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This paper analyzes the following robust optimization problem:
1 1
min {ixTAx +a'z: a< ixTBa: +b'z+c<B, V(B,b) € 5’0},

where By = {B1 + uBs : p € [, po]} X {b1 4+ dbs : § € [d1,02]}, with all the matrices involved
are real symmetric, a,b € R"™ and «, 3, d1, 02, 41, o are given real numbers. To be more precise,
we establish characterizations of the fulfillment of: (i) the robust alternative result; (ii) the robust
S-lemma, and (iii) the robust optimality, to the problem above. To that purpose, we apply the
convexity result proved by one of the authors valid for nonhomogeneous quadratic functions, instead
of the Dines convexity theorem.
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1. Introduction

In this paper we will analyze the following robust optimization problem:
min {%xTAx +a'r: a< %:cTB:U +b'z+c< B,V (B,b) e Bo}, (1)

where By = {By + uBs : p € [u1, po]} X {b1 + 0by 1 § € [01,09]}, with all the ma-
trices being real symmetric, a,b € R™ and «, 3, 01, 09, 11, f1o are given real numbers.
This model arises when a deterministic approach addresses an optimization problem
under data uncertainty. In our case, the original problem may take the form:

min{%xTAx—i—aTm < %xTBx—i—bTm—i—cg 6}, (2)
where the data B and b are uncertain, and, in our model such an uncertainty set is

described by By.
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It is known nowadays that quadratic functions besides playing an important role in
modeling several situations in real-world problems, they provide a nice challenge in
mathematics when analyzing analytical properties involving hidden convexity, for
instance. Among classical works, we mention [1, 3, 5]. More recent developments and
related to optimization were carried out in [2, 4, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17],
see also the references therein.

The purposes of this paper are to establish characterizations of the fulfillment of:
(i) the robust alternative result; (ii) the robust S-lemma, and (iii) the robust opti-
mality, to problem (1).

We point out that our study also cover the case &« = —oo, that is, when only one
single inequality constraint is considered. This particular situation was discussed
n [11]; but there is a gap in the proof of Theorem 5.1: for details see [7], where
problem (1) is also studied following the argument developed in [11]. In [11] and [7]
the authors use the Dines theorem [3]; whereas the approach to be used presently is
based on Theorem 2.2 (see [8, Theorem 4.19]). This use has, as a consequence, that
the convexity imposed in those papers is on a set in R® which is an image of R"*!
via a homogeneous quadratic function; whereas the convexity in the present paper
refers to a set in R® being the image of R" via a (not necessarily homogeneous)
quadratic function. For details, about a comparison of those assumptions, we refer
to Section 4.

The paper is organized as follows. Section 2 recalls some basic definitions, notation
and some preliminary results. In Section 3, the robust alternative result, the robust
S-lemma, and the robust optimality, to problem (1), are established. Tt is also
analyzed the weighted least squares problem. Section 4 discusses a comparison
between our convexity assumption and that in [7, Theorem 3].

2. Basic definitions, notation and preliminaries results

Throughout this paper all the matrices considered have real entries. If a matrix A is
symmetric it holds A = AT, that is, the matrix and its transpose coincide. The set
of all symmetric matrices of order n is denoted by &"; elements in R™ are usually
named by z, and they are considered as column vectors = (1, xs, ..., Z,), so that
the transpose of x, x', is the row vector (z; =3 --- x,). By a quadratic form,
or an homogeneous quadratic function, in R", we mean a quadratic function of the
type " Az where A is a matrix of order n. It is of standard use that R denotes the
real-line and R’} indicates the set of all nonnegative vectors in R".

A symmetric matrix A of order n is positive semidefinite if 7 Az > 0 for all x € R",
and in such a case it is denoted by A = 0. Given a set K C R”, int K stands for
the (topological) interior of K. It is said that K is a cone if tx € K for all t > 0
and all z € K.

In what follows we formulate two joint-range convexity results.

Theorem 2.1. [3] Let A, B be any real matrices. Then, the set

{(z" Az, 2" Bx): = € R"} is convex.

In the nonhomogeneous case, the next result arises.
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Theorem 2.2. [8, Theorem 4.19] Let us consider the functions
f(x)y=2"Ar+a"z and g(x) =2 "Br+b'x,

where A, B are any real matrices and a,b are any vectors in R™. If Q C R? is a
convez cone whose (topological) interior is nonempty, then the sets

{(f(z),9(z)): 2eR"}+Q and {(f(z),g(x)): z€R"}+int Q

are convex.

The following proposition will be applied frequently throughout this work and shows
the convexity of an image set in a certain dimension implies the convexity of a
related set in a lower dimension. The formulation is given for an arbitrary number
of quadratic functions, although we will use it when m = 2.

Proposition 2.3. Let m € N. Fori =1,...,m, let A, B;, B; SR bi,b; € R”,
¢; € R be given, along with p;, 1i;, 6;,0; € R with u; < @, and 6; < ;. Set

f(a) = JaT Az +aT,

and fori e {1,....m}: gi(x,p,0)= %xT(Bi + uBi)z + (b +6b) "z + ¢;.
Assume that the set

{(f(l')791(17»/~51a 51>7gl(x7:ulagl)vgl(x?ﬁl)61)7gl(xaﬁla(_51)7 ey

_ — . n : dm
gm('%.?ﬂma5m)7gm(x>,uma5m)7gm(xa,um?(sm)agm<x7um75m>) rzelR } + 1t R-ﬁ- !
1s convex. Then, the set

Q+:{<f($)7 max gl(I7N751)7 max gl(ZE,M,31>,-~;

1 <p<py p1 <p<fq

max G (z, i, 0 ), max. gm(x, ij)) iT € R”} + int Rim“

Hm SPSHoy, Hom SPS
18 convex.
151 1 5l 1 51 2 22 2 2 2 52
Proof. Take any (y1, 21,21, 29, 29y« -+ 2oy Zm)s (Y2s 215 21 29, Zas - o+ 5 20y Z0n) € Q.

Then, there exist x1, xo € R™ such that

flz) <y, fla2) <

mlilxgl(:cl,u,él) < 2, nlgxgl(mg,u,él) < 22,
mgxgl(xl,u,gl) <7, mliaxgl(xQ,u,Sl) <7
m3X92(I17M,52) <z, m3X92<$2,M,62> < 23,
muaXQQ(SCl,/,I/,SQ) < 7, HII?XQQ(xQ, 1, 09) < Za,

manm<.T1, ,uagm) < 271717 maxgm(xg, [1'731) < E?n
Y w
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Since, for all , the functions p — g;(z, i, 6;) and p +— gi(x, pu, ;) are linear, their
maximun values are attained in either the extreme point u = u; or u = ;. Hence,
the previous inequalities imply

flr) <y, flo2) <

gr(1, m,61) < 215 gu(wr, Ty, 1) < 2,
91(22, 1, 01) < 27, gi(2a, 1y, 01) < 23,
g1(x1,p1,01) <z, g1z, 1, 01) < 7,
g1(x2, 11,01) <75, g1(22, 1y, 01) < 74,

< =1 — =1
m s Mmy Um ) m\4L1, y Ym )

g
(T2, s O) < 220 G (T2, Tl Om) < 22

Thus, we infer that the points

1 .1 =1 =1 1 1 =1 =1 =1 =1
(y17217217217217'227227'227227"‘7Zm7zm>
2 2 =2 =2 2 2 =2 =2 =2 =2
(y27217217317Z17Z27227Z2’Z27‘"7zmvzm)

belong to the set

{(f(ﬂf);gl(x,/h, 51),91($,ﬁ1, 51)7gl(xnulagl)agl(xaﬁlagl)a sy
Gon(@ 1, ), G (2,71, Om) ) £ @ € R" | it R,

By the convexity assumption, for all A € ]0, 1[, one has that Au + (1 — X\)v belongs
to the same set. Then, there exists x3 € R™ satisfying

f(.%g) < )\yl + (1 — )\)yg,
gr(ws, i, 01) < Azp + (L= A)27, gulws, iy, 61) < Azp + (1= A)2d,
g1(z3, 1, 01) < AZp + (1= N)Z3,  gi(ws, iy, 01) < A7) + (1 — A)z3,

gm(x37,uma(_5m) < /\E}n + (1 - /\)212717 gm(l‘&ﬁmagm) < )‘Ein + (1 - )‘)zgn
This is equivalent to
f(l’g) < )\?/1 + (1 — )\)yg,
maxgl(x37l’b7 51) < A2’(11 (1 - )\>Z17 maxgl(x?n :ua31> < )\Ei + (]‘ /\)Z%’
J 2

mang(Z'g,/,L, 52) < /\Z% + (1 - >\)237 man?(x37 /"L752) < AE; + (]' - )\) %
7 1

2

m? m*

manm(x?n 2 5m) < /\Zrln + (1 - /\)Z2 manm(IS’/%gm) < )‘z:n + (1 - A)E
j Ju

Hence \u + (1 — A\)v € Q,, proving the convexity of €. H
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When the functions g; are quadratic homogeneous, or more generally when 6; = §;
for all 7, we can consider the sets in a lower dimension, as the next corollary shows.

Corollary 2.4. With the same data as in Proposition 2.3, and assuming that 6; = 0;
for alli € {1,...,m} (which includes the case when the functions g; are quadratic
forms), one obtains that the convezity of the set

{(f(x)vgl(xa:ula51)7gl(x7ﬁ1751)792(377/142752)792(xaﬁ2752)7 ey

— . n : 2m
gm<xvum75m)>gm(xaﬂm75m)> rzeR }—|—1Ht R-ﬁ- !

implies the convexity of the set

{(f(x)a max gl(x7,u>51)7 max 92(*%7“752)7"-7

RN N 2 Sp<Ty

max  Gm(x, i1, 0y > X € R"} + int R
pm i, (%, 1 0m) +

Proof. It is straightforward once one looks at the proof of the preceding proposition
since §; = ¢; for all 7. O

In case we consider homogeneous quadratic functions, an important class of problems
where the convexity assumption in Corollary 2.4 holds, is that when the A is a Z-
matrix and the other matrices B; are diagonal. To be more precise, we obtain the
following result

Proposition 2.5. Let the same data be as in Proposition 2.5, and assume that
a=0,b;=b;=0 foralli=1,2,....m. If A is a Z-matrix and B;, B; are diagonal
matrices, then the set

O = {(f($),91(9€7,ul, 0), g1(z, 11y, 0), go(x, 12, 0), go(x, 115, 0), . . .,
G2 fi, 0), (2, 71,,,0) ) + & € R” | + e R

is convex, and so is the set

), max x, 1, 0), max x, 1, 0), ...,
{(f< )mSuSﬁlgl( a )#2SMSﬁzg2( a )

max g (z, 1, O)) tx € R”} + int R

o SUST,

Proof. We simply observe that the matrices B; 4+ p;B; (i = 1,2,...,m), being
diagonal, are Z-matrices, and so by Theorem 5.1 in [10], Q" is convex. The second
part follows from the previous corollary.

]

3. The main results

In this section we present the fundamental results under bounded interval uncer-
tainty: the robust versions of the alternative theorem, the S-lemma and character-
ization of optimality, all of them refering to problem (1). As we will see, Theorem
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2.2 will play an important role in deriving our first main result. In the first part, we
consider the nonhomogeneous situation and in the second part, the homogeneous
case is discussed.

The functions involved throughout this section are the following
f(z) = %xTAx +a'x (3)
g(x,p,0) = %xT(Bl + uBa)x 4 (by + 0by) "+, (4)

where A, By, By are real symmetric matrices of order n; a, by, by € R™ and ¢, u, 0 are
real numbers.

As expected, we will apply Proposition 2.3 to the functions

gl(zvuad) = g(xmuaé); 92(3:7“7 (S) = _g(xnuvd)' (5)

3.1. The inhomogeneous case

With the previous notation, the robust optimization problem is the following

mln{f(x) Pas g(m,,u,5) < 57 v IS [/"LIJI“’L2]7V 0 € [61762]}' (6)

Here, a, 8, u1, po, 01, 02 are fixed real numbers satisfying a < 5, 1 < o, 61 < ds.
In view of (6), the sets appearing in the formulation of Proposition 2.3, and which
will play a central role in our analysis, become (see (5))

Qo(Mh f2, 01, 52) = { (f($)7 9(37; M1, 51)79(337 Hi, 52)7 9(557 M2, 51)7 g(x, M2, 52)7

—g(l’,ﬂl,él), _g($7ﬂla62)7 _g(x7/“’L2761)7 —9(17,#2’52)> RS Rn} + int R?H (7)

and Q,,(01,02) = {(f@)? max g(z, p,01), max g(z,u,d2),
HE[p1 2] BE[p1,p2]
— min g(x,p,01),— min g(x,,u,52)> € ]R”} + int Ri. (8)
HE[p1,p2] BE[p1,p2]

We establish the first main result concerning the robust version of the alternative
theorem.

Theorem 3.1. (A robust alternative result) Let the data be as described above. If
the set €,(01,02) is convex, then exactly one of the two following assertions hold:

(a) Fz€R" V€ [ur,pa, VIEIDb,d]:

%xTAx +a'z+7<0, a< %xT(Bl + uBs)x + (by + 0by) ' + ¢ < B.

(b) = ()\0,)\1,)\2) c Ri\{O}, = Moy U € [/11,,&2], = 5&;55 € [61,52] : VaxelR”
Ao (%xTAx +a'z+ ’y) + M\ (%xT(Bl + ppBa)x + (b + (Sﬁbg)Tl' +c— ﬂ)
+)\2 (Oé — (%Z'T(Bl + ,UQBQ)JZ' + (bl + 5ab2)T.ﬁIf + C>> > O,
where fio + g = pi1 + po-
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In addition, we observe that (b) may be written equivalently as
XA+ A (By + ppBa) — Ao(By + paB2) = 0, and
JTER": (AOA M (B + psBs) — Mo(By + ,uaB2)>E
= —Xoa — A1(by + 6gba) + Aa(by + 0ab2).

Proof. It is obvious that both statements (a) and (b) cannot be fulfilled simulta-
neously. Thus, we must check that if (a) does not hold, (b) does.

Step 1: If (a) does not hold, then there exists no x € R™ such that for all u € [pq, 2]
and all S [(51, (52]

%xTA:L* +a'z+v<0, — (%xT(Bl + pBy)x + (by + 0bo) T + c) < —a,
5 (Bi+ uBa)a + (b +0b) '+ ¢ < B,

By setting By = {B1 + uBs : p € [u1, p2]} x {b1 4+ dbg : 6 € [01, 9]}, the previous
expression is equivalent to the nonexistence of x € R™ such that

1
%xTAx +a'z+7v<0, —min {éxTBx +b'z+c:(B,b) e BO} < —a,
LT T ,
max | 5 Br+b'z+c:(B,b) € Byy < p.
For fixed z € R™ due to the linearity with respect to (p,0), both maximum and

minimum values are attained in some of the extreme points of the rectangle [, p2] ¥
[01, 02]. Thus, the following system has no solution in R™:

LT Ax +a'r+v<0, — min g(z,u,d) < —a, — min gz, @) < —a,
2 HE 1, 2] pElp1,p2]
max 9(957/%51) <ﬁ7 max g(l’,ﬂ,éz) <5'
HE[p1,p2] HE[p1, 2]

This means that (0, 5, 8, —a, —«) ¢ Q,(01,92).

Step 2: (A first use of separation of convex sets)
We have the existence of (Ao, A1, A2, A3, A1) € R \{0} such that for all z € R"

X(f(z)+7)+ )\1< max g(x, i, 1) — 5) + )\2< max g(x, i, dz) — ﬂ)

KE[p1,12] HE[p1,12]

+3 (a — min g(z,u, 51)) + M\ <a — min g(:v,,u,52)> > 0.

WE[p1,p2] HE[p1,12]

This can be written equivalently as: there exists (Ao, A1, A2, A3, As) € R} \{0} such
that for all z € R™

Mo(f(x) +7) + )\1<max{g($,u1, 01), g(x, pi2, 61)} — 5)
+ )\Q(max{g(x, p,02), g(x, 2, 62)} — B) + A3 (a — min{g(z, 1, 1), g(z, 2, 51)}>

+ A <a o min{g(:p, M, 62)7 9(557 M2, 52)}> > 0.
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Thus, the following system has no solution in R":

No(f (@) +7) + (g, 81) = B) + X (g . 82) = B)

+ A3 (a — g(z, po, 51)) + A\ <oc — g(z, pa, 52)>
No(f(2) +7) + A (9w, 2,81) = B) + s (9l 2, 82) = B)
( )

+ A3 (oz — g(z, p1, 51)> + M a—g(x,p,09)) <O.
By Theorem 2.2 (see [8, Theorem 4.19]), the set
Q= {(/\o(f<x)+’7)+>\1 <9(9Ca 1, 51)—5> +Ao (9(357#1, 52)—5> +A3 <Oé—9(13, Ha, 51))
+ Ay <O¢ — g(w, pa, 52)>a>\0f(55) + M <g($, fho,61) — ﬁ) + A (g(m, fha, 62) — 5)

+ >\3<a — g(m,ul,él)) + /\4<a — g(x7u1,52)> X € ]R”} + int R?

is convex, and from the previous remark, (0,0) ¢ Q.

Step 3: (A second use of separation of convex sets and final conclusion)
We again obtain the existence of (&1,&2) € R2\{0} such that for all z € R",

& [MolF(@) +9) + M (gl m,80) = B) + Ko (g, 1, 82) = ) + Na( @ = gla 2, 51))
+A4 (04 — 9(@, pi2, 52))} + & [Aof(x) + M (g(%ﬁbz, 01) — 5) + A2 (9(% fi2,02) — ﬁ)

+A3 (oz — g(z, p1, (51)> + N\ <a — g(x, p1, (52)” > 0.
Thus, by setting

o= X6 +&), A= (M + )& +&) A= (As+ M) (& + &),
_ Supn A Sapt _ Sipp + o _A101 + Aady 5. — A302 + A401

&1+ &  fo G+& 0T Mt 0 C A+ Ay
we get (Ao, A1, A2) € R3I\{0}, 1p, fta € [p1, 2], 95,00 € [61,09] and
v (1.7 T v (1.7 T _
Ao 37 Ar+a'z+v)+ M\ 37 (B1 + ppBa)x + (by + 0gbs) x4+ ¢ — 8

— 1
+Xy (a — (§IT(Bl + ptaBa)x + (by + Sabo) T2 + c)) >0 VzeR"™

It is easy to verify that i, + p13 = pt1 + ft2, and the proof is completed. ]

We are now in a position to establish the robust version of the S-lemma for our
optimization problem (6).
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Theorem 3.2. (A robust S-lemma) Let the data be as described above. Assume
that the set €,(01,02), defined in (8), is convex, and the Slater-type condition: there
exists xo € R™ :

1
a < §x(—|)—(Bl + HBQ)*IO + (bl + 6b2>—rl’0 +c< ﬁa VMG [”la/”LQL Vée [61752]a (9)

is satisfied. Then, the following assertions are equivalent:
(a) [oz < 52 (By + pBo) + (by + 0ba) Tw ¢ < B, V€ [, i), Vo€ [51,52]}
— %xTAx +a'z+y>0.

(b) 3 (M, A2) €RE, T ptar, p1p € [0, 2], 3 Gy G5 €[01,02) 1 V x ER™,

(57 Az+a"w+7) + M (527 (Bi + psBa)a + (by + dsbo) &+ ¢ — )

IS <a - (%H(Bl 4 p1aBa)z + (by + 0abs) Tx + c)> >0,

where 1o + g = p1 + p2. Moreover, notice that (b) can be written equivalently as:
A+ M\ (B1 + ppBs) — Xa(B1 + p1aB2) = 0 and

HEGRTLZ (A—f—/\l(Bl—f—/LﬁBg)—)\Q(Bl +,uaBg))f+a+)\1(b1 +55b2)—/\2(b1 —|—5ab2) = 0.

Proof. This is a consequence of Theorem 3.1, where (9) forces to get \g > 0. [

In what follows a characterization of robust optimality to problem (6) is established.

Theorem 3.3. (Characterizing robust optimality) Let the data be as described
above. Assume that the set Q,(d1,02), defined in (8), is convex, and the Slater-type
condition (9) holds. Then, a feasible point T to problem (6) is optimal if, and only if
there exists (A1, X2) € R2, tq, g € [p1, p2], da, 0 € [01,02] such that the following
conditions are satisfied

(a) (A+)\1(Bl 115 B2) — Ao (B + MQBQ))E . <a+>\1(61 4 85bs) — Ao (by +5ab2)>;
b) M\ (%ET(Bl + 1 Bo)T + (by + 0gba) T + ¢ — ﬁ) = 0;
Ao (a — (%ET(Bl 4 110 B2)T + (b1 + 6ab2) T + c>> =0;
(¢) A+ M(By+ pgBs2) — Xa(By + paB2) = 0.
Proof. The necessary condition follows from Theorem 3.2(b) by taking v = — f(7)

since that part (b) implies clearly (¢) and, putting x = 7, also (b). The sufficiency
part is already standard since (c¢) implies the convexity of the function

h(x) i%xTAx +a'x— f(T)+ N\ (%xT(Bl + 1 Bo)x + (by + dgba) 'w + ¢ — 5)

+ Ay (a — (%xT(Bl + ptaBa)x + (by + dubo) Ta + c)),

and (a) and (b) allow us to prove that T is in fact a solution to problem (6). O
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Remark 3.4. We observe that from Theorem 3.3 every feasible point T to problem
(6) satisfying (a), (b) and (c) is also a solution to the problem

min %xTAa: +a'z
5.t ;;J(B1 + pgBa)a + (b + sbo) Tz + ¢ < 8 (10)

— (%xT(Bl + ptaBa)x + (by + Sabo) T2 + c) < —a.

3.2. The homogeneous case

In this section we particularize problem (6) to the case when all the functions are
homogeneous, that is, we consider the quadratic robust optimization problem:

min %wTAa; st. a< %xT(Bl +uBy)r < B Y peEp, pol, (11)

where A, By, Bs are real symmetric matrices, 1, po, o, 8 € R satisfy p; < ps, a0 < .

Due to Corollary 2.4, we realize that the sets arising for problem (11) reduce to

Qg(ﬂla M?) = {({L‘TA,I', 'IT(Bl + ﬂlBQ)xa wT(Bl + MQBZ)'Iv
— 2" (By 4 1 By)x, —x " (B + ,uQBg)x) cx € ]R"} + int Ri.

and

Qh = {(:CTA:C, max x' (By + uBy)r, — min x' (B + uBg)x> :xGR”} +int R?,

g H1SpSp2 1 <p<pz

Due to their importance, in what follows we single out the homogeneous versions of
Theorems 3.1, 3.2 and 3.3. For their proofs simply take into account Corollary 2.4.

Theorem 3.5. (A homogeneous robust alternative result) Let A, By, By be real
symmetric matrices or order n and 7y, «, B, pi1, o € R, with uy < pe and oo < 5. Let
f and g be the quadratic functions as described above. If the set QZ is convex, then
exactly one of the two following assertions hold:

(a) JzeR™: %xTAx—i-fy <0, a< %mT(Bl + pBo)xr < B, V € [, pol.
(b) 3 (Nos Aty A2) € RIN{O}, T pta, pig € [, pio] = Vo € R™

Ao (%xTquLy) + M\ (%xT(Bl +ppBs)x —B) + Ay (a — %xT(Bl +MaB2).ZU> >0,

where fio + pg = pi1 + po.

In addition, we observe that (b) may be written equivalently as

)\014 + )\1(31 + ,uﬁBg) — /\Q(Bl + MaBQ) t 0
and dzeR": ()\()A + >\1<Bl + /LBBQ) — )\Q(Bl + [LQBQ)>T = 0.
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Theorem 3.6. (A homogeneous robust S-lemma) Let the same data be as in The-
orem 3.5. Assume that the set QZ is convex, and the Slater-type condition:
there exists xg € R™ such that

a < %xOT(Bl + puBsy)xg < B, ¥V p € [p1, pol, (12)

1s satisfied. Then, the following assertions are equivalent:
(a) [oz < %xT(Bl +puBy)r < B,V u € [ul,ug]] = %xTAI +v>0.
(b)  F(A1,A2) € R, Fpg, pip € [, p2): V x € R we have

(%ZETA:E + ’y) + A1 (%xT(Bl + pugBo)x — 6) + Ao <a — %ZBT(Bl + uaBQ)x> >0,
where 1o + g = p1 + p2. Moreover, notice that (b) can be written equivalently as:

A+ N (B1 + ppBs) — Xa(B1 + paBs2) = 0

and JTeR": (A + (B + ppBs) — Ma(B1 + %Bz))z —0.

We end this section by establishing a characterization of robust optimality.

Theorem 3.7. (Characterizing homogeneous robust optimality) Let the same data
be as in Theorem 3.5. Assume that the set QZ is convex, and the Slater-type condition
(12) holds. Then, a feasible point T to problem (11) is optimal if, and only if there
exist (A1, A2) € R, g, f1g € [pi1, p2] such that the following conditions are satisfied

(a) (A + A (B1 + ppBs) — Ao (B1 + ,uaB2)>E = 0;

1 1
(b) A (fT(Bl + s B2)T — 5) = 0; Ao (Oz - (§TT(BI + uaBz)f)) = 0;
() A+ (Bi+ pugBs) — Xo(B1 + p1aB) = 0.

We end this section by dealing with the weighted least squares problem.

An application: robust solution of weighted least squares

Fori=1,...,n,let v; € R and w,, w;, @ and (8 are real numbers satisfying w, < w;,
a < . We consider the following uncertain weighted least squares problem:

n n
. 1 1
min 5 Zv,x? st. a< 3 szx? <8, (13)
i=1 i=1
where the data w;, i = 1,...,n are uncertain and each w; varies in the uncertainty

set V; = [w,;,w;] for all i € {1,... n}.

Problem (13) may be written equivalently as in the form (11) with data

A = diag(vy,...,v,), B; = diag <@1-;M17”_’@n;wn) 7

wp — Wy Wy — W

BQ:dlag< 5 g ey 27H)7 ,ulz_]') quzl

The following optimality result is obtained.
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Theorem 3.8. For the above data, assume that the existence of xo € R™ such that

1 n

a < §Zwimgi < B for all w; € [w;,w;]. Then, a feasible point T to problem
i=1

(13) is a robust optimal solution if, and only if there exist (M, X2) € R% \ {0} and

Wa,;, Ws, € [w;,W;], i =1,...,n, such that
n

<a) Z(UZ + Awg, — )\2wai)fi =0

=1
RS —2 1 —2 .
(b) )\1<§ZZ:1:’LUBZ i —6> +)\2<§ZZ:1:’LU&ZJJZ) :0,
(C) v; + )\111151. — )\Qwai Z 0.

Proof. By taking the above formulation, we apply Proposition 2.5 and Theorem
3.7 to conclude with the required result. Il

Finally we provide an example.

Example 3.9. Let us consider the nonconvex problem:
N 2 3 o 2 2 2
min zj — x5 + 573 s.t. 20 < ay5 + agxs + aszx; < 100, (14)

where aq,as,a3 € R are uncertain data. Suppose that we know that the nominal
value of a;, az are 1 with the possible error of az are +0.5; whereas the nominal
value of ay is —1 with the possible error of £1.

The robust counterpart of this problem is

1
min %xTAx s.t. 20§§xT(B1+,uBQ)x§ 100, Vpepr, pal, (15)
2 0 O 2 0 O 1 00
where A=|o =2 o). B =0 =2 0|, B,=[0 2 0],
0 0 =3 0 0 2 0 01

where o = 20, 5 =100, 1 = —1, py = 1.

All the matrices being diagonal, the set Q(u, 2) is convex. Moreover, the point
xo = (5,1,5) satisfies the Slater-type condition:

1
20 < §IJ(Bl + puBg)zg < 100, YV p € [p1, pal.

[\v]
ﬁo
ot

By setting 7= | 242 |, ug =1, ploa = =1, \y = z, Ay = 1, one can check that
1016 6 2
3
500
A+ )\1(31 + MBBQ) — )\Q(Bl + ,MQBQ) =10 0 0] = 0,
0 00

which implies that (c) holds.
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It turns out that (a) also fulfills; (b) follows since

1_ _ 1_ _

5acT(Bl +pBo)T —f=0=a— §xT(Bl + p1aB2)T.

This proves that 7 is a robust solution.

4. Comparison between the convexity assumption imposed in Theorem
3.3 and [7, Theorem 3]

Although the optimality conditions (a), (b) and (c) of Theorem 3.3 and those in
[7, Theorem 3] coincide, they were obtained under different convexity assumptions.
First of all, notice that Theorem 3.3 requires the convexity of a set (see (8)) in R
which is an image of R" via a (not necessarily homogeneous) quadratic function;
whereas the convexity in [7, Theorem 3] is imposed on a set in R® being an image of
R™*! via a homogeneous quadratic function. To be more precise, let us define the
matrices

. A a . B1 b1+5b2 . BQ 0
HO - (CLT 27) ) W(éa )‘) - ((bl +662)T —2) ) ) W2 - <0T 0) )

and set Wlﬂ = W((Sl,ﬁ); Wgﬂ = W((SQ,ﬁ); Wla = W((Sl,&); Wza = W(52,0z).

Then, the convexity assumption in [7, Theorem 3] is imposed on the set

) 1 1 1
Ow = { (5u" Hoy, max —yT (Wi, +uWa)y), max —y" (W, + uiWa)y,
2 pElp1,p2] 2 wEp1 2] 2

1 1
— min —y' (Wi, +pWa)y,— min —y' (Wy, + ,LLWQ)y) Ty € R”H} + int RS
p€[ur,pz) 2 HEp1 2]

By Corollary 1, Qy is convex if the set
Q, = {(yTHoyayT(Wlﬁ + M1VV2)?J,?/T(VV2[3 + ng)y,yT(Wlﬁ + puaWa)y,
yT<W2B + p2Wa)y, _yT(Wla + 1 Wa)y, _yT(WQQ + 1Wa)y, _Z/T(Wla + W2y,

—yT(Wga + M2W2>y> TS R"“} + int ]R?F

is so, with v = —f(Z) in Hy and T is a feasible point of the robust optimization
problem (1), which is either to be supposed becoming optimal solution once (a)—(c)
hold (sufficient condition), or to be optimal for deriving conditions (a)—(c) (necessary
condition).

Certainly, the fact that Q- involves the image of R™™! via an homogeneous quadratic
functions is because the authors in [7] — following [11] — homogenize problem (1) in
order to apply the Dines convexity theorem valid for quadratic forms. Instead, we
apply the convexity Theorem 2.2 (see [8, Theorem 4.19]) valid for inhomogeneous
quadratic functions. Moreover, observe that the matrix Hy depends on the reference
point T; whereas there is no dependence of Z in the set on which our convexity
assumption is required.

Finally, we were unable to show any relationship between our convexity assumption
and that in [7, Theorem 3]. This is an open question.
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