs+2 —aMfors=1,...,5.
Stopping test: if £F(z¥T2, wht2) — £(§*, w*) < TOL, stop and return (z*, wk).
Dual projection: u**! = w* + tk(;v“% — gk,
Descent test: Compute

Y"1l e arg min Ly(zs, uf ) for s =1,...,5.
zs€ls

If £(5*, wh) — L(y**1, ub 1) < m(L(GF, w*) — LF(zF T2, whF2)), declare a serious step:
set whtl = i+l Ghtl — gl

=y*T" and take 511 = tmin.
Otherwise, declare a null step: set w**! = w* gF*t = g% and ti11 > tmin.

1
By Lemma 4.2, the intermediate primal point x§+2 can be computed as either a

minimizer over C of the augmented approximate s-Lagrangian

1L
L (e uk) + B, — k)

S

k

¢, or as a minimizer over Cy of the

evaluated at the serious dual point wy = w
Lagrangian

k+3

ES(IS7w3 )7

1

evaluated at the intermediate dual point w, = w§+§. Together with the primal

updating rule (20), this means that the dual subproblems of Algorithm 2 can be

1
written in primal terms, followed by a dual updating rule for wf "2 deduced from
(20). Algorithm 3 is the primal version of Algorithm 2.
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We now show that Bundle Progressive Hedging algorithm finds primal and dual
solutions, in the case of finite termination, infinite number of serious steps or when
there is a tail of null steps.

5. Convergence analysis of the Bundle Progressive Hedging

The primal and dual versions of the Bundle Progressive Hedging algorithm are
equivalent because:

—  Steps 3 and 4 of Algorithm 2 are equivalent to steps 3 and 4 of Algorithm 3,
due to Lemma 4.2(i).

—  Step 5 of Algorithm 2, the stopping test in dual terms, is equivalent to step 5
of Algorithm 3, due to Lemma 4.2(iii).

—  Step 6 of Algorithm 2 is equivalent to step 6 of Algorithm 3, due to Lemma 4.2(ii).

—  Step 7 of Algorithm 2 is equivalent to step 7 of Algorithm 3. Indeed, the descent
test is exactly the same by using Lemma 4.2(iii). As for the construction of
the model, in the dual version of the algorithm (Algorithm 2) it is explicitly
done by using the serious step w**!, while in the primal case, Algorithm 3, it
is implicitly performed by using the projection z**! in the quadratic term of
the primal subproblem, and using w**! as the cost of the linear term of the
objective of the subproblem.

Throughout this section the stopping tolerance is set to TOL = 0. By the stopping
test in Algorithm 2, this means that when the test is triggered, it must hold that

0 < —¢F (w2) < TOL = 0,

by Lemma A.1(i). With this setting, either Algorithm 2 stops after a finite number

of iterations with ¢*, (w’”%) = 0, or the algorithm runs indefinitely. In this case,
either the serious subsequence is infinite (after each serious iterate, only a finite
number of null iterations occur), or a last serious iterate is generated at iteration

~

k—1, say w = w’;, and afterwards all iterates are declared null steps.

5.1. Cases of finite termination and infinite number of serious steps

We first consider the case of a finite termination. To this aim, it is useful to char-
acterize the subdifferential of the dual function A in terms of primal information.
Specifically, given a scenario s € {1,..., S}, each function hs(ws) defined in (5) is the
maximum of a family of affine functions of wy, therefore it is convex [18, Chapter I,
Proposition 2.1.2]. Furthermore, letting

Cs(wy) = {zs € C5 : —Ls(w5,w5) = hs(ws)},
then according to [18, Chapter VI, Theorem 4.4.2],

&hs(u_)s):co( | a(—ljs)(is,ws)).
Zs€Cs(ws)

Moreover, since L, is differentiable with respect to ws, then 0,(—Ls)(Zs,ws) =
{—z}, for any s € Cs(wy), that is, any Zs € C that solves the problem in (5) for
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w, = Ws. In other words, Cy(wy) is exactly the set of maximizers of the problem in
(5) for wy = w,. Therefore,

Ohs(ws) = co{—7s : s solves the problem in (5) for wy = w;} . (22)

Theorem 5.1. (Finite termination of BPH) Let h : R™ — R in (5) be the dual
function associated with the primal problem (1). If Algorithm 2 stops after finitely

many iterations, then x* and 22 are equal and both are a solution of primal problem
1
(1), and w* and w** 2 are equal, and both are a solution of dual problem (6).

Proof. If the algorithm stops, then ¢”, (w’”%) = 0. Thus, the aggregate error
and gradient defined in Lemma A.1 (stated in Appendix A) are null: E*¥ = 0 and
G* = 0. In particular, we also have that w* = whts and oF = 2h s, Then, from
Lemma A.1(ii), we have that 0 € d(h + iy )(w"), that is, w* = w2 € N is a dual
solution. Furthermore, since G* € 0pF, (wh*2), we have that GF — 2F € Oh(wh2).
Thus —z* € dh(w**2), because GF = 0. It follows from (22) that forall s = 1,..., 5,

r% € C, and it also solves min, cc, Es(a:s,w“%). Note that this means that z* is

. . . 1, . 1, .
primal feasible. Hence, since w**2 is a dual solution, then z¥ = z**2 is a primal

solution, as stated. Il

We continue with the analysis of an infinite serious subsequence, and show the
generated primal and dual points asymptotically solve the primal and dual problems
(1) and (6). Recall that the dual form of the BPH algorithm fits the framework (13).
In this case, the proper separation of isocost surfaces (8) is trivially satisfied because
the function H := h + iy is convex. Regarding the error bound (9), the condition
is equivalent to requiring that, for every v > inf, car h(w), there exists €, > 0,
such that whenever w € N*, h(w) < v, and ¥ € R with ||z — Py[z]|s < €, and
the s-component x4 solves the problem in (5), there holds that

d(w,S) < l]z]s, (23)

where S is the set of minimizers of the dual problem.

Theorem 5.2. (Convergence of serious steps) Let h:R™ — R in (5) be the dual
function associated with the primal problem (1). Suppose, in addition, that the
subdifferential error bound (23) is valid. In Algorithm 2, let K, := {k : w*™ was
declared a serious step} and recall that, by construction {ty} k. is bounded below by
tmin > 0. Assume, additionally, that {tx} K, is bounded above by tyax > 0.

If the set K, is infinite, the following holds for k € K.

(i) {h(w")}k, monotonically converges to the dual optimal value h*, such that the
sequence of functional errors {v* = h(w*) —h*}k, converges to 0 with Q-linear
rate: there exists r € (0,1), such that for all sufficiently large k € K,

VR <ok

(ii)  The sequence of serious-step iterates {w*} k., as well as the intermediate points

(w2} k., converge to a minimizer w* of the dual problem (6) with R-linear
rate: there existsr € (0,1), and ¢ > 0 such that for all sufficiently large k € K,

[ —w*| < evr®,  JuwE —wt| < o2 — Vi)Vt
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(iii) The primal sequences {x*}x. and {x**2}y. sub-sequentially converge to a
solution of the primal problem (1). The functional values {f(x*)}k. and

{f(z*+2)} k. sub-sequentially converge to the optimal value of problem (1).

Proof. Throughout, iterations parse k € K,. Items (i) and (ii) follow from Theo-
rem 3.2, applied to the convex function h, which is 0—weakly convex, and M = N/*.
For item (iii), note that from Lemma A. 1(111) G* — 0. Therefore, the primal update
in Algorithm 2 and (13a) imply z* — 2"+3 — 0. Since both sequences are bounded,
because {x“%} belongs to a compact set and Py is continuous, then both sequences
{#*} and {z**2} have the same accumulation points. In particular, any accumu-
lation point z* of these sequences belongs to A/, and for all scenario s = 1,...,.S,
x¥ € Oy, from Lemma 4.2(i).

Furthermore, (13a) implies G — 2% € oh(w*i*2), where {z*} is a subsequence that
converges to x*. Therefore, since dh is outer semicontinuous, —z* € dh(w*). In
particular,

—fahFE) = wht e gy = (bt E) > h(w®) + (—at wt - wt)s.

Taking the limit when ¢ — 400, it follows that —f(z*) > h(w*), because we have
(2%, w*) € N x N'L. Therefore, weak duality implies —f(2*) = h(w*), with z* being
primal feasible. Hence, z* is primal optimal.

Finally, sub-sequential convergence of {f(z*)} and {f(z**2)} to the optimal primal
value f(x*) follows from continuity. O

To conclude, we show that when there are finitely many serious steps, the generated
sequences also provide solutions for problems (1) and (6).

5.2. Talil of null steps

It remains to analyze the case when there is a last serlous step w, performed at
iteration k = k — 1. Accordingly, we let K,, := {k > k : wk was declared a null step}
denote the corresponding iteration index set. Note that for all k¥ € K,,, w* = @. We
will also assume that the stepsizes eventually stabilize along the tail of null steps.
The next result shows that the last serious step is a solution of the dual problem,
and that the accumulation points of the primal sequences are solutions of the primal
problem.

Theorem 5.3. (Convergence of null steps) Let h : R™ — R in (5) be the dual

function associated with the primal problem (1). Assume there is a last serious step

w, followed by a tail of nulls steps. If the corresponding stepsizes eventually stabilize

(t, =t =t for k € K,, sufficiently large), the following holds for Algorithm 2.

(i)  Both {w**2}x, and {u*}x, converge to @, which is also a solution for the dual
problem (6). Furthermore, the sequences {h(w**2)}x, and {h(u*)}k, converge
to the optimal value of the dual problem (6).

(i)  The primal sequences {x*}x. and {x**2}x subsequentially converge to a so-
lution of the primal problem. The corresponding functional values {f(z*)}k,

and {f(z¥72)} k. subsequentially converge to the optimal value of problem (1).
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Proof. Throughout, consider k¥ € K, for which ¢, = £. We claim that {z*} is
the result of applying a projected gradient method with constant stepsize % to the
following problem

{;ntln 5(;/)\[ for F(z) = min{f(y) + W,y —x)+ %|Z/—x2} . (24)

yeX

By convexity of f, the objective function in (24) is strongly convex with modulus

%, and thus F has a Lipschitz continuous gradient with modulus 7. In particular,

when o = z*, by Lemma 4.2(i),

1 . A~ t

24 —argmin { f(y) + B,y - @) + S|y — 2|
yeX

and VF(z") = -0 +1 <xk — ac’”%) :

Combined with the identity VF(z%) = —w**z from (20), we see that

L %VF(xk) =aF +

| =
ol

+

[
ol

+

N
+

1~

jw.

t

Projecting over N and recalling that 1 € N'* yields the claim, because
Py [xk - %VF(.Tk)] = Py[a*t2] + %PN[@] = Py[aFt2] = 21

By compacteness of X, the sequence {z*} is bounded and the assumptions in [19,
Theorem 4.1.3], stating convergence properties of gradient projected methods, are
satisfied. Thus, 2F*! — 2% — 0, and all accumulation points of {z*} are solutions

to (24). Passing to the limit as k — +o0 in the identity Py[w**2] = #(aF+! — 2¥)

ensures that Py[w**2] — 0. In turn,

D=

uk-‘rl _ wk+% _ P_/\/’L [wk+%] _ wk+ _ _PN[wk-‘r%] 0.

The sequence {w**z = @ + ("2 — 2%)} is bounded and so is {u**'}. Being convex

and finite, h is Lipschitz continuous in any compact set that contains v*** and wk+%,

therefore
(U — R(w*3)| < Lt — whF 2| - 0, as k — +oo.
Non-satisfaction of (13c) amounts to
h(u**1) — h(®) > m(h(w’”%) + (b whta) — h(®)),

which is equivalent to h(uFt) — h(w*2) —miak, wkt2) > (m—1) (h(w’”%) —h(0)).
On the left-hand side, the inner product satisfies the relations

(o w3y = (aF, Pywt*2]) — 0, (25)

because Py[w*™2] — 0 and {2*} is bounded.
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Passing to the limit,
0> (m— 1)liminf {h(wk+%) - h(@)} — h(®) < liminf h(w**3),  (26)
because m € (0,1). On the other hand, by definition of w’”%,
h(wh*3) + ok w3 + %Hwk% — @) < h(d).
Passing once again to the limit, using (26) and (25),
h(®) < 1imkinfh(wk+%) < liminf {h(wk+%)+<xk,wk+%> + %Hw“é—@\\z} < h(d).

Take any accumulation point w* of the bounded {wk+%} and consider a subsequence
wh*ts — w* whenever j — +00. Then h(w*) + %= |w* — @[* = h(@). Moreover,
from (26) it also holds that h(®) < h(w*), and thus h(w*) + 5 |w* — @[* < h(w*),
which necessarily implies w* = @. This means that any accumulation point of

{wkt2} is equal to the last serious step @, and thus {w**2} converges to @, and

E+1 . k+

. 1 ~
since u wh*2 — 0, then {u*} also converges to 0.

To prove that @ solves the dual problem, note that from (21) and (20),

GF = ahte — gF = %(w’”% — ) — 0, as k — +o0.
By continuity of h and (25), gof%(wk*%) — 0. Lemma A.1(i) ensures that E*¥ — 0
and Lemma A.1(ii) yields in the limit that 0 € d(h + iy )(@), which means that @
minimizes h + iprL.
As for the primal problem, since z¥*2 — 2% — 0, both sequences {z*} and {zF*2}
have the same accumulation points. The remaining assertions follow as in the proof
of Theorem 5.2(iii), now taking k € K,. O

6. Final remarks

We have introduced a new projective bundle method that, when applied to multi-
stage programs, exploits parallelism and generates a serious subsequence converging
with linear rate. The resulting Bundle Progressive Hedging, both in primal (Algo-
rithm 3) and dual (Algorithm 2) forms, preserves the main features of the Progressive
Hedging algorithm by T. Rockafellar and R. Wets, [31]. In particular, both methods
solve separate scenario subproblems per iteration. These subproblems are strongly
convex, thanks to the addition of a quadratic term related to an approximate aug-
mented Lagrangian of the problem. Furthermore, the PH algorithm and its bundle
BPH variant both use projections onto A" and N/t to respectively ensure feasibility
in the primal and dual spaces.

Besides these similarities, our proposal adds features typical from the bundle method-
ology to measure the quality of the approximation of the augmented Lagrangian of
the full problem. By contrast, the original PH method uses the dual information
obtained with an approximate Lagrangian without further ado.
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Figure 6.1: Accuracy in the primal solution for the PH and the BPH algorithms (the
ordinate reports the negative of the number of digits obtained at a given iteration).
Both methods were run for the same random instance with 50 scenarios, taking
initial proximal stepsizes ty € {1, 10,100}, being small ¢, large ¢, and very large t,
respectively. The values of t; are maintained fixed to to with the PH variant, yielding
good accuracy only for the largest value ¢, = 100. With BPH, ¢, varies according
to the serious/null step rules and the performance is more stable.

Thanks to the bundle techniques, it is possible to dynamically adjust the augmenta-
tion parameter in the PH algorithm without impairing its convergence. Figure 6.1
gives a simple, yet illustrative, instance of a randomly generated linear problem with
50 scenarios. The impact of keeping t; fixed along the iterative procedure is clear.
With t, = tyg, the PH approach only reaches a good accuracy if the parameter is
sufficiently large (to = 100, named “very large t” in the figure). The BPH method,
with its adaptive adjustment of stepsizes, seems less sensitive to the initial value
of tg.

With the bundle approach, optimality primal and dual certificates are available,
based on the aggregate information constructed along iterations (the PH algorithm,
by contrast, measures distance to the primal-dual set of minimizers). However, those
enhancements require additional evaluations of the dual functions at each iteration.
This involves a new set of computations, that can be done in parallel and are similar
to the PH subproblems, barring the quadratic term in (15).

The projective bundle method in Section 3 is general and can be used to extend
existing approaches to the weakly convex setting. As often in bundle methods, the
crucial point is the ability to show that, when the method enters an infinite loop of
null steps, the family of model functions drives iterates to the last generated serious
point. The stumbling block lies in the suitable definition of the models, as it was
done in [34] for Taylor models in composite optimization, or in Section 4 for the
particular dual function (5).
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A. Projective model-based schemes

We show that if the scheme presented in section 3.1 generates an infinite sequence
of serious iterates, they globally converge with local linear rate. The following
results correspond to an extension of the analysis in [4] that takes into account the
additional projection step in (13b), to deal with a feasible set.

A.1. Technical results preliminary to Theorem 3.2

Similarly to [4], the first step is to exploit the model convexity to transport the
model subgradient to an approximate subgradient of the “convexified” function as-
sociated to weak convexity. Then, a Brgndsted-Rockafellar’s like relation makes the
connection with the objective function in (7). The corresponding results are gath-
ered in the following statement, listing several technical relations. None of those
relations involves the projection step, they can be shown following the arguments in
[4, Proposition 5.4 and Lemma 5.6], applied to the function H = h + i.

Lemma A.1. (Transportation of subgradients, descent, theoretical sequence) Let
h:RY — R U {+w} and M satisfy (A1)——(A2). Consider solving problem (7)
applying the model-based prozimal scheme in (13). If the models gokwk are of type
1QA with parameter q < p, as in Definition 3.1, the following holds for all k.

(i)  The aggregate error E* := —t,|G*|*> — gp’fyk(w“%) satisfies E* = 0.
(ii) G* € Opr Hypr(w*) where H,i(-) denotes the “convexified” function
h() +im() + 4 - —w*|?
If (A3) holds, and the proximal stepsizes t are bounded, ty € [tmin, tmax], then

(iii) the sequences of model subgradient and errors {G*} and {E*} converge to 0 as
k — o0, and
(iv)  condition (13c) is equivalent to

h(wk-i-l) + m

tmax

(\|wk+% Wb 4 tkE’f) < h(w"). (27)

If, in addition, (A5) holds, then

(v)  there exists a theoretical auxiliary sequence {2*} such that | 2% — wk| < VLE*
and, for b > 0,

1

g% € Oh(2F) and v* € Ny((2b), gt + 1] < b(Hwk*i — b+ Hwk_zkn) . (28)

Proof. Items (i)—(iv) follow directly from [4, Proposition 5.4(i)—(iv)] applied to
h + ip. Item (v) follows from [4, Lemma 5.6] applied to h + i Indeed, apply
29, Theorem 2] to the function H,x and the pair of points (G*,w*) such that
G* € Opr H,pi (w¥), it follows that there exists d* such that |d*| < vE* and

b

ko
Gx/?

d* € OH i (w* + Ved"),

where ¢ > 0 is the constant of condition (A5). Defining 2* := w* + v/¢d*, we have
that 2% — w*| < VIEF, and 0Hi(2%) = 0(h + ix)(2%) + pV/edF.
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Therefore, for gh, := G* + (1 + pl)v/¢~1d", it holds that
Ghg € O(h +in)(2F) = Oh(2F) + Ny (25).

Thus, there exists g* € dh(2") and v* € Ny (2"*) such that gk, = g* + v*. Moreover,
from the definition of g%, d*, and (13a), we also have

lg* + V5 < IG*]| + (1 + pO)v e |d"|

1 1 _
= lwt =t a4 (14 pO) | —

< ot — W (14 p) 0 R — ]
then condition (28) holds for b := max{t_i , (1 + pf)(~'}. O

Lemma A.2. Let h : RN — R U {+w} and M satisfy (A1)—(A3), and that the
stepsizes ty, remain in [tmin, tmax]. Then the following holds:

(i) {h(w")} monotonically converges to some value h € R.
(i) wFtt —wh -0, 2 —2F > 0 and " + 1V > 0, as k — +o0.
Suppose, in addition, (A4) and (A5) hold. Then

(iii) {h(z*)} and {h(w")} both converge to h*, where h* € R is a critical value (i.e.,
h* = h(w) for some w e S).

(iv)  Defining p* € Ps(z*), for all k sufficiently large, the distance from z* to S can
be estimated as

27,2
2 = P < 0 (") — h(w*+) + 2652w — 2|

a

(v)  For the functional value errors v* := h(w"*) — h*, it holds that

2
TAARIRS %(v’C — oY) 4 2007 |w — zk||2 + ek,

where OF .= h(w*) — h(z*) + gHﬁk — 2|2,

Proof. The following proof is an adaptation of the proof of [4, Lemma 4.2], taking
into consideration the extra projection step in the present setting. To see item (i),
notice that, since M is convex, then P, is a non-expansive operator, and together
with w* e M, imply

[t — ] = [ Pag(w**2) = Paa(w)] < w2 — |
Combined with (27), it yields for some constant a > 0
h(w*™) + a(|jw* ™ — w*|? + &x) < h(w") (29)

which, in particular, implies that the sequence of function values of {w*} is non-
increasing. Since h is bounded below on M, monotonicity of {h(w*)} implies that
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h(w*) — h, for some h € R. Note that inequality (29) corresponds to [4, (2a)] for
€k = tminEk-

For item (ii), observe that (29) also implies, combined with the fact that h(w**1) —

h(w*) — 0, that w**! — w* — 0. Note that w**2 — wk — 0 follows similarly from
(27). Together with Lemma A.1(v), imply g* + v¥ — 0.

Item (iii) follows directly from [4, Lema 4.2 (iii)], because this original result does
not depend directly on (28). In particular, since g* + v* — 0 and h(z*) — h*, we
can apply the error bound to obtain, for all sufficiently large k,

|2 = 5"l < elg™ + V). (30)
Regarding item (iv), from (28) and (29), there holds

1
lg* + V** < 0 (w2 — wh + w® = 2M])?

< 202wt — wk|? + 202w — 2 (31)
2
< 2 (h(w*) — B ) + 22wt — 2|, (32)

and the results follows from (30). The final item (v) is just [4, Lema 4.2 (v)]. O

A.2. Proof of Theorem 3.2

The results of global convergence and local rate of convergence are similar to [4,
Theorem 5.7], now taking into account the projection step (13b).

First, let {2*} be defined as in Lemma A.1(v), and consider the sequence of functional
errors {v*}, defined in Lemma A.2(v). Then, there exist constants C; ,Cy > 0, such
that for all sufficiently large k, there holds

h(w") — h(z") < Cy(vF — oF ) (33)
and |Jwk — 2%|? < Cy(v™ — k1), (34)

Indeed, these two estimates directly follow from the proof of [4, Theorem 5.7]. Es-
timate (34) comes from the definition of 2*, and the descent condition (27), while
estimate (33) follows from the E*-subgradient inequality of H,x for G* and (34).

The proof of item (i) in Theorem 3.2 is exactly the same as for [4, Theorem
4.3(i)], due to the fact that it depends on Lemma A.2. Indeed, use (33), (34),
and Lemma A.2(iv) in the estimate of Lemma A.2(v), and then rearrange terms to
deduce (i) for r = M /(1 4+ M) € (0,1), and M = C; + b*(2 + pl)(1/a + C5).

To deduce Theorem 3.2(ii), we can apply [4, Lemma 4.1], using (29) (which is exactly
the same as [4, (2a)]) and item (i). Therefore, {w*} converges to some w* with a
R-linear rate: for all sufficiently large k,

Ve
Va (=)’
The fact that w* is critical can be similarly proven as in the original analysis, using

Lemma A.1(v) and the fact that the subdifferential dh is an upper semicontinuous
multi-function.

Jw® — w*|| < eV/r", where ¢ =



F. Atenas, C. Sagastizabal / A Bundle-Like Progressive ... 477

Regarding the sequence of intermediate points, for all k,

[ — w*| < w3 — wk| + fwb - w¥

In the right-hand side, the second term is bounded by c\/?k, therefore it only remains
to bound the first one. From (29) and the fact that e, v* = 0, it follows that

[wh*E — 0P < L (h(w) = h(wt) = Lk — o) < ot

0
From (ii), it holds that |tz — wh|? < %rk

Therefore, meé —w*| <2 - \/F)\/;k7

which concludes the proof of Theorem 3.2.
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