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1. Introduction

Differentiability is a desired property of functions. The best known example of
such a function, in the infinite dimensional Hilbert space setting, is the Moreau
envelope, see [11] for several facts on the differentiability of the Moreau envelope.
Except obvious transformations of norms of Hilbert spaces it is hard to point out
functions which are differentiable on an open set. However, such functions should be
identified. It turns out that the Fenchel conjugate of anitidistance function, say ∆∗

S,
is C1,1 locally on the open unit ball at the origin, see [23, Theorem 6.3] or Theorem
4.9 below, that is, the derivative of ∆∗

S is a locally Lipschitz operator, say T , see
(18). Thus, due to results in [14], its derivative can be differentiable at points of
a dense subset of this ball and hence an example of a function having the second
order derivative at these points is provided, in the infinite Hilbert space setting.
The second order theory of differentiability in infinite dimensional setting is not
well recognized, in fact the state of the art is little. It seems that a progress in this
direction can be made in a future, whenever a mass of examples will be gathered
and explored in order to find common factors characterizing twice differentiable
functions.
An important question concerning the second order derivative is its symmetry. How-
ever, even for Hessian matrices in the classical sense, symmetry can not be taken
for granted, see [18, Chapter 13] for a detailed discussion on the subject in the finite
dimensional setting. Herein this property is confirmed for ∆∗

S, see Fact 5.2 below,
where A stands for the derivative of T at x∗. It is of interest that the directional
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derivative of the antidistance function along directions from the image of A can be
expressed by a simple formula involving A, see Fact 5.3. It is also revealed that
the kernel of A contains the Minkowski difference of the subdifferential of ∆S at
T (x∗), that is ∂∆S(T (x

∗))− ∂∆S(T (x
∗)) ⊂ kerA, see Fact 5.3. Thus if the kernel is

finite dimensional, the strong convergence of subgradients along some curves can be
preserved, see for example Proposition 6.2 or Corollary 6.4; see also [7] and [25, 26]
for questions concerning the convergence of subgradients.
The author would like to thank to Professor Lionel Thibault for several remarks
improving the presentation of this work.

2. Preliminaries

In this section some basic notions and their properties are gathered.
In the sequel H stands for a real Hilbert space (with a real inner product ⟨·, ·⟩),
see for example [24]. If Y ⊂ H is a linear closed subspace of H then for every
real r > 0 and every x ∈ Y we denote by BY (x, r) (resp. BY [x, r]) the open
(resp. closed) ball centered at x and of radius r in Y , the sphere is denoted by
SY [x, r] := {y ∈ H | ∥y − x∥ = r}; in the case Y = H the notations B(x, r), B[x, r]
and S[x, r] are used respectively. For a subset D ⊂ H, “intD” stands for the interior
and “clD” for the topological closure of D, a point x is an interior point of D if
there exists an open ball centered at x which is completely contained in D. The
convex hull of a set D is denoted by convD, see [4] for example, and spanD stands
for the smallest linear subspace containing D, see [1, p. 1].
In the sequel the following two classes of functions are used:

F := {f : [0,∞[→ [0,∞[∪{∞} | f(0) = 0,∀t∈ ]0,∞[, f(t) > 0, lim
t→0

f(t) = 0} (1)

and

G := {g : [0,∞[→ [0,∞[∪{∞} | ∀t∈ ]0,∞[, g(t) > 0, lim sup
t→0

g(t) < ∞}. (2)

For subsets C,D ⊂ H, C ⊂ D, normed space (Z, |∥ · |∥) and some M ≥ 0 a given
operator F : D −→ Z is said to be M -Lipschitz on C if |∥F (a)−F (b)|∥ ≤ M∥a−b∥,
whenever a, b ∈ C. F is said to be locally Lipschitz on B ⊂ D if for every b ∈ B
there is an open subset U ⊂ H such that b ∈ U and F is M -Lipschitz on B ∩ U for
some M ≥ 0. If d ∈ intD and v ∈ H is given then the directional derivative of F at
d along v is defined as

F ′(d; v) := lim
t−→0

F (d+ tv)− F (d)

t
,

whenever the limit exists. We recall that F is Gâteaux differentiable at d ∈ intD
provided there exists a continuous linear operator A : H −→ Z (DGF (d) := A) such
that for all h ∈ H the following equality

lim
t↓0

t−1(F (d+ th)− F (d)) = ⟨A, h⟩ (3)

holds true. If, for a fixed d, the convergence in (3) is uniform with respect to h
on every bounded subset, then we say that F is Fréchet differentiable in d and the
derivative is denoted by DFF (d).
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Let f : H −→ R ∪ {+∞} be a lower semicontinuous convex function which is finite
at x ∈ H. The subdifferential of f at x ∈ H is defined by

∂f(x) := {x∗ ∈ H | ∀h ∈ H, ⟨x∗, h⟩ ≤ f(x+ h)− f(x)},

see [1, Definition 16.1] for example. The nonemptiness of subdifferentials at a dense
subset of the domain of f is guaranteed by the celebrated Brøndsted-Rockafellar
Theorem, see [17] for a detailed discussion. Below, following [17, Theorem 3.17], a
version of it is recalled.

Theorem 2.1. Suppose that f : H −→ R∪{+∞} is a lower semicontinuous convex
function. Then given any point x0 ∈ H, with f(x0) < ∞, ε > 0, λ > 0 and x∗

0 ∈ H
such that

∀h ∈ H, ⟨x∗
0, h⟩ ≤ ελ+ f(x0 + h)− f(x0),

there exist x ∈ H, x∗ ∈ H such that

x∗ ∈ ∂f(x), ∥x− x0∥ ≤ ε and ∥x∗ − x∗
0∥ ≤ λ.

Below a result ensuring the weak∗ convergence of subgradients along some directions
is recalled, see [25].
The weak convergence is denoted by weak−→, see for example [1, 2.4 Strong and Weak
Topologies]. Let us recall that any bounded sequence of elements of a Hilbert space
has a weak sequential cluster point, see for example [1, Fact 2.27 (Banach-Alaoglu),
Fact 2.30]. Information on the weak topology can be found in [21, 24] too.

Lemma 2.2. Let (X, ∥ · ∥) be a reflexive Banach space and f : X −→ R∪{+∞} be
a convex lower semicontinuous function, x ∈ dom f and M ≥ 0, w0 ∈ X, x∗ ∈ X∗

be given. If f ′(x;w0) is a finite real number (the directional derivative at x along w0

is finite) such that

∀h ∈ SX [0, 1], lim
t↓0

f ′(x;w0 + th)− f ′(x;w0)− ⟨x∗, th⟩
t

= 0, (4)

then for all sequences {ti}i∈N such that ti > 0, BX∗ [0,M ] ∩ ∂f(x+ tiw0) ̸= ∅ for all
i ∈ N, and ti ↓ 0 we have

w − lim
i−→∞

BX∗ [0,M ] ∩ ∂f(x+ tiw0) = {x∗}, (5)

and consequently w − lim
t↓0

BX∗ [0,M ] ∩ ∂f(x+ tw0) = {x∗}, (6)

whenever BX∗ [0,M ] ∩ ∂f(x+ tw0) ̸= ∅ for all t ∈]0, δ[ for some δ > 0, where

w − lim
i−→∞

BX∗ [0,M ] ∩ ∂f(x+ tiw0) := (7){
y∗ ∈ X∗ : x∗

i
weak−→y∗, with x∗

i ∈ BX∗ [0,M ] ∩ ∂f(x+ tiw0)∀ i ∈ N
}
.

Moreover f ′(x;w0) = ⟨x∗, w0⟩. (8)

The Fenchel conjugate of f , denoted by f ∗, is defined by

∀x∗ ∈ H, f ∗(x∗) := sup
z∈H

⟨x∗, z⟩ − f(z),
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see [1, Chapters 14–16] for further information on this notion. It is well-known that
f ∗ : H −→ R∪{+∞} is a convex lower semicontinuous function, whenever f(u) ∈ R
for some u ∈ H. Moreover, if f(x) ∈ R then

x∗ ∈ ∂f(x) ⇐⇒ f(x) + f ∗(x∗) = ⟨x∗, x⟩, (9)

see [1, Theorem 16.23] for details.
A subset G ⊂ H×H is said to be monotone provided that

⟨x∗ − y∗, x− y⟩ ≥ 0, whenever (x, x∗), (y, y∗) ∈ G.

The subset G is said to be maximally monotone if G is monotone and G has no
proper extension (subset G is maximal in the family of monotone subsets of H×H,
ordered by inclusion), see [1, Chapter 20 ] for more on monotone operators in the
Hilbert space setting. It is known that the graph of the subdifferential of a proper
lower semicontinuous function f : H −→ R ∪ {+∞} is a maximal monotone subset
of H×H, that is the set

G(∂f) := {(x, x∗) ∈ H×H | x∗ ∈ ∂f(x)},

is maximal monotone, whenever f(u) ∈ R for some u ∈ H, see for example [4,
Theorem 3.5.3]. It is a simple consequence of the Perfect Square Criterion for
Maximality, see [22, Theorem 10.3], that for any (w,w∗) ∈ H × H there is some
(v, v∗) ∈ G(∂f) such that

w + w∗ = v + v∗. (10)
Assuming that S ⊂ H is bounded the farthest distance function from the set S (also
called antidistance function) is defined by

∆S(x) := sup
y∈S

∥x− y∥, (11)

and the set QS(x) of farthest points (the attainment set) from S to x is given as

QS(x) := {s ∈ S : ∥x− s∥ = ∆S(x)}. (12)

In several important cases the set of farthest points of S and of the closure of the
convex hull of S, cl convS, coincide, that is QS(x) = Qcl convS(x) , see [12, Theorem
2] for example. This allows us to assume, without of loss generality, that S is closed
and convex, whenever antidistance function is under consideration. We put also

diamS := sup
x,y∈S

∥x− y∥.

The metric projection mapping on B ⊂ H is defined by

PB(x) := {s ∈ clB | dB(x) = ∥x− s∥}; (13)

the set on the right side of the equality can be empty, where dB stands for the
distance function to B, that is dB(x) := infb∈B ∥x− b∥.
Let A : H −→ H be a bounded linear operator, see for example [24, Definiton 1,
p. 43] see also [8, Chapter 8]. The image of A is denoted by A(H) and its kernel by
kerA, that is,

A(H) := {Ay | y ∈ H} and kerA := {x ∈ H | Ax = 0}.
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The operator A is said to be self-adjoint if

∀x, y ∈ H, ⟨x,Ay⟩ = ⟨Ax, y⟩,

see for example [24, Definition 2, p. 197], see also [8, Chapter 8, Section 8.3]. For
any linear subspace X ⊂ H the orthogonal complement of X is the set

X⊥ := {y ∈ H | ∀x ∈ X, ⟨x, y⟩ = 0},

see [24, Theorem 1, p. 82] see also [8, Chapter 7, Section 7.5]. It follows from [24,
Theorem 1, p. 82] that H = X +X⊥, whenever X is a closed linear subspace.

Fact 2.3. Let A : H −→ H be a bounded linear self-adjoint operator, then

A(H)⊥ = kerA.

Moreover, if A has closed image, that is, clA(H) = A(H), then

{x ∈ H | Ax = 0}⊥ = A(H)

and for any sequence {pi}i∈N of elements of H we have

lim
i→∞

∥Api∥ = 0 =⇒ lim
i→∞

∥PA(H)(pi)∥ = 0.

Proof. Proofs of the equalities A(H)⊥ = kerA and {x ∈ H | Ax = 0}⊥ = A(H)
(which are commonly known) can be done by a simple algebra, so they are omitted
here. Let us fix any sequence {pi}i∈N elements of H such that limi→∞ ∥Api∥ = 0
and assume that A(H) is a closed linear subspace of H. It follows from the Open
Mapping Theorem, see [24, Theorem 1, p. 75], that there is δ > 0 for which

{y ∈ A(H) | ∥y∥ < δ} ⊂ {Ax | ∥x∥ < 1}.
Hence

0 = lim
i→∞

∥Api∥ = lim
i→∞

(
sup

x∈B(0,1)
⟨x,Api⟩

)
= lim

i→∞

(
sup

x∈B(0,1)
⟨Ax, pi⟩

)

= lim
i→∞

(
sup

x∈B(0,1)
⟨Ax, PA(H)(pi)⟩

)
≥ lim

i→∞

(
sup

v∈B(0,δ)
⟨v, PA(H)(pi)⟩

)

= δ lim
i→∞

∥PA(H)(pi)∥ ≥ 0.

3. The subdifferential of the antidistance function

Let S ⊂ H be a bounded subset. For any ε > 0 and x ∈ H put

QS,ε(x) := {s ∈ S | ∥x− s∥+ ε ≥ ∆S(x)}. (14)

In this section a characterization of the subdifferential of the antidistance function
∆S, defined in (11), by the set QS,ε(x) is provided. For the distance function a
characterization of its subdifferential was presented in [11, Theorem 3.2], in a more
general case. Formulae given in (15) and that from [11, Theorem 3.2] rely on the
same idea in order to perform subgradients as a limit of convex combinations of
elements related to almost farthest points. A formulae for the subdifferential of an-
tidistance function involving the farthest points of elements from a neighbourhoods
of x can be found for example in [23, Proposition 4.3].
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Proposition 3.1. Let S ⊂ H be a bounded subset. Then for each x ∈ H such that
∆S(x) > 0 we have:

(i) ∆S(x)∂∆S(x) =
⋂
ε>0

cl conv (x−QS,ε(x)) ; (15)

(ii) for every h ∈ H there is a sequence {si}i∈N of elements of S such that

lim
i→∞

∥x− si∥ = ∆S(x) and ∆′
S(x;h) ≤ lim inf

i→∞

⟨x− si, h⟩
∆S(x)

;

(iii) if ∂∆S(x) ⊂ S[0, 1] and S is additionally closed and convex, then both sets
∂∆S(x) and QS(x) are singletons, and DF∆S(x) exists.

Proof. Proof of the inclusion ”⊃” in (i): First of all let us observe that by (14)
the sets cl conv (x−QS,ε(x)) are weakly compact, see [21, Weak Topologies, The
Banach-Alaoglu Theorem] for example, hence the intersection on the right side of
the equality in (15) is nonempty. Suppose that x∗ ∈

⋂
ε>0 cl conv (x−QS,ε(x)). For

all ε > 0 let us choose k(ε) ∈ N, λ1 > 0, . . . , λk(ε) > 0, a1 ∈ S\{x}, . . . , ak(ε) ∈ S\{x}
such that

k(ε)∑
i=1

λi = 1, ∆S(x) ≤
k(ε)∑
i=1

λi∥x− ai∥+ ε, ∥x∗ −
k(ε)∑
i=1

λi(x− ai)∥ ≤ ε.

Thus for all h ∈ H and ε ∈]0,∆S(x)[ we get

∆S(x+ h)−∆S(x) ≥ −ε+

k(ε)∑
i=1

λi

(
∥x+ h− ai∥ − ∥x− ai∥

)

≥ −ε+ ⟨
k(ε)∑
i=1

λi

∥x− ai∥
(x− ai), h⟩ ≥ −ε+ ⟨

k(ε)∑
i=1

λi

∆S(x)
(x− ai), h⟩

− ∥h∥

1−
k(ε)∑
i=1

λi∥x− ai∥
∆S(x)

 ≥ −ε

(
1 + 2

∥h∥
∆S(x)

)
+

⟨x∗, h⟩
∆S(x)

.

Now x∗ ∈ ∆S(x)∂∆S(x) follows after passing to the limit as ε ↓ 0.
(ii) Let us fix some h ∈ H. For all i ∈ N let us choose si ∈ S \ {x} such that

∀i ∈ N, ∥x+ i−1h− si∥+ i−2 ≥ ∆S(x+ i−1h)

and observe that

∆′
S(x, h) = lim

i→∞
i
(
∆S(x+i−1h)−∆S(x)

)
≤ lim

i→∞
i
(
∥x+i−1h−si∥+i−2−∥x−si∥

)
≤ lim inf

i→∞

⟨x− si, h⟩
∥x− si∥

= lim inf
i→∞

⟨x− si, h⟩
∆S(x)

.

Proof of the inclusion ”⊂” in (i): We fix some y∗ ̸∈
⋂

ε>0 cl conv (x−QS,ε(x)). There
is ε > 0 such that y∗ ̸∈ cl conv(x−QS,ε(x)), so there are δ > 0 and w ∈ H for which

∀s ∈ QS,ε(x), ⟨y∗, w⟩ > δ + ⟨x− s, w⟩.
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For all i ∈ N let us choose si ∈ S \ {x} such that

lim
i→∞

∥x− si∥ = ∆S(x),∆
′
S(x,w) ≤ lim inf

i→∞

⟨x− si, w⟩
∆S(x)

and observe that

∆′
S(x;w) ≤ lim inf

i→∞

⟨x− si, w⟩
∥x− si∥

≤ lim inf
i→∞

⟨y∗, w⟩ − δ

∥x− si∥
=

⟨y∗, w⟩ − δ

∆S(x)
.

Hence y∗ ̸∈ ∆S(x)∂∆S(x) and finally ∆S(x)∂∆S(x) =
⋂

ε>0 cl conv (x−QS,ε(x)).
(iii) if ∂∆S(x) ⊂ S[0, 1] and S is bounded, closed and convex, then it follows from
(15) that ⋂

ε>0

cl conv (x−QS,ε(x))

is a singleton, say {p} =
⋂

ε>0 cl conv (x−QS,ε(x)), otherwise by the convexity of
∂∆S(x) we get ∂∆S(x) ∩ B(0, 1) ̸= ∅, a contradiction. Obviously x − p ∈ S and
∆S(x) = ∥p∥, and ∂∆S(x) must be a singleton, since

⋂
ε>0 cl conv (x−QS,ε(x)) is a

singleton. Let us also notice that if si ∈ S for all i ∈ N and limi→∞ ∥x−si∥ = ∆S(x),
then limi→∞ ∥x − si − p∥ = 0, since

⋂
ε>0 cl conv (x−QS,ε(x)) is a singleton. Thus

taking any hi ∈ H \ {0}, si ∈ S such that limi→∞ ∥hi∥ = 0 and

0 < ∆S(x+ hi)− ∥hi∥2 ≤ ∥x+ hi − si∥ for all i ∈ N,

we obtain for all i ∈ N,

0 ≤ ∆S(x+ hi)−∆S(x)−
⟨p, hi⟩
∆S(x)

≤ ∥x+ hi − si∥+ ∥hi∥2 − ∥x− si∥ −
⟨p, hi⟩
∆S(x)

≤ ⟨x+ hi − si, hi⟩
∥x+ hi − si∥

− ⟨p, hi⟩
∆S(x)

+ ∥hi∥2,

which implies lim
i→∞

| ∆S(x+ hi)−∆S(x)− ⟨p,hi⟩
∆S(x)

|
∥hi∥

= 0,

so that the Fréchet derivative DF∆S(x) exists.

The property presented in (iii) can be also inferred from [6, Corollary 3.6.(b)], where
it was presented under assumptions of differentiability of norms of the space and its
dual.

Corollary 3.2. Let S ⊂ H be a bounded subset. Then for each x ∈ H such that
∆S(x) > 0 we have:
(i) ∀y ∈ H \ {x},∆2

S(y)−∆2
S(x) ≥ ∥y − x∥2 + 2∆S(x)∆

′
S(x; y − x);

(ii) let β ≥ 0, w ∈ H and let the sequences {εi}i∈N, {zi}i∈N be such that εi ↘ 0,
∥w − zi∥+ εi ≥ ∆S(w) and

zi ∈ S ∩
(
cl convQS,εi(x) + {v ∈ H | ⟨v, w − x⟩ ≥ −β}

)
for all i ∈ N, then

∆2
S(w)−∆2

S(x) ≤ β + ∥w − x∥2 + 2∆S(x)∆
′
S(x;w − x);
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in particular, if S ⊂
⋂
ε>0

cl convQS,ε(x), then

∀y ∈ H,∆2
S(y)−∆2

S(x) = ∥y − x∥2 + 2∆S(x)∆
′
S(x; y − x);

(iii) if ∂∆S(x) ∩ B(0, 1) ̸= ∅, then ∂∆S(x) ∩ B(0, 1) ∩
⋃

y∈H\{x} ∂∆S(y) = ∅;

(iv) if we have x∗ ∈ ∂∆S(x) ∩ B(0, 1), y∗ ∈ ∂∆S(y) satisfying ∥x∗∥ + ε ≤ 1 and
∆S(x) + ∆S(y) ≤ ηε for some ε > 0, η > 0, then

∥y − x∥2 ≤ η⟨y∗ − x∗, y − x⟩;

(v) the set argmin∆S is a singleton, where

u ∈ argmin∆S =⇒ 0 ∈ ∂∆S(u).

Proof. (i) Let us take some y ∈ H and fix a sequence {si}i∈N of elements of S such
that

lim
i→∞

∥x− si∥ = ∆S(x) and ∆′
S(x; y − x) ≤ lim inf

i→∞

⟨x− si, y − x⟩
∆S(x)

,

see Proposition 3.1(ii). Thus

∆2
S(y) ≥ lim inf

i→∞
∥y − si∥2 = ∥y − x∥2 + lim inf

i→∞

(
2⟨x− si, y − x⟩+ ∥x− si∥2

)
≥ ∥y − x∥2 + 2∆S(x)∆

′
S(x; y − x) + ∆2

S(x).

(ii) Let β ≥ 0, w ∈ H and let the sequences {εi}i∈N, {zi}i∈N be such that εi ↘ 0,
∥w− zi∥+ εi ≥ ∆S(w) and zi ∈ S ∩

(
cl convQS,εi(x) + {v ∈ H | ⟨v, w− x⟩ ≥ −β}

)
.

Thus we have for all i ∈ N: ∥x− pi∥ ≤ ∆S(x), zi = pi + vi, pi ∈ cl convQS,εi(x) and
vi ∈ {v ∈ H | ⟨v, w − x⟩ ≥ −β}, and

∆2
S(w) = lim

i→∞
∥(w − x) + (x− zi)∥2 = lim

i→∞

(
∥w−x∥2 + 2⟨w−x, x−zi⟩+ ∥x−zi∥2

)
≤ ∥w − x∥2 +∆2

S(x) + 2 lim
i→∞

⟨w − x, x− pi − vi⟩

≤ ∥w − x∥2 +∆2
S(x) + 2 lim

i→∞
sup

s∈cl convQS,εi
(x)

⟨w − x, x− s⟩+ β.

Taking any sequence {si}i∈N such that si
weak−→s∗ and

si ∈ cl convQS,εi(x), sup
s∈cl convQS,εi

(x)

⟨w − x, x− s⟩ ≤ i−1 + 2⟨w − x, x− si⟩

for all i ∈ N, we get v∗ := 1
∆S(x)

(x− s∗) ∈ ∂∆S(x), see (15), and

∆2
S(w) ≤ β + ∥w − x∥2 +∆2

S(x) + 2∆S(x)⟨w − x, v∗⟩.

Thus the inequality ⟨w − x, v∗⟩ ≤ ∆′
S(x;w − x) yields the following inequality

∆2
S(w)−∆2

S(x) ≤ β + ∥w − x∥2 + 2∆S(x)∆
′
S(x;w − x).

Moreover, the inclusion S ⊂
⋂

ε>0 cl convQS,ε(x) ensures that for every y ∈ H and
any sequences {zi}i∈N, {εi}i∈N such that εi ↘ 0, ∥y − zi∥ + εi ≥ ∆S(y) and zi ∈ S
for all i ∈ N we have ∀i ∈ N, zi ∈ cl convQS,εi(x).
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Thus for all y ∈ H, ∆2
S(y)−∆2

S(x) ≤ ∥y − x∥2 + 2∆S(x)∆
′
S(x; y − x), which, by (i)

implies
∀y ∈ H,∆2

S(y)−∆2
S(x) = ∥y − x∥2 + 2∆S(x)∆

′
S(x; y − x).

(iii) Let x∗ ∈ ∂∆S(x) ∩ B(0, 1). Suppose that x∗ ∈ ∂∆S(y) and x ̸= y, then
∆S(y) = ∆S(x) + ⟨x∗, y − x⟩. It follows from (i) that

∥y − x∥2 + 2∆S(x)⟨x∗, y − x⟩ > (⟨x∗, y − x⟩)2 + 2∆S(x)⟨x∗, y − x⟩ = ∆2
S(y)−∆2

S(x)

≥ ∥y − x∥2 + 2∆S(x)∆
′
S(x; y − x) ≥ ∥y − x∥2 + 2∆S(x)⟨x∗, y − x⟩,

which is impossible.
(iv) Let x∗∈∂∆S(x)∩B(0, 1), y∗∈∂∆S(y) with ∥x∗∥+ε ≤ 1 and ∆S(x)+∆S(y) ≤ ηε

for some ε > 0, η > 0. Suppose that ∥y − x∥2 > η⟨y∗ − x∗, y − x⟩, then

∆S(y)−∆S(x) ≤ ⟨y∗, y − x⟩ < ⟨x∗, y − x⟩+ ∥y − x∥2

η
and

(∆S(y) + ∆S(x))
(
⟨x∗, y − x⟩+ ∥y − x∥2

η

)
> ∆2

S(y)−∆2
S(x)

≥ ∥y − x∥2 + 2∆S(x)⟨x∗, y − x⟩.
Hence

(∆S(y)−∆S(x)) ⟨x∗, y − x⟩+ (∆S(y) + ∆S(x))
∥y − x∥2

η
> ∥y − x∥2

and consequently

∥x∗∥ ∥y − x∥2 ≥ (∆S(y)−∆S(x)) ⟨x∗, y − x⟩ >
(
1− ∆S(y) + ∆S(x)

η

)
∥y − x∥2

≥ (1− ε)∥y − x∥2,

which is impossible. Thus (iv) holds true.
(v) Since ∆S is a coercive convex function, so argmin∆S ̸= ∅, see [1, Proposition
11.14] for details. Thus the set argmin∆S contains at least one element. However
it follows from (iii) that the set contains at most one element.

4. Fréchet differentiability of the Fenchel conjugate of the antidistance
function

Let us observe that if S is a singleton, say S = {s}, then for every x∗ ∈ B[0, 1] it
holds x∗ ∈ ∂∆S(s). Hence the operator T : B[0, 1] −→ H such that

∀x∗ ∈ B(0, 1), x∗ ∈ ∂∆S(·)(T (x∗)) (16)

is 0-Lipschitz, since T (x∗) = s for all x∗ ∈ B[0, 1], where the notation

∂∆S(·)(T (x∗)) := ∂∆S(s) with s = T (x∗),

is used. Thus the interesting case is whenever S is not a singleton. Throughout the
rest of the presentation only this case is considered.
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First of all let us recall that in [23, Propositon 6.3] it was shown that the operator

(∆S)
−1 : B[0, 1− ε] −→ H

is Lipschitz continuous for all ε ∈]0, 1[. Thus putting T := (∆S)
−1 the existence

of T , which is locally Lipschitz on B(0, 1) and (16) holds true, is assured. Below
another proof of this property is provided by means of the Perfect Square Criterion
for Maximality.

Proposition 4.1. Let S ⊂ H be a bounded subset. For each x∗ ∈ B(0, 1) there
exists a unique x ∈ H such that x∗ ∈ ∂∆S(x).

Proof. Let us fix x∗ such that ∥x∗∥ < 1 and for all n ∈ N put

Mn := {(a, na∗) ∈ H×H | a∗ ∈ ∂∆S(a)}.

By (10) there are wn ∈ H, w∗
n ∈ H such that (wn, nw

∗
n) ∈ Mn and

nx∗ = wn + nw∗
n for all n ∈ N. (17)

Suppose that there is a subsequence {wnk
}k∈N such that limk→∞ ∥wnk

∥ = ∞. Since
S is bounded, it follows from (15) that

1 = lim
k→∞

∥wnk
∥2+∆S(0)∥wnk

∥
∆S(wnk

)∥wnk
∥

≥ lim
k→∞

⟨w∗
nk
, wnk

⟩
∥wnk

∥
≥ lim

k→∞

∥wnk
∥2−2∆S(0)∥wnk

∥
∆S(wnk

)∥wnk
∥

= 1.

Now by (17) we obtain

0 ≤ lim
k→∞

(
nk∥x∗∥∥wnk

∥ − ∥wnk
∥2 − nk⟨w∗

nk
, wnk

⟩
)

= lim
k→∞

∥wnk
∥
(
nk∥x∗∥ − ∥wnk

∥ − nk

⟨w∗
nk
, wnk

⟩
∥wnk

∥

)
= −∞,

a contradiction. Hence lim supn→∞ ∥wn∥ < ∞. Thus limn→∞ ∥w∗
n−x∗∥ = 0 by (17),

which implies that any weak cluster point of the sequence {wn}n∈N, let x be such a
point, satisfies the following requirement

x∗ ∈ ∂∆S(x).

The uniqueness of the existence of such x follows from Corollary 3.2 (iii).

A straightforward consequence of Proposition 4.1 is that there exists locally Lipschitz
operator T : B(0, 1) −→ H such that

∀x∗ ∈ B(0, 1), x∗ ∈ ∂∆S(T (x
∗)) and T (∂∆S(T (x

∗)) ∩ B(0, 1)) = {T (x∗)}, (18)

where the notations

∂∆S(·)(T (x∗)) := ∂∆S(x) with x = T (x∗) and ∂∆S(T (x
∗)) := ∂∆S(·)(T (x∗))

are used. Moreover the image of any weakly closed subset C ⊂ B[0, 1− ϵ] under T

is a bounded and closed subset of B[T (0), ∆S(T (0))
2ε

], where ε > 0, which can be used
to get additional information on points of the Fréchet differentiability of ∆S.
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Let us recall that by Proposition 3.1(iii) we have

∀y ∈ H, ∂∆S(y) ⊂ S[0, 1] =⇒ DF∆S(y) exists . (19)

Let us put T := {{ti}i∈N | ∀i ∈ N, ti > 0} (20)

and D(x, {ti}i∈N) := {h ∈ H | ∀i ∈ N, ∂∆S(x+ tih) ⊂ S[0, 1]} (21)

for every x ∈ H and {ti}i∈N ∈ T.

Corollary 4.2. The operator T : B(0, 1) −→ H which satisfies (18) has the follow-
ing properties:
(i) it is locally Lipschitz on B(0, 1);
(ii) for all ε ∈]0, 1] and each weakly closed subset C ⊂ B[0, 1− ϵ], C ̸= ∅ the image

T (C) is a bounded and closed subset such that

T (C) ⊂

B[T (0), 2(1− ε)∆S(T (0))], whenever 2ε > 1;

B[T (0), ∆S(T (0))
2ε

], whenever 2ε ≤ 1;

(iii) the set D(x, {ti}i∈N) is residual in H for each x ∈ H and {ti}i∈N ∈ T, that is, its
complement is of first category, see [16]. Moreover, if a subset {t1, t2, . . .} ∈ T
is dense in ]0,∞[, then for all h ∈ D(x, {ti}i∈N) the subsets

{t ≥ 0 | ∂∆S(x+ th) ⊂ S[0, 1]}

are Gδ dense subsets of ]0,∞[.

Proof. (i) In order to show that T is locally Lipschitz on B(0, 1) it is enough to
show that the set T (B[0, 1− ε]) is bounded for each ε ∈]0, 1[, see Corollary 3.2(iv).
Let us fix ε ∈]0, 1[ and notice that {T (0)} = argmin∆S by Corollary 3.2(v). For
every x∗ ∈ B[0, 1− ε] we have ∆S(T (x

∗)) ≥ ∆S(T (0)) and

∆2
S(T (0)) ≥ ∆2

S(T (x
∗)) + 2∆S(T (x

∗))⟨x∗, T (0)− T (x∗)⟩+ ∥T (0)− T (x∗))∥2

≥ ∆2
S(T (x

∗))− 2∆S(T (x
∗))(1− ε)∥T (0)− T (x∗)∥+ ∥T (0)− T (x∗))∥2

= (∆S(T (x
∗))− ∥T (0)− T (x∗)∥)2 + 2ε∆S(T (x

∗))∥T (x∗)− T (0)∥
≥ 2ε∆S(T (0))∥T (x∗)− T (0)∥. (22)

Thus T (B[0, 1 − ε]) ⊂ B[T (0), ∆S(T (0))
2ε

], so it is a bounded subset and hence T is
locally Lipschitz.
(ii) Assume that ε ∈]0, 1] and C ⊂ B[0, 1− ϵ], C ̸= ∅ is a weakly closed subset. Let
{ci}i∈N be a sequence such that ci ∈ C for all i ∈ N and x = limi→∞ T (ci). Let
c ∈ C be a weak sequential cluster point of the sequence {ci}i∈N. Since

∀i ∈ N, ci ∈ ∂∆S(·)(T (ci)) and x = lim
i→∞

T (ci),

so c ∈ ∂∆S(x) ∩ C, thus x = T (c) ∈ T (C).
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In order to terminate the proof of (ii) let us fix ε ∈]1
2
, 1]. Observe that

∆2
S(T (x

∗))−∆2
S(T (0)) ≥ ∥T (x∗)− T (0)∥2

by Corollary 3.2(iv). Thus

∆S(T (x
∗)) + ∆S(T (0)) ≥ 2∥T (x∗)− T (0)∥,

so (∆S(T (x
∗))− ∥T (0)− T (x∗)∥)2 > (∆S(T (0))− ∥T (0)− T (x∗)∥)2

in this case. It follows from (22) that

∆2
S(T (0)) ≥ (∆S(T (x

∗))− ∥T (0)− T (x∗)∥)2 + 2ε∆S(T (x
∗))∥T (x∗)− T (0)∥

≥ (∆S(T (0))− ∥T (0)− T (x∗)∥)2 + 2ε∆S(T (0))∥T (x∗)− T (0)∥,

which justifies the inclusion T (C) ⊂ B[T (0), 2(1− ε)∆S(T (0))].
(iii) Let us fix x ∈ H and {ti}i∈N ∈ T. The set( ⋃

k∈{1,...,i}

t−1
k (T (B[0, 1− i−1])− x)

)
is closed for each i ∈ N \ {1}, see part (ii) of the proof. Since ∆S is Fréchet
differentiable on a dense subset of H, see for example [17, Theorem 2.34], we conclude
that int (T (B[0, 1− i−1]) = ∅ for all i ∈ N \ {1}. Thus the set⋃

i∈N\{1}

( ⋃
k∈{1,...,i}

t−1
k (T (B[0, 1− i−1])− x)

)
is of first category, see [16, p. 40]. It is easy to notice that

H \ D(x, {ti}i∈N) ⊂
⋃

i∈N\{1}

( ⋃
k∈{1,...,i}

t−1
k (T (B[0, 1− i−1])− x)

)
,

which justifies the first part of the statement in (iii), see for example [21, Baire Cat-
egory, p. 43(a)]. In order to terminate the proof let us fix a dense subset {t1, t2, . . .}
of ]0,∞[, then for all h ∈ D(x, {ti}i∈N) and n ∈ N we have the following inclusion

{t1, t2, . . .} ⊂ Un := {t > 0 | x+ th /∈ T (B[0, 1− n−1]},

hence
⋂

n∈N Un is a Gδ dense subset of ]0,∞[. Since the equality

{t ≥ 0 | ∂∆S(x+ th) ⊂ S[0, 1]} =
⋂
n∈N

Un

is easy to observe, so the second part of the statement in (iii) is justified.

Fact 4.3. Let T : B(0, 1) −→ H be an operator which satisfies (18). Then for every
x∗ ∈ B(0, 1) and h∗ ∈ H such that ∥x∗ + h∗∥ < 1 the following estimation

0 ≤ ∆S(T (x
∗+h∗))−∆S(T (x

∗))−⟨x∗, T (x∗+h∗)−T (x∗)⟩ ≤ ⟨h∗, T (x∗+h∗)−T (x∗)⟩

holds true.
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Proof. Let us fix x∗ ∈ H and h∗ ∈ H such that ∥x∗∥ < 1 and ∥x∗ + h∗∥ < 1. Since
x∗ ∈ ∂∆S(T (x

∗)) and x∗ + h∗ ∈ ∂∆S(T (x
∗ + h∗)), so

0 ≤ ∆S(T (x
∗ + h∗))−∆S(T (x

∗))− ⟨x∗, T (x∗ + h∗)− T (x∗)⟩
≤ ⟨x∗ + h∗, T (x∗ + h∗)− T (x∗)⟩ − ⟨x∗, T (x∗ + h∗)− T (x∗)⟩

which justifies the inequality.

For fixed x ∈ H and ε∈ ]0, 1[ a condition allowing to identify the direction v ∈ H
such that ∆′

S(x; v) = ⟨y∗, v⟩ for some y∗ ∈ ∂∆S(x)∩B[0, 1− ε] is given in the next
Corollary.

Corollary 4.4. Let T : B(0, 1) −→ H be an operator which satisfies (18) and
ε ∈]0, 1[ be given. Then

∃y∗ ∈ ∂∆S(x) ∩ B[0, 1− ε], ∆′
S(x; v) = ⟨y∗, v⟩ and x = T (y∗)

for all x ∈ H and v ∈ H for which there is a sequence {ti}i∈N ∈ T, see (20),
converging to zero such that

lim
i→∞

dT (B[0,1−ε])(x+ tiv)

ti
= 0.

Moreover, if x ∈ H and v ∈ H are such that

lim
i→∞

dT (B[0,1−ε])(x+ tiv)

ti
> 0

for some {ti}i∈N ∈ T converging to zero, then

∀y∗ ∈ ∂∆S(x),∆
′
S(x; v) = ⟨y∗, v⟩ =⇒ ∥y∗∥ ≥ 1− ε.

Proof. Let x ∈ H and v ∈ H be such that there is a sequence {ti}i∈N ∈ T converging
to zero for which

lim
i→∞

dT (B[0,1−ε])(x+ tiv)

ti
= 0.

For each i ∈ N there is y∗i ∈ B[0, 1− ε] such that

lim
i→∞

∥x+ tiv − T (y∗i )∥
ti

= 0.

Without loss of generality we may assume that y∗i
weak−→y∗ ∈ B[0, 1 − ε], therefore

y∗ ∈ ∂∆S(x) ∩ B[0, 1− ε] and

∆′
S(x; v) = lim

i→∞

∆S(x+ tiv)−∆S(x)

ti
= lim

i→∞

∆S(T (y
∗
i ))−∆S(T (y

∗))

ti

= lim
i→∞

⟨y∗i , T (y∗i )− T (y∗)⟩
ti

= ⟨y∗, v⟩,

and the first part of the statement is justified.
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In order to terminate the proof let us consider x ∈ H and v ∈ H are such that

lim
i→∞

dT (B[0,1−ε])(x+ tiv)

ti
> 0 (23)

for some sequence {ti}i∈N ∈ T converging to zero.
Suppose that ∃ y∗ ∈ ∂∆S(x), ∆′

S(x; v) = ⟨y∗, v⟩ and ∥y∗∥ < 1− ε.

Put ε(t) :=

√
∆S(x+ tv)−∆S(x)− ⟨y∗, tv⟩

t
,

for all t ∈]0,∞[. If ε(t̄) = 0 for some t̄ > 0, then y∗ ∈ ∂∆S(x + tv) for all t ∈]0, t̄]
and consequently

lim
i→∞

dT (B[0,1−ε])(x+ tiv)

ti
= 0,

which contradicts (23). We have

∀t ∈]0,∞[, 0 ≤ ∆S(x+ tv)−∆S(x)− ⟨y∗, tv⟩ ≤ t(ε(t))2

and ∀a ∈ H, 0 ≤ ∆S(x+ a)−∆S(x)− ⟨y∗, a⟩.

By Theorem 2.1 there are a(t)∈B[x+tv, tε(t)] and a∗(t)∈∂∆S(a(t))∩B[y∗, ε(t)], so

T (y∗ + (a∗(t)− y∗))− (x+ tv) = a(t)− (x+ tv) ∈ B[0, tε(t)]

for all t ∈]0,∞[ small enough. Thus, a(t) ∈ T (B[0, 1− ε]) and

dT (B[0,1−ε])(x+ tv) ≤ ∥a(t)− (x+ tv)∥ ≤ tε(t),

for all t > 0 small enough, which contradicts (23). Thus the second part of the
statement holds true.

It is known that for every x ∈ H and v ∈ H there is v∗ ∈ ∂∆S(x) such that

∆′
S(x; v) = ⟨v∗, v⟩, (24)

see [1, Theorem 17.19]. Thus, the following problem arises: if x = T (x∗), then find
solutions of the following equations

∆′
S(T (x

∗); v) = ⟨x∗, v⟩. (25)

In order to characterize solutions of the equation in (25) for T : B(0, 1) −→ H being
an operator satisfying (18) and x∗∈B(0, 1), f ∈F , g∈G , see (1) and (2), and t ≥ 0,
let us put

D(T, f, g, x∗)(t) :=

{
h∗ ∈ H

∣∣∣∣∣ ∥x∗ + h∗∥ < 1, h∗ ∈ B[0, f(t)]
and T (x∗+h∗)∈B[T (x∗), tg(t)]

}
, (26)

where B[c,∞] := H for all c ∈ H.
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Below, see Proposition 4.5, it is shown that if for some f ∈ F , g ∈ G

v ∈
⋂
δ>0

cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

})
, (27)

then (25) holds true. On the other hand if ∥x∗∥ < 1 and (25) is valid, then (27) is
satisfied for some f ∈ F , g ∈ G , see Proposition 4.6.

Proposition 4.5. Let T : B(0, 1) −→ H be an operator which satisfies (18). Then
for every x∗ ∈ B(0, 1) and f ∈ F , g ∈ G the following property holds true

∀v∈
⋂
δ>0

cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

})
, ∆′

S(T (x
∗); v) = ⟨x∗, v⟩.

Proof. Fix some x∗ ∈ B(0, 1), f ∈ F , g ∈ G and

v ∈
⋂
δ>0

cl conv

( ⋃
t∈]0,δ],h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))}

)
.

There are sequences {δi}i∈N, {ki}i∈N such that δi ↘ 0, ki ∈ N, λj
i > 0, tji ∈]0, δi],

hj
i ∈ D(T, f, g, x∗)(tji ) for all i ∈ N and j ∈ {1, . . . , ki} with

∑
j∈{1,...,ki} λ

j
i = 1 for

all i ∈ N, and

v = lim
i→∞

∑
j∈{1,...,ki}

λj
i

(
1

tji
(T (x∗ + hj

i )− T (x∗))

)
.

It follows from the convexity of ∆S(·) and Fact 4.3 that

⟨x∗, v⟩ ≤ ∆′
S(T (x

∗); v) = ∆′
S

(
T (x∗); lim

i→∞

∑
j∈{1,...,ki}

λj
i

(
1

tji
(T (x∗ + hj

i )− T (x∗))
))

≤ lim
i→∞

∑
j∈{1,...,ki}

λj
i∆

′
S

(
T (x∗);

1

tji
(T (x∗ + hj

i )− T (x∗))
)

= lim
i→∞

∑
j∈{1,...,ki}

λj
i lim
s↘0

∆S

(
T (x∗)+s

(
1

tji
(T (x∗+hj

i )−T (x∗))
))

−∆S(T (x
∗))

s

≤ lim
i→∞

∑
j∈{1,...,ki}

λj
i

∆S(T (x
∗ + hj

i ))−∆S(T (x
∗))

tji

≤ lim
i→∞

∑
j∈{1,...,ki}

λj
i ⟨x∗ + hj

i ,

(
1

tji
(T (x∗ + hj

i )− T (x∗))

)
⟩

≤ lim
i→∞

⟨x∗,
∑

j∈{1,...,ki}

λj
i

(
1

tji
(T (x∗+hj

i )−T (x∗))

)
⟩+ lim sup

i→∞

∑
j∈{1,...,ki}

λj
if(t

j
i )g(t

j
i )

≤ lim
i→∞

⟨x∗,
∑

j∈{1,...,ki}

λj
i

(
1

tji
(T (x∗ + hj

i )− T (x∗))

)
⟩ = ⟨x∗, v⟩,

which justifies the statement.
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Proposition 4.6. Let T : B(0, 1) −→ H be an operator which satisfies (18). Then
for every x∗ ∈ B(0, 1) and v ∈ H such that (25) is fulfilled there are f ∈ F , g ∈ G
such that

v ∈
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.

Proof. Let x∗ ∈ B(0, 1), x = T (x∗) and v ∈ H be such that (25) is fulfilled. Put
f(0) := 0 and for all t ∈]0,∞[ define

ε(t) :=

√
∆S(x+ tv)−∆S(x)− ⟨x∗, tv⟩

t
,

g(t) := ∥v∥+ 1 + ε(t) and f(t) :=

t+ ε(t), if t > 0;

0, if t = 0.

Assume that ε(t̄) = 0 for some t̄ > 0. Then x∗ ∈ ∂∆S(x+ tv) for all t ∈]0, t̄]. Thus
it follows from Corollary 3.2 (iii) that v = 0, so

v ∈
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.

Let us consider the case v ̸= 0. By (25) we get

∀t ∈]0,∞[, 0 ≤ ∆S(x+ tv)−∆S(x)− ⟨x∗, tv⟩ ≤ t(ε(t))2

and ∀a ∈ H, 0 ≤ ∆S(x+ a)−∆S(x)− ⟨x∗, a⟩.

By Theorem 2.1 there are a(t)∈B[x+tv, tε(t)] and a∗(t)∈∂∆S(a(t))∩B[x∗, ε(t)], so

T (x∗ + (a∗(t)− x∗))− T (x∗) = tv + (a(t)− (x+ tv)) ∈ B[0, tg(t)],

for all t ∈]0,∞[. Thus, since f ∈ F , g ∈ G , we get

v ∈
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))

and the statement holds true.

Corollary 4.7. Let T : B(0, 1) −→ H be an operator which satisfies (18). Then for
every x∗ ∈ B(0, 1), f ∈ F , g ∈ G and y∗ ∈ ∂∆S(T (x

∗)) the following property

∀v ∈ H, {−v, v} ⊂
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))

=⇒ ⟨y∗, v⟩ = ⟨x∗, v⟩ = ∆′
S(T (x

∗); v)

holds true.
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Proof. Let us fix x∗ ∈ B(0, 1), f ∈ F , g ∈ G , y∗ ∈ ∆S(T (x
∗)) and v ∈ H such that

we have

{−v, v} ⊂
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.

By Proposition 4.5 we obtain

⟨y∗, v⟩ ≤ ∆′
S(T (x

∗); v) = ⟨x∗, v⟩ and ⟨y∗,−v⟩ ≤ ∆′
S(T (x

∗);−v) = ⟨x∗,−v⟩,

which implies the desired equalities.

A simple consequence of Proposition 4.6 is the following

Fact 4.8. Let T : B(0, 1) −→ H be an operator which satisfies (18). Then for every
x∗ ∈ B(0, 1) and v ∈ H if

∀y∗ ∈ ∂∆S(T (x
∗)), ∆′

S(T (x
∗); v) = ⟨y∗, v⟩,

then for some f ∈ F and g ∈ G the following property

{−v, v} ⊂
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))

holds true.

Proof. Let us fix x∗ ∈ B(0, 1) and v ∈ H such that

∀y∗ ∈ ∂∆S(T (x
∗)), ∆′

S(T (x
∗); v) = ⟨y∗, v⟩.

The convexity of ∆′
S(T (x

∗); ·) yields

∀y∗ ∈ ∂∆S(T (x
∗)), ∆′

S(T (x
∗);−v) = ⟨y∗,−v⟩.

It follows from Proposition 4.6 there are fi ∈ F , gi ∈ G for i ∈ {1, 2} such that

v ∈
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f1,g1,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.

and
−v ∈

⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f2,g2,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.

Hence for f := max{f1, f2} and g := max{g1, g2} we get

{−v, v} ⊂
⋂
δ>0

(
cl conv

( ⋃
t∈]0,δ],

h∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + h∗)− T (x∗))

}))
.
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We recall that the Fenchel conjugate of ∆S is denoted by ∆∗
S. In order to prove

the Fréchet differeniability of ∆∗
S we use the following property of subdifferential

mapping, see [10, Corollary 4.2]:
if the subdifferential mapping ∂f of a convex function f has a continuous
selection on an open convex subset U ⊂ H, that is σ(u) ∈ ∂f(u) for all
u ∈ U and σ is a continuous operator, then the Fréchet derivative DFf(u)
exists for all u ∈ U and σ(u) = DFf(u) for all u ∈ U .

Theorem 4.9. Let S ⊂ H be a bounded subset. Then the Fréchet derivative of ∆∗
S

exists at each x∗ ∈ B(0, 1) and DF∆
∗
S(x

∗) = T (x∗), where T : B(0, 1) −→ H is
such that (18) holds true. Hence the Fréchet derivative of ∆∗

S is a locally Lipschitz
operator on B(0, 1).
Proof. For all x∗ ∈ B(0, 1) by (18) and (9) we have

∆S(T (x
∗)) + ∆∗

S(x
∗) = ⟨x∗, T (x∗)⟩.

It follows from Corollary 4.2 that T is locally Lipschitz on B(0, 1). In order to
terminate the proof it is enough to observe that it follows from (9) and (18), see
also [1, Theorem 16.23](iv), that

∀x∗ ∈ B(0, 1), T (x∗) ∈ ∂∆∗
S(x

∗),

so T is a continuous selection of ∂∆∗
S on B(0, 1) and the property mentioned just

before this Theorem justifies the statement.

5. Some properties of derivatives of T

Second order differentiability is a useful tool in investigating optimality problems.
However being beyond the classical framework we encounter formidable challenges
in exploring second order properties of functions under investigation. A lot of infor-
mation on the second order theory of semidifferentiability in the finite dimensional
setting can be found in [18, Chapter 13, Second-Order Theory]; a study of the sec-
ond order behavior of convex functions over a reflexive Banach space can be found
in [15] for example. However we know little whenever the infinite dimensional set-
ting is under consideration. Most questions concerning the second order theory of
differentiability are open in this case, see for example [26]. Perhaps, it is a reason
why some old questions are still open, see [9]. The progress in the developing this
theory is modest, compare for example [2] and [5], see also [26].
In this section some properties of a derivative of the operator T , which existence is
preserved in Proposition 4.1, see (18), are explored. It is known that the second order
differeniability of ∆∗

S is preserved at points where differentiability of T is guaranteed,
see [3, Theorem 3.1] for example. The existence of such points can be inferred from
the classic result concerning the Gâteaux differentiability of a Lipschitz mapping
on a separable Hilbert space, see [14], see also [13] for some recent information on
differentiability of Lipschitz operators.
We recall that the notations

∂∆S(·)(y) := ∂∆S(y), ∂∆S(T (x
∗)) := ∂∆S(·)(T (x∗)),

kerA := {w∗ ∈ H | Aw∗ = 0} and A(H) := {y ∈ H | ∃x ∈ H : y = Ax}

are used, whenever A : H −→ H is a linear operator.
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A first observation concerns additivity of the directional derivative of ∆S on some
elements.

Corollary 5.1. Let T : B(0, 1) −→ H be an operator satisfying (18), x∗∈ B(0, 1)
and let A : H −→ H be a bounded linear operator such that

∀h∗ ∈ H, lim
t→0

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0,

then ∀h ∈ H, ∀v∗ ∈ H :

∆′
S(T (x

∗);h+Av∗) = ∆′
S(T (x

∗);h)+∆′
S(T (x

∗);Av∗) = ∆′
S(T (x

∗);h)+⟨x∗, Av∗⟩.

Moreover, if ∀h ∈ kerA, ∆′
S(T (x

∗);h) = ⟨x∗, h⟩, then QS(T (x
∗)) = ∅, see (12).

Proof. It follows from Corollary 4.7 that for all y∗ ∈ ∂∆S(T (x
∗)) and v∗ ∈ H the

following property holds true

⟨y∗, Av∗⟩ = ∆′
S(T (x

∗);Av∗).

In fact, let us fix v∗ ∈ H \ {0}. For t ≥ 0 put f(t) := ∥v∗∥t and

g(t) :=

{
1 + ∥T (x∗+tv∗)−T (x∗)∥+∥T (x∗−tv∗)−T (x∗)∥

t
, if max{∥x∗+tv∗∥, ∥x∗−tv∗∥} < 1,

∞, if 1 ≤ max{∥x∗+tv∗∥, ∥x∗−tv∗∥}.

It is easy to observe, see (26), that we have

Av∗ ∈
⋂
δ>0

cl

( ⋃
t∈]0,δ]

{1
t
(T (x∗ + tv∗)− T (x∗))

})
⊂
⋂
δ>0

cl conv

( ⋃
t∈]0,δ],

w∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + w∗)− T (x∗))

})
,

which by Proposition 4.5 establishes the equality ∆′
S(T (x

∗);Av∗) = ⟨x∗, Av∗⟩. Since
⟨x∗, A(−v∗)⟩ = ⟨x∗,−Av∗⟩, so repeating the reasoning above, we have

− Av∗ ∈
⋂
δ>0

cl

( ⋃
t∈]0,δ]

{1
t
(T (x∗ − tv∗)− T (x∗))

})
⊂
⋂
δ>0

cl conv

( ⋃
t∈]0,δ],

w∗∈D(T,f,g,x∗)(t)

{1
t
(T (x∗ + w∗)− T (x∗))

})
,

and ⟨x∗, A(−v∗)⟩ = ∆′
S(T (x

∗);−Av∗). Hence it follows from Corollary 4.7 that
⟨y∗, Av∗⟩ = ⟨x∗, Av∗⟩ = ∆′

S(T (x
∗);Av∗) for all y∗ ∈ ∂∆S(T (x

∗)). Thus

∆′
S(T (x

∗);h+ Av∗) = sup
y∗∈∂∆S(T (x∗))

⟨y∗, h+ Av∗⟩ = sup
y∗∈∂∆S(T (x∗))

⟨y∗, h⟩+ ⟨y∗, Av∗⟩

= sup
y∗∈∂∆S(T (x∗))

⟨y∗, h⟩+∆′
S(T (x

∗);Av∗) = ∆′
S(T (x

∗);h) + ∆′
S(T (x

∗);Av∗),

which justifies the first statement.
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Assume additionally that ∀h ∈ kerA, ∆′
S(T (x

∗);h) = ⟨x∗, h⟩.
It follows from Fact 2.3 that H = kerA+clA(H), so using the additional assumption
and the first part of the proof we obtain

∀h ∈ H, ∆′
S(T (x

∗);h) = ⟨x∗, h⟩.

Hence, if QS(T (x
∗)) ̸= ∅, then ∂∆S(T (x

∗)) ⊂ S[0, 1], so by Proposition 3.1 we obtain
the following contradiction DF∆S(T (x

∗)) exists and x∗ ∈ ∂∆S(T (x
∗)).

The symmetry of the second order derivative is expected property. Such a result
can be obtained even for nonsmooth functions, see for example [19]. Below it is
shown that Gâteaux derivative of the Fréchet derivative of the Fenchel conjugate of
antidistance function is a symmetric operator.

Fact 5.2. Let T : B(0, 1) −→ H be an operator which satisfies (18), x∗ ∈ B(0, 1)
and let A : H −→ H be a bounded linear operator such that

∀h∗ ∈ H, lim
t→0

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0,

then ∀h∗ ∈ H, v∗ ∈ H we have ⟨v∗, Ah∗⟩ = ⟨Av∗, h∗⟩.

Proof. If h∗ = 0 or v∗ = 0 then 0 = ⟨v∗, Ah∗⟩ = ⟨Av∗, h∗⟩.
Thus the statement is justified in this case. Let us notice that in order to get the
equality in general case it is enough to establish it for any h∗ ∈ H and v∗ ∈ H such
that 1 = ∥h∗∥ = ∥v∗∥. For every t ∈ [0, 1−∥x∗∥

∥h∗∥+∥v∗∥ [ let us define the following function
ft : [0, t] −→ R as follows

∀s ∈ [0, t], ft(s) := ∆∗
S(x

∗ + th∗ + sv∗)−∆∗
S(x

∗ + th∗)−∆∗
S(x

∗ + sv∗)

−∆∗
S(x

∗ + sh∗ + tv∗) + ∆∗
S(x

∗ + sh∗) + ∆∗
S(x

∗ + tv∗).

Let us notice that ft(0) = ft(t) = 0 for all t ∈ [0, 1−∥x∗∥
∥h∗|+∥v∗∥ [, thus by the classical

Mean Value Theorem there are θ(t) ∈]0, t[ such that

0 = ⟨T (x∗ + th∗ + θ(t)v∗), v∗⟩ − ⟨T (x∗ + θ(t)v∗), v∗⟩
− ⟨T (x∗ + θ(t)h∗ + tv∗), h∗⟩+ ⟨T (x∗ + θ(t)h∗), h∗⟩

for all t ∈ [0, 1−∥x∗∥
∥h∗|+∥v∗∥ [, see for example [20, Chapter 5, Mean Value Theorems].

Thus for all t ∈ [0, 1−∥x∗∥
∥h∗∥+∥v∗∥ [, using the assumption 1 = ∥h∗∥ = ∥v∗∥, it follows that

∥T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗∥
t

+
∥T (x∗ + θ(t)h∗ + tv∗)− T (x∗ + θ(t)h∗)− tAv∗∥

t

≥ ⟨T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗,−v∗⟩
t

+
⟨T (x∗ + θ(t)h∗ + tv∗)− T (x∗ + θ(t)h∗)− tAv∗, h∗⟩

t
= ⟨Ah∗, v∗⟩ − ⟨Av∗, h∗⟩
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and

∥T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗∥
t

+
∥T (x∗ + θ(t)h∗ + tv∗)− T (x∗ + θ(t)h∗)− tAv∗∥

t

≥ ⟨T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗, v∗⟩
t

+
⟨T (x∗+θ(t)h∗+tv∗)−T (x∗+θ(t)h∗)−tAv∗,−h∗⟩

t
= −⟨Ah∗, v∗⟩+⟨Av∗, h∗⟩,

hence
⟨Ah∗, v∗⟩ − ⟨Av∗, h∗⟩ − ∥T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗∥

t

− ∥T (x∗ + θ(t)h∗ + tv∗)− T (x∗ + θ(t)h∗)− tAv∗∥
t

≤ 0

≤ ⟨Ah∗, v∗⟩ − ⟨Av∗, h∗⟩+ ∥T (x∗ + th∗ + θ(t)v∗)− T (x∗ + θ(t)v∗)− tAh∗∥
t

+
∥T (x∗ + θ(t)h∗ + tv∗)− T (x∗ + θ(t)h∗)− tAv∗∥

t
.

Now the equality 0 = ⟨Ah∗, v∗⟩ − ⟨Av∗, h∗⟩ follows after passage to the limit as
t ↓ 0.
A straightforward consequence of Proposition 4.5 is the following property of the
Gâteaux derivative of the Fréchet derivative of the Fenchel conjugate of antidistance
function.

Fact 5.3. Let T : B(0, 1) −→ H be an operator which satisfies (18), x∗ ∈ B(0, 1)
and let A : H −→ H be a bounded linear operator such that

∀h∗ ∈ H, lim
t→0

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0,

then ∀h∗ ∈ H, ∆′
S(T (x

∗);Ah∗) = ⟨x∗, Ah∗⟩
and ∂∆S(T (x

∗))− ∂∆S(T (x
∗)) ⊂ {w∗ ∈ H | Aw∗ = 0}.

Proof. In fact, let us fix v∗ ∈ H \ {0}. For t ≥ 0 put f(t) := ∥v∗∥t and

g(t) :=

{
1 + ∥T (x∗+tv∗)−T (x∗)∥+∥T (x∗−tv∗)−T (x∗)∥

t
, if max{∥x∗+tv∗∥, ∥x∗−tv∗∥} < 1,

∞, if 1 ≤ max{∥x∗+tv∗∥, ∥x∗−tv∗∥}.

it follows from Corollary 5.1 that ∆′
S(T (x

∗);Ah∗) = ⟨x∗, Ah∗⟩ and ⟨x∗, A(−h∗)⟩ =
∆′

S(T (x
∗);−Ah∗). As a consequence ⟨y∗, Ah∗⟩ = ⟨x∗, Ah∗⟩ = ∆′

S(T (x
∗);Ah∗) for all

y∗ ∈ ∂∆S(T (x
∗)), by Corollary 4.7. Thus the symmetry of A, see Fact 5.2, yields

∀h∗∈H, ∀y∗∈∂∆S(T (x
∗)), ∀z∗∈∂∆S(T (x

∗)), 0 = ⟨y∗−z∗, Ah∗⟩ = ⟨A(y∗−z∗), h∗⟩.

Hence ∥A(y∗ − z∗)∥ = 0 for all y∗, z∗∈∂∆S(T (x
∗)) and the inclusion

∂∆S(T (x
∗))− ∂∆S(T (x

∗)) ⊂ {w∗ ∈ H | Aw∗ = 0}

is established.
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6. Directional convergence of subgradients

The Fréchet or Gâteaux differentiability of T allows us to say more on the strong
convergence of some ε-subgradients of ∆S, whenever ε ↓ 0 or on the strong conver-
gence of sugradients of ∆S along some curves. A first observation is due to the fact
that if a non-decreasing sequence of convex functions is pointwise converging to a
function which is Fréchet differentiable at a given point, then subgradients of these
functions strongly converge to the derivative, a version of this property is established
in the proof of the following

Proposition 6.1. Let H be a Hilbert space and T : B(0, 1) −→ H be an operator
which satisfies (18), x∗ ∈ B(0, 1) and {s1, s2, . . .} ⊂ S be such that

∆S(T (x
∗)) = lim

i→∞
∥T (x∗)− si∥.

Assume that A : H −→ H is a bounded linear operator such that A(H) is a closed
linear subspace of H and

lim
t→0

sup
h∗∈B[0,1]

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0.

For each i ∈ N put Si := {s1, . . . , si}.
Suppose that the sequences {xi}i∈N and {x∗

i }i∈N satisfy x∗
i ∈ ∂∆Si

(xi) for all i ∈ N
and limi→∞ ∥xi − T (x∗)∥ = 0. Then:

(i) lim
i→∞

∥PA(H)

(
x∗
i − x∗

)
∥ = 0;

(ii) if kerA is finite dimensional and
∀i ∈ N, ∆Si

(T (x∗)) = ∥T (x∗)− si∥,
then the sequence {si}i∈N has a convergent subsequence;

(iii) if kerA is finite dimensional and for y∗ ∈ H, w0 ∈ H

∀h ∈ SH[0, 1], lim
t↓0

∆′
S(x;w0 + th)−∆′

S(x;w0)− ⟨y∗, th⟩
t

= 0,

and there are ti > 0 for all i ∈ N such that limi→∞ ti = 0, and

∀i ∈ N, ∆Si
(T (x∗)) = ∥T (x∗)− si∥,

and (see Corollary 4.2 (iii))

∀i ∈ N, 1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si) ∈ ∂∆S(T (x

∗) + tiw0),

then the sequence { 1
∆S(T (x∗)+tiw0)

(T (x∗) + tiw0 − si)}i∈N converges to y∗.

Proof. (i) Observe that ∆Si
(y) ≤ ∆Si+1

(y) for all i ∈ N, y ∈ H and

∀y ∈ H, lim
i→∞

∆Si
(y) ≤ ∆S(y) and lim

i→∞
∆Si

(xi) = ∆S(T (x
∗)).

Suppose that 0 < lim
i→∞

∥PA(H)

(
x∗
i − x∗

)
∥.



D. Zagrodny / Properties of the Fréchet Derivative ... 1373

It follows from the Open Mapping Theorem, see [24, Theorem 1, p. 75], that there
is δ > 0 for which

{y ∈ A(H) | ∥y∥ < 2δ} ⊂ {Ax | ∥x∥ < 1}.

There are ε > and v∗i ∈ B[0, 1] such that for all i ∈ N large enough we have

ε < ∥x∗
i − x∗∥ and εδ < ⟨x∗

i − x∗, Av∗i ⟩.

For all t > 0 such that ∥x∗ + tv∗i ∥ < 1 and i ∈ N large enough we have

⟨x∗
i , tAv

∗
i ⟩ ≤ ∆Si

(xi + tAv∗i )−∆Si
(xi)) ≤ ∆S(T (x

∗) + tAv∗i )−∆S(T (x
∗))

+ ∥xi − T (x∗)∥+∆S(T (x
∗))−∆Si

(xi) ≤ ∆S(T (x
∗ + tv∗i ))−∆S(T (x

∗))

+ ∥xi − T (x∗)∥+∆S(T (x
∗))−∆Si

(xi) + sup
h∗∈B[0,1]

{∥T (x∗+th∗)−T (x∗)−tAh∗∥}

≤ ⟨x∗ + tv∗i , (T (x
∗ + tv∗i ))− T (x∗))⟩+ ∥xi − T (x∗)∥+∆S(T (x

∗))

−∆Si
(xi) + sup

h∗∈B[0,1]
{∥T (x∗ + th∗)− T (x∗)− tAh∗∥}

≤ ⟨x∗ + tv∗i , tAv
∗
i ⟩+ ∥xi − T (x∗)∥+∆S(T (x

∗))−∆Si
(xi)

+ 2 sup
h∗∈B[0,1]

{∥T (x∗ + th∗)− T (x∗)− tAh∗∥},

hence
εδ < ⟨x∗

i − x∗, Av∗i ⟩ ≤
1

t

(
⟨tv∗i , tAv∗i ⟩+ ∥xi − T (x∗)∥+∆S(T (x

∗))−∆Si
(xi)

+ 2 sup
h∗∈B[0,1]

{∥T (x∗ + th∗)− T (x∗)− tAh∗∥}
)
.

Thus we get the following contradiction

0 < εδ ≤ lim
t↓0

(
lim sup

i→∞

1

t

(
⟨tv∗i , tAv∗i ⟩+ ∥xi − T (x∗)∥

+∆S(T (x
∗))−∆Si

(xi) + 2 sup
h∗∈B[0,1]

{∥T (x∗ + th∗)− T (x∗)− tAh∗∥}
))

= 0,

so lim
i→∞

∥PA(H)

(
x∗
i − x∗

)
∥ = 0.

(ii) If ∆S(T (x
∗)) = 0, then limi→∞ si = T (x∗) in this case. Let us consider the case

∆S(T (x
∗)) > 0, observe that the assumption

∀i ∈ N, ∆Si
(T (x∗)) = ∥T (x∗)− si∥

yields

∀i ∈ N, ∥T (x∗)− si∥ > 0 =⇒ ∥T (x∗)− si∥−1(T (x∗)− si) ∈ ∂∆Si
(T (x∗)).

Thus limi→∞ ∥PA(H)

(
∥T (x∗)− si∥−1(T (x∗)− si)− x∗

)
∥ = 0.
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If kerA is finite dimensional, then there is an increasing sequence of integers {ik}k∈N
such that the subsequence

{P{w∗∈H|Aw∗=0}(∥T (x∗)− sik∥−1(T (x∗)− sik)− x∗)}k∈N

is converging (with respect to the norm), which ensures the strong convergence of
the subsequence {sik}. This justifies the statement in (ii), see Fact 2.3.
(iii) It follows from Lemma 2.2 that

w − lim
t↓0

BX∗ [0,M ] ∩ ∂∆S(x+ tw0) = {y∗}. (28)

Let si ∈ S, ti > 0 for all i ∈ N be such that limi→∞ ti = 0, and

∀i ∈ N, ∆Si
(T (x∗)) = ∥T (x∗)− si∥

and 1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si) ∈ ∂∆S(T (x

∗) + tiw0).

It follows from the part of the proof concerning (ii) that any subsequence of the
sequence { 1

∆S(T (x∗)+tiw0)
(T (x∗) + tiw0 − si)}i∈N has a convergent (strongly) subse-

quence. It follows from (28) that its limit must be y∗, so the sequence{ 1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si)

}
i∈N

converges to y∗.

Instead of the Fréchet differentiability of T the Gâteaux differentiability can be
assumed to get similar convergence results.

Proposition 6.2. Let H be a Hilbert space and T : B(0, 1) −→ H be an operator
which satisfies (18), x∗ ∈ B(0, 1) and {s1, s2, . . .} ⊂ S, s0 ∈ S and ∆S(T (x

∗)) =
∥T (X∗) − s0∥. Assume that A : H −→ H is a bounded linear operator such that
A(H) is a closed linear subspace of H and kerA is finite dimensional, and

∀h∗ ∈ H, lim
t→0

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0.

For each i ∈ N put Si := {s0, s1, . . . , si}.
Let w0 ∈ H be given ti > 0, εi > 0 for all i ∈ N be such that limi→∞ ti = 0,
limi→∞ εi = 0, and

∀i ∈ N, ∀v ∈ H, ∆′
Si
(T (x∗) + tiw0; v) ≤ εi∥v∥+∆′

Si
(T (x∗); v). (29)

The following statements hold true:
(i) if x∗

i ∈ ∂∆Si
(T (x∗) + tiw0) for all i ∈ N, then

lim
i→∞

∥PA(H)

(
x∗
i − x∗

)
∥ = 0

and the sequence {x∗
i }i∈N has a convergent subsequence;
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(ii) if ∀i ∈ N, 1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si) ∈ ∂∆S(T (x

∗) + tiw0), and for
y∗ ∈ H

∀h ∈ SX , lim
t↓0

∆′
S(x;w0 + th)−∆′

S(x;w0)− ⟨y∗, th⟩
t

= 0,

then the sequence
{

1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si)

}
i∈N

converges to y∗.

Proof. (i) Observe that by (29) we get ∀i ∈ N, ∀v ∈ H,

∆′
Si
(T (x∗) + tiw0; v) ≤ εi∥v∥+∆′

Si
(T (x∗); v) ≤ εi∥v∥+∆′

S(T (x
∗); v).

If x∗
i ∈ ∂∆Si

(T (x∗) + tiw0) for all i ∈ N, then by Corollary 4.7 we get

∀i ∈ N, ∀h∗ ∈ H, ⟨x∗
i , Ah

∗⟩ ≤ ∆′
Si
(T (x∗) + tiw0;Ah

∗)

≤ εi∥Ah∗∥+∆′
S(T (x

∗);Ah∗) = εi∥Ah∗∥+ ⟨x∗, Ah∗⟩.

Thus 0 = lim
i→∞

(
sup

h∗∈B[0,1]
⟨A(x∗

i − x∗), h∗⟩
)

= lim
i→∞

∥A(x∗
i − x∗)∥,

which together with Fact 2.3 yields limi→∞ ∥PA(H)

(
x∗
i − x∗

)
∥ = 0.

The possibility of the choice of the convergent subsequence is due to the fact that
H = A(H) + kerA, AH is closed and kerA is finite dimensional.
(ii) It follows from Lemma 2.2 that

w − lim
t↓0

BX∗ [0,M ] ∩ ∂∆S(x+ tw0) = {y∗}. (30)

It follows from the part of the proof concerning (i) that any subsequence of the se-
quence { 1

∆S(T (x∗)+tiw0)
(T (x∗)+tiw0−si)}i∈N has a convergent (strongly) subsequence.

It follows from (30) that its limit must be y∗, so the sequence{
1

∆S(T (x∗) + tiw0)
(T (x∗) + tiw0 − si)

}
i∈N

converges to y∗.

Let Z ⊂ H be a compact subset and x,w0 ∈ H be given with ∆Z(x) > 0 and
ti > 0, εi > 0 for all i ∈ N be such that limi→∞ ti = 0. Take zi ∈ Z such that
∥x+ tiw0 − zi∥ = ∆Z(x+ tiw0) for all i ∈ N. It is easy to verify that

lim sup
i→∞

(
sup

v∈B[0,1]

⟨x+ tiw0 − zi, v⟩
∆Z(x)

−∆′
Z(x; v)

)
≤ 0,

thus assuming that w0 and t1, t2, . . . are such that DF∆Z(x + tiw0) exists for each
i ∈ N, see Corollary 4.2(iii), we get

lim sup
i→∞

(
sup

v∈B[0,1]
∆′

Z(x+ tiw0; v)−∆′
Z(x; v)

)
≤ 0.
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this means that the inequalities in (29) hold true for a residual set of directions.
Finally a result preserving the strong convergence of subgradients along some curves,
whenever the Fréchet derivative of T exists at x∗ and has a finite dimensional kernel,
is given, see Corollary 6.4. Namely, under the assumption that the kernel of the
second order derivative of ∆∗

S at x∗ is a finite dimensional space, we get

∀h∗ ∈ H, lim sup
t↓0

∂∆S(T (x
∗ + th∗)) ̸= ∅.

Proposition 6.3. Let T : B(0, 1) −→ H be an operator which satisfies (18), let
x∗ ∈ B(0, 1) and A : H −→ H be a bounded linear operator such that

lim
t→0

sup
h∗∈B[0,1]

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0, (31)

then ∀h∗ ∈ H, lim sup
t↓0

(
sup

y∗∈∂∆S(T (x∗+th∗))

∥A(y∗ − x∗)∥ = 0

)
. (32)

Moreover, if A(H) is a closed linear subspace of H, then

∀h∗ ∈ H, lim sup
t↓0

(
sup

y∗∈∂∆S(T (x∗+th∗))

d{w∗∈H|Aw∗=0}(y
∗ − x∗) = 0

)
.

Proof. Suppose that (32) is not valid, that is there are ε > 0, h∗ ∈ H \ {0} and
sequences {ti}i∈N, {y∗i }i∈N,{wi}i∈N such that ti > 0 for all i ∈ N, limi→∞ ti = 0 and

∀i ∈ N, y∗i ∈ ∂∆S(T (x
∗ + tih

∗))

and 2ε < ∥A(y∗i − x∗)∥ = ⟨A(y∗i − x∗), wi⟩, ∥wi∥ = 1.

We may assume that

∥T (x∗ + ti(h
∗ + wi))− T (x∗)− tiA(h

∗
i + wi)∥ ≤ 3εti

8

and ∥T (x∗ + tih
∗)− T (x∗)− tiAh

∗
i ∥ ≤ 3εti

8

for all i ∈ N. Thus for all i ∈ N large enough it follows that

ti(2ε+⟨x∗, Awi⟩) ≤ ti⟨y∗i , Awi⟩ ≤
3εti
4

+ ⟨y∗i , T (x∗ + ti(h
∗ + wi))− T (x∗ + tih

∗)⟩

≤ 3εti
4

+∆S(T (x
∗ + ti(h

∗ + wi)))−∆S(T (x
∗ + tih

∗))⟩

≤ 3εti
4

+ ⟨x∗ + ti(h
∗ + wi), T (x

∗ + ti(h
∗ + wi))− T (x∗ + tih

∗)⟩

≤ ti

(
ε+ ⟨x∗ + ti(h

∗ + wi), Awi⟩
)
,

hence we get the following contradiction

ε ≤ ⟨ti(h∗ + w∗
i ), Awi⟩

whenever i ∈ N is large enough. Thus (32) holds true. The second part of the
statement is a simple consequence of the first one and Fact 2.3.
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Corollary 6.4. Let T : B(0, 1) −→ H be an operator which satisfies (18), let
x∗ ∈ B(0, 1) and A : H −→ H be a bounded linear operator such that A(H) = clA(H),
and kerA is finite dimensional, and

lim
t→0

sup
h∈B[0,1]

∥T (x∗ + th∗)− T (x∗)− tAh∗∥
t

= 0.

Then for every h∗ ∈ H \ {0} and sequences {ti}i∈N, {y∗i }i∈N such that ti > 0 for all
i ∈ N, limi→∞ ti = 0 and

∀i ∈ N, y∗i ∈ ∂∆S(T (x
∗ + tih

∗)),

there are y∗ ∈ ∂∆S(T (x
∗)) and an increasing sequence of integers {ik}k∈N such that

lim
k→∞

∥y∗ik − y∗∥ = 0.

Proof. Let us fix h∗ ∈ H \ {0} and sequences {ti}i∈N, {y∗i }i∈N such that

∀i ∈ N, y∗i ∈ ∂∆S(T (x
∗ + tih

∗)).

It follows from Proposition 6.3 that lim
i→∞

d{w∗∈H|Aw∗=0}(y
∗
i − x∗) = 0.

Thus lim
i→∞

∥PA(H)(y
∗
i − x∗)∥ = 0, see Fact 2.3.

Since the space {w∗ ∈ H | Aw∗ = 0} is finite dimensional, so there is an increasing
sequence of integers {ik}k∈N such that the subsequence {P{w∗∈H|Aw∗=0}(y

∗
ik
−x∗)}k∈N

is converging (with respect to the norm). This justifies the statement.
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