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1. Introduction

We consider variational inequalities in Banach spaces, defined by nonlinear oper-
ators acting on a fixed closed set, with right-hand side from a given region. Aim
of this paper is to find a proper setting in order to obtain a partial version of a
condition number theorem for variational inequalities. Starting with the condition
number theorem of linear algebra (see [3, Theorem 1.7]), generalizations to scalar
optimization problems have been obtained in [5, 6, 7, 8, 9, 10], often in the form of
a pair of inequalities, linking the distance to ill-conditioning to the reciprocal of the
condition number. We call condition number theorem any such pair of inequalities.
In analogy with such properties, the main result of this paper states that the (suit-
ably defined) distance of a given variational inequality from a suitably restricted
class of ill-conditioned variational inequalities is bounded from below by the recip-
rocal of its condition number. It is now appropriate to quote [2, p. 232]: “A very
general theme in numerical analysis is a relationship between the condition number
of a problem and the reciprocal of the distance to the set of ill-conditioned problems.”
In order to obtain a condition number theorem for variational inequalities, we need
a definition of (absolute) condition number and a notion of distance. First we define
here the (extended real-valued) distance between two variational inequalities as the
uniform norm plus the Lipschitz norm of the difference between the corresponding
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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operators. Next we consider the condition number with respect to the right-hand
side, defined as the upper limit, as the perturbations vanish, of the ratio between
the output and the input errors due to small perturbations of the right-hand side.
This concept follows a standard procedure in numerical analysis when defining the
condition number. Then we identify a suitable class of variational inequalities,
within which we obtain a lower estimate as discussed above. Taking into account
the upper bound we prove in the companion paper [11], we get a full condition
number for variational inequalities. As a consequence, similar results are proved for
convex optimization problems.
Such new results are of interest in the analysis of the computational complexity (see
[2] and [3]), of the stability and sensitivity for variational inequalities, moreover in
the evaluation of the performance of numerical methods.
The paper is organized as follows. After the preliminaries in section 2, we obtain in
section 3 a lower estimate of the distance to ill-conditioning in terms of the reciprocal
of the condition number. This result is based on a criterion of Lipschitz continuity
for set-valued mappings, extending to the infinite-dimensional setting a result of
[10]. The particular case of convex optimization problems is considered in section
4. In section 5 we recall the main results of the companion paper [11], to state a
full condition number theorem for variational inequalities. The proofs are collected
in section 6.

2. Notations, basic definitions and assumptions

We consider a real Banach space X with topological dual X∗, a fixed closed set
K ⊂ X, and the set of all single-valued mappings

A : K → X∗. (1)

We assume that 0 ∈ K is a cluster point of K. We fix a set Ω ⊂ X∗ which contains
0 as a cluster point. For every A as in (1) and p ∈ Ω we consider the variational
inequality, to find u ∈ K such that

< A(u), x− u > ≥ < p, x− u > for every x ∈ K, (2)

where < ·, · > denotes the duality pairing between X∗ and X. Given A we denote
by Q = (A,K,Ω) the family of all inequalities (2) as p ∈ Ω, and by B = B(K,Ω)
the set of all variational inequalities Q as before. For each p ∈ Ω we denote by S(p)
the (possibly empty) set of all solutions to (2), so that S : Ω → K is the set-valued
solution mapping of Q.
We need first a notion of distance among variational inequalities. Given A1, A2 with
corresponding variational inequalities Q1, Q2 ∈ B , consider

Â = A1 − A2

and define the distance between Q1 and Q2 as

dist (Q1, Q2) = sup {||Â(x)|| : x ∈ K}+sup {||Â(x
′′)− Â(x′)||

||x′′ − x′||
: x′, x′′ ∈ K}. (3)
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In this way we obtain an extended real-valued distance on the set of all mappings (1),
which induces a corresponding definition of distance among variational inequalities
(2). Next we need a notion of condition number of any given variational inequality
Q ∈ B. We consider the set-valued mapping S : Ω → K corresponding to Q, and
we define the (absolute) condition number of Q as

cond Q = lim supp′,p′′→0

hausd [S(p′′), S(p′)]

||p′′ − p′||
(4)

where of course p′, p′′ ∈ Ω, and hausd denotes the Pompeiu-Hausdorff distance (see
[4, p.138] for the definition). Thus cond Q is the Lipschitz modulus at p = 0 of its
solution mapping S.
The variational inequality Q ∈ B will be called well-conditioned iff cond Q < +∞,
and the set of all well-conditioned variational inequalities (2) will be denoted by WC.
The variational inequality Q ∈ B will be called ill-conditioned iff cond Q = +∞,
and the corresponding set will be denoted by IC. Thus Q ∈ WC iff Q has solutions
for each sufficiently small p ∈ Ω and its set-valued solution mapping S is Lipschitz
near p = 0 (according to the standard notion of Lipschitz continuity of set-valued
mappings based on the Pompeiu-Hausdorff distance, see [4, p. 148]: the definition
in the infinite-dimensional setting is identical to the one in finite dimensions). We
have Q ∈ IC if S(pn) = ∅ for some sequence pn ∈ Ω with pn → 0, or if S(p) ̸= ∅ for
each sufficiently small p ∈ Ω and S is not Lipschitz near p = 0.

Example 2.1. Suppose that X is Hilbert, A : X → X∗ is Lipschitz on the convex
set K, and A is strongly monotone with constant α > 0, namely

< A(x)− A(y), x− y > ≥ α||x− y||2

for every x, y ∈ K. Then, as well-known, S(p) is a singleton for each p ∈ Ω = X∗

(see [1, Teorema 3.2]), and

||S(p′′)− S(p′)|| ≤ 1

α
||p′′ − p′||

hence Q ∈ WC with cond Q ≤ 1/α.

Example 2.2. Let X = R,A = 0,Ω = K = [0, 1]. Then S(0) = [0, 1], and
S(p) = {1} for 0 < p ≤ 1, hence Q is ill-conditioned.

3. Lower bound

Aim of this section is to obtain a lower bound of the distance to ill-conditioning
in terms of the reciprocal of the condition number. The lower bound we prove
is based on the following criterion of Lipschitz continuity for set-valued mappings
(generalizing to the infinite-dimensional setting Theorem 3.5 of [10]).

Theorem 3.1. Let X,Y be real Banach spaces. Let T ⊂ X be nonempty, and
consider two set-valued mappings S1, S2 : T → Y .
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Suppose that
• there exists a nonempty, closed and bounded set E ⊂ Y such that

E ⊂ S1(T ) ∩ S2(T ); (5)

• S2(p) is closed for every p ∈ T and

S−1
1 , S−1

2 are single-valued on E; (6)

• there exists a closed ball P of center 0 and radius δ > 0 such that
S2(p) ̸= ∅ for every p ∈ P and

S1(P ) ∪ S2(P ) ⊂ E; (7)

S1 is Lipschitz on P with constant a; (8)

S−1
1 − S−1

2 is Lipschitz on E with constant b such that ab < 1; (9)

2 ||S−1
1 − S−1

2 ||∞ < δ, where || · ||∞ is the uniform norm on E. (10)

Then the set-valued mapping S2 is Lipschitz near 0.

Example 3.2. The assumption ab < 1 in (9) cannot be omitted in the statement
of Theorem 3.1. Consider

X = Y = R, T = [−1, 1] and S1(x) = x, S2(x) =
3
√
x.

By taking E = P = T we see that

S1(T ) ∩ S2(T ) = E = S1(P ) ∪ S2(P ),

moreover a = 1, b = 2, and

2 ||S−1
1 − S−1

2 ||∞ = 2 max {|p− p3| : |p| ≤ 1} =
4

3
√
3
< 1.

Thus all conditions but (9) in Theorem 3.1 are satisfied, however S2 is not Lipschitz
near 0.

In the following example we show two variational inequalities whose solution map-
pings fulfill the assumptions of Theorem 3.1.

Example 3.3. Let X = R,K = [−2, 2],Ω = [−5/4, 5/4]. Consider the variational
inequality: given p ∈ Ω, find u ∈ K such that

(u− p)(x− u) ≥ 0 for every x ∈ K. (11)

Denote by S1(p) the set of all solutions to (11). Then S1(p) = p for every p, with
S−1
1 (u) = u. Then consider the variational inequality: given p ∈ Ω, find u ∈ K such

that (4u
5
− p

)
(x− u) ≥ 0 for every x ∈ K. (12)

Let S2(p) denote the set of all solutions of (12), then

S2(p) =
5p

4
and S−1

2 (u) =
4u

5
.
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If T = [−5/4, 5/4] = E and P = [−1, 1] we see that (5), (6), (7), (8), (9) are fulfilled
with a = 1, b = 1/5, and

2 ||S−1
1 − S−1

2 ||∞ =
1

2

hence all conditions in Theorem 3.1 are satisfied by S1 and S2.

In order to prove a lower estimate of the form discussed above, we need to restrict
the class of variational inequalities we shall consider. Having fixed K and Ω, a given
class D of variational inequalities Q = (A,K,Ω) with solution mapping S fulfills
property Z if the following conditions are satisfied for each Q ∈ D. First, S(p) is
nonempty and closed for every sufficiently small p ∈ Ω. Moreover, writing

K∗ = {u ∈ K : ||u|| ≤ δ∗},

we require that there exists a sufficiently small δ∗ > 0 such that

A(K∗) ⊂ Ω; (13)

furthermore
S−1 is a single-valued function on K∗; (14)

finally, for every pair Qi = (Ai, K,Ω) ∈ D with solution mappings Si, i = 1, 2, we
have A1(0) = A2(0) and there exists a ball P of center 0 and radius δ > 0 such that

S1(P ) ∪ S2(P ) ⊂ K∗. (15)

In general, uniqueness of the solution is unrelated to (14), as shown in the following
example.

Example 3.4. (a) If X is Hilbert, K is convex and p̄ /∈ K, for the unique orthog-
onal projection u of p̄ on K we have S(p) = u for each p of the segment with ends
p̄ and u, hence S−1(u) is not single-valued.
(b) Let X = R2 and consider

K = Ω = {(0, q) ∈ R2 : |q| ≤ 1}, A(x1, x2) = (2x1, 0)

(for simpler notation we omit transpose). For the corresponding variational inequal-
ity (2) we have the solutions

S(0, q) = {(0, 1)} if q > 0;S(0, 0) = {(0, u2) : |u2| ≤ 1};S(0, q) = {(0,−1)} if q < 0.

Therefore S−1 is single-valued on K∗ for every δ∗ < 1, however S(0, 0) is not a
singleton.

Example 3.5. An important subclass fulfilling property Z is obtained by con-
sidering the variational inequalities corresponding to unconstrained minimization
problems defined by convex quadratic forms. Suppose X is Hilbert, K = X and
A1, A2 : X → X∗ are linear, bounded and self-adjoint operators such that, for some
fixed α > 0,

< Ai(x)− Ai(y), x− y > ≥ α ||x− y||2 for every x, y ∈ X and i = 1, 2.
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Let Ω be a ball centered at 0 with positive radius r. As is well-known, for each
p ∈ Ω, the unique solution of (Ai, K,Ω) is the unique minimizer ui of

x → (1/2) < Aix, x > − < p, x >

on X, which verifies Ai(ui) = p, so that ui = Si(p) and S−1
i = Ai, i = 1, 2. Moreover

||ui|| ≤ ||p||/α, i = 1, 2. Thus, if ||p|| ≤ αδ∗, then S(p) ∈ K∗, whence (15) is verified
with δ = αδ∗. Furthermore

Ai(K
∗) ⊂ Ω provided δ∗ ≤ r/||Ai||, i = 1, 2.

Then any subset D of convex quadratic forms fulfills all the conditions for property
Z if we have

k = sup {||A|| : A ∈ D} < +∞
so that δ∗ = r/k. However, constrained minimization problems for convex quadratic
forms correspond to variational inequalities which in general do not fulfill property
Z, as shown in Example 3.4 (a).

Let D fulfill property Z, let Q ∈ D be with solution mapping S, let p ∈ Ω be
sufficiently small and u ∈ S(p). Then u ∈ K∗ for some δ∗ by (15). Let q = A(u),
then q ∈ Ω by (13) and u ∈ S(q). By (14) we see that p = q ∈ S−1(u) hence
p = A(u). It follows that the solutions to every variational inequality (A,K,Ω) ∈ D
fulfilling property Z, and corresponding to sufficiently small right-hand sides p, are
the solutions of the associated equation A(u) = p, u ∈ K.
In the next example we show however that, roughly speaking, classes possessing
property Z do not contain only equations A(u) = p associated with the variational
inequalities (2).

Example 3.6. Let X = R and consider the following variational inequality Q:
given p ∈ Ω = [−2, 2], find u ∈ K = [−2, 2] such that

A(u)(x− u) ≥ p(x− u) for every x ∈ K,

where A : [−2, 2] → R is the odd function given by

A(x) = −x− 3 if − 2 ≤ x ≤ −1, A(x) = 2x if − 1 ≤ x ≤ 0.

Then the solution is S(p) = p/2 provided |p| < 1, and S−1(u) = 2u is single-valued
on K∗ with δ∗ = 1/2. Moreover A(K∗) ⊂ [−1, 1], and we have S(P ) ⊂ K∗ if
P = [−1, 1]. All conditions defining property Z are therefore fulfilled by D = {Q}.
However we have u = 2 ∈ S(3/2), but A(2) ̸= 3/2. In passing, we note that
Q ∈ WC.

From the previous example we see that there are classes D fulfilling property Z such
that D ∩ WC is not empty. The next example shows a class D satisfying Z such
that D ∩ IC is not empty.

Example 3.7. Consider D given by the following variational inequality: for every
p ∈ Ω = [−1, 1], find u ∈ K = [−1, 1] such that

(u3 − p)(x− u) ≥ 0 for every x ∈ [−1, 1].
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Then S(p) = 3
√
p for every p, with S−1(u) = u3 which is single-valued on K∗ = K.

Of course S(P ) ⊂ K∗ provided P = K. All conditions defining Z are fulfilled and
Q ∈ IC.

Example 3.2 shows that D = {Q1, Q2}, where K = Ω = [−1, 1], Qi = (Ai, K,Ω),
i = 1, 2, and A1(x) = x,A2(x) = x3, fulfills property Z and both D ∩WC,D ∩ IC
are not empty.

Given Q ∈ B and any class D ⊂ B of variational inequalities, we denote by
dist(Q, IC ∩ D) the infimum of dist(Q, Q̄) as Q̄ ∈ IC ∩ D. Our lower bound is
contained in the next result.

Theorem 3.8. Assume that Ω is a ball centered at 0 with positive radius. Let
D ⊂ B fulfill property Z such that D ∩ IC ̸= ∅, and let Q ∈ D ∩WC be such that
cond Q > 0. Then

dist (Q,D ∩ IC) ≥ 1

cond Q
. (16)

Given K and Ω let Z∗ ⊂ B denote the set of all variational inequalities which
fulfill property Z. As an immediate particular case of Theorem 3.8 we obtain the
following.

Corollary 3.9. Let Ω be a ball centered at 0 with positive radius. Let Q ∈ WC∩Z∗

be such that cond Q > 0. Then

dist (Q, IC ∩ Z∗) ≥ 1

cond Q
. (17)

4. Convex optimization

In this section we assume that K is a bounded and convex subset of the reflexive
Banach space X. Denote by T the set of all real-valued functions f defined on
some open set containing K, which are lower semicontinuous and convex on K, and
Gateaux differentiable. For each f ∈ T we consider the optimization problems Q,
to minimize

f(x)− < p, x >, x ∈ K (18)

for each p ∈ Ω, with solution mapping S. So we consider tilt perturbations of f
constrained by K. As well-known, u ∈ S(p) iff u solves (2) with A = ∇f , the
Gateaux gradient of f . Abusing notation, we denote by Q both the minimization
problem (18) and the variational inequality (2) with A = ∇f . We consider the
condition number given by (4), and the distance between two optimization problems
Q1, Q2 defined by (3). The above definition (3) induces a (infinite-valued) pseudo-
metric on the space Bm of all optimization problems as in (18), defined by elements
of T .
We remark that, if dist (Q1, Q2) = 0, then for the corresponding objective functions
f1, f2 we have f1 = f2+ constant, hence the corresponding solution mappings S1 =
S2, whence cond Q1 = cond Q2. Denote again by Bm (abusing notation) the subset
of B formed by all variational inequalities (∇f,K,Ω) as f ∈ T . Let us write

WCm = Bm ∩WC, ICm = Bm ∩ IC.
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The lower bound given by Theorem 3.8 holds in this new setting, namely we prove
the following result.

Theorem 4.1. Assume that Ω is a ball centered at 0 with positive radius. Let
D ⊂ Bm fulfill property Z. Let Q ∈ WCm ∩D be such that cond Q > 0. Then

dist (Q, ICm ∩D) ≥ 1

cond Q
. (19)

5. A condition number theorem

A condition number theorem for variational inequalities within Z∗ can be obtained
by coupling the lower bound of Corollary 3.9 with the main results of [11]. We
assume that 0 ∈ int K. We suppose that X is a reflexive Banach space whose norm
is strictly convex and Gateaux differentiable off the origin, with derivative j(u) ∈ X∗

at u ̸= 0. Moreover we assume that there exists a constant α ≥ 1 such that the
single-valued function D : K → X∗ given by

D(0) = 0, D(u) = ||u||αj(u) if u ̸= 0, is Lipschitz on every bounded set. (20)

All these smoothness conditions about X are fulfilled if X is Hilbert. Finally we
require the following about a given Q ∈ WC with solution mapping S. There exists
a positive constant C∗ such that for each p ∈ Ω sufficiently small, every u ∈ K,
every w ∈ S(p) such that

||u− w|| ≤ dist [u, S(p)] + 1

and every h ∈ X∗ with ||h|| ≤ 1, there exists a (single-valued) selection z of t →
S(p+ th), t > 0 sufficiently small, such that

z(0) = w, ||z(t)− w|| ≤ C∗t for every t. (21)

See [11] for examples about the existence of C∗.
Given Q = (A,K,Ω) ∈ WC with a bounded set K, consider

K0 = sup {||x|| : x ∈ K}; A1 = sup {||A(x
′′)− A(x′)||

||x′′ − x′||
: x′, x′′ ∈ K};

D1 = sup {||D(x′′)−D(x′)||
||x′′ − x′||

: x′, x′′ ∈ K}

and
M = A1 + (α + 2)(Kα

0 +K0D1),

where D and α are given by (20). Moreover let

L = sup {||(α + 2)||x||D(x)− A(x)|| : x ∈ K}.

We assume, without loss of generality, that if 0 < L, M < +∞, then

C∗ > 1/(L+M).

Taking for granted the upper bound form [11, Corollary 10], we obtain the following
result by Corollary 3.9.
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Theorem 5.1. Suppose that Ω is a ball centered at 0 with positive radius. Let K
be bounded and convex. If (20) and (21) are satisfied, for every Q ∈ WC ∩Z∗ such
that cond Q > 0 we have

1

cond Q
≤ dist (Q, IC ∩ Z∗) ≤ (L+M)C∗

cond Q
.

A similar result holds within Bm for convex optimization problems.

6. Proofs

Proof of Theorem 3.1. By (10) we have

||S−1
1 (z)− S−1

2 (z)|| ≤ δ

2
for every z ∈ E. (22)

Now S1(p) is closed for each p ∈ P since S1 is Lipschitz. Thus by (8), for each
q′, q′′ ∈ P and every s′ ∈ S1(q

′) there exists s′′ ∈ S1(q
′′) such that

||s′ − s′′|| ≤ a ||q′ − q′′||. (23)

We need to prove that there exist positive constants c1, δ1 such that for every p′, p′′

with ||p′|| ≤ δ1, ||p′′|| ≤ δ1 and for every z′ ∈ S2(p
′) there exists

z′′ ∈ S2(p
′′) such that ||z′ − z′′|| ≤ c1||p′ − p′′||. (24)

Let ||p′|| ≤ δ

2
, ||p′′|| ≤ δ

2
, z′ ∈ S2(p

′),

then p′, p′′ ∈ P , and z′ ∈ E by (7). Remembering (6), let

H(z) = S1[p
′′ − S−1

2 (z) + S−1
1 (z)], z ∈ E.

For every z ∈ E we have by (22)

||p′′ − S−1
2 (z) + S−1

1 (z)|| ≤ ||p′′||+ ||S−1
1 (z)− S−1

2 (z)|| ≤ δ

2
+

δ

2
= δ,

then p′′ − S−1
2 (z) + S1(z) ∈ P . It follows that H(z) ̸= ∅, z ∈ E, since S1(p) ̸= ∅ for

every p ∈ P because of (8). Assume that there exists z′′ ∈ H(z′′) such that

||z′′ − z′|| ≤ c1||p′′ − p′||,

then z′′ ∈ E by (7) and

z′′ ∈ S1[p
′′ − S−1

2 (z′′) + S−1
1 (z′′)]

hence S−1
1 (z′′) = p′′ − S−1

2 (z′′) + S−1
1 (z′′)

whence p′′ = S−1
2 (z′′). Thus z′′ ∈ S2(p

′′) and (24) is verified. We apply to the
set-valued mapping H : E → Y the fixed point theorem [4, Theorem 5E.2] in order
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to prove the existence of z′′. Let us check its assumptions. Suppose that un, zn are
given sequences and let u, z be given in E such that

un ∈ H(zn), un → u, zn → z.

Then by (8) and (9), for every n

dist [u,H(z)] ≤ ||u− un||+ hausd [H(zn), H(z)]

≤ ||u− un||+ a ||(S−1
2 − S−1

1 )(zn)− (S−1
2 − S−1

1 )(z)||

≤ ||u− un||+ ab ||zn − z||.

Letting n → +∞ we get dist [u,H(z)] = 0, hence u ∈ H(z) since S2 has closed
values by (8). This proves that the graph of H is closed. If z ∈ E and w ∈ H(z),
then w ∈ S1(u) with some u ∈ P , hence w ∈ E by (7), then E is invariant under
H. Now let z1, z2 ∈ E and w1 ∈ H(z1). Then w1 ∈ S1[p

′′ − S−1
2 (z1) + S−1

1 (z1)]. By
(23) there exists

w2 ∈ S1[p
′′ − S−1

2 (z2) + S−1
1 (z2)] = H(z2)

such that

||w1 − w2|| ≤ a ||(S−1
1 − S−1

2 )(z1)− (S−1
1 − S−1

2 )(z2)|| ≤ ab ||z1 − z2||

by (9). Therefore, for every w1 ∈ H(z1) we have

dist [w1, H(z2)] ≤ ab ||z1 − z2||

hence the excess (see [4, p. 138] for its definition)

e[H(z1), H(z2)] ≤ ab ||z1 − z2|| for every z1, z2 ∈ E.

Since z′ ∈ S2(p
′) ⊂ E by (7), we see that

z′ ∈ S1[p
′ − S−1

2 (z′) + S−1
1 (z′)], equivalently p′ = S−1

2 (z′).

It follows that, by (22) and (8), if δ1 ≤ δ/2,

dist [z′, H(z′)] ≤ hausd {S1[p
′ − S−1

2 (z′) + S−1
1 (z′)], S1[p

′′ − S−1
2 (z′) + S−1

1 (z′)]}

≤ a ||p′ − p′′||.

Then all assumptions required by [4, Theorem 5E.2] are satisfied, and (24) is fulfilled
provided

c1 >
a

1− ab
, δ1 ≤

δ

2
.

Proof of Theorem 3.8. Denote by S the solution mapping of Q = (A,K,Ω).
Arguing by contradiction, suppose that

dist (Q,D ∩ IC) <
1

cond Q
. (25)
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Then there exists Q̄ = (Ā,K,Ω) ∈ D ∩ IC, with solution mapping S̄, such that

dist (Q, Q̄) cond Q < 1. (26)

We check the assumptions of Theorem 3.1. By (3) and (4), with Â = A− Ā we get
from (26)

||Â(x′′)− Â(x′)|| ≤ c1 ||x′′ − x′|| (27)

for every x′, x′′ ∈ K, moreover

hausd [S(p′′), S(p′)] ≤ c2 ||p′′ − p′|| (28)

if p′, p′′ ∈ P̄ a ball of center 0 and sufficiently small radius δ̄ ≤ δ the radius of P
given by (15), and suitable positive constants c1, c2 such that

c1 c2 < 1. (29)

By property Z, we can assume that δ∗ < δ̄/2c1. Given u ∈ K∗ let p = A(u) ∈ Ω by
(13), then u ∈ S(p), and similarly for Q̄. It follows that

K∗ ⊂ S(Ω) ∩ S̄(Ω)

and (5) is fulfilled. Moreover by (14)

A(u) = S−1(u), similarly Ā(u) = S̄−1(u), u ∈ K∗,

and (6) is fulfilled. By (15)

S(P̄ ) ∪ S̄(P̄ ) ⊂ S(P ) ∪ S̄(P ) ⊂ K∗

and (7) is verified with E = K∗. Moreover S−1 − S̄−1 is Lipschitz on K∗ with
constant c1 by (27), and S is Lipschitz on P̄ with constant c2 by (28), hence (8)
is fulfilled. Condition (9) comes from (27), (28) and (29). By property Z we have
Â(0) = 0 and if u ∈ K∗, by (27)

2 ||Â(u)|| = 2 ||Â(u)− Â(0)|| ≤ 2 c1 ||u|| ≤ 2 c1 δ
∗ < δ̄

so that (10) is verified. All assumptions of Theorem 3.1 are thereby met, hence
Q̄ ∈ WC which is a contradiction. Then (25) does not hold and the conclusion (17)
is proved.

Proof of Theorem 4.1. The conclusion is obvious from Theorem 3.8 since we
have D ∩ ICm ⊂ D ∩ IC. Hence by Theorem 3.8

1

cond Q
≤ dist (Q,D ∩ IC) ≤ dist (Q,D ∩ ICm),

proving (19).
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