Journal of Convex Analysis
Volume 30 (2023), No. 4, 1241-1283

Dynamic Programming in
Convex Stochastic Optimization

Teemu Pennanen

Department of Mathematics, King’s College London, United Kingdom
teemu.pennanen@kcl.ac.uk

Ari-Pekka Perkkio*

Mathematics Institute, Ludwig-Mazimilian University of Munich, Germany
a.perkkioe@lmu.de

Dedicated to Roger J-B Wets on the occasion of his 85th birthday.

Received: March 31, 2022
Accepted: May 5, 2023
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1. Introduction

Given a probability space (2, F, P) with a filtration (F3):>0 (an increasing sequence
of sub-o-algebras of F), consider the convex stochastic optimization problem

(SP) minimize FEh(x) overz € N,

where A is a linear space of stochastic processes x = (x;)L_, adapted to (F;);>o (i-e.,
x; is Fy-measurable). We assume that x; takes values in a Euclidean space R™ so
the process x = (z;)]_, takes values in R" where n := ng+---+np. The objective is

defined on the space L°(Q, F, P;R") of F-measurable R"-valued random variables
x by

Eh(z) :—/Qh(:v(w),w)dp(w),

where h is a convex normal integrand, i.e. an extended real-valued function on
R™ x © such that w + epih(-,w) is a closed convex-valued measurable mapping; see
e.g. [33, Chapter 14]. By [33, Proposition 14.28], the function h(z)(w) := h(z(w),w)
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is measurable for all z € L°(Q, F, P;R™). Here and in what follows, we define the
integral of an extended real-valued random variable as 400 unless its positive part
is integrable. The integral functional Eh is thus a well-defined extended real-valued
convex function on L°(Q, F, P; R™).

Problems of the form (SP) were first studied in [30, 13] where it was observed that
many more specific stochastic optimization problems can be written in this unified
format. These include more traditional formulations of stochastic programming,
convex stochastic control and various problems in financial mathematics; see Sec-
tion 5 below.

The articles [13, 30] gave formulations of the dynamic programming principle gen-
eral enough to apply to the abstract stochastic optimization format (SP). They
extend many earlier formulations of the stochastic dynamic programming principle
such as those in [1, 2, 10, 11]. Like the present article, [30] studied the convex case
where decisions are described by finite dimensional vectors. The article [13] ex-
tended the results to nonconvex problems where decisions are described by elements
of Polish spaces. Both assumed that the objective is lower bounded and that the
decisions are taken from a compact set, uniformly compact in [30]. The compactness
assumptions were relaxed in [21] in the convex case and in [25] in the nonconvex
case. This paper relaxes the lower boundedness assumption of the objective. This is
interesting in many applications in financial mathematics as well as in mathemat-
ical programming such as linear stochastic optimization. In portfolio optimization
problems; the relaxed conditions holds if the utility function satisfies the reasonable
asymptotic elasticity condition that is extensively studied in financial mathematics;
see e.g. [18, 28]. These problems are often set in a stochastic control format, which
motivates the study of stochastic control beyond lower bounded objectives as well.
We also provide new results on the theory of normal integrands concerning condi-
tional independence. This allows us to derive many well-known results on Markov
decision processes using the theory of normal integrands; see Section 5.

Like [13, 30], our approach builds on the notion of conditional expectation of a normal
integrand, introduced in [7]. This allows for significant extensions to many better
known formulations of stochastic dynamic programming while greatly simplifying
the measurability questions that may come up in the dynamic programming recur-
sion. More traditional formulations will be obtained as special cases in Section 5
below. A good illustration of potential measurability complications can be found
in [5] which follows a different line of analysis not building on the theory of normal
integrands; see [5, Section 1.2.11] and Section 5.3 below for a further comparison.

An extended real-valued random variable X is said to be quasi-integrable if either
X* or X~ is integrable. Given a quasi-integrable X and a o-algebra G C F, there
exists an extended real-valued G-measurable random variable £9X, almost surely
unique, such that

E[a(EX)] = ElaX] Va€ LT(Q,G,P).

The random variable E9 X is known as the G-conditional expectation of X. Defini-
tion 1.1 below extends the operation of conditional expectation to normal integrands;
see e.g. [35] and its references. Sufficient conditions for the existence of a normal
integrand will be given in Section 2.
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We say that two normal integrands h and h equal almost surely everywhere (a.s.e.)
and write h = h if h(-,w) = h(-,w) for almost every w € 2. The inequality h < h is
interpreted analogously.

Definition 1.1. We say that a G-measurable normal integrand h is a G-conditional
expectation of a normal integrand h if h(z) = E9[h(z)] a.s. for all z € L°(G) for
which h(z) is quasi-integrable. When the G-conditional expectation of h exists and
is a.s.e. unique, we denote it by EYh.

We will use the notations x! = (xq,..., ), n = ng+--- +n; and E; = E7*. The
extended real line will be denoted by R := RU {400, —oc}. We say that an adapted
sequence (hy)L, of normal integrands h; : R™ x Q — R solves the generalized
Bellman equations for h if

(BE) hr = Erh, h; = E; inf hyyy
Ti41
almost surely for t = T — 1,...,0. More precisely, this means that there exists

another sequence (fzt)tT:’OI of normal integrands such that

hr = Erh,
(BE) ho(at,w) = inf  hga(2f, 41, w) € R,
T4 ERMH

ht:Etilt fOI"t:T—l,...,O.

This paper gives sufficient conditions for the existence of the solutions of (BE);
see Theorems 3.1 and 4.5 below. We also show that, when solutions exist, they
provide useful characterizations of the optimum values and solutions of (SP); see
Theorems 3.2 and 4.6 below. In the literature of stochastic control, results such as
Theorems 3.2 and 4.6 relating the solutions of the Bellman equations to the solutions
of the optimization problem are often called “verification theorems”; see e.g., [14].
Theorems 3.2 and 4.6 are illustrated by deriving several new results, e.g., in linear
stochastic programming, stochastic control and financial mathematics.

2. Conditional expectations of normal integrands

The general theory of dynamic programming studied in this paper builds on condi-
tional expectations of normal integrands. This section reviews the theory that will
be used in the analysis in the subsequent sections. Most of the results below can be
found in the literature but we include the simple proofs because that allows us to
make some extensions to the existing theory.

2.1. Existence

Conditional expectations of convex normal integrands were introduced in [7]. The
article [12] extended the definition to general B ® F-measurable lower bounded
integrands. More general conditions for the existence of a conditional expectation
of a normal integrand have been given in [9, 35, 36]. Our arguments and conditions
for existence in Section 2.1 are largely from [7].
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We say that a normal integrand h is L-bounded if there exist p,m € L' with
h(z) > —plz| —m Ve R"

almost surely. Condition (3) in the following lemma was used for the existence of a
conditional expectation in [7, Theorem 2|. Recall that, given a normal integrand h,
the w-wise conjugate

h*(v,w) :=sup{z - v — h(z,w)}

is a normal integrand; see e.g. [33, Theorem 14.50]. As usual, the effective domain
of an extended real-valued function g is the set domg = {u | g(u) < oo}. The
indicator function of a set C'is defined by

0 if x € C,
(50(23) ::{

+00 otherwise.

The Euclidean unit ball will be denoted by B.

Lemma 2.1. For a convex normal integrand h, the following are equivalent:
(1)  h is L-bounded,

(2)  there exist v € LY(R™) and m € L' such that h(z) > x-v—m a.s.

(3) dom Eh* N L' # 0.

Proof. Let v € L' such that Eh*(v) < oo is finite. By Fenchel’s inequality,
h(z) >x-v—h*(v) > —|v||lz| = h*(v) VzeR"

almost surely, so we may choose p = |v| and m = h*(v)". On the other hand,
h > —p|-| —m can be written as (h + p| - |)*(0) < m. By [29, Theorem 16.4], this

that
means tha Hl]Rf {h*<U> + 615%(”/:0)} <m a.s.,
vER™

where the infimum is attained. By [33, Theorem 14.37], there is a v € L° with
lv| < p and h*(v) < m. O

If a normal integrand h is L-bounded, then h(z) is quasi-integrable and EY[h(z)] is
well-defined for every € L*(G). The following lemma shows that, for L-bounded
normal integrands, it suffices to test with x € L>°(G) in the definition of conditional
expectation.

Lemma 2.2. Given an L-bounded normal integrand h, a G-normal integrand h is
the G-conditional expectation of h if and only if

h(z) = E9h(z)] a.s.

for all x € L*(G). In particular, if h(x) is G-measurable for every x € L*(G), then
EY9h = h.

Proof. It is clear that the condition holds if h = EYh. On the other hand, if
h # E9h, then there exists an x € L°(G) such that h(z) is quasi-integrable and

h(x) # E9[h(z)].
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For v large enough, we have 1(,<,3h(z) # 1<y E9[h(z)] ass..
The left side equals 1{|x|gy}ﬁ(1{‘x|gy}x) while the right side equals

ety B [1(2)] = 1aj<0y B [Ljal < h(2)]
= Lol <} B[ L o1y h(Ljal <) )] = Ljal oy B [A(Ljal <0y 7))

almost surely. Thus, h(1{s<y3®) # E9h(1{s1<vy®)] so the condition fails. By [35,
Lemma 6], the condition defines h uniquely almost surely everywhere. [

Example 2.3. Given Q € L'(R™"), v € L}(R™), m € L, the function
h(z,w) := %x Q)+ - v(w) + m(w).

is a normal integrand, by [33, Example 14.29]. If @ is almost surely positive definite,
then h is L-bounded and

(B9R)(2,w) = 3o+ EOQ)(w)x + o - (E%) () + (E9m) (w)

for almost every w.

Proof. Given x € L*>°, Lemma 6.4 in the Appendix gives

ESlh(2)] = Jo - E9(Qle +x - (E%) + (E%m) a.s.,

so the claim follows from Lemma 2.2. OJ

Theorem 2.4. Let h be a real-valued normal integrand such that there exist x € R"
and p € L' with h(z) € L' and

|h(z) — h(2")] < plx — 2’| Vz,a’ e R"
almost surely. Then E9h exists and it is characterized by
(E9n)(x,w) = E9h(z)](w) VzeR"
for almost every w. Moreover,
(ER)(x — a')| < (E%p)|x — 2| V.2’ € R (1)
almost surely.

Proof. The assumptions imply that h(z) € L' for all z € R and that, by Jensen’s
inequality,

|E9[1()] = E9[h(a)]] < (E9p)lz — /| a.s.
for all z,2' € R". Let D be a countable dense set in R" and define h(z,w) :=
E9[h(z)](w) for each x € D. By countability of D, there is a P-null set N € G such
that, for all w € Q\ N,

|h(z,w) = h(a',w)| < (E9p)(w)|z — 2’| Va,z’ € D.
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The function A has a unique continuous extension to R™ x (€2\ N). Finally, we
extend the definition of & to all of R™ x Q by setting h(-,w) = 0 for w € N. The
function A thus constructed is a G-measurable Caratheodory integrand and thus,
normal. It is clear that it satisfies (1) as well.

If =3,  2'1,, where ' € D and A" € G form a disjoint partition of 2, we have

E9h(z)] = Eg[h(i 111 4)] = EY [ZV: 14:h(x Z 1uih(z') = h(z).

Any = € L*>(G) is an almost sure limit of such simple random variables bounded
by ||z ze, so dominated convergence for conditional expectations (see e.g. [34, The-
orem 11.7.2]) and scenariowise continuity of h and h imply that E9[h(z)] = h(z).
Thus Lemma 2.2 implies the claim. O

Counterexample 2.5. The claim of Theorem 2.4 fails if p is not integrable. Indeed,
let & be uniformly distributed on (0,1), » > 1 be nonintegrable independent of &
and G be generated by £. Let h(z,w) = n(w)|z — £(w)|. Then EYh(z)] = +oo for
every constant € R. On the other hand, choosing = = ¢, we have EY[h(z)] = 0,
so EY9h is not characterized by constants even though & is Lipschitz and L-bounded
convex normal integrand.

Lemma 2.6. Let h' and h* be L-bounded normal integrands with h* < h?. Then
E9h' < E9h2% whenever the conditional expectations exist.

Proof. For any z € L>(G), h'(x) and h?(x) are quasi-integrable, so k' < h? implies
(E9h") () = B9[h' ()] < B9 [1?(x)] = (E90%)()
almost surely so the result follows from [35, Lemma 6]. 0]

The following result is a monotone convergence theorem for conditional expectations
of integrands.

Theorem 2.7. Let (k)22 be a nondecreasing sequence of L-bounded normal inte-
grands and h = sup, h"”.

If each E9NhY eists, then E9h exists and E9h = sup, E9h”.

Proof. Forany z € L*(G) and a € L*°(G; R, ), monotone convergence and Lemma 2.6
imply that

Elah(z)] = E[asup h”(x)] = sup E|ah”(z)]
= sup ElfaEg[h”(x)]] V: Elasup E9[h” (x)]].
Thus sup, E9h" = E9h. ! ’ [
The following is our main result on the existence of conditional normal integrands.

Theorem 2.8. An L-bounded (convex) normal integrand admits a conditional ex-
pectation and that is L-bounded (and convex) as well.
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Proof. Let h be an L-bounded normal integrand. Assume first that h < m for
some constant m > 0. By [33, Example 9.11],

R (z,w) = igf{h(x',w) +vp(w)|z — 2|}

form a nondecreasing sequence of Caratheodory functions increasing pointwise to
h. The assumed upper bound and the L-boundedness of h imply that h” satisfy
the assumptions of Theorem 2.4. Thus, by Theorems 2.4 and 2.7, E9h exists. To
remove the assumption h < m, consider the nondecreasing sequence of functions
h*(x) := min{h(z), m} (which are normal integrands, by [33, Proposition 14.44])
and apply Theorem 2.7 again. The preservation of convexity follows from [36, Propo-
sition 1.6.2]. O

The truncation argument in the above proof is adapted from [35]. It gives the
existence under slightly more general conditions than [7] who assumed the existence
of a G-measurable z such that h(z) is integrable. More general existence results in
the nonconvex case have been given in [36, 9].

2.2. Conditional expectations in operations

Most results in this section can be found in [7] [15] and [36] with the exception of
Theorem 2.11 and parts (2) and (3) of Theorem 2.13 which seem new. Theorem
2.15 extends Corollary 1 of [7, Theorem 3] by slightly relaxing the assumptions on
the domains of the integral functionals.

Recall that if £ is a quasi-integrable random variable and G’ is a sub-o-algebra of G,
then
EY[B%] = EY¢;

see Lemma 6.5. This extends to normal integrands as follows.

Theorem 2.9. (Tower property) Assume that h is an L-bounded normal integrand,
and G' is a sub-o-algebra of G. Then EY9 (E9h) = EYh.

Proof. By Theorem 2.8, EYh exists and is L-bounded, so the result follows from
the usual tower property (see Lemma 6.5) and Lemma 2.2. ]

Given a set A € F, we denote

La(w) = {1 ifwe A,

0 otherwise.

Given H C F, o-algebras G and G’ are H-conditionally independent if
EH[lA/lA] — EH[lA/]EH[lA]

for every A € G and A" € G’. A random variable w is ‘H-conditionally independent
of G if o(w) and G are H-conditionally independent. Likewise, we say that a normal
integrand h is H-conditionally independent of G if o(h) and G are H-conditionally
independent. Here o(h) is the smallest o-algebra under which epih is measurable.
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In other words, o(h) is generated by the family
{(epih) 1 (0) | O € R™"! open}.

Example 2.10. Let £ be a random variable with values in a measurable space
(£,A), H a A-normal integrand on R" and

Wz, w) = H(z,{(w)).

If £ is H-conditionally independent of G, then A is so too. Indeed, given an open
O C R"" we have (epih) 1 (O) = £ 1((epi H)71(0)), so a(h) C o(€). To conclude,
it suffices to note that sub-o-algebras inherit conditional independence. [

If an integrable random variable w is H-conditionally independent of G, then
B9 [w] = E™[w],
by Lemma 6.6. The following extension to normal integrands seems to be new.

Theorem 2.11. Let h be an L-bounded normal integrand H-conditionally indepen-

dent of G. Then FOVHy _ g

In particular, if h is independent of G, then E9h is deterministic.

Proof. Assume first that h satisfies the assumptions of Theorem 2.4. Then E™h is
characterized by

E*(h(z)) = (E*h)(z) Yz €R"

almost surely. Likewise for E9V*h. Thus E9Y"h = EMh, by Lemma 6.6. The first
claim now follows using Lipschitz regularizations as in the proof of Theorem 2.8.
The second claim follows by taking H the trivial o-algebra. [

Remark 2.12. Conditional expectation is a linear operator on the linear space of
normal integrands that satisfy the assumptions of Theorem 2.4.

Proof. If h satisfies the assumptions of Theorem 2.4, then so does —h, and we have
h(x) € L' for every x € R". Thus

E9[~h)(x) = E[~h(z)] = —E9[h(z)] = —(E°h)(x) VaeR",
so BE9[—h] = —EY%h, by Theorem 2.4. Additivity is proved similarly. O

The class of normal integrands is not a linear space, so one cannot hope for linearity
of the conditional expectation, in general.

The product of two extended real numbers is defined as zero if one of them is zero
while the nonnegative scalar multiple of a function h is defined by

ah(x) if >0,
5c1domh($) if a =0.

(ah)(z) = {

Equivalently, (ah)(z) := ah(x) + dcadomn(z) a > 0.
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Theorem 2.13. Let h, h' and h? be L-bounded normal integrands.
(1)  h'+ h? is L-bounded and E9(h* + h*) = E9h' + E9R.
(2) Ifa€Ll, his G-measurable and ah is L-bounded, then EY(ah) = EY[alh.

(3) Ifa e LY%(G) and ah is L-bounded, then E9(ah) = aEYh if either o is strictly
positive or F9]cldom h] = cldom E9h.

Proof. Let z € L>(G). Since h!(x)™ and h%*(z)~ are integrable, (1) follows from
Lemma 2.2 and the first part of Lemma 6.4. In (2),

E%[(ah)(@)] = EC[ah(z) + adomn(@)] = E%[alh(2) + b aomn(), = (E9alh) (),
by Lemma 6.4 so the claim follows from Lemma 2.2 again. In (3),
E9|(ah)(z)] = E°[ah(z) + dadomn(@)] = aE[M(x)] + E¥[dcdomn(@)],
by Lemma 6.4. If « is strictly positive or if F9[cldom h] = cldom E9h, we thus get
E9[(0h)(z)] = a(ER) (@) + bataom pon(x) = (@Fh)(x),
which completes the proof. [

The following shows that part (3) of Theorem 2.13 may fail without the extra as-
sumptions.

Counterexample 2.14. Let G be trivial, « =0 almost surely and h(z,w) := n|z|,
where n¢ L' is nonnegative. Then ah = 0 while E9h = 010}, SO

EY9(ah) # aE%h. O
Given a proper convex lIsc function ¢ : R" — R its recession function is given by

0 9(z + az) — g()
T) = su ,
J ( ) a>% o

where the supremum is independent of the choice of Z € dom g; see [29, Theorem 8.5].
Given a proper convex normal integrand h, its w-wise recession function h*(z,w) :=
h(-,w)>(x) is a normal integrand; see e.g. [33, Exercise 14.54].

Theorem 2.15. Assume that h is a convex normal integrand such that there exists
z € dom EhN L°(G) and v € dom Eh* N L' with (z-v)~™ € L*. Then

E9(h™) = (E9h)>
Proof. The difference quotients

h(z(w) + A2, w) — h(z(w),w)

Y -
h (2", w) = \

define a sequence of normal integrands (h*)32, that, by convexity, increase pointwise
to h*°. By Fenchel’s inequality,

P2 w) > 2 v(w) + 2 - v(w) — B (v(w),w)) — h(z(w),w)

for almost every w € 2, so the claim follows from Theorems 2.7 and 2.13. [
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3. Dynamic programming for lower bounded objectives

The optimality conditions in Theorem 3.2 are essentially from [21] but formulated
here more generally. The existence results for the generalized Bellman equations
for lower bounded integrands in Theorem 3.1 are from [21]. They extend those of
[13, 30] in the convex case by relaxing compactness assumption on the set of feasible
strategies. Lemma 6 of [21] gives also the converse of Theorem 3.1 in the sense
that Assumpotion 1 necessarily holds if the generalized Bellman equations admit a
solution and the sets NV; are linear for all ¢.

This section studies dynamic programming in the case where h is lower bounded in
the sense that there exists an m € L' such that

h(x) >m Vo € R" almost surely.

Assumption 1. Problem (SP) is feasible, h is lower bounded and
L:={xeN|h°(x)<0a.s.} isa linear space.

The following is from [21, Lemma 4].

Theorem 3.1. Under Assumption 1, (BE) has a unique solution (hi)_, of lower
bounded normal integrands and the sets

Ni(w) :=A{xy € R™ | (0, 2,w) <0} t=0,...,T

are linear for almost every w € Q. In this case, if v € L is such that x'=' = 0 then
xy € Ny almost surely.

Theorem 3.2 below, shows that, if the Bellman equations (BE) admit a solution
(h¢)L,, then the optimal solutions Z € A/ of (SP) are characterized by scenariowise
minimization of h;.

We will denote the projection of the set N of adapted strategies to its first ¢ com-
ponents by

Nt L= {th | i EN} = {(:I;t’)il:[] ‘ Ty € LO(Q,ftl,P;Rnt/)} .

The lower boundedness condition in the following result will be relaxed in Section 4
below.

Theorem 3.2. Assume that h is lower bounded, (SP) is feasible and that the Bell-
man equations (BE) admit a solution (h;)L_,. Then each hy is lower bounded,

inf (SP) = inf Eh(z")
zteN't

for all t and, moreover, an T € N solves (SP) if and only if

(OP) T, € argmin b (2", ;) a.s. for all t.
rrER™

If the sets Ny(w) := {x; € R™ | h°(0,24,w) < 0}, t = 0,...,T, are linear for
almost every w € Q, then there exists an optimal x € N with x; L. N; almost surely.
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Proof. Let 2 € N. By [33, Theorem 14.60],
Ehi_y (7Y = inf  Ehy(a' ! x,).

szLO(}—t)

Since h;_; is bounded from below, Eh;_; = Fh,—; on N*! and thus
inf  Eh,_y(2'1) = inf Ehy(ah).

st-TeNt-1 StENT
By induction, inf (SP) = inftcpe Ehy(z?).
To prove the second claim, note first that
z' € argmin Eh,(x")
zteN?

1

if and only if "' € argmin Fh; 1(z'"') and 7, € argmin Eh,(z""', z;), where,

Zt—leNt—1 a1 €LO(F)
by the second part of [33, Theorem 14.60], the second inclusion means that
T, € argmin by (2", ;) a.s..
xRt

An Z € N solves (SP) if and only if Z minimizes Ehy. A backward recursion shows
that optimal solutions satisfy (OP). The converse follows from a forward recursion.

Applying Theorem 6.2 recursively forward in time shows that (OP) has an JF;-
measurable solution z; L N; almost surely for all £t = 0,...,T. The last claim thus
follows from the second one. [

Theorem 3.2 can be thought of as a discrete-time version of a “verification theorem”
which, in the context of continuous-time stochastic control gives conditions under
which solutions of the Hamilton-Jacobi-Bellman equation characterize the optimum
values and solutions of optimal control problems.

4. Dynamic programming for L-bounded objectives

This section extends the results of the previous section by relaxing the lower bound-
edness assumption on h. The extensions are largely based on Lemma 4.2 which first
appeared in [26] where it was used to extend the main result of [21] on the lower
semicontinuity of the optimum value function of (SP). The extension is based on
the interplay of the space N of adapted strategies with the set

N+t ={vel'|Exz-v]=0 Vre N7},
where N/ := N N L*. The following gives an alternative expression for N'*.
Lemma 4.1. Nt ={ve L' | Evy]=0 t=0,...,T}.
Proof. We have T
Elx-v] = ZE[xt -]
t=0

so v € Nt if and only if Elx; - v] = 0 for all z; € L>(F;). The claim now follows
from Lemma 6.4. ]
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More interestingly, we have the following.
Lemma 4.2. Let x € N and v € N*. If E[z-v]T € L', then Elx - v] = 0.

Proof. Assume first that 77 = 0. Defining 2” := 1yj4<,}x, we have z¥ € N>, so
E[z¥ -v] = 0 and thus, E[z” -v]” = E[z” - v]T. Since [z” - v] < [z -v]* € L, Fatou’s
lemma gives

Elz-v]” <liminf E[z” - v]” = liminf E[z" - v]" < Bz - v]"

V—r00 V—r00

so [x-v]” € L' as well. Since |z¥-v| < |z - v|, dominated convergence theorem gives
Elx -v] =lim E[z¥ - v] = 0.

Assume now that the claim holds for every (7' — 1)-period model. We then define
2 = 1y|zo|<v}¥ and obtain

T
[Z o vt =2 v —xf vt < 27 o]t + [z vo]T < Jx o]t 4+ [mh - wo]
=1

where the right side is integrable. Thus, E[>.,_, 2% - v] = 0, by the induction
hypothesis. Since zf € L™, we also have E[zf - vo] = 0 so E[z"-v] = 0. This implies
E[z - v] = 0 just like in the case T' = 0. O

The following illustrates Lemma 4.2 with the stochastic integral of an adapted pro-
cess with respect to a martingale; see [16].

Example 4.3. Assume that n, = d for all £ and let s be a d-dimensional martingale,
i.e. an adapted integrable stochastic process such that E;[As; 1] = 0 for all t. If
x € N is such that

T-1
E[Z Ty * A3t+1]+ < 00,
t=0

then E[> ' @, - Asy11] = 0. This follows from Lemma 4.2 with v € N defined by
v = Asyyg.

The extensions of Theorem 3.1 and Theorem 3.2 below are based on the following
lemma that allows us to reduce a more general problem to one with a lower bounded
integrand.

Lemma 4.4. Assume that there exists p € Nt such that the normal integrand
k(x,w) = h(x,w)—x-p(w) is lower bounded. Then (BE) has a solution for h if and
only if (BE) has a solution for k. In this case, the solutions are unique and related by

ki(ah, w) = hy(at, w) — 2" - Eipy(w). (2)

Proof. If (BE) admits a solution for h, there exist sequences (h;)L " and (hy)L, of
normal integrands that satisfy (BE). Since k is lower bounded, there exists m € L!
such that

h(z,w) > x - p(w) — m(w).
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We claim that, h(z',w) > 2" [Ep'|(w) — [Eym](w) fort="T,...,0 (3)

and h(azt,w) > &t - [Egap!)(w) — [Epim)(w) fort=T-1,...,0. (4)

Indeed, if (3) holds, then, since Eyp; = 0, we get (4) for t — 1. If (4) holds, then (3)
follows from Lemma 2.6 and Example 2.3. Since hy = Erh, (3) holds for T" so the
claim follows by induction on t.

The lower bounds in (4) and (3) imply that the sequences (k). and (k;)T_, defined
by -

) ht(xt7w) —a' [Et+1pt] (w),

) = hy(z',w) — 2 - [Ep'](w)

satisfy (BE) for k. Indeed, by Theorem 2.13 and Example 2.3, E,k, = k; while, since
Etpt - 07

, W
, W

l%t_l(xt_l,w) = ht_l(xt_l,w) — . [Etpt_l](w),

= inf {h(2",w) — 2" [Ep(w)} = inf k(a7 2, w).

zrER™ i ER™

Thus, (k;)7_, solves (BE) for k. Conversely, assume that (k;)7_, and (k;)_ solve
(BE) for k. By (3.1), k; are lower bounded. Similar argument as above, then shows
that the functions

ho(zt,w) = ky(2t, w) + 2t - [Epppt)(w),
he(2h, w) == k(2" w) + 2" - [Ep'](w)
satisfy (BE) for h. This completes the proof. ]

The following extends the existence result in Theorem 3.1 by relaxing the lower
boundedness assumption on h.

Theorem 4.5. Assume that there exists p € Nt such that the normal integrand
k(x,w) = h(x,w) — z - p(w) is lower bounded and

{r e N | k() <0 as}

is a linear space. Then (BE) has a unique solution (hy)L, of L-bounded normal
integrands and the sets

Ni(w) :=={x; € R™ | h{°(0,24,w) <0} t=0,...,T
are linear for almost every w € €.

Proof. By Theorem 3.1, the Bellman equations associated with k& have a unique
solution (k;)L_, of lower bounded normal integrands and the measurable mappings

Ny(w) == {z; e R™ | kX (2!, w) <0, 27 =0}

are linear-valued for all t. Thus, by Lemma 4.4, (BE) associated with h has a unique
solution of L-bounded normal integrands and, since F;p; = 0, we have N; = N,
almost surely. O
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The following generalizes Theorem 3.2 by relaxing the lower boundedness assump-
tion on h.

Theorem 4.6. Assume that there exists p € Nt such that the normal integrand
k(z,w) := h(x,w) —x - p(w) is lower bounded and Ek(x) = Eh(z) for allx € N'. If
(SP) is feasible and the Bellman equations (BE) admit a solution (hy)L,, then
inf (SP) = inf Ehy(x)
ateN?
for all t =0,...,T and, moreover, an T € N solves (SP) if and only if

(OP) T, € argmin by (2, 2,)  a.s.
zER™

forall t=0,...,T. If the sets
Ni(w) :={x; € R™ | h°(0,24,w) <0} t=0,...,T
are linear for almost every w € ), then there exists an optimal v € N with x; 1. N,

almost surely.

Proof. By Lemma 4.4, (BE) has a solution for k. Since k is lower bounded and
since Eh = Ek on N, Theorem 3.2 says that

inf (SP) = inj{[ Eky(z") forallt=0,...,T (5)
xte t

and that an Z € A solves (SP) if and only if

T, € argmink, (2!, z;) as. forallt=0,...,7.
i ER™

By definition of (h;){_,, we always have inf (SP) > inf,ccpt Ehy(z?). By (2), there
exist my; € L' such that hy(at) > 2t - Eippt — my.

If Ehy(2') < oo, then E[z' - (E;p')] < 0o, so Lemma 4.2 gives Ek(z') = Eh(z").

Thus, inf (SP) = inf Eh(z"),
zteN?

which proves the first claim. Since E;p; = 0, we have

argmin k, (21 (w), 7, w) = argmin by (2" (W), 24, w),
Tt ER™ zt€R™

which proves the second claim. The last claim follows from that of Theorem 3.2
since E;p; = 0. O

We combine the assumptions of Theorems 3.1 and 4.6 into the following.

Assumption 2. Problem (SP) is feasible and there exists p € Nt such that
(1) k(r,w) := h(zx,w) — 2 - p(w) is lower bounded,

(2) Ek(z) = Eh(z) for all x € NV,

(3) {z e N |Ek™(x) <0 a.s.}is a linear space.
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Note that, if A is lower bounded, one can take p = 0 so Assumption 2 reduces to
Assumption 1. Sufficient conditions are given in Lemmas 4.8 and 4.9 below. Ap-
plications in Section 5 illustrate these conditions further. In particular, in financial
mathematics, the assumption is related to the existence of a martingale measure of
the price process.

The following combines Theorems 3.1 and 4.6.
Theorem 4.7. Under Assumption 2, (BE) has a unique solution (h;)L_,
inf (SP) = inf Eh(z")
zteNt

for all t = 0,...,T, (SP) has a solution and the solutions T € N of (SP) are
characterized by

(OP) T, € argmin b, ('Y, 2,) a.s. t=0,...,T.

x ER™

The following lemma gives sufficient conditions for Assumption 2.

Lemma 4.8. Assumption 2 holds if (SP) is feasible and
(1)  there exists ap € N* and m € L' and € > 0 with

h(zx) >Ae-p—m VzeR"
almost surely for all A € [1 — €, 1+ €,
(2) {xeN|h™(z) <0 as.} is a linear space.
In this case, {x € N | h*°(z) <0 a.s.}={zr e N |k®(x) <0 a.s.}.
The lower bound in (1) can be written equivalently as
h(z)>xz-p+elx-pl—m VeeR"

almost surely, or as  Ap € dom Eh* VYA €[l —¢€, 1+ €.

Proof. The first condition implies
h(x) >xz-p—m, and h(zx)—z-p>ex-p—m.

Let z € N. If either Eh(z) < oo or E[h(x) — z - p] < 0o, the above inequalities and
Lemma 4.2 give Efx - p| = 0, so

Eh(z) = E[h(z) — z - p].
The above inequalities also give
h*(z) > x-p, and h®(x) —x-p > ex-p.

If either h*°(x,0) < 0 or h*(z,0) — z - p < 0 almost surely, then z - p < 0 almost
surely. Lemma 4.2 then implies = - p = 0 almost surely, so

{reN|h®(x)<O0as}={zeN|h°x)—z-p<0as.}.

The given linearity condition thus implies that in Assumption 2. [
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Lemma 4.9. Assumption 2 holds if (SP) is feasible and there exists pe N such that
(1) k(r,w) :=h(zr,w) —x - p(w) is lower bounded,

(2) {xeN|zedomh a.s} C domEh,

(3) {zeN|k>®(x) <0 a.s.} is a linear space.

Proof. Let x € N be such that either Ek(x) or Eh(z) is finite. Then z € domh
almost surely, so we have € dom Eh by (2). By (1), there exists m € L! such that
h(xz) = k(z)+z-p > x-p—m, so E[x-p] = 0 by Lemma 4.2. Thus Ek(x) = Eh(z). O

Counterexample 4.10. Without Assumption 2, it is possible that (SP) does not
have a solution albeit (BE) has a unique solution and there is a unique z satisfying
(OP).

Indeed, let n, = 1, o € L*(Fp) and p € N+ be such that E[apg] = oo and consider

h(z,w) := %\xo — a(w)]* + opo(w).
Here ho(z,w) = $|zo — a(w)|?, so z € N satisfies (OP) if and only if zy = o. For
such z, Eh(z) = oo.
Counterexample 4.11. It is possible that (BE) has a solution,
L:={zeN|h°z)<0 as.}

is a linear space but N; in Theorem 4.6 is not linear-valued.
Indeed, let T = 0, ng = 2, Fy trivial, p € N+ with p nonzero almost surely and
consider

h(l‘, w) = ($(2) - ‘T(1))+ + 5]R+ (‘T(%) + x(l)p(l)(w)

Here ho(z,w) = (2 — x3)" + dr, (27), so that Ny = {zo | 0 < 2§ < a3} while
L={z]0<22<xlz} pl<0as}=1{0} O

5. Applications

This section applies Theorems 3.2 and 4.6 to some well-known instances of (SP).
Many of the existence results and optimality conditions below have previously been
known only under more restrictive compactness and boundedness conditions. In
the case of portfolio optimization in Section 5.5 below, we extend earlier results by
allowing for portfolio constraints.

5.1. Mathematical programming

Consider the problem

minimize Efo(x) over z € N,
(MP) subject to file) <0 j=1,...,las.,
filx)=0 j=I1+1,....ma.s.,

where f;, 7 =0,...,m are convex normal integrands with f; affine for j > [.
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The problem fits the general framework with

h(,w) = folz,w) if fi(z,w) <0, j=1,...,1, fi(z,w) =0, j=1+1,...,m,
T 40 otherwise.

Indeed, by [33, Example 1.32 and Proposition 14.33], & is a normal integrand. Prob-
lem (MP) is essentially from [31] where it was analyzed through convex duality. We
have extended the formulation by the inclusion of affine equality constraints.

Assumption 3.

(1) (MP) is feasible,

2) {reN|f2@)<0j=0,...1,f*@x) =0j=1+1,...,m as.} is a linear
space,

(3) there exists a p € N*, m € L' and an ¢ > 0 such that, almost surely,

fola) > @ p+ el -pl —m

for all x € R™ with f;(xz) <0 forall j =1,....1, and f;(z) = 0 for all indices
J=1l+1,...,m.

Assumption 3 relaxes the conditions imposed in [30]. The last two conditions are
sufficient for the conditions of Lemma 4.8 which imply Assumption 2. The last
condition in Assumption 3 holds, in particular, if f; is bounded from below by an
integrable function as one can then take p = 0. A direct application of Theorem 4.7
gives the following.

Theorem 5.1. Under Assumption 3, (MP) has a solution.

The following addresses linear stochastic programs that have been extensively stud-
ied in the literature; see e.g. [10, 37, 38].

Example 5.2. (Linear programming) Consider (MP) and assume that fo(z,w) =
c(w) -z and fj(z,w) = a;(w) - ¢ — b;(w) for random vectors ¢ and a; and random
variables b;. The problem can then be written in the matrix format as
minimize  Elc-z] over z € N
subject to  Ar—be K a.s.,
where A is the random m X n-matrix with the rows a;, b is the random vector with
components b; and K =R. x {0}.
In this case, Assumption 3 means that
(1) (MP) is feasible,
(2) {xeN|c-x<0, Az € K a.s.} is a linear space,
(3) there exists a p € N+, m € L' and an € > 0 such that, almost surely,
cox>x-ptelr-pl—m as.
for all x € R™ with Az —b e K.

The above are merely examples how the results of Section 4 can be used. In some
applications, the conditions of Lemma 4.9 could be more convenient. The above
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only gives the existence of solutions. When the constraint matrix in Example 5.2
has a block-diagonal form, one can write the dynamic programming recursion in a
more familiar form; see Example 5.20 below.

5.2. Optimal stopping

Let R be a real-valued adapted stochastic process and consider the optimal stopping
problem

(08) maximize FER, over 71 €T,

where T is the set of stopping times, i.e. measurable functions 7 : Q@ — {0,..., T+1}
such that {w € Q| 7(w) < t} € F, for each t = 0,...,T. Choosing 7 =T + 1 is
interpreted as not stopping at all. Accordingly, we define Ry, := 0. Consider also
the problem

T T
(ROS) maximize EZRtxt subject to x>0, Z:pt <1a.s.

xEN-
+ t=0 =0

This is a convex relaxation of (OS) which is obtained from (ROS) by adding the
constraint that z; € {0,1}. Indeed, the feasible strategies x are then in one-to-one
correspondence with stopping times via

1 ift=r,
Ty =
0 ift=#r.
The following motivates the relaxation.

Lemma 5.3. If R € L', then sup (0OS) = sup (ROS) and argmax (ROS) is the
closed convex hull of strategies x that correspond to optimal solutions of (OS).

Proof. As in the proof of [24, Lemma 2], it can be shown that the processes corre-
sponding to stopping times are the extreme points of the feasible set of (ROS). By
Banach-Alaoglu theorem, the feasible set of (ROS) is compact in the weak topology
that L> has as the dual of L!. Thus, by Krein-Milman theorem, the feasible set of
(ROS) is the closed convex hull of those x corresponding to stopping times.

If R € L', the objective is weakly continuous so the relaxation does not affect the
optimum value. It is easy to verify, by contradiction, that extreme points of the
weakly compact argmax (ROS) are extreme points of the feasible set, which, by the
Krein-Milman theorem again, proves the last claim. [

Problem (ROS) fits the general framework with n; = 1 for all ¢ and

B, w) = — ZtT:o Ri(w)x; if x > 0 and ZtT:o T < 1,
7 +00 otherwise,
for an adapted real-valued process R and x_; := 0.

Let S be the Snell envelope of R, i.e. the adapted stochastic process given by
Sri1:=0 and S; := max{Ry, E;S;;1}.



T. Pennanen, A.-P. Perkkio / Dynamic Programming ... 1259

The Snell envelope is the smallest supermartingale that dominates the positive part
R* of the reward process R. Indeed, let S be another supermartingale that dom-
inates RT. Then Sy > S; and S, > maX{Rt,EtS’tH}, so S; > S, for all t, by
induction.

Theorem 5.4. Assume that R € L'. The optimum value of (ROS) coincides for
allt =0,...,T with that of

t t
ngeiirfltize E[Z Roxs + EySiq](1 — Z xs)}

subject to ' >0, sz <1 a.s

In particular, the optimum value of (ROS) is ESy. An x €N is optimal if and only
if

t—1
Xy € [O,I—st]} a.s. t=0,...,T.

s=0

Ty € argmax {(Rt — Ey[Sii1])xe

x+ER

In particular, optimal values of (OS) and (ROS) coincide, (OS) admits optimal
solutions T € T and they are characterized by R, = S, almost surely.

Proof. The domain of h is contained in the unit simplex almost surely, so h* = d;p
and, since R € L', h has an integrable lower bound. Thus, by Theorem 4.5, BE has
a solution (h;)L,. To prove the claims concerning (ROS), it suffices, by Theorem
3.2, to show that

t

hy(zt,w) = Z [—Rs(w)xs + 5R+(x5)} Ey[Si](w)(1 — sz +or, (1 — sz

s=0

Since R is adapted, h is Fpr-measurable so hy = h and the claim holds for ¢t = T
since S = 0. Assume that the claim holds for ¢. Since

SUP{Et St+1 1—2% ‘ <z <1- %}

¢ €R s=0
t t—1
= sup {Rt(w)xt + E[Sia](w)(1 =) ) ‘ 0<z,<1- xs}
z€ER s=0 s=0
t—1 t—1
= max{Ry(w), By[Sp] (W) H1 = Y ) +0p, (1= ) )
s=0 s=0
t—1 t—1
= Si(w)(1 =Y w) + 0, (1Y ),
s=0 5=0
we get

ﬁt_l(xt_l,w) = inf hy(2', w)

z:€R

t—1

[—Rs(w)xs + Or, (25)] — Sp(w)(1 — Z_:xs) + 0, (1 — sz)

I
o

S
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In consequence of Example 2.3, the F;_;-conditional expectation of the second last
term is B, 1[S;)(w)(32'_y 25 — 1), so the claim holds for ¢ — 1. Tt is clear that the
argmax over z; always contains either 0 or 1 — Zij) xs. Thus, if ZZ;E xs takes
values in {0,1}, we can choose an optimal x, such that S !_, z, takes values in

{0,1}. Thus an induction gives an optimal strategy taking values in {0, 1}. O

The above is classical in stochastic analysis (see e.g. [27]) but our proof via the
convex relaxation (ROS) seems new. The process (R;)L, is Markov if, for all ¢,
(R¢y1, - .., Rr) is Ry-conditionally independent of F;.

Remark 5.5. If R € L' is a Markov process, then S; = 1;(R;) for some measurable
function ;. In particular, the optimal stopping times 7 € T are characterized by

the condition R, = ¥, (R;).

Proof. Clearly, Sp,; := 0 is of the required form. Assume that Si 1 = 41 (Ris1)
so that S; = max{ Ry, E[t)y11(Ris1)]}. By the conditional independence and Doob-
Dynkin lemma [17, Lemma 1.13], Ey[thr41(Ris1)] = E7F)[(hys1(Rys1)] = Ue(R;) for
some measurable function ¢,. Defining 1 (z) := max{z, Uy ()}, we get S; = ¥y (Ry),
so the claim follows by induction. ]

5.3. Optimal control

Consider the optimal control problem

T
minimize K E Li(X;,Uy)|  over (X,U) e N,
(00C) [ — }

subject to AX,=A X, 1 +BU_1+W, as. t=1,...,T

where the state X and the control U are processes with values in RY and R, re-
spectively, A; and B; are F;-measurable random matrices, W; is an JF;-measurable
random vector and the functions L; are convex normal integrands. The linear con-
strains in (OC) are called the system equations. Problem (OC) fits the general
framework with z = (X, U) and

T T
h(z,w) =Y Li(X;, Up,w) + Y 0op(AX; — Ay(w)Xi—1 — By(w)Ui—y — Wi(w)).
t=0 t=1

The special structure in (OC) allows us to express the solution (hy){_, of the general
Bellman equations (BE) in terms of normal integrands J; : RY x Q@ — R and
I, : RY x RM x Q) — R that solve the following “dynamic programming” equations

JT+1 - O
L1 (X, Up) = Jipn (X + Appr Xo + Bea Uy + Wia) (6)
Jt(Xt) = lnf Et(Lt —|— [t+l)(Xt7 Ut)
UtER]u

Note that J; is a function only of x; and w while the functions h; in the general
Bellman equations (BE) may depend on the whole path z* of = up to time ¢. The
functions J; are often called the “value functions” or “cost-to-go functions” This
terminology is well justified by Theorem 5.7 below.
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Informally, (6) can be written in the more familiar form
JT+1 =0
Ji(Xt) = U%{M Ey[Ly( Xy, Up) + Jip1 (X + A Xy + B Uy + W),

which are the equations studied in e.g. [3, Section 2.2], [5, Section 1.2] and [8,
Proposition 4.12] when applied to the convex case. We have introduced the func-
tions I; to clarify that the conditional expectations are taken here in the sense of
normal integrands. This resolves many of the measurability problems that arise in
earlier formulations. The optimality conditions and the existence results for the
convex control problems in Theorems 5.7 and 5.10 below seem new in the presented
generality.

Essentially, our formulation of (OC) in terms of normal integrands is what [5, Sec-
tion 1.2.11] calls “semicontinuous models”. In [5], these models were, however, inter-
preted quite narrowly with the exclusion of even the classical linear quadratic model
in Example 5.14. The discrepancy seems to have come from the belief that “in the
usual stochastic programming model, the controls cannot influence the distribution
of future states”; see page 12 of [5]. It is clear in (OC), however, that the con-
trols do influence the distribution of future states. What is crucial for convexity is
that the state equations are affine. In nonconvex dynamic programming recursions
of [13, 25], even this assumption can be relaxed.

Compared to the general Bellman equations (BE), (6) provides a significant dimen-
sion-reduction with respect to time: the optimal control does not depend on the
past states. This is often referred to as the “dynamic programming principle”. This
reduction is essentially due to the time-separable structure of (OC) where, condi-
tionally on the current state, the future is “independent” of the previous states.
We will see a further dimension-reduction with respect to scenarios when the ran-
dom elements in the problem exhibit certain form of independence; see Example
5.13 below. Under appropriate conditions, the functions J; in (6) turn out to be
deterministic.

When applied to (OC), Theorem 3.2 gives the following.

Theorem 5.6. Assume that (OC) is feasible, L; are lower bounded and that (I, J;)1_,
is a solution of (6). Then the optimum value of the optimal control problem coincides
with that of -

minimize E[Z(Eth)(XS, Us) + Jt(Xt)] over (X', U") e N,
s=0
subject to AX,=AX, 1+BU_1+W, as.s=1,...,1

for allt = 0,...,T and, moreover, an (X,U) € N solves (OC) if and only if it
satisfies the system equations and

U, € argmin By(L; + I;41) (X, U)  a.s. forall t=0,...,T.
Ui eRM

If the sets
Nt(W) - {(Xt7 Ut) € Rnt | Xt = O7 (Et(Lt + It+1))oo(07 Ut,&)) S O}

are linear, then there exists an optimal x € N with x; L N, almost surely.
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Rather than proving Theorem 5.6 directly, we will prove the following more general
result the proof of which is based on Theorem 4.6. In addition to p € N'*, the
assumptions involve y, € Ll(RN ). Throughout, we set yo:=yr+1 := 0 and Xpq:=0.
The w-wise transposes of A, and B; will be denoted by A; and By, respectively.

Theorem 5.7. Assume that (OC) is feasible, (I, J;)L_, is an L-bounded solution
of (6) and that there exists p € N+, y € L' and my € L* such that A}y, B}y, and
Wi -y are integrable for all t and

(1) EX  L(XU) = EX L X0, Uy) — (X4, Uy) - pi] for all (X,U) € N
satisfying the system equations,

(2) L X, Up) > (X, Up) - pr — X - Aypyr — (Apn Xy + Bl U + W) - e — my
almost surely for all t.

Then the optimum value of the optimal control problem coincides with that of
t—1
minimize E[Z(EtLS)(XS, U,) + Jt(Xt)] over (X', U") € N,

s=0
subject to AX,=AX, 1 +BU,_1+W, as.s=1,...t

for allt = 0,...,T and, moreover, an (X,U) € N solves (OC) if and only if it
satisfies the system equations and

Ut S argmin Et(Lt + -[t+1)(Xt7 Ut) a.s.

UtE]R]M
forallt=0,...,T. If the sets
Nt(w) = {(Xt7 Ut) € R™ | Xt = O? (Et(Lt + It—l—l))oo(ov Ut7w> < O}

are linear for almost every w € ), then there exists an optimal v € N with x; 1. N,
almost surely.

Proof. Let k(z,w) := h(z,w) — 2 - p(w). Condition (1) means that Fk = Eh on
N. For any (X,U) satisfying the system equations, the lower bound in (2) can be
written as

Lt(Xm Ut) > (Xt; Ut) pr— Xi - Ay — AXig1 - Y — My

Summing up, shows that k is lower bounded. All the claims follow from Theorem
4.6 once we show that (h;)L, given by

—_

t_
ht(ft,w) = (EiLs)(Xs, Us,w) + Eo(Ly + L) (Xe, Up)

S

(7)

Il
-« ©

+> S0y (—AX, + A X,y + BU, 1 + W)

s=1

is an L-bounded solution of (BE). Indeed, by Theorem 4.6, the optimum value of
(OC) can then be expressed as
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f Ehy(z') = inf (EiLg) (X, Us, E (L + 1 X, U,
a:flgj\/t 2 xESNt{Z t w) + Ey(Ly + Li41) (X4, U) |
Az S:AsXs—1+BsUs—1+Ws3:1,...71;}

t—1
= inf Ei L) (X, Us, Ji (X
I}QM{;O( tLs)( w) + Ji(X¢) |
AIS:AsXs_l—FBSUs_l—FWS8:1,...,t},

where the second inequality holds by [33, Theorem 14.60], Also, if (7) holds, then
by Theorem 4.6, an (X,U) € N solves (OC) if and only if (X}, U;) minimizes (7)

almost surely.

Assume that (7) solve (BE) from ¢ onwards. Then

hoy (2t = inf R(z'h 2y)

i ER™
t—1

(EtLS)(XS7 Us)

s=0

+ ()%n[fj {E( L+ Ii1) (X, Uy) | Xy = Xy + AXyo + BlUi + W}
t—1

+ Z 5{0}(_AXS =+ AsXsfl + BsUsfl + Ws)

s=1

1

-
I

(EiLg)(Xs, Us) + Jo(Xio1 + A Xy + BiUpy + W)

M

i
+ O

-1

+ 5{0}(—AXS + A X, 1+ BU,_1 + WS)

t—1
=Y (BL) (X, U) + Li(Xe-1, Up-1)
s=0
t—1
+ 5{0}(_AXS + AsXs—l + BUs—1 + Ws) (8)
s=1

By Theorem 2.13 again,
hey(271) = Etflﬁtfl<xt71>

t—2
= (Bi1L)(X, Uy w) + Broa(Liy + 1)(Xy1, Ua)
s=0

t—1
+3 S0 (—AX, + A X,y + BU, 1 + W),

s=1

We have hy = Erh, by Theorem 2.13. Thus, by induction, the normal integrands
h: given by (7) solve (BE). O



1264 T. Pennanen, A.-P. Perkkio / Dynamic Programming ...
Remark 5.8. The lower bounds in Theorem 5.7 hold if and only if

E[L;(pr — (AYepr + AL Wesr, Bl ye1)) — Wit - Yega] < 00,

for all t. Here yo := yry1 := 0, Apy1 := 0 and By, := 0. The assumption is closely
connected with the feasibility of a problem dual to (OC); see [23].

Proof. By Fenchel’s inequality, for feasible (X, U),

Ly(Xe, Up) + Ly (pe — (Ayee1 + Af 1Y, Blayeen)) — Wit - Yo
> (X, Up) - pe — Xo - (Aysr + Af1ye) — Up - (BEYe) — Wit - Yen
= (X, Up) -pe+ Xo - ye — (Ko + A1 Xy + BenaUp + Wigt) - e
= (Xe, Up) oo+ Xo -y — (Xu41) - Y2
= (X, Up) “pe — Xi - Ayryr — AXip1 - Y

almost surely, which gives the equivalence. [

Theorem 3.1 gives the following existence result for (6).

Theorem 5.9. Assume that L; are lower bounded and that the set

T+1

is linear. Then (6) has a unique solution (Jy, I1),_y , each Jy and I; is lower bounded
and the sets

No(w) = {(X0,U)) € R™ | X, =0, (Ey(Ls + I,11))(0, Uy, w) < 0}

T
C(XUp) <0, AXy = A Xy + BU_1bigg}

=0

are linear for for almost every w € §2.

Rather than proving Theorem 5.9 directly, we will prove the following more general
result the proof of which is based on Theorem 4.5.

Theorem 5.10. Assume that there exists p € N+, y € L' and m; € L' such that
(1) the set

B

is linear,

(2) L X, U) > (X, Up) - pr — X - Aypyr — (Aen Xy + Bl U + W) - yesr — my
almost surely for all t.

(3)  Afy., Biyr and Wy -y, are integrable and E[Ajy| = A Ewy, FyBfEwy] =
BfEyy; and EyW, -y| = W, - Eyy, for all t.

Then (6) has a unique solution (Jy, I,)12", each J; and I, is L-bounded and the sets

Ni(w) = {(Xy,Up) e R™ | Xy, =0, (Ey(Ly + I;11))>°(0,U;,w) <0}

T

Xt, Ut pt'(Xt; Ut)) S O, AXt = Atthl"i—BtUtfl a.s.}

=0

are linear for almost every w € €.
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Proof. Summing up the lower bounds in (2) shows that k(z,w) := h(z,w)—z-p(w)
is lower bounded while (1) means that {x € N | k=(z) < 0} is a linear space. By
Theorem 4.5, (BE) has a unique solution ()L, for h and

Ny(w) = {2, € R™ | h*(2',w) <0, 21 = 0}
is linear-valued for all ¢.

Assume that (I, Jy);, "}, are normal integrands satisfying (6) from time ¢ + 1
onwards, and that
t

ho(x') =Y (Evqi L) (X, Us) + Teya (X, Uy)

s=0 ‘
+ Z 5{0}(AX5 - ASXS—I + BSUS—I + Ws)a
s=1 T
Jt+1<Xt+1) > X1 By — Z Eypymy.

t'=t+1

Here Ery is defined as the identity mapping so the above hold for ¢t = T. The lower
bound gives

I (X, Up) = Jep1 (X + An Xy + Bepa U + W)

T
> (Xy + A1 Xo + B U + W) - By — Z By imy

t'=t+1

=X¢ By + X Al By U - Bl By

T
+ Wipr - By — Z Eipimy. 9)

t'=t+1

Under conditions (2) and (3), all the terms in the expression of hy above are L-
bounded, by Theorem 2.8. By Theorems 2.13 and 2.9,

hi(z') = (Ehy) (2"

(EyLs)(Xs,Us) + Ey(Ly + Iiir) (X3, Up)

s=0

+ zt: Oy (AX, — A X + BUs—1 + Ws).
In particular, =
Ny(w) = {z, € R™ | h°(z,) <0, 271 =0}
={(X},Uy) e R"" | X;, =0, (Ey(L; + I,11))*(0,U;) <0},
which is linear by Theorem 4.5. Thus, by Theorem 6.2, the functions
Ji(Xy) = illfltf Ei(Ly + Ii1) (X, Uy)

and It(thly Utfl) = Jt<Xt71 + Atthl + BtUtfl + Wt)

are convex normal integrands.
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As in (8), »
hoa (281 = (BL)(Xs, Us) + Ji(Xioy + A Xy + BUp_y + W)

~

+ Z 5{0}(_AX5 + AsXs—l + BsUs—l + Ws)

s=1

~

v

-1
- (Eth)(Xsa Us) + It(Xt—la Ut—l)
=0
t_

1

+Y o (—AX, + A X+ BU + W),

s=1
By Lemma 2.6 and Example 2.3, conditions (2) and (3) give
(Et+1Lt)(Xt> Ut) > (Xt, Ut) ~Biape — Xy Et-l—l[Ayt—i—l]
= Xi - AL By — Ur - Bl By
— Wit - BaYerr — Erpamy.
Combining this with (9) gives .
(B Ly + L1 )(Xo, Up) 2 (X0, Up) - Bpape + Xo - By — Z Eppamy.
t=t

By Lemma 2.6 and Example 2.3,

T
Et(Lt + ]H-l)(Xta Ut) > Xi - By — Z Eymy .
. =t
and thuS, Jt(Xt) 2 Xt . Etyt — Z Etmt/.
t'=t
The claim thus follows by induction on t. [

Example 5.11. Assumptions of Theorems 5.7 and 5.10 hold if (OC) is feasible,
(1) {(X,U) e N | LE(X,Up) <0, AX, = A, X; 1 + BiU_y a.s.} is linear,

(2)  There exists p € N+ and € > 0 such that for every A\ € (1 +¢,1 — ¢) there
exist y € L' and m € L! such that Afy:, Biy:, y; - W; are integrable and

Lt(Xta Ut) 2 )\(Xt, Ut) Pt — Xt . Ayt+1 — AXt+1 . yt+1 — My a.s.
for all feasible (X, U) and for all t. Here X;11 := yo := yr41 := 0.

Proof. The second assumption clearly implies the lower bound in both theorems.
Summing up the lower bounds in (2), we see that Lemma 4.8 is applicable, which
implies the rest of the assumptions. [

Remark 5.12. Denoting Q; := E,(L; + I;11), we can write (6) as
Qri1:=0,
L(Xi-1,Uiq) = UiélﬂgM Qu( X1 + AXyo1 + BUiy + W, Uy,

Qi1 = Et71<Lt—1 + [t)
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and the optimality condition as U; € argmin Q;(Xy, U;) a.s..
UtERJ\/[

If (Q;)L, satisfies the above, then the functions

Jt(Xt> = inf Qt(Xt,Ut>

Ut E]R]V[

satisfy (6). Formulation of the dynamic programming recursion in terms of the
Q-functions is often used in the context of reinforcement learning e.g. in [4]. O

Example 5.13. (Conditional independence) Assume that L; are L-bounded, that
(J;, I)]_, is an L-bounded solution of (6) and that there is a sequence of sigma-
algebras (H;)7_, such that

(1) L, is H-conditionally independent of F; and o (Ayy1, Biy1, Wig1) is Hip1 V Hy-
conditionally independent of F;.

(2)  Hiq1 is Hy-conditionally independent of F;.
Then J; is H-measurable and Ey(L; + I;11) = E™(Ly + I141).

In particular, if (Ht)tT;[f are mutually independent and A;, B; and W; are H;-
measurable ; then each E;I;,; is deterministic. If, in addition, L, is independent of
Fi, then J; is deterministic.

Proof. Assume that J;,q is H;;1-measurable. Then
L1 (Xe, Up) = T (KXo + A Xo + Bepy U + Wiga)

is 0(Ass1, Biy1, Wi1) V Hepr-measurable. By [17, Proposition 6.8], conditions (1)
and (2) imply that I, is H;-conditionally independent of F;. By Theorem 2.11,

Ey(Li + Iipr) = E™(Ly + Ii1q),

so J; is ‘H; measurable, by Theorem 6.2. By Theorem 2.11, condition (1) implies
that Jr is Hp-measurable, so the claim follows from induction.

Under the additional assumptions, I;,1 is H;,1-measurable, so mutual independence
of H, gives, by Theorem 2.11, that E,I,,; = E*I,,; is deterministic.

When, in addition, L; is independent of F;, E; 1(L;_1 + I;) is deterministic as well,
and so too is J;. L]
Example 5.14. (Linear-quadratic control) Consider (OC) in the case

1 1
Ly( X, Uy) = §Xt QX+ §Ut - RU,

where Q; € LY(RY*N) and R, € L'(RM*M) are random symmetric positive semi-
definite matrices. Assume that the recursion

Kr = Er[Qr],
Kiy=E 4[Qu1 + (I 4+ A) K (I + Ay
1 % * — *
— iEt—l[([ + A) KBy (Ei—1[Ri—1 + B K, By)) 1Et—1[Bt K(I+ A
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is well-defined, W; - K;A; and W; - K;A; are integrable, W, has zero mean and is
independent of F;_; and of Ay, By, Qy and Ry for ¢ > t. Then

T
1 1
Jt(Xt) - §Xt . KtXt ‘|— 5 Z Et[Wt’ . Qt’Wt’]

t'=t+1
and the optimal control is given by U, = —A, X}, where
Ay = (B[R + By 1 K1 Bea]) BB K (I + Apia)).

Note that if, in addition, @;, R;, A;11 and By, are independent of F;, then the
matrices K; and A; are deterministic with

KT . E QT];
Kt—l = E[Qt—l —+ (I + At)*Kt(I + At)]

— SE(I+ A) K. BJ(B[R s + By K, B))) " E[B{K,(I + Ay)]

and Ay = (B[R] + E[Bi1] Kii1 E[Biy1]) 'E[Bi1 ) Kin  E[T + Apyy].

The backward recursion for (K;)]_, are known as Riccati equations. The matrices
K, are well-defined e.g. when @, R;, A; and B; are all deterministic and R; are
positive definite.

Proof. By Example 2.3,
ELi(X0,U) = 35X, B[QIX, + LUy - BR)U,
for all £, s0 Jr(Xr) = 5 Xr - BrlQr] Xr.
Assume that the expression for Jy in the claim is valid for ¢/ =¢,...,T. We get
(X1, Uiq) = J((L + A) X1 + BU 1 + W)
= 2 Xea - (I + A KT+ A) Xy + %UH . By K,B,U,_,

+ %Wt KW+ X - (I + A)' K BU 4

T
1
+ Wi K(Xeoy + AXor + BUp) + 5 S EWe - QuWal.
t'=t+1

When W, has zero mean and is independent of F;_q, Qu, Ry, Ay and By for t > ¢
and W, is independent of F,_;, Example 2.3 gives

1 *
Ei y(Li—y + 1) (X1, Upq) = §Xt—1 By Q1 + (I 4+ Ap)"Ki(I 4 Ap)] X1

1 * *
+ iUt—l By 4[Ri1+ B/ KiBJUy 1+ Xy 1 - By 1[(I + A)* K By|U;_4

T
1
+ 3 Z E 1 [Wy - QuWey).

t'=t
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Thus,
Jio1(Xeo1) = inf By g (Lioq + 1) (Xeo1, Up—r)

Ui_1ERM

1 « 1
= §Xt—1 B [Quy + (T4 A Ke(I 4 A X + §Et—1[Wt - KW

. 1 %
+ inf {-U;_y- By q[Rio1 + B K\ B)Ui—4
Ui_1€RM =2
+ Xio1 - Eva[(I + A)" K By |Up 1 }
T

1 1

= iXt—l K X+ 5 Z EWy - QuWy,

t'=t

where the infimum is attained by the U, in the statement. The claim thus follows
by induction on t. O

5.4. Problems of Lagrange
Consider the problem

T
(L) minimize FE Z Ki(xy, Axzy)  over z € N,

t=0
where x is a process of fixed dimension d, K; are convex normal integrands and
x_1 := 0. This fits the general format with

T
h(z,w) = Z Ki(zy, Axy,w).
t=0

Problem (L) is a special case of a stochastic problem of Bolza studied in [32] whose
objective contains an additional convex function of (xg,zr). This section analyzes
the dynamic programming principle for (L). The results below seem to be new.

If in the linear stochastic programming model Example 5.2, the constraints can be
grouped as
EAilft—i-Wt.fEt—bteCt t:O,,T (10)

for given random matrices T, and W; and cones C;, then the problem in Example
5.2 is an instance of (L) with

c(w)-ap i Ty(w)Azy + Wi(w)zy — b(w) € Ci(w),

400 otherwise.

Ki(Axy, vy, w) = {

Note also that the problem of optimal control (OC) is a special case of (L) with
Ty = (Xt, Ut) and

L(X,U) if AXy =AXi 1+ BUi—1 + W,

400 otherwise.

Ki(zy, Axy) = {

Other examples can be found e.g. in financial mathematics; see [6, Example 3.6].

Much like in the optimal control problem (OC), the time-separable structure here
allows us to express the solutions of the generalized Bellman equations (BE) in
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terms of normal integrands V; and V; on R? x Q that solve the following dynamic
programming equations

V=0,
‘Zﬁ*l(‘rtflaw) = igﬂgd{(Eth)<xt’ Axhw) + ‘/t(xbw)}u (11)
Vii=E Vi

Note that V; is a function only of x; and w while the functions h; in the general
Bellman equations (BE) may depend on the whole path of z up to time ¢.

Theorem 3.1 gives the following existence result for (L).

Theorem 5.15. Assume that (L) is feasible, K; are lower bounded and (V)L is a
solution of (11). Then

t

inf (L) = inf E[Z(Eth)(xs,Axs)—H/t(zt) t=0,...,T,

teNt
v s=0

for allt =0,...,T and, moreover, an T € N solves (L) if and only if

T, € argmin{(E, K) (24, Axy) + Vi(x)}  a.s.

Tt €Rd4

forallt=0,...,T. If the sets
Nt(w) = {xt c Rd | (Eth)OO(.Tt,xt,CU) + ‘/too(l't,W) S 0}

are linear almost surely, then there exists an optimal x € N with v, L N, almost
surely.

Rather than proving Theorem 5.15 directly, we will prove the following more general
result the proof of which is based on Theorem 4.6. In addition to the “shadow price of
information” p € N'*, the assumptions in this section involve other “dual variables”
y; € L*(RY). Throughout, we set yr,; := 0.

Theorem 5.16. Assume that (L) is feasible, (V;)_, is an L-bounded solution of
(11) and that there exists p € N+, y € L' and m; € L' such that

(1) ES. Ki(wy, Axy) = E> [Ki(x, Axy) — 24 - py] for all x € N,
(2) Kz, Axy) >z - (pr + A1) + Ay - yg — my almost surely for all t.

t

Then  inf(L)= inf E[Z(Eth)(xs,Axs)+\/}(xt) t=0,....T,

rteNt 0
for allt =0,...,T and, moreover, an T € N solves (L) if and only if

7y € argmin{(E Ky) (24, Axy) + Vi(ze)}  a.s. forallt=0,...,T.

Tt ERd

If the sets Ny(w) = {x; € R | (E,K,)>® (24, 74, w) + V(2 w) < 0} are linear for
almost every w € Q, then there exists an optimal x € N with x, L. N, almost surely.
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Proof. Summing up the lower bounds in (2) shows that k(z,w) := h(z,w)—z-p(w)
is lower bounded while 1 means that Fk = Eh on N. Assume that (V;)L, is an
L-bounded solution of (11). All the claims follow from Theorem 4.6 once we show

that ()L, given by
t

he(z', w) = Z(Eth)(xs, Azxg,w) + Vi(xy, w)

s=0
is an L-bounded solution of (BE). Assume that (hy)}_, satisfies (BE) from time ¢
onwards. We get

he_i (Y w) == inf hy(z'h 2, w)

Tt E]R

i(Eth)(xs,Axs, w) + inf {(EKy) (@, Azy,w) + Vi(ay, w)}

Tt G]R

=0
-1

(Eth)(l's, A:Cs; w) + ‘;:‘,fl(xtfl)-

=0

V)

By Theorem 2.13 again, h;_ | = Et_lfzt_l.

Since Vr = 0, we have hy = Erh, by Theorem 2.13. Thus, by induction, ()],
solves (BE). O

The following gives sufficient conditions for the existence of solutions to the Bellman
equations (11).

Theorem 5.17. Assume that Kt are lower bounded and that

{xEN|Z Xz, Azy) — x4 -pr) <0 a.s.}

is a linear space. Then (11) has a unique solution (V;)I_,, each V; is lower bounded
and the sets

Ny(w) = {z, € R | (B K,)> (0, 70, w) + Vi (2, w) < 0} (12)

are linear for almost every w € €.

Rather than proving Theorem 5.17 directly, we will prove the following more general
result the proof of which is based on Theorem 4.5.

Theorem 5.18. Assume that there exists p € N+, y € L' and m; € L' such that
(1) {x e N | S (KX (w, Axy) — x4 - pr) < 0 a.s.} is a linear space,
(2) Kz, Axy) >z - (pr + Ayerr) + Ay - yg — my almost surely for all t.
Then (11) has a unique solution (V;)L,, each V; is L-bounded and the sets

Ny(w) = {z, € R | (B K,)> (y, 7, w) + Vi (2, w) < 0} (13)
are linear for almost every w € €.

Proof. Summing up the lower bounds in (2) shows that k(z,w) := h(z,w) —z-p(w)
is lower bounded while (1) means that {x € N | k*°(z) < 0} is a linear space.
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By Theorem 4.5, (BE) has a unique solution (h;)’_, for h and
Ni(w) == {x; € R™ | h*(0, 2, w) < 0} (14)

is linear for almost every w and for every ¢. Assume that (V;/)7_, are normal inte-
grands satisfying (11) from time ¢ onwards, and that

t

hi(a') = (BK) (g, Axy) + Vi(ay)

=0 (15)
Vi(zy) > =1 - (Byyryr) — Ei Z my
—t+1
almost surely. We get
t—1
Bt_l(xt_l) = inﬂf{d he(z' ™1, 2y) = (B K)(xs, Azg) + f/t_l(xt_l), (16)
7€ s=0
where f/t_l(xt_l) = inf {(Eth)(:vt,A:vt) + Vi(zy) }

l‘tER

The equation in (15) and the linearity of (14) imply that (13) is linear. Thus, by
Theorem 6.2, V;_; is a normal integrand.

By Lemma 2.6 and Example 2.3, condition (2) implies
(B K)(we, Axy) > @4 - ByAyyy + Azy - By — Evmy
Combining with the inequality in (15) gives

‘Zﬁ—l(ﬂﬁt—l) >~z - By — By th'-

t'=t

By Theorem 2.8, there is a unique normal integrand V;_; such that V,_; = FE; f/t,l.
By Lemma 2.6 and Example 2.3, V,_; satisfies the inequality in (15). Taking condi-
tional expectations on both sides of (16) and using Theorems 2.13 and 2.9, we get

t—1

hey(271) = Z(Etfle)@s; Azg) + Viei(2i-1).
s=0
Fort =T, Vr = 0so (15) holds by Theorem 2.13. The claim thus holds by induction
on t. O

The following analogue of Lemma 4.8 gives sufficient conditions for the assumptions
of Theorem 5.16.

Example 5.19. Assumptions of Theorems 5.16 and 5.18 hold if (L) is feasible,

(1) {zeN |, K>(, Ar;) <0 a.s.} is a linear space,

(2) there exists p € /\/L and € > 0 such that for every A € (1 —¢€,1+ ¢€), there
exist y € L' and m,; € L' with

Ki(xy, Axy) >z - (Apr + Aypsr) + Ay - yp — my a.s.
for all t.
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Proof. The second assumption clearly implies the lower bound in both theorems.
Summing up the lower bounds in (2), we see that Lemma 4.8 is applicable, which
implies the rest of the assumptions. [

The linearity condition in Example 5.19 holds, in particular, if we have K° > 0 and
K (x4, ) > 0 for every t =0,...,T and x; # 0. Indeed, in this case

{r eR"| ZKEO(%,A%) <0} ={0}

=0
almost surely. The last condition in Example 5.19 will be discussed in [23].
Example 5.20. (Block-diagonal stochastic LP) Consider the stochastic linear pro-
gramming problem from Example 5.2 and assume that the constraint Az —b € K

can be written as
TtAxt+tht—bt€Ct t:O,,T

This is an instance of (L) with

Ky(Ay, 2, 0) = {Ct(w) cxy if Ty(w)Azy + Wy(w)a, — b(w) € Cy(w),

400 otherwise.

It T;, W;, b; and C; are F;-measurable, then K; is an F;-measurable convex normal
integrand and the dynamic programming recursion (11) can be written as

V=0,
Vioi(@pq,w) = ig[gd{ct(w) sy + Vi, w) | Ty(w)Axy + Wi(w)xy — by(w) € C(w)},
Vier = B Vi

This is the classic formulation for linear stochastic programs. Theorem 5.18 gives
sufficient conditions for this to be well-defined.

Existence of solutions to Bellman equations for linearly constrained problems have
been established also in [20].

Example 5.21. (Conditional independence) Assume that K; are L-bounded, that
(V)L and (V;)L, are an L-bounded solution of (11) and that there is a sequence
of sigma-algebras (H;)._, such that H; C F; and

(1) K is Hs-conditionally independent of F,

(2)  Hyq1 is Hy-conditionally independent of F;.

Then \N/t is H;1-measurable and V; = EHtf/t.

In particular, if (#;){%, are mutually independent, then V; are deterministic.

Proof. By definition, V; = 0 is Hp-measurable. Assume now that Viyq is Hyyq-
measurable. By Theorem 2.11, condition (1) implies E;yqKyy1 is H;p1-measurable.
Thus, V; is then H,, -measurable as well. By Theorem 2.11 again, condition (2)
implies V; = EM™'V,, so the first two claims follow by induction. The last claim
follows from Theorem 2.11. [
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Remark 5.22. Even under the assumptions of Theorems 5.16 and 5.18, K;(x;, Ax;)
need not be integrable for an optimal solution x of (L). Indeed, defining

Kt(xt, Axt,w) =T Ayt+1(W) + yt(w) . Al't,

for a process y € L' with yr,; := 0, the assumptions of Example 5.19 are satisfied
with p = 0. Since ZtT:o Ki(xy, Azy,w) = 0, any 2 € N is optimal, but K;(x;, Azy)
need not be integrable.

5.5. Financial mathematics

Let s = (s;)I_, be an adapted R7-valued stochastic process describing the unit
prices of traded assets in a perfectly liquid financial market. Consider the problem of
finding a dynamic trading strategy z = (z;)L_, that provides the “best hedge” against
the financial liability of delivering a random amount ¢ € L° of cash at time 7. If we
measure our risk preferences over random cash-flows with the “expected shortfall”
associated with a nondecreasing nonconstant convex “loss function” V : R — R, the
problem can be written as

T-1
minimize FEV (c — g Ty AsHl) over €N,
t=0

(ALM)
subject to z; € Dy t=0,...,T a.s.,

where D; is a random F;-measurable set describing possible portfolio constraints.
We will assume Dy = {0}, which means that all positions have to be closed at the
terminal date. Note that nondecreasing convex loss functions V' are in one-to-one
correspondence with nondecreasing concave utility functions U via V' (¢) = —U(—c).

Problem (ALM) is standard in financial mathematics although it is based on quite
unrealistic assumptions on the financial market. In particular, it assumes that we
can buy and sell arbitrary quantities of all assets at prices given by s. It also assumes
that one can lend and borrow arbitrary amounts of cash at zero interest rate. Under
these assumptions, the random variable ¢ can be thought of as the difference of
the claim to be hedged and the initial wealth and the sum in the objective can be
interpreted as the proceeds from trading from time t =0 tot =T.

Problem (ALM) fits the general framework with

T-1 T-1
h(z,w) = V(C<W) - Z Ty - Asyy1(w), w) + Z 0D, (w) (T2, w).
t=0 t=0

We start by giving sufficient conditions for the main existence results in Section 4.
It turns out that, in the absence of portfolio constraints, the linearity condition in
Lemma 4.8 becomes the classical no-arbitrage condition

T-1 T—1
(NA) x e N, th “Asi1>0a.s. = Zl‘t - Asi1 =0 a.s.;
=0 t=0

see Remark 5.24 below.
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The lower bound in Lemma 4.8 holds, in particular, if there exists a martingale
measure () < P such that

ey, V*(dQ/dP) € L',

V' is deterministic and either

uV'(u) e s e uV(w) i
AE_(V): _lirgsgop V(o) <1l or AE (V):= lir_r}ig)f V(o) > 1;

see Remark 5.25. The above limits are known as “asymptotic elasticies” of V. The
conditions above are satisfied by most familiar loss functions such as the exponential,
logarithmic and power loss functions.

The problem (ALM) fits the general framework with

h(z,w) = < th Aspig(w )+Z5Dt(w Ty, W

As before, we assume that V' is a nondecreasing, nonconstant convex normal inte-
grand on 2 x R. This implies, in particular that, the recession function V> of V'
(see the end of Section 2) is nondecreasing and strictly positive on strictly positive
reals.

Theorem 5.23. (Existence of solutions) Assume that

(1)  there exist y € L° and € > 0 such that
cy, yASta UDt(Et[yASt+1])’ V*()\y) S Ll \V/t7 A€ [1 -6 1+ E]

(2) theset L={x e N |3 wAsiy1 >0, 7 € DX a.s.} is linear.
Then (ALM) admits optimal solutions.

Proof. By Theorems 4.6 and 4.7, it suffices to show that the two conditions in
Lemma 4.8 hold. By Fenchel’s inequality, V' (u) > Auy — V*(\y) and

Op, (@) 2 Azy - (Ei[yAsiia]) — Aop, (Er[yAsiia]).

Hence,
T-1 T-1

h(z) > Aey — V*(Ay) — A Z xy - [YAsi 1 — EyyAsi] — A Z op, (EilyAsiiq]).
0

t= =0

Choosing p; = Ey[yAsiy1] — yAs,y1 and

T-1

m=_max {V*(\y)+ A Z op, (Ei[yAsii1]) — Aey}

AE[1—€,14¢] 0

gives the first condition of Lemma 4.8. Indeed, by convexity of V*, the maximum
in the expression of m is attained scenariowise at A = 1 —€eor A = 1+ € so m is
integrable as the pointwise maximum of two integrable functions.
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By [33, Theorem 9.3],
h* (7, w) ( th Asypq(w ) + Z5D°° (w) (T, w

so condition (2) in Lemma 4.8 means that

T-1

L={xeN| VW(—th-AstH) <0, x; € D as.}

t=0

is a linear space. Since V' is not a constant function, we have V>°(u) > 0 for u > 0
and hence

T—1 T—1
Voo( — th . AStJrl) S 0 <~ th . AStJr]_ 2 0.
=0 =0
T-1
Thus, L={xeN| th +Asip1 >0, 2y € DX as.},
=0
so condition (2) in Lemma 4.8 holds. O

The above extends the existence results in Theorems 2.7 and 2.10 of [28] by allowing
for portfolio constraints and more general utility functions.

Remark 5.24. In the absence of portfolio constraints, condition (2) in Theorem
5.23 becomes (NA).

Remark 5.25. Condition (1) in Theorem 5.23 holds, in particular, if V' is lower
bounded since then, EV*(0) < oo so one can simply take y = 0. More generally,
the condition holds if there exists a y € L' such that

¢y, op,(EilyAsen]), Vi(y) € L' vt
and one of the following conditions hold
(A) There exist A € (0,1), g € dom EV* and C' > 0 such that
Vi(Ay,w) < CVi(y,w) Vy € [0,5(w)]
for almost every w € Q.
(B) There exist A > 1, g € dom EV* and C' > 0 such that
Vi(y,w) <CVi(y,w) Vy = gw)
for almost every w € €.

If V' is deterministic, then condition (A) holds if AE_(V) < 1 while (B) holds if
AE (V) > 1.

Proof. The first claim is obvious. As to the second, let y € dom EV*. Under A,
EV*(Ay) = Elyy<p V(M) + Elgsp V' (Ay)
< Ely<p V7 () + Elgysgy max{V"(Ag), V*(y)}
< Elpy<py OV (y) + Elgysyy max{CV*(y), V" (y)},

where the first inequality comes from the convexity of V*.
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Since g,y € dom EV*, the last expression is integrable. Under B,

VE(Ay) = 1<V (Ay) + LtV (Ay)
< Lgy<gy max{V*(y), V*(A))} + Loy V7 (M)
< Lgy<gy max{V*(y), CV* (@)} + 1oy OV (),
where the first inequality comes from the convexity of V*. Thus, under both (A)
and (B), Adom EV* C dom EV* so condition (1) in Theorem 5.23 holds.
We have AE_ (V) < p if and only if there exists u < 0 such that

V'(u) <pV(u)/u Vu<u,
while AE, (V') > p if and only if there exists @ > 0 such that
V'(u) > pV(u)/u Yu > a,
Thus, the last claim follows from [22, Lemmas 20 and 21]. O

When applied directly to (ALM), the generalized Bellman equations (BE) do not
provide much information about the solutions. We will thus reformulate (ALM) as
an optimal control problem and find that the optimal investment strategy at time
t depends on the past allocations only through the current level of wealth. If s is
componentwise almost surely nonzero, we can write (ALM) as a stochastic control
problem

minimize EV (¢c—X7) over (X,U)eN,

subject to Xo=0

AXt:Rt'Ut—l vt:]_,,T

UeD, Vt=0,...,T

where X; stands for the wealth generated by the trading strategy up to time ¢, then
R} := Asj/s]_, is the rate of return on asset j, U} := sjx] is the amount of cash
invested in asset j over the period (¢,¢ + 1] and

Dy(w) ={U e R? | (U7 /s](w))jes € Dy(w)}.
This formulation can be extended as follows.

Example 5.26. Consider the problem
minimize EV (¢c— Xr) over (X,U)eN,

subject to Xo=w a.s.
AXt:Rt'Ut—l Vt:]_,...,TCL.S.

(X,U)eD, vt=0,....,T—1as.,

where D, is an F,-measurable random set in R x R” and w € LY(Fp) is a given initial
wealth. The dependence of the portfolio constraint on the wealth X, has practical
significance. For instance,

~

D= {(Xt,Ut) | 1- Ut S OéXt}
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describes a capital requirement where at most the proportion « of the current wealth
can be invested in the risky assets while the constraint

ﬁ - {(XtyUt> | ]_ N Ut :Xt}

would require the whole wealth to be invested in the risky assets. Various combina-
tions of the above e.g., with short-selling constraints, can be incorporated into the
constraints D.

The above model fits the control format with N =1, M = |J|, A; =0, B, = Ry,
W, =0 and

LT(XT, UT> = V(C — XT),
Lt(Xt7 Ut) == 551& (Xt, Ut),
Lo(Xo,Up) = 0guy(Xo) + 5ﬁ0(Xt, Uyp).

Assuming that V and ¢ are Fp-measurable, the dynamic programming equations
(6) can be written as

JT<XT) = V(C — XT)
It—f—l(XtaUt) - Jt+1(Xt+Rt+1 Ut> t:T— ].,...,0,
J(X0) = inf {(Bdia) (X0, Uy | (U, X) € D} t=T7-1,...,1, (7

Jo(Xo) = 3y (Xo) + inf {(Eyl)(Xo, Un) | (Xo, U) € Do}
me

The optimality conditions (17) imply that the optimal portfolio U; depends on the
past decisions only via X;.

Example 5.27. (Exponential utility) Consider the model of Example 5.26 in the

case where V(1) = exp(pu)/p and Dy(w) = R x Dy(w). A simple induction argument
in (17) gives
Jt(Xt) = O{tV(—Xt),

where ar =exp(pe) and oy = inf Efoyqexp(—pRiyq - Up)).

UteDy
An adapted portfolio process U satisfies the optimality condition if and only if U,
achieves the infimum above almost surely for all £. Note that the amounts of wealth
U, invested in the risky assets do not depend on the level of wealth Xj.

Assuming further that each R; is independent of F;_; and that f)t and c are deter-
ministic, we see that a; are constants and the cost-to-go functions J; are determin-
istic. If, in addition, if R; is normally distributed with mean p; and covariance ¥,
then, by the properties of moment generating functions,

Eilagrexp(—pRi1 - Uy)] = api Elexp(—pRiy1 - Uy
2
= yq1 exp(—pU; - piy + %Ut -3 Uy),

so, when there are no portfolio constraints, it is optimal to take U; = ; ', /p. This
is a classic finding in portfolio optimization going back to [19].
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6. Appendix

The following is a reformulation of [29, Theorem 9.2].

Lemma 6.1. Let f:R™ x R™ — R be convex and assume that
N :={z eR"| f*(z,0) <0}
is linear. Then
pw) = inf f(r,u.w)
TE€R™

is a convex lsc function and

P = inf [ (r,u).

Moreover, argmin f(-,u) N N+ # 0 for all u € R™.

Proof. Since N is a convex cone, the linearity condition means that
F(a,u) <0, f5(—z,—u) >0 =  Afz,u) £0,

where A(z,u) = u. Thus, by [29, Theorem 9.2], p is a Isc convex function, the
formula for p*> is valid and the infimum in the definition of p is attained. That the
infimum is attained by z € N+ follows from [29, Corollary 8.6.1] ]

The following was used in the proof of Theorem 3.2 and some of its corollaries in
Section 5.

Theorem 6.2. Let f be a convexr normal integrand on R™ x R™ x £ and assume
that the set-valued mapping

N(w) ={z e R" | f*(z,0,w) < 0}
1s linear-valued. Then

p(u,w) = xleann fz,u,w)

is a normal integrand on R™ x € and

Pe(n,w) = inf [ (o,u,0)

Moreover, given a u € LO(F), there is an v € LY(F) with z(w) L N(w) and
plu(w),w) = f(z(w), u(w),w).
Proof. By Lemma 6.1, the linearity condition implies for every w € €2, that the set
S(w) := N(w)* Nargmin f(z,u,w)
is nonempty and that p(-,w) is a lower semic;ntinuous convex function with
P> (u,w) = xieann [z, u,w).
Following [33, Proposition 14.47], the lower semicontinuity implies that p is a nor-
mal integrand. By [33, Exercise 14.54, Proposition 14.33, Proposition 14.11, Theo-

rem 14.37 ], the set S is measurable so, by [33, Corollary 14.6], it admits a measurable
selection . ]
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The three lemmas below extend classical properties of expectations and conditional
expectations to general, possibly nonintegrable random variables.

Lemma 6.3. Given extended real-valued random variables & and &, we have

El¢1 + &) = ElG] + E[&)]
under any of the following:
(1) &.& el org,& €Ll
(2) &L eLl'oré&ell
(3) & or& is {0, +oo}-valued.

Proof. If both & and &, are positive, the equation holds by the monotone conver-
gence theorem. Assume now that &,& € L! and let £ = & + &. Then we have

G- =6 -+ —&, 0T+ +& =8+ +& and
E¢t + B¢, + E¢; = B¢ + E¢F + B¢

Rearranging gives the equality. In general,

(G +&)T<E+E, (G+&) <G +&,
<G+, & <&+ +E

If &7,&5 € LY, the first inequality implies (§; + &) € LY. If & ¢ L', the last
inequality gives (& +&;)~ ¢ L' so the equation holds. The sufficiency of &7, & € L*
follows by an analogous argument. Assume now & € L'. If & € L', the equation
holds by (1) while if & ¢ L', the second inequality gives (& + &)t & L', so the
equation holds again. Claim (3) is clear. O

Lemma 6.4. Let & and & be extended real-valued random variables.

(1) If& and & are quasi-integrable and satisfy any of the conditions in Lemma 6.3,
then & + & is quasi-integrable and

E9[& + &) = E9[&] + EYI&).
(2)  If & and (€165) are quasi-integrable, and & is G-measurable, then
E9616) = & ET[S).
Proof. Let a € L°(G). In (1), Lemma 6.3 gives
Ela(é + &)] = Ela&] + Ela&] = ElaE%] + ElaE%S] = Ela(E96 + E96)].

To prove (2), note first that the claim is clear if £; is bounded and either nonpositive
or nonnegative. Let £} be the projection & to the B,. Since & &, is quasi-integrable,
(1) gives

E9IE1E) = B [Liers01€76o) + B9 Lier <)Y 6o
= 1{5;20}&3@ €] + 1{5§<0}5TEQ[52]
= (E9[&).
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The last term converges almost surely to & E9[¢;]. On the other hand, by (1),
E9[676) = EF((676)" — (€16)7] = E°[(1€)7] + E9[—(&7&) 7).
Since both terms on the right are monotone in v and one of them is bounded,
lim EY[€7&] = lim BY[(§7€2) 7] + lim B[~ (/&) 7).
By conditional monotone convergence (see, e.g., [34, Theorem I1.7.2]),
lim B9[616] = E9((€162)"] + B[~ (&&) 7],

where, by (1), the right side equals E9[£,&,)]. O

Lemma 6.5. Assume that & is quasi-integrable and that G C G C F. Then
E9¢ = E9E%] and E¢ = E[EY%].

Proof. The first claim follows directly from the definition. As to the second, apply
Lemma 6.4 and Lemma 6.3 to £ =T — £, H

The following is essentially [17, Proposition 6.6 and Corollary 6.7]

Lemma 6.6. Given o-algebras G', G and H, the following are equivalent:
(1) G and G are H-conditionally independent,

(2)  E"[ww] = E*[WE"[w] for every w' € LY(G') and w € L>(G),

(3)  E9YH[w']) = E™w'] for every w' € LY(G").

In this case, if G and H are independent, so too are G and G'.

Proof. The first implies the second by the monotone class theorem.
When (2) holds, we have, for any w’ € L'(G’), A € G and B € H,

E[E™w'14np] = E[E*[w'14]15] = Ew'1415] = E[E9"*[w'|1 4ns],

and, by the monotone class theorem, this extends from sets of the form AN B to
any set in G V H. Thus (2) implies (3). Assuming (3), we have, for A’ € G’ and
Aeqg,

EM[1414] = EM[E9H[1414]] = EM[1,E9V1 4]
- EH[lAEHlA/] — EH[lA]EH[lA/],
so (1) holds.

Assume now in addition that G and H are independent. Given any A" € G’ and
A e g, we get

E[lala] = E[E™[1414]] = E[E*[14]E™[14]]
= E[EM[14]E[14]] = E[1a]E[14],

which implies the independence of G and G'. O
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