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We investigate notions of compactness with respect to the relative topologies of a locally convex
cone. Since these topologies are generally not Hausdorff and the uniform structures induced by the
upper and lower relative topologies are not symmetric, we introduce suitable generalizations for
the concepts of precompactness and completeness, which nonetheless coincide with the usual ones
in the symmetric case, that is in particular for the example of locally convex topological vector
spaces. Locally compact cones comprise the topic for the final part of this paper.
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1. Locally convex cones

In order to keep this paper largely self-contained, we begin with a brief introduc-
tion of locally convex cones as developed in [4], [11] and other papers. We just
provide definitions, results and examples and refer to the sources for details and
proofs. Section 2 deals with compactness and suitable concepts of precompactness
and completeness for the relative topologies of locally convex cones. The special case
of the weak topology induced by a dual pair is considered in Section 3. In the final
Section 4 we investigate local compactness and its implications. This yields non-
trivial generalizations of the same concepts for subcones of locally convex topological
vector spaces.
A cone is a set P endowed with an addition (a, b) 7→ a+b and a scalar multiplication
(α, a) 7→ αa for real numbers α ≥ 0. The addition is supposed to be associative and
commutative, and there is a neutral element 0 ∈ P . For the scalar multiplication the
usual associative and distributive properties hold, that is α(βa) = (αβ)a, (α+β)a =
αa+ βa, α(a+ b) = αa+ αb, 1a = a and 0a = 0 for all a, b ∈ P and α, β ≥ 0. The
cancellation law, stating that a+ c = b+ c implies a = b, is not required in general.
It holds if and only if the cone P can be embedded into a real vector space.
An ordered cone P carries a reflexive transitive relation ≤ such that a ≤ b implies
a + c ≤ b + c and αa ≤ αb for all a, b, c ∈ P and α ≥ 0. Anti-symmetry is however
not required. Equality on P is obviously such an order.
The theory of locally convex cones uses order theoretical concepts to introduce a
quasiuniform topological structure on an ordered cone. In a first approach, the
resulting topological neighborhoods themselves will be considered to be elements
of the cone. In this vein, a full locally convex cone (P ,V) is an ordered cone P
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that contains an abstract neighborhood system V , that is a subset of positive (i.e.
greater or equal to zero) elements which is downward directed, closed for addition
and multiplication by scalars α > 0. The elements v of V define upper resp. lower
neighborhoods for the elements a ∈ P by

v(a) = { b ∈ P | b ≤ a+ v } resp. (a)v = { b ∈ P | a ≤ b+ v },

creating the upper resp. lower topologies on P . Their common refinement is called
the symmetric topology generated by the neighborhoods vs(a) = v(a) ∩ (a)v. All
elements of P are supposed to be bounded below, that is for every a ∈ P and v ∈ V
we have 0 ≤ a+ λv for some λ ≥ 0. They need however not be bounded above. An
element a ∈ P is called bounded (above) if for every v ∈ V there is λ ≥ 0 such that
a ≤ λv. The presence of unbounded elements represents the main difference between
locally convex cones and subcones of locally convex vector spaces and accounts for
much of the richness and subtlety of this setting.
Finally, a locally convex cone (P ,V) is a subcone of a full locally convex cone not
necessarily containing the abstract neighborhood system V . Every locally convex
ordered topological vector space is a locally convex cone in this sense, as it may
be canonically embedded into a full locally convex cone (see Example 1.1(c) below
and I.2.7 in [4]). The subsets {(a, b) | a, b ∈ P , a ≤ b + v} of P2, for all v ∈ V
form a convex quasiuniform structure on P . Conversely, it is shown in Chapter I.5.2
of [4] how a convex quasiuniform structure on a cone can be used to construct a
full locally convex cone which contains the given one as a subcone and induces the
given quasiuniform structure. This yields a second, equivalent approach to locally
convex cones. We shall recollect a few examples. Many more can be found in [11].

Examples 1.1. (a) In the extended real number system R = R ∪ {+∞} we
consider the usual order and algebraic operations, in particular a + ∞ = +∞ for
all a ∈ R, α · (+∞) = +∞ for all α > 0 and 0 · (+∞) = 0. Endowed with the
neighborhood system V = {ϵ ∈ R | ϵ > 0}, R is a full locally convex cone. For
a ∈ R the intervals (−∞, a + ϵ] are the upper and the intervals [a − ϵ,+∞] are
the lower neighborhoods, while for a = +∞ the entire cone R is the only upper
neighborhood, and {+∞} is open in the lower topology. The symmetric topology
is the usual topology on R with +∞ as an isolated point. It is finer than the usual
topology of R where the intervals [a,+∞] for a ∈ R are the neighborhoods of +∞.

(b) For the subcone R+ = {a ∈ R | a ≥ 0} of R we may also consider the singleton
neighborhood system V = {0}. The elements of R+ are obviously bounded below
even with respect to the neighborhood v = 0, hence R+ is a full locally convex
cone. For a ∈ R the intervals (−∞, a] and [a,+∞] are the only upper and lower
neighborhoods, respectively. The symmetric topology is the discrete topology on R+

and 0 is its only bounded element.
(c) Let (E,V ,≤) be a locally convex ordered topological vector space, where V is
a basis of closed, convex, balanced and order convex neighborhoods of the origin
in E. Because equality is an order relation, this example will cover locally convex
vector spaces in general. In order to interpret E as a locally convex cone we shall
embed it into a larger full cone. This is done in a canonical way: Let Conv be
the cone of all non-empty convex subsets of E, endowed with the usual addition
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and multiplication of sets by non-negative scalars, that is αA = {αa | a ∈ A} and
A + B = {a + b | a ∈ A and b ∈ B} for A,B ∈ Conv and α ≥ 0. We define the
order on Conv by

A ≤ B if for every a ∈ A there is b ∈ B such that a ≤ b.

The requirements for an ordered cone are easily checked. The neighborhood system
in Conv is given by the neighborhood basis V ⊂ Conv, that is
A ≤ B + V if for every a ∈ A there are b ∈ B and v ∈ V such that a ≤ b+ v.

for A,B ∈ Conv and V ∈ V . We observe that for every A ∈ Conv and V ∈ V there
is ρ > 0 such that ρV ∩ A 6= ∅. This yields 0 ∈ A + ρV . Therefore {0} ≤ A + ρV ,
and every element A ∈ Conv is indeed bounded below. Thus

(
Conv,V

)
is a full

locally convex cone. Via the embedding x 7→ {x} : E → Conv the space E itself
is a subcone of Conv. This embedding preserves the order structure of E, and on
its image the symmetric topology of Conv coincides with the given vector space
topology of E. Thus E is indeed a locally convex cone, but not a full cone.
(d) Given a locally convex cone (P ,V) the preceding procedure can be applied to
generate the locally convex cone (Conv(P),V) of all non-empty convex subsets of
P . Subcones of Conv(P) that merit further investigation are those of all closed,
closed and bounded, or compact convex sets in Conv(P), respectively. Details on
these and further related examples can be found in [4] and [11].
(e) Let (P ,V) be a locally convex cone, X a set and let F(X,P) be the cone
of all P-valued functions on X, endowed with the pointwise operations and order.
If P̄ is a full cone containing both P and V , then we may identify the elements
v ∈ V with the constant functions x 7→ v for all x ∈ X, hence V is a subset and a
neighborhood system for F(X, P̄). A function f ∈ F(X, P̄) is uniformly bounded
below, if for every v ∈ V there is ρ ≥ 0 such that 0 ≤ f + ρv. These functions
form a full locally convex cone

(
Fb(X, P̄),V

)
, carrying the topology of uniform

convergence. As a subcone,
(
Fb(X,P),V

)
is a locally convex cone. The case P = R

is of particular interest. Non-constant neighborhood functions x 7→ v(x) lead to
more general neighborhood systems for cone-valued functions, modelling pointwise
or setwise or weighted convergence (see Example I.1.4(e) of [11]).
(f) For x ∈ R denote x+ = max{x, 0} and x− = −min{x, 0}. For 1 ≤ p ≤ +∞
and a sequence (xi)i∈N in R let ‖(xi)‖p denote the usual lp norm, that is

‖(xi)‖p =
( ∞∑

i=1

|xi|p
)(1/p) ∈ R for p < +∞

and ‖(xi)‖∞ = sup{|xi| | i ∈ N} ∈ R. Now let Cp be the cone of all sequences
(xi)i∈N in R such that ‖(x−i )‖p ≤ +∞. We use the pointwise order in Cp and the
neighborhood system Vp = {ρvp | ρ > 0}, where

(xi)i∈N ≤ (yi)i∈N + ρvp

means that ‖(xi− yi)
+‖p ≤ ρ. (In this expression the lp norm is evaluated only over

the indexes i ∈ N for which yi < +∞.) It can be easily verified that (Cp,Vp) is a
locally convex cone. In fact (Cp,Vp) can be embedded into a full cone following a
procedure analogous to that in 1.1(c).
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For cones P and Q a mapping T : P → Q is called a linear operator if T (a + b) =
T (a) + T (b) and T (αa) = αT (a) holds for all a, b ∈ P and α ≥ 0. If both P and Q
are ordered, then T is called monotone, if a ≤ b implies T (a) ≤ T (b). If both (P ,V)
and (Q,W) are locally convex cones, the operator T is called (uniformly) continuous
if for every w ∈ W one can find v ∈ V such that T (a) ≤ T (b)+w whenever a ≤ b+v
for a, b ∈ P .
It is immediate from this definition that uniform continuity implies and combines
continuity for the operator T : P → Q with respect to the upper, lower and sym-
metric topologies on P and Q, respectively. Continuous operators are monotone,
even though in a slightly weakened sense (Lemma II.1.4 in [4]).
A linear functional on P is a linear operator µ : P → R. The dual cone P∗ of
a locally convex cone (P ,V) consists of all continuous linear functionals on P and
is the union of all polars v◦ of neighborhoods v ∈ V , where µ ∈ v◦ means that
µ(a) ≤ µ(b) + 1, whenever a ≤ b + v for a, b ∈ P . Continuity implies that a linear
functional µ is monotone, and for a full cone P it requires just that µ(v) ≤ 1 holds
for some v ∈ V in addition. We endow P∗ with the topology w(P∗,P) of pointwise
convergence on the elements of P , considered as functions on P∗ with values in R.
For this purpose R is endowed with its usual topology, that is the Euclidean topol-
ogy on R with the neighborhoods [α,+∞] for the element +∞. As in locally con-
vex topological vector spaces, the polar v◦ of a neighborhood v ∈ V is seen to be
w(P∗,P)-compact and convex (Theorem II.2.4 in [4]). A variety of Hahn-Banach
type extension and separation theorems for linear functionals is available and can
be found in [10] and [11]. These are essential for the development of an effective
duality theory for locally convex cones.

Examples 1.2. Revisiting the preceding Examples 1.1, we observe that the dual
cone R∗ of R (see 1.1(a)) consists of R+, that is all positive reals α ≥ 0 (via the usual
multiplication), and the singular functional 0̄ such that 0̄(a) = 0 for all a ∈ R and
0̄(+∞) = +∞. Likewise, in 1.1(b), the continuous linear functionals on R+ endowed
with the neighborhood system V = {0} are the positive reals together with 0̄, but
further include the element +∞, acting as +∞(0) = 0 and +∞(a) = +∞ for all
0 6= a ∈ R+. This functional is obviously contained in the polar of the neighborhood
0 ∈ V . In 1.1(c), (d) and (e) on the other hand, due to the generality of the settings,
a complete description for the respective dual cones is not readily available. We can,
however, identify some of their elements: In 1.1(d), let µ ∈ P∗. Then the mapping

A 7→ sup{µ(a) | a ∈ A} : Conv(P) → R

is seen to be an element of Conv(P)∗. In 1.1(e), for µ ∈ P∗ and x ∈ X, the mapping
µx : Fb(X,P) → R such that

µx(f) = µ
(
f(x)

)
for all f ∈ Fb(X,P)

is a continuous linear functional on Fb(X,P). In 1.1(f) for p < +∞ the dual cone of
Cp consists of all sequences (yi)i∈N such that yi ≥ 0 for all i ∈ N and ‖(yi)‖q < +∞,
where q is the conjugate index of p.
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We also consider a (topological and linear) closure of the given order on a locally
convex cone, called the weak preorder � which is defined as follows (see I.3 in [11]):
We set a � b + v for a, b ∈ P and v ∈ V if for every ϵ > 0 there is 1 ≤ γ ≤ 1 + ϵ
such that a ≤ γb + (1 + ϵ)v, and set a � b if a � b + v for all v ∈ V . That is a � b
if for every v ∈ V and ϵ > 0 there is 1 ≤ γ ≤ 1 + ϵ such that a ≤ γb + ϵv. The
weak preorder is weaker than the given order in the sense that a ≤ b or a ≤ b + v
implies a � b or a � b + v. Importantly, the weak preorder on a locally convex
cone P is entirely determined by its dual cone P∗, that is a � b holds if and only if
µ(a) ≤ µ(b) for all µ ∈ P∗, and a � b+ v if and only µ(a) ≤ µ(b) + 1 for all µ ∈ v◦

(Corollaries I.4.31 and I.4.34 in [11]). If endowed with the weak preorder, (P ,V) is
again a locally convex cone with the same dual P∗.
Unfortunately, the previously introduced upper, lower and symmetric locally convex
cone topologies for P are not sufficiently compatible with its algebraic operations.
While the addition (a, b) 7→ a + b : P × P → P is continuous, the scalar multipli-
cation (α, a) 7→ αa : [0,+∞) × P → P is generally discontinuous at points where
a is unbounded (Proposition I.1.1 in [11]. The latter proves particularly disadvan-
tageous when dealing with continuous P-valued functions. It is remedied using the
coarser (but somewhat cumbersome) associated relative topologies on P instead.
These topologies correspond to the weak preorder on P . The upper, lower and
symmetric relative topologies on a locally convex cone (P ,V) are generated by the
neighborhoods vϵ(a), (a)vϵ and vsϵ (a) = vϵ(a) ∩ (a)ϵ, respectively, for a ∈ P , v ∈ V
and ϵ > 0, where

vϵ(a) = {b ∈ P | b ≤ γa+ ϵv for some 1 ≤ γ ≤ 1 + ϵ},
(a)vϵ = {b ∈ P | a ≤ γb+ ϵv for some 1 ≤ γ ≤ 1 + ϵ}.

We have a � b for a, b ∈ P if and only if a ∈ vϵ(b) for all ϵ > 0. Propositions I.4.2
and I.4.4 from [11] yield that the respective relative topologies are the finest topolo-
gies on P with the following properties:

Proposition 1.3. The upper, lower or symmetric relative topologies of P each
satisfy the following:
(a) The relative topology is locally convex, coarser than the given topology but

locally coincides with it at bounded elements.
(b) The mapping (a, b) 7→ a+ b : P × P → P is continuous.
(c) The mapping (α, a) 7→ αa : [0,+∞) × P → P is continuous at all points

(α, a) ∈ [0,+∞) × P such that either α > 0 or a ∈ P is bounded. (In this
context the interval [0,+∞) is considered in the usual topology of R.)

Part (a) states that the relative topologies are locally convex, that is every element
admits a neighborhood basis consisting of convex sets. These are however not neces-
sarily locally convex cone topologies in our sense since the resulting uniformity need
not be convex. Continuity of the scalar multiplication (Part (c) above) at points
(0, a) where a ∈ P is unbounded would contradict Part (a), that is the equivalence
of the relative and the given neighborhood systems of 0 ∈ P .

Theorem I.4.30 in [11] provides further evidence for the suitability of the relative
topologies due to their compatibility with the algebraic structure of a locally convex
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cone. It states that the closure of a convex subset A of P with respect to the upper
and lower relative topologies, that is Au and A l, respectively, is determined by the
dual cone P∗, that is

b ∈ A
u if and only if µ(b) ≥ inf{µ(a) | a ∈ A} for all µ ∈ P∗,

b ∈ A
l if and only if µ(b) ≤ sup{µ(a) | a ∈ A} for all µ ∈ P∗.

The closed convex hull with respect to the symmetric relative topology, that is A s,
is a subset but does generally not coincide with A

l ∩ Au, as simple examples can
demonstrate.
For these reasons we shall use the relative rather than the given topologies in our
forthcoming investigations about compactness in locally convex cones. For detailed
examples illustrating the interplay of these topologies we refer to Examples I.4.37
in [11]. We note in particular that in some important settings the relative and the
corresponding given topologies coincide, for example if P is a locally convex vector
space (Proposition1.3(a)), if P = R (I.4.37(a) in [11]) or if P is endowed with the
weak topology of a duality (P ,Q) (Proposition 3.2 below).
For P = R+ (Example 1.1(b)) the symmetric relative topology coincides with the
Euclidean topology on (0,+∞), but renders 0 and +∞ as isolated points.
Importantly, a linear functional µ ∈ P∗ is also continuous with respect to the upper,
lower and symmetric relative topologies in P and the corresponding given topolo-
gies in R (Proposition I.4.5 in [11]). As mentioned before, the given and relative
topologies for R coincide.
We shall use the following technical observations:

Lemma 1.4. Let a, b ∈ P, v ∈ V, λ ≥ 0 and ϵ, δ > 0.

(a) If a ∈ vϵ(b) and 0 ≤ b+ λv for λ ≥ 0, then a ≤ (1 + ϵ)b+ ϵ(1 + λ)v.
(b) If a ∈ vϵ(b), then vδ(a) ⊂ v(ϵ+δ+ϵδ)(b). In particular, vϵ(a) ⊂ v3ϵ(b), provided

that ϵ ≤ 1.

(c) vδ(a) is contained in the topological interior of vϵ(a) for all 0 < δ < ϵ.
Similar statements hold for the lower and symmetric neighborhoods.

Proof. We shall prove the case for the upper neighborhoods. For Part (a) let
a ∈ vϵ(b) and 0 ≤ b + λv for λ ≥ 0. Then a ≤ γb + ϵv for 1 ≤ γ ≤ 1 + ϵ implies
a ≤ γb+ ϵv + (1 + ϵ− γ)(b+ λv) ≤ (1 + ϵ)b+ (ϵ+ ϵλ)v, as claimed.
For Part (b) let a ∈ vϵ(b) and c ∈ vδ(a). Then a ≤ γb+ ϵv and c ≤ γ′a+ δv, hence
c ≤ γ′γb+ (δ + γ′ϵ)v for 1 ≤ γ ≤ 1 + ϵ and 1 ≤ γ′ ≤ 1 + δ. Our claim follows since
1 ≤ γ′γ ≤ (1 + δ)(1 + ϵ) = 1+ (ϵ+ δ+ ϵδ) and δ+ γ′ϵ ≤ δ+ (1+ δ)ϵ = ϵ+ δ+ ϵδ. If
in particular δ = ϵ ≤ 1, then ϵ + δ + ϵδ ≤ 3ϵ. This verifies the second statement of
Part (b).
Part (c) is an obvious consequence of Part (b). The arguments for the lower and
symmetric neighborhoods are similar.
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Lemma 1.5. Let a, b ∈ P, v ∈ V and ϵ, δ > 0. Then
(a) α

(
vϵ(a)

)
=

(
αv

)
ϵ
(αa) for all α > 0.

(b) a+ vϵ(b) ⊂ vϵ(1+λ)(a+ b) provided that 0 ≤ a+ λv.

(c) vϵ(a) + vδ(b) ⊂ v(ϵ+δ)(1+λ)(a+ b) provided that 0 ≤ a+ λv and 0 ≤ b+ λv.

Similar statements hold for the lower and symmetric neighborhoods.

Proof. Part (a) is obvious. For Part (b) let a + c ∈ a + vϵ(b), that is c ≤ γb + ϵv
for 1 ≤ γ ≤ 1 + ϵ. Then

a+ c ≤ γb+ a+ ϵv ≤ γb+ a+ ϵv + (γ − 1)(a+ λv) ≤ γ(a+ b) + ϵ(1 + λ)v.

This shows a+ c ∈ vϵ(1+λ)(a+ b), hence our claim. For (c) let c+ d ∈ vϵ(a) + vδ(b),
that is c ≤ γa + ϵv and d ≤ γ′b + δv for 1 ≤ γ ≤ 1 + ϵ and 1 ≤ γ′ ≤ 1 + δ. Thus
c+ d ≤ γa+ γ′b+ (ϵ+ δ)v. If γ ≥ γ′, we add the inequality 0 ≤ (γ − γ′)(b+ λv) to
the preceding one and obtain

c+ d ≤ γ(a+ b) + (ϵ+ δ)v + (γ − γ′)λv ≤ γ(a+ b) + (ϵδ + ϵλv)

≤ γ(a+ b) + (ϵ+ δ)(1 + λv).

The case γ < γ′ yields the same result. We have c+d ∈ v(ϵ+δ)(1+λ)(a+b) as claimed.
The arguments for the lower and symmetric neighborhoods are similar.

The symmetric relative topology is known to be Hausdorff if and only if the weak
preorder on P is antisymmetric (Proposition I.4.8 in [11]). If endowed with the weak
preorder, (P ,V) is again a locally convex cone with the same dual P∗ and equivalent
relative neighborhoods. More precisely: Consider the relative neighborhoods in P
that are defined using the weak preorder rather than the given order, that is for
a ∈ P , ϵ > 0 and v ∈ V let

ṽϵ(a) = {b ∈ P | b � γa+ ϵv for some 1 ≤ γ ≤ 1 + ϵ}.

Clearly vϵ(a) ⊂ ṽϵ(a). Equality does not hold true, but we observe the following.

Lemma 1.6. For a ∈ P , v ∈ V and ϵ > 0 we have ṽϵ(a) =
⋂

σ>ϵ vσ(a) =
⋂

σ>ϵ ṽσ(a).
Similar statements hold for the lower and symmetric neighborhoods.

Proof. Let a ∈ P , v ∈ V and ϵ > 0. If b ∈ ṽϵ(a), then b � γa + ϵv for some
1 ≤ γ ≤ 1 + ϵ. Given σ > ϵ set δ = (σ − ϵ)/(1 + ϵ), that is 1 + δ = (1 + σ)/(1 + ϵ).
There is 1 ≤ ρ ≤ 1 + δ such that

b ≤ ρ(γa) + (1 + δ)(ϵv).

Since 1 ≤ ργ ≤ (1+δ)(1+ ϵ) = 1+σ and (1+δ)ϵ =
(
(1+σ)/(1+ ϵ)

)
ϵ ≤ (σ/ϵ)ϵ = σ,

we infer that b ∈ vσ(a). Thus

ṽϵ(a) ⊂
⋂
σ>ϵ

vσ(a) ⊂
⋂
σ>ϵ

ṽσ(a).

For the reverse inclusion, suppose that b ∈ ṽσ(a) for all σ > ϵ and consider a down-
ward directed net (σ)i∈I converging to ϵ. We have b � γia+ σiv for 1 ≤ γi ≤ 1 + σi
and may assume that the net (γi)i∈I converges to some 1 ≤ γ ≤ 1 + ϵ. Thus for
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every µ ∈ v◦ we have µ(b) ≤ γµ(a) + ϵ, verifying that b � γa+ ϵv (Corollary I.4.34
in [11]). This yields b ∈ ṽϵ(a) as claimed. The arguments for the lower and symmetric
neighborhoods are similar.

Proposition 1.7. Suppose that P is endowed with its weak preorder. Then for
a ∈ P , v ∈ V and ϵ > 0 the upper, lower and symmetric neighborhoods vϵ(a),
(a)vϵ and vsϵ (a) are closed in the lower, upper and symmetric relative topologies,
respectively.

Proof. We consider the case of the upper neighborhoods: Let a ∈ P , v ∈ V and
ϵ > 0. Given b ∈ vϵ(a)

l and σ > ϵ we choose δ = (σ − ϵ)/(1 + ϵ). There is
c ∈ (b)vδ ∩ vϵ(a). Now b ∈ vδ(c) and c ∈ vϵ(a) implies that b ∈ v(ϵ+δ+ϵδ)(a) = vσ(a)
by Lemma 1.4(b). Hence b ∈ vϵ(a) by Lemma 1.6. The arguments for the lower and
symmetric neighborhoods are similar.

Lemma 1.8. Suppose that P is endowed with its weak preorder, let v ∈ V and
ϵ > 0. Let a, b, c ∈ P such that a is bounded, that is a ≤ λv for some λ ≥ 0. If
a + c ∈ vϵ(a + b), then c ∈ vϵ(1+λ)(b). Similar statements hold for the lower and
symmetric neighborhoods.

Proof. We consider the case of the upper neighborhoods. Let a, b, c ∈ P , v ∈ V ,
λ ≥ 0 and ϵ > 0 as stated. Let a + c ∈ vϵ(a + b)), that is a + c ≤ γ(a + b) + ϵv for
some 1 ≤ γ ≤ 1 + ϵ. For µ ∈ v◦ this yields µ(a) + µ(c) ≤ γ(µ(a) + µ(b)) + ϵ, hence

µ(c) ≤ µ(γb) + (γ − 1)µ(a) + ϵ ≤ µ(γb) + ϵλ+ ϵ ≤ µ(γb) + ϵ(1 + λ)

since µ(a) < +∞. Because P carries the weak preorder, this yields c ≤ γb + ϵ(1 +
λ)v, hence c ∈ vϵ(1+λ)(b) as claimed. The arguments for the lower and symmetric
neighborhoods are similar.

The statement of Lemma 1.8 holds for all ϵ > 0 and furnishes a cancellation property
for bounded elements of P . That is, if a + c � a + b holds for a, b, c ∈ P such that
a is bounded, then c � b. This observation will be strengthened in Proposition 2.6
below.
We shall at times assume that a locally convex cone (P ,V) is endowed with its weak
preorder rather than the given one. This assumption does not interfere with its
topologies, uniform structures, its duality or any concepts of boundedness. More-
over, the second iteration of the weak preorder, that is the second weak preorder
generated by the first one, is known to coincide with the first one (Lemma I.3.2
in [11]).

2. Compactness, precompactness and completeness in the relative
topologies of a locally convex cone

Compactness is defined in general topological spaces, but the notions of precompact-
ness and completeness require an uniform structure, which in the case of the upper
and lower relative topologies of a locally convex cone is generally not symmetric.
There are different approaches to this situation (see for example [3]).
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In [5] Motallebi defined and investigated precompactness and completeness and their
relation to compactness for the given topologies of a locally convex cone. We shall
use the relative topologies instead which are better compatible with the algebraic
operations. We also apply different notions of precompactness and completeness. In
the case of a symmetric uniformity they all coincide. For the sake of simplicity we
shall omit the explicit reference to the relative topologies in the upcoming notations.
We shall say that a non-empty subset A of a locally convex cone (P ,V) is upper,
lower or symmetric precompact (with respect to the relative topologies) if for every
v ∈ V and ϵ > 0 there are a1, . . . , an ∈ A such that

A ⊂
n⋃

i=1

vϵ(ai), A ⊂
n⋃

i=1

(ai)vϵ or A ⊂
n⋃

i=1

vsϵ (ai)

respectively. We note that according to this definition every subset B of a symmet-
ric precompact set A is again symmetric precompact. Indeed, given v ∈ V and ϵ > 0
set δ = min{1, ϵ/3}. There are a1, . . . , an ∈ A such that A ⊂

⋃n
i=1 v

s
δ(ai). Choose

bi ∈ vsδ(ai) ∩ B, provided that this intersection is not empty. For these indexes i,
Lemma 1.4(b) yields that vsδ(ai) ⊂ vs3δ(bi) ⊂ vsϵ (bi). Hence the union of these neigh-
borhoods vsϵ (bi) contains B. However, simple examples (see 2.4 below) show that a
subset of an upper or lower precompact set is not necessarily again upper or lower
precompact. A symmetric precompact set is both upper and lower precompact, but
a set which is both upper and lower precompact need not be symmetric precompact.
Let A be a subset of P . A net (ai)i∈I in A is an upper, lower or symmetric Cauchy
net (with respect to the relative topologies) in A if for every v ∈ V and ϵ > 0 there
is a ∈ A and i0 ∈ I such that

ai ∈ vϵ(a), ai ∈ (a)vϵ or ai ∈ vsϵ (a) for all i ≥ i0,

respectively. Note that these definitions involve and depend on the containing set,
that is in the upper and lower cases. Obviously, a net with a limit in A is a Cauchy
net in A, and a subnet of a Cauchy net is again a Cauchy net. In the symmetric case
we recover the usual definition of a Cauchy net, not depending on the containing
set.
Proposition 2.1. Let A be a subset of P. A net (ai)i∈I in A is a symmetric Cauchy
net if and only if for every v ∈ V and ϵ > 0 there is i0 ∈ I such that ai ∈ vsϵ (ak) for
all i, k ≥ i0.

Proof. Clearly, the condition of this proposition implies that (ai)i∈I is a symmetric
Cauchy net according to our definition. On the other hand, if (ai)i∈I satisfies this
definition, that is, given v ∈ V and ϵ > 0 we set δ = min{1, ϵ/3} and find a ∈ A
such that ak ∈ vsδ(a) for all k ≥ i0. According to Lemma 1.4(b), a ∈ vsδ(ak) implies
that vsδ(a) ⊂ vsϵ (ak). Thus ai ∈ vsϵ (ak) for all i, k ≥ i0, as claimed.
Proposition 2.2. A subset A of a locally convex cone (P ,V) is upper, lower or
symmetric precompact if and only if every ultranet in A is an upper, lower or
symmetric Cauchy net, respectively.

Proof. We shall discuss the upper case. Suppose that A is upper precompact and
let (ai)i∈I be an ultranet in A. Given v ∈ V and ϵ > 0 there are b1, . . . , bn ∈ A
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such that A ⊂
⋃n

k=1 vϵ(bk). As an ultranet (ai)i∈I is residually contained in one of
these upper neighborhoods vϵ(bk0). Thus there is i0 ∈ I such that ai ∈ vϵ(bk0) for all
i ≥ i0, hence (ai)i∈I is indeed an upper Cauchy net in A. For the reverse, assume
that every ultranet is upper Cauchy in A, but A is not upper precompact. Then
there are v ∈ V and ϵ > 0 such that for every finite subset i = {a1, . . . , an} the
union

⋃
k∈i vϵ(ak) does not cover A. Consider the index set I consisting of all finite

subsets i of A and ordered by set inclusion. For each i = {a1, . . . , an} ∈ I we choose
an element ai ∈ A \

⋃
k∈i vϵ(ak). Let (bj)j∈J be an ultra subnet of (ai)i∈I , defined by

the mapping φ : J → I. By our assumption (bj)j∈J is upper Cauchy, that is there
are b ∈ A and j0 ∈ J such that bj ∈ vϵ(b) for all j ≥ j0. But for i = {b} there is
j ∈ J such that both φ(j) ≥ i and j ≥ j0, that is bj /∈ vϵ(b), a contradiction. The
arguments in the lower and symmetric cases are similar.
A subset A of P is called upper, lower or symmetric complete (with respect to
the relative topologies) if every upper, lower or symmetric Cauchy net in A admits
a subnet that is convergent towards a limit in A in the upper, lower or symmetric
relative topology; or equivalently, if every upper, lower or symmetric Cauchy ultranet
is convergent towards a limit in A in the upper, lower or symmetric relative topology.
In case of the symmetric relative topology ist is straightforward to verify that a
Cauchy net which admits a convergent subnet is itself convergent. A set which is
both upper and lower complete need not be symmetric complete (see 2.4 below). The
following theorem recovers a corresponding equivalence in locally convex topological
vector spaces (see for example Theorem III.5 in [9]). Again, the term compact will
refer to the relative topologies of a locally convex cone.

Theorem 2.3. A subset A of a locally convex cone (P ,V) is upper, lower or sym-
metric compact if and only if it is both upper, lower or symmetric precompact and
upper, lower or symmetric complete, respectively.
Proof. We shall use the fact that a set A is compact if and only if every ultranet
in A has a limit in A (see Theorem 17.4 in [13]). Let A be upper compact. Then
every ultranet in A is convergent, hence upper Cauchy in A, and therefore A is
upper precompact by Proposition 2.2. Likewise, every upper Cauchy net (ai)i∈I in
A admits a convergent ultrasubnet, hence A is complete. Conversely, suppose that A
is both upper precompact and complete, and let (ai)i∈I be an ultranet in A. Upper
precompactness implies that (ai)i∈I is upper Cauchy. It is therefore convergent
due to the upper completeness of A. This verifies that A is upper compact. The
arguments in the lower and symmetric cases are similar.
Every subset of a locally convex cone that contains a maximal or a minimal element
is obviously upper or lower compact, since every upper or lower neighborhood of
this element contains the whole set, respectively.

Example 2.4. The locally convex cone R (see 1.1(a)) is itself upper compact, hence
upper precompact and complete.
In general, a subset A of R is upper precompact if and only if it either contains +∞
or has an upper bound in R. A ⊂ R is upper complete if and only if the set A ∩ R
is either unbounded above or contains a maximal element. Consequently, A ⊂ R is
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upper compact if and only if either +∞ ∈ A and A ∩ R is either unbounded above
or contains a maximal element, or A ⊂ R contains a maximal element.
Similarly, a subset A of R is lower precompact if and only if it is bounded below,
and A is lower complete if and only if it is either unbounded below or contains a
minimal element. Hence A ⊂ R is lower compact if and only it contains a minimal
element.
The symmetric relative topology on R coincides with the usual one on R, isolating
the point +∞. A subset A of P is therefore symmetric precompact if and only if
A ∩ R is bounded, and A is symmetric complete if and only if A ∩ R is closed in
R. Thus A ⊂ R is symmetric compact if and only if A ∩ R is compact in the usual
topology of R.
Note that the respective notions for upper and lower precompactness, complete-
ness and compactness do not necessarily combine into the symmetric ones. The set
[0,+∞], for example, is both upper and lower compact, but not symmetric precom-
pact. The set [0, 1) ∪ (1, 2] is both upper and lower compact, but not symmetric
complete.

Recall that a linear functional µ ∈ P∗ is also continuous with respect to the upper,
lower and symmetric relative topologies in P and the corresponding given, hence
also the relative topologies of R. Using the characterization of the compact subsets
of R in the preceding example we infer:

Proposition 2.5. If A ⊂ P is upper or lower compact, then every linear functional
µ ∈ P∗ attains its maximum or minimum value on A, respectively. If A ⊂ P is
symmetric compact, then the set µ(A)∩R is compact in the usual topology of R. In
particular, µ attains both its maximum and minimum values on A.

We proceed to investigate the relationship of our concepts of compactness and pre-
compactness with some corresponding notions of boundedness in locally convex
cones. Due to the intricacies of these concepts we will have to make use of a variety
definitions. There are notions of boundedness referring to a particular neighborhood
v ∈ V and corresponding concepts involving the whole neighborhood system. We
commence introducing the boundedness components of a locally convex cone.
Given a neighborhood v ∈ V the upper, lower and symmetric v-boundedness com-
ponents of an element a ∈ P are defined in Section I.4 of [11] as

Bv(a) =
⋃
ϵ>0

vϵ(a), (a)Bv =
⋃
ϵ>0

(a)vϵ and Bs
v(a) =

⋃
ϵ>0

vsϵ (a),

respectively. We note that Bs
v(a) = (a)Bv

⋂
Bv(a) and that all v-boundedness com-

ponents are convex and contain positive multiples of their elements. The upper
ones are indeed subcones of P . The upper and lower v-boundedness components
are known to be open in the upper and lower, closed in the lower and upper relative
topologies, respectively (Proposition I.4.18 in [11]). The symmetric v-boundedness
components are both open, closed and connected in the symmetric relative topology
and furnish a partition of P into disjoint convex subsets (Proposition I.4.19 in [11]).
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Moreover, the v-boundedness components of P are entirely determined by the func-
tionals in v◦ ⊂ P∗, that is we have b ∈ Bv(a) if and only if µ(a) < +∞ for µ ∈ v◦

implies that µ(a) < +∞, we have b ∈ (a)Bv if and only if µ(a) = +∞ for µ ∈ v◦

implies that µ(a) = +∞ and we have b ∈ Bs
v(a) if and only if µ(a) = +∞ for µ ∈ v◦

if and only if µ(a) = +∞ (Propositions I.4.10, I.4.12 and I.4.14 in [11]).
The upper, lower and symmetric global boundedness components of a ∈ P are the
sets

B(a) =
⋂
v∈V

Bv(a), (a)B =
⋂
v∈V

(a)Bv and Bs(a) =
⋂
v∈V

Bs
v(a),

respectively. We note that Bs(a) = (a)B
⋂
B(a). The upper and lower global bound-

edness components are known to be closed in the lower and upper relative topologies,
respectively. (Propositions I.4.11 and I.4.13 in [11]). The symmetric global bound-
edness components are closed and connected in the symmetric relative topology and
furnish a partition of P into disjoint convex subsets (Proposition I.4.17 in [11]). The
global boundedness components of P are entirely determined by the functionals in
P∗, that is we have b ∈ B(a) if and only if µ(a) < +∞ for µ ∈ P∗ implies that
µ(a) < +∞, we have b ∈ (a)B if and only if µ(a) = +∞ for µ ∈ P∗ implies that
µ(a) = +∞ and we have b ∈ Bs(a) if and only if µ(a) = +∞ for µ ∈ P∗ if and only
if µ(a) = +∞ (Propositions I.4.11, I.4.12 and I.4.24 in [11]). Note that (a)B = P
whenever the element a ∈ P is bounded.
We shall employ the following version of the cancellation law in P . Its formulation
uses the weak preorder which was introduced and characterized in Section 1.

Proposition 2.6. Suppose that a+ c � b+ c for a, b, c ∈ P .

(a) If c ∈ Bv(b) for v ∈ V, then a � b+ ϵv for all ϵ > 0.
(b) If c ∈ B(b), then a � b.

Proof. We shall make use of the fact that the weak preorder is determined by
the elements of the dual cone. Thus a + c � b + c for a, b, c ∈ P implies that
µ(a) + µ(c) ≤ µ(b) + µ(c) holds for all µ ∈ P∗. For (a) suppose that c ∈ Bv(b). We
shall verify that µ(a) ≤ µ(b) for all µ ∈ v◦, hence a � b+ ϵv for all ϵ > 0 as stated.
Indeed, if µ(b) = +∞, this claim is trivial. If µ(b) < +∞, then µ(c) < +∞ as well
since µ ∈ v◦ and c ∈ Bv(b). Thus µ(a) ≤ µ(b) holds in any case. For (b) suppose
that c ∈ B(b). For every µ ∈ P∗ we have either µ(b) = +∞ or both µ(b), µ(c) < +∞.
Thus µ(a) ≤ µ(b) holds in both cases. This yields a � b as claimed.

If the weak preorder on P is antisymmetric, that is if the symmetric relative topology
is Hausdorff, Part (b) shows that a + c = b + c for a, b, c ∈ P such that c ∈ B(b)
implies that a = b.

The relationship between precompactness and boundedness turns out to be signifi-
cantly more delicate in locally convex cones than in topological vector spaces. We
shall use the following notions of boundedness:
Let A be a subset of a locally convex cone (P ,V) and let v ∈ V .
(i) A is v-bounded above relative to b ∈ P if there are λ, ρ ≥ 0 such that a ≤ ρb+λv

for all a ∈ A.
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(ii) A is v-bounded below relative to b ∈ P if there are λ, ρ ≥ 0 such that b ≤ ρa+λv
for all a ∈ A.

(iii) A is relatively v-bounded if there are λ, ρ ≥ 0 such that a ≤ ρb + λv for
all a, b ∈ A.

The corresponding global notions of boundedness do not refer to a particular neigh-
borhood: A subset A ⊂ P is bounded above or below relative to b ∈ P if it is v
-bounded above or below relative to b for all v ∈ V . Likewise, A is relatively bounded
if it is relatively v-bounded for all v ∈ V . Note that v-boundedness below relative
to some b ∈ P implies v-bounded below relative to 0 ∈ P . Similarly,v-boundedness
above relative to 0 ∈ P implies v-boundedness above relative to all b ∈ P . We shall
use the terms v-bounded above, v-bounded below, bounded above and bounded below if
we refer to the case b = 0. In case of a locally convex vector space with the equality
as order, all the above notions of boundedness coincide with the usual one.

Proposition 2.7. Let A be a subset of P and let v ∈ V .
(a) If A is upper precompact, then A is v-bounded above relative to some element

in its convex hull.
(b) If A is lower precompact and A ⊂ (b)Bv for b ∈ P, then A is v-bounded below

relative to b.
(c) If A is symmetric precompact and A ⊂ Bs

v(b) for b ∈ P, then A is relatively v
-bounded.

Proof. For Part (a) let A ⊂ P be upper precompact. Given v ∈ V and ϵ = 1 there
are a1, . . . , an ∈ A such that A ⊂

⋃n
i=1 vϵ(ai). There is λ ≥ 0 such that 0 ≤ ai + λv

for all i = 1, . . . , n. Set b = (1/n)(a1 + . . .+ an), which contained in the convex hull
of A. Then for every a ∈ A we have a ∈ vϵ(ai0) for some i0, that is a ≤ γai0 + v for
some 1 ≤ γ ≤ 2. Hence

a ≤ γai0 + v + (2− γ)(ai0 + λv) ≤ 2ai0 + (1 + 2λ)v.

We have 0 ≤ 2ai + 2λv for all i = 1, . . . , n. Thus adding the latter inequalities for
all i 6= i0 to the former results in

a ≤ 2(a1 + . . .+ an) +
(
(1 + 2λ) + 2λ(n− 1)

)
v = (2n) b+ (1 + 2λn)v,

verifying our claim. For Part (b) suppose that A ⊂ (b)Bv for some b ∈ P and that
A is lower precompact. Given v ∈ V and ϵ = 1 there are a1, . . . , an ∈ A such that
A ⊂

⋃n
i=1(ai)vϵ. There are λ ≥ 0 such that 0 ≤ ai + λv and α, β ≥ 0 such that

b ≤ αai + βv for all i = 1, . . . , n. Then for every a ∈ A we have a ∈ (ai0)vϵ for some
i0, that is ai0 ≤ γa + v for some 1 ≤ γ ≤ 2. Hence 0 ≤ ai0 + λv ≤ γa + (1 + λ)v
and 0 ≤ a + (λ + 1)v. Thus 0 ≤ (2− γ)a + (2− γ)(λ + 1)v ≤ (2− γ)a + (1 + λ)v.
Adding this inequality to the above yields

ai0 ≤ (γa+ v) + (2− γ)a+ (λ+ 1)v = 2a+ (2 + λ)v.

Thus b ≤ (2α)a +
(
α(2 + λ) + β

)
v for all a ∈ A, as claimed. For Part (c) suppose

that A ⊂ (b)Bs
v for some b ∈ P and that A is symmetric precompact. According

to Part (a) there is c ∈ (b)Bs
v and α, β ≥ 0 such that a ≤ αc + βv for all a ∈ A.
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Moreover, according to Part (b) there are λ, ρ ≥ 0 such that c ≤ ρd + λv for all
d ∈ A. Combining these inequalities yields a ≤ (αρ)d + (αλ + β)v for all a, d ∈ A,
our claim.

Since (0)Bv = P for every v ∈ V , Part (b) implies in particular that every lower
precompact subset of P is bounded below.
We obtain a canonical partition for symmetric precompact and symmetric compact
sets:
Theorem 2.8. Given v ∈ V, a symmetric precompact subset A of P can be expressed
as a finite union of disjoint subsets A1, . . . , An, each of which is relatively v-bounded
and both open and closed in the trace of the symmetric relative topology on A. If A
is compact, then the subsets Ai are also compact.

Proof. Let A ⊂ P and v ∈ V . For every a ∈ A and ϵ > 0 the symmetric relative
neighborhood vsϵ (a) is contained in Bs

v(a). Thus if A is symmetric precompact, only
finitely many of the intersections of A with the symmetric v-boundedness compo-
nents of P can be non-empty. Therefore A can be expressed as a finite union of
disjoint subsets A1, . . . , An, each of which is the intersections of A with a symmetric
v-boundedness component of P . These components are both symmetric open and
closed in P , hence the sets Ai are themselves both open and closed in the trace of
the symmetric relative topology on A. They are indeed symmetric compact, if A
itself is symmetric compact. Furthermore, the subsets Ai of A are also symmetric
precompact and therefore relatively v-bounded by Proposition 2.7(c).

We shall illustrate these attributes in the following examples.

Examples 2.9. If the neighborhood system V of a locally convex consists of mul-
tiples of a single neighborhood, then its v-boundedness components coincide with
the global ones.
(a) In R the symmetric boundedness components are Bs(a) = R if a ∈ R and
Bs(+∞) = {+∞}. Theorem 2.8 thus confirms the observations from Example 2.4.
(b) The symmetric boundedness components in R+ (see Ex. 1.1(b)) are Bs(0) = {0},
Bs(a) = (0,+∞) if a ∈ (0,+∞) and Bs(+∞) = {+∞}. A subset A of R+ is
symmetric compact if and only if A∩ (0,+∞) is compact in the Euclidean topology.
(c) Let P be the cone of all R-valued functions on a set X endowed with the
topology of pointwise convergence. That is, the neighborhood system V consists
of the positive multiples of the functions vY , where Y is a finite subset of X and
vY (x) = 1 if x ∈ Y , and vY (x) + ∞ else (see Example 1.1(e)). In fact, P is the
product cone RX , endowed with the upper, lower and symmetric relative product
topologies of R. According to Tychonoff’s theorem P itself is upper compact. The
symmetric vY -boundedness component of a function f ∈ P is given by

Bs
vY
(f) = {g ∈ P | g(x) = +∞ for x ∈ Y if and only if f(x) = +∞}.

It is both open and closed in the symmetric relative topology of P . The global
boundedness component of f ∈ P is given by

Bs(f) = {g ∈ P | g(x) = +∞ for x ∈ X if and only if f(x) = +∞}.
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It is closed but not necessarily open. Thus the symmetric vY -boundedness compo-
nents and the global boundedness components of P are characterized by subsets of
Y and of X, respectively. Let us construct a symmetric compact subset of P . For
every x ∈ X let Sx be a closed and bounded subset of R adjoined by the element
+∞. Then Sx is symmetric compact in R. Let

A = {f ∈ P | f(x) ∈ Sx for all x ∈ X}.
Hence A is a symmetric compact subset of P . Let vY ∈ V . The finite decomposition
of A into both open and closed subsets (in the trace of the symmetric relative
topology on A) as in Theorem 2.8 is characterized by the subsets of Y : For each
Z ⊂ Y the corresponding component of A is

AZ = {f ∈ A | f(x) = +∞ for x ∈ Z and f(x) < +∞ for x ∈ Y \ Z}.
The disjoint union of these compact sets renders A.

We shall conclude this section investigating how precompact, complete and compact
subsets transfer within a locally convex cone. If the symmetric relative topology is
Hausdorff, that is if the weak preorder of P is antisymmetric, the standard results
about precompactness, completeness and compactness apply (see for example Ch. 3
in [9] or Ch. 6 and 9 in [13]):

Proposition 2.10. Suppose that the weak preorder of P is antisymmetric. Then
(a) Every subset of a symmetric precompact set in P is again symmetric precom-

pact.
(b) Every symmetric complete set in P is symmetric closed. A subset of a symmet-

ric complete set in P is itself symmetric complete if and only if it is symmetric
closed.

(c) Every symmetric compact set in P is symmetric closed. A subset of a symmet-
ric compact set in P is itself symmetric compact if and only if it is symmetric
closed.

Relations involving the non-symmetric topologies tend to be more delicate. For
our upcoming arguments we may always assume that P is endowed with its weak
preorder since this assumption does not affect any of the above concepts. We shall
list a few observations, the first of which is obvious:

Proposition 2.11. A finite union of upper, lower or symmetric precompact, com-
plete or compact subsets of P is again upper, lower or symmetric precompact, com-
plete or compact, respectively.

Using the formula α
(
vϵ(a)

)
=

(
αv

)
ϵ
(αa) from Lemma 1.5(a) for precompact and

complete sets and Proposition 1.3(c) for compact sets yields immediately:

Proposition 2.12. Let A be a subset of P .
(a) If A is upper, lower or symmetric precompact or complete and α > 0, then the

set αA is also upper, lower or symmetric precompact or complete, respectively.
(b) If A is upper, lower or symmetric compact, and Λ is a compact subset of

(0,+∞), then the set AΛ = {λa | a ∈ A, λ ∈ Λ} is also upper, lower or
symmetric compact, respectively.
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We use Lemma 1.5(b) and (c) and Proposition 1.3(b) for the following.

Proposition 2.13. Let A and B be subsets P and let a be a bounded element of P .
(a) If A and B are bounded below and upper, lower or symmetric precompact, then

A+B is also upper, lower or symmetric precompact.
(b) If B is upper, lower or symmetric complete, then a + B is also upper, lower

or symmetric complete.
(c) If A and B are upper, lower or symmetric compact, then A+B is also upper,

lower or symmetric compact.

Proof. Let A,B ⊂ P and a ∈ P be as stated. For Part (a) suppose that A and
B are bounded below and upper precompact. Given v ∈ V and ϵ > 0 there is
λ ≥ 0 such that 0 ≤ a + λv and 0 ≤ b + λv for all a ∈ A and b ∈ B. We choose
δ = ϵ/(2+2λ) and find a1, . . . , an ∈ A and b1, . . . , bm ∈ B such that A ⊂

⋃n
i=1 vδ(ai)

and B ⊂
⋃m

k=1 vδ(bk). Then

A+B ⊂
⋃

{vϵ(ai + bk) | i = 1, . . . , n, k = 1, . . . ,m}.

Indeed, for a+ b ∈ A+B we have a ∈ vδ(ai) and b ∈ vδ(bk) for some i and k. Thus
a+ b ∈ vϵ(ai+ bk) by Lemma 1.5(c). For Part (b) suppose that B is upper complete
and let (a+bi)i∈I be an upper Cauchy net in a+B. Then (bi)i∈I is an upper Cauchy
net in B. Indeed, given v ∈ V and ϵ > 0 let λ ≥ 0 such that a ≤ λv.
Set δ = ϵ/(1 + λ). There is a + b ∈ a + B and i0 ∈ I such that a + bi ∈ vδ(a + b),
hence bi ∈ vϵ(b) by Lemma 1.8, for all i ≥ i0. Since B is upper complete, (bi)i∈I
admits a subnet (bj)j∈J that has a limit b ∈ B in the upper topology. We conclude
that (a+ bj)j∈J converges to a+ b ∈ a+B. Indeed, given v ∈ V and ϵ > 0 let λ ≥ 0
such that 0 ≤ a+ λv. Set δ = ϵ/(1+ λ). There is j0 ∈ J such that bj ∈ vδ(b) for all
j ≥ j0.We have a+vδ(b) ⊂ vϵ(a+b) by Lemma 1.5(b), hence a+bj ∈ vϵ(a+b) for all
j ≥ j0. Obviously, (a+ bj)j∈J is a subnet of (a+ bi)i∈J . Thus every upper Cauchy
net in a + B is has a convergent subnet, and a + B is upper complete as claimed.
Part (c) follows from the continuity of the mapping (a, b) 7→ a + b : P × P → P
(Proposition 1.3(b)). The cases of the lower and symmetric relative topologies are
argued in a similar way.

We shall use Lemmas 1.5 and 1.8 for the following.

Proposition 2.14. Let B be a subset and let a be a bounded element of P. Then
(a) If a + B is upper, lower or symmetric precompact, then B is upper, lower or

symmetric precompact.
(b) If a + B is upper, lower or symmetric complete, then B is upper, lower or

symmetric complete.
(c) If a + B is upper, lower or symmetric compact, then B is upper, lower or

symmetric compact.

Proof. We shall prove the statements for the upper relative topology. Let B ⊂ P
and a ∈ P be as stated. For (a) suppose that a + B is upper precompact, let
v ∈ V and ϵ > 0. There is λ ≥ 0 such that a ≤ λv. For δ = ϵ/(1 + λ) there are
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b1, . . . , bn ∈ B such that a + B ⊂
⋃n

i=1 vδ(a + bi). Thus for every b ∈ B we have
a+ b ∈ vδ(a+ bk) for some 0 ≤ k ≤ n. Hence b ∈ vϵ(bk) according to Lemma 1.8.
This yields B ⊂

⋃n
i=1 vϵ(bi). For Part (b) suppose that a+B is upper complete and

let (bi)i∈I be an upper Cauchy net in B. Then (a+ bi)i∈I is an upper Cauchy net in
a+B. Indeed, given v ∈ V and ϵ > 0 there is λ ≥ 0 such that 0 ≤ a+ λv.

Set δ = ϵ/(1 + λ). There is b ∈ B and i0 ∈ I such that bi ∈ vδ(b) for all i ≥ i0.
We have a + vδ(b) ⊂ vϵ(a + b) by Lemma 1.5(b), hence a + bi ∈ vϵ(a + b) for all
i ≥ i0. The net (a+bi)i∈I therefore admits a convergent subnet (a+bj)j∈J with limit
a + b ∈ a + B. We conclude that (bj)j∈J converges to b ∈ B. Indeed, given v ∈ V
and ϵ > 0 let λ ≥ 0 such that a ≤ λv. Set δ = ϵ/(1 + λ). There is j0 ∈ I such that
bj ∈ vδ(b) for all j ≥ j0. Hence a+ bj ∈ vδ(a+ b) and bj ∈ vδ(b) by Lemma 1.8 for all
j ≥ j0. Thus every upper Cauchy net in B has an upper convergent subnet, and B
is upper complete as claimed. Part (c) follows from Parts (a) and (b) together with
Theorem 2.3. The cases of the lower and symmetric relative topologies are argued
in a similar way.

Proposition I.4.14(vii) in [11] states that for elements a and b of the same symmetric
global boundedness component the mapping α 7→ αa + (1 − α)b : [0, 1] → P is
continuous with respect to the usual topology of [0, 1] and the symmetric relative
topology of P . We prove a generalization of this result:

Lemma 2.15. For a symmetric global boundedness component Bs(c) of P the map

(a, b, α) 7→ αa+ (1− α)b : Bs(c)× Bs(c)× [0, 1] → Bs(c)

is continuous with respect to the usual topology of [0, 1] and each of the upper, lower
or symmetric relative topologies on Bs(c).

Proof. We shall argue the case that Bs(c) carries the upper relative topology. Let
(a0, b0, α0) ∈ Bs(c)×Bs(c)×[0, 1]. Given v ∈ V and 0 < ϵ ≤ 1, according to I.4.14(vii)
in [11], that is the continuity of the mapping α 7→ αa0+(1−α)b0 : [0, 1] → P with
respect to the symmetric relative topology, there is a neighborhood I of α0 ∈ [0, 1]
such that α ∈ I implies that αa0 + (1 − α)b0 ∈ vsϵ/3

(
α0a0 + (1 − α0)b0

)
. Let λ ≥ 0

such that both 0 ≤ a0+λv and 0 ≤ b0+λv.We set σ = ϵ/3(1+λ). Then a ∈ vσ(a0)
and b ∈ vσ(b0) implies

a ≤ (1 + σ)a0 +
ϵ

3
v and b ≤ (1 + σ)b0 +

ϵ

3
v

by Lemma 1.4(a), hence

αa+ (1− α)b ≤ (1 + σ)
(
αa0 + (1− α)b0

)
+

ϵ

3
v

for all α ∈ I. Since σ ≤ ϵ/3 ≤ 1, this yields

αa+ (1− α)b ∈ vϵ/3
(
αa0 + (1− α)b0

)
⊂ vϵ

(
α0a0 + (1− α0)b0

)
according to Lemma 1.4(b). The latter holds whenever (a, b, α) ∈ vσ(a0)×vσ(b0)×I,
proving continuity with respect to the upper relative topology on Bs(c) for our
mapping at (a0, b,α0). Similarly one argues the cases of the lower and symmetric
topologies.
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This yields immediately:

Proposition 2.16. If two upper, lower or symmetric compact convex subsets of P
are contained in the same symmetric global boundedness component, then the convex
hull of their union is also upper, lower or symmetric compact.

Proof. Suppose that A and B are subsets of the symmetric global boundedness
component Bs(c). The convex hull of A ∪ B is the image of the upper, lower or
symmetric compact product A×B× [0, 1] under the continuous mapping (a, b, α) 7→
αa+ (1− α)b, hence is also upper, lower or symmetric compact.

3. Compactness in weak topologies

In this section we shall further investigate the previously introduced concepts of
compactness, precompactness and completeness for the special case that a locally
convex cone carries the weak topology of a given duality. Similar studies using the
given rather than the relative topologies have been carried out in [5], [6] and [7]. Dual
pairs of cones, bilinear forms and polar topologies were introduced in Chapter II.3
of [4].
A dual pair (P ,Q) consists of two cones P and Q together with a bilinear form
(a, x) 7→ 〈a, x〉 : P × Q → R. Various locally convex cone topologies on P are
introduced by suitable families of subsets of Q leading to Mackey-Arens type results
for the resulting dual cone P∗ (Theorem II.3.8 in [4]). The order on P is defined
canonically as a ≤ b for a, b ∈ P if 〈a, x〉 ≤ 〈b, x〉 for all x ∈ Q. In our context
we are interested in the weak upper, lower and symmetric topologies σ(P ,Q) on P
which are generated by the neighborhoods vX corresponding to finite subsets X of
Q. The upper neighborhood vX(a) of an element a ∈ P is defined as

vX(a) = {b ∈ P | 〈b, x〉 ≤ 〈a, x〉+ 1 for all x ∈ X}.

The collection Vσ of all these neighborhoods forms a base for the neighborhood
system Vσ(P,Q) and generates the locally convex cone (P ,Vσ(P,Q)). The symmetric
σ(P ,Q)-topology is Hausdorff if and only if the order on P is antisymmetric.

Example 3.1. Let P be the cone of all R-valued functions on a set X (see Exam-
ple 2.9(c)) and let Q be the cone generated by all point evaluations on P , that is
Q = {

∑n
i=1 αiδxi

| αi ≥ 0, xi ∈ X}. We use the canonical bilinear form on (P ,Q)
setting 〈f,

∑n
i=1 αiδxi

〉 =
∑n

i=1 αif(xi). Then the weak topology σ(P ,Q) on P is
indeed the topology of pointwise convergence from Example 2.9(c).

Proposition 3.2. If a locally convex cone P is endowed with the weak topology of
a duality (P ,Q), then its given and its weak preorder as well as its given and its
relative upper, lower and symmetric topologies each coincide.

Proof. If a � b for a, b ∈ P , then for x ∈ Q and every ϵ > 0 there is 1 ≤ γ ≤ 1 + ϵ
such that 〈a, x〉 ≤ γ〈b, x〉 + ϵ. This yields 〈a, x〉 ≤ 〈b, x〉, hence a ≤ b. For the
second statement we first argue the case of the upper topologies. Clearly, every
upper relative neighborhood contains an upper neighborhood in the given topology.
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For the converse let a ∈ P and let v ∈ Vσ be a neighborhood defined by a finite
set X ⊂ Q. Choose ρ ≥ max

{
|〈a, x〉|

∣∣x ∈ X such that 〈a, x〉 < +∞
}

and set
ϵ = 1/(1 + ρ). Then vϵ(a) ⊂ v(a). Indeed, if b ∈ vϵ(a), then b ≤ γa + ϵv for some
1 ≤ γ ≤ 1 + ϵ, that is 〈b, x〉 ≤ γ〈a, x〉+ ϵ for all x ∈ X. Thus

〈b, x〉 ≤ 〈a, x〉+ (γ − 1)〈a, x〉+ ϵ ≤ 〈a, x〉+ ϵ(1 + ρ) = 〈a, x〉+ 1,

for x ∈ X, provided that 〈a, x〉 < +∞. The case 〈a, x〉 = +∞ is obvious. Thus
b ∈ v(a) and vϵ(a) ⊂ v(a) holds as claimed. For the lower neighborhoods with the
same choice for ρ and ϵ let b ∈ (a)vϵ. Then a ≤ γb + ϵv for some 1 ≤ γ ≤ 1 + ϵ,
hence (1/γ)a ≤ b+ ϵv and a ≤ b+

(
1− (1/γ)

)
a+ ϵv. Thus

〈a, x〉 ≤ 〈b, x〉+ γ − 1

γ
〈a, x〉+ ϵ ≤ 〈b, x〉+ ϵ(1 + ρ) = 〈b, x〉+ 1,

for x ∈ X, provided that 〈a, x〉 < +∞. If 〈a, x〉 = +∞, then 〈b, x〉 = +∞ as
well, and we conclude that b ∈ (a)v. The case of the symmetric neighborhoods
follows.

For weak topologies the notion of compactness therefore coincides in both the given
and the relative topologies. However, the uniformities induced by both sets of
topologies are generally not equivalent. Thus for precompactness and completeness
we shall use the notions for the relative topologies developed in the preceding sec-
tions. We have

(
ϵv
)
(a) ⊂ vϵ(a), (a)

(
ϵv
)
⊂ (a)vϵ and

(
ϵv
)s
(a) ⊂ vsϵ (a) for all a ∈ P ,

v ∈ V and ϵ > 0. Precompactness in the given upper, lower or symmetric topology
therefore implies precompactness in the corresponding relative topology.
For our upcoming statements about weak precompactness we require the following
technical lemma. By Z we denote the set of all integers augmented by the element
+∞. For n ∈ N we endow Zn with the componentwise order. For a subset A of Zn

an element a ∈ A is maximal if a ≤ b implies that a = b. Similarly, a ∈ A is minimal
if a ≥ b for b ∈ A implies that a = b. If A ⊂ Zn is bounded above or below by an
element of Zn, then a simple counting argument shows that for every a ∈ A there
is a maximal or a minimal element b ∈ A such that a ≤ b or a ≥ b, respectively.
Furthermore, if B is a subset of A such that for every a ∈ A there is b ∈ B such
that a ≤ b or that b ≤ A, then B contains all maximal or all minimal elements of
A, respectively.

Lemma 3.3. If a subset A of Zn is bounded above or below by an element of Zn,
then it contains only finitely many maximal or minimal elements.

Proof. We shall first consider the bounded below case. Let A ⊂ Zn be bounded
below by an element of Zn. We shall demonstrate by induction that A contains only
finitely many minimal elements. For n = 1, that is A ⊂ Z, there is nothing to prove.
Now suppose that our statement holds for some n ≥ 1 and let A ⊂ Zn+1. We consider
the projection mapping P : Zn+1 → Zn such that (z1, . . . , zn+1) 7→ (z1, . . . , zn) and
p : Zn+1 → Z such that (z1, . . . , zn+1) 7→ zn+1. We set

A∞ = {a ∈ A | p(a) = +∞} and Aoo = {a ∈ A | p(a) < +∞}.
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Then A = A∞ ∪Aoo and by our assumption for n the subsets P (A∞) and P (Aoo) of
Zn have only finitely many minimal elements each. They are projections under P
of finite subsets B∞ of A∞ and Boo of Aoo, respectively. Let l = min{p(a) | a ∈ A}
and m = max{p(b) | b ∈ Boo}. For all integers l ≤ k ≤ m− 1 set

Ak = {a ∈ A | p(a) = k}.

Every set P (Ak) ⊂ Zn has a finite subset of minimal elements, each a projection
under P of a finite subset Bk of Ak. Now let B =

(
B∞ ∪ Boo

)
∪m−1

k=l Bk. We claim
that for every a ∈ A we have a ≥ b for some b ∈ B. Indeed, if p(a) = +∞, we have
a ∈ A∞ and P (a) ≥ P (b) for some b ∈ B∞. Hence a ≥ b since p(a) = p(b) = +∞.
If p(a) = k for some l ≤ k ≤ m − 1, we have a ∈ Ak and P (a) ≥ P (b) for some
b ∈ Bk. Hence a ≥ b since p(a) = p(b) = k. Finally, if m ≤ p(a) < +∞, we have
a ∈ Aoo and P (a) ≥ P (b) for some b ∈ Boo. Hence a ≥ b since p(a) ≥ p(b). The set
B ⊂ A is finite, contains lower bounds for all elements of A, hence includes all of
its minimal elements, our claim. For the bounded above case, suppose that A ⊂ Zn

is bounded above by an element of Zn. Then −A ⊂ Zn is bounded below, and the
preceding guarantees the existence of only finitely many minimal elements of −A,
that is maximal elements of A.

Using this lemma we reverse the conclusions of Proposition 2.7 and Theorem 2.8 for
weak topologies.

Theorem 3.4. Suppose that P is endowed with the weak topology of a duality (P ,Q).

(a) A convex subset A of P is upper precompact if and only if for every v ∈ Vσ it
is v-bounded above relative to some element b ∈ A.

(b) A subset A of P is lower precompact if and only if it is bounded below.
(c) A subset A of P is symmetric precompact if and only if for every v ∈ Vσ

it can be expressed as a finite union of disjoint relatively v-bounded subsets
A1, . . . , An.

Precompactness in the given and relative topologies coincide for all subsets of P in
the lower and symmetric case and for convex subsets of P in the upper case.

Proof. Let A ⊂ P . Proposition 2.7 and Theorem 2.8 state that upper, lower or sym-
metric precompactness in the relative topologies implies the respective conditions
in (a), (b) and (c). In turn, we shall prove that these conditions imply precompact-
ness in the given topologies of P , which as earlier remarked imply precompactness in
the corresponding relative topologies. Given a neighborhood v in σ(P ,Q) we denote
by X the finite subset of Q which defines v. Under the assumptions of the respec-
tive cases we shall establish coverings by finite sets of neighborhoods v(ai), (ai)v and
vs(ai). Unfortunately, we shall have to discuss all three cases since the arguments
are sufficiently dissimilar.
For Part (a) let A ⊂ P and b ∈ A be as stated, that is there are λ, ρ ≥ 0 such that
a ≤ ρb+ λv for all a ∈ A. Let X ′ be the subset of all x ∈ X such that 〈b, x〉 < +∞
and X ′′ = X \ X ′. If X ′ = ∅, then A ⊂ w(b), and we are done. Otherwise, since
〈a, x〉 ≤ ρ〈b, x〉+λ for all x ∈ X, we find N ∈ Z such that 〈a, x〉 ≤ N for all x ∈ X ′.
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Now let T be the family of all mappings t from X ′ into the integers up to 2N . It
corresponds to a bounded above subset of Zn for some n. For every t ∈ T let At be
the subset of all a ∈ A such that (t(x)− 1)/2 < 〈a, x〉 ≤ t(x)/2 for all x ∈ X ′. Then
A =

⋃
t∈TAt. According to Lemma 3.3 the subset T′ of T consisting of those t ∈ T

such that At 6= ∅ admits a finite subset T′′ of maximal elements.
Next we choose elements at ∈ At for each t ∈ T′′. For each t ∈ T′′ we find 0 < ϵ < 1
and bt = (1 − ϵ)at + ϵb ∈ A (recall that A is supposed to be convex) such that
|〈at, x〉−〈bt, x〉| ≤ 1/2 for all x ∈ X ′. Combining all of the preceding, we claim that
A ⊂

⋃
t∈T′′ w(bt). Indeed, given a ∈ A we have a ∈ As for some s ∈ T′ and s ≤ t

for some t ∈ T′′. This shows 〈a, x〉 ≤ s(x)/2 ≤ t(x)/2 ≤ 〈at, x〉 + 1/2 ≤ 〈bt, x〉 + 1
for all x ∈ X ′. For x ∈ X ′′, on the other hand we have 〈bt, x〉 = 〈b, x〉 = +∞, and
〈a, x〉 ≤ 〈bt, x〉+ 1 holds as well. Thus a ∈ v(bt), hence our claim.
For Part (b) let A ⊂ P be bounded below, that is there is λ ≥ 0 such that 0 ≤ a+λv
for all a ∈ A. We find N ∈ Z such that 〈a, x〉 ≥ N for all x ∈ X. Now let T be the
family of all mappings t from X into {z ∈ Z | z ≥ N}. It corresponds to a bounded
below subset of Zn for some n. For every t ∈ T let At be the subset of all a ∈ A
such that t(x) ≤ 〈a, x〉 < t(x) + 1 for all x ∈ X. Then A =

⋃
t∈TAt. According to

Lemma 3.3 the subset T′ of T consisting of those t ∈ T such that At 6= ∅ admits a
finite subset T′′ of minimal elements.
Next we choose elements at ∈ At for each t ∈ T′′. We claim that A ⊂

⋃
t∈T′′(at)v.

Indeed, given a ∈ A we have a ∈ As for some s ∈ T and s ≥ t for some t ∈ T′′. This
shows 〈a, x〉 ≥ s(x) ≥ t(x) ≥ 〈at, x〉 − 1 for all x ∈ X. Thus a ∈ (at)v, and our
claim follows.
For Part (c) first suppose that A ⊂ P itself is relatively v-bounded. Then there are
λ, ρ ≥ 0 such that a ≤ ρb + λv for all a, b ∈ A, that is 〈a, x〉 ≤ ρ〈b, x〉 + λ for all
x ∈ X. In particular, 〈a, x〉 = +∞ if and only if 〈b, x〉 = +∞, and the neighborhood
v is determined on A by those x ∈ X that take only finite values on A. We may
therefore assume that there is a bounded interval I in R such that 〈a, x〉 ∈ I for
all a ∈ A and all x ∈ X. There is a finite family I of disjoint intervals in R, each
of length at most 1 and such that I is contained in their union. Now let T be the
finite family of all mappings t : X → I, and for every t ∈ T let At be the subset of
all a ∈ A such that 〈a, x〉 ∈ t(x) for all x ∈ X. Then A =

⋃
t∈TAt.

We set T′ = {t ∈ T | At 6= ∅} and choose elements at ∈ At for all t ∈ T′. We
claim that A ⊂

⋃
t∈T′ vs(at). Indeed if a ∈ A, then a ∈ At for some t ∈ T′, that

is |〈a, x〉 − 〈at, x〉| ≤ 1 for all x ∈ X. Hence a ∈ vs(at), our claim. Now in the
general case A can be expressed as a finite union of relatively v-bounded subsets,
each of which can be covered by finitely many symmetric neighborhoods vs(at) by
the preceding. Therefore A itself has the same property.

A meaningful result for completeness in relative weak topologies appears to be avail-
able only in the symmetric case. In preparation let Q⋆ be the cone of all R-valued
monotone linear functionals on Q, that is the algebraic dual of Q. Then (Q⋆,Q)
forms a dual pair and the symmetric topology σ(Q⋆,Q) on Q⋆ is Hausdorff. P can
be canonically embedded into Q⋆. This embedding is one-to-one if and only if the
symmetric σ(P ,Q)-topology on P is Hausdorff. The completeness statements below
refer to the relative topologies induced by σ(P ,Q).
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Theorem 3.5. Suppose that P is endowed with the weak topology of a duality (P ,Q)
and that the symmetric σ(P ,Q)-topology is Hausdorff. Let Q⋆ be the algebraic dual
of Q. A subset A of P is symmetric complete if and only if it is closed as a subset
of Q⋆ in the symmetric σ(Q⋆,Q)-topology.

Proof. Let A ⊂ P and let (ai)i∈I be a symmetric Cauchy net in A. We shall verify
that for every x ∈ Q the net

(
〈ai, x〉

)
i∈I is Cauchy in the symmetric topology of the

locally convex cone R. First, for the neighborhood v{x} and ϵ = 1 according to our
definition of a Cauchy net with respect to the symmetric relative topology there is
a ∈ A and i0 ∈ I such that ai ∈ v{x} ϵ(a), that is

〈ai, x〉 ≤ γ〈a, x〉+ 1 and 〈a, x〉 ≤ γ′〈ai, x〉+ 1

with some 1 ≤ γ, γ′ ≤ 2 holds for all i ≥ i0. If 〈a, x〉 = +∞, then 〈ai, x〉 = +∞
as well, and the net

(
〈ai, x〉

)
i∈I converges to +∞ ∈ R. Otherwise, we choose ρ =

2|〈a, x〉| + 1 and infer from the above that |〈ai, x〉| ≤ ρ holds for all i ≥ i0. Now,
given ϵ > 0 we set δ = ϵ/(ρ+ 1) and using Proposition 2.1 we find i1 ≥ i0 such that

〈ai, x〉 ≤ γ〈ak, x〉+ δ and 〈ak, x〉 ≤ γ′〈ai, x〉+ δ

with some 1 ≤ γ, γ′ ≤ 1 + δ holds for all i, k ≥ i1. This implies

〈ai, x〉 ≤ 〈ak, x〉+ (γ − 1)〈ak, x〉+ δ ≤ 〈ak, x〉+ δ(ρ+ 1) ≤ 〈ak, x〉+ ϵ,

hence |〈ai, x〉 − 〈ai, x〉| ≤ ϵ for all i, k ≥ i1. The net
(
〈ai, x〉

)
i∈I is therefore Cauchy,

hence convergent in the usual topology of R with limit µ(x) ∈ R. The mapping
µ : Q → R is linear and monotone, therefore an element of Q⋆ and the net (ai)i∈I
converges to µ in the symmetricσ(Q⋆,Q)-topology. If A is closed in Q⋆ with re-
spect to this topology, we infer that µ ∈ A. Furthermore, (ai)i∈I converges to µ in
the symmetric σ(P ,Q)-topology, hence in the symmetric relative topology as well
(Proposition 3.2).
For the converse, suppose that A ⊂ P ⊂ Q⋆ is symmetric complete. If µ ∈ Q⋆ is
an element of the symmetric σ(Q⋆,Q)-closure of A, then there is an net (ai)i∈I in
A converging to µ in this topology. Consequently, (ai)i∈I is a symmetric Cauchy net
in A. Indeed, given a finite subset X of Q, defining a neighborhood v in σ(P ,Q)
and ϵ > 0, there is i0 ∈ I such that |〈ai, x〉 − 〈ak, x〉| ≤ ϵ holds for all i, k ≥ i0 and
all x ∈ X. Thus ai ∈ vsϵ (ak). Therefore (ai)i∈I is convergent with limit a ∈ A with
respect to the symmetric relative topology, hence also with respect to the symmetric
σ(P ,Q)-topology which is the trace on P of the symmetric σ(Q⋆,Q)-topology. The
latter is Hausdorff which implies that µ = a ∈ A. Thus A ⊂ Q⋆ is indeed closed in
the symmetric σ(Q⋆,Q)-topology.

Combining the results of Theorems 3.4(c) and 3.5 and using Theorem 2.3 and Propo-
sition 3.2 we obtain a characterization of compact subsets of a locally convex cone
carrying the symmetric weak topology of a duality.

Theorem 3.6. Suppose that P is endowed with the weak topology of a duality (P ,Q)
and that the symmetric σ(P ,Q)-topology is Hausdorff. Let Q⋆ be the algebraic dual
of Q. A subset A of P is symmetric compact if and only if it is closed as a subset
of Q⋆ in the symmetric σ(Q⋆,Q)-topology and for every v ∈ Vσ it can be expressed
as a finite union of disjoint relatively v-bounded subsets A1, . . . , An.
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4. Locally compact convex cones

In this section we shall investigate locally compact convex cones, that is locally
convex cones (P ,V) where every element admits a base of compact neighborhoods.
We shall restrict ourselves to the symmetric relative topology and assume that this
topology is Hausdorff, that is that the weak preorder on P is antisymmetric (Propo-
sition I.4.8 in [11]). An element of P admits a base of symmetric compact neighbor-
hoods provided there is a single symmetric compact neighborhood (Theorems 17.5
and 18.2 in [13]). A subset of a symmetric compact set is again symmetric compact
if and only if it is closed (Proposition 2.10). We shall also assume that P is endowed
with its weak preorder. As mentioned before, this assumption does not interfere
with topological concepts including uniformity and boundedness, since the relative
topologies induced by the weak preorder are equivalent to those using the given
order (Lemma 1.6). The upper, lower and symmetric relative neighborhoods are
closed in the lower, upper and symmetric relative topologies in this case (Proposi-
tion 1.7). Thus if an element a ∈ P has a symmetric compact neighborhood, we
may assume that this neighborhood is of the type vsϵ (a). We shall use the above
assumptions throughout this section.
A locally convex cone (P ,V) is called locally compact (with respect to the symmetric
relative topology) if every element of P admits a base of compact symmetric relative
neighborhoods.
An element a of a locally convex cone P is invertible if there is a′ ∈ P such that
a + a′ = 0. Obviously, every invertible element a is bounded since 0 ≤ a′ + λv for
v ∈ v and λ ≥ 0 implies that a ≤ λv. Moreover, if a + a′ = a + a′′ = 0, then
a′ = a′ + (a + a′′) = (a′ + a) + a′′ = a′′. The inverse (−a) of a is therefore unique,
and we can define a negative multiple of the element a setting (−α)a = α(−a) for
α ≥ 0. The invertible elements of P therefore form a vector subspace Pi of P . The
trace of the symmetric relative topology of P coincides with the trace of the given
symmetric topology on Pi (Proposition 1.3) which is a locally convex vector space
topology.
Obviously, if the sum of two elements is invertible, then both of them are themselves
invertible. Thus the non-invertible elements of P together with 0 ∈ P form a subcone
P0 of P .

Proposition 4.1. P is the direct sum of the vector subspace Pi of its invertible
elements and the subcone P0 consisting of all non-invertible elements adjoined by
0 ∈ P . If 0 ∈ P has a symmetric compact neighborhood, then Pi is finite dimensional.

Proof. All left is to prove the last statement. Suppose that vsϵ (0) is a compact
neighborhood of 0 ∈ P . We shall demonstrate that vsϵ (0)∩Pi is also compact. Thus
the locally convex topological vector space Pi admits a compact neighborhood of the
origin and therefore is finite dimensional. For this we need to argue that vsϵ (0) ∩ Pi

is a closed subset of vsϵ (0). Indeed, let (ai)i∈I be a net in vsϵ (0) ∩ Pi converging to
a point in the closure of vsϵ (0) ∩ Pi. Clearly a ∈ vsϵ (0) since the symmetric relative
neighborhoods are closed. We shall verify that a is also invertible, hence an element
of vsϵ (0)∩Pi. We note that ai ∈ vsϵ (0) means that both ai ≤ ϵv and 0 ≤ γai+ϵv holds
with some 1 ≤ γ ≤ 1 + ϵ. The second inequality implies 0 ≤ ai + (ϵ/γ)v ≤ ai + v.
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Adding−ai to both sides of these inequalities yields 0 ≤ −ai+ϵv and−ai ≤ ϵv, hence
−ai ∈ vsϵ (0) as well. Since vsϵ (0) is compact, the net (−ai)i∈I admits a convergent
subnet (−aj)j∈J with limit a′ ∈ vsϵ (0). Now using the continuity of the addition in
P we infer that

a+ a′ = lim
j∈J

aj + lim
j∈J

(−aj) = lim
j∈J

(aj − aj) = 0.

Thus a ∈ P is also invertible and therefore an element of vsϵ (0) ∩ Pi.

We proceed to investigate how compact symmetric neighborhoods transfer between
elements of a locally convex cone.

Proposition 4.2. Let a and b be elements of P .
(a) If a has a symmetric compact neighborhood, then for every α > 0 the element

αa has a symmetric compact neighborhood.
(b) If b ∈ P is invertible, then a has a symmetric compact neighborhood if and

only if a+ b has a symmetric compact neighborhood.
(c) If P is symmetric complete, if b ∈ P is bounded and if a+ b has a symmetric

compact neighborhood, then a has a symmetric compact neighborhood.

Proof. (a) Let vsϵ (a) be a symmetric compact neighborhood of a ∈ P . For α > 0 the
neighborhood αvsϵ (a) = (αv)ϵ(αa) of αa ∈ P is also compact (Proposition 2.13(b)
and Lemma 1.5(a)).
For Part (b) let b ∈ P be invertible and let vsϵ (a) be a symmetric compact neigh-
borhood of a. Set δ = ϵ/(1 + λ), where λ ≥ 0 is such that 0 ≤ (−b) + λv. Following
Lemma 1.5(b) we have vsδ(a+b)+(−b) ⊂ vsϵ (a), hence vsδ(a+b) ⊂ vsϵ (a)+b. Accord-
ing to Proposition 2.13(c) the set vsϵ (a) + b is compact, vsδ(a + b) is a closed subset
and therefore also compact (Proposition 2.10(c)). If on the other hand a + b has
a symmetric compact symmetric neighborhood, so does a = (a + b) + (−b) by the
preceding.
For Part (c) suppose that P is symmetric complete, that b ∈ P is bounded and
that vsϵ (a + b) is compact. Set δ = ϵ/(1 + λ), where λ ≥ 0 is such that 0 ≤ b + λv.
Following Lemma 1.5(b) we have vsδ(a) + b ⊂ vsϵ (a+ b). The set vsδ(a) is symmetric
closed in P , hence symmetric complete, and so is vsδ(a) + b by Proposition 2.13(b).
As a symmetric complete subset of vsϵ (a + b) the set vsδ(a) + b is also symmetric
closed, hence symmetric compact. Finally, Proposition 2.14(c) yields that vsδ(a) is
compact as claimed.

We shall say that an element θ ∈ P is a zero-type element if θ+ θ = θ, that is if θ is
an idempotent element of the additive semigroup P . Apparent examples are 0 ∈ P ,
+∞ ∈ R and functions that take only the values 0 or = +∞ in Example 2.9(c).
Obviously the zero-type elements form a subcone of P .

Lemma 4.3. For an element θ ∈ P the following are equivalent:
(i) θ is a zero-type element.
(ii) αθ = θ for all α > 0.

(iii) θ + a = a for all a ∈ Bs(θ).

(iv) Linear functionals in P∗ take only the values 0 or +∞ at θ.
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Proof. Clearly, (ii) implies (i) and (i) implies (iv). Moreover, if (iv) holds and
a ∈ Bs(θ), then for every µ ∈ P∗ we know that µ(a) = +∞ if and only if µ(θ) =
+∞. Otherwise we have µ(θ) = 0, hence µ(θ + a) = µ(a) in any case. Following
Corollary I.4.31 in [11] this implies both θ + a � a and a � θ + a, hence θ = θ + a
since the weak preorder is supposed to be antisymmetric. Thus (iv) implies (iii).
Now if (iii) holds and α > 1, we set β = α/(α − 1), that is α = β/(β − 1). Then
βθ = θ + (β − 1)θ = (β − 1)θ by (iii). (Recall that Bs(ρa) = Bs(a) for all a ∈ P
and ρ > 0.) Thus αθ = (β/(β − 1))θ = θ, as claimed in (ii). If 0 < α < 1, we
have (1/α)θ = θ by the above, hence θ = αθ as well. Thus (iii) implies (ii) which
completes our argument.

Proposition 4.4. All extreme points of an upper, lower, symmetric, global or v
-boundedness component are zero-type elements. A symmetric global boundedness
component of P contains at most one zero-type element.

Proof. Let B be a boundedness component and suppose that a ∈ B is not a zero-
type element. By Lemma 4.3(ii) there is α > 0 such that αa 6= a. Both b = αa and
c = (1/α)a are elements of B and a =

(
1/(α + 1)

)
b+

(
α/(α + 1)

)
c. Hence a is not

an extreme point of B. If both θ and θ′ are zero-type elements in a symmetric global
boundedness component Bs(a), then Bs(a) = Bs(θ) = Bs(θ′) and θ′ = θ + θ′ = θ
by 4.3(iii).

Given a neighborhood v ∈ V and a zero-type element θ ∈ P we denote by v◦θ the
set of all µ ∈ v◦ such that µ(θ) = 0. The elements of v◦θ take only finite values on
Bs
v(θ). The following is easily verified:

Lemma 4.5. Let θ ∈ P be a zero-type element, v ∈ V and ϵ > 0. Then
(a) vsϵ (θ) = (ϵv)s(θ) = ϵ vs(θ) and δvsϵ (θ) = vsϵδ(θ) for all δ > 0.

(b) If a ∈ Bs
v(θ), then a ∈ vsϵ (θ) if and only if |µ(a)| ≤ ϵ for all µ ∈ v◦θ .

(c) If a ∈ Bs
v(θ) is a zero-type element, then µ(a) = 0 for all µ ∈ v◦θ , that is

a ∈ vsδ(θ) for all δ > 0.

Proof. We have a ∈ vsϵ (θ) if and only if both a ≤ γθ + ϵv and θ ≤ γ′a + ϵv holds
with 1 ≤ γ, γ′ ≤ 1 + ϵ. Since γθ = (1/γ)θ = θ and (1/γ)v ≤ v we realize that the
above conditions are equivalent to a ≤ θ+ ϵv and θ ≤ a+ ϵv, that is a ∈ (ϵv)s(θ), or
equivalently (1/ϵ)a ∈ vs(θ). Hence the first statement in (a). The second statement
follows from the first one, which yields δvsϵ (θ) = δϵ vs(θ) = vsϵδ(θ).

For Part (b) we recall that according to our general assumption for this section
P carries the weak preorder, hence a ≤ b + ϵv holds for a, b ∈ P if and only
if µ(a) ≤ µ(b) + ϵ for all µ ∈ v◦ (Corollary I.4.34 in [11]). If a ∈ Bs

v(θ), then
µ(a) = +∞ if and only if µ(θ) = +∞ for all µ ∈ v◦. Consequently, a ≤ θ + ϵv and
θ ≤ a+ ϵv if and only if µ(a) ≤ ϵ and 0 ≤ µ(a) + ϵ holds for all µ ∈ v◦θ .

For Part (c), if a ∈ Bs
v(θ), then µ(a) < +∞ for all µ ∈ v◦θ . If a is a zero-type

element, then µ(a) = 0 by Lemma 4.3(iii) and therefore a ∈ vsδ(θ) for all δ > 0 by
Part (b).
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Lemma 4.6. For an element a ∈ P, with respect to the symmetric relative topology
of P the following are equivalent:
(i) There is a net (αi)i∈I in (0,+∞) converging to 0 ∈ R such that the net (αia)i∈I

is convergent in P .
(ii) If (αi)i∈I is a net in (0,+∞) converging to 0 ∈ R and (ai)i∈I is a net in

P converging to a, then the net (αiai)i∈I converges to a zero-type element in
Bs(a).

(iii) Bs(a) contains a zero-type element.

Proof. Clearly, (ii) implies (i). If (αi)i∈I is a net in (0,+∞) converging to 0 ∈ R
and (αia)i∈I is converges to θ ∈ P , then for every µ ∈ P∗ the net

(
µ(αia)

)
i∈I

converges to µ(θ). Hence either µ(θ) = 0 or µ(θ) = +∞. Thus θ is a zero-type
element according to Lemma 4.3. For every v ∈ V there is αia ∈ vs1(θ) = vs(θ) for
some i ∈ I. This shows θ ∈ Bs

v(a), thus θ ∈ Bs(a) since the former holds for all
v ∈ V .
Accordingly (i) implies (iii) and all left to show is that (iii) implies (ii).
For this purpose suppose that (αi)i∈I is a net in (0,+∞) converging to 0 ∈ R, the
net (ai)i∈I in P converges to a and θ is a zero-type element in Bs(a). We shall
demonstrate that the net (αiai)i∈I converges to θ. Indeed, given v ∈ V and ϵ > 0
there is ρ > 0 such that a ∈ vsρ(θ). We set δ = min{1, ϵ/(2ρ + 1)}. There is i0 ∈ I
such that both 0 < αi ≤ δ and ai ∈ vsδ(a) for all i ≥ i0. According to Lemma 1.5(a)
this implies αiai ∈ (αiv)

s
δ(αia) ⊂ (δv)sδ(αia).

Since αia ∈ αiv
s
ρ(θ) = (αiv)

s
ρ(θ) ⊂ (δv)sρ(θ), we use Lemma 1.4(b) and infer that

αiai ∈ (δv)sσ(θ), where σ = δ + ρ + δρ ≤ 1 + 2ρ. Now Lemma 4.5(a) yields that
(δv)sσ(θ) = vsδσ(θ), and since δσ ≤ ϵ, we conclude that αiai ∈ vsϵ (θ) holds for all
i ≥ i0. This completes our argument.
Other than the global boundedness components, the larger v-boundedness compo-
nents of a locally convex cone can hold more than one zero-type element. (See
Example 2.9(c).)

Proposition 4.7. If a zero-type element θ ∈ P has a symmetric compact neighbor-
hood vsϵ (θ), then
(a) every element of Bs

v(θ) has a symmetric compact neighborhood;
(b) Bs(a) contains a zero-type element for every a ∈ Bs

v(θ).

(c) a ∈ Bs
v(θ) is a zero-type element if and only if µ(a) = 0 for all µ ∈ v◦θ , that is

if a ∈ vsδ(θ) for all δ > 0.

Proof. Let vsϵ (θ) be a symmetric compact neighborhood of θ ∈ P and let a ∈ Bs
v(θ).

There is ρ > 0 such that a ∈ vsρ(θ). Using Lemmas 1.4(b) and 4.5(a) we infer that

vsϵ (a) ⊂ vs(ϵ+ρ+ϵρ)(θ) = (1 + ρ+ ρ/ϵ)vsϵ (θ).

As a multiple of a symmetric compact set the latter is symmetric compact, hence
also its closed subset vsδ(a). Part (a) of our claim follows.
For Part (b) we set αn = ϵ/(nρ) for n ∈ N and observe that αna ∈ vsϵ (θ). Since this
set is symmetric compact, the sequence

(
(1/ρn)a

)
n∈N admits a convergent subnet.

Now Lemma 4.6 yields Part (b) of our claim.
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Lemma 4.5(c) states the first implication in (c). For the converse suppose that
µ(a) = 0 for all µ ∈ v◦θ , that is a ∈ vsδ(θ) for all δ > 0. Thus a ∈ vs(ϵ/n)(θ),
hence na ∈ nvs(ϵ/n)(θ) = vsϵ (θ) for all n ∈ N. We shall use Lemma 4.3 in order
to verify that a is a zero-type element. For µ ∈ P∗, according to Proposition 2.5
the set µ

(
vsϵ (θ)

)
∩ R is compact in the usual topology of R. Thus we have either

µ(a) = +∞ or nµ(a) is contained in the compact set µ
(
vsϵ (θ)

)
∩ R for all n ∈ N.

The latter implies that µ(a) = 0 as required by 4.3(iv).

We shall conclude our investigations into locally compact convex cones looking at
the existence of compact bases (see for example [2]). Other than in the case of
subcones of locally convex vector spaces, this concept will apply to the boundedness
components rather than the whole of P . Our main result will depend on the existence
of sufficiently man zero-type elements.
Let v ∈ V and let Bs

v(a) be the symmetric v-boundedness component of an element
a ∈ P . A subset C of Bs

v(a) is a base of Bs
v(a) if there are µ, ν ∈ v◦ such that

µ(a), ν(a) < +∞ and γ > 0 such that

C = {c ∈ Bs
v(a) | µ(c) = ν(c) + γ}

and if every non-zero-type element of Bs
v(a) is a positive multiple of an element of

C. Note that the requirements for the functionals µ and ν guarantee that both take
only finite values on Bs

v(a). Thus µ(θ) = ν(θ) = 0 holds for any zero-type element
θ ∈ Bs

v(a) (see Lemma 4.3(iii)) which therefore can not be contained in C. We infer
that ν(a) ≤ µ(a) holds for all a ∈ Bs

v(a) and that ν(a) = µ(a) if and only if a is a
zero-type element.
We shall say that the symmetric v-boundedness component Bs

v(a) is proper if the
zero-type elements form a face in Bs

v(a), that is if θ = b+ c for a zero-type element
θ ∈ Bs

v(a) and b, c ∈ Bs
v(a) implies that both b and c are also zero-type elements.

We shall use the same notations for the global symmetric boundedness component
Bs(a) of a, requiring that µ, ν ∈ v◦ for some v ∈ V such that µ(a), ν(a) < +∞ in
the definition of a base C of Bs(a). Proposition 4.4 implies that a global symmetric
boundedness component is proper if and only if it either contains no zero-type
elements or exactly one which is its only extreme point. For the following recall
that the symmetric v-boundedness components are both open and closed in the
symmetric relative topology of P .

Lemma 4.8. Let a ∈ P and v ∈ V. If the symmetric v-boundedness component
Bs
v(a) has a base, then it is proper and its zero-type elements form a closed subset.

Proof. Let a ∈ P , v ∈ V and let C be a base of Bs
v(a). There are µ, ν ∈ v◦ such

that µ(a), ν(a) < +∞ and γ > 0 such that

C = {c ∈ Bs
v(a) | µ(c) = ν(c) + γ}.

Then ν(a) ≤ µ(a) for all a ∈ Bs
v(a) and A = {a ∈ Bs

v(a) | µ(c) = ν(c)} is the
set of all zero-type elements in Bs

v(a). The functionals µ and ν are continuous with
respect to the symmetric relative topology of P , hence A is closed in P . If θ = b+ c
for a zero-type element θ ∈ Bs

v(a) and b, c ∈ Bs
v(a), then µ(a) + µ(b) = µ(θ) = 0
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and ν(a) + ν(b) = ν(θ) = 0. Thus µ(a) ≥ ν(a) = −ν(b) ≥ −µ(b) = µ(a), that is
µ(a) = ν(a) and µ(b) = ν(b). Hence both a and b are also zero-type elements, and
Bs(θ) is seen to be proper.

Theorem 4.9. For a zero-type element θ ∈ P and a neighborhood v ∈ V the
following are equivalent:
(i) θ has a symmetric compact neighborhood vsϵ (θ) and Bs

v(θ) is proper.
(ii) Bs

v(θ) has a symmetric compact base and Bs(a) contains a zero-type element
for every a ∈ Bs

v(θ).

Proof. In order to verify that (i) implies (ii), let vsϵ (θ) be a symmetric compact
neighborhood of θ ∈ P and suppose that Bs

v(θ) is proper. Recall that we have
vsϵ (θ) = ϵvs(θ) ⊂ Bs

v(θ). Hence according to Proposition 2.12 the symmetric neigh-
borhood vs(θ) is also symmetric compact. In a first step we shall construct a sym-
metric compact subset A of Bs

v(θ) not containing any zero-type element and such
that every non-zero-type element of Bs

v(θ) is a positive multiple of an element of A.
For this we consider the functional p on Bs

v(θ) defined as

p(a) = inf{λ ≥ 0 | a ∈ λvs(θ)}

and observe that:
(i) p(a) < +∞ since Bs

v(θ) =
⋃

ρ>0 v
s
ρ(θ) =

⋃
ρ>0 ρv

s(θ);
(ii) p(a+ b) ≤ p(a) + p(b) and (αa) = αp(a) for all a, b ∈ Bs

v(θ) and α > 0;
(iii) vs(θ) = p−1([0, 1]).
Indeed, vs(θ) ⊂ p−1([0, 1] is obvious.
The reverse inclusion follows since a ∈ p−1([0, 1]) implies that a ∈ σvs(θ) = vsσ(θ)
for all σ > 1. Hence a ∈ v1(θ) = v(θ) by Lemma 1.6 because P carries the weak
preorder;
(iv) The set p−1([0, 1)) is open in the symmetric relative topology since for every
a ∈ ρvs(θ) = vsρ(θ) for ρ < 1, according to Lemma 1.4(b) there is δ > 0 such that
vsδ(a) ⊂ vsρ′(θ) = ρ′vs(θ) for some ρ′ < 1:
(v) According to Proposition 4.7(c) a ∈ Bs

v(θ) is a zero-type element if and only if
p(a) = 0. Using these observations we set A = p−1({1}) = vs(θ) \ p−1([0, 1)).
Following the above, A is a closed, hence compact subset of vs(θ) in the symmetric
relative topology. For every non-zero-type element a ∈ Bs

v(θ) we have p(a) > 0,
hence

(
1/p(a)

)
a ∈ A. Thus a is a positive multiple of an element of A. Now in a

second step we shall verify that the closed convex hull B of A, which is a subset
of Bs

v(θ), does not contain θ. In a vector space situation we might use the Krein-
Milman theorem for this conclusion. Instead we shall use a suitable embedding and
proceed as follows: Let H be the vector space of real-valued functions on vs(θ),
generated by the functionals µ ∈ v◦θ , that is the functions in h ∈ H are of the type
h = λ(µ − ν), where µ, ν ∈ v◦θ and λ ≥ 0. These are affine functions, continuous
with respect to the symmetric relative topology of the compact convex set vs(θ) (see
Proposition I.4.5 in [11]). We endow the vector space H with the maximum norm
for functions, its dual space H∗ with the weak* topology. Next we consider the
embedding Φ : vs(θ) → H∗ mapping a ∈ vs(θ) onto the point evaluation δa ∈ H∗
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such that δa(h) = h(a) for h ∈ H. This embedding is not necessarily one-to-one,
but affine and continuous with respect to the symmetric relative topology of vs(θ)
and the weak* topology of H∗. The set Φ

(
vs(θ)

)
⊂ H∗ is therefore weak*-compact

and convex. Its subset Φ(A) is also compact and does not contain Φ(θ). Indeed, for
a ∈ A, we have a /∈ (1/2)vs(θ), and there is µ ∈ v◦θ such that µ(a) 6= µ(θ) = 0. Since
µ ∈ H, we conclude that

(
Φ(a)

)
(µ) = µ(a) 6= µ(θ) =

(
Φ(θ)

)
(µ). Thus Φ(θ) 6= Φ(a).

Furthermore, according to the assumption that Bs
v(θ) is proper, Φ(θ) is an extreme

point of Φ
(
vs(θ)

)
. Indeed, suppose that

Φ(θ) = λΦ(a) + (1− λ)Φ(b) = Φ
(
λa+ (1− λ)b

)
for a, b ∈ vs(θ) and 0 < λ < 1. Then µ

(
λa + (1 − λ)b

)
= µ(θ) = 0 for all µ ∈ v◦θ .

Thus θ′ = λa + (1 − λ)b is a zero-type element according to Proposition 4.7(c).
Hence both a and b are also zero-type elements since Bs

v(θ) is proper. But the latter
implies that Φ(a) = Φ(b) = Φ(θ) = 0 ∈ H∗ as claimed. Now the Krein-Milman
Theorem (see for example [8] or [1]) applies: The closed convex hull B̃ of Φ(A) in
H∗ is weak*-compact and does not contain Φ(θ). Moreover, according to the Hahn-
Banach theorem, there is a weak*-continuous linear functional on H∗, that is a
function h ∈ H (the dual of H∗ in the weak* topology is known to be H) and α ∈ R
such that h

(
Φ(θ)

)
< α < h(B̃). The function h ∈ H is of the type h = λ(µ − ν)

with µ, ν ∈ v◦θ and λ > 0. Since h(Φ(θ)) = 0, the above reads 0 < α < h(B̃),
that is 0 < γ < (µ− ν)(B̃), where γ = α/λ. Next we set B = Φ−1(B̃) ⊂ vs(θ) and
understand from the preceding that ν(b) + γ < µ(b) holds for all b ∈ B. We are
finally ready to identify a compact base of Bs

v(θ). We set

C = {c ∈ Bs
v(θ) | µ(c) = ν(c) + γ}

Indeed, because every non-zero-type element of Bs
v(θ) is a positive multiple of some

a ∈ A, for every c ∈ C there are a ∈ A and α > 0 such that c = αa. Thus
µ(a) = ν(a) + γ/α and also ν(a) + γ < µ(a) since A ⊂ B. This yields γ < γ/α,
hence p(c) = α < 1 and c ∈ vs(θ). Thus C is symmetric compact as it is closed
in vs(θ). Moreover, for every non-zero-type element a ∈ Bs

v(θ) we have a = βb for
some b ∈ B and β > 0, hence ν(a) + βγ < µ(a). We set

c =
γ

µ(a)− ν(a)
a

and realize that c ∈ C. Since a is a positive multiple of c, we conclude that C
is indeed a compact base of Bs

v(θ). Moreover, Proposition 4.7 yields that Bs(a)
contains a zero-type element for every a ∈ Bs

v(θ), the second statement in (ii).
Now for the reverse implication suppose that (ii) holds true. There are µ, ν ∈ v◦θ
and γ > 0 such that the set

C = {c ∈ Bs(θ) | µ(c) = ν(c) + γ}

is a symmetric compact base of Bs
v(θ). We recall that ν(a) ≤ µ(a) holds for all

a ∈ Bs
v(θ). Lemma 4.8 yields that Bs(θ) is proper, the second statement in (i). For

the first statement we shall establish that the set

C[0,1] = {αc | c ∈ C, α ∈ [0, 1]} = {a ∈ Bs(θ) | µ(a) ≤ ν(a) + γ}
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is symmetric compact and contains a neighborhood of θ. For the latter we choose
ϵ = γ/2 and for every element a ∈ vsϵ (θ) observe that both |µ(a)| ≤ ϵ and |ν(a)| ≤ ϵ
(Lemma 4.5(b)), hence µ(a) ≤ ϵ ≤ ν(a) + 2ϵ = ν(a) + γ.
Thus a ∈ C[0,1], verifying that vsϵ (θ) ⊂ C[0,1] as claimed. For compactness, consider
a net (ai)i∈I in C[0,1], whereby ai = αici with αi ∈ [0, 1] and ci ∈ C. Since both [0, 1]
and C are compact in their respective topologies there exists a subnet (aj)j∈J of
(ai)i∈I such that both nets (αj)j∈J and (cj)j∈J are convergent with limits α ∈ [0, 1]
and c ∈ C, respectively. If α > 0, then the continuity of the scalar multiplication
with respect to the symmetric relative topology of P (Proposition 1.3(c)) at the
point (α, c) ∈ (0,+∞)×P implies that (aj)j∈J converges to the element αc ∈ C[0,1].
If α = 0 on the other hand, we use Lemma 4.6 and argue that (aj)j∈J converges to
the unique zero-type element θ′ in Bs(c) ⊂ Bs

v(c) = Bs
v(θ). Since θ′ ∈ vsϵ (θ) ⊂ C[0,1]

(Lemma 4.5(c)), the given net (ai)i∈I admits a convergent subnet with limit in C[0,1]

in any case, demonstrating that C[0,1] is indeed symmetric compact. So is its closed
subset vsϵ (θ). Hence (ii) implies (i).

A similar equivalence is generally not available for v-boundedness components that
do not contain a zero-type element (see Example ??(b) below). However, we are
able to recover a modified version of one of the implications using a weaker version
of compactness for a base of a boundedness component. For an element a of P
and a neighborhood v ∈ V we shall say that a base C of Bs

v(s) has a symmetric
compact cover if for every non-zero-type element b ∈ Bs

v(a) there is a symmetric
compact subset D of C such that b is in the topological interior (with respect to
the symmetric relative topology) of D(0,+∞) = {λd | d ∈ D, λ ∈ (0,+∞)}. A
brief argument shows that in the situation of Theorem 4.9 this notion is implied by
compactness.

Lemma 4.10. Let a ∈ P and v ∈ V. Every symmetric compact base for Bs
v(a) has

a symmetric compact cover.

Proof. Let a ∈ P , v ∈ V and let C be a symmetric compact base of Bs
v(a).According

to Lemma 4.8 the set A of all zero-type elements of Bs
v(a) is closed in P and its

complement in Bs
v(a) is open. (Recall that Bs

v(a) is both open and closed in P .) We
set D = C in the above definition of a symmetric compact cover of C. Then D(0,+∞)

coincides with the open set Bs
v(a) \ A of all non-zero-type elements of Bs

v(a). Our
claim follows.

Theorem 4.11. If for a ∈ P and v ∈ V the boundedness component Bs
v(a) has a

base with symmetric compact cover, then Bs
v(a) is proper and every non-zero-type

element of Bs
v(a) has a symmetric compact neighborhood.

Proof. Let a ∈ P , v ∈ V and let C be a base of Bs
v(a). There are µ, ν ∈ v◦ such

that µ(a), ν(a) < +∞ and γ > 0 such that
C = {c ∈ Bs

v(a) | µ(c) = ν(c) + γ}.

According to Lemma 4.8 Bs
v(a) is proper. For our second claim, let b ∈ Bs

v(a) be a
non-zero-type element. Hence b is a positive multiple of some element in C, that is
b = βc for some β > 0, and therefore µ(b) = ν(b) + βγ.
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If C has a symmetric compact cover, there is a compact subset D of C such that
b is in the topological interior D ◦

(0,+∞) of D(0,+∞). We choose 0 < λ < β < ρ and
observe that the set

C(λ,ρ) = {b ∈ Bs(a) | ν(b) + γλ < µ(b) < ν(b) + γρ}

is open in P since the functionals µ and ν are continuous with respect to the sym-
metric relative topology. Thus u = C(λ,ρ) ∩ D ◦

(0,+∞) is an open neighborhood of b.
On the other hand u is a subset of

D[λ,ρ] = {δd | d ∈ D, δ ∈ [λ, ρ]}

which according Proposition 2.12(b) is indeed symmetric compact. This yields our
claim.

Similar results are available involving the global rather than the symmetric v-
boundedness components of P . As mentioned before, these form a partition of
closed but not necessarily open subsets op P with respect to its symmetric relative
topology. Neighborhoods in the trace topology of a global boundedness component
are therefore not necessarily neighborhoods in P . Compactness, hoverer coincides
in both instances.
In order to investigate this setting, given a zero-type element θ ∈ P we consider
the locally convex cone (Pθ,V), where Pθ = Bs with the slightly modified scalar
multiplication defining 0 · a = θ for all a ∈ Pθ. Thus θ is the zero element of Pθ

(see Lemma 4.3). The requirements for a locally convex cone are easily checked. All
elements of Pθ are bounded and its symmetric relative topology coincides with the
trace of the symmetric relative topology on Bs(θ). The dual cone of Pθ consists of
all elements µ ∈ P∗ such that µ(θ) = 0. Now applying Proposition 4.7 to (Pθ,V)
yields

Proposition 4.12. If a zero-type element θ ∈ P has a compact neighborhood in the
trace of the symmetric relative topology on Bs(θ), then every element of Bs(θ) has a
compact neighborhood in this topology.

Theorems 4.9 and 4.11 translate into

Theorem 4.13. For a zero-type element θ ∈ P the following are equivalent:
(i) θ has a symmetric compact neighborhood vsϵ (θ) with respect to the trace of the

symmetric relative topology on Bs(a) and Bs(θ) is proper.
(ii) Bs(θ) has a symmetric compact base.

Theorem 4.14. If for a ∈ P the boundedness component Bs(a) has a base with
symmetric compact cover, then Bs(a) is proper and every non-zero-type element of
Bs(a) has a compact neighborhood with respect to the trace of the symmetric relative
topology on Bs(a).

Examples 4.15. (a) For n ∈ N let P = {(x1, x2, . . . , xn) | xi ∈ [0,+∞]} with the
algebraic operations and order of Rn and the neighborhood system consisting of all
strictly positive multiples of the neighborhood v = (1, 1, . . . , 1). The v- and global
boundedness components of P coincide and are as follows:
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For a subset Y of {1, 2, . . . , n} let

θY = {(z1, z2, . . . ,n ) | zi = 0 if i ∈ Y, and zi = +∞, else}.

Each θY is a zero-type element and the boundedness components Bs(θY ) form a
partition of P into both closed and open sets. The set

CY =

{
(c1, c2, . . . , cn)

∣∣∣ 0 ≤ ci,
∑
i∈Y

ci = 1 and ci = +∞ for i /∈ Y

}
is a base of Bs(θY ). It is symmetric compact since it is homeomorphic to a compact
subset of R|Y |, where |Y | denotes the number of elements of Y . Hence P is locally
compact according to Theorem 4.13 and Proposition 4.12.
(b) Let P be the cone of all polynomials f = a0+a2x

2 on R, such that a0, a2 ∈ R and
a2 ≥ 0, endowed with the pointwise order for functions on R and the neighborhood
system of all positive constants, that is V = {ϵ > 0}. Obviously, the functions in P
are bounded below. The v-boundedness components coincide with the global ones
and are given by Bs(1) = {a0 ∈ R} and Bs(x2) = {a0 + a2x

2 | a0 ∈ R and a2 > 0}.
A linear functional µ on P is defined by two numbers α0 ∈ R and α2 ∈ R, that
is µ = (α0, α2) such that µ(a0 + a2x

2) = α0a0 + α2a2 for a0 + a2x
2 ∈ P . It is an

element of P∗ if and only if both α0, α2 ≥ 0. Clearly, Bs(1) is locally compact since
it is isomorphic to R. But Bs(1) does not have a base as it is not proper. In order to
show that Bs(x2), which is prober but does not contain a zero-type element, is locally
compact we shall use Theorem 4.11. Consider the linear functionals µ = (0, 1) and
ν = (1, 0). The set

C = µ−1(1) = {a0 + x2 | a0 ∈ R}
is a base of Bs(x2). It is symmetric closed, but obviously not symmetric compact.
(The sequence (fn)n∈N in C such that fn = n + x2 does not have a convergent
subnet.) We shall show that C has a symmetric compact cover. For λ > 0 let

Dλ = C ∩ ν−1[−λ, λ] = {a0 + x2 | a0 ∈ [−λ, λ]}.

Since Dλ is the convex hull of the elements −λ + x2 and λ + x2 in Bs(x2), it is
symmetric compact according to Proposition 2.16. We proceed to verify that the
sets Dλ form a compact cover of C. First we observe that

Dλ
(0,+∞) = {a0 + a2x

2 | a0 ∈ [−λa2, λa2]}.

Next for σ > 0 and ρ > 1 we set

Cσ
ρ = ν−1

(
(−σ, σ)

)
∩ µ−1

(
(1/ρ, ρ)

)
= {a0 + x2 | a0 ∈ (−σ, σ), a2 ∈ (1/ρ, ρ)}.

This set is open since the functionals µ and ν are continuous. Moreover, we realize
that Cσ

ρ ⊂ Dσρ
(0,+∞). Indeed, if a0 + a2x

2 ∈ Cσ
ρ , then (σρ)a2 ≥ σ and −(σρ)a2 ≤ −σ.

Thus − (σρ)a2 ≤ −σ ≤ a0 ≤ σ ≤ (σρ)a2

as claimed. Now for every f = a0+a2x
2 ∈ B(x2) there are σ, ρ > 0 such that f ∈ Cσ

ρ

which by the above is contained in the topological interior of Dσρ
(0,+∞). Therefore
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the sets Dλ form a compact cover of C, and according to Theorem 4.11 the locally
convex cone P is indeed locally compact. With some effort this example can be
generalized using cones of polynomials of higher even degrees.
(c) Let X be a compact Hausdorff space. We consider regular [0,+∞]-valued Borel
measures µ on X, where both σ-additivity and regularity are required with respect
to the symmetric topology of R. This is stronger than the usual requirement of
convergence with respect to the one-point compactification topology of R ∪ {∞}.

In particular, σ-additivity in this sense requires that µ
(⋃∞

i=1Ai

)
= +∞ for Borel

subsets Ai of X implies that µ
(⋃n

i=1Ai

)
= +∞ for some n ∈ N. Regularity means

that for every Borel set Y in X we have µ(Y ) = limO⊃Y µ(O) and for every open
set O in X we have µ(O) = limK⊂O µ(K), where the limits are taken over the
downward directed net of open sets O ⊃ Y and the upward directed net of compact
set K ⊂ O, respectively. For an open set O such that µ(O) = +∞ the latter
requires that µ(K) = +∞ for some compact subset K of O. We shall first list a few
properties of measures µ and ν of this type:
(i) There exists a largest open subset Oµ of X such that µ(Oµ) < +∞. Indeed,
let Oµ =

⋃
{O open | µ(O) < +∞}. Every compact subset K of Oµ is covered by

finitely many of these open sets O1, . . . , On, hence µ(K) ≤
∑n

i=1 µ(Oi) < +∞. Thus
µ(Oµ) < +∞ as well by the regularity of µ.
(ii) Oλµ = Oµ for λ > 0 and Oµ+ν = Oµ ∩ Oν . Indeed, (µ + ν)(O) < +∞ for an
open set O ⊂ X if and only if both µ(O) < +∞ and ν(O) < +∞, that is if and
only if O ⊂ Oµ ∩Oν .

(iii) µ(Y ) < +∞ for a Borel set Y in X if and only if Y ⊂ Oµ. Indeed, Y ⊂ Oµ

implies that µ(Y ) ≤ µ(Oµ) < +∞. If on the other hand µ(Y ) < +∞, then there is
an open set O containing Y and such that µ(O) < +∞. Hence Y ⊂ O ⊂ Oµ.

(iv) µ can be expressed as a sum of a finite measure ϕµ ∈ P and a zero-type element
θµ ∈ P . Indeed, for a Borel set Y in X we set ϕµ(Y ) = µ(Y ∩Oµ) and θµ(Y ) = 0 if
Y ⊂ Oµ, θµ(Y ) = +∞, else. The required properties are readily checked.
(v) For a continuous non-negative function f on X we have

∫
X
f dµ < +∞ if and

only if f(x) = 0 for all x ∈ X \ Oµ. Indeed, if this condition holds for f , then∫
X
f dµ =

∫
Oµ
f dµ ≤ M µ(Oµ) < +∞, where M denotes the maximum value of f

on X. If on the other hand f(x0) > 0 for some x0 /∈ Oµ, then the set Y = {x ∈ X |
f(x) ≥ f(x0)/2} has measure +∞ by (iii). Hence

∫
X
f dµ = +∞.

In order to construct our example we fix a finite family O of both open and closed
subsets of X, closed for intersections and containing X. Note that if X is locally
connected, then the family of all open and closed subsets of X is finite. Indeed,
there is a finite covering of X by the open, closed and connected components of X
(Corollaries 27.10 and 27.11 in [13]). Given any open and closed subset Y of X,
connectedness implies that each component is either disjoint from Y or contained
in it. Hence Y is the union of those components which it contains. There are only
finitely many different of these unions, our claim.
Now let P be the cone of all regular [0,+∞]-valued Borel measures µ on X (in the
above sense) such that Oµ ∈ O, and let Q be the cone of all non-negative continuous
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functions on X. Together with the bilinear form 〈µ, f〉 =
∫
X
f dµ for µ ∈ P and

f ∈ Q we consider the dual pair (P ,Q) and the symmetric weak topology σ(P ,Q)
on P . The relative and the given topologies on P coincide and the order induced
by the duality is the weak preorder (Proposition 3.2). This order is antisymmetric,
since

∫
X
f dµ =

∫
X
f dν for µ, ν ∈ P and all f ∈ Q implies that µ = ν by the

regularity of these measures. We shall show that P is locally compact. According
to 3.2 we shall argue using the given rather than the relative neighborhoods in P .
The neighborhoods vF in P are defined by finite subsets F of Q as explained in
Section 3, and the symmetric vF -boundedness components of P are determined by
the subsets of F in the following way: Two measures µ and ν in P are contained in
the same symmetric vF -boundedness component if and only if for all f ∈ F we have∫
X
f dµ = +∞ if and only if

∫
X
f dν = +∞. Thus there are only finitely many of

these components, each determined by a subset of F.
We shall investigate a particular neighborhood: For every O ∈ O its characteristic
function χO, that is χO(x) = 1 for x ∈ O and χO(x) = 0 else, is continuous,
hence an element of Q. We consider the symmetric neighborhood vFO

in P defined
by the finite subset FO = {χO | O ∈ O} of Q. The symmetric vFO

-boundedness
component of an element µ ∈ P consists of all ν ∈ P such that Oν = Oµ, and each
of these components contains a zero-type element, namely θµ as defined in (iv). In
the light of Proposition 4.7(a) we will only have to verify that the symmetric vFO

-neighborhoods of these zero-type elements are compact in order to establish that
P itself is locally compact: Let θ ∈ P be a zero-type element. By the above and
the definition in Section 3 we have ν ∈ vsFO

(θ) if and only if for all χO ∈ FO we have
either

∫
χO dθ =

∫
χO dν = +∞ or |

∫
χO dθ −

∫
χO dν| ≤ 1, that is if and only if

Oν = Oθ and ν(Oθ) ≤ 1.

Equivalently, we express ν = θ + ϕ as elaborated in (iv), where ϕ ∈ P is a finite
regular Borel measure such that ν(X) ≤ 1. That is ϕ ∈ vsFO

(0), and we conclude

vsFO
(θ) = θ + vsFO

(0).

Thus according to Proposition 2.13(c) we only need to verify that the neighborhood
vsFO

(0) is symmetric compact. We use Theorem 3.6 for this: For symmetric pre-
compactness, given a neighborhood vG in P defined by a finite subset G of Q let
M ≥ 0 be an upper bound for the functions in G. If ϕ ∈ vsFO

(0), then ϕ(X) ≤ 1 and
therefore 〈ϕ, g〉 =

∫
X
g dϕ ≤M for all g ∈ G. We infer that

〈ϕ, g〉 ≤ 〈ψ, g〉+M

holds for all ϕ, ψ ∈ vsFO
(0.) Thus vsFO

(0) is relatively vG-bounded. All left to verify
is that vsFO

(0) is a closed subset of Q⋆. Let (ϕi)i∈I be a net in vsFO
(0) converging

to a functional q ∈ Q⋆ in the symmetric σ(Q⋆,Q)-topology. This functional is
linear and monotone on Q, and we have q(χX) ≤ 1. According to the classical Riesz
representation theorem (see for example Ch. 21 in[12]), then q itself is a finite regular
Borel measure on X, hence an element of vsFO

(0). This completes our argument. The
locally convex cone P is seen to be locally compact.
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For a zero-type element θ ∈ P its symmetric vFO
-boundedness component Bs

vFO

(θ) is
obviously proper, since θ = µ + ν for µ, ν ∈ Bs

vFO

(θ) implies that µ = ν = θ. Hence
according to Theorem 4.9 it admits a symmetric compact base. Such a base for
Bs
vFO

(θ) is given by

C = {µ ∈ Bs
vFO

(θ) | 〈µ, χOθ
〉 = 1} = θ + {µ ∈ P | µ(X) = 1}.

In case that O = {X}, P consists of all finite regular measures on X, θ = 0 is the
only zero-type element in P , Bs

v{χX}
(0)P is the only vχX

-boundedness component and
indeed the only global boundedness component of P . Its symmetric compact base
is given by C = {µ ∈ P | µ(X) = 1}.

(d) Consider the full locally convex cone

P = {(xi)i∈N | xi ∈ [0,+∞] only finitely many xi 6= 0}

with the componentwise algebraic operations and order and the neighborhood sys-
tem V consisting of the neighborhoods v = (zi)i∈N ∈ P such that zi ∈ [0,+∞)
and only finitely many zi = 0. For the global boundedness components of P we
realize that for (xi), (yi) ∈ P we have (xi) ∈ Bs(yi) if and only if there are disjoint
subsets Y0, Yf and Y∞ of N whose union is N, such that Yf is finite and such that
xi = yi = 0 for all i ∈ Y0, xi = yi = +∞ for all i ∈ Y∞ and xi, yi ∈ (0 + ∞) for
all i ∈ Yf . If Yf 6= ∅, then Bs(yi) does not contain a zero-type element. Endowed
with the neighborhood v = (zi)i∈N, where zi = 1 for all i ∈ N, the boundedness
component Bs(yi) is homeomorphic to (0,+∞)|Yf |, where |Yf | denotes the number
of elements of Yf . Hence Bs(yi) is locally compact in its trace topology. Because the
global boundedness components are closed but not open subsets of P in this case,
this observation does not imply local compactness for P itself.
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