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The aim of this paper is twofold. One one hand we study how the Gauss range of a closed convex
subset of the Euclidean space changes when acting on the given set with an affine automorphism.
On the other hand we investigate the spherical-convexity of the Gauss range of such a set. Since
the Gauss range is not always spherically-convex, we focus our attention on the spherical-convexity
of its spherical interior and of its closure as well. Examples of closed convex sets with spherically-
convex Gauss ranges are, among others, the epigraphs of suitable lower semicontinuous convex
functions.
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1. Introduction

The collection C(R™) of closed convex subsets of R" is invariant under the action of
the group of affine automorphisms of R™ on the whole collection P(R™) of subsets
of R™. In order to distinguish some orbits of this restricted action we employ the
Gauss range of the closed convex sets. Such distinctions, for two closed convex sets,
are possible when the Gauss range of one of them is open and that of the other
is closed. Indeed, the openness of the Gauss range happens to be preserved over
the orbit of a closed convex subset of R having this property, under the action of
the group of affine automorphisms of R"™ over C(R™). Recall that the closed convex
sets with open or closed Gauss ranges were characterized in [4]. A further action
restriction, on the group side this time, from the group of affine automorphisms of
R"™ to the group of its isometries allows us to distinguish the orbits of closed convex
sets with spherically-convex Gauss ranges from those with spherically non-convex
Gauss ranges. Indeed, the spherical-convexity of the Gauss range happens to be
preserved over the orbit of a closed convex subset of R™ having this property, under
the action of the group of isometries of R™ over C(R").
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After the next section, where we recall a few concepts and results proved earlier,
we study, in the third section, how the Gauss range of a closed convex set changes
when acting on the given set with an affine automorphism. The outcome of this
investigation allows us to show that the quality of the Gauss range of a closed convex
subset of R™ to be open is preserved all over the affine orbit of the considered closed
convex set. In the fourth section we describe the Gauss range of the ice-cream
cones R B(xg, p), where B(zg, p) is the closed ball centered at zo € S"! of radius
0 < p < 1. Above and in what follows, S"~! denotes the unit sphere of R" endowed
with its Euclidean norm. The diameter of the Gauss range Gr, p(z,,)(R") is also
shown to be inferior to 7, i.e, it doesn’t contain pairs of antipodal points. While this
section is finally pointing out a class of closed convex subsets of R™ whose Gauss
ranges do not contain pairs of antipodal points, the fifth section deals with the class
of closed convex sets whose Gauss ranges do contain pairs of antipodal points. In the
sixth section we show that the closure and the spherical interior of the Gauss range
of a closed convex set are both spherically-convex. Our previous characterizations
from [4] of the closed convex sets with open or closed Gauss ranges return back into
the picture through the hypotheses on the sets considered in the last section. Each
of these hypotheses combined with the suitable spherical-convexity (of either the
closure or of the spherical interior of the Gauss range) produces several examples of
closed convex sets with spherically-convex Gauss ranges.

2. Definitions and preliminary results

In this section we recall several results about the Gauss map of a closed convex set
and its range, most of them taken from [4]. Recall that a vector z* € R™ is said to
be normal to a convex set C' C R™ at a point x € C'if (¢ — z,2*) <0, for all ¢ € C,
where (-, ) stands for the standard Euclidean product. The set of vectors normal
to C' at z is a closed convex cone denoted by N¢(x) and is called the normal cone
to C' at z. Note that N¢ () = {0} whenever = € int C. We extend the mapping
N¢ : C = R™ to the whole space R™ by taking Ng(z) := @) whenever x € R™\ C.
The mapping N¢ is multivalued at any point in C'N'bd C. Denote by N¢(R"™) the
range of N¢, i.e. the union of the normal cones to C at all points of C, and call it
the total normal cone of C'. Note that No(R"™) = {0} if and only if C' is open. As is
well known and easy to prove, one has

Ne(R™) = {z" € R" : argmax, . (z,z") # 0} .

Note that the total normal cone need not be convex, as shows the example of the
epigraph of the convex function f : R? — R defined by f (z,y) := max{e ", |y|}
(see [4]). We recall that the epigraph of f : R" — R U {400} is the set

epi(f) :=={(z,a) e R"" xR : f (z) < a}.

Remark 2.1. ([4], Remark 3) Clearly, for any z* € Ng(R"), the solution set of
the linear optimization problem

{ max(z, z*) 0

zeC

is the exposed face C'N H,+, where H,« := {x € R" : (x,2*) = max.cc(c, z*)}.
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Note that the optimization problems (1) associated with z* and az* have the same
nonempty solution set C'N Hypr = C' N Hye whenever z* € No(R™) and o > 0.
Thus, the significantly much smaller set Ng(R") N S™"! is enough to parameterize
all nonempty solution sets of the optimization problems (1), as (1) has a nonempty
solution set if and only if IIx*H € N¢(R") N S™!. In such a case, the common

nonempty solution set associated with x* and Hr*ll € Ng(R™) N S™! is the set

[EN

*

Definition 2.2. Let C' C R"” be a closed convex set. We call the set-valued mapping

Go:R"= 8" Ge(z) := No(z) N S™ 1

the Gauss map of C. The range G¢ (R") of this set-valued mapping is called the
Gauss range of C. [

Clearly, the Gauss range of a compact convex set is the whole of S"~!; therefore,
only the Gauss ranges of unbounded closed convex sets are interesting to study.

Lemma 2.3. Let C' C R"™ be an unbounded closed convez set.

Then the set Ge (RV)\(C — C)* is open in S"1 if and only if No(R™)\(C — C)*
is open. In particular, when int C' # 0, the set G (R™) is open in S™1 if and only
if No(R™)\ {0} is open, in which case one has

Ne(R™)\ {0} = int No(R™). (2)

Note that Lemma 2.3 is based on [4, Lemma 7], but the equality (2) fails when the
closed convex set C' is bounded, i.e. compact, as No(R™) = R" in such a case.

Theorem 2.4. [4] Let C' C R" be a closed convex set. Then G (R™) is open in
S"=Lif and only if C N H is compact for every supporting hyperplane H of C.

Remark 2.5. ([4], Remark 10) Let z* € R™\ {0} be such that the linear optimiza-
tion problem (1) has a solution, i.e. T *” € G¢ (R™). Then the solution set of (1) is

the exposed face C'N H,+. By using similar arguments as those in the proof of The-
orem 2.4, one can deduce that the solution set of problem (1) is a compact exposed
face of C if and only if T *H € intgn-1Gc (R™). Equivalently, the solution set of the

hnear optimization problem (1) is an unbounded exposed face of C' if and only if

€ Go (RM) Nbd__ Ge (RY). O

Hfr*ll sn—1

Although the main topic of our previous paper [4] concerns closed, unbounded, con-
vex sets with open or closed ranges, it also touches slightly the closed convex sets
with Gauss ranges which are neither open nor closed. An example of such a set is

C={(r,y,2) €ER® | z>2"+y* and y < 0}.

Its Gauss range is Go(R") = {(0,1,0)} U {(u,v,w) € S? | w < 0}. Note that
{(0,1,0)} = G¢ (R*)Nbd , G (R?) is the only spherical boundary point of G (R?);
it is the unit normal vector of the only unbounded facet of C i.e.

F={(z,y,2) €eR®| 2 >2° +3y* and y = 0}
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3. Gauss ranges of affine images of closed convex sets

In this section, we study the behavior of Gauss ranges under the action of affine
transformations. We recall that the adjoint of a linear isomorphism A: R" — R"

is the linear isomorphism A* : R" — R™ defined by (A*x,y) = (z, Ay).

Proposition 3.1. Let C' C R"™ be a closed convex set and A : R™ — R"™ be a linear

isomorphism. Then

Gy (R") = (prgn10 (A™)7) (Ge (R™)),

where prg.—1 stands for the radial projection of R™\ {0} over S™ !, i.e

Pron-1 : R™\ {0} — 5™ pre..(z) = ﬁ
Proof. We have Gac)(R") = Naoy (R") N S™ 1,
= |J Naco) (Ax)
zeC
and Nay (Az) = {z" € R" : (Ac — Az,2") <0, Ve e C}

={z"eR": (A(c—x),2") <0, YVee C}
={z*eR": (c—z,A"z") <0, Vce C}
= {(A*)_ly* eR": (c—=z,y") <0, Vee C}
= {(A_l)*y* eER": (c—x,y") <0, Vee C}
= (4")" (Ne (z)) forz € C.

From (4) and (5), it follows that

NA(C) (Rn> = U (A ) (NC( < U NC > = )* (NC (Rn»a

zeC zeC
hence, using (3), we obtain

Gae) (R") = 5""'n (A7) (Ne (R")).

Moreover,

Gae) (R") =810 (A7) (Ne (R™) = SN (A7) (Ne (R™) )\ {0}))

— (i  ye Ne®)\ {0}
= {prs.1 (A7) 7y) : y € Ne(R")\ {0}}

= {pro. (A7) (W/llylD) : y € No (R™)\ {0}}
= {prg.s (A7) 7y) : ye S N (N (R")\{0})}
= {(prgn-10(A7)7) (v) : y€ S NN (R}

= {(prgn-10(A7)) (v) : yeGa(RY}

= (prgar 0 (A71)") (Ge (R™)).
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Using the obvious fact that the Gauss range is invariant under translations, we
obtain the following corollary.

Corollary 3.2. Let C C R" be a closed convex set and T : R* — R™ be an affine
automorphism, namely

Tx :=Ax+b (x e R"),
with A : R™ — R"™ being a linear isomorphism and b € R™. Then
Gry (R") = (prgn—1 0 (A71)7) (Ge (RM).

Proof. We first observe that T" = ¢, o g, where ¢, : R® — R” stands for the
translation of vector b, namely ¢,(p) := p+b for all p € R™. Therefore, by Proposition
3.1 we obtain

Gro) (R") = Gonyo) (R") = Guae) (R?) (7)
= Gao) (R") = (prgo1 0 (A7)") (Ge (R))
and the statement is now completely proved. O

The following lemma is very likely to be well known, but we include its proof in
order to make the paper self contained.

Lemma 3.3. The radial projection prg.—1 : R"\ {0} — S™~! is an open mapping.

Proof. It will suffice to prove that, for zqg € R™\ {0} and r € ]0, ||z¢]|[, the following
inclusion holds:
r

int Bgn-1 <£, arcsin —) C prgn1 (int B (xq,7)). (8)
ol [loll

Let x € int Bgn-1 (m—o arcsin L) , and observe that

llzoll? llzoll
(x,x0) x € int B (xo,1).

z0
|zoll

Indeed, since arccos <m, | > < arcsin m, one has

< T > . r?
T, — ) >cosarcsin —— =, [1 — ——
[0l ol o

and hence

2
2. 0) 2 = ol = ol = G, )* < ol = ol (1= L5 ) =

0

Therefore & = prgn-1 ({x, x9) ) C prgs—1 (int B (o, 7)) . This proves (8). O

Proposition 3.4. Let C C R™ be a closed convex set, and T : R — R"™ be an
affine automorphism. If Go(R™) is spherically open (closed), then Gprcy(R™) is
spherically open (closed, respectively), too.
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Proof. For the openness result, combine Corollary 3.2 with Lemma 3.3, observing
that (A~Y)" is a homeomorphism. Assume now that G¢(R") is closed. Then it
is compact, which implies that (A™!)" (G¢ (R")) is compact in R™ \ {0}. Hence,
by Corollary 3.2, the set Gr(c) (R™) is compact in S™~!, which implies that it is
closed. [

Remark 3.5. According to Proposition 3.4, the quality of the Gauss range of a
closed convex set C' C R"™ to be open (closed) is preserved all over the orbit
Autg(R™)C of C' with respect to the action

Autog(R™) x C(R") — C(R™), (T,C) — T -C :=T(C) (9)

of the group of affine automorphisms Aut,gz(R™) on the collection C(R™) of all closed
convex subsets of R". Note that (9) is the restriction of the action

Aut,g(R") x P(R") — P(R"), (T,C) — T(C), (10)
as C(R™) is invariant under the action (10). O

Remark 3.6. An unbounded closed convex set C' C R™ whose all proper faces are
compact and such that int(C') # ) is not affinely equivalent with any unbounded
hyperbolic closed convex set K C R"™ that does not admit any asymptotic hyper-
plane. In other words, no affine automorphism 7" : R* — R” maps C to K. Indeed,
Ge (R™) is, according to [4, Corollary 11 (2)], spherically open, and the Gauss range
of K is, according to [4, Theorem 18)], spherically closed. By using Proposition
3.4, one deduces the spherical openness of Gr(c) (R") for any affine automorphism
T:R*" — R" If T(C) = K for some affine automorphism 7" : R* — R", then
Grc) (R") = Gk (R™) would be both spherically open and closed, i.e. it would be
the whole sphere S™"~!, due to the connectedness of S"~!. This is obviously not the
case, as C' is unbounded. Il

Corollary 3.7. Let C C R" be a closed convex set and T : R* — R™ be an affine
isometry, namely
Twx:=Ax+b (x € R"),

with A being a linear isometry and b € R™. Then
Crio) (R) = A(Ge (RY)

It is an immediate consequence of Corollary 3.2, since A being a linear isometry
implies that (A™1)" = A and A (G¢ (R*)) C A(S" 1) = S» L.

Remark 3.8. If K C C C R"™ are two closed convex sets such that K does not
admit asymptotic hyperplanes, then No (R™) C Ng (R™), which proves the inclusion
Ge (R") € Gk (R™) in such a case. Indeed, for z* € Ng(R") there exists g € C
such that (x,z*) < (xg,z*) for all z € C. In particular (z,z*) < (xg,z*) for all
x € K, which proves that sup ¢y (z,z*) < (x¢,2*) and the existence of an element
Yo € K such that argmax . (y,z*) # 0, i.e. 2* € Ng(R"), as the hyperplane

{z eER": (z,2") = sup(x,x*)}

zeK

cannot be asymptotic for K. [
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If C is convex, closed and unbounded, then its Gauss range is contained in a closed
hemisphere. Indeed, the halfline  + R, d is contained in C for every x € C' and
d € 07 (C)\ {0} (by 07(C) we denote the recession cone of C, see [5]) and does not
admit any asymptotic hyperplane. Thus,

Ge (R") C Goyr.a(R") ={2* € R" : (d,2*) <0}nS" "

4. Gauss ranges containing no antipodal points

While Proposition 5.1 is a source of examples of closed convex and unbounded
subsets of R” whose Gauss ranges are not contained in any open hemisphere, in this
section we shall deal with examples of closed convex and unbounded subsets of R"
whose Gauss ranges are contained in open hemispheres, which is equivalent to saying
that they do not contain antipodal points. We recall that two points z*,y* € S"~!
are said to be antipodal if z* + y* = 0.

The first results in this section deal with ice-cream cones, an important example
of closed convex sets whose Gauss ranges, as we will see, do not contain antipodal
points.

Proposition 4.1. Ifzo € S"! and 0 < p < 1, then
R, B (z0, p) = {x eR™: |z V1- 2 < <$,x0>} . (11)

Proof. We first prove the inclusion C. Since the right hand side is a cone, we
may disregard R, in the left hand side. Let z € B (zg,p). From the inequality
|z — xo||> < p2, we get ||lz]|* < 2 (x0,2) — (1 — p?). Multiplying both sides of this
inequality by 1 — p? yields

2
l]1* (1 = p?) < 2 {0, 2) (1= p%) = (1= p*)" < (x0,2)";
taking square roots in these inequalities and observing that

2 2
z||"+1—
<[L’0,CC> Z ” H 5 14 Z O,

we obtain the desired inclusion. To prove the converse inclusion, let x # 0 belong
to the right hand side of (11). We have

2 2 2
‘ LT AN T M ) S . 1) S R S G
] ]l ]l ]
l2l® (o) Izl
hence xr = x € B (z9,p) CR.B(zo,p). O

(zo,2) |l||” (z0, )

We recall that the standard metric dg.—1 on S™~! is given by
dgn-1 (x,y) := arccos (z,y) .

We will denote by Bgn-1 (z,) the closed ball in S"~! with center x € S"~! and
radius a > 0 with respect to the metric dgn-1.
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Corollary 4.2. Ifxg € S™ ' and 0 < p < 1, then
R, B (z9,p) N S™ ! = Bgn-1 (1, arcsin p) .

Proof. By Proposition 4.1, we have

R, B (xg,p) N S" ! = {x e Sl /1—p2< (x,x())}
= {x € S™! . arccos (z, 7o) < arccos y/1 — p2}

={z € 5" " dgu (x,20) < arcsinp}

= Bgn-1 (zg,arcsin p) . O
We recall that the polar cone of K C R™ is the closed convex cone
K :={2* : (z,2") <0 Ve e K}.

K% the second polar of K C R", coincides with the smallest closed convex cone
that contains K’; in particular, if K is a closed convex cone, one has K% = K.

Corollary 4.3. Ifzg € S" ! and 0 < p < 1, then
(R B (z0,p))" =Ry B (—ﬁo, vi- P2> -

Proof. Since ||z|| = SUD,+eB(0,1) (x,z*), from (11) we get
R, B (xg,p) = {x eR": <x, V1-prat — ZL‘0> <0 Vz* € B (0, 1)}
= {xER”:(z,y*>§O Vm*EB(mo, 1—p2>}
= B(m, mf.
Taking polars, we deduce that
BB (20.0) = B (10./T— 2) =R.B (0.1 2) 0

Corollary 4.4. Ifzg € S" ! and 0 < p < 1, then

0

GR, B(zo,p) (R") = Bgn-1 (=0, arccos p) .

Proof. Using Corollaries 4.3 and 4.2, we obtain

GRr, B(zo,p) (R") = (R4 B (o, P))O NS"!'=R,B (—:Eo, \vV1-— p2> nsnt

= Bgn-1 (—xo. arcsin y/1 — p2> = Bgn-1 (—xg, arccos p) . O

Below, the diameter of a set Q@ C S™ ! with respect to the metric dgn-1will be
denoted diamgn-1Q).



J. E. Martinez-Legaz, C. Pintea / On the Gauss Range ... 1211

Theorem 4.5. If C C R" is an unbounded closed convex set and int 0T (C') # 0,
then diamgn-1 (G (R™)) < 7, and hence Go (R™) contains no pair of antipodal
points.

Proof. Take zo € 07(C) N S" ! and p € ]0, 1] such that B(xzg,p) € 07(C), and
x € C. Since x + Ry B(xg,p) C x4+ 07(C) C C, and cones do not admit any
asymptotic hyperplane, it follows, via Remark 3.8 and Corollary 4.4, that

Ge (R™) € Goir, B(zo,p) (R") = Gr, B(ag,p)(R") = Bgn-1 (=0, arccos p) .
Thus, diamgn-1 (Gc (R™)) < 2arccosp < 7. O

Corollary 4.6. If C C R" is an unbounded closed convex set and int 07 (C) # (),
then G¢ (R™) is contained in an open hemisphere.

The convex hull of a parabola in the plane shows that the converse of Corollary 4.6
does not hold.

Another example of Gauss ranges containing no antipodal points will be provided
by the next proposition. We recall that the barrier cone of a closed convex set C' is

barr (C) := {x* € R" :sup (z,2") < —1—00} :
zeC
One has [barr (C)]° = 0*(C), and hence
Ge (R™) C barr (C) C [barr (C)]% = 07(C)°. (12)
We refer to [5] for a thorough study of convexity in finite dimensions.

Proposition 4.7. If f : R" — RU{+4o00} is a lower semicontinuous proper convex
function such that dom(f) is open, then Gepi(p)(R™™1) is contained in the hemisphere
{(z,a) € (R" x R)NS™: a < 0}, and hence it contains no pair of antipodal points.

Proof. Since the vector (0,1) € R" x R belongs to 0%(C'), by (12) we have
Gopi(n(R™) C (epi(f)” € {(0,1)}" = {(z",0") € R" x R: " < 0}

If (2*,0) € Gepicp)(R™*?!) for some z* € R™, then it is easy to prove that this point
x* defines a supporting hyperplane of dom(f), which is impossible because dom(f)
is open. This proves the inclusion asserted in the statement. O

The epigraph of the indicator function of a compact convex set with nonempty
interior shows that the assumptions int 07 (C') # ) in Corollary 4.6 and that dom(f)
is open in Proposition 4.7 are not superfluous.

5. Gauss ranges containing antipodal points
In this section we consider Gauss ranges containing antipodal points.

One says that a closed convex set is Motzkin decomposable if it can be expressed as
the Minkowski sum of a compact convex set and a closed convex cone. We refer to
2, 3] for detailed studies of Motzkin decomposable sets.
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Theorem 5.1. Let C C R" be an unbounded closed convex set with int C' # 0. If
Gec (R™) has a pair of antipodal points, then int 07(C) = 0 and the corresponding
exposed faces F; (1 = 1,2) of C satisfy 0T (F;) = 07 (C) (i = 1,2). Conversely, if C' is
a Motzkin decomposable set and int 07(C) = 0, then, for every z* € [07 (C)]"NS™ 2,
one has a pair z*, —x* € G¢ (R™) of antipodal points.

Proof. If G¢ (R") has a pair of antipodal points, then diamgn-1 (G¢ (R™)) >
hence, by Theorem 4.5, int 07(C) = 0. Let z* and —z* be one such pair. Then
there exist Z,7 € C' such that

(T, z") < (c,z") < (y,z"), Yee C. (13)

Let d € 01 (C). From T + d, 5 + d € C and (13), it easily follows that (d, z*) = 0,
and hence d € 07 (F;) (i = 1,2) for the exposed faces

Fi={ceC:{(cz")=(z,2")}, Fo={ceC:{cz") = (y,z")},
which are proper because (Z,z*) < (7, 2*) (by the nonemptiness of int C).

Conversely, assume that C' is Motzkin decomposable and int 07 (C') = @, and let
z* €[0T (C)]" N S™1. Notice that [0F (C)]" N S™ 1 # (), because int 07(C) = 0
implies that 07(C') is contained in a proper subspace of R™. We have

v, —z* € [0 (0)]" = [barr (€)™ = cl (barr (C)) = N (R"),

the latter equality being a consequence of the Motzkin decomposable character of
C. Therefore, the antipodal points z* and —z*belong to G¢ (R"). ]

The epigraph of a parabola in the plane shows that the assumption that C'is Motzkin
decomposable in Theorem 5.1 is not superfluous.

6. Spherical-convexity and the Gauss range

A curve contained in the intersection of a plane through the origin of R™ with the
sphere S"! is a geodesic in S"'. A geodesic segment v : [a,b] — S™! is said to
be minimal if its arc length is equal to the intrinsic distance between its end points,
i.e., if [(y) := arccos(y(a),y(D)).

Definition 6.1. [1] The set P C S" ! is said to be spherically-convez if, for any
p,q € P, all the minimal geodesic segments joining p and ¢ are contained in P. []

Proposition 6.2. [1] Let P C S"! be spherically-conver. If P has a pair of
antipodal points, then P = S~ 1.

If p,qg € S ! are such that ¢ # p and ¢ # —p, then the geodesic segment between
p and ¢, i.e. the smallest geodesic arc S" ! N cone{p, ¢} (here and in the sequel,
“cone” denotes "convex cone generated by”) joining p and g can be parameterized
both by the arc-length parameterization, given by

(p,q)sint sint
B e + T Q7 t e [07 dsnil(p7 q)]
1—(p,q)* 1—(p,q)”

oalt) = (t -
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(see [1]) or by the differentiable curve c,, : [0,1] — S~ defined by

(1—-5)p+sq
(1 =s)p+sq|

Cpg(8) =

Since the definition of spherical-convexity only depends on the geodesics, we can
handle spherical-convexity by using the most convenient parameterizations of the
geodesics of the sphere S"~!. Therefore a set P C S"! containing no pair of
antipodal points is spherically-convex in S™~! if the following implication holds:

z,y € P, A €[0,1] = ¢y(N) € P.

Our next results provide useful characterizations of spherical-convexity.

Proposition 6.3. A set PC S"! containing no pair of antipodal points is spherically-
convez if and only if Ry P is convex. In particular, the Gauss range Go(R™) of an
unbounded closed convex set C' C R"™ is spherically-convex if and only if its total
normal cone No(R") = R, G (R™) is convex.

Proof. Assume first that G (R™) is spherically-convex. Let A, u€R,, p, g€ G (R™)
and a € [0,1]. If (1 — «a) Ap + apg # 0, then, setting

(I —a)Ap+aug
u = :
(I—a)\+au

we have - € Go(R™), and hence

u

(1—a) Ap+apg = (1 — a) A+ ap) Ju]| o € RyGe(R™).

i

This proves that R, G¢(R™) is convex. Conversely, assume that No(R") =R, G(R")
is convex, and let p.g € G¢(R™) and « € [0, 1]. Then

(1—a)p+aq

€ No(R") N S ! = Go(R™),
[0 —a)p+aq)  Ve®) c(®")

which proves that G¢(R™) is spherically-convex. O

Proposition 6.4. For a set P C S" !, the following statements are equivalent:
(a)  The set P is spherically-convex.

(b) P = (coneP)Nn S™ 1.

(c) There exists a convex cone K C R" such that P = K N S™ 1.

Proof. (a) = (b). One has P = (R, P) N S" ! = (cone P) N S™!, the second
equality being a consequence of Proposition 6.3.

The implication (b) = (c) is obvious.

(c) = (a). One can easily prove that R, P = K. From this equality and Proposition
6.3, it follows that P is spherically-convex. Il
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Remark 6.5. Let C' C R" be a closed convex set such that G¢(R™) is spherically-
convex, and 7" and A be as in Corollary 3.2. If G¢(R™) has a pair of antipodal
points, then, by Proposition 6.2, one has G¢(R™) = S"!, that is, C' is compact,
and hence T'(C') is compact, too, so that Gpc)(R") is the whole of S"! and is
therefore a spherically-convex set. Assume now that C' is unbounded. By (7) and
(6), one has

Gric)(R") = Gae) (R") = S"7" 0 (A7) (Ne (RM)) ;

hence, by Propositions 6.3 and 6.4, the set Gy (c)(R™) is spherically-convex. Thus,
the quality of the Gauss range of a closed convex set C' C R"™ to be spherically-convex
is preserved all over the orbit Iso(R™)C of C' with respect to the action

Iso(R") x C(R") — C(R™), (T,C) — T -C := T(C) (14)

of the group Iso(R") of isometries of R™ on the collection C(R™) of all closed convex
subsets of R”. Note that (14) is the restriction, on the left hand (group) side, of the
action Aut,g(R"™) x C(R") — C(R™), (T,C) — T(C). O

Lemma 6.6. If K CR" is a cone, then
cl (K N S"’l) =(cl K)N Sl (15)
and intga—1 (K NS™1) = (int K) NS (16)

Proof. The inclusion C in (15) is obvious.

To prove the oposite inclusion, let x € (cl K) N S" 1. We have x = lim zy, with
x € K. From the equality lim ||xk|| = ||z|| = 1, we deduce that lim 2. = z, which,

since K is a cone, shows that z € cl (K N.S"1).

Hx [

The inclusion O in (16) is obvious. To prove the opposite inclusion, assume that
r € intgn1 (K N S™ 1) . There exists r € ]0,2[ such that

B(xz,r)NnS" ' C K. (17)

Take a positive number § < min {1, 25 —1}. For y € B (z,4), since ||z| = 1 we
have 1 — 8 < |ly|| < 1+ 6 and ||y||* — 2 (x,y) + 1 < 6% hence

21 _ 2 2_1_(1—_4)2
(o), Po1—ll_, #-1-(-9)

(x
22 <
Iyl Iyl 149

H lyll

which shows that 7 € B (x,r) . Therefore, from (17) we deduce that ol

that, since K is a cone, we have y € K, thus proving the inclusion B (z,d) C K,
which shows that z € int K. [

€ K, so
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Proposition 6.7. The sets cl G¢ (R") and intgn—1Ge (R™) are spherically-conver.

Proof. Since G¢ (R") = Ng (R")NS™ ! and N¢ (R") is a cone, from Lemma 6.6
we obtain .

cl G(C (Rn) = (Cl NC (Rn)) ns"™
and intgn-1cl Ge (R™) = (int Ng (R™)) N S" (18)

Given that N¢ is a maximally monotone operator, its range is nearly convex (see,
e.g., [6, 12.4.1]), which implies that both cl N¢ (R™) and int N¢ (R") are convex;
therefore, from (18) and Proposition 6.4, the statement follows. 0]

Corollary 6.8. If C C R" is a closed convex set such that C N H is compact for
every supporting hyperplane H of C, then Go(R™) is spherically-convez.

Proof. This follows from combining Proposition 6.7 with [4, Theorem 8§]. O

Corollary 6.9. If C' C R" is a closed convex hyperbolic set with no asymptotic
hyperplanes, then Go(R™) is spherically-convet.

Proof. This follows from combining Proposition 6.7 with [4, Theorem 18]. O

Remark 6.10. Since the Gauss range of the epigraph of the convex function
f:R? — R defined by f (z,y) := max{e %, |y|} is not spherically-convex, by Re-
mark 6.5 and Corollary 6.8 the set epi(f) is not isometrically equivalent with any
closed convex set C' C R"™ such that C'N H is compact for every supporting hyper-
plane H of C'. By Remark 6.5 and Corollary 6.9, it is also not isometrically equivalent
with any closed convex hyperbolic set having no asymptotic hyperplanes. O

Our last two corollaries deal with Gauss ranges of epigraphs of lower semicontinuous
proper convex functions as well as with their subdifferential operators. We recall
that the domain of f: R" — R U {+oc} is the set

dom(f) = f~' (R).

The subdifferential operator 0f : R = R" of f, a fundamental notion in convex
analysis, is defined by

of (x) :=={a" e R": f(y) > f(x) +(y —x,2")  VyeR"}.

Corollary 6.11. If f: R" — R U {400} is a lower semicontinuous proper convex
function such that dom(f) and Of(R™) are open, then Gepip)(R"*1) is spherically-
convez.

Proof. It follows from combining Proposition 6.7 with [4, Theorem 26]. ]

Remark 6.12. Since the Gauss range of the epigraph of the convex function
f: R* - R defined by f(z,y) := max{e %, |y|} is not spherically-convex, by Re-
mark 6.5 and Corollary 6.11 the set epi(f) is not isometrically equivalent with the
epigraph of any lower semicontinuous proper convex function f : R” — RU {400}
such that dom(f) and 9f(R™) are open. O
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Corollary 6.13. If f: R" — R U {400} is a lower semicontinuous proper convez
function with closed convex domain such that Gaom)(R") and Of(R™) are closed
and 07 (dom(f*)) C barr(dom(f)), then Geni(f)(R™) is spherically-conver.

Proof. It follows from combining Proposition 6.7 with [4, Theorem 30]. O

The assumption 0*(dom(f*)) C barr(dom(f)) in Corollary 6.13 may look a bit
strange at first sight; however, it is not a too strong assumption. It is satisfied, for
instance, in the case when f has full domain, since in such a case the right hand
side of the inclusion is the whole of R"”. Another easy example is the one variable

function defined by
o) % ifx>0
x) =
+ooif £ <0

indeed, for this function the sets 07 (dom(f*)) and barr(dom(f)) coincide with the
set of nonpositive real numbers.

Remark 6.14. Like in Remark 6.12 above, it is worth noticing the following: Since
the Gauss range of the epigraph of the convex function f : R?> — R defined by
f(xz,y) := max{e *, |y|} is not spherically-convex, by Remark 6.5 and Corollary
6.13 the set epi( f) is not isometrically equivalent with the epigraph of any lower semi-
continuous proper convex function f : R" — RU{+o0} with closed convex domain
such that Gaom(s)(R™) and 0 f(R") are closed and 0% (dom(f*)) C barr(dom(f)). O
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