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We consider the approximation of the value of the resolvent of a maximal monotone operator in
a Banach space. We prove strong convergence theorems for resolvents of type (Q) and (R) in a
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1. Introduction

Let H be a real Hilbert space and let A C H x H be a maximal monotone operator
with the domain D(A) = {z € H : Az # 0}. The zero point problem is to find
u € H such that
0 € Au. (1)
This problem is connected with many problems in nonlinear analysis and optimiza-
tion. A well-known method for solving (1) in a Hilbert space H is the proximal
point algorithm: z; € H and
Tpi1 = Jp, Ty, (2)

for each n € N, where {r,} C|0,00[ and J, for each r > 0 is defined by as follows:
For each 7 > 0 and = € H there exists a unique point x, € D(A) such that

T € x, + rAz,. (3)

Such a point z, is denoted by J,.x and J, is called the resolvent of A. This algorithm
was first introduced by Martinet [19]. Later, many researchers studied this problem;
see [14, 15, 16, 17, 21, 24, 25| for example. In the proximal point algorithm, we use
resolvents for each step to generate an iterative sequence. However, it is not easy
to calculate the exact value of the resolvent; see [14, 15]. This is known as the
sub-problem of this algorithm.

On the other hand, the problem solving to the equation (3) is an important subject
in the theory of monotone operators; see [3, 4, 6, 12, 26] for example. In particular,
Bruck [4] proves a strong convergence theorem for a maluti-valued monotone oper-
ator in a Hilbert space. We know two operators in a Banach space which generalize
the concept of the monotone operator in a Hilbert space, that is, the monotone
operator and the accretive operator. Let E be a Banach space.
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An operator T' C E x E is said to be accretive if for each (z1,y1), (z2,y2) € T there
exists some j € J(x1 — x2) such that

<?/1 _y27j> Z 0

where J is the normalized duality mapping on E. In 1990, Chidume [6] proves a
strong convergence theorem for a single-valued accretive operator in a Banach space.

Theorem 1.1. ([6]) Let E be a real Banach space with uniformly convezr dual space
E* and let C' be a nonempty bounded closed convex subset of E. Let T : C' — C' be
a continuous single-valued accretive operator and let z € C. Let {\,} be a sequence
of 10,1 such that

where the function [ is that appears in Lemma 2.1 in Section 2. Let {x,} be a
sequence of C' defined as follows: xq € C

Tot1 = (1= A)zn + M(z2 — Txy)

for eachn € NU{0}. Then {x,} converges strongly to a solution z, of (3) forr =1,
that is z = z; + Tz

For a study of solving the equation (3) of accretive operators in Banach space, see
[5, 7, 8,9, 10, 11, 18, 27] for example. However, there are a few studies of solving
the equation (3) of monotone operators in a Banach space.

In this paper, we are interested in solving the equation (3) of monotone operators in a
Banach space. We deal with two types of resolvents of maximal monotone operators
in a Banach space, that is, type (Q) and type (R). We prove strong convergence
theorems for finding the value of the resolvents of type (Q) and (R) in a Banach
space.

2. Preliminaries

Let E be a real Banach space with its dual £*. The normalized duality mapping J
from E into E* is defined by

Jo={a" € E": (z,2") = |l]|* = [|2"|"}

for each point x € E. Let E be a smooth Banach space and consider the function
V . E x E — R defined by

V(z,y) = ll=l* — 2{z, Jy) + [ly||”
for each x,y € E. We know the following properties (see [1, 13, 16]);

) (all = Il < Vizrp) < (2] + g])? for cach 2,y € F:

(2) V(z,y)+V(y,z) =2(x —y, Jo — Jy) for each x,y € E;

(3) V(x,y) =V(z,2) +V(z,y) +2(x — 2z, Jz — Jy) for each x,y,z € E;
(4)

4) if E is additionally assumed to be strictly convex, then V(x,y) = 0 if and only

if v =y.
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Let E be a smooth, strictly convex and reflexive Banach space and let C' be a
nonempty closed convex subset of E. It is known that for each x € E there exists a
unique point z € C' such that

V(z,x) = min V(y,x).

Such a point z is denoted by IIox and Il is called the generalized projection of F
onto C (see [1]). Let D be a subset of E with JD is closed and convex and let I1;p
be the generalized projection of E* onto JD. The map Rp of E onto D defined by

RD = JﬁanDJ

is call the sunny generalized nonexpansive retraction; see [13, 17] for more details. It
is well known that the generalized projection and the sunny generalized nonexpansive
retraction are generalizations of the metric projection in the sense of a Hilbert space,
and hence these mappings coincide in a Hilbert space; see [1, 13, 16].

Let E be asmooth, strictly convex and reflexive Banach space. An operator A C EXE*
with domain D(A) = {z € E : Az # ()} and range R(A) = U{Ax : z € D(A)} is
said to be monotone if (x —y,2* —y*) > 0 for any (z,z*), (y,y*) € A. A monotone
operator A is said to be maximal if A = Ay whenever Ay C E x E* is a monotone
operator such that A C A,.

Let r >0 and let A C EF x E* and B C E* x E be maximal monotone operators.
Then it is known that R(J +rA) = E* and R(I +rBJ) = Ej; see [3, 13, 23]. We
also know that the closures of D(A) and D(B) are convex; see [22]. We can define
a single-valued mapping

(J+71A)'T: E— D(A)

by Q, = (J +1A)~1J for each r > 0. Tt is called the resolvent of type (Q) of A for
r > 0; see [3]. Also, we define a single-valued mapping

(I +rBJ)"': E— D(BJ)
by R, = (I + rBJ)~! for each r > 0. It is called the resolvent of type (R) of B for
r > 0; see [13].

The following results are well-known; see [2, 16, 20, 25].

Lemma 2.1. ([20]) Let E be a uniformly smooth Banach space. Then there exists
a nondecreasing continuous function [3: [0,00[— [0, 00] such that we have 5(0) = 0,

B(ct) < cB(t) for all ¢ > 1 and

lz+yll* < [l2[* + 2(y, J2) + max{[lz, 1}y 8(lly)

forall x,y € E.

Lemma 2.2. ([16]) Let E be a smooth and uniformly convex Banach space and
let {x,} and {y,} be sequences in E such that either {x,} or {y,} is bounded. If
limy, o0 V (20, yn) = 0, then lim, o ||z, — yn|| = 0.
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Theorem 2.3. ([2, 25]) Let {s,} be a sequence of nonnegative real numbers, {a,}
a sequence of [0,1] with Y " a, = oo, {b,} a sequence of real numbers with
limsup,,_,..bn < 0, and {c,} a sequence of nonnegative real numbers such that
S cn<oo. Assume that s, 1< (1 — ay)Sn+anby+c,. Then {s,} converges to 0.

n=1

3. Main results

In this section, we first prove a strong convergence theorem for finding the value of
the resolvent of type (Q) in a Banach space.

Theorem 3.1. Let E be a smooth and uniformly convex Banach space and let
A C E x E* be a mazimal monotone operator such that D(A) is closed and R(A) is
bounded. Let {,} be a sequence of [0,1] such that > " | a,, = 0o and lim, o a,, = 0
and let r be a positive real number. Let {z,} be a sequence of D(A) defined as follows:
z€ B, z1 € D(A) and

yr € Ay, Tpyp = HD(A)Jfl((l —ay)Jz, + a,(Jz — ryZ))
for each n € N. Then {z,} converges strongly to Q,z.

Proof. Put z, := Q,z and u;, := Jz — ry;, for each n € N. From the monotonicity
of Aand (Jz — Jz,)/r € Az, it follows that

(0 oot~ 2T 20

r

(Tn — 2zp,1ryn — (Jz— J2.)) >0

<xn_zr,er> > <xn_ZT7JZ_Ty:L> - <xn_zraU*>' (4)

Since R(A) is bounded, {y*} is bounded and hence {u}} is bounded. Therefore,
{V (2, J7'u?)} is also bounded. Put

N :=max {sup V(z,, J ")), V(zr,21) } (< o0).

neN

It easy to see that V(z,,z,) < N for each n € N. Therefore, {x,} is bounded. Put
M :=max { sup [|uj||,sup ||z,[, 1} (< o0).
neN neN

By using Lemma 2.1, we see that, for each n € N,

V(zpytpi1) <V (zr, J_l((l —ap)Jr, + ozu;fb))
= |l2]1* = 2z, (1 — ) Jp + aul) + ||(1 — ) J oz, + cpult|?
< lzell® = 2(1 = an) (2, Jz) — 20 (20, )
11 = an)Jz|* + 2007 (1 = an) Jan) , anuy,)
+ max {(1 — an)|[zn], 1} o [[up]| B (e [us]]),
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hence we obtain

V(s < (L= an) {12l = 20, o)} + an {21 2002}
(1= )l + 200 (1 — ) 15) + an M2 B, M)
< (1= o)V (2, 20) + (=0t + ag)[J2]|”
+ an {2 )* = 20z, ul) + 2(1 — ) (@, uly) + M?B(an) }
< (1= @)V (ors ) + an {120 + 20 — 20,02

— 200 (T, ) + (=1 + o) [[zal* + MPB(an) }
where (3 is in Lemma 2.1. It follows (4) that, for each n € N,

HZ?"H2 +2(xp — ZTv“Z) - 2an<xmu;§> +(=1+ an)HanQ
< HZT||2 + 2(wy — 2, J2p) — 200 (70, uyy) + (=1 + O‘n)HanQ

IA

—llzel* + 2{@n, Jz0) = l@all* + an {lzall® + 2wl [l I}
~V (2, 2) + an(M? +2M?)
< 0+ 30, M? = 3, M*.

IN

Therefore, we have V (2, Tny1) < (1 — o)V (2r, 25) + o {30, M? + M3B(av,) }.

From the properties of 4 and lim,,_,, «,, = 0, we have

lim {3c, M* + M°B(a,)} = 0.
n—oo

Using Theorem 2.3 as s, = V(2,,Zy), ap := Qp, b, 1= 3a, M? + M3B(ay,), ¢, =0,
we obtain s, — 0 as n — oo, that is,

lim V(z.,2,) =0

n—o0

Thus, by Lemma 2.2, {||x,, — z.||} converges to 0. This implies that {x,} converges
strongly to z,. Il

Next, we prove a strong convergence theorem for finding the value of the resolvent
of type (R) in a Banach space by using Theorem 3.1.

Theorem 3.2. Let E be a uniformly smooth and strictly convexr Banach space and
let B C E*x E be mazximal monotone operator such that D(B) is closed and R(B) is
bounded. Let{a,} be a sequence of [0,1] such that )~ | a,, = 00 and lim,,_,o a, = 0
and let v is a positive real number. Let {x,} be a sequence of D(BJ) defined as
follows: z € E, x1 € D(BJ) and

Yn € BJx,, Tpi = RD(BJ)((l —ap )z, + a2 — ryn))

for each n € N. Then {x,} converges weakly to R.z. Moreover, if the dual norm of
E* is Fréchet differentiable, then {x,} converges strongly to R,z.
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Proof. Put z}, := Jx, for each n € N. Then, we have y,, € Bz} and
Ty = JTp = JRD(BJ)((]_ — )Ty + afz — Tyn))
= JRy-1pip)y (1= an)J Tz, + alz — ry,))
= pp)J((1—an)J 'zl + a(J Tz —ry,)).

Since F is uniformly smooth and strictly convex, then E* is smooth and uniformly
convex. Using Theorem 3.1, we have

Jr, =a5 = (J ' +rB) T = (J " +rB) 2

as n — oo. It is easy to see that JR,z = (J~' +rB)~'2. Since E* is smooth, the
duality mapping J—! on E* is norm to weak continuous. Therefore, we obtain

z, =J Yz, = J'JR,z = R,z.

as n — oo. For latter part of this theorem, suppose that the dual norm of E*
is Fréchet differentiable. Then the duality mapping J~! on E* is norm to norm
continuous. Therefore, we obtain, as n — oo,

xy=J Yz, — J 'R,z = R,z. O

4. Deduced results

Using Theorems 3.1 and 3.2, we obtain the following results.

Theorem 4.1. Let E be a smooth and uniformly convexr Banach space and let
A C E x E* be a mazimal monotone operator such that D(A) = E and R(A) is
bounded. Let {a,} be a sequence of [0,1] such that >~ | o, = 0o and lim,,_,o a, = 0
and let r is a positive real number. Let {x,} be a sequence of D(A) defined as follows:
z€ E, xy € D(A) and

y’;’kl, € Axn7 Tpt1 = Jil ((1 - an)an + an<JZ - ryZ))
for each N. Then {x,} converges strongly to Q,z.

Proof. If D(A) = E, then IIpa) is the identity mapping. As a direct consequence
of Theorem 3.1, we obtain the desired result. Il

Theorem 4.2. Let E be a uniformly smooth and strictly convex Banach space and
let B C E* x E be mazximal monotone operator such that D(B) = E* and R(B) is
bounded. Let {a,} be a sequence of [0,1] such that >~ | o, = 0o and lim,,_,o a, = 0
and let r is a positive real number. Let {z,} be a sequence of D(BJ) defined as
follows: z € E, x1 € D(BJ) and

Yn € BJxy, Tpy1 = (1 —ap)z, +alz —1y,)

for each N. Then {x,} converges weakly to R.z. Moreover, if the dual norm of E*
is Fréchet differentiable, then {x,} converges strongly to R,z.
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Proof. Proceeding as in the proof of Theorem 4.1, we obtain the desired result by
Theorem 3.2. [

In the case where F is a Hilbert space, the duality mapping J of E is the identity
mapping. Therefore, we obtain the following results by Theorems 3.1 and 3.2.

Theorem 4.3. Let H be a Hilbert space and let A C H x H be a maximal monotone
operator such that D(A) is closed and R(A) is bounded. Let {ca,} be a sequence of
[0, 1] such that Y " | , = 00 and lim, . a, = 0 and let v is a positive real number.
Let {x,} be a sequence of D(A) defined as follows: z € H, 1 € D(A) and

Yn € ATy, Tpyr = PD(A)((l — )Ty + ap(z — ryn))

for each N. Then {x,} converges strongly to J,z, where Pp(ay is the metric projection
of H onto D(A).

Similarly, we obtain the following result by Theorems 4.1 and 4.2.

Theorem 4.4. Let H be a Hilbert space and let A C H X H be a maximal monotone
operator such that D(A) = H and R(A) is bounded. Let {a,,} be a sequence of [0, 1]
such that 22021 a, = o0 and lim,,_, o, = 0 and let r is a positive real number. Let
{z,} be a sequence of D(A) defined as follows: z € H, x1 € D(A) and

Yn € ATy, Tpyr = (1 — o)z, + (2 — 1y5)

for each N. Then {x,} converges strongly to J,z.
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