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Multistage stochastic optimization problems are, by essence, complex as their solutions are func-
tions of both stages and uncertainties. Their large scale nature makes decomposition methods
appealing, like dynamic programming which is a sequential decomposition using a state variable
defined at all stages. By contrast, in this paper we introduce the notion of state reduction by
time blocks, that is, at stages that are not necessarily all the original stages. Then, we prove a
dynamic programming equation with value functions that are functions of a state only at some
stages. This equation crosses over time blocks, but involves a dynamic optimization inside each
block. We illustrate our contribution by showing its potential in three applications in multistage
stochastic optimization: mixing dynamic programming and stochastic programming, two-time-
scale optimization problems, decision-hazard-decision optimization problems.
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1. Introduction

Solutions of multistage stochastic optimization problems are functions of both time
and uncertainties. This makes such problems complex. However, their structure
makes decomposition methods appealing to solve them [18]. One of the most
common approaches are time decomposition (state-based resolution methods), like
stochastic dynamic programming, in stochastic optimal control, and scenario decom-
position, like progressive hedging, in stochastic programming. On the one hand,
stochastic programming deals with an underlying random process taking a finite
number of values, called scenarios [19]. Solutions are indexed by a scenario tree, the
size of which increases exponentially with the number of stages (hence generally a
few stages in practice). However, to overcome this obstacle, stochastic programming
takes advantage of scenario decomposition methods (progressive hedging [17]). On
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the other hand, stochastic control deals with a state model driven by a white noise,
that is, the noise is made of a sequence of independent random variables. Under
such assumptions, stochastic dynamic programming is able to handle many stages,
as it offers reduction of the search for a solution among state feedbacks (instead of
functions of the past noise) [2, 16].

In a word, dynamic programming is good at handling multiple stages — but at the
price of assuming that noises are stagewise independent — whereas stochastic pro-
gramming does not require such assumption, but can only handle a few stages. Could
we take advantage of both methods? Is there a way to apply stochastic dynamic
programming at a slow time scale — a scale at which noises could be considered sta-
tistically independent — crossing over fast time scale optimization problems where
independence would not hold? This question is one of the motivations of this paper,
and we indeed provide a method to decompose multistage stochastic optimization
problems by time blocks. This decomposition method and the main result are,
mathematically speaking, quite natural, but the main difficulty is notational. In-
deed, the rigorous formulation of multistage stochastic optimization problems on
so-called history spaces requires rather heavy notation.

Although specialists in stochastic optimal control and dynamic programming will
find the results as natural and non surprising, or as part of folklore, the fact is that
we have not been able to find references that treat the case of a state defined only
at a subset of stages. This is why we set out to write this paper, without any real
theoretical ambition, but with the objective that this result be established and can
be used for applications using several forms of decomposition!. This is also why we
present three (theoretical) applications in multistage stochastic optimization: mix-
ing dynamic programming and stochastic programming, two-time-scale optimization
problems, decision-hazard-decision optimization problems.

As there are several ways to tackle the difficulties of dealing with a large number
of time steps, we compare our approach with other ones. In this paper, we propose
an exact decomposition of a multistage stochastic optimization problem by time
blocks using a state defined only at a subset of stages, to be distinguished from
either time aggregation or approximate decomposition by timescales, which both
yield approxrimate problems. We discuss both now.

Time aggregation consists in grouping the time steps, that is, in considering a par-
tition of the time steps in time blocks and “aggregating” variables and constraints
in each time block. To our knowledge, this approach was initiated in [4] for stochas-
tic linear programs. For such linear programs, it is indeed easily conceived that,
by summing (“aggregating”) linear constraints, one obtains lower bounds for min-
imization problems. This approach was generalized in the paper [25] which puts
forward a measure-theoretic framework with coarser and finer filtrations, and uses
linear duality. Then, this was extended in [13] for stochastic convex programs, using
filtrations and convex duality. The main idea can be sketched as follows: the coarser

IThe starting point of our reflections on this subject were conversations that three of us held with
Roger Wets in Bogota in 2013. We discussed the interest and the way of mixing the techniques of
scenario trees (to be able to take into account correlated noises) with the techniques of dynamic
programming (to have a vision of the optimal future costs by means of value functions).
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filtration is used to reduce the measurability of the decision variables, whereas the
finer filtration is used to enlarge the measurability of the dual variables associated
with the constraints, so that the optimal value of the problem obtained by using
these two filtrations is an upper bound of the true optimal value; exchanging the role
of the filtrations leads to a lower bound. Thus, with time aggregation, one obtains
simpler problems that are lower and upper bounds for the original minimization
stochastic problems, hence are approximations.

In approximate decomposition by timescales, one identifies several timescales in the
original multistage stochastic optimization problem and then sets up an optimization
problem for each timescale. It is approximate in that the connexion between the
problems formulated for each timescale and the whole multistage problem is not
explicit.

Approximate decomposition by timescales can be done in the context of dynamic
programming, with the value functions obtained for a given timescale entering the
final cost of the problem at the finer timescale. This approach gives a cascade of
easier to solve optimization problems, and again corresponds to approximate the
original problem. An example of this approach can be found in [8] where — for a
problem involving both the control of the storage of a battery (5 minutes time steps)
and the frequency regulation (2 seconds time steps) — is introduced a first hourly
resource model whose resolution by dynamic programming leads to value functions
used in a five minute storage model as final costs. The value functions, obtained by
solving by dynamic programming this second model, are themselves used in a 2 sec-
onds frequency model. Another possibility arises when the considered optimization
problem displays a periodical behavior. In that case, a natural time block decompo-
sition is given by the period of the system. In [20], by taking into account such a
periodical pattern in the dynamic programming equations, one significantly reduces
the computational effort to solve the problem using a fixed point approach. Finally,
[15] presents a preliminary work on extending the Stochastic Dual Dynamic Pro-
gramming approach to two-time-scale problems, such as those encountered in energy
systems involving both long-term hydro storages and short-term battery storages.

Approximate decomposition by timescales can also be done in the framework of
stochastic programming. In [12], the authors introduce a slow scenario tree, that is,
a tree involving only the time stages of the slow time scale; but at each node of this
slow scenario tree are attached fast time scale scenarios, which do not interfere with
the other nodes of the slow scenario tree. The structure allows one to model and solve
problems that need to combine strategic (long term) and operational (short term)
uncertainty, without the explosion in the problem size that would follow from using
a standard multistage model. The special situation where decisions are taken only
at the slow time scale (whereas uncertainties occur at each time stage) is considered
in [10]. The authors propose to build a scenario tree branching at the slow time
stages, and designed using the theory of bridge processes between two consecutive
nodes in order to represent the noise at the fast time scale.

The paper is organized as follows. In Section 2, we present stochastic dynamic
programming with histories as a way to solve a stochastic optimal control problem
formulated in discrete time. In Section 3, we revisit the notion of “state” by defining
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state reduction by time blocks — that is, at time stages that are not necessarily all
the original ones — and then we prove a reduced dynamic programming equation.
This is the central contribution. Then, we illustrate our contribution by showing its
potential in three cases. In Section 4, we show how to mix dynamic programming
and stochastic programming. In Section 5, we detail how to handle problems with
two time scales, and illustrate this with the crude oil procurement problem. In
Section 6, we introduce what we call the decision-hazard-decision framework, and
we provide a dynamic programming equation. We relegate technical results and
proofs to Appendix A.

2. Stochastic dynamic programming with histories

In § 2.1, we present the setting to formulate multistage stochastic optimization prob-
lems over the so-called history space, with history feedbacks. Then, to prepare the
main result in Sect. 3, we establish in §2.2 a dynamic programming equation when
the state is the history, that is, is made of the uncertainties and the controls prior
to the current time (see the “canonical construction” in [11, p. 15]). Although quite
natural, this equation is generally not written in the literature, as most frameworks
in dynamic programming assume the a priori existence of a state.

We use the notation [[r,s] = {r,r+1,...,s—1, s} for any two natural numbers 7, s
such that r < s. We will also use the shorter notation r:s = [r, s], for example in
subscripts as in h,.;,. From now on, time is discrete and runs among the natural
numbers ¢ € [0, T], where T' € N* is a positive natural number. Finally, we say that
a function is numerical if it takes its values in R = [—o00, 4+-00].

2.1. The Bertsekas-Shreve setting [3]

To obtain a stochastic dynamic programming with histories requires technical as-
sumptions. Indeed, as Bertsekas and Shreve notice at the beginning of [3, §7.6]:
“The dynamic programming algorithm is centered around infimization of functions,
and this is intimately connected with projections of sets”; “Unfortunately, the pro-
jection of a Borel-measurable set need not be Borel-measurable. In Borel spaces,
however, the projection of a Borel-measurable set is an analytic set”. They devote [3,
§7.6] to the definition and study of analytic sets, and in [3, §7.7] define universally
measurable functions, as well as lower semianalytic functions.

We call Borel space (X, Bx) a Borel set X equipped with its Borel o-field Bx |3,
Definition 7.7, p. 118]. By abuse of notation, we often speak of the Borel space X.
There exist two other interesting o-fields: the analytic o-field Ax [3, Definition 7.19,
p. 171]; the universal o-field Ux [3, Definition 7.18, p. 167]. We have the inclusions
Bx C Ax C Ux [3, p- 171].

For any Borel space X, subset X C X and numerical function ¢ : X — R, the
function ¢ is said to be lower semianalytic [3, Definition 7.21] if the subset X is
analytic (X € Ax) and if the subset {z € X | p(z) < ¢} is analytic for all ¢ € R.
We denote by Lt (X) the space of lower semianalytic nonnegative numerical functions
over X.

For a Borel space X (resp. Y) equipped with the Borel o-field Bx (resp. By), a
mapping [ : X — Y is said to be universally measurable [3, Definition 7.20, p. 171
(resp. Borel-measurable) if, for all B € By, f~'(B) € Ux (resp. f~'(B) € Bx).
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Histories and history spaces. For each time ¢ € [0, 7—1], the control u; takes
its values in a Borel space U;. For each time ¢t € [0,77], the uncertainty w; takes
its values in a Borel space W;. For t € [0, T], we define the history space H; as the
product Borel space [3, Proposition 7.13, p. 119]

H; = Wy x ﬁ(Us_l x W), (1)

s=1
with the particular case Hy = W,. A generic element
hy = (wo, (Usq, ws)szl,...,t) = (wmuo,wl, Uy, W2, ..., Ut—2, Wi—1, Ut—1, wt) € H,

is called a history at time ¢t. For 1 < r < s < t, we introduce the (r : s)-history
SprCL?"t hr:s = (ur—lywrv sy Us—1, ws) € H,.s, = Hf—:r(UT—l X WT)? so that we have
ht = (hr—la hr:t)-

History feedbacks. For 0 < r <t < T — 1, we define a (r:t)-history feedback
as a sequence {7vs}scp of universally measurable mappings v, : H, — U,. We
call ', the set of (r:t)-history feedbacks. The history feedbacks reflect the following
information structure. At the end of the time interval [t — 1,¢[, an uncertainty
variable w; is revealed. Then, at the beginning of the time interval [t,¢ + 1], a
decision-maker chooses a control u; contingent on no more than the past, giving the
chronology

W ~ Uy ~> Wy ~ Uy~ =~ Wy~ Uy~ =~ W~ Up_y ~> wp . (2)

Stochastic kernels. In what follows, given a Borel space Y, A(Y) denotes the
Borel space of probability measures over Y (see [3, Corollary 7.25.1]). Uncertainty
is represented by a sequence {ptfl;t}te[[LT]] of Borel-measurable stochastic kernels
(see [3, Definition 7.12 and Proposition 7.26, p. 134])

Pt s Hyg — A(W,) , YVt e [1,T]. (3)

Thus, for any past history h;—y € H;_1, we have that p;_1.¢(h—1) € A(W,), the space
of probability measures over W,. It is common practice (see [3, Definition 7.12,
p. 134]) to use the notation p;_1.(dw;|h;—1) to denote this probability distribution,
element of A(W;). So, the notation |h; is here to evoke a conditional distribution
(of the next uncertainty knowing the past history), but it is not introduced as a
conditional distribution, but simply as a way to express a parametric dependence
(as explicitely said in [3, Definition 7.12, p. 134]). We could have indifferently written
ptflzt( dwy, htfl) or ptflzt( dwy; ht71>~

We define, for any history feedback {v,}sc, 717 € I'tir1, @ new sequence of Borel-
measurable stochastic kernels p/, : Hy — A(Hy), that capture the transitions be-
tween histories when the dynamics hs1q = (hs, Us, w8+1) is driven by us = 7,(hs)
for all s in [[t,T—1] (see Definition A.1 in Appendix A for the detailed construc-
tion of p;,). Note that p/, generates a probability distribution on the space Hy of
histories over the whole timespan [0, 77.
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Cost function. The cost criterion to be minimized is a nonnegative? and lower
semianalytic numerical function

Notice that (4) does not represent a cost at final time, but a cost function of the
whole history hr = (wy, ug, wy, s, ..., wr_1,ur_1,wr) € Hy. As hp contains all
past controls and uncertainties, a function j : Hy — [0, +00] covers the most general
case. For instance, the function j can have the special form of a sum of time block
costs, like in Equation (16).

2.2. Stochastic dynamic programming equation with histories

Family of optimization problems. We consider the following family of optimiza-
tion problems, indexed by ¢ in [0, 7—1] and parameterized by the history h; € H;:
for all ¢ in [0,7—1], we define the minimum value

Vilh) = inf /j(h'sz(dh'ﬂht), Vhe € H, | (50)
Hr

Yer—1€0eT -1

and we also define
VT(hT) = j(hT) , Vhr € Hyp . <5b)
The numerical function V; : Hy — [0, +00] is called the value function at time t.

Next, we show how the sequence {V}}te[[oﬂ of value functions can be used to solve,
via dynamic programming, the optimization problem of interest, that is, the one
starting at ¢ = 0, whose value is (recall that hy = wy)

Vo(wo) = inf /Hj<h'T>p&T<dh'T|wo>. (6)

Yo:r—1€l0:7—1

Bellman operators and dynamic programming. We show that the value func-
tions in (5) are Bellman functions, in that they are solution of a Bellman or dynamic
programming equation.

Theorem 2.1. We suppose to be in the setting of §2.1. For t in [0,T—1], we
define the Bellman operator By, by, for all ¢ € LY (Hyyq1) and for all hy € Hy,

(BtJrl:t(p) (hy) = inf / ©(hy, wp, Weg1) pragr (dwes | he) - (7a)
Wi

ut €U

Then, the Bellman operators are such that
Bii1 : LY (Hypq) — LE(H) (7b)

and the value functions V; defined in (5) are lower semianalytic and satisfy the
Bellman equation, or (stochastic) dynamic programming equation,

VT :] 5 ‘/t = Bt+1:t‘/t+1 ; fOT' t e [[O,T—l]] . (8)

2 We could also consider a cost criterion j : H, — R, either bounded function, or uniformly bounded
below function. However, for the sake of simplicity, we will deal in the sequel with nonnegative
numerical functions. The case j(hy) = +00 materializes joint constraints between uncertainties
and controls in hr.
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The proof is sketched in Appendix A. This theorem is inspired by [3, Chap. 8],
with the feature that the state z; is, in our case, the canonical history h;, with the
canonical dynamics h; 1 = (ht, Uy, wtﬂ). This quite general dynamic programming
result is the basis of all future developments in this paper. Although the recalls and
statements presented in this Section 2 are mostly straightforward consequences of
results already established in the literature, the developments are indispensable to
tackle time block decomposition in the forthcoming Section 3.

3. State reduction by time blocks and dynamic programming

In standard approaches to solve, by dynamic programming, a stochastic optimal
control problem formulated in discrete time, either a state is given for all times (as in
[3], [11], [16] and [24]), or no state is given (as in [9],[26]). In this paper, our approach
is intermediate, in that a state is possibly obtained, but only at certain times. Thus,
in this section, we consider the question of reducing the history using a compressed
“state” variable. Differing with traditional practice, such a variable may not be
available at any time ¢t € [0, 7], but at some specified times 0 =ty < --- <ty =T.

We have recalled in Section 2 that the history h; is itself a state variable with asso-
ciated canonical dynamics h;; = (ht, Uy, wt+1). However, the size of this canonical
state increases with time ¢, which is an unpleasant feature for dynamic programming
— quickly leading to the well-known curse of dimensionality — hence the practical
need to introduce a (ideally low dimensional) state space, at least at some specified
times, as done in this paper. As already said in the introduction, the main difficulty
in achieving this goal is notational.

In §3.1, we start by introducing the notion of state reduction on a single time block.
In §3.2, we move to state reduction on multiple consecutive time blocks and we give
the corresponding dynamic programming equations across time blocks. In §3.3, we
conclude on how we obtain reduced optimal feedbacks.

3.1. State reduction on a single time block

We first present the case where the reduction only occurs at two times denoted by r
and ¢, and such that 0 <r <t <T.

Definition 3.1. Let X, and X; be two Borel state spaces, 0, and 6; be two Borel-
measurable reduction mappings

0, H, - X,, 0,:H, — X, (9a)
and f,; be a Borel-measurable dynamics
fra Xp X Hygq — X5 (9b)
The triplet (6., 0, fr¢) is called a state reduction across [r,t] if we have?

9t(<hr; hr—i—l:t)) = f?‘:t(er(hr); hr—i—l:t) , Vhy € Hy . (9c)

3 Notice that, if only the couple (0., f..;) is given, we can define the reduction mapping 6; by (9c),
and thus obtain a triplet (6., 6;, f.:) which is a state reduction across [r,t].
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Finally, the state reduction (0,,6,, f,.) is said to be compatible with the sequence
{ps—1:s }r+1<s<¢ of Borel-measurable stochastic kernels (3) if

o there exists a Borel-measurable reduced stochastic kernel py.11 @ X, — A(W,.41),
such that the stochastic kernel p,..;1 in (3) can be factored, for all h, € H,., as

pr:r+1(dwr+1 ’ hr) = ﬁr:r—&-l(dwr—i-l | er(hr»a

o for all s in [r + 2,t], there exists a Borel-measurable reduced stochastic kernel
Ps—1:s © Xy X Hyyq.501 = A(W,), such that the stochastic kernel ps 1., can be
factored, for all h,_, € H,_4, as

ps—lzs(dws | (h’ra hr—i—l:s—l)) = ﬁs—l:s(dws | (Qr(hr)a h7‘+1:s—1))-

The above definition is similar to the sufficient statistics idea in stochastic control:
the state variable, which summarizes the history, is sufficient for the controller to
design its control policy ([23, p.19], [3, Definition 10.6], [22]). However, sufficient
statistics in the stochastic control literature are defined at the original time stages.
By contrast, Definition 3.1 — and the coming Definition 3.3 — consider a notion of
sufficient statistics only for a subset of time stages.

According to Definition 3.1, the triplet (6,, 6;, f..;) is a state reduction across [r, t] if
and only if the diagram in the left part of Figure 3.1 is commutative; it is compatible
if and only if the diagram in the middle part of Figure 3.1 is commutative.

I s—1:s B r
H’r X H1'+1:t —d> Ht Hr X Hr+1:s—1 L) A(Ws) ]L’E)}-(Hf) % L(-)F(HT)
6, | 0, 0, o 0
X, x Hr+1:t # Xi X, x Hr+1:s—1 L(-)F(Xt) L ]LE)’_(XT)

Figure 3.1: Commutative diagrams in case of state reduction

The following proposition is the key ingredient to formulate dynamic programming
equations with a reduced state.

Proposition 3.2. Under the assumptions of §2.1, we define the Bellman operator
across [t,7], By, : LY (H,) — LY (H,) by

Bt:r == Br+1:r 0---0 Bt:t—l 5 (10)

where the one time step operators Bg.s_1, for s in [r + 1,t] are defined in (7a).

Suppose that there exists a state reduction (0,0, fr+) that is compatible with the
sequence {ps—1.s}scfr+1, Of stochastic kernels (3). Then, there exists a reduced

Bellman operator across [t, 7], By, : LS (Xy) = LY(X,), such that

(Birpt) © 0r = Beo(@r 0 0r) , Vg € LL(X) . (11)
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For any ¢ € LY.(Xy) and for any x, € X,, we have that

(gt:r(ﬁt) — 1nf ﬁr:r—l—l(dwr—&—l | xr)
ur €U, Wr+1

inf )01"—1—1:7"—1—2( dwr+2 | Ly Uy, wr+1)
Ur4+1E€UR41 Wiyo

inf Pr—t:¢(dwy | Ty, Up, Wy, .o Upmg, We1)
u—1€U_1 W,

@t(f?":t(x'/‘vur7w7’+17'"7ut—1’wt)) : (12)

The formula (12) represents a nested sequence of infima of integrals (with respect
to different stochastic kernels).

The proof of Proposition 3.2 is given in Appendix A. Proposition 3.2 can be in-
terpreted as follows. Denoting by 67 : LY (X;) — L} (H,;) the operator defined by
07 (¢1) = 1 o b, for any ¢y € LY (X,), the relation (11) rewrites as 67 o By, = By, o 67,
that is, Proposition 3.2 states that the diagram in the right part of Figure 3.1 is
commutative.

3.2. State reduction on multiple consecutive time blocks and dynamic
programming equations

Proposition 3.2 can easily be extended to the case of multiple consecutive time blocks
[[ti7ti+1]:|7 with N € N*, 1€ [[O,N—l]] and 0 = o< - <in= T.

Definition 3.3. Let {X;, }ic[o,n7 be a family of Borel state spaces, {6y, }icjo,n be a
family of Borel-measurable reduction mappings 6y, : H;, — X;,, and { fi,., ., }icfo,n—1]
be a family of Borel-measurable dynamics

ftz‘it¢+1 : Xti X Hti+11ti+1 - Xti+1 :

The family ({Xy, Yiepongs {06 bicong, {fritiss Yiepon—17) is called a state reduction
across the consecutive time blocks [t;,t;11], where i € [0, N—1], if every triplet
(04,041, frit,1) 18 & state reduction across [t;,¢;41], for i € [0, N—1].

The state reduction across the consecutive time blocks [t;, t;11] is said to be compat-
ible with the family {ps_1.s}seqi,rp of stochastic kernels given in (3) if every triplet
(04,04, 1, fryt,,,) is compatible with the family {ps—1.s}set,+1,,.], for @ € [0, N—=1].
Remark 3.4. (Composed state dynamics as a reduction mapping) There is a prac-
tical case where state reductions can readily be obtained, namely, when the model
is given by controlled state dynamics driven by noises. In that case, we are given a
sequence {X,}scpo,r) of Borel state spaces and a sequence { fs.s11}sefo,r—17 of Borel-
measurable dynamics

f3:s+1 . XS X Us X W5+1 — Xs+1 . (13)

For any time s € [0, T—1], we define the composition fo.s11 = fs.s110 fs—1.50- .0 fo1
with the abuse of notation that the composition is performed on the state argument.
Setting Wy = Xy, we obtain that fy..q1 @ Hsy — Xgp is a Borel-measurable
mapping from the history space H,; taking values in the state space X 1.
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Given a natural number N >0 and an increasing sequence 0 =ty < --- <ty =T
of times, we now define the sequence {6y, }ico,n] of Borel-measurable reduction map-
pings by 6;, = fou, : H;, — X, for ¢ > 0, and by 6y = I, (the identity mapping
on Wy) for i = 0. Moreover, given ¢ and j € [0, N], with ¢ < j we obtain, for all
h; € Hy,, that

etj (h‘tj) = etj ((h’ti7 h’tz‘-i-l:tj)) = fti:tj (etl (h‘ti)7 hti-i-l:tj) ) (14)
with fi.0;, = fi;—14; © ft;—2:4;-1 0 ... © f;.4,41 which gives the state reduction Equa-
tion (9c). O

Remark 3.5. (Block independent exogenous noises and stochastic kernels) There
is a practical case where compatible state reductions can readily be obtained. As-
sume that the sequence {ps_1.s }sep1,77 of stochastic kernels in (3) are mappings whose
arguments do not include the control part (that is, depend at most on the history
uncertainty part (see (44a)). If we interpret stochastic kernels as (conditional) dis-
tributions of noises (random process), this means that the system dynamics are
driven by an exogenous noise process, say {Wy}iepi 17

Assume moreover that the stochastic kernels give rise to noises that are independent
block by block, in the sense that the random vectors Wo, (We)iep1,6,7, (We)ee[tr 41,21
ey (Woteltattinls - (Woteltn ot1tn 110 (Wi)ieftn_1+1,.y] are stochastically inde-
pendent. Then, from Definitions 3.1 and 3.3, we deduce that any state reduction
across the same time blocks is compatible with the stochastic kernels. Il

Assuming now the existence of a state reduction across the consecutive time blocks
[ti,ti+1] compatible with the sequence of stochastic kernels (3), we obtain the ex-
istence of a sequence of reduced Bellman operators across the time blocks [t;, ;1]
as an immediate consequence of multiple applications of Proposition 3.2, that is,
By, LY(X,,,) = LY(X,,), i € [0, N—1], such that we have, for any function
@tH—l S L3<th‘+1>7 the equahty (Bti+1:ti¢ti+1) o eti = Bti+1iti(95ti+1 °© 0t¢+1)‘

We now consider the family of optimization problems defined by the associated
value functions (5). Thanks to the state reductions, we can enounce the following
two theorems which establish dynamic programming equations across consecutive
time blocks. The first one, Theorem 3.6, states a dynamic programming equation
for an optimization problem in Mayer form (that is, just involving a final cost). The
second one, Theorem 3.7, is more general as it involves both instantaneous costs
and a final cost. As it is well known that the second case can be reduced to a Mayer
form through a state augmentation, the proof of Theorem 3.7 easily follows from
the proof of Theorem 3.6.

Theorem 3.6. (Time block decomposition for the Mayer form) We assume to be
in the setting of §2.1. Suppose that a state reduction ({Xti}ie[[O,N]]; {04, }icpo.ng,
{fti:t¢+1}ie[[o,N—1]]) exists across the consecutive time blocks {[t;,tis1] }ico,n—1], sat-
isfying 0 = tg < --- <ty =T, which is compatible with the sequence {ps_1.s}scpi,
of stochastic kernels given in (3).

Suppose that there exists a reduced cost criterion j : X¢ — [0, +00|, which is a
nonnegative lower semianalytic function and is such that the cost function j in (4)
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can be factored as j = jobr. We define the sequence of reduced value functions
{Vi, Yiepo.ny, where Vi, = Xy, — [0, 4+00] fori € [0, N], by

Viy =7 and Vi, = By, 4. Vi, Vi€ [0,N=1], (15)

where the reduced Bellman operators {gtiﬂzti}ie[[O,Nfl]] across the time intervals
{lti; tisa]l Yicpo,n—17 are given in (12). Then, the sequence {Vi,}icpo,ny in (5) satisfies

Vi, = Vi, 06, for alli € [0, N].

Proof. The proof is an immediate consequence of multiple applications of Theo-
rem 2.1 and Proposition 3.2. [

Finally, we consider the special case where the criterion j : Hy — [0, +00] is factored

as
N-1

](hT) = Z gti (etz (h‘ti)’ hti+15ti+l) + etN (QtN (htN)) ) (16)

1=0

where the numerical functions {¢;, };c[o,n] are nonnegative lower semianalytic, with
gti . Xti X Hti+13ti+1 — [0, +OO] f()r 7 € [[O, N]]

The associated optimization problems, indexed by i € [0, N—1] and parameterized
by h:, € H,, are given by

N-1
= inf /H < Z ‘gtj (etj <h2,7)’ h’:‘/jJrl:thrl) + gtN (etN (h:fN))> lOZZT( dh/T | htz) )

Ve m—1€0 -1 —
J=t

and, for i = N,

%N (htN) - gtN (etN<h’tN>) : (17b)

These Bellman equations are a special case of Equations (5) when the cost criterion
Jj is given by (16). Tt is left to the reader to prove that the following theorem holds
true?.

Theorem 3.7. (Taking care of instantaneous costs in addition to final cost) Sup-
pose that the assumptions of Theorem 3.6 are satisfied, but for the cost criterion
j : Hy — [0, +o0| defined by Equation (16).

We define the sequence of reduced value functions {V;, }icpony, Vit Xi, — [0, +oc]
for i € [0,N], by

Viy = by and Vi, = By, .,V Vie [0,N-1], (18)

i1 0

where the reduced Bellman operator Bti Lty across the interval [t:, tiv1] are given,
for any i € [0, N—1], for any ¢y,., € LY. (Xy,,,) and for any x;, € Xy;, by

4The proof uses [3, Lemma 7.30 (3,4)] on the stability of lower semianalytic numerical functions
under addition and under right composition with a Borel-measurable mapping.
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(Bti+13ti¢ti+1)<xti) = inf / ﬁti:ti+1<dwti+l | xti)
W, +1

Ut,; eUti

inf / Prirrti+2( dwe o [ 24, ue,, w41
Wi, 42

ut; +1€U, 41
inf / pti+1*13ti+1(dwti+1 | Lty Utys W15 - -+ 5 Uty -2, wti+1*1>
w1 —1€U0, -1 Wiy
(gti (’Itia Utys W1y - vy Uy —1, wti+1>
+ Spti+1 (fti:ti+1 ('xti’ uti ) wti+17 R uti+1_1’ wti+1))> . (19)

Then, the sequence {Vi,}icpo.ny n Equations (17) satisfies Vi, = Vi, o 6, for all
i € [0,N].

Here again, Formula (19) represents a nested sequence of infima of integrals (with
respect to different stochastic kernels).

Of course, solving Equation (15) or Equation (19) can be as difficult as solving the
original Bellman equation. However, the interest of such time block decomposition
will be illustrated on different applications in Sect. 4, Sect. 5 and Sect. 6.

3.3. State reduction on multiple consecutive time blocks and reduced
optimal feedbacks

As in the classical dynamic programming framework [3, p. 190], we recover the prop-
erty that the search of an optimal policy among all policies (history feedbacks) can
be limited to the search of an optimal state feedback. This is the most important
result in practice.

Proposition 3.8. Under the assumptions of Theorem 3.6, the reduced value func-
tions {Vy, ticpo,ny defined in (15) are equal to the minimum value of the following
optimization problems, parameterized by the reduced history (state) x;, € X,

‘N/ti (xtz) = infzt_ / j(iﬂt“ h2i+1:T)§Zi:T( dh;f,-—f—l:T | Ty, hti+15t)’ (20&)
Vegr-1€0 p g JHy g
for all z;, € Xy, and
Vi(zr) = j(z7) , Yar € Xr, (20b)

where the mapping 7 is given by J = jo fiy 450 fin_sitn_1 0 -0 frit;,, (with, as already
noted, the abuse of notation that the composition is performed on the state argument),
where 0] . is the reduced stochastic kernel (see Definition 3.1) associated with the
kernel QZ_:T, the kernel in:T being given in the factorization of the kernel p).,, namely
pli(dhy | hy) = 0p, (dhy)® o), (dR. ., | hy) given by (48), 0 being the Dirac measure,
and where FZﬁiT_l is the set of (t;:T'—1)-reduced history feedbacks, that is, the set of
sequences {’ys}se[[ti,T_l]] of universally measurable mappings vs : Xy, X Hy, 1.4 = Us.

Proof. Using Theorem 3.6, we have that, for all i € [0, N], V;, = V,. 06,,, with V.
satisfying the Bellman equation (15). For establishing that V;, is a value function
satisfying Equation (20), we now prove that, in the definition of V;, in Equation (5),
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we can replace the space I';,.p_; of history feedbacks by the space th;fT_l of state
feedbacks. We proceed as follows. Following [3, Chapter 8], we use the Bellman
equation (19) to obtain e-minimizers for each problem (5). As e-minimizers are ob-
tained by recursively solving Equations (19), they are obtained by solving (up to €)
parametric optimization problems. Thus, we easily get, using [3, Proposition 8.3,
p.200], that an e-minimizer at time ¢ € [¢;,¢,41] is a universally measurable function
of (0(hs,), hs,,,:+). From this last fact, we get that — in the value function definition
of V;, given in Equation (5) — the space ['g.r—; can be replaced by the space of feed-
backs given by universally measurable functions of the ordered pair (6(hy,), bt ,:t)
without changing the value function.

Finally, when considering Equation (5) — with this restricted space of state feedbacks,
and considered at time t; for ¢ € [0, N] — we obtain that the cost to be minimized is
now parameterized by 6(h;,) — as it is the case for the cost to be integrated and also
for the stochatic kernels induced by the state feedbacks. By setting z; = 0(hy,), the

obtained optimization problem is the right hand side of (20), that we call ‘:/t (x4,),

and we have that, for all i € [0, N], V, = ‘:/tl ofy,. It remains to prove that th = f/ti,
for all i € [0, N]. By a proof similar to the one of Theorem 3.6, we show that

the sequence {‘N/ti}ie[[o, ~] satisfies the Bellman equation (15). By uniqueness, the

sequence {f/ti}ie[[(), n] coincides with the sequence {‘Zsi}ie[[o, N- O

4. Mixing dynamic programming and stochastic programming

As a first application of the formalism developed in §3.2, we show how dynamic
programming and stochastic programming can be mixed (which was the original
motivation for the paper, see Footnote 1). The proof of the following proposition is
a straightforward application of Theorem 3.7 combined with Remark 3.5.

Proposition 4.1. Suppose that the assumptions of Theorem 3.6 are satisfied. We
consider multiple consecutive time blocks [t;,t;11], with N € N*, i € [0, N—1] and
0=ty <--- <ty =T, and we assume that

. a state reduction ({Xti}ie[[O,N]]y {04, }icpo,ng» {fti:ti+1}ie[[0,N—1]]) exists across the
consecutive time blocks {[t;, tiv1] bicpo.n-11,

. the noises are exogeneous and time block independent, that is, the elements of
the sequence {ps—1.s}sepry @ (3) are, for all i € [0, N=1] and r € [t;, ti11),
of the form prorsr t Wi X oo W, = A(Wpy) | (21)
which means that the distribution of the uncertainty w,.1 is only function of
the past uncertainties (wy,, ..., w,) within the time block,
e the cost criterion j : Hy — [0,400] can be factored as
N-1
](hT) = Zz‘:o fti (eti(hti)7 hti+15ti+1) + gtN (etN(htN)) ) (22>

where the numerical functions {{s, }icjon] are nonnegative lower semianalytic,
with gti : th. X Hti+15ti+1 — [0, +OO] fO’l"i S [[O, N]]

Then, the multistage stochastic optimization problem (6) can be solved by the follow-
ing algorithm.
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Initialization. Define Vi, = £, : Xy — [0, +00].

Backward recursion. Suppose that the function Vi,,, : X;,,, — [0, +00] is known
at index i + 1 € [1,N]. Then, for each state x;, € Xy, (for instance on a grid
approzimating the set Xy,, or on Xy, itself when finite and small enough), compute
the previous Bellman value function V;, at index i as

Vi (z,) = inf / Prote1(dwy g | wy,)
Wi, +1

Ut; E[Uti

inf / pti+1:ti+2(dwti+2 | Wy, wti—',-l)
ut;+1€UL, +1 Wy, 42

inf / Ptiy1—Titiya ( dwti+1 | Wiy Wei+15 - - - 7wti+1_1)
Uty -1€U0¢ -1 Wi,y

(eti ('rtia Ut,, W41y -+ - uti+1—17 th—l)

+ ‘N/t¢+1 (ftiiti+1 (Itw Uty W41y - -5 Uty —15 wt¢+1>)>' (23)

Final step. Compute Vy(wy) = Vi, (01 (wry)) -

In many practical situations, all the uncertainty sets Wy, ..., Wy are finite and the
computation in (23) is tractable by using stochastic programming and scenario tree
techniques, which do not require stagewise independence of the noises. We are thus
able to take advantage of both the dynamic programming world and the stochastic
programming world:

« use dynamic programming at a selection of time stages (for instance, at those
of the slow time scale) and across the corresponding time blocks (for instance,
across consecutive slow time stages), when noises are stochastically independent
block by block; that yields Bellman value functions only for the chosen selection
of time stages (for instance, at the slow time scale);

o use stochastic programming inside time blocks (for instance, at fast time scale,
within two consecutive slow time stages); the fast time scale final cost function
of a block is given by the Bellman value function computed at the slow time
scale which corresponds to the terminal time stage of the block; no stagewise
independence assumption is required within time blocks (for instance, for the
short time scale noises).

Remark 4.2. As a special case, it is straightforward to check that the triplet
({W,, Yicro.ng> {0s Yiepongs {ftistios Yiepo,n—1]), With

o the reduction mapping 0;, given by 60;,(h;,) = w, for all i € [0, N],

o thedynamics fy,.4,,, given by fi,4, (Wi, hey14,,,) = wy,,,, foralli € [0, N—1].
is a state reduction across the consecutive time blocks [t;,t; 1], ¢ € [0, N—1] which

is compatible with the sequence of stochastic kernels given by Equation (21). Thus,
Proposition 4.1 applies.

But, in this special case, the optimal controls can be computed in parallel with
respect to time blocks, as the term V;, (wti +1) is a constant in (23). What is
interesting in (23) is the added fact that the optimal strategy which was, a priori,
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searched as feedbacks depending on the whole history is in fact made up of inde-
pendent strategies, each defined on a single time block and made up of feedbacks
depending only on the block history (the history within the block). O

Numerical illustration. To numerically illustrate the mixing between dynamic
programming and stochastic programming, we consider a toy optimization problem
over a time span [0,7], where T is an even natural number (for instance T = 24
for an hourly period problem during a day). The problem involves a storage, the
state x; of which is driven by a dynamics involving a control variable u; and a noise
variable w;,1. We assume that the noises during the first half time span, that is,
for ¢t € [1,7/2], are independent of the noises during the second half time span,
that is, for t € [T/2,T]. We also assume that each noise variable w; can only take
two possibles values, so that the whole uncertainty process can be represented by a
binary tree.

In this problem, we consider the two consecutive time blocks [0,7/2] and [T/2,T],
and the state reduction is given in a straightforward manner by the variable x; (as
explained in Remark 3.4). Thus, we are able to compute Bellman functions by the
algorithm given in Proposition 4.1. We illustrate the algorithm for the time horizon
T = 24.

e The Bellman function Va, is given by the final cost function of the problem.

«  The Bellman function V;, is approximated by discretization and it is computed
on a grid involving n points (z!,...,2"). For i € [1,n], each value Viy(z?)
is obtained by solving a stochastic programming problem on the time span
[12,24], that is, on a tree involving 2! leaves (as each noise variable w; can
only take two possibles values).

e The optimal cost of the optimization problem is %(xo), obtained again by
stochastic programming on the time span [0, 12], that is, by solving a stochastic
optimization problem on a tree involving 2'? leaves, the final cost being given
by the function Vjs.

Gathering the calculations performed by this algorithm, we obtain that solving the
global problem by mixing dynamic programming and stochastic programming is
done by solving (n + 1) stochastic optimization programs on scenario trees, each
involving 2!? leaves. The total number of leaves to explore — when solving the
problem by this mixing method — is (n + 1)2' =~ 4(n + 1) 103, which gives an
estimation of the algorithm computational effort.

This mixing method is to be compared with a pure scenario tree method, that is,
when the problem is solved by a stochastic optimization program on a scenario tree
over the whole time horizon on 24 hours, the total number of leaves to explore being
224 ~ 1.6107. Even using a fairly fine state discretization grid, for example a grid
containing 100 points, the resolution by mixing dynamic programming and stochas-
tic programming — when compared to the pure stochastic programming approach —
leads to a quite significant gain, namely a factor 1.6 x 107/4(100 + 1) x 10® ~ 40 in
our case.

We performed numerical experiments with a single computer equipped with 12 Intel
Core i5-10500 CPU and 16 GB of RAM. We used the LP package of the solver Gurobi
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9.51. Apart from the solver, all our code has been implemented with the Julia lan-
guage and the JuMP modeler. As we failed to obtain a solution for the original prob-
lem on a tree for the horizon T' = 24, we performed numerical tests for shorter hori-
zons, hence for smaller numbers of time steps. For every T' € {12, 14, 16, 18, 20, 24},
we considered that a state reduction existed at time 7'/2. The results are gathered
in Table 4.1, and show that the computational time — that is, the CPU time needed
to create the LP model by JuMP and to solve it by Gurobi — needed by the pure sce-
nario tree method is very rapidly increasing with the number of time steps, whereas
the computational time needed by the mixing method grows very slowly with the
number of time steps, at least for the different horizons under consideration. Fi-
nally, note that the mixing method can be easily parallelized since the computation
of the n values {VT/Q(xi)}ie[[lvnﬂ of the Bellman function VT/Z can be performed in
parallel, reducing the CPU time by a factor (n + 1)/2, that is, approximately 50 in
our case.

Horizon T' | Mixing method | Pure scenario tree method
12 6.5 s 0.5s
14 6.5 s 5.0s
16 6.6 s 71.2 s
18 6.8 s 1009.5 s
20 6.8 s 137,296.0 s
24 7.2s optimization failed

Table 4.1: Computational time (in seconds) needed for solving the problem by both
the mixing method and the pure scenario tree method, for different horizons

5. Two-time-scale optimization problems

As a second application of the formalism developed in §3.2, we show how to tackle
cases of two-time-scale optimization problems. Indeed, some decisions problems
naturally involve two different time scales, because of the timing of decisions — as
for example long term investment decision and short term monitoring of physical
devices.

In §5.1 and §5.2 we detail the structure and we formulate the two-time-scale op-
timization problems that we consider. In §5.3, we show how to decompose such
problems by time blocks. In §5.4, we illustrate the approach on a crude oil procure-
ment problem.

5.1. Structure of a two-time-scale optimization problem
We provide the data for a two-time-scale multistage optimization problem.

Two time scales. The slow time scale is represented by a finite totally ordered
set (chain) (S, <) as follows — where st denotes the successor of s € S and s~ its
predecessor, and where we use the notation t < ¢’ for t <t and t # t/ -

mnS=s~<--<s <s<s" <---<5=max$, (24a)
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and the fast time scale by a finite totally ordered set (F, <X):
minF:i<~~<f’<f<f+<~~<f:maXF. (24b)

For instance, S = {Mo, Tu, We, Th, Fr, Sa, Su} may represent days, whereas
F = [1,24] may represent hours within a day. In some problems, we might even
take F = [0, 24] to handle the fact that two decisions (one slow and one fast) are
taken at midnight, hence an additional fast time step 0.

Unified timeline. We define the unified timeline of the decision problem in two
steps. First, we equip the product set S x F with the following lexicographic order:

(. ) <= (s f) = (s, ) =< (s, f7) <+ (25)
'_<(87.f_)_<(57.f)_<(8+7i)_<"'_<(‘§7.f)‘

More formally, we denote by (s, )" the successor of (s, f) in S x F\ {(5, f)}, with
+ _ (S7f+) 1ff7£f7
(Saf) = {(3+7i> if f= f (263)

Similarly, we denote by (s, f)~ the predecessor of (s, f) in S x F\ {(s, f)}, with

- _ s f7) i fEL,
(S7f) _{<S_,f> 1ff:i (26b)

Second, we add to the product set SxF an extra time denoted by (s, f), correspond-
ing to the extra slow time s, which is such that (s, f)~ = (s7, f). We denote by S
the set {s~}US and by SxF the set (s—, f)U(SxF), also called the extended timeline
when equipped with an order < as follows (where we use the notation (s, f) < (¢, f’)

for (s, f) < (', f) and (s, f) # (', f'))

(7)) = (s ) == (s, ) =<8, ) = (s, [7) <+
=)= =G )= =G (27)
The two-time-scale optimization problem will be formulated on the extended time-
line SxF, which we trivially identify with the time set [0, 7], where 7" = |S| x |F|.
Decisions. We suppose given

o a family {Ui},cq (5 of slow time scale decision Borel spaces, and a family
{Ws}ses of slow time scale uncertainty Borel spaces,

e a family {U?;f)}(s,f)esx(p\{f}) of fast time scale decision Borel spaces, and a

family {W?Z f)}(s,f)eSx(F\{i}) of fast time scale uncertainty Borel spaces.

Dynamics. We suppose given a family {X?;f)}(s,f)65xF of fast time scale state
Borel spaces. For the sake of simplicity, we set X = X'E"; 7 for all s € S. Thus,
the slow time s € S is identified with the two scale time (s, f), as illustrated in
Figure 5.1. We also suppose given a family {G5} 5\ (5 of slow time scale dynamics
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Borel-measurable mappings, that represent the evolution “driven at the slow time
scale” given, for s € S\ {5}, by”
G:  XEXUSX W, — X(S+ iR
(25,0, wy) > s+ 5 =9 (23, us, wis) (28a)
We suppose given a family {Qf;f)}(s,f)eSx(F\{f}) of fast time scale dynamics Borel-

measurable mappings, that represent the evolution “driven at the fast time scale”
given, for all s € S and f € F\ {f}, by

Girp) : Xip X UL px W7 v — X7

(s,f) Nt
_ sf sf sf sf
(@) uil gy Wl ) > 25 e = Gy (8 gyl Wil pe) - (28)

Figure 5.1: The product timeline with an extra starting point (s~ f).

Cost functions We suppose given a family {As}se§\ (s} of slow time scale nonneg-
ative lower semianalytic cost functions, with
Ay o X XU xWE H Sf)xUSf)xWSf +) = [0,400] , (29)
JERT)
interval ]s*,s[:{(si),...,(s,f*)}

4

for s € S, and a slow time scale nonnegative lower semianalytic final cost function
As: X — [0, +00] that make up, by summation, an intertemporal cost

A (x wl, (@70 ufe gy wihope) pep p) + As(23). (30)

SES

Stochastic kernels. Finally, we suppose given a family of constant slow time scale
Borel-measurable stochastic kernels {3, .+ }ses\ (5

Pt € AW, Vs €S\ {5}, (31a)

and, for each s € S, a family {,0?2 s f)Jr}feF\{f} of fast time scale Borel-measurable
stochastic kernels

> We stress that the slow time scale dynamics (28a) yields as output the first fast state of the slow
period (and not the next slow state). Thus, the slow time scale dynamics (28a) is not a dynamics
from one slow state to the next slow state.
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/
p?i,f>:<s,f>+ P WS X H Wi — A<W?i,f>+> P Vs€S, VEeR),  (3Ib)

f/:i+
N————

in interval Js—,s]

with the convention that the Cartesian products of spaces in Equation (31b) reduce
to nothing when the upper index of the Cartesian product is strictly lower that the
corresponding lower index.

Note that, for a given s € S, each fast time scale stochastic kernel p?i e f)+,_on1y
depends on the noises of the slow time interval [s~, s[= {(s, f), (s, f),"-., (5, f ) }.
The (constant) assumption (31a) and the (single block) assumption (31b) correspond
to stochastic independence between time blocks, and will be useful in the proof of

Proposition 5.1.

5.2. Formulation of a two-time-scale optimization problem on the
product timeline

To apply Theorem 3.6, we introduce sets associated with the extended timeline (27)
by

X: iff=7 -
X = _, VY(s,f) € SxF, (32a)
sf :
X(s,f) lff 7£ f
Uy iff=f _ i
U(s,f) - ¢ . _ V(Saf) S SXF\{('§7 f)} ) (32b)
U?s,f) lff 7& f
We iff =
W?;f): ) Y i , (s, f) € SxF, (32¢)

W?g f) if f# f
with the particular case of the extra initial slow time
sf _ WS
Wi =% (32d)

and a family of state dynamics Gs p) : X5 ) XUs p) xW o o+ — X 11+ defined by

g tf=f

N O L TR (CH) (3
Gilyy HF#T

Gs,f) =

From these spaces, we deduce the history spaces and the histories for all (s, f) € SxF

Hes,py = Wis- py X 11 (U gy~ X Wiw ) (34a)
(5, ))=( )= (5.f)

h(s,f) — <’Uj(§_7f), (u(slaf/)77w(slvf/)>(§,i)j(5/7f/)j(57f)> (34b)
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and, for suitable indices, the partial history sets and the partial histories

Hs,p):(s,17) = 11 (U pry= X Wgn pmy) (35a)
(s, ))=( F)Z( )

s (s gy = (W pry= Wi 1)) (s )= (7 1 =187 ) - (35b)

I * |

(s.f) —————— (%) (7. 7) ) ————— (%)

| ! ! l |

sf xsf £ f _
X3 (=X 5) G Xarp) Gle gy [ Tl Koor ot o) [ K pE%0)
xUs 75 XU<S+7£) = XU(S,£+) NN xU?thl) L ><IUZJr

f £ f
x W2, ><VV?S+@+ XW?N,[*)* XW?S*,f) XW?S+)+

& Xs X + F- 5
Xapy G 0 Gst ) (L9 TN Gy [ Bern
xUgs,p) —— | XUep —= | XU —o | XUr iy | —=— | *Ue+p
*W p *Wier p+ XWipr piy+ Wt 5 *Wir py+

Figure 5.2: Original dynamics and their reformulation on the product timeline on
the slow time interval [s, sT[= {(s, f), (s, f),...,(sT, f)}.

Y

The cost criterion formulated in Equation (30) combined with state dynamics leads
to a (nonnegative lower semianalytic) cost criterion j : Hs 7 — [0, +00].

Based on the stochastic kernels (31a) and (31b), we introduce stochastic kernels
Ps,py(s.p)+ associated with the extended timeline (27), for each (s, f) € SxF\{s, f},
by Ps.pyisy P Hispy — AW, py+) with

pz:s+(dwz+> if f = .fa
sf sf s sf sf
Pls.trosy (W gyt | Biop) = 8 Plapriopys (AW gy [ 0500, gyl )
if f#f

Note that, for f # f, the stochastic kernels Pis. (s, )t His,pycs,r) = A(W(&fﬁ),
only depend on the partial history uncertainty part from (s, f) to (s, f), and not on
the (past) controls.

The components of the problem are now formulated on the extended timeline SxF,
already identified with the time set [0,7]. Thus, we are in the framework of §2.1
and we aim at solving an optimization problem as formulated in Equation (6).

5.3. Two-time-scale decomposition

The existence of Bellman equations for a two-time-scale optimization problem is
given by the following proposition.

Proposition 5.1. Consider a two-time-scale optimization problem as formulated in
§5.1 and §5.2. The optimization problem (6) has a solution given by a dynamic
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programming equation at the slow scale. More precisely, let {Vi}ses be given by
Vs = As and, for s € S\ {5}, by the backward induction®

V,(23) = inf / Foe (dusy)
us €Us Ws+ ’

E]

inf /W P?2+,D;(s+i+)(dw?;r’f) | wsy) -

sf Usf Sf
Yt S e Wit s
: sf sf s sf sf
o ,lgéﬁ ) LA;f Plst st p AW ) [ Wots Wit poys o Wi o))
(st 7)) T (s+.7)
A s s s sf sf
(&5 U5 Wae -+ Ur oy Wi )

-+ ‘/s+ (gszyL (l’i, ui’ w;r’ T u?2+vf7)’ w?;r’f))))’ (36)

where Gg.o+ 1S the composition G+ = g(S; ) 0---0 Q(S;’f) o g; associated with the

state dynamics defined in (28). Then, the value of the optimization problem (6) is
given by Vi—(z3), where the initial condition x5 corresponds to wy in (6), as stated
by (32d).

Proof. The proof is an application of Theorem 3.7 with the help of Remarks 3.4
and 3.5. First, we have re-framed in § 5.2 the two-time-scale optimization problems
described in § 5.1 in the formalism of § 2.1 with the help of the extended timeline (27).
Second, as we are given state dynamics (33) on the extended timeline and thanks
to Remark 3.4, we obtain a state reduction at times {(s, f)}ses by composition
of the state dynamics. Moreover, as the slow time scale stochastic kernels given
by Equation (31a) are constant, the state reduction across the slow time scale is
compatible with the stochastic kernels (see Remark 3.5). We are thus able to apply
Theorem 3.7 and obtain the slow time scale Bellman recursion (36) as a special case

of Equation (19). O

The slow time scale Bellman equation (36) is as difficult to solve as the Bellman
equation on the extended timeline. However, the interest of (36) lies elsewhere.
Imagine that one is able to obtain, in a relatively easy way, lower Vi and upper

V, approximations of V, in (36). Then, in order to obtain optimal controls for the
optimization problem (6), one can proceed as follows. By replacing the last term V+
of (36) by either Vi+ or Vi+, one can now solve a (lower or upper) surrogate of
Equation (36) and thus obtain the optimal controls on the time interval [s, s*[=
{(s, f),(s*, f),...,(sT, f7)}. For instance, one could use scenario decomposition
methods, like progressive hedging [17], that do not require statistical independence
of noises within the slow time interval [s,s™[. Thus, the two-time-scale stochastic
optimization problem as formulated in §5.1 and §5.2 can be approximatively solved,
from below and from above, by a mix of slow time scale dynamic programming
and of (for example) progressive hedging (or any other method, including dynamic

programming).

6Here again, the formula (36) represents a nested sequence of infima of integrals (with respect to
different stochastic kernels).
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5.4. Illustration with the crude oil procurement problem

This illustration stems from a research work done in partnership with TotalEnergies,
in the context of a PhD thesis [14]. Crude oil procurement is the part of the oil
supply chain that sits between the production of crude oil and its processing in a
refinery. The goal of procurement is to purchase crude oil from various suppliers
around the world and having it delivered in time to the refinery to be processed. As
illustrated in Figure 5.3, every month (on the bottom line) a refinery receives crudes
that have been bought during the 8 previous weeks (on the upper line).

crude oil shipments purchased every week

sf sf sf sf sf sf sf sf sf sf sf sf
Yy Y2y Y3y M(pa) Y1) Y(Mp2) Y(p3) Y(pa) Y(sa) Y(Ms2) (Ms.3) Y(Msa)

I S O K SN

refinery
stocks

refinery stock consumption every month

Figure 5.3: Procurement of crude oil over 3 months M7, M, and Mj, where a circle O
denotes purchase decisions and a square [J denotes consumption decisions

The problem naturally displays two time scales. On the one hand, deliveries to the
refinery are made at the beginning of each month, and crude consumption is set once
a month. On the other hand, crude oil shipments can be purchased at the frequency
of the week; every week, a selection of shipments is presented to the decision-maker
who must decide which shipments to purchase. Following the construction of the
extended timeline in (27), we represent by the sequence

(Mo,5) < (My,1) < (Mq,2) < (M;,3) < (My,4) < (My,5)
=< (Mg, 1) =< (M2,2) < (Mg,?)) =< (M2,4) =< (M2,5) (37)
< (M3,1) < (M3,2) < (Ms,3) < (Ms,4) < (Ms,5)

the timeline associated with Figure 5.3 (notice that we consider that a month is
made of 4 weeks). The initial time stage (My,5) corresponds to the additional
time (s7, f) in (27). The times (M;,5) and (Ms, 5) both represent the “end of the
month” when a consumption decision (slow scale decision u$ on the bottom line of
Figure 5.3) is taken.

We now illustrate how the crude oil procurement problem can be put in the form of
a two-time-scale optimization problem such as presented in §5.1. For this purpose,
we proceed to the identifications in Table 5.1.
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Notations from §5.1 Crude oil procurement

S set of months during which we manage the refinery;
in Figure 5.3, S = {M;, My, M3}

F set of weeks in each month;
in Figure 5.3, F = {1,2,3,4,5}

U3 set of crude oil consumptions
r set of product prices
TU?'; f) set of crude shipments purchased in week (s, f)
W?L ot set of crude oil prices in week (s, f)
Qg f) accumulation of shipments purchased in (s, f)
g: delivery of orders and consumption of crude oil

for the month s*

Ay operational costs during the month s
(crude oil purchases during s - earnings from production)

A, end cost valuation of the buffers and stocks in the

refinery before the beginning of the month My

Table 5.1: Identification of the elements introduced in §5.1 with elements of the
crude oil procurement problem

We call s-buffer (resp. s™-buffer), the temporary stock that is created at the begin-
ning of the month s (resp. s7) and that will be delivered two months after. For
instance, in Figure 5.3, the yellow disks represent the M;-buffer and the red disks
represent the My-buffer. We introduce the state variable

x-z'g H= {s~-buffer, s-buffer, refinery stocks},

together with the accumulation dynamics g;‘; f) for the buffers, and the accumulation
dynamics G¢ for the stocks. Regarding the criterion to minimize, it is an intertem-
poral cost like in (30) with slow time scale cost functions A;- made of minus the
purchases of crude oil plus the selling of finished products inside a week. Supposing
that the products prices are independent month by month, we represent this as-
sumption by a family of constant stochastic kernels {pZ:SJr}Seg\ (s}- By contrast, we
do not assume that the crude prices are independent week by week, and the possible
dependency is modeled by stochastic kernels p?i Pef) for f € F\{f}.

Now that all the elements from §5.1 have been identified, Proposition 5.1 enables
us to write a dynamic programming equation such as (36) at the scale of the month,
without losing the time-dependency of crude prices inside the month.

6. Decision-hazard-decision optimization problems

In multistage stochastic optimization, the decision-hazard-decision (DHD) frame-
work corresponds to the case where, at the beginning of each time interval, a decision
is taken without knowing the uncertainty that will materialize at the end of the time
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interval (decision-hazard), and, at the end of the time interval, a recourse decision
is possible knowing this uncertainty (hazard-decision). The reader is referred to [5,
§1.2.1] for the notions of decision-hazard and hazard-decision in stochastic optimal
control. A discussion about these notions and an application in stochastic thermal
scheduling can also be found in [21].

In §6.1, we provide motivation for the decision-hazard-decision framework. In §6.2,
we formalize the decision-hazard-decision framework and we provide a dynamic pro-
gramming equation.

6.1. Motivation for the decision-hazard-decision framework

We illustrate our motivation to develop a formalism for the decision-hazard-decision
framework with a single dam management problem. We suppose given a stochastic
process {A;}icqi,r7 on a probability space. We can model the dynamics of the water
volume in a dam by

Sip1 = min{Stﬂ S —Q: + At+1} , Vte [[07T—1]] ) (38)

where S* is the maximal dam volume, S; is the volume (stock) of water at the
beginning of period [¢,t + 1], Ayyq is the inflow water volume (rain, etc.) during
[t,t4+ 1], Qq is the turbined outflow volume during [t, ¢4 1[. The control variable Q; is
decided at the beginning of period [t, ¢+ 1[, chosen such that 0 < Q; < S;, supposed
to depend on the stock S; but not on the inflow water A;;; (as A, takes place
during [t,t + 1], hence materializes at t + 1, hence the time index ¢ 4+ 1). The min
operation in Equation (38) ensures that the dam volume always remains below its
maximal capacity S*, but induces a nonlinearity in the dynamics. This nonlinear
dynamics is an obstacle to apply stochastic dual dynamic programming (SDDP).

Alternatively, we can model the dynamics of the water volume in a dam by
St+1 — St — Qt + At+1 - Rt+1 ’ Vt € [[07 T_l]] ) (39)

where the new control variable R;,; is the spilled volume, decided at the end of
period [t,t + 1], supposed to depend both on the stock S; and on the inflow wa-
ter A1, and chosen such that 0 < S, — Q; + A, — Riyy < S*. Thus, with the
formulation (39), we “pay the price” to add one control R;, 1, but we obtain a lin-
ear model instead of the nonlinear model (38). This is especially interesting when
using the stochastic dual dynamic programming (SDDP) algorithm, for which the
linearity of the dynamics is used to obtain the convexity properties required by the
algorithm.

6.2. Decision-hazard-decision framework and dynamic programming
equation

Let {Ug}te[[o,T—l]] (head or “before” controls), {U}epi 77 (tail or “after” controls),
{W,}iep,m (uncertainties) and {X;}epor) (states) be sequences of Borel spaces.

Let also be given Borel-measurable dynamics mappings

Xy x U x W,y x U, = Xy, VE€[0,T-1], (40a)
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nonnegative lower semianalytic instantaneous cost functions
Ly Xy x U x Wiy x U2, — [0, 4+00], ¥Vt € [0,T-1], (40b)
and a nonnegative lower semianalytic final cost function
K : Xy — [0, +00] . (40c)

Finally, we suppose given a Borel probability space (2, F,P), a random variable
Xo @ Q@ = Xo, and a stochastic process {W,}icpi,rp (the noise process), where
W, :Q— W, fort € [1,T].

Thus equipped, we consider the following multistage stochastic optimization problem

T—1
inf E ZLt(Xt,Uﬁ,WtH,U';H)+K(XT)] , (41a)
{(UL U, Dhepor—11 & =0
o(U}) C o(Xo, Wi,...,W,), Wt e[0,T-1] (41b)
o(U}) C 0(Xo, Wi,..., W,), Vte[LT], (41c)
Xip1 = filXe, UL, Wipy, Upyy,), V€ [0,7-1] . (41d)

Thus, in the above setting, during the time interval between two time steps, the
decision-maker makes two decisions. At the end of the time interval [t — 1,¢[, a
random variable W is revealed, and then, at the beginning of the time interval [¢, t+
1[, the decision-maker makes a head decision UE. What is new — in comparison with
the classical decision-hazard framework — is that, at the end of the time interval
[t,t 4+ 1[, when a next random variable W, is revealed, the decision-maker has the
possibility to make a tail decision U}, . This latter decision U’ +1 can be thought as
a recourse variable for a two stage stochastic optimization problem that would take
place inside the time interval [t,t 4+ 1[. Note that, because of the term (U?, U? 1)

in the cost function L; and in the dynamics f;, considering the pair (UE, U’) as the
control variable at time ¢ would not satisfy the assumptions of Theorem 3.7.

Proposition 6.1. If the a random variable Xq is deterministic with value xy, and
if the noise process {Wy}tierq 45 white, that is, is made of independent random
variables, then the value Vy(xo) of the multistage stochastic optimization problem (41)
is given by the dynamic programming backward induction

Vr(z) = K(x) , (42a)

and, fort € [0,T—1],

Vi(z) = inf]E[ inf {Lt(x,uE,WtH,ui+1)+Vt+1(ft(a:,uE,Wt+1,uzﬂ))}}. (42b)

b b
ufel] Lug €Uy,

Proof. As the statement is made with random variables, whereas the theory has
been developed with stochastic kernels, we make the link as follows: for each time
t € [1,T], the stochastic kernel p; 1., in (3) is the probability distribution of the
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random variable W;. This done, the proof is an application of Theorem 3.7, as
follows (we just sketch the procedure, as the detailed proof can be found in the
preprint [6]).

We rename the uncertainty sets {W, }1eq177 as {W; }ep1,r7 and we introduce for each
time t € [1,T] a spurious uncertainty variable w; taking values in a singleton set
WE = {wE}, so that we obtain the following sequence of events

~— ~

=z spurious spurious

~ wafl ~ UZ“A ~ qu—1 ~ UuT—l ~ wZ“ ~ ubT ~ qu

spurious spurious

Proceeding this way, we have doubled the timeline as each time ¢ has been “dupli-
cated” in the ordered pair (¢,b) and (¢, ). With this, we embed the decision-hazard-
decision structure as a particular case of multiple consecutive time blocks (of size 2)
as in §3.2. [

Eq. (42) can be solved using the stochastic dual dynamic programming (SDDP) algo-
rithm provided that lower semicontinuity and convexity of the value functions are
preserved. This is ensured first by assuming linearity in the dynamics — a feature that
may be obtained by modeling the problem in the decision-hazard-decision framework
as illustrated in §6.1 — and second by assuming convexity and lower semicontinuity
for the cost functions as well as compactness for the existence of optimal controls.

7. Conclusion and perspectives

As said in the introduction, decomposition methods are appealing to tackle multi-
stage stochastic optimization problems, as they are naturally large scale. The most
common approaches are time decomposition (and state-based resolution methods,
like stochastic dynamic programming, in stochastic optimal control), and scenario
decomposition (like progressive hedging in stochastic programming).

This paper is part of a general research program that consists in mizing different
decomposition bricks. Space decomposition methods have been investigated in [1]
and [7]. Here, we have tackled the issue of using time block decomposition in such
a way that stochastic dynamic programming is used at the slow time scale with
an appropriate white noise assumption, whereas stochastic programming methods
such as progressive hedging can be used at the fast time scale where such an inde-
pendence assumption does not hold. This approach paves the way of mixing time
decomposition with scenario decomposition. For this purpose, we have revisited the
notion of state, and have provided a way to perform time decomposition but only
across specified time blocks.

Acknowledgements. We thank Roger Wets for fruitful discussions about the

possibility of mixing stochastic dynamic programming with progressive hedging.

A. Technical details and proofs

We suppose to be in the framework of §2.1. We introduce the notations

t t
Wy =W, 0<r<t<T, Uy =][U., 0<r<t<7-1. (43)

S=T S=T
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Let 0 < r < s <t <T. From a history h; € H;, we extract the (r: s)-history
uncertainty part

Y = (wy, .. ws) = Wy €Wy, 0<7r<s<t, (44a)
the (r:s)-history control part (notice that the indices are special)

Y, = (Up_1, .o ts) = Up_1is-1 € Up_1gy, 1<r<s<t. (44b)
Flows. Let r and ¢ be given such that 0 < r <t < T. For a (r:t — 1)-history
feedback v = {7s}seprig—1 € I'ri—1, we define the flow @], by

O, H, X W,y — H, (45a)
(st = (o o (B e, ot (s el lr) ) w02+ et (hecr ) )

Otherwise stated, the flow is given by

(I)Z;t(hra errl:t) = (hra Upy Wrg1y Up41, Wr42y -+ -5 Up—1, wt) ) (45b)
with hs = (hpytpy Wpgq, .o Us 1, W), 7 <8<, (45c¢)
and us =vs(hs), r<s<t—1. (45d)

When 0 <r =t <T, we put &), :H, — H,, h, — h,.

With this convention, the expression @), makes sense when 0 < r <t < T. The
mapping P, gives the history at time ¢ as a function of the initial history h,. at time
r and of the history feedbacks {%}se[[r,t}]—l € I',.;—1. An immediate consequence of
this definition are the flow properties:

q)Z;H_l (hra wr+l:t+1) = {q);y;t(hra wr+l:t)a Tt ((I);Y;t<h7“> wr+1:t>) ) wt+1} ) (46&)
0<r<t<T-1,

O, (hyy Wy 1) = <1>:+M{ (B 0 (), wrﬂ),w%t}, 0<r<t<T. (46b)

We recall that LS (H,) denotes the space of lower semianalytic nonnegative numerical
functions over H.

Definition A.1. Let r and ¢ be given such that 0 <r <t <T.

. When 0 <r <t <T, for a (r:t—1)-history feedback v={7s}scrt—1] €L 'ri—1,
and for a given family {ps_1.s}sefr41,9 of Borel-measurable stochastic kernels
Ps—1:s - He_1 — A(Wy) , s € [r+1,t], we define a Borel-measurable stochastic
kernel p, : H, — A(H;) such that, for any numerical function ¢ € LS (H,),
we have that

/H G(H )P ( A | By)

t
:/ 90((I)Z;t(hr7wr+1:t)) H ps—lzs(dws | (I)Z;s_l(hrawr-l-l:s—l)) . (47)
Wei1:

s=r+1

e When0<r=t<T,wedefine p,. : H, — A(H,) by p)..(dh. | h,) = s, (dR.)
where 0 represents the Dirac measure.
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The stochastic kernels p,., on Hy, given by (47), are of the form
pra(dhy [ hy) = ply(dh; dh;"Jrl:t | hr) = 0n, (dh;) @ 0)4( dh;“+1:t | b)) (48)

where, for each h, € H,, the probability distribution o,.,(dh, ., | h,) only charges
the histories visited by the flow from r + 1 to . The construction of the stochastic
kernels p;, is developed in [3, p. 190] for relaxed history feedbacks and obtained by
using [3, Proposition 7.45, p. 175].

Proposition A.2. The family {pl,;}sepry of stochastic kernels of Definition A.1
has the flow property:

pa(dhy | hy) = / Ps:st1( dwsy | hS)pZJ,-l:t(dh; | (hs>75(h5)7ws+1)) , Vs <t.

Ws+1
(49)
Proof. Let s < t. For any ¢ € L} (H,), we have that
[t b ) (50a)
H

t
:/ Sp(q)z:t<hsaws+1:t))/ H ps’flzs/<dws’ ’ q)zzsf_l(hsawerl:s’fl))
Ws+1:t

Ws+1:t 51:S+1

by Definition (47)

:/ @(q)z;t(hsaws+1:t))ps:s+l(dws+l ‘ hs)
Ws+1:t

t
/ H ,Qs’—l:s’( dws’ | Q)Z;S/fl(hsa w5+1:5’—1))
Wsi1:t

s'=5+42

= /W 90((1)34-11 ((hSa Vs (hs)s Wsy1), ws+2:t>)ps:s+1( dwgyq | hy)
s+1:t

t
H ps’—lzs’(dws’ | (I)ZJrl;S/,l((hsa’Ys(hjs)aws+1)7ws+228’—1)>

s'=s+2
(by the flow property (46b))

:/VV ps:s+1(dws+l ’ hs)/ 90((D2+1;t(<h5775<h5)7ws+1)7ws+2:t))
s+1

Ws+2:t

t
H ps’—lzs’(dws’ | ©z+1;3/71((h87,}/S(hs))wS'Fl)?w5+2:5l_1))

s'=s+2

by Fubini’s Theorem

:/ pS:s+1(de+1 | hs)
Wei1

/H (BB 0 1)s W) (AR | (s s (), w0541))
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by Definition (47)

o R (CARRCARTABN AP (500)
H
/\;\\/ ps:s+1< dws+1 | h/s)pZ-i-l;t( dh;& | (hsa 73(hs)7 werl)) (506)
s+1

by Fubini Theorem. As the two expressions (50a) and (50c) are equal for any
¢ € LY (H,), we deduce the flow property (49). O

Proof of Theorem 2.1. We only give a sketch of the proof, as it is a variation on
different results of [3], the framework of which we follow.

We are in the setting of [3, Chap.7 and 8]. We take the history space H; for state
space, and the state dynamics

f(ht,ut,wtﬂ) = (ht,ut,wtﬂ) = hyy1 € Hyppg = Hy X Up X Wiy . (51)

Then, the family {p5_1:5}56H17Tﬂ of Borel-measurable stochastic kernels (3) gives a
family of disturbance kernels (vocabulary of [3, p 189]) that do not depend on the
current control. The criterion to be minimized (4) is a function of the history
at time T, thus of the state at time 7. We consider the finite horizon model with
final cost corresponding to the optimization problem defined by the associated value
function (6):

Volwn) =t [ Ay | w)
Hr

Yo:r—1€l0:7—1

= inf /W j(qu:T(WO:T)) Hps—lzs( dw; | D41 (wos-1)), (by (47))

Yo:r—1€l 071
s=1

where the flows @] for s € [0, T—1] are defined by Equation (45a), and where we
are minimizing over the so-called state-feedbacks. Then, the proof of Theorem 2.1
follows from the results developed in Chap. 7, 8 and 10 of [3] in a Borel setting.

The Bellman operators in (7a) satisfy (7b) because, by Lemma 7.30(4) and Propo-
sitions 7.47 and 7.48 in [3], we have that " ¢ € L% (Hyy1) = B4 € LY (H,), for
tin [0, T—1].

Since we are considering a finite horizon model with a final cost, we detail the steps
needed to use the results of [3, Chap. 8. The final cost at time 7" can be turned into
an instantaneous cost at time 7'—1 by inserting the state dynamics (51) in the final
cost. Getting rid of the disturbance in the expected cost by using the disturbance
kernel is standard practice. Then, we can turn this non-homogeneous finite horizon
model into a finite horizon model with homogeneous dynamics and costs by follow-
ing the steps of [3, Chap. 10]. Using [3, Proposition 8.2, p. 198], we obtain that the
family of optimization problems defined by the associated value functions (5), when
minimizing over the relaxed state feedbacks, satisfies the Bellman equation (8); we

" More precisely, the property (7b) is a consequence of the properties that i) the Bellman operator
(7a) corresponds to the operator T' (with ¢ = 0 and o = 1) in [3, Definition 8.5, p.195] ii) that
T(J) is lower semianalytic whenever J also is, as explained right above [3, Lemma 8.2, p. 196].
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conclude with [3, Proposition 8.4, p.203] which covers the minimization over state
feedbacks.

The Bellman equation (8) is a consequence of [3, Proposition 8.2, p. 198].

To finish, Theorem 2.1 is valid under the general Borel assumptions of [3, Chap. §]
and with the specific (F'*) assumption needed for [3, Proposition 8.4, p.203]; this
last assumption is fulfilled here since we have assumed that the cost criterion (4) is
nonnegative. 0

Proof of Proposition 3.2. We suppose to be in the framework of §2.1.

We are in the setting of [3, Chap.7, Chap.8|. Let ¢; : X; — [0, +0c]| be a given

lower semianalytic nonnegative numerical function, and let ¢, : H;, — [0, +00] be
1= @roby. (52)

Let ¢, : H, — [0, +00] be the lower semianalytic nonnegative numerical function
obtained by applying the Bellman operator By, across [t,r] (see (10)) to the lower
semianalytic nonnegative numerical function ¢:

or = Birpr = Bry1wr 00 By 104 - (53)

By [3, Lemma 7.30(3), p. 178] — on the stability of lower semianalytic functions under
right composition with a Borel-measurable mapping — we get that the nonnegative
numerical function ¢, is lower semianalytic. We show that there exists a lower
semianalytic nonnegative numerical function ¢, : X,. — [0, 4+00] such that

Or = @rob, . (54)

First, we show by backward induction that, for all s € [r,t], there exists a lower semi-
analytic nonnegative numerical function @, such that ps(hs) = B,(0,(h.), hry1.s)-
Second, we prove that the function ¢, = @, satisfies (54) and is lower semianalytic.

(1) For s =t, we have, by (52) and by (9¢), that
Qﬂt(ht) = @t (et(ht» = SBt (fr:t(‘gr(hr)y hr+1:t))7

so that the nonnegative numerical function @, is given by ¢; o f..;. By [3, Lemma
7.30(3), p. 178], P, is a lower semianalytic numerical function.

(2) Assume that, at s+ 1, the result holds true, that is,
g03+1(h5+1) = @s-i—l(eT(hr)? hr+1:s+1)7

where the numerical function @, is nonnegative lower semianalytic. Then, by (53),

Sas(hs) = (Bs—&—l:sgps-i-l) (h's)

- lIlf / Ps+1 ((hsa Usg, w5+1))p5:5+1( dws+1 | hs)
Ws+1

Us EUS

(by definition (7a) of the Bellman operator)

= inf / ¢3+1((9r(h1ﬂ)a (hr+1:sausaws+1))) inf / ps:s—l—l(dws—i—l | hs)
Ws+1 Ws+1

us€Ug us€Ug

(by the induction assumption)
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= inf / @34-1 ((Qr(hr)a (hr-l—l:sa Us, ws+1)))
W1

Us GUS

iIlf ﬁs:s—l—l( dws+1 | (0r<hr)7 hr—i—l:s))

us€Us Wst1
(by compatibility of the stochastic kernel)

= @s(er(hr)ahr+1:s) )
where

@s (xru hr+1:s) = inf / @54_1 ((xT7 (hr+1:37 Us, werl)))ﬁs:erl( dwerl | (Iru hr+1:s))-

By [3, p.196] (right before Lemma 8.2), we get that the numerical function @, is
nonnegative lower semianalytic. Thus, we have shown that the result holds true at
time s.

The induction implies that, at time r, the expression of ¢, (h,) is ¢, (h,) = B, (0,(h.)),
since the term A, 1., vanishes. Choosing ¢, = P, gives the expected result. O
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