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The so-called £, pseudonorm on the Euclidean space R¢ counts the number of nonzero components
of a vector. We say that a sequence of norms is strictly increasingly graded (with respect to
the ¢y pseudonorm) if it is nondecreasing and that the sequence of norms of a vector z becomes
stationary exactly at the index £y (x). In this paper, with any (source) norm, we associate sequences
of generalized top-k and k-support norms, and we also introduce the new class of orthant-strictly
monotonic norms (that encompasses the ¢, norms, but for the extreme ones). Then, we show that
an orthant-strictly monotonic source norm generates a sequence of generalized top-k norms which
is strictly increasingly graded. With this, we provide a systematic way to generate sequences of
norms with which the level sets of the ¢y pseudonorm are expressed by means of the difference of
two norms. Our results rely on the study of orthant-strictly monotonic norms.
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1. Introduction

The counting function, also called cardinality function or £y pseudonorm, counts the
number of nonzero components of a vector in R?. The £, pseudonorm shares three
out of the four axioms of a norm — nonnegativity, positivity except for x = 0,
subadditivity — but the ¢y pseudonorm is 0-homogeneous (hence the axiom of 1-
homogeneity does not hold true). The ¢y pseudonorm is used in sparse optimization,
either as criterion or in the constraints, to obtain solutions with few nonzero entries.
The ¢y pseudonorm is nonconvex, but it has been established that its level sets can be
expressed by means of the difference between two convex functions, more precisely
two norms, taken from the nondecreasing sequence of so-called top-k norms (see [11]
and references therein). In this paper, we generalize this kind of result to a large
class of sequences of norms by introducing three concepts and by relating them to
the ¢y pseudonorm.

First, we define sequences of generalized top-k and k-support norms, associated
with any (source) norm on R? This extends already known concepts of top-k
and k-support norms [2, 18]. Second, we introduce a new class of orthant-strictly
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monotonic norms on RY. We rely on the notion of orthant-monotonic norm! in-

troduced and studied in [12, 13] with further developments in [15]. With such an
orthant-strictly monotonic norm, when one component of a vector moves away from
zero, the norm of the vector strictly grows. Thus, an orthant-strictly monotonic
norm is sensitive to the support of a vector, like the ¢y pseudonorm. We study
this class of norms, using the notions of dual vector pair for a norm [12, 13, 15]
(refered to as polar alignment in [10]), and of Birkhoff orthogonality [6], and strict
Birkhoff orthogonality [21]. Third, we define sequences of norms that are strictly
increasingly graded (with respect to the ¢y pseudonorm): the sequence of norms of a
vector z is nondecreasing and becomes stationary exactly at the index £y(x). Thus
equipped, we show why and how these three concepts prove especially relevant for
the ¢y pseudonorm.

This paper has some parts in common with the paper [8]. Indeed, the paper [§]
built upon [7, 9] to prove hidden convexity of any nondecreasing function of the
¢y pseudonorm, using conjugacies based on a class of norms that were not considered
in [7, 9], the orthant-strictly monotonic norms. This is why, we needed specific
results on orthant-strictly monotonic norms, and provided them? in [8, Appendix 2].
However, the current paper deals with different issues. Indeed, we focus here on a
thorough characterization of orthant and orthant-strictly monotonic norms, and
on the properties of derived sequences of norms. The only connection with the
¢y pseudonorm is in the notion of (strictly) increasingly graded norms and how this
allows to express the level sets of the ¢y pseudonorm by means of the difference
between two norms. This last question was not treated in [8].

The paper is organized as follows. In Sect. 2 we introduce a new class of orthant-
strictly monotonic norms on R?, for which we provide different characterizations. In
Sect. 3, we define sequences of generalized top-k and k-support norms, generated
from a source norm, and we study their properties, be they general or under orthant-
monotonicity. Finally, in Sect. 4 we introduce the notion of sequences of norms that
are (strictly) increasingly graded with respect to the ¢y pseudonorm. We show that
an orthant-strictly monotonic source norm generates a sequence of generalized top-k
norms which is strictly increasingly graded with respect to the ¢y pseudonorm. We
also study the sequence of generalized k-support norms. In conclusion, we hint at
possible applications in sparse optimization.

2. Orthant-monotonic and orthant-strictly monotonic norms

In §2.1, we recall well-known definitions for norms. In §2.2, we provide new charac-
terizations of orthant-monotonic norms. Then, in §2.3, we introduce the new notion
of orthant-strictly monotonic norm, and we provide characterizations, as well as
properties, that will prove especially relevant for the ¢y pseudonorm.

L Tt is proved in [12, Lemma 2.12] that a norm is orthant-monotonic if and only if it is monotonic
in every orthant, hence the name.

2 More precisely, [8, Proposition 12] corresponds to Item 7 in Proposition 2.4, [8, Proposition 13]
corresponds to Item 3 and Item 4 in Proposition 2.6, [8, Proposition 15] corresponds to the second
Item in Proposition 4.5.
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2.1. Background on norms

We work on the Euclidean space R? (where d is a natural number), equipped with the
scalar product (-, -) (but not necessarily with the Euclidean norm). Thus, all norms
define the same (Borel) topology. We use the notation [j, k] = {j,j+1,...,k—1,k}
for any pair of integers such that j < k. For any vector x € R?, we define its support

by .
supp(z) = {j € [1.d] | z; # 0} C [1.4] . (1)
For any norm |||-||| on R%, we denote the unit sphere and the unit ball of the norm |||-|||
by
S= {z € R? | |Jalll = 1} (2)
B={zeR ||zl <1}. (2b)

Dual norms

We recall that the following expression

lylls = sup (z,y) , VyeR? (3)

flzlli<1
defines a norm on R? called the dual norm |[||-|||s [1, Definition 6.7]. In the se-
quel, we will occasionally consider the £,-norms || - ||, on the space R?, defined by
x|, = (Zle |xi|p)5 for p € [1,00[, and by ||z]|e = SUDje(1,4] |z;]. Tt is well-known
that the dual norm of the norm || - ||, is the {,-norm || - ||,, where ¢ is such that

1/p+1/q =1 (with the extreme cases ¢ = co when p =1, and ¢ = 1 when p = 00).
We denote the unit sphere and the unit ball of the dual norm |||-|||« by

Se={y e R [yl = 1} , (4a)
B, ={y R [yl <1} . (4b)
For any subset X C R%, ox: R?Y — [—o0, +00] denotes the support function of the
subset X: 4
OX(y) = SU.)I? <IL‘, y) ) vy € R%. (5)
S

It is easily established that
Il = o, = o5, and |[||-[[l. = 05 = 05, (6a)

where B,, the unit ball of the dual norm, is the polar set B® of the unit ball B:

B,=B°={ycR?|(z,9) <1, Ve €B}. (6b)
Since the set B is closed, convex and contains 0, we have [1, Theorem 5.103]
B°® = (B®)” =B, (6¢)
hence the bidual norm |||l = ([l|[Il+), is the original norm:

Mk = C-IL), = M- (6d)

[I-[ll-duality
By construction of the dual norm in (3), we have the inequality

(@, ) < 2l < llylll » ¥(z,y) € R x R (7a)
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One says that y € R? is |||-|||-dual to z € R?, denoted by y || =, if equality holds
in Inequality (7a), that is,

y iz <= (z, v) = lllzlll < [yl - (7b)

The terminology |||-||[-dual comes from [15, page 2| (see also the vocable of dual
vector pair in [12, Equation (1.11)] and of dual vectors in [13, p. 283], whereas it is
refered as polar alignment in [10]).

We illustrate the [||-]||-duality in the case of the £,-norms || - ||,, for p € [1,00]. The
notation x o’ = (z124, ..., x4x}) is for the Hadamard (entrywise) product, for any
z, ' in RY. For any z € RY, we denote by sign(z) € {—1,0,1}% the vector of R?
with components the signs sign(x;) € {—1,0, 1} of the entries x;, for i € [1,d]. Let
r € RN\{0} be a given vector (the case = 0 is trivial). We easily obtain that a
vector y is

o (y-dual to z iff (if and only if) there exists A € R (= [0, oo[) such that y = \z;
e /l,-dual to x some p €|1,00] iff there exists A € R; such that we have y =
Asign(x) o (]a:i|p/q)i€[[17d]], where ¢ satisfies 1/p+1/q = 1;

o (1-dual to z iff the vectors y and ||y||osign(x) coincide on supp(z), the support

of the vector x as defined in (1);

o [lo-dual to  iff y; = 0 for all j € arg max;cpy 4y 2|, and y oz > 0.

Restriction norms

For any subset K C [[1,d], we denote by R¥ the set of functions from K to R —
which can be identified with RI¥! where |K| denotes the cardinality of K C [1,d]
— and we introduce the subspace of R? made of vectors whose components vanish
outside of K by?

Rx =REx {0} *={zeR?|2;,=0, Vj € K} CR?, (8)
where Ry = {0}. We denote by 7 : RY — Ry the orthogonal projection mapping
and, for any vector z € RY, by 25 = mx(x) € Ri the vector which coincides with z,

except for the components outside of K that are zero. It is easily seen that the
orthogonal projection mapping 7y is self-dual (equal to its dual operator), giving

<$Ka yK> = <$Ka y> = <7TK("L‘)7 y> = <:E, 7T-K(y)> = <‘Ta yK) ’ (9)
for all (z,y) € R? x R%.

Definition 2.1. For any norm |[||-]|| on R? and any subset K C [1,d], we define
three norms on the subspace Ry of R% as defined in (8), as follows.
o The K-restriction norm |||-|||x is the norm on Ry defined by
izl = llllll, Vo e R - (10)
«  The (x,K)-norm [|-|||..x is the norm (|[-[|l.) .. given by the restriction to the
subspace R of the dual norm |||-|||+ (first dual, as recalled in definition (3) of

a dual norm, then restriction),

3 Here, following notation from game theory, we have denoted by —K the complementary subset
of K in [1,d]: KU(—K)=][1,d] and KN (—K) =0.
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«  The (K,*)-norm |[||-[[|x is the norm (||-|[|x),. given by the dual norm (on
the subspace R ) of the K-restriction norm |||-|||x to the subspace R (first
restriction, then dual).

It has been established (see [15, Proposition 2.2]) that, for any nonempty subset
K C [1,d], one has the inequality |||-|[|xx < [||-|/ls.xc. We will discuss the equality
case in Proposition 2.4.

2.2. New characterizations of orthant-monotonic norms

We recall the definitions of monotonic and of orthant-monotonic norms before intro-
ducing, in the next §2.3, the new notion of orthant-strictly monotonic norms. For
any x = (21,...,2q4) € R% we denote |z| = (J1],. .., |zq|) € R

Definition 2.2. A norm |||-||| on the space R? is called

o monotonic [3] if, for all z, 2’ in RY, we have |z| < |2/| = |||z||| < |||2’]||, where
|z| < |2’| means |z;| < |xy| for all 4 € [1,d],

«  orthant-monotonic [12, 13] if, for all z, z’ in R?, we have (|z| < |#/| and zoz’ > 0
= [zl < lll2"1l)-

We will use the following, easy to prove, properties: any monotonic norm is orthant-
monotonic; if a norm is orthant-monotonic, so are its restriction norms in Defi-
nition 2.1 (as norms on their respective subspaces). All the ¢,-norms || - ||,, for
p € [1,00], are monotonic, hence orthant-monotonic. Recall that a seminorm sat-
isfies all the axioms of a norm, but for vectors with null seminorm that are not
restricted to the singleton {0}. The definition of an orthant-monotonic seminorm is
straightforward, and it is easily proven that the supremum of a family of orthant-
monotonic seminorms is an orthant-monotonic seminorm.

We recall the definitions of Birkhoff orthogonality [6], and of strict Birkhoff orthog-
onality [21].
Definition 2.3. Let & and V be two subspaces of R%. Let [[|-]|| be a norm on R

. We say that the subspace U is Birkhoff orthogonal [6] to the subspace V,
denoted by U Ly V if |||u+ vl|| > ||Ju]|], for any wel and any ve V), that is,

ULV = llutof| = lull, VuelUd, YoeV. (11)

. We say that the subspace U is strictly Birkhoff orthogonal [21] to the sub-
space V, denoted by U Ly, V if [[lu + v|[| > [[ull, for any v € U and any

v € V\{0}, that is,

ULiy V= lutoll > llull, Yueld, YoeV\{0}.  (12)

Now, we are ready to recall established characterizations of orthant-monotonic
norms, and to add new characterizations, namely Item 7 and Item 8 in the fol-
lowing Proposition 2.4.
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Proposition 2.4. Let [||-||| be a norm on Re. The following assertions are equi-
valent.

1)  The norm |||-||| is orthant-monotonic.

2)  The norm |||-|||x s orthant-monotonic.

3)  M-llxs = -l for all K C [1,d].

Ric Ly Rk, for all K C [1,d].
Ry Ly Rk, for all K C [1,d] with |K|=d — 1.

For any vector u € RI\{0}, there exists a vector v € RIN\{0} such that
supp(v) C supp(u), that u o v > 0 and that v is |||-|||-dual to u as in (7b).

bt

(
(
(
(
(
(6

=~
e N N N N

(7)  The norm |||-||| is increasing with the coordinate subspaces, in the sense that,
for any x € R and any J C K C [1,d], we have |||z < |||zx|||-

(8) wx(B)=RxgNB, forall K C [1,d].

Proof. The equivalence between all statements but the two last ones can be found
in [15, Proposition 2.4].

It is easily established that Item 7 is equivalent to Item 4. Indeed, suppose that
Item 7 holds true. We consider z € R¢and J C K C [1,d]. By settingu = z; € R,
and v = xx — x;, we get that v € R_;. By Item 7, we have that [[|ul|] < |||u + v,
hence that |||z ;||| < [[|zk]||. The reverse implication is proved in the same way.

We now show that Item 3 and Item 8 are equivalent. For this purpose, let |||-]|| be
a norm on R% and K C [1,d], and let us admit for a while that

ylll e = o) (Y) = Tnr) () s Yy € R, (13a)
9l s = orperw(y) = orkrs(y) » Yy € Ric - (13b)
Therefore, the equality |||-|||«,x = ||||||x,« is equivalent to o, () = 0r B, When this

last equality is restricted to the subspace Rx. Now, on the one hand, the subset
i (B) of Rk is convex and closed (in the subspace Ry ) as the image of the convex
and compact set B by the linear mapping 7x. On the other hand, the subset RxNB
of Ry is convex and closed (in the subspace Rg). Therefore, |||||x.x = ||| ks if
and only if 7x(B) = Rix N B. Thus, we have shown that Item 3 and Item 8 are
equivalent. It remains to prove (13a) and (13b).

e We prove (13a). For any y € Ry, we have

Iyl = MMyl (using Definition 2.1)
= os(y) (by (6a))
= sup (x, y) (by definition (5) of the support function op)
x€B

= sup (z, Tk (y)) (as y = 7x (y) because y € R)
x€B

= sup (7x (), y)
x€B

(by the self-duality property (9) of the projection mapping 7k )

= s (@0} = ()
L Tem® (by definition (5) of the support function o, (s))
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Thus, we have proved that |||y|[..x = o m)(y)-

It remains to prove that o, m)(y) = Org(s)(y). Now, as the unit ball B is equal
to the convex hull co(S) of the unit sphere S, we get that mx(B) = mx(co(S)).
As 7k is a linear mapping, we easily obtain that mx(co(S)) = co(mk(S)). Since
Oco(rk(S)) = Ongk(S) [4, Pl“Op. 7.13], we conclude that |||y|||*,K = Ong(B) = Oco(nk(S)) —
Ori(s) On R, that is, equality (13a) holds true.

e We prove (13b).

By (6a), we have the equality [|||[|x+ = or,nB On RE, as Rk NB is easily seen to
be the unit ball (in Rg) of the restriction norm |[||-|||x in (10). Therefore, we have
proved that |||y|l|x = or,rm(y) for any y € R.

Now, we prove that og, s(y) = orns(y) for any y € Ri. It is easy to check that
the unit sphere (in Rg) of the restriction norm |||-|||x in (10) is RxNS. Then, using
the fact that the convex hull (be it in R or in R?) of the unit sphere Ry NS is the
unit ball Rg N B, we have that co(Rx NS) = Rx NB. As 0coryns) = Orgrs 4
Prop. 7.13], we conclude that |||k« = OrxnB = Oco(Rxrs) = ORxns ON R, that is,
equality (13b) holds true. O

As an example, we illustrate Item 6 of Proposition 2.4 with the ¢; and /., norms,

which both are orthant-monotonic. Let I € R? denote the vector whose components

are all equal to one. For any vector u € R,

o the vector v = sign(u) satisfies supp(v) = supp(u), u o v >0, and it is || - ||;-
dual to the vector u; this last assertion is obvious for © = 0 and, when u # 0,
we have that

(u, v) = (u, sign(u)) = (lul, T) = |lully = [Julls x T = [Julli[]v]/w ,

o the vector v = sign(u) o Iy, where U = argmax;cp; 41 |, satisfies supp(v) C
supp(u), u o v >0, and it is || - ||co-dual to the vector u, as we have

(u, v) = (u, sign(u) o Iy) = (July, Iv) = (lullly, Iv)

= [[ullollwlly = lullool[o]]s -

2.3. Orthant-strictly monotonic norms

After these recalls, we introduce two new notions, that are the strict versions of
monotonic and orthant-monotonic norms. Then, we provide characterizations that
will prove especially relevant for the ¢y pseudonorm.

Definition 2.5. A norm |||-||| on the space R? is called

. strictly monotonic if, for all z, 2/ in R, we have |z| < |2/| = [[|z]| < |||,
where |z| < |2/| means that |z;| < |z;| for all i € [1,d], and that there exists
J € [1,d] such that |z;| < \x;\,

|

. orthant-strictly monotonic if, for all z, 2’ in R?, we have (|z| < |2/| and

v oo 2 0= [zl <[l ).

We will use the following, easy to prove, properties: any strictly monotonic norm is
orthant-strictly monotonic; any orthant-strictly monotonic norm is orthant-mono-
tonic.
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All the £,-norms || - ||, on the space R?, for p € [1, o], are strictly monotonic, hence
orthant-strictly monotonic. By contrast, the {o-norm || - || is not orthant-strictly
monotonic.

In contrast with orthant-monotonicity (equivalence between Item 1 and Item 2 of
Proposition 2.4), the notion of orthant-strictly monotonicity is not necessarily pre-
served when taking the dual norm: indeed, the ¢;-norm || - ||; is orthant-strictly
monotonic, whereas its dual norm, the ¢,-norm || - || is orthant-monotonic, but
not orthant-strictly monotonic.

Now, we provide characterizations of orthant-strictly monotonic norms.

Proposition 2.6. Let |||-||| be a norm on R:. The following assertions are equiva-
lent.
(1)  The norm |||-||| is orthant-strictly monotonic.

(2)  The family {RK}KC[[l,d]] of subspaces of R? is strictly Birkhoff orthogonal, in

the sense that Ry L, Rk, for all K C [1,d], as in (12).

(3)  The norm |||-||| is strictly increasing with the coordinate subspaces, in the
sense that?, for any v € R? and any J C K C [1,d], we have x5 # 1 =
[zl < llzxlll-

(4)  For any vector u € RN{0}, there exists a vector v € RIN{0} such that
supp(v) = supp(u), that u o v > 0, and that v is |||-|||-dual to u, that is,
(u, v) = [[lull] <[]l

Proof. ¢ We prove that Item 1 implies Item 2.

Let K C [1,d]. Let u € Rk and v € R_x\{0}, that is, u = ux and v = v_g # 0.
We want to show that ||u 4+ v||| > |||u|||, by the definition (12) of strict Birkhoff
orthogonality.

On the one hand, by definition of the module of a vector, we easily see that |z| =
|z k| +|z_K|, for any vector z € R?. Thus, we have [u+v| = |(u+v)g|+|(u+v)_x| =
lug + v | + |u—g +v_k| = |ux + 0| + |0 + v_k| = |uk| + |v_k| > |ux| = |u| since
lv_k| >0asv=v_g #0, and since u = ug.

On the other hand, we easily get (u+v) o u = ((u+v)x o ug)+ ((u+v)_k o u_g) =
(uK o uK) + (U_K o u_K) = (uK o uK), because u_g = 0 and v = 0. Therefore,
we get that (u+v) o u= (ug o uK) > 0.

From |u + v| > |u| and (u +v) o u > 0, we deduce that |[|u + v||| > [||u]|] by
Definition 2.5 as the norm |||-||| is orthant-strictly monotonic. Thus, (12) is satisfied,
hence Item 2 holds true.

e We prove that Item 2 implies Item 3.

Let x € R and J C K C [1,d] be such that z; # zx. We will show that
[l [I] < [l el

As J C K C [1,d] and z; # xk, there exists w € R_;, w # 0, such that
rx = 2y +w. Now, as the family {Rx} 4 is strictly Birkhoff orthogonal by
assumption (Item 2), we have R, iﬂlll R_;. As a consequence, we obtain that
lzwlll = Nz 4wl > [zl

4By J C K, we mean that J C K and J # K.



J.-P. Chancelier, M. De Lara / Orthant-Strictly Monotonic Norms ... 751

e We prove that Item 3 implies Item 4.

Let v € R%\{0} be given and let us put K = supp(u) # 0. As the norm [[|-|||
is orthant-strictly monotonic, it is orthant-monotonic; hence, by Item 6 in Propo-
sition 2.4, there exists a vector v € R\ {0} such that supp(v) C supp(u), that
u o v >0 and that v is |||-||-dual to u, as in (7b), that is, (u, v) = |||ull| x |||v]]|s-
Thus J = supp(v) C K = supp(u). We now show that J C K is impossible, hence
that J = K, thus proving that Item 4 holds true with the above vector v.

Writing that (u, v) = |[||ul|| % |||v]]|s, and using that u = ux and v = vg = v, we
obtain

lulll < fvllle = (us v) = (ks v) = (ks vie) = (urs va) = (ugs vg) = {ug; v)

As a consequence, {ux,uy} C argmax, <. (Z, v), by definition (3) of [[|v]l,

because ||ul]| = |||ux]|| = |||ws||], by Item 7 in Proposition 2.4 since J C K and the
norm |[|-[|| is orthant-monotonic. But any solution in arg max; <. (z, v) belongs
to the frontier of the ball of radius |||, hence has exactly norm |||u|||. Thus, we
deduce that [|ul]| = |[uk]]| = |||us||]. If we had J = supp(v) C K = supp(u), we
would have u; # uk, hence |[|[ukll| > |||us||| by Item 3; this would be in contradiction
with |||uk||| = |||us]||. Therefore, J = supp(v) = K = supp(u).

e We prove that Item 4 implies [tem 1.

Let o, 2/ in R? be such that |z| < |2/| and o 2’ > 0. We are going to prove that
([ < 1"l

We suppose that z # 0 (otherwise the proof is trivial). By Item 4, there exists
a vector w € R? such that supp(w) = supp(z), * o w > 0 and that (z, w) =
]l % [[|w]llx. As supp(w) = supp(x) with x # 0, we have w # 0, so that we can
always suppose that |||w]||, = 1 (after renormalization), giving |||z||| = (z, w).

First, we are going to establish that ¢ € supp(z) = ziw; > x;w;. From |2/| > |z|, we
deduce that |z'|> > |2/| o |z|, and, as 2/ o x > 0, we obtain that |2/|?
|z’| o |x| > 0. Hence, we deduce

> o x=

(' o x) o (2 ow)=1|2)* o (v 0o w)> (2 o x) o (z 0o w),

as o w > 0. Moving to components, we get that, for all i € [1,d], zix;ziw; >
xix;w;w;, so that, on the one hand

/ /
;x> 0= 2w, > xw; .

On the other hand, as |2/| > |z| and o 2/ > 0, we easily get that ziz; > 0 <
i € supp(z). Therefore, we deduce that i € supp(z) = xiz; > 0 = zlw; > zw;.

Second, we show that |||z||]] < |||«'[]|. Indeed, we have:

l='lll = S (', w') (by (3) as [[I-[ll = ([ll-{ll)«)
> (2, w) (as [fJwlll = 1)

E /

i€supp(w)
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= > (as supp(w) = supp())
i€supp(x)

> Z TW; (as i € supp(x) = ziw; > zw;)
i€supp(x)

= (z, w) = |||=||| (by property of the vector w.)

Third, we show that |||z||| < [||2’|||. There are two cases.

In the first case, there exists j € supp(r) such that 0 < |z;| < |2[. Asa consequence,
on the one hand, 0 < |wj|[z;] < |w;|[7}], since w; # 0 because j € supp(z) =
supp(w). On the other hand, x;azj > ( implies :c;-wj > xjwj, as seen above, and
zjw; > 0 because x o w > 0. Thus, we get that 2w; > zjw; > 0. As0 < |z;] < \x;|,
we deduce that zjw; > zjw;. Returning to the last inequality in the sequence of
equalities and inequalities above, we observe that it is now strict, and we conclude
that [[2[|| > ]l

In the second case, i € supp(z) = 0 < |z;| = |2}|. As |z| < |2'|, we deduce that
there exists j € supp(z’)\supp(z) such that 0 = |z;| < |z} We define a new
vector ¥ by &; = 1/22% # 0 and &; = x; for i # j. Putting I = supp(z), we have
T = x;+1/2x)e; = &+ Iy, where e; denotes the j-canonical vector of R?. On the
one hand, from the first case we obtain that |||Z||| < |||’[||. On the other hand, we

have |||z]]| < |||Z|||; indeed, by Proposition 2.4, Item 4 implies that the norm |||-||| is
orthant-monotonic, hence that |||z||| = [||Z; + Zgy[]] = [|27]l] = [[[=]]]. We conclude
that [[Jz{l] < [lz{ll < [ll="lil

This ends the proof. O

As an example, we illustrate Item 4 of Proposition 2.6 with the ¢; (orthant-strictly
monotonic) and £, (not orthant-strictly monotonic) norms.

o For any vector u € R, we have seen (right after the proof of Proposition 2.6)
that the vector v = sign(u) is such that supp(v) = supp(u), that u o v > 0,
and is || - ||;-dual to the vector u. This is another proof that the norm ¢; is
orthant-strictly monotonic.

By contrast, if the vector v # 0 is || - [| -dual to the vector u = (1,1/2,0,...,0),
then an easy computation shows that, necessarily, v = (v1,0,0,...,0) with
v; > 0. As a consequence, this gives {1} = supp(v) C supp(u) = {1,2}. This
suffices to prove that the norm /., is not orthant-strictly monotonic.

We end this §2.3 with additional properties related to exposed and extreme points
of the unit ball B of an orthant-strictly monotonic norm |[|-[[|. We recall that an
element = of a convex set C'is called an exposed point of C' if there exists a support
hyperplane H to the convex set C' at x such that H N C = {z}. We show in the
next proposition that orthant-strictly monotonicity implies that the intersection of
the unit sphere S with the subspaces Ry;y in (8), for ¢ € [1,d], is made of exposed
points of the unit ball B.

Proposition 2.7. If the norm |||-||| is orthant-strictly monotonic, then the elements
of the renormalized canonical basis of R, that is the e;/|||e;||| for i € [1,d], are
exposed points of the unit ball B.
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Proof. Assume that the norm |||-||| is orthant-strictly monotonic and fix i € [1,d].
Then, using item 2 of Proposition 2.6, we have that [[[&; + > ;cry ap iy A€l > [I[E]l;
for all {A;}jep.ap\ iy where not all A;’s are 0 and where €; = e;/|||e;||| forall j € [1,d].
This means that the renormalized canonical basis is strongly orthonormal relative to
€; in the sense of Birkhoff. Using [19, Theorem 2.6], we obtain that €; is an exposed
point of the unit ball B. O

We recall that an extreme point x of a convex set C' cannot be written as x =
A+ (1=N)z" with 2’ € C, 2" € C, 2’ # x, 2" # x and X €]0, 1[. The normed space
(R, |[I-]Il) is said to be strictly convez if the unit ball B (of the norm [||-[||) is rotund,
that is, if all points of the unit sphere S are extreme points of the unit ball B. The
normed space (R? ||-||,), equipped with the £,-norm ||- ||, (for p € [1, 00]), is strictly
convex if and only if p €]1, c0.

Proposition 2.8. If the norm |||-||| is orthant-monotonic and if the normed space
(R, |N1-I1) is strictly convez, then the norm |||-||| is orthant-strictly monotonic.

Proof. In [21, Theorem 2.2], we find the following result: if the family {Rx} 41
of subspaces of R? is Birkhoff orthogonal for a norm |||-|||, and if the unit ball for
that norm is rotund, then the family {Rx} ka1 strictly Birkhoff orthogonal.

Now for the proof of the proposition. If the norm [||-||| is orthant-monotonic, then
the family {Rx}gcp 49 of subspaces of R? is Birkhoff orthogonal by Item 4 in
Proposition 2.4. As the unit ball for that norm is rotund, we deduce that the
family {Rx}cpqp is strictly Birkhoff orthogonal. As Item 2 implies Item 1 in
Proposition 2.6, we conclude that the norm |||-||| is orthant-strictly monotonic. [

3. Generalized top-k and k-support norms

Let |[|]|| be a norm on RY, that we call the source norm. In §3.1, we introduce
generalized top-k and k-support norms constructed from the source norm, and we
provide various examples. In §3.2, we establish properties valid for any source norm,
whereas, in §3.3, we establish properties valid when the source norm is orthant-
monotonic, making thus the connection with the previous Sect. 2.

3.1. Definition and examples

We introduce generalized top-k and k-support norms that are constructed from the
source norm |||-|||-

Definition 3.1. For k € [1,d]), we call generalized top-k norm (associated with the
source norm [||-|||) the norm defined by®

llzllgey = sup lexll, Vo e R, (14)
K| <k

We call generalized k-support norm the dual norm of the generalized top-k norm,

denoted by |||/}
(k) n n
I = (1) (15

® The notation Sup| i<y is a shorthand for sup gy a7, k<
6 We use the symbol * in the superscript to indicate that the generalized k-support norm ||||Hf;§1
is a dual norm. To stress the point, we use the letter = for a primal vector, like in |||x|||zz), and the

*Sn

letter y for a dual vector, like in |[yl]|;)-
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It is easily verified that ||||||EZ) indeed is a norm, for all k € [1,d].

We provide examples of generalized top-k and k-support norms in the case of permu-
tation invariant monotonic source norms and of £, source norms. Table 3.1 provides
a summary.

The case of permutation invariant monotonic source norms

Letting € R? and v be a permutation of [1,d] such that |z, > |z,@)] > -+ >

|Z,a)|, we note z¥ = (|z,)|, [zu(2)], - - - |Zv()|). The proof of the following Lemma
is easy.

Lemma 3.2. Let |||-||| be a norm on R%. Then, if the norm |||-||| is permutation
invariant and monotonic, we have that |||93|||22) = |Hasﬁ1 wplll, where xﬁl K] € R? is given

by (x¥)p kg, for all z € RY.

source norm |- 15, 1
-l top-(p,k) norm (q,k)-support norm
”ngnk Hy”znk
= (Zh iz I?)” 1/p+1/g=1
(R top-(1,k) norm (00,k)-support norm
(18 = S lzw] | vl = max{[lyll/k, lylls}
[ [l top-(2,k) norm (2,k)-support norm

Hngnk = VZL\%(Z)’Z HyHZ“k no analytic expression

(computation in [2, Prop. 2.1])

|+ [loo top-(00,k) norm (1,k)-support norm
{so-norm {1-norm
z]l52,e = [2v] = (%]l 115 = Nyl

Table 3.1: Examples of generalized top-%k and k-support norms generated by the ¢,
source norms |||-[[| = || - ||, for p € [1,00]; v is a permutation of [1,d] such that
T, y| 2> |22y = - 2 |20

The case of /, source norms

We start with generalized top-k norms as in (14) (see the second column of Ta-
ble 3.1). When the norm |||-||| is the Euclidean norm || - |2 of R?, the generalized
top-k norm is known under different names: the top-(k,2) norm in [22, p.8|, (in
the published version [11], the “top” terminology no longer appears) or the 2-k-
symmetric gauge norm [17] or the Ky Fan vector norm [18]. Indeed, in all these
cases, the norm of a vector z is obtained with a subvector of size k having the k
largest components in module, because the assumptions of Lemma 3.2 are satis-
fied. More generally, when the norm |||-||| is the ¢,-norm || - ||,, for p € [1, 00|, the
assumptions of Lemma 3.2 are also satisfied, as ¢,-norms are permutation invari-
ant and monotonic. Therefore, we obtain that the corresponding generalized top-k

tn . tn
norm (|| - ||p>(k) has the expression (|| - [|,,) (k)(x) = sup|g <k, |zkll, = ||a:hk]]|]p, for all

x € R Thus, we have obtained that the generalized top-k norm associated with



J.-P. Chancelier, M. De Lara / Orthant-Strictly Monotonic Norms ... 755

the ¢,-norm is the norm ||(-)hkﬂ||p: we call it” top-(p,k) norm and we denote it
by || - [l Notice that || - |52, = || - [ for all & € [1,d].

Now, we turn to generalized k-support norms as in (15) (see the third column of
Table 3.1). When the norm ||-||| is the Euclidean norm || - || of R%, the generalized k-
support norm is the so-called k-support norm [2]. More generally, in [16, Definition
21], the authors define the k-support p-norm or (p,k)-support norm for p € [1, 0.
They show, in [16, Corollary 22|, that the dual norm ((H : Hp)zg))* of the above
top-(k, p) norm is the (g, k)-support norm, where 1/p 4+ 1/¢ = 1. Thus, what we
= ((H : ||p)tz))* associated with the

sn __
00,k

(k)
p,-norm is the (¢,k)-support norm, that we denote [|y||?%},. The formula [z||

max{||z||1/k, |||~} can be found in [5, Exercise IV.1.18, p.90].

call the generalized k-support norm (|| : Hp)

3.2. General properties

We establish properties of generalized top-k and k-support norms, valid for any
source norm, that will be useful to prove our results in Sect. 4.

Properties of generalized top-k£ norms

We denote the unit ball of the generalized top-k norm |||H|EZ) in Definition 3.1 by
Bl = {z € R | lllzlllG) <1}, Vk € [L.d]. (16)

Proposition 3.3.
e Fork € [l,d], the generalized top-k norm |||H\EI,;) (in Definition 3.1) has the

exTPTession
llzlllgy = sup one(s(z), Vo eR?, (17)
K<k
where S, 1is the unit sphere of the dual norm |||-|||« as in (4a).
. We have the inequality lllz]|| < \me% , Vr e R%. (18)
. The sequence {|H-H|E?)}j€[[1’dﬂ of generalized top-k norms in (14) is nondecreas-

ing, in the sense that the following inequalities hold true

lzlly < - < Mzlligy < MzlllGery < - < Nlzlll , YeeRT (19)

. The sequence {BE?)}jE[[l a] of units balls of the generalized top-k norms in (16)

is nonincreasing, in the sense that the following inclusions hold true:

7 We invert the indices in the naming convention of [22, p. 5, p. 8], where top-(k, 1) and top-(k, 2)
were used.
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Proof. e For any =z € R%, we have

\mezg) = sup |||zk]|| (by definition (14) of the generalized top-k norm |HH|EZ))

|K|<k

= sup os, (Tk) (by (6a))
|K|<k

= sup sup (Tg, y) (by definition (5) of the support function oy, )
|K|<k yeS.

= sup sup (z, 7k (y))
|K|<k yeS«

(by the self-duality property (9) of the projection mapping 7k )

= sup sup (z,y)
|K|<ky'e€mg(S«)

= SUP Or(s,)(T) (by definition (5) of the support function o, (s,))
|K| <k

and we get (17).

e From the very definition (14) of the generalized top-d norm ||||||Eg), we get
2l = sup llzxll > lepall = llll, Yo e R,
|K|<d
hence (18).

e The inequalities (19) between norms easily derive from the very definition (14) of
the generalized top-k norms HHHEE)

e The inclusions (20) between unit balls directly follow from the inequalities (19)
between norms.

This ends the proof. [

Properties of generalized k-support norms
We denote the unit ball of the generalized k-support norm |[|-[|[7z} in Definition 3.1 by
m =Ly eRyllGy <1}, vke[L,d]. (21)

Proposition 3.4.
e For k € [1,d], the generalized k-support norm |H|H?Z;1 in Definition 3.1 has

unit ball
B —o( | mx(S.) . (22)
|K|<k
where ©o(S) denotes the closed convex hull of a subset S C RY.
. We have the inequality |||y|||?fl§1 <yl , Vy€R?. (23)

*S1

. The sequence {||||||(J) of generalized k-support norms in (15) is nonin-

}je[[lad]]
creasing, in the sense that the following inequalities hold true

Iyl < - <Myl < Myl < - <yl Yy eRT. (24
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*SI

. The sequence {IB%U) of units balls of the generalized k-support norms

}je[[l,d]]
in (21) is nondecreasing, in the sense that the following inclusions hold true:

f C o OB B, C o OB )
Proof. e For any = € R?, we have

el = sup ov (@) (by (17)

= UU\K\gk 7r (Si) (.CU)
(as the support function turns a union of sets into a supremum)
(z) (by [4, Prop. 7.13])

(U <o mac(52)

and we obtain (22) thanks to (6a).

e From the inequality (18) between norms, we deduce the inequality (23) between
dual norms, by the definition (3) of a dual norm.

e The inequalities in (24) easily derive from the inclusions (25).

e The inclusions (25) directly follow from the inclusions (20) and from (6b) as
*SI n o n

By = (IB%Ek)) , the polar set of IB%Ek).

This ends the proof. O

3.3. Properties under orthant-monotonicity

We establish properties of generalized top-k and k-support norms, valid when the
source norm is orthant-monotonic, that will be useful to prove our results in Sect. 4.

Proposition 3.5.

(1) Let k € [1,d]. If the source norm |||-||| is orthant-monotonic, then
e the generalized top-k norm has the expression
Gy = sup orrs. (@), Vo € R?, (26)
|K|<k
where S, is the unit sphere of the dual norm |||-|||x as in (4a),

e the unit ball of the k-support norm is given by

B =co( | (ReknS.)) . (27)
|K|<k
(2)  The source norm |||||| is orthant-monotonic if and only if |||-||| = |H|||EZ) if and
only if [[I-Il = 1ll-llay-
(3)  If the source norm |||-||| s orthant-monotonic, then the generalized top-k norms

and the generalized k-support norms are orthant-monotonic.

Proof. (1) We suppose that the source norm |||-||| is orthant-monotonic.
Let & € [1,d].
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e We prove (26). For any = € R?, we have

|||x|||§2) = ‘Is<1|1£>k|||x;<||| (by definition (14) of the generalized top-k norm)
= sup |||z k|||« (as any norm is equal to its bidual norm by (6d))

|K|<k
= sup (|||llk)«.x(x) (by Definition 2.1 of the the (%, K)-norm)

|K|<k

= sup (|||'lllk)x«(zx) (by Item 3 in Proposition 2.4 because, as the norm

K<k I /Il is orthant-monotonic, so is also the dual norm

Il (equivalence between (1) and (2) in Prop. 2.4))

= SUp ORrxrs, (Tk) (by (13b) applied to |||-||lx with zx € Rg)
|K|<k

= Sup oRgrs. (T)
K| <k

by the self-duality property (9) of the projection mapping 7x, and by definition (8)
of the subspace R.

e We prove (27). Indeed, by (26), we know that ||||||EZ) = SUD|g|<k ORgNS, - AS We

have SUP|g|<k ORx(S. = OU| s < (RicMS.): WE have just established that this implies
tn tn

IIlley = 0Ux<(Rcrs.)- On the other hand, by (6a) we have that [||-[[|4, = OBz

since, by Definition 3.1, the k-support norm is the dual norm of the top-k£ norm.

Then, by [4, Prop. 7.13], we deduce that E(B’(*Zgl) = m(U|K|gk(RK N'S,)). As the

unit ball B} in (21) is closed and convex, we immediately obtain (27).

(2) First, let us observe that, from the very definition (14) of the generalized top-d
norm ||||||Eg)7 and by (18), we have, for all z € R%:

izl = Mzl <= sup [laxll = 2/l <= ekl < ||zl , VK c [1,d]. (28)
) |K|<d

Now, we turn to prove Item 2 as two reverse implications.

Suppose that the source norm [||-]|| is orthant-monotonic, and let us prove that
|||:vH|E3) = |||z||l. By Item 7 in Proposition 2.4, we get that |[|zg||| < [||z]|], for all
K C [1,d], hence |||x|||22) = |||z]||, for all z € R by the just proven equivalence (28).

Suppose that |||x|||23) = |||z||| and let us prove that the source norm |||-||| is orthant-
monotonic. By (28), we have that ||z ;|| < ||=]l], for all x € R? and all J C [1,d].
This gives, in particular, |||zxnsl| = ||[(xx) ||| < ||lzk]|; if J C K, we deduce that

lzslll < ||zx||. Thus, Item 7 in Proposition 2.4 holds true, and we obtain that the
source norm |||-||| is orthant-monotonic.

We end the proof by taking the dual norms, as in (3), of both sides of the equality
-1 = [lI-lllgs)» vielding [I|-[IL = [II-[lliy by (15).

(3) The generalized top-k norm in (14) is the supremum of the subfamily, when
|K| < k, of the seminorms |||7x(-)|||x. As already mentioned, the definition of
orthant-monotonic norms can be extended to seminorms. With this extension, it
is easily seen that the seminorms ||7x(+)|||x are orthant-monotonic as soon as the
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source norm |||-]|| is orthant-monotonic. Therefore, if the source norm |||-]|| is orthant-
monotonic, so is the supremum in (14), thanks to the property claimed right after
the Definition 2.2: the supremum of a family of orthant-monotonic seminorms is an
orthant-monotonic seminorm. Thus, we have established that the generalized top-k
norm in (14) is orthant-monotonic. We deduce that its dual norm, the generalized
k-support norm ||||||le; in (15), is orthant-monotonic. Indeed, the dual norm of an
orthant-monotonic norm |||-||| is orthant-monotonic, as proved in [12, Theorem 2.23]

(equivalence between Item 1 and Item 2 in Proposition 2.4).

This ends the proof. ]

4. The /;, pseudonorm, orthant-monotonicity and generalized top-k and
k-support norms

In §4.1, we introduce basic notation regarding the ¢, pseudonorm. In §4.2, we
introduce the notions of (strictly) increasingly or decreasingly graded sequences of
norms, and we display conditions for generalized top-k norms or generalized k-
support norms to be graded sequences.

4.1. Level sets of the ¢/, pseudonorm

The so-called ¢y pseudonorm is the function £y: R?— [0, d] defined, for any z € R%, by

ly(x) = |supp(x)| = number of nonzero components of x . (29)

The £y pseudonorm shares three out of the four axioms of a norm: nonnegativity,
positivity except for = 0, subadditivity. The axiom of 1-homogeneity does not
hold true; by contrast, the ¢, pseudonorm is 0-homogeneous:

lo(px) = Lo(x) , ¥p € R\{0}, Vo € R?. (30)
We introduce the level sets
(58" ={z e R | bo(zx) <k}, Vke[0,d]. (31)

The level sets of the ¢, pseudonorm in (31) are easily related to the subspaces Rx
of R? as defined in (8), by

(58 ={z eR [ (z) <k} = | Rk, VEke[0,d], (32)

K| <h

where the notation U\K\<k is a shorthand for UKC[1 4], K| <k-

If the source norm |||-|||] is orthant-monotonic, the expression (27) of the unit ball of
the k-support norm can be written with the level sets of the ¢y pseudonorm as
i =w( | (RkNS,) =w(5NS,) . (33)
|K|<k

This formula is reminiscent of (and generalizes) [2, Equation (2)], which was estab-
lished for the Euclidean source norm. With an additional assumption, we obtain a
refinement. The proof of the following Proposition 4.1 relies on Lemma 4.2 and its
Corollary 4.3.
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Proposition 4.1. If the source norm |||-||| is orthant-monotonic and if the normed
space (R, ||-]lx) is strictly convex, then we have
k *SIL
NS, = By NS, Vke€[0,d], (34)

where (5" is the level set in (31) of the €y pseudonorm in (29), where S, in (4a) is

the unit sphere of the dual norm [||-||[, and where BE in (21) is the unit ball of the

generalized k-support norm HHH?ZI;

Proof. First, let us observe that the level set /5" in (31) is closed because the
pseudonorm ¢ is lower semi continuous. Then, we get

5" NS, = (5" NS,) NS, (by Corollary 4.3 because (5" NS, C S, and is

closed, and because the unit ball B, is rotund)

oo U (Rxk NS,)) NS, (as 65" = U ki< Ric by (32))
|K|<k
= IB%’{;I)‘ NS,

as E(Umgk(RK NS,)) = By by (27) because the source norm |||-|[| is orthant-
monotonic.

This ends the proof. O

The result of Proposition 4.1 applies to the ¢,-norm || - ||, for p €]1, co].

Lemma 4.2. Let |||-||| be a norm on RY. Let S be a subset of extr(B) C S, the set
of extreme points of B. If A is a subset of g, then A = co(A) N S. If A is a closed
subset of S, then A =co(A)NS.

Proof. We first prove that A = co(4) N'S when A C S. Since A C co(A) and
AC g, we immediately get that A C co(A) N S. To prove the reverse inclusion,

we first start by proving that co(A) N S ¢ extr(co(A)), the set of extreme points
of co(A).

The proof is by contradiction. Suppose indeed that there exists x € co(A) N S and
z ¢ extr(co(A)). Then, by definition of an extreme point, we could find y € co(A)
and z € co(A), distinct from z, and such that x =Ay + (1—\)z for some A €]0, 1].
Notice that necessarily y # z (because, else, we would have v = y = z which
would contradict y # x and z # x). By assumption A CS, we deduce that
co(A) C co(S) C co(S) =B = {z € R?| |||z||| < 1}, the unit ball, and therefore that
llyll] < 1and |[|2]]| < 1. Ify or z were not in S — that is, if either ||y||| < L or |||z||| < 1
— then we would obtain that |||z||| < Al|y|ll + (1 = N)]||z|l| < 1 since A €]0, 1[; we
would thus arrive at a contradiction since z could not be in the sphere S and thus
not in S. Thus, both y and z must be in S, and we have a contradiction. Indeed,
by assumption that S is a subset of extr(S), no # € S can be obtained as a convex
combination of y € S\{z} and z € S\{z}, with y # z.
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Hence, we have proved by contradiction that co(A) NS C extr(co(A)). We can
conclude using the fact that extr (CO(A)) C A, because the convex closure operation
cannot generate new extreme points, as proved in [14, Exercice 6.4].

Now, we consider the case where the subset A of S is closed. Using the first part of
the proof we have that A = co(4) N'S. Now, A is closed by assumption and bounded
since A C S CS. Thus, A is a compact subset of R? and, in a finite dimensional
space, we get that co(A) is compact [20, Theorem 17.2], thus closed. We conclude

that A = co(A) NS =co(A) NS =¢co(A) NS, where the last equality comes from [4,
Proposition 3.46].

This ends the proof. ]

If the unit ball B is rotund, we then have that S = extr(B), and we can apply
Lemma 4.2 with S = S to obtain the following corollary.

Corollary 4.3. Let|||-||| be a norm onRe. Suppose that the unit ball of the norm |||-|||
is rotund. If A is a subset of the unit sphere S, then A = co(A)NS. If A is a closed
subset of S, then A =¢co(A)NS.

4.2. Graded sequences of norms

In [9], we introduced the notions of (strictly) decreasingly graded sequences of norms.
In §4.2.1, we define (strictly) increasingly graded sequences of norms. In §4.2.2, we
display conditions for generalized top-k norms to be (strictly) increasingly graded
sequences. In §4.2.3, we display conditions for generalized k-support norms to be
(strictly) decreasingly graded sequences. In §4.2.4, we express the level sets of the
ly pseudonorm in (31) by means of the difference between two norms.

4.2.1. Definitions of graded sequences of norms

In a sense, a graded sequence of norms is a monotone sequence that detects the
number of nonzero components of a vector in R? when the sequence becomes sta-
tionary.

Definition 4.4. We say that a sequence {{||-|[[x}4cp1 47 of norms on R? is increasingly
graded (resp. strictly increasingly graded) w.r.t. (with respect to) the ¢y pseudonorm
if, for any € R?, one of the three following equivalent statements holds true.

(1)  We have the implication (resp. equivalence), for any [ € [1,d],
lo(x) =1 = |[lzflh < - < [@fllieye < Mzl = = llllla, (35a)

(resp.  lo(z) =1 <= |llzflly < - <[l2lllics <llllll = --- = llzllla.) (35b)

(2)  The sequence k € [1,d] > |[||z]||x is nondecreasing and we have the implication
(resp. equivalence), for any [ € [1,d],

bo(x) < = llzlll = lizlla (35¢)

(resp. Lo(z) <1 <= [llzllh = llzlla (<= ll=lll < llllla) ) (35d)
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(3)  The sequence k € [1,d] — |||z]||x is nondecreasing and we have the inequality
(resp. equality)

lo(z) = min{k € [Ld] | [lzflle = lllzllla} , (35¢)
(resp. fo(x) = min{k € [1d] [ [[lzlllx = lllz[lla} ) (35f)

These definitions of (strictly) increasingly graded mimic the ones of (strictly) de-
creasingly graded in [9, Definition 1] (replace < in (35a) by >, replace < and <
in (35b) by > and >, replace nondecreasing by nonincreasing in the two last items).

The property of orthant-strict monotonicity for norms, as introduced in Defini-
tion 2.5, proves especially relevant for the ¢y pseudonorm and sequences of general-
ized top-k norms, as the following Propositions 4.5 and 4.7 reveal.

4.2.2. Sufficient conditions for increasingly graded sequence of
generalized top-k norms

We show that, when the source norm is orthant-(strictly) monotonic, the sequence
of induced generalized top-k norms is (strictly) increasingly graded.
Proposition 4.5.

e If the norm |||||| s orthant-monotonic, then the nondecreasing sequence
{HHHE;)}]E[D a1 0f generalized top-k norms in (14) is increasingly graded with

respect to the €y pseudonorm, that is,
bo(x) < U= Izl = el » Ve eR?, Vie[o,d].

e Ifthe norm|||||| is orthant-strictly monotonic, then the nondecreasing sequence
{HHHE?)}]'E[[LCI]] of generalized top-k norms in (14) is strictly increasingly graded

with respect to the £y pseudonorm, that is,
bo(x) <1 = |l=lllgy = s » Yz €R?, Vie[0,d].

Proof. e We suppose that the norm [||-]|] is orthant-monotonic. As the sequence
{Ill- H\tn }je[[l ] of generalized top-k norms in (14) is nondecreasing by the inequali-
ties (19) it suffices to show (35c) — that is, ly(z) <1 = H‘Z‘H‘Eg) = H|xH|EB — to prove
that the sequence is increasingly graded with respect to the ¢y pseudonorm.

For this purpose, we consider z € R?, we put L = supp(x) and we suppose that

lo(x) = |L| < 1. We now show that |||:L‘||| |||:1c||| Since © = =z, we have
x|l = |||:BL||| = |||lzL|lz < |||:v|||tn by the very deﬁmtlon (14) of the generahzed top-
[ norm |||- H\(l On the one hand we have just obtained that |H£L‘|H < ]Hx“] . On

the other hand, we have that |H1:|Htn < |H:1;H|Eir1 < - < \me @ = lllzll| by the in-

equalities (19) and the last equahty comes from Item 2 in Proposition 3.5 since the
norm |||-]|| is orthant-monotonic. This implies that |||z||| = |||:E|||22) == |||gv|||z?)7
so that |||x|||22) is stationary for k > .

e We suppose that the norm |||-||| is orthant-strictly monotonic. To prove that the
equivalence (35b) holds true for the sequence {HHHE?)} it is easily seen that it

JelLa)
suffices to show that
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bo(z) = 1= [llalllyy <~ <llellgy
<Mll=llle) = M llisny = -+ = l=lllgy , Yo €RT. (36)
We consider x € R?. We put L = supp(z) and we suppose that {y(z) = |L| = I.
As the norm |||-||| is orthant- strictly monotonic, it is orthant-monotonic, so that the
equalities |H37”|(z = |Hx||| (4 =10 = |Hx|HE§) above hold true (as just established in

the first part of the proof).

tn

Therefore, it only remains to prove that |[|z||| ] - < |Hx|H ) < H\IH\

There is nothing to show for [ = 0. Now, for [ > 1 and for any k&€ [[0, [— 1]], we have

|Hx||\tz) = ‘Zlgk|\|xK||| (by definition (14) of the generalized top-k norm)

= sup |||zxnLll| (x, = x by definition of the set L = supp(z))
|K|<k

= sup ||zl (by setting K’ = K N L)
|K'|<k,K'CL

= sup |||lyxlll« (the same but with K instead of K”)
|K|<k,KCL

= sup |l|lzx]|| (|[K|<k<l—-1<Il=|L|implies K # L)
|K|<k,KCL

< sup ol

|K|<k,jEL\K
KCL

(because the set L \ K is nonempty (having cardinality |L| — |K| = | — |K| >
k+1—|K| > 1), and because, since the norm |||-||| is orthant-strictly monotonic,
using Item 3 in Proposition 2.6, we obtain that ||zx||| < [|zkugll| as x # Trug)
for at least one j € L\ K since L = supp(x))
< sup ||zl (as all subsets K’ = K U {j} satisfy
skt Ich K'CLand |K'|=k+1)
< llges

by definition (14) of the generalized top-k 4+ 1 norm (in fact the last inequality is
easily shown to be an equality as x;, = x). Thus, for any k£ € [0,I — 1], we have
established that |Hx||]”1 < ||z|I5 (k1)

This ends the proof. O

We show that, when the source norm is orthant-strictly monotonic, it is equivalent

either that the sequence of induced generalized top-k£ norms be strictly increasingly

graded or that the dual norm |||-|||x be orthant-strictly monotonic.

Proposition 4.6. The following statements are equivalent.

(1)  The dual norm |||« is orthant-strictly monotonic and the sequence
{HH”E?)}]EM d] of generalized top-k norms in (14) is strictly increasingly graded
with respect to the {y pseudonorm.

(2)  Both the norm |||-||| and the dual norm |||-|||. are orthant-strictly monotonic.
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Proof. e Suppose that Item 1 is satisfied and let us show that Item 2 holds true.
For this, it suffices to prove that the norm |||||| is orthant-strictly monotonic. To
prove that the norm |||-||| is orthant-strictly monotonic, we will show that Item 3
in Proposition 2.6 holds true for |||-|[|. For this purpose, we consider x € R¢ and
J C K C [1,d] such that z; # xx. By definition of the ¢y pseudonorm in (29), we
have j = ly(z;) < k = ly(vk).

On the one hand, as the dual norm |||-|||, is orthant-strictly monotonic, it is orthant-
monotonic, so that the norm |||-||| is also orthant-monotonic, as proved in [12, The-
orem 2.23| (equivalence between Item 1 and Item 2 in Proposition 2.4). As a

consequence, so are the norms in the sequence {||HHE?)}]€H1 41 by Ttem 3 in Proposi-
tion 3.5, and we get that HI:::JHIEL) < ‘HxK‘HEE,l), in particular, by the equivalence
between Item 1 and Item 7 in Proposition 2.4.

On the other hand, since, by assumption, the sequence {|||- |||E?) }je[[l ] of generalized
top-k norms is strictly increasingly graded with respect to the ¢, pseudonorm, we
have by (35b) that, on the one hand,

Nzl < - < Mlwallly < NealllGy = - = Mzl = Nzl
because j = ly(x;), and, on the other hand,

Nzl < - < Mewllpy < Nexllig == lzxlla = Nzl
because k = {y(zk). Since j < k, we deduce that

Ml = sl = Nl < Mexlligy < lexlle = Nzl

and therefore that ||zs]|| < ||zk|||. Thus, Item 3 in Proposition 2.6 holds true
for |||-|||, so that the norm |||-||| is orthant-strictly monotonic. Hence, we have shown
that Item 2 is satisfied.

e Suppose that Item 2 is satisfied and let us show that Item 1 holds true. Since
the norm |||-||| is orthant-strictly monotonic, it has been proved in Proposition 4.5
that the sequence {HHHE?)}]G[H 4 18 strictly increasingly graded with respect to the

ly pseudonorm. Hence, Item 1 holds true.

This ends the proof. ]

4.2.3. Sufficient conditions for decreasingly graded sequence of
generalized k-support norms

There is an asymetry in that the property of orthant-strict monotonicity for norms
does not proves especially relevant for the ¢, pseudonorm and sequences of k-support

norms. Indeed, consider the source norm |||-||| = || - ||1, that is, the ¢; norm which is
orthant-strict monotonic. By Table 3.1 (third column), we know that the k-support
norms are the norms [||-|[[G) = |13 x = max{||-[l1/&, [|[|}, for k € [1,d]. Now, the

*S1

nonincreasing sequence {HHH( 2 of norms is not strictly decreasingly graded

}je[[l,d}]
with respect to the ¢y pseudonorm when d > 2. Indeed, for any € €]0, 1], the vector

y=(e/(d—1),...,e/(d—1),1) satisfies

lo(y) = d and [lylllT) > Nlylliy = - = lylliay
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because [[[y[l|iz) = max{[ly[li/k, [ylloc} = max{(e + 1)/k, 1}, for k € [1,d], so that

*S1 *S1 *S1n

e+ 1=lylllry > lllylllgy = -~ = llylllqy = 1. However, we establish the following
result.

Proposition 4.7.

(1) If the source norm |||-]|| is orthant-monotonic, then the nonincreasing sequence
{|H-H]?]s.;l}j€[[1,dﬂ of generalized k-support norms in (15) is decreasingly graded

with respect to the £y pseudonorm, that is,

oly) < U=yl = vl Yy e R, Vie[o,d] . (37)
(2) If the source norm |||-||| is orthant-monotonic, and if the normed space (R%,|||-|||.)

*SI

is strictly convex, then the nonincreasing sequence {HHH(]) of general-

}je[[l,d]]
ized k-support norms in (15) is strictly decreasingly graded with respect to the
ly pseudonorm, that is,

bo(y) <1 = NIyl = lylliizy . vy eR?, Vie[o,d]. (38)
Proof. A direct proof would use [9, Proposition 6] with |||-|||. as source norm, and
the property that ||-[||}) coincides with the coordinate-k norm [9, Definition 3]
induced by |||-]||x when the norm [||-||| is orthant-monotonic. We give a self-contained

proof for the sake of completeness.
e We suppose that the source norm |||-]|| is orthant-monotonic.

For any y € R? and for any k € [[1,d], we have®

yel3" s y=0or Y e 15F
[y lll
by 0-homogeneity (30) of the £y pseudonorm, and by definition (31) of £5*
0
_ y <k o
S y=0or T € (3" NS, (as i € Sy)
Y
s y=0or Ml € lJ (Rxns,) (as 05" = U, se1< Ric by (32))
T
) _
=y =0or T € o U (R NS,))
sk (as S C co(S) for any subset S of R?)
y *Sn =~ *SI1
=y=0or - €8 (a3 (Uce(Ruc NS.)) = B by (27)
because the source norm |||-||| is orthant-monotonic)
=y=0or |||ﬁ|||*Sn <1 (by definition (21) of the unit ball B3})
* (k)

= llylly < Mvllls =1yl (where the last equality comes from Ttem 2
in Proposition 3.5 since the norm |[||-||| is orthant-monotonic)

8 In what follows, by “or”, we mean the so-called ezclusive or (exclusive disjunction). Thus, every
“or” should be understood as “or y # 0 and”.
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= Iyl = vl - (as [lylllGy = Nyl by (24))

Therefore, we have obtained (37). As the sequence {]||- |H*Sn}j C[Ld]

k-support norms is nonincreasing by (24), we conclude that it is decreasingly graded

of generalized

with respect to the ¢y pseudonorm (see the comments after Definition 4.4).

e We suppose that the source norm [||-]|| is orthant-monotonic and that the normed
space (R |[|-|ll) is strictly convex.

For any y € R? and for any k € [1,d], we have®

Y <k

yelsF s y=0or ely

" Myl =
(by O—homogenelty (30) of the £, pseudonorm, and by definition (31) of £5%)

_ <k Y
Sy=0o0r —— Tl |||* € 3" NS, (as i € Sy)
v =00r  €BENS.

(by (34) since the assumptions of Proposition 4.1 — namely, the source norm |||-||| is
orthant-monotonic and the normed space (R?, [[|-|||) is strictly convex — are satisfied)
sy=0or |||y|||* (U (as i € S4)
< y=0or| ||| § 1 (by definition (21) of the unit ball Bf})

lly |||*

< vl < Myl = H|y|||’(§§1 (where the last equality comes from Item 2

in Proposition 3.5 since the norm [||-||| is orthant-monotonic)
& Myl = Myl - (as (Il = NlylllG by (24))

Therefore, we have obtained (38). As the sequence {|- |H*Sn}j€[[1 ] of generalized k-

support norms is nonincreasing by (24), we conclude that it is strictly decreasingly
graded with respect to the ¢, pseudonorm (see the comments after Definition 4.4).

This ends the proof. ]

4.2.4. Expressing the {; pseudonorm by means of the difference between
two norms

Propositions 4.5 and 4.7 open the way for so-called “difference of convex” (DC)
optimization methods [11] to achieve sparsity.

Indeed, if the source norm [||-]|| is orthant-strictly monotonic, the level sets of the
¢y pseudonorm in (31) can be expressed by means of the difference between two
norms (one being a generalized top-k norm), as follows,

6% = {x € R [lalll = llolliy} = o € R ||zl < ll2ll3} . Vk € [0.d], (39)

9 See Footnote 8.
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and the ¢y pseudonorm has the expression (see (35f))
lo(x) = min {k € [Ld] | Il = ll=]I} , Vo e R?. (39b)

As the £,-norm || - ||, and its dual norm are orthant-strictly monotonic for p €]1, oo,
the formulas above hold true with the top-(p,k) norm |HH|EE) = || - I3 (see second
column of Table 3.1).

If the source norm ||-||| is orthant-monotonic and the normed space (R?,|||-||l.) is
strictly convex, the level sets of the ¢5 pseudonorm in (31) can be expressed by means
of the difference between two norms (one being a generalized k-support norm), as
follows,

o = {yeR | Ilylgy = llyll} = {y R [yl < llyll} . vhke[o.d], (40a)

and the ¢y pseudonorm has the expression (see (35f))

lo(y) = min {k € [1,d] | IylI5Y = llyll} . ¥y € R (40Db)

As the {,-norm ||-||,, is orthant-monotonic and the normed space (R?, |-||,) is strictly
convex, when p €|1,00[ and 1/p + 1/¢q = 1, the formulas above hold true with the

(¢,k)-support norm [[|-[[[z} = llyll5 for ¢ €]1, 00[ (see Table 3.1).

5. Conclusion

In sparse optimization problems, one looks for solution that have few nonzero com-
ponents, that is, sparsity is exactly measured by the ¢y pseudonorm. However, the
mathematical expression of the ¢y pseudonorm, taking integer values, makes it dif-
ficult to handle it in optimization problems. To overcome this difficulty, one can
try to replace the embarrassing ¢, pseudonorm by nicer terms, like norms. In this
paper, we contribute to this program by bringing up three new concepts for norms,
and show how they prove especially relevant for the ¢, pseudonorm.

First, we have introduced a new class of orthant-strictly monotonic norms, in-
spired from orthant-monotonic norms. With such a norm, when one component
of a vector moves away from zero, the norm of the vector strictly grows. Thus,
an orthant-strictly monotonic norm is sensitive to the support of a vector, like the
{y pseudonorm. We have provided different characterizations of orthant-strictly
monotonic norms (and added a new characterization of orthant-monotonic norms).
Second, we have extended already known concepts of top-k and k-support norms
to sequences of generalized top-k and k-support norms, generated from any source
norm (and not only from the ¢, norms), and have studied their properties. Third,
we have introduced the notion of sequences of norms that are strictly increasingly
graded with respect to the £y pseudonorm. A graded sequence detects the number
of nonzero components of a vector when the sequence becomes stationary.

With these three notions, we have proved that, when the source norm is orthant-
strictly monotonic, the sequence of induced generalized top-k norms is strictly in-
creasingly graded. We have also shown that, when the source norm is orthant-
monotonic and that the normed space R is strictly convex when equipped with the
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dual norm, the sequence of induced generalized k-support norms is strictly decrea-
singly graded.

tn *Sn
L S {3
increasingly decreasingly

graded || strictly || graded || strictly
graded graded

lII|ll is orthant-monotonic v v v

III|ll is orthant-strictly monotonic v

III|]l+ is orthant-monotonic v v v
(R, [|Ill+) is strictly convex V|V

Table 5.1: Table of results. It reads by columns as follows: to obtain that
{||||||El)}je[[1 a 18 increasingly strictly graded (column 4), it suffices that |||-||| be

orthant-strictly monotonic (the only checkmark vin column 4); to obtain that
{|H|||E;1)}J€[[1 4 18 increasingly graded (columns 2 and 3), it suffices that either |||-|||

be orthant-monotonic (the only checkmark v'in column 2) or |[||-|[|x be orthant-
*S1

monotonic (the only checkmark v'in column 3); to obtain that {HHH(J) }je[[l a1 18
decreasingly strictly graded (columns 7 and 8), it suffices either that |||-||| be orthant-
monotonic and that (R?, [[|-|||s) be strictly convex (two checkmarks v'in column 7)
or that |||-]||s be orthant-monotonic and that (R, |||-||[,) be strictly convex (two

checkmarks v'in column 8)

These results — summarized in Table 5.1 — open the way for so-called “difference of
convex” (DC) optimization methods to achieve sparsity. Indeed, the level sets of the
ly pseudonorm can be expressed by means of the difference between norms, taken
from an increasingly or decreasingly graded sequence of norms. And we provide a
way to generate such sequences from a class of source norms that encompasses the
¢, norms (but for the extreme ones).

To complete the possible applications, we add that, in another paper [8], we show
that, with orthant-strictly monotonic norms, we can define conjugacies for which
the £y pseudonorm is equal to its biconjugate.
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