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We give a simple proof of the Baillon-Haddad theorem for convex functions defined on open and
convex subsets of Hilbert spaces. We also state some generalizations and limitations. In particu-
lar, we discuss equivalent characterizations of the Lipschitz continuity of the derivative of convex
functions on open and convex subsets of Banach spaces.
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1. Introduction

A very important result in convex analysis is the Baillon-Haddad theorem which
states that the derivative f’ is %—cocoercive whenever f: X — R is convex and
differentiable with L-Lipschitz continuous derivative, see [1, Corollaire 10]. Here, X
is a (real) Banach space. In [6, Theorem 3.1] it was shown that this remains true
if f is defined on an open and convex subset of a (real) Hilbert space. The corre-
sponding proof is quite involved, since it uses generalized second-order derivatives
and a reduction to the finite-dimensional situation. We also refer to [2] for further
comments and references. We give a short and direct proof, see Section 2.

It is well known that the L-Lipschitz continuity of the derivative of f is equivalent
to a number of important properties of f and its convex conjugate. In Section 3, we
investigate which of these equivalences remain valid if f is defined on an open and
convex subset of a (real) Banach or Hilbert space.

This research was supported by the German Research Foundation (DFG) under grant numbers
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2. The Baillon-Haddad theorem on open subsets of Hilbert spaces

We start by a characterization of differentiable functions with Lipschitz derivatives.
For a different proof and some historical remarks, we refer to [5, Theorem 3.1].

Lemma 2.1. Let O C H be an open and convex subset of the Hilbert space H.
Suppose that f: O — R is (Gdteaux) differentiable. For L > 0, the following
statements are equivalent.

(i) The derivative f': O — H* is L-Lipschitz, i.e.,
If' () = f'@)la < Lly—zllg  Va,y€O. (1)

(ii) Both f" and —f' satisfy a one-sided Lipschitz estimate with constant L, i.e.,

(f'(y) = f'(x),y — 2)ul < Ly ==l Yo,y €. (2)

(iii) The function f has a first order Taylor expansion with remainder Z||-||%, i.e.,
L

|f<y)_f(x)_<f/(x)ay_$>H‘ < §||y—:v||§{ Vr,y € 0. (3)

Proof. The implication “(i)=-(ii)” is a simple application of the Cauchy-Schwarz
inequality.

To prove “(ii)=-(iii)”, we employ the fundamental theorem of calculus and get
1
£0) = 1) = @y =)l < | [ (e + 10 - ) = F0)y - )
0

< [ty =) - £ty - 2)), | d

0
"1 L
< [ 3Lt = D)yt = 5y - ol
0
In order to check “(iii)=-(i)”, we take an arbitrary p > 0 and set
O, ={x €O |VYhe H|hllu<p:z+heO} (4)

It is clear that O, is again convex. Let us choose some z,y € O, with ||y —z||g < p
and d € H with y +d,x —d € O. From (3), we get the inequalities

fla—d) = fy) = (') 2 —d—yyn < Clly — = +d|%,
fly+d) = f@) = (F @)y +d—2)m < Sy —o+d|},
~(fly+d) = fly) = {f'(v), du
~(fz = d) = f(a) = (f'(x), ~d)u

L
L
< Sl
Adding these inequalities leads to
(f'ly) = f(x),y =2 +2d)g < Llly — = +d|| + L|d||5-

Next, we specialize to d = (x — y + g)/2 for some g € H with ||g||gz < p.
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Note that ||d||gz < (lly — z||u + ll9]lw)/2 < p. Together with z,y € O, we find
x—d,y+d € 0. For arbitrary g € H with ||g||g < p, this leads to

L L L L
(') = f (@), 9)m < Jlly =2 +gllly + Jllo =y +gllE = Slly — 25+ FglE, ()

where we used the parallelogram identity. We denote by G € H the Riesz repre-
sentative of f'(y) — f'(z) € H*. In case ||G||lg = ||f'(y) — f'(x)||g+ > pL, we take
g = pG/||G||g in (5) and obtain

L L
I ) = F @) = (') = f(@), 90 < Sy —=llE + S gl < Lo’
This yields |G|z < pL. Thus, we can insert g = G/L (in case L > 0) in (5) and
obtain .
Lif ) - f@)
Altogether, this shows

1f' @) = f'@)lae < Llly —=lla - Yo,y € Oplly —zlln < p.

Next, we are going to remove the restriction ||y — z||g < p. For arbitrary =,y € O,,
we can choose n € N, n > ||y — z||g/p and set z; ==z +i(y —x)/n, i =0,...,n.
Due to ||z; — zi_1||lg = ||y — z||u/n < p, we can use the above estimate to achieve

L 1
e < Sy — 2lly + 15 @)~ £ @)

1/ () = f' @)l = 11 (2n) = (o)l < lef’(wi) = f'(@ic)ll

<ZL||xz—xz il ZLM Ly —zlg Vo,ye0,,

=1

i.e., (1) holds for all z,y € O,. Finally, O = Up>0 O, yields (1). ]

The implications “(i)=-(ii)=(iii)” remain to hold in the Banach space setting. How-
ever, in the proof of “(iii)=-(i)”, we have utilized the parallelogram identity in (5).
Thus, the proof does not generalize to Banach spaces. Instead, we could employ the
triangle inequality, which leads to

L L
2y =2+ gl + Jlle —y+ gl < Llly — =l + Lilgl-

By adapting the remaining part of the proof, we still arrive at (1) but with 2L
instead of L.

By means of an example, we demonstrate that the assertion of Lemma 2.1 indeed
fails in Banach spaces.

Example 2.2. We choose X = (R?, ||-||o0), thus, X* = (R?,]|-]1). We define
f:R* %R via f(a,29) = %(:z:f — x3)

Thus, (') = f(@),y — @)ze| = (g1 — 21)" = (12 — 22)*| < [ly — 2|2

for all 7,y € R?, i.e., (2) is satisfied with L = 1.
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However, 1F/(x) = F' ()| = |21] + |=2| < L]z = Ol Vo € R?
only holds for L > 2. Thus, f': X — X* is only Lipschitz continuous with constant 2.

Further, we need a characterization of cocoercive operators on Hilbert spaces.

Lemma 2.3. [3, Proposition 4.2] Let O C H be a subset of the Hilbert space H .
Then, for T: O — H* and L > 0 the following are equivalent.
(i) T is 1/L-cocoercive, i.e.,

1

(T(y) —T(z),y —x)g > ~|T(y) — T()|3 Vz,y € O.

|

(ii) 2T/L — R is nonexpansive, i.e.,

127 (y)/ L — R(y) — (2T(x)/L — R(x))]

Here, R: H — H* is the Riesz isomorphism of H.

We note that this result follows from some simple and straightforward calculations.

As a last prerequisite, we show that the so-called strong smoothness of f implies
Géateaux differentiability.

Lemma 2.4. Let O C X be an open and convexr subset of the Banach space X.
Suppose that f: O — R is conver, lower semicontinuous and strongly smooth, i.e.,

L
F (1= 2)y) + EAL =N ly—2l3 > Af(@) + (L= N)f() Yo,y O.Ae (0,1)
holds for some L > 0. Then, f is Gateauz differentiable on O.

Proof. For x € O, h € X and ¢t > 0 small enough, we apply the smoothness
inequality to x +th and A = 1/2. This yields

Fla) + Elehl > L f( + oh) + 5 o~ th)

Sorting terms and dividing by /2 gives

0 le{(ré(f(f‘F”?—f(x) + f(x—tf;)—f(x) —Lt”h”%)

= f'(x; h) + f'(2; —=h).

Recall that the existence of the directional derivatives follows from the relation
x € O = int(dom f), see [7, Theorem 2.1.13]. This result also gives the sublinearity
f'(z;h)+ f'(x; —h) > 0, thus f'(x;-) is linear. Since f is locally Lipschitz continuous
on O by [7, Theorems 2.2.11, 2.2.20], the functional f’(x;-) is Lipschitz continuous
as well. Thus, f'(z;-) € X* and this shows the Gateaux differentiability of f. [

Now we are in position to prove the main result.
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Theorem 2.5. (Baillon-Haddad theorem) Let O C H be an open and convex subset
of the Hilbert space H. Suppose that f: O — R is convex. Then, for L > 0, the
following are equivalent.
(i) f is (Gateauz) differentiable and f’ is L-Lipschitz.
(i) Z|-|13 — f is convex and f is lower semicontinuous.
(iii) f is (Gateaux) differentiable and f" is 1/L-cocoercive.

Proof. Since H is assumed to be a Hilbert space, it is straightforward to check
that (ii) implies the strong smoothness of f, thus f is also Gateaux differentiable in
case (ii), see Lemma 2.4.

We set h(z) := £||z||3 — f(z) for z € O. For the auxiliary function i we have

h'(x) = LR(z) — f'(x). This directly yields
1) & (fy)-fl)y—o)g<Lly-=zl Vo,yeO
& (W(y) —W(x),y—2)m >0 Va,y € O
& (ii).
For the other equivalence, we employ Lemma 2.3. To this end, we apply Lemma

2.1 to the function g: O — R defined via g(z) := 2f(z)/L — 3||z||%. Note that
g'(x) =2f'(x)/L — R. This yields

i) « 0<{f'ly) = f(x),y—2)u < Llly — 2|} Va,y€O
e —ly—2lE <@ -gd@y-an<lly—=zl; VryeO
& ¢ is nonexpansive & (iii). O

The above proof is an adaption of the proof of [2, Theorem 3.3] to the situation
without second-order differentiability and, thus, gives a simple answer to [2, Re-
mark 3.5]. It is currently not clear whether the equivalence of (i) and (iii) continues
to hold if H is only assumed to be a Banach space. Note that both main ingredi-
ents of the proof (Lemmas 2.1 and 2.3) cannot be transferred directly to Banach
spaces, see also the discussion in the next section. The next example shows that the
implication “(i)=-(ii)” fails in Banach spaces.

Example 2.6. We choose X = (R?, ||-||o0), thus, X* = (R?,]|-]]1). We define

f:R* R via f(a,29) := %(:vf + 13)

Thus, [|/'(y) = f'(@)llr = ly1 — 21| + [y2 — 22| < 2[ly — 2| for all 2,y € R?.

Moreover, this inequality is satisfied with equality if =,y € span{(1,1)}. Hence, (i)
is satisfied if and only if L > 2.

Define h(z) := £||z[|% — f(z) = max(a?,23) — 1(2? + 23). Then A((1,0)) > 0 but
h((1,£1)) = 0. Consequently, h is not convex, and (ii) is violated. In fact, h is not
convex for all L > 0. ]

However, in Hilbert spaces, assertion (ii) is equivalent to the strong smoothness of
f. Then, the equivalence between Lipschitzness of f’ and strong smoothness of f
continues to hold in Banach spaces, see Theorem 3.1 below.
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3. Convex functions on open, convex subsets of Banach spaces

In this section, we address generalizations and limitations of Theorem 2.5. In par-
ticular, we are interested in convex functions defined on an open subset of a Banach
space. We investigate, which of the claims of Theorem 2.5 and conditions well-
known to be equivalent to L-Lipschitz continuity of the derivative remain true in
this general situation.

Theorem 3.1. For a conver and lower semicontinuous function f: O — R, where
O s an open and convex subset of a Banach space X, we consider the following
assertions with some fized L > 0.

(i) The function f is strongly smooth

F O+ (1=N)y) + A=V =2k = Af@)+1-NF(y) Va.y€0, A€ (0, D)
(ii) The descent lemma holds

fy) < @)+ @y —a)x +olly—alk oy € 0,07 € 0f(a)
(iii) We have
(y* ="y —a)x < Llly -z} Y(z,2%),(y,y") € graphOf.
(iv) The subdifferential is Lipschitz continuous (thus single-valued)
ly* —a*llxe < Llly —2llx  V(z,2%), (y,y") € graphOf.

(v) The subdifferential is cocoercive
-2y —ox = 7l — 2l V(@3Y), (4,y") € graph .
(vi) We have
f) > F@) + @y = 2)x + oy = e V(@,2%), (v, ") € graph Of.

Any of these conditions imply the Gateaux differentiability of f on O. Moreover, the
following relations hold.
(a) We have “(i)<(ii)<(iii)<(iv)” and “(vi)=(v)=(1)".
(b) In case that X is a Hilbert space, we have additionally “(iv)<(v)”. This results
in “(i)< (i) (i) (iv)<(v)” and these conditions are implied by (vi).

(¢) In case that O = X, all assertions are equivalent.

Proof. The case (c) follows from [7, Corollary 3.5.7 and Remark 3.5.2] and case
(b) is implied by Theorem 2.5. Lemma 2.4 shows that (i) implies the Gateaux
differentiability of f. Thus, it remains to check the implications from (a). For later

reuse we recall that df(z) # 0 for all z € O, since f is continuous on O, see [7,
Theorems 2.2.20 and 2.4.9].

“(i)=(ii)”: We already know that f is Gateaux differentiable. Moreover, (i) gives

Hu AT 1 20= Ny -l = £(@) - £()

for arbitrary A € (0, 1).
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Taking the limit A N\, 0 results in
L
W)z —yx+3ly—2lx = f@) = f()-

Since Of (y) = {f'(y)}, this gives (ii) with exchanged roles of x and y.

“(ii)=-(i)”: Let XA € (0,1). We set z) := Az + (1 — A)y € O and choose an arbitrary
xx € Of(xy). Thus,

F(@) < floa) + (5w — aa)x + 2l — mllk,
F) < F@a) + @5y = ma)x + 2y - nal

We multiply the first inequality by A and the second one by (1 — X). Adding the
resulting inequalities and using x —z) = (1= A)(z—y), y—xr = ANy —x), we get (i).

“(ii)=-(iii)”: Let (x,z*),(y,y*) € graphdf be given. From (ii) we get the two
inequalities

) < F@) "y —o)x + S ol F@) < F@)+5o—v)x+ 5 lo—l.

By adding these inequalities, we arrive at (iii).
“(iii)=-(ii)”: We choose an arbitrary n € N, n # 0, and define

. o o i * . ok * . %
To =T, Tpi=1Y, xi.—x—i-ﬁ(y—x), xyi=a,  xni=yt

Further we choose some arbitrary «; € df(z;) for i =1,...,n — 1. Thus,

fy) = f(z) = (2% y —2)x = f(an) = f20) — (25, 20 — T0)x

n

= Z f@i) = f(xica) — (25,20 — Tic)x
i=1
* * - 1 * *
< Z<xz — Lo, i — xi71>X = Z T(xi — Tg, Ty — IO>X

X X (3
=1 =1

1 "L n+1
< LZgHIi — ol = LZEHZ/_IH?X =L—- ly — x[|%-
=1 =1

Now, the claim follows by letting n — oo.

“(ii)=-(iv)”: Since (ii) implies (i), f is differentiable on O. For an arbitrary = € O,
there exists p > 0 with B,(z) :== {y € X | |[y—z|/x < p} C O. Now, let additionally
y € B,(x) with  # y and € > 0 be given. By the Hahn-Banach theorem we get
z € X with ||z]|x = |ly — z||x < p and

(L=l (W) = F@)llx-llzllx < (f'(y) = f'(2), 2)x.
Thus, z + z € B,(x) C O and we have
A=) @) = f@lxllzllx <0+ (f'(y) = f'(2), 2)x
<[fla+2) = fly) = (W), x+2—yx]+ () - f2),2)x
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= [fz+2) = fl@) = (@), 2)x] + [f(x) = fly) = ([ (), = — y)x]

L L
< LYal3 + Ly — ol = Llly — 2l
Dividing by ||z||x = |ly — z||x and passing to the limit € \, 0 yields

17 (y) = f(@)llx- < Llly — «llx

for all z,y € O such that y € B,(x) C O with p > 0.

Now, if x,y € O are arbitrary, there exists p > 0 with B,(z), B,(y) C O. We pick
n € Nwith |ly—z|x/n < p and define z; := 2+ *(y—x), i =0,...,n. By convexity
we have B,(x;) C O for all i =0,...,n. Thus,

1 () = f'(@)l|x < lef i) = [ (@il x- < ZLII% ziallx = Llly — =llx

and this shows (iv).
“(vi)=(v)”: Here, we can argue as in “(ii)=(iii)”.

“(v)=(iv)” and “(iv)=-(iii)” are straightforward. [

Remark 3.2. (i) In the case (b), the missing implication “(i)=-(vi)” cannot hold
due to the counterexample by [4, Section 2], which is for the Euclidean case X = R™.

(ii) In the general case, it is currently not clear whether any of the (equivalent)

conditions (i), (ii), (iii), (iv) implies condition (v). O

The next lemma shows that in case (b) one cannot conclude (vi) from one of the
other equivalent conditions due to the missing convexity of the range of f’, see also
Corollary 3.4 below. Since any of the properties in Theorem 3.1 imply Gateaux dif-
ferentiability, we will formulate all the following results for a Gateaux differentiable
function to simplify the presentation.

Lemma 3.3. Let O C X be an open and convexr subset of the Banach space X.
Suppose that the convex, lower semicontinuous and Gateaur differentiable function
f: O — R satisfies the property in Theorem 3.1(v), i.e., f’ is cocoercive with constant
L > 0. Further, let z,y € O be given, such that

(@), ()] == = N f'(2) + Af'(y) [ A € [0,1]} € f(O) :={f'(2) | = € O}.
Then, fly) =z f(x) + (f(@),y —2)x + fllf () = f'(@)%--

That is, Theorem 3.1(vi) holds on a subset of O.

Proof. Let n € N be arbitrary and define

—(1- )@+ 1. (6)
(1)
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Due to our assumption, there exists z; € O, 1 =1,...,n — 1, such that f'(z;) = x}
foralli=1,...,n— 1. We further set z¢ := x and z, := y. Now, we have

fy) = f(@) = (f'(2),y —2)x = Zf(xi) — flwicy) = (f'(w0), 2 — wi1) x

> Z(f’(ﬁﬁi—ﬁ f(@o),xi — wica)x = Z(i—1)<f,($i) — f(@ia), i — i) x

i=1 i=1

23 Z DI @) = F @)l = 1 S0 = DS W) = £ @) R

n(n —1)
Passing to the limit n — oo yields the claim. Il

The condition on x, y posed in Lemma 3.3 is in particular satisfied if f/'(O) is convex.

Corollary 3.4. Let O C X be an open and convex subset of the Banach space X.
Suppose that the convex, lower semicontinuous and Gateaux differentiable function
f: O — R satisfies the property in Theorem 3.1(v), i.e., f’ is cocoercive with constant
L > 0. Further, we assume that f'(O) is convex. Then, the condition in Theorem
3.1(vi) is satisfied.

Under slightly stronger assumptions on f than in the previous lemma, condition
Theorem 3.1(ii) implies Theorem 3.1(v).

Lemma 3.5. Let O C X be an open and convex subset of the Banach space X.
Suppose that f: O — R is conver, lower semicontinuous, and Gateauz differentiable.
Let L > 0 be given such that the property in Theorem 3.1(ii), which is

L
f) < f@)+{f@)y—a)x+Flly—alk  Vo,yeO,
is satisfied. Let p >0 and z,y € O, be given with O, defined as in (4). If

[f'(2), ['(w)] € F1(O,),
then ') = Py —a)x > 117 ) - F@)llk (7)

holds, which shows that Theorem 3.1(v) holds on a subset of O.

h

Proof. First, we consider the case when the elements z,y € O, are given such that
| f'(y) — f'(x)||x+ < Lp. Take d € X with ||d||x < p. Then using the convexity and
property (ii), we get
(f'(y) = f(2), d)x = (f'(y) = f'(x)y —2)x +{['(y) — f'(2),d —y + 2)x
< ()= f@)y—a)x+ fla+d) = fly)+ fly—d) - f(2)
<{f'(y) = @)y —2)x + (f'(y) = f'(2), —d)x + Ld|%-

This implies (f'(y) — f'(2).d)x — Z[dl% < L) — @),y —2)x.
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For arbitrary e > 0, we can choose d € X with [|d||x = 7|/ (y) — f'(z)|/x+ such
that (f'(y) — f'(x).d)x > £[If'(y) — f'(2)[%+ — . This implies

1

S IF @) = F @I == < 57 ) - £2),y - 2)x.

Since £ > 0 was arbitrary, this shows (7) in case that || f'(y) — f'(z)||x+ is small.

Now, let z,y € O, be given such that [f'(z), f'(xz)] C f'(O,). We use the same
construction as in the proof of Lemma 3.3. Let a number n € N be given such
that || f'(y) — f'(x)||x+ < Lpn. Let z7 be given as in (6) and choose z; € O, with
fl(x;) =af foralli=1,...,n—1. We set zyp = x and z,, := y. By construction, we
have || f'(zit1) — f/(xi)||x- = L)1 f'(y) — f'(x)||x+ < Lp. Then, the first part of the
proof gives

%Hf’(%‘) — [ < (f'(@) = f/(@im1), 2 —wia)x Vi=1,...,n.

By construction, this implies

1 1 .
71 (w) = @5 < ~(f'(y) = f(@),wi —zig)x Vi=1,....n.
Summation over ¢ = 1,...,n yields the claim. Il
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