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With every real valued function, of a real argument, can be associated a matrix function mapping
a linear space of symmetric matrices into itself. In this paper we study directional differentiability
properties of such matrix functions associated with directionally differentiable real valued func-
tions. In particular, we show that matrix valued functions inherit semismooth properties of the
corresponding real valued functions.
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1. Introduction

Consider the linear space SP*P of p x p symmetric matrices. With a real valued
function f : R — R can be associated a matrix valued function F' : SP*P — SP*P
defined as follows. For a matrix X € SP*P denote by A(X) > ... > A, (X) its
eigenvalues, arranged in the decreasing order, and by e;(X), ..., e,(X) a set of the
corresponding orthonormal eigenvectors. Then we define!

F(X) = Zf(MX)) ei(X)ei(X)". (1)

Of course, the orthonormal eigenvectors e1(X), ..., e,(X) are not defined uniquely.
However, the right hand side of (1) does not depend on a particular choice of the
orthonormal eigenvector system of X, and hence the function F(X) is well defined.

Matrix functions of the form (1) have been studied extensively (see, e.g., [1, Chapter
6] and references therein). In particular, for the functions f(z) := 2", n = 1, ...,
we have F'(X) = X" in the sense of the usual matrix multiplication. For analytic
functions f(x) one can then define F'(X) by using power series expansions.

In this paper we investigate differentiability properties of the function F(X) in
cases where f(z) is directionally differentiable, but not necessarily differentiable
everywhere. In particular, we show that the matrix function F'(X) inherits semi-
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!By AT we denote the transpose of matrix (vector) A.
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smoothness properties of the function f(x) (by different techniques this was analysed
in Chen, Qi and Tseng [3]). For the function f(z) := |z|, directional differentiabil-
ity and semismoothness of the corresponding matrix function, denoted |X|, was
shown in [12]. For f(z) := x,, where x; := max{0,z}, the corresponding map-
ping X — F(X) represents the metric projection of X onto the cone S§7 of p x p
positive semidefinite symmetric matrices. Semismoothness of that mapping (metric
projection) was shown in Pang, Sun and Sun [8]. To some extend this investigation
is motivated by those papers.

Recall that a mapping ¢g : R™ — R™ is said to be directionally differentiable, at a
point z € R”, if its directional derivative
: h) —g(x)
"(z,h) =1 glz+t
g'(x, h) = lim ,
exists in every direction h € R™. If, moreover, the directional derivative ¢'(z,-) is

linear, then g(-) is (Gateauzx) differentiable at x and its differential is denoted by
Dg(x)h = g'(x, h).

We assume throughout this paper that the function f(-) is directionally differen-
tiable. Since here x is real valued, directional differentiability of f(-) simply means
that f(-) is right and left side differentiable. In particular, if f(-) is differentiable at
a point xz, then f'(x,h) = f'(x)h, where f'(z) = df(x)/dxz denotes the derivative of
f(-) at z.

There are several equivalent ways of defining semismoothness, originally introduced
in Mifflin [7], of a mapping g : R — R™. We use the following definition (cf., [10])

Definition 1.1. Let g : R® — R™ be a locally Lipschitz continuous and direction-
ally differentiable mapping. It is said that g(-) is semismooth at a point z € R™ if

gz +h) = g(z) = g'(z + h, h) + o(|[1]]). (2)
It is said that g(-) is strongly semismooth at x if
g(z +h) — g(z) = ¢'(z + h, h) + O([[1]|*). O (3)

It is said that the mapping g(z) is positively homogeneous if g(tx) = tg(x) for
any r € R" and t > 0. If g(z) is positively homogeneous, then ¢(0) = 0, g(x)
it is directionally differentiable at z = 0 and ¢'(h,h) = g(h), and hence g(-) is
strongly semismooth at x = 0. Moreover, if g(z) is locally Lipschitz continuous and
G: R¥ — R" is a twice continuously differentiable mapping and G(z) = 0, then the
composite mapping g o G: R¥ — R™ is strongly semismooth at Z (see [4],[10] for a
discussion of these properties).

We use the following notation throughout the paper. For a matrix X € SP*P we
denote by o(X) := (A (X), ..., \p(X)) its spectrum. We study differentiability prop-
erties of o(X) and F(X) in a neighborhood of a given matrix X € SP*P. By ry, ..., r,
we denote the multiplicities and by p; > ... > p, the distinct values of the eigenval-

ues Ap(X), ..., Ap(X), fee, py i= Ag,41(X) = .. = A4, (X), 5 = 1, ..., ¢, where

s1:=0, s9:=1r1, ... , 8¢ t=T1F e T (4)
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Also by E;(X) we denote the p x r; matrix whose columns are formed by the
eigenvectors es, 11(X), ..., €545, (X), i€,

Ej(X) = [es,11(X)s ey 5,00, (X)], 5 =1, .06, (5)
and define Pi(X) = E;(X)E;(X)". (6)

Note that the matrix P;(X) represents the orthogonal projection onto the space gen-
erated by the eigenvectors ey, 1(X), ..., €4, (X) and is independent of a particular
choice of E;(X). In particular, denote

That is, P; is the orthogonal projection matrix onto the eigenvector space corre-
sponding to the eigenvalue y;. We have then that P P; = 0 if ¢ # j, P> = P, and
4_, P; = I,. Moreover,

j=1
X =) P and F(X)=>f(u)P;. (8)

=1 j=1
For a number z € R we denote by sign(z) its sign, i.e., sign(z) = 1 if 2 > 0,

sign(z) = —1if x < 0 and sign(z) = 0 if x = 0. By I, we denote the p x p identity
matrix.

2. Analytic functions

In this section we study the case where the function f(x) is analytic in a neighbor-
hood of every point 1, 7 =1,...,q. For 2 # p;, j = 1,..., ¢, we have that the matrix
zI, — X is nonsingular and

(2L, = X)) =D (z— ;)" P;. (9)

j=1

Therefore, if we take a curve C; in the complex plane to be a sufficiently small circle
centered at j1; and oriented in the anticlock direction, then by Cauchy’s theorem,

1 - _
3 [ FET - %) = fu)P (10
Uy’ Cy
q
Consider the curve C = U C;. (11)
j=1

It is well known that the eigenvalues A;(X), ..., \,(X) are continuous, in fact even
locally Lipschitz continuous, functions of X € SP*P. Consequently, for all X in a
sufficiently small neighborhood of X, the eigenvalues A (X), ..., A,(X) are contained
inside the curve C. It follows that for all X in a neighborhood of X the matrix
function F'(X) can be represented in the following integral form

F(X) = %/Cf(z)(zfp—)()ldz. (12)
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The idea of using the above representation for studying matrix functions is going
back to Poincaré [9] and is used extensively in Kato [5].

The integral representation (12) implies that the matrix function F'(X) is analytic,
and hence is twice continuously differentiable, in a neighborhood of X. It follows
that F(X) is strongly semismooth at X. For example, the functions f(z) := |z| and
f(z) := x, are analytic at every point x # 0. Therefore, the corresponding matrix
functions F'(X) are analytic, and hence strongly semismooth, at every nonsingular
matrix X.

It is also possible to use the integral representation (12) for calculation of derivatives
of F'(X). We have that if the matrix A := (2I,—X) is nonsingular, then for H € SP*P
in a neighborhood of the null matrix,

(A—H)-l = A"+ ATTHAT +o(|| H)), (13)
and hence DF(X)H =5 / f()(zL, — X) ' H(z1, — X) 'dz. (14)
Together with (9) and (11) this implies
DF(X)H = zq: kL P H P, (15)
jikv=1
where lij ho = 5 / f() (2 = ) Mz — ) Nz (16)

The coefficients /egllzv can be written in a closed form by applying Cauchy’s theorem

to f(z), that is

(0, if v+#jandov#Ek,
" /Lf(fii)k7 if v=jandv #k, (17)
Kby = :
P gy and v =k
[ Fs)s i v =jandu=Fk

It follows that (cf., [5])

q
DF(X)H = Ag(X, H) + Y f'(u;) P H P, (18)
j=1
v S(g) — S ()
where Ap(X,H) =1} ; — (P;HP, + P,HP;). (19)
7,k=1

It also follows that, for any j € {1, ..., ¢}, the mapping X ~ P;(X) is analytic in a
neighborhood of X and

DP(X)H =3y — ) (PP, + PLHP,). (20)

k#j
k=1

The assumption that f(x) is analytic at every p; was essential in the above analysis.
In section 4 we discuss cases where f(x) may be even nondifferentiable at some
points.
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Remark 2.1. In principle it is possible to employ the representation (12) in order
to compute the higher order terms in the expansion of F'(X). For example, by using

(A-H)'=A7 4+ AT THA + ATTHAT T HA™ +o(|| H|]%),

the second order term can be written as follows

2m/f ) (2L, X) ' H(2L,—X) ' H(21,— X)) 'dz = Z k) P HPHP,

7,k v=1
where Rkt = 2712/ f(2)(z — i)~ Yo — ) Nz — o) Mz

The coefficients /1§2,2 ¢, can be written in a closed form by applying Cauchy’s theorem

to f(z). In particular, for v different from j, k and ¢, we have that /@5.,212,&1) = 0; for

v=7=Fk=1/{ we have /4:5-,2,2,4,” = 2 f"(u;); for v =j = k and v # (, we have /4:5-,2,2,“ =

. 9 s
I (15)/ (5 — pe); for v =j and v # k, v # ¢, we have Ii§-7k)74w = % O

3. Differentiability of eigenvalue functions

By using the fact that the mappings P;(X) are analytic in a neighborhood of X it
is possible to construct, for every j € {1,...,¢}, a mapping Z; : SP*? — S§"3*"i with
the following properties (a detail construction of this mapping is given in [11, p. 558]
and [2, Example 3.98, p.211]).

(i) The mapping =;(-) is analytic in a neighborhood of X,
(i) E5(X) = plr,
(iii) D=;(X) : SP*P — S"*"i is onto and
DE;(X)H = E] HE;, (21)

(iv) For all X € SP*P in a neighborhood of X the following holds:

As;+i(X) = v(E5(X)), i=1,..1, (22)

where v(Y) > ... > v, (Y) denote eigenvalues of matrix ¥ € S™7*".
Consider a matrix H € SP*P. We have that
Ei(X +tH) = Z5(X) + tDE;(X)H + o(t) = p;l,, + tDZ;(X)H + oft).

Since the eigenvalues of a symmetric matrix are locally Lipschitz continuous, it
follows that for i = 1,...,7; and ¢ > 0 small enough,

Ny il X+ EH) = v 131, + LDZ,()VH) + olt) = p; + s ( DZ;(X)H) + o).
Together with (21) this implies the following.

Proposition 3.1. The directional derivatives )\S (X H), i =1,...,r;, exist and
coincide with the corresponding eigenvalues of the matriz ETHE armnged in the
decreasing order.
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Of course the above result is known, e.g., it is a particular case of a more general
result given in [6, Theorem 7].

For i € {1,...,r;} the function A,,;(X) can be represented in a neighborhood of X
in the form

As;+i(X) = + v (T5(X)) (23)

where I';(X) := Z;(X) — p;l.,. We have that the mapping I';(X) is analytic at
X, I'j(X) = 0, and the function v; : S7*" — R is positively homogeneous. As it
was mentioned in the Introduction, composition of the positively homogeneous and
locally Lipschitz continuous function v;(+) and the twice continuously diferentiable
mapping I';(+) is strongly semismooth at a point X such that T';(X) = 0. We obtain
therefore the following.

Proposition 3.2. The eigenvalue functions \; : SP*P — R, i =1, ..., p, are strongly
semismooth at every X € SP*P,

The above proposition implies that the spectral mapping X — o(X) is strongly
semismooth at every X € SP*P. By a different technique this was shown in Sun and
Sun [13].

In the subsequent analysis we will need the following construction. For a given
(direction) matrix H € S”? and j € {1, ...,¢} consider matrix E] HE;. Note that
the matrix E; is defined up to an orthogonal rotation, i.e., it can be replaced by
E;Q, where @ is an 7; X r; orthogonal matrix. Of course, the eigenvalues of the
matrix QTE]-TH E;Q coincide with the corresponding eigenvalues of E]-TH E;. We
can choose orthogonal matrix () in such a way that QTEJT HE;Q is diagonal. Such
rotation of E']TH E; to diagonal form depends on H and may still be not defined
uniquely.

We denote by E;(H) a particular matrix E; such that £ HE; is diagonal.

Lemma 3.3. For j € {1,...,q}, any accumulation point of E;(X +tH), ast ] 0, is
matriz E; = E;(H).

Proof. By passing to the limit in the definition of matrix Ej(-) we obtain that any
accumulation point of Ej;, := E;(X +tH), as t | 0, is a matrix E;. We have that

Ej(X +tH)E;, = B XE; +tE,HE}, (24)

is diagonal. Since the limit of the first term in the right hand side of (24) is diagonal,
it follows that the limit of the second term in the right hand side of (24) is also
diagonal. This completes the proof. O

4. Properties of matrix functions

In this section we study continuity and differentiability properties of the matrix
functions F'(X), of the form (1), for possibly nondifferentiable functions f(z).

Proposition 4.1. Suppose that the function f(x) is locally Lipschitz continuous.
Then the corresponding matriz function F(X) is locally Lipschitz continuous.
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Proof. Since P;(X) = Z]J;T{H ex(X)en(X) T, we can write

Sj+T;

= Z fuy) Pi(X) + Z Z — fuj)] ex(X)en(X)T. (25
It follows that |F(X) - F(X)| <

S+

< Z!f p) 1P (X X +Z > O = F) ller(X)er(X) -

Jj=1 k=s;+1

Since [lex(X)er(X)"| are uniformly bounded, the result then follows from locally
Lipschitz continuity of the eigenvalue functions A\ (-) and of P;(-). O

We assume in the remainder of this section that the function f(z) is directionally

differentiable.

o  Consider functions 9;(-) :== f'(u;,-), and let W; : §"*75 — §"5*"5 be the corre-
sponding matrix functions, j =1, ..., q.

Theorem 4.2. Suppose that the function f(x) is directionally differentiable at every
point pj, j = 1,..q. Then the corresponding matriz function F(z) is directionally
differentiable at X and

F'(X,H)=A;(X,H)+B;(X,H), (26)

where Ag(X, H) is defined in (19), E; = E;(H) are such that E] HE; are diagonal,
17=1,...,q, and

Dj |

LS}

By(X,H):=» FE;[V;(E/HE;)] E/. (27)

J
1

Proof. Consider the decomposition (25) with X := X + tH. We have

<
Il

q
lim £~ 1Zf () [P;(X + tH) = P(X)] = z;f(uj)DPj(X)H, (28)
and by (20): Zf(u] )DP,(X ZZ AC “J - (PHP, + P.HP))
J=1 k#j
= Y LW T (pgp, 4 PHP) = Ag(X, H). (29)
1<j<k<q 'u Hie
Now for ¢ > 0 and 7 = 1 consider
S1+71
Aty =t Y [f (X +tH)) = f(m)] en(X + tH)en(X +tH) "
k=s1+1

By Lemma 3.3 we have that any accumulation point of E; (X + tH) is a matrix
Fy = E1(H). We also have, for k =1, ...,r, that

lim ¢~ [f (A(X + tH)) = f(u)] = f' (i, (X, H))

and by Proposition 3.1: f' (1, \y(X, H)) = f' (1, €} Hey,).
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It follows that

S$1+71
%Al(t) = Y f(m.e Hel) eey = B [V (B[ HE)] B . (30)
k=s1+1

Note that the right hand side of (30) does not depend on a particular choice of the
columns e;(X), ..., e, (X) of the matrix £y = Ey(H).

The same calculations can be performed for every j € {1, ...,¢}. The required result
then follows by (29) and (30). O

In particular, suppose that f(-) is differentiable at every point p;, j = 1,...,q. Then
f'(pj,h) = f'(p;)h and hence
E; [, (Ef HE;)] Ef = ['(u;) P HP;. (31)

It follows then that F'(X, H) is linear in H, and is given by the right hand side of
(18), and hence F(X) is Gateaux differentiable at X. Suppose further that f(x) is
locally Lipschitz continuous. Then, by Proposition 4.1, F'(X) is also locally Lipschitz
continuous, and hence Fréchet differentiability of F(X) at X follows.

Proposition 4.3. Suppose that the function f(z) is differentiable at every point p;,
j=1,...,q. Then F(X) is (Gateauz) differentiable at X and its differential is given
by formula (18). If, moreover, f(x) is continuously differentiable at every point p;,
j=1,....,q, then F(X) is continuously differentiable at X.

Proof. Gateaux differentiability follows by the above discussion. So let us suppose
that f(z) is continuously differentiable at every point p;, j =1,...,q. Let X € SP*?
be sufficiently close to X and consider the terms corresponding to j = 1 in (18).
Suppose for the moment that A\;(X) > ... > A, (X). We have then by the Mean
Value Theorem that

- X)) = FOw(X)) N
D3 (X)) — /\k(s() (X, H) = 3 ; f i) Wi (X, H), - (32)

ik=1 ik=1

where 7;;, is a point between the numbers \;(X) and Az (X) and
L (X, H) = e;(X)e;(X) " Hep(X)ew(X) T + en(X)en(X) " Hey(X)e;(X) '

We also have that as X tends to X, the eigenvalues \;(X), ..., A, (X) tend to
and hence the derivatives f'(n;;) tend to f'(u1). Moreover,

r1

LY (X, H) = P(X)HP(X) = ) ei(X)ei(X) Hey(X)ei(X) .

Consequently
(| (X)) = FOR(X)) \
D Vo e s R
)}IH}( i7?:11 = f/(ILL1>p1HP1.
+3 0 FN(X))ei(X)ei(X) " He;(X)ei(X)"

Vs
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Similar calculations can be performed if some of the eigenvalues \;(X), i € {1, ...,r1},
are equal to each other, and for all j € {1,...,¢}. Since continuity of the cross terms
of A¢(X, H), for different values of the summation index j, clearly holds, continuity
of DF(X) then follows. O

Theorem 4.4. Suppose that the function f(x) is locally Lipschitz continuous, di-
rectionally differentiable in a neighborhood of every p;, and (strongly) semismooth
at every point p;, j = 1,...,q. Then the corresponding matriz function F(x) is
(strongly) semismooth at X .

Proof. By Proposition 4.1 we have that F(X) is locally Lipschitz continuous,
and by Theorem 4.2 that F(X) is directionally differentiable at X. We give below
derivations for the strong semismooth case, semismooth case can be derived in a
similar way. Consider the decomposition (25) with X := X + H. Since P;(-) are
twice continuously differentiable near X we have

Zf(ﬂj) [P;(X) = P{(X)] = > f(us) DE(X)H + O(| H|]?). (33)

j=1

Now since the eigenvalue functions Ag(-) are strongly semismooth and f(-) are
strongly semismooth at p; we have, for k € {s; +1,...,s; +r;} and j € {1,...,¢},
that

FOW(X) = f ) = ' (M(X), N (X, H)) + O HIPP). (34)
Since |lex(X)er(X)T|| are uniformly bounded it follows that
F(X)=F(X) =
=2 F)DR(X)H + 3 f (X0, Xi(X, H))ei( X)eo(X)T + O H]?). (35)

We also have by the proof of Theorem 4.2 (see equations (29) and (30) in particular)
that

> F(u)DP{(X)H = Ap(X, H) + O(|H|]*), (36)

j=1

and, for an appropriate choice of e;(X),

D (X)), N(X H))ei(X)es (X)) =B(X, H). (37)

=1

It follows that F(X) — F(X) = F'(X, H) + O(||H||?).
Strong semismoothness of F(X) at X then follows. O

Example 4.5. Consider function f(z):= x?. Then by (18) we have

_QZM]PHP+ Z”J “’f * (PHP; + P.HF)). (38)

JF#k
7,k=1



1316 A. Shapiro / On the Differentiability ...

Now, since » 1_, P; =1, and > - 1Py = X, we have

q

9. 2

1 : 1 _ _ _ _

3O U (BHP PP) = 13 (g + ) (BHP.+ PP
Py jf,;;kl

q q
=> [wPH(I, - P)+ (X =y, P)HP;) = XH + HX —2) " y;P;HP;.

j=1
It follows that DF(X)H =XH+ HX. (39)

Of course, we have here that F'(X) = X? in the sense of the usual matrix mul-
tiplication, and the above formula (39) can be easily derived in a straightforward
way. Il

Example 4.6. Consider function f(z) := |z| and the corresponding matrix func-
tion F(X) = |X|. We have here that f(x) is differentiable (in fact even analytic)
everywhere except = 0, and f'(x) = sign(x) for x # 0 and f'(0,h) = |h|.
suppose that ps = 0 for some s € {1,...,q}. Of course this implies that the corre-
sponding matrix X is singular, and the respective eigenvalues ji1, ..., jts_1 are positive
and fls41, ..., fg are negative. Then we have by (26) that

Z | '“k| (P;HP; + P.HP;)
]k 1
q — — — — — —
+ Zsign(uj)PjHPj +E,|E/HE,| E/, (40)
=1

where E, = E,(H). Tt follows from (40) that

[ X[F'(X, H) + F'(X, H)|X| =

_QZMJPHP T Z "‘J '”’“' (sl + ) (PHP, + PLHP) . (41)
=t 7 k 1
Note that the right hand side of (41) coincides with the right hand side of (38), and

hence B ) B B B B
| X|F'(X,H)+ F'(X,H)|X|=XH+HX. (42)

If the matrix X is nonsingular, i.e., all its eigenvalues are different from zero, then
F(-) is differentiable at X with the derivative given by (18) - (19). That formula
was obtained in Sun and Sun [12, Theorem 4.6]. A general expression for F'(X, H)
was also given in [12, Theorem 4.7] and strong semismoothness of F/(X) = |X| was
shown in [12, Theorem 4.13]. O
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