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We introduce a notion called strong extension property which is stronger than the well known
Hahn-Banach extension property introduced by R.R.Phelps in 1960 and weaker than the uniform
extension property introduced by V.Zizler in 1972. Characterizations of the strong extension
property in terms of strong Chebyshevness and strong rotundity are presented in this article. We
observe that the strong extension and uniform extension properties coincide when the extensions are
considered on finite dimensional subspaces. We also obtain stability results pertaining to extension,
strong extension and uniform extension properties. Further, for a subspace Y of a Banach space X,
we consider different notions of smoothness of Y in X. These smoothness notions are characterized
in terms of extension, strong extension and uniform extension properties.
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1. Introduction

Let X be a real Banach space and X* its dual. The closed unit ball and the unit
sphere of X are denoted by By and Sx respectively. Let Y be a closed subspace of
X. For any f € X*, let f|y denote the restriction of f to Y and || f|y| denote the
norm of fonY.

The annihilator Y+ of Y is defined by Y+ = {f € X*: f(y) =0 for all y € Y'}.
The diameter of a non-empty bounded subset A of X is denoted by diam(A).

For any x € X and 6 > 0, we define Py (z,0) ={y € Y : ||z —y|| < d(z,Y) + 6}
where d(z,Y) = inf{||lx — y|| : y € Y}. We write Py(x,0) as Py (z) which is the set
of all the best approximations of z in Y. We say that Y is proximinal (respectively
Chebyshev) at © € X if Py (x) is non-empty (respectively a singleton). For z € X, a
sequence (z,,) in Y is called a minimizing sequence for x in Y, if ||z, —z| — d(z,Y).
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We say that Y is strongly Chebyshev at x € X, if every minimizing sequence for
x in Y converges. If Y is proximinal at every element of a non-empty subset A of
X, then we say that Y is proximinal on A. Similarly, we define Chebyshev on A
and strongly Chebyshev on A. It is easy to observe that Y is strongly Chebyshev
at © € X if and only if diam(Py(xz,~)) — 0. We say that Y is uniformly strongly
Chebyshev on a non-empty subset A of X if for every € > 0, there exists § > 0 such
that diam(Py(x,0)) < € for every z € A.

The following definition is due to Phelps [19].

Definition 1.1. The closed subspace Y is said to have the extension property in
X, if for every f € X* there exists a unique g € X* such that g|y = f|y and

gl = 11l

The following well known result which relates the extension property in X and the
rotundity of X* is due to Taylor [22] and Foguel [12].

Theorem 1.2. FEvery closed subspace of X has the extension property in X if and
only if X* s rotund.

Phelps [19] characterized the extension property in terms of Chebyshevness as fol-
lows.

Theorem 1.3. The closed subspace Y has the extension property in X if and only
if Y+ is Chebyshev on X*.

In 1972, Zizler introduced a property called uniform extension property in [24] and
obtained results which are analogous to Theorems 1.2 and 1.3. Zizler, in fact, char-
acterized the uniform extension property in terms of uniform strong Chebyshevness
(see [24, Proposition 4] and Theorem 2.6 of this article) and uniform rotundity (see
[24, Proposition 9] and Theorem 5.10 of this article). It is natural to ask whether
there exists a property which is stronger than the extension property and which can
be characterized in terms of both strong rotundity as well as strong Chebyshevness.
One of the main aims of this article is to answer this question.

In this paper, we introduce a property called strong extension property which is
stronger than the extension property and weaker than the uniform extension prop-
erty. We characterize the strong extension property in terms of strong Chebyshev-
ness and strong rotundity which answers the above question. Since the extensions of
continuous linear functionals are closely associated with the smoothness aspects, for
a given subspace, we consider three different notions of smoothness of this subspace
with respect to the whole space as follows.

Definition 1.4. (1) A point x € Sx is called a smooth point of By if there is a
unique z* € Sx- such that z*(z) = 1.
(2) A point x € Sx is called a Fréchet smooth point of Bx if (z}) converges

whenever (z7) is a sequence in Sx- satisfying =% (z) — 1.

Definition 1.5. Let Y be a closed subspace of X.

(1) The subspace Y is said to be smooth (respectively Fréchet smooth) in X if
every y € Sy is a smooth (respectively Fréchet smooth) point of By.
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(2)  The subspace Y is said to be uniformly Fréchet smooth in X if x —y*t — 0
whenever (y,) is a sequence in Sy and (z7), (y}) are sequences in Sx« such
that =7 (y,) — 1 and y}:(y,) — 1.

The smoothness notions defined in Definition 1.5 are characterized in terms of ex-
tension, strong extension and uniform extension properties in this article.

The paper is organized as follows. Section 2 is mainly devoted to the uniform ex-
tension property. We reformulate the definition of the uniform extension property
in a way that leads to the strong extension property. Based on this reformula-
tion, we present a strengthened version of [24, Proposition 4] which deals with the
equivalence of uniform extension property and uniform strong Chebyshevness. Some
consequences of this strengthened version are obtained. One of these consequences
states that every M-ideal has the uniform extension property.

We introduce the strong extension property in Section 3 and characterize it in terms
of strong Chebyshevness and strong rotundity. Sufficient conditions which lead to
the strong extension property are also provided. We prove that the strong extension
and uniform extension properties coincide when the extensions are considered on
finite dimensional subspaces. Further, we show that the extension and strong exten-
sion properties coincide when the extensions are considered on finite co-dimensional
subspaces. It is observed that the strong and uniform extension properties are tran-
sitive in nature. We also present stability results pertaining to extension, strong
extension and uniform extension properties.

In Section 4, the smoothness properties defined for subspaces in Definition 1.5 are
characterized in terms of Chebyshevness of hyperplanes. Some of these characteriza-
tions are needed in Section 5. It is observed that the smoothness property defined for
subspaces is preserved under [, direct sums of closed subspaces, where 1 < p < oo.
Stability results associated with the smoothness properties considered in Definition
1.5 are also presented in Section 4.

The smoothness, Fréchet smoothness and uniform Fréchet smoothness defined in
Definition 1.5 are characterized in terms of extension property, strong extension
property and uniform extension property respectively in Section 5.

2. Uniform extension property

In the entire paper, unless specified otherwise, we assume Y to be a closed subspace
of a real Banach space X. For the notions which are not defined in this paper, we
refer to [17].

By strengthening the extension property, Zizler [24] introduced the following defi-
nition.

Definition 2.1. We say that the subspace Y has the uniform extension property
in X, if f, — g, — 0 whenever (f,),(g,) are any two sequences in X* such that
Ifall = 1 llgall = 1, [[faly [l = 1 and fo — 9o € Y.

In this section, we first reformulate Definition 2.1 and then primarily study the
uniform extension property. We also state two results which deal with the extension
property. Some of the results stated in this section are needed for the subsequent
sections.
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For f € X* and § > 0, define

Ey(f,0) ={ge X" :g=fonY, |g|l < flv]+ 0}

For 6 = 0, we write Ey(f,0) as Ey(f) which is the set of all the Hahn-Banach
extensions of f|y to the whole of X.

It is easy to check that for any f € X* and 6 > 0, the set Ey(f,0) is non-empty,
closed, bounded and convex. Further, if f € X* and ||f]| = ||f|v ], then f € Ey(f,?)
for every § > 0. From the definition of Ey (f), it is clear that Y has the extension
property in X if and only if Ey(f) is a singleton for every f € X*. The reformulation
of the definition of the uniform extension property in terms of the set Ey(f,0) is
observed in Theorem 2.6.

The properties of the set Ey (f,d) which are presented in the next result are easy to
verify.

Proposition 2.2. Let > 0 and f,g € X*. Then

(1)  there exists h € Y+ such that f +h € Ey(f + h);

(2)  Ey(f.8) = By(f +h.0) for any h € Y

(3)  Ey(f,0)N Ey(g,9) is non-empty if and only if f —g € Y,

(4)  Ey(M\f,d) = AEy(f, %) for any A > 0.

Let D(Y)={z € Sx :d(z,Y) =1} and Y# = {f € X* : || f|| = || fly|| = 1}. Since
for any f € X*, d(f,Y*) = ||fly|, we have D(Y1) = Y#,

The following result is useful for verifying the extension property.

Proposition 2.3. If Ey(f) is a singleton for every f € Y#, then'Y has the exten-
ston property in X.

Proof. Let f € X*. If f € Y+, then Ey(f) = {0}. Suppose f € X*\Y' and
91,92 € Ey(f). Then g1 = go = f on Y and || f[y || = [|g1] = l|g2[|- Denote || f|y[| by
. Note that & > 0 and £ € Y#. By Proposition 2.2, £, 2 ¢ Ey(%). Hence, by
the assumption, g; = gs. Il

The set {z € X : 2*(x) = 0}, for any z* € X*\ {0}, is called a hyperplane of X.

The following result shows that if every hyperplane of X containing Y has the
extension property in X, then Y has the extension property in X. In fact, it proves
more.

Proposition 2.4. Let k € N be such that 1 < k < dim(X) and Y be a closed
subspace of X with codim(Y) > k. If every closed subspace Z of X, satisfying
Y C Z and codim(Z) = k, has the extension property in X, then'Y has the extension
property in X.

Proof. Let £k € Nand 1 < k < dim(X). If codim(Y') = k, then there is nothing
to prove. Assume codim(Y') > k. Suppose Y does not have the extension property
in X. Then, by Proposition 2.3, there exists f € Y# and g1,¢92 € Ey(f) such
that g1 # go. Define H = ker(g1 — g2). Note that Y C H, ¢ = g2 on H and
lg1ll = |lg2ll = 1. Now, choose a closed subspace Z of H containing Y such that
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codim(Z) = k. Since 1 = [|galy || < [lg2]z]| < ||lg2ll = 1, we have ||g2|z|| = 1. Thus,
91,92 € Ez(g2), which is a contradiction. Hence, Y has the extension property in
X. O

In general, the converse of Proposition 2.4 need not be true. To see this, we assume
X = (R || |loo), Y = span{(0,0,1)} and H = {z € X : z*(x) = 0} where
z* = (1,1,0) € X*. The hyperplane H of X contains Y. It is easy to see from
Theorem 1.3 that Y has the extension property in X but H does not have the
extension property in X.

The following lemma which relates the extensions of continuous linear functionals
and the best approximations plays a crucial role in this and the subsequent sections.

Lemma 2.5. Let § > 0.

(1) Iffe X" then Ex(f,0) = [ — Pys(f,6).

(2) IfY is reflexive and x € X, then Ey.(x,0) = v — Py(z,9).
Proof. (1): Let § > 0 and f € X*. Then

Ey(f.0)={g9e X : f—ge Y |gll < flvll+ 8}
={f—heX theY" |f=hl <|fly]+0d}
=f—{heY  |If —hll <d(f,Y")+8} = f—Pr(f0).

(2): Let Y be a reflexive subspace. Then (2) follows from (1) and the fact that
Q(Y) = Y+ where Q is the canonical embedding. O

For 0 < p < B, define DJ(Y*') = {f € X*: p < d(f,Y") < }.

The following theorem is a reformulated and strengthened version of [24, Proposition

4).

Theorem 2.6. The following statements are equivalent.

(1) Y has the uniform extension property in X.

(2)  For every € > 0 there exists 6 > 0 such that diam(Ey(f,0)) < € for every
fevyt#.

(3) Yt is uniformly strongly Chebyshev on D(Y).

(4) Yt is uniformly strongly Chebyshev on Dg(YL) for every B > 0.

(5) Yt is uniformly strongly Chebyshev on M, whenever M is a bounded subset
of X*.

Proof. (1) = (2): Suppose that (2) does not hold. Then there exist ¢ > 0, a
sequence (f,) in Y# and two sequences (g,), (h,) € X* such that g, h, € Ey(fn, =)
and ||g, — hy|| > € for all n € N. Then for every n € N, we have g, = f, = h, on Y

and 1 1
L= fulyll = lgaly | < llgall < Ifalyll+ 2 =14 2.

Therefore ||g,|| — 1. Similarly, we get ||h,|| — 1. Further, we have ||g,|y| = 1 and
gn — hn, € Y+ for all n € N. By (1), we get ||gn, — hy|| = 0 which is a contradiction.
(2) = (1): First, observe from (2) and Proposition 2.3 that Y has the extension
property in X.
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Let (g,) and (h,,) be two sequences in X* such that ||g,|| = 1, ||h.|| = 1, [|gnly] =1
and g,—h, € Y. Let e > 0. By (2), there exists § > 0 such that diam(Ey (f,d)) < €
for every f € Y#. Since for each n € N, Ey(g,) is a singleton, denote Ey (g,) by f,.

Then || gn|v || = || fall =1 and g, = f, on Y for all n € N. Choose ny € N such that
lgnl] <1+ 6 and ||h,|| < 140 for every n > ng. Since ||f,|y|| =1 for all n € N, for
every n 2> g, ||gall < [[fuly | + 0, [|hnll < [[fuly [l + 0 and gn = hy = f on Y. This
implies that g,, h, € Ey(fn,d) for every n > ny. By our assumption ||g, — h,|| < €
for every n > ng. Hence, g, — h, — 0.

(2) < (3): These implications follow from Lemma 2.5.

(3) = (4): We first show that Y1 is Chebyshev on X*. Let 2* € X*\ Y. Since
Y+ is proximinal on X*, choose y* € Py (z*). Let d = d(x*,Y*) and z}, = w*;y*.
Then zf € D(Y') and Pyi(af) = ZPyi(a* — y*) = i[Pyi(a®) — y*]. Hence,
Py (x*) is a singleton which establishes that Y+ is Chebyshev on X*. Let 3 > 0.
We now show that Y1 is uniformly strongly Chebyshev on DS (Y1), Let ¢ > 0.
Choose p = min{2,<} and 0 < & < & Let 2* be any element of Dj(Y*). If
?ﬁay; S PYL(CC*761>7 then

i = w3l < llyi = 21+ 2" = wall < 2d(2", Y) + 200 < 2(p+61) <.

Thus, diam(Py . (z*,8,)) < € for all 2* € D§(Y1). Tt follows from [10, Theorem 2.2]
that Y+ is uniformly strongly Chebyshev on D?(Y*). Hence, there exists 0 > 0
such that diam(Py.(z*,0,)) < € for all ¥ € DS(Y*'). Thus, Y is uniformly
strongly Chebyshev on DS (Y1)

(4) = (5): If M is a bounded subset of X* then M C Dg(Y*) for some § > 0.
Hence, (5) follows from (4).

(5) = (3): This implication is obvious. O

We remark that the implications (1) < (5) of Theorem 2.6 are established in [24,
Proposition 4]. We now present some applications of Theorem 2.6.

The following result is an immediate consequence of Lemma 2.5 and Theorem 2.6.

Corollary 2.7. The following statements are equivalent.

(1) Y has the uniform extension property in X.

(2)  For every e >0 and B > 0 there exists 0 > 0 such that diam(Ey (f,0)) < € for
every f € X* satisfying || fly] < 5.

(3)  For every € > 0 and every bounded subset M of X* there exists § > 0 such
that diam(Ey (f,0)) < e for every f € M.

It is known that every M-ideal has the extension property (see [13, Proposition
1.12]). As a consequence of Theorem 2.6, we observe in the following corollary that
every M-ideal has, in fact, the uniform extension property. We refer to [13] for the
definitions and properties of M-ideal, L-summand and 1%—baﬂ property.

The following result will be used in Section 5.

Corollary 2.8. IfY is an M-ideal in X, then it has the uniform extension property
in X.
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Proof. Let Y be an M-ideal in X. Then Y+ is an L-summand in X*. It follows
from [13, page 96] that Y+ is Chebyshev on X* and it has the 13-ball property. By
[10, Proposition 2.11], Y+ is uniformly strongly Chebyshev on the entire X*. Hence,
by Theorem 2.6, Y has the uniform extension property in X. [

An inspection of the proof of Corollary 2.8 shows that if Y is an L-summand in X,
then it is uniformly strongly Chebyshev on X.

Let CB(X) denote the class of all non-empty closed and bounded subsets of X.
Note that for a given closed subspace Y of X and § > 0, Ey : X* — CB(X"),
Ey(-,0) : X* - CB(X*) and Py : X — CB(X). Observe that Ey is a single-
valued map from X* to X* if and only if Y has the extension property in X. The
following example illustrates that if ¥ has the extension property in X, then the
map Fy need not be continuous on X*.

Example 2.9. It is known [3] that there exists a closed subspace Z of a rotund
reflexive space X such that the single-valued map P is discontinuous on X. Let

Y be the closed subspace of X* such that Z = Y+. Then, by Lemma 2.5, Ey is a
single-valued map from X* to X* but it is not continuous. [

The proof of the following result follows from Lemma 2.5, Theorem 2.6 and [10,
Remark 2.3]. However, we present it here for reader’s convenience.

Corollary 2.10. If Y has the uniform extension property in X, then Ey is uni-
formly continuous on Dg (Y1) for all 8> 0. In particular, Ey is uniformly contin-
uous on bounded subsets of X*.

Proof. Let § > 0. It follows from Theorem 2.6 that Y is uniformly strongly
Chebyshev on Dj(Y'). Now assume ¢ > 0. Then there exists § > 0 such that
diam(Py . (z*,6)) < € for all 2* € DJ(Y1). Let o*,y* € DJ(YL) be such that we
have ||z* — y*|| < 2. Then Py.(y*) € Py.(z*,4) which implies immediately that
| Py . (2*) — Pyo(y*)|| < e. Since the map Py is uniformly continuous on Dj (Y1),
by Lemma 2.5, Ey is uniformly continuous on DS (Y1) O

It follows from Corollary 2.10 that the space Y defined in Example 2.9 does not
have the uniform extension property in X. In this case, since Ey is a single-valued
map from X* to X*, Y has the extension property in X.

For A, B € CB(X), the Hausdorff distance (A, B) between A and B is defined to
be maX{SUpaGA d(av B)7 SUPpep d(bv A)}

Example 2.9 shows that, in case § = 0, the map Ey(-,0) : X* — (CB(X*),H) need
not be continuous even if Y has the extension property in X. The following example
illustrates that the map Ey : X* — (CB(X*),H) may fail to be continuous even if
X is finite dimensional.

Example 2.11. It is shown in [8] that there exists a one dimensional subspace Z of
a three dimensional space X such that the set-valued map Py : X — (CB(X),H)
is not continuous. Let Y be the subspace of X* such that Z = Y+. By Lemma 2.5,
Ey(+,0) is not continuous. N

If § > 0, without any additional assumption either on X or Y, the map Ey (-, J) has
the continuity property as stated in the following result.
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Theorem 2.12. If§ > 0, then Ey(-,0) : X* — (CB(X*),H) is uniformly contin-
uous on bounded subsets of X*.

Proof. The proof is derived from [15, Theorem 2.10] and Lemma 2.5 as follows.
For FF € CB(X*) and f € X*, let

r(f,F)=sup{|lf — gl : g € F} and rady.(F)=inf{r(g,F):ge Yt}

Let 6 > 0. Define 6 — centy . (F) = {g € Y : r(g9,F) < rady.(F) + §}. Observe
that, for any f € X*, § — centy ({f}) = Py1(f,0). It follows from [15, Theorem
2.10] that the map Pyi(-,0) is uniformly continuous on bounded subsets of X*.

Hence, by Lemma 2.5, the map Ey (-, d) is uniformly continuous on bounded subsets
of X*. Il

The subspace Y considered in Example 2.11 is of dimension 2 and the corresponding
map Fy is discontinuous. The following result shows that if the subspace Y is of
dimension one, then the map FEy is uniformly continuous.

Theorem 2.13. If Y is a one dimensional subspace of the space X, then the map
Ey: X* — (CB(X"),H) is uniformly continuous.

Proof. Let Y = span{z} for some z € Sx and Jx-(x) = {g € Sx~ : g(z) = 1}. Let
f € X*. Observe that

f=Pri(f)=f—(f— f@)Jx:(2)) = f(x)Jx-(2).

It follows from the above observation and Lemma 2.5 that Ey(f) = f(z)Jx«(x).
Now, it is easy to verify that Ey is uniformly continuous on X*. ]

The following theorem deals with uniform versions of Theorems 1.2 and 1.3 of [19].

Theorem 2.14. Consider the following statements.

(1) Y has the uniform extension property in X*.

(2) Y is uniformly strongly Chebyshev on D(Y').

Then (1) = (2). Further, if X is reflezive, then (2) = (1).

Proof. (1) = (2): We first prove that Y is proximinal on X. Let 2 € X and
(w,) be a minimizing sequence for z in Y. Since d(z,Y) = d(Q(x),Y**) (see [4,
Corollary 4.10] also [14, Lemma 2.1}), (Q(w,,)) is a minimizing sequence for Q(z) in
Y14, It follows from (1) and Theorem 2.6 that Y1+ is strongly Chebyshev in X**.

Hence, Q(w,) converges to Q(y) for some y € Y. Therefore Q(y) € Py1i(Q(x)).
Since d(z,Y) = d(Q(z),Y*1), y € Py(z). Thus, Y is proximinal on X. Let (z,)
be a sequence in D(Y'). Suppose that (y,) and (z,) are sequences in Y such that
|yn — x| = 1 and ||z, — || — 1. It is enough to show that |y, — z,|| — 0.

Observe that d(x,,Y) = d(Q(x,),Y*+) = 1. By (1) and Theorem 2.6, Y+ is
uniformly strongly Chebyshev on D(Y+1). Therefore ||Q(y,) — Q(z,)|| — 0. Thus,
[Yn = 2nll = 0.

Let X be reflexive and Y be uniformly strongly Chebyshev on D(Y'). Then Y+ is
uniformly strongly Chebyshev on D(Y++). Therefore, by Theorem 2.6, Y+ has the
uniform extension property in X* which proves the implication (2) = (1). O
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The following result which will be used in the next section follows from [24, Propo-
sition 4] and [24, Proposition 7].

Theorem 2.15. The following statements are equivalent.
(1)  X* is uniformly rotund in every direction.

(2)  Every hyperplane of X has the uniform extension property in X.

Proof. It follows from [24, Proposition 7] that X* is uniformly rotund in every
direction if and only if every one dimensional subspace of X* is uniformly strongly
Chebyshev on bounded subsets of X*. The result now follows from [24, Proposition
4] or Theorem 2.6. O

3. Strong extension property

In this section, we introduce and study the strong extension property.

Definition 3.1. The subspace Y is said to have the strong extension property in
X if for every f € X* and € > 0 there exists § > 0 such that diam(Ey (f,6)) <e.

It is clear that if Y has the strong extension property in X, then it has the ex-
tension property in X. We observe from Corollary 2.7 that if Y has the uniform
extension property in X, then it has the strong extension property in X. We will
present some examples to illustrate that the converses of the above two statements
are not true. Before presenting the examples, we first characterize the strong ex-
tension property and provide different sufficient conditions which lead to the strong
extension property.

Theorem 3.2. The following statements are equivalent.
(1) Y has the strong extension property in X.
(2)  For every f € Y# and € > 0 there exists 6 > 0 such that diam(Ey (f,9)) < e.

(3) If f € Y# and (g,) is a sequence in X* such that ||g,|| = || flv| and
gn — f €Y1, then (g,) converges to f.

(4) Y1 is strongly Chebyshev on X*.

Proof. (1) = (2) < (3): These implications follow from Definition 3.1.

(2) = (1): Let € > 0. If f € Y1, then diam(Ey(f,5)) < 26 for all 6 > 0.
Let f € X*\Y1. By the Hahn-Banach theorem, there exists h € X* such that
h = fonY and ||k = |[fly|. Denote ||fly| by a. Since 2 € Y# by (2),
there exists § > 0 such that diam(Ey(%,5)) < £. By Proposition 2.2, we have
Ey(%,6) = LBy (h,a0) = 1Ey(f,ad). Hence, diam(Ey(f,ad)) < e which proves

that Y has the strong extension property in X.
(1) < (4): These implications follow from Lemma 2.5. N

The following corollary is an immediate consequence of Theorem 3.2.
Corollary 3.3. LetY be a w*-closed subspace of X*. Then the following statements
are equivalent.
(1) LY has the strong extension property in X, where
LY ={z € X : f(x) =0 for everyf € Y}.
(2) Y is strongly Chebyshev on X*.
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We now establish a result which is analogous to Theorem 2.14.

Theorem 3.4. Consider the following statements.
(1) Y+ has the strong extension property in X*.
(2) Y is strongly Chebyshev on X.

Then (1) = (2). Further, if X is reflexive, then (2) = (1).

Proof. (1) = (2): Let x € X\Y and (z,) be a minimizing sequence for x in Y.
Since d(z,Y) = d(Q(z),Y*1), Q(z,) is a minimizing sequence for Q(x) in Y+, It
follows from (1) and Theorem 3.2 that Y+ is strongly Chebyshev on X**. Hence,
Q(z,) converges to Q(y) for some y € Y. Therefore z,, — y which shows that Y is
strongly Chebyshev on X.

If X is reflexive, then by (2), Y1+ is strongly Chebyshev on X**. Therefore by
Theorem 3.2, Y has the strong extension property in X*. Il

The implication (2) = (1) of Theorem 3.4 need not be true even if Y is reflexive.
This can be verified as follows. It is shown in [19, page 252] that there exists a finite
dimensional subspace Y of ¢y such that Y is Chebyshev on ¢y, but Y+ does not have
the extension property in (co)*. Since Y is finite dimensional and Chebyshev on ¢y,
it is strongly Chebyshev on cy.

Next we present different sufficient conditions which lead to the space Y to have the
strong extension property in X. For specifying the sufficient conditions, we need
the following definitions.

1. We say that the space X has the Kadets-Klee property (in short, KK-property) if
for any sequence on Sy, the norm and weak convergence coincide.

2. The dual space X* is said to have the Namioka-Phelps property, if weak* and
norm topologies coincide on Sx«.

3. The space X is said to be compactly locally uniformly rotund (23] if (z,) has a
convergent subsequence whenever z € Sy and (z,,) is a sequence in X with ||z, | — 1
and ||z, + x| = 2.

Theorem 3.5. Let Y have the extension property in X. Then Y has the strong
extension property in X if any one of the following statements holds.

(1) Y has finite co-dimension.

(2)  X* has the Namioka-Phelps property.

(3)  X* is reflexive and has the K K -property.
(4)  X* is compactly locally uniformly rotund.

Proof. (1): Let f € Y# and (g,) be a sequence in X* such that ||g,|| — || f|v]|
and g, — f € Y. By Theorem 3.2, it is enough to show that (g,) converges to f.
Since g, — f € Y+ and Y is finite dimensional, there exists a subsequence (g,, ) of
(gn) such that g, — f + g for some g € Y*. Observe that ||f + g|| = ||f|y|| which
implies that f+ ¢ € Ey(f). Since Y has the extension property in X, Ey(f) = {f}.
Thus, g, — f. Hence, Y has the strong extension property in X.

(2): Let f € Y# and (g,) be a sequence in X* such that [|g,|| — ||f|y]|| and
gn — f € Y. Since (g,) is a bounded sequence, there exist a subnet (g,,) of (g,)
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and g € X* such that g, v g. Observe that for every y € Y, g, (v) — g(y). This
shows that f = g on Y. Since

Iyl =1lgly ]l < llgll < liminf [[gn, | = I fly [l

it follows that ||g|]| = ||f|y||. Hence, g € Ey(f). Note that ||g,.|| — |lg||. Hence,
it follows from the Namioka-Phelps property of X* that g,, — ¢g. Since Y has the
extension property in X, g = f. Thus, g, — f. Hence, by Theorem 3.2, Y has the
strong extension property in X.

(3): Since X* is reflexive, every bounded sequence of X* has a weakly convergent
subsequence. Hence, the proof of (3) follows by replacing w*-convergent subnet by
weakly convergent subsequence and repeating the argument used in the proof of (2).

(4): Let f € Y# and (g,) be a sequence in X* such that ||g,|| — ||f]y]|| and
gn — f € Y. Since,

1= flvll = |

w )] <
|| <

n +fH < lgnll + IIfH7
2 |l = 2

we conclude that H@H — 1. Since X* is compactly locally uniformly rotund,
there exists a subsequence (g,,) of (¢,) such that g, — ¢ for some g € X*. Note
that ||g|| = || flv|| and g = f on Y. Since Ey(f) = {f}, it follows that g = f. Thus,
gn — f. Hence, by Theorem 3.2, Y has the strong extension property in X. [

From Theorem 3.5, we conclude that the extension and strong extension properties
coincide for finite co-dimensional subspaces.

Corollary 3.6. Let k € N be such that 1 < k < dim(X). Then the following
statements are equivalent.

(1)  X* is rotund.

(2)  Ewvery closed subspace Y of X with codim(Y') = k has the extension property
in X.

(3)  Ewvery closed subspace Y of X with codim(Y) = k has the strong extension
property in X.

Proof. If (3) holds, then it follows from Theorem 3.2 that every k-dimensional
subspace of X* is Chebyshev on X*. This proves the implication (3) = (1). The
implications (1) = (2) and (2) = (3) follow from Theorem 1.2 and Theorem 3.5
respectively. Il

We remark that the equivalence of (1) and (2) of Corollary 3.6 for k = 1 is observed
by Phelps [19, page 240].

The following corollary is an immediate consequence of Theorem 3.5 and [7, Theorem
5.3].

Corollary 3.7. Let X be an Ly-predual space and Y be of finite co-dimension. Then
the following statements are equivalent.

(1) Y has the extension property in X.

(2) Y+ has the extension property in X**.

(3) Yt has the strong extension property in X**.
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The next result will be used in this section as well as in Section 5. Moreover, it also
leads to an interesting observation which will be discussed in Remark 5.14.

Corollary 3.8. If X* is locally uniformly rotund, then every closed subspace of X
has the strong extension property in X.

Proof. Let Y be a closed subspace of X. Since X* is rotund and compactly locally
uniformly rotund, by Theorem 1.2 and Theorem 3.5, Y has the strong extension
property in X. O

We now characterize the strong rotundity of X* in terms of the strong extension
property in X.

Theorem 3.9. The following statements are equivalent.
(1)  X* is strongly rotund.

(2) X is reflexive and every closed subspace of X has the strong extension property
in X.

Proof. (1) = (2): This implication follows from Theorem 1.2 and Theorem 3.5.
(2) = (1): It follows from (2) and Theorem 3.2 that every closed subspace of X* is
strongly Chebyshev on X*. Hence, by [20, Theorem 35], X* is strongly rotund. [J

We now present an example of Y which has the strong extension property but it
does not have the uniform extension property.

Example 3.10. Consider X such that X* is locally uniformly rotund but X* is
not uniformly rotund in every direction (see [21, Example 4]). By Theorem 2.15,
there exists a hyperplane Y of X such that Y does not have the uniform extension
property in X. Observe that by Corollary 3.8, Y has the strong extension property
in X. [

The following two examples illustrate that the strong extension property is stronger
than the extension property.

Example 3.11. Let X = (I, ]| - [1), 20 = (55) € Sx and Y = span{zo}. Let
f € Y#._ Then f(zy) = £1. First, we show that Ey(f) is a singleton. Assume
f(zo) = 1. Then f = (1,1,...) which is an element of (I, || * ||«). Thus we have
Ey(f) = {f}. Similarly, if f(z¢) = —1, we can show that Ey(f) is a singleton.
By Proposition 2.3, Y has the extension property in X. We now show that Y does
not have the strong extension property in X. Let f = (1,1,...) € Y#. Define
gn = g—jel +e,y1 and h, = f—g, for all n € N. Observe that h, € X* for all n € N.
Note that ||k, =14 5 = || fly || + 5. Let y € Y. Then y = (&) for some a € R
and

11 1 1 1 1 -
hay)=aG+gmtmt tatamtasto )= 5=/

92 922 9n on+2 on+3 — on
Thus, h, € Ey(f, 5) and ||k, — hpii||ee = 1 for all n € N. Therefore (h,,) does not
converge. Hence, Y does not have the strong extension property in X. [

Example 3.12. As observed in Example 2.9, there exists a closed subspace Z of
a rotund reflexive space X such that the map Py is discontinuous. Observe that 7 is
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Chebyshev on X. Tt follows from [2, Theorem 2.5 that Z is not strongly Chebyshev
on X. By [19, Theorem 1.2] and Theorem 3.4, Z+ has the extension property in X*
but it does not have the strong extension property in X*. [

We see from Example 3.11 that the extension and strong extension properties do not
coincide even when the extensions are considered on finite dimensional subspaces.
We now establish that the strong extension property and the uniform extension
property do coincide if we consider the extensions on finite dimensional subspaces.

We need the following lemma.

Lemma 3.13. IfY has the strong extension property in X, then the maps Py 1 and
FEy are continuous on X*.

Proof. Suppose Y has the strong extension property in X. Then, by Theorem 3.2,
Y+ is strongly Chebyshev on X*. The proof of the continuity of Py on X* follows
from [2, Theorem 2.5]. By Lemma 2.5, Ey is continuous on X*. O

Theorem 3.14. Let Y be a finite dimensional subspace of X. If Y has the strong
extension property in X, then it has the uniform extension property in X.

Proof. Suppose Y is finite dimensional and has the strong extension property in
X. We first show that Y# is compact. By Lemma 3.13, it follows that Py. is
continuous on X*. Since Y is finite co-dimensional and Chebyshev on X*, by [5,

Theorem 8|,
vom §] P;i(O)ﬂ{x*eX*:H:E*—y*ng}

is compact for all y* € X* and r > 0. Observe that Y# = P;j(O) N Sx«. Hence,
Y# is compact. Let (f,) be a sequence in Y#. Suppose that (g,) and (h,,) are any
two sequences X* such that g,, h, € Ey(fy, %) for all n € N. By Theorem 2.6, it is

enough to show that g, — h, — 0. Since Y# is compact, there exists a subsequence
(fn,) of (fn) such that f,,, — fo for some fo € Y#. Since

1
foly Il < 11fo = for + gl < Wlfo = Frll + gl < 1o = furll + 1 farly Il 4 2,

it follows that || fo— fu, +9n.ll — || foly |- Similarly, || fo— fu, +hn.ll = || foly]]- Note
that fo — fu, + 9n, = fo — fu, + hn, = fo on Y. Since Y has the strong extension
property, gn, — hn, — 0. Therefore g, — h,, — 0. L]

The following corollary follows immediately from Theorem 3.5 and Theorem 3.14.

Corollary 3.15. If X is finite dimensional, then the following statements are equiv-
alent.

(1) Y has the extension property in X.
(2) Y has the strong extension property in X.
(3) Y has the uniform extension property in X.

We remark that Corollary 3.15 can also be obtained from a remark made in [24,
page 381].

We now discuss some stability results for the extension, strong extension and uniform
extension properties. The following stability result for the extension property is
obtained in [6, Theorem 3.1].
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Theorem 3.16. Let Y be a closed subspace of X with dim(Y) > 2. Then the
following statements are equivalent.

(1) Y has the extension property in X.

(2)  Y/Z has the extension property in X /Z whenever Z is a proper closed subspace
of Y.

(3)  Y/H has the extension property in X/H whenever H is a hyperplane of Y.

We first present a stability result for the extension property which strengthens The-
orem 3.16. We then present similar stability results for the strong extension and
uniform extension properties.

We need the following two preliminary results.

Lemma 3.17. Let Z andY be any two closed subspaces of X such that Z CY C X,
and q : X — X/Z be the canonical map. Then

(1) themap T : (Y/Z)+ — Y+, defined by T(f) = foq forall f € (Y/Z)*, is an
onto isometric isomorphism;

(2) d(f,(Y/Z2)")=d(foq,Y") for any f € (X/Z)".

Proof. (1) Let BY and BY , denote the open unit balls of X and X/Z respectively.
It is known that ¢(B%) = BY/, (see [17, Lemma 1.7.11]). Observe that T' is linear
and for any h € (X/Z)* we have,

[ho gl| = sup{|(h o q)(x)| : © € B} = sup{[h(z + Z)| s x + Z € Byz} = ||hl].

Therefore T' is an isometry. If g € Y+, then Z C ker(g). By [17, Theorem 1.7.13],
there exists a unique f € (X/Z)* such that g = f o q. Observe that f € (Y/Z)*.
Hence, T is an onto isometric isomorphism.

(2): Let f € (X/Z)*. From (1), we have

d(foq. Y ) =mf{|[foqg—goql:g€ (V/Z)"} =inf{|[f —gl: g€ (V/Z)}
=d(f,(Y/Z)"). O

The isometric isomorphism given in the following result will be used in this section
and the subsequent sections.

Lemma 3.18. [17] Let Y be a proper closed subspace of X and q : X — X/Y be
the canonical map. Then the map S : (X/Y)* — Y+ defined by S(f) = foq for all

f € (X/Y)*, is an onto isometric isomorphism.

The statement (2) of the following result can be added to the equivalent statements
given in Theorem 3.16.

Theorem 3.19. Let Y be a closed subspace of X with dim(Y) > 2. Then the
following statements are equivalent.

(1) Y has the extension property in X.
(2)  Y/F has the extension property in X/F whenever F is a one dimensional
subspace of Y.
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Proof. (1) = (2): This implication follows from Theorem 3.16.

(2) = (1): Let f € Y# and g € Ey(f). Since dim(Y) > 2, there exists a non-zero
element y € ker(f) NY. Let F' = span{y} and ¢ : X — X/F be the canonical
map. By Lemma 3.18, the map S : (X/F)* — F*, defined by S(f) = f o ¢ for any
fe (X/F)*, is an onto isometric isomorphism. Since g, f € F* and S is onto, there

exist §, f € (X/F)* such that jog =g and foq= f. By Lemma 3.17, we have
L= |flvll=d(foqY")=d(f,(Y/F)") = [Iflvrl-
Since f =g on Y/F and || f|x/e| = [1lx/e| = 1, we have §, f € Eqyyry(f). By (2),

g = f which implies that g = f. u

Since the proofs of the stability results for the strong extension property and the
uniform extension property are similar, we first present a stability result for the
uniform extension property.

Theorem 3.20. Let Y be a closed subspace of X with dim(Y) > 2. Then the
following statements are equivalent.

(1) Y has the uniform extension property in X.

(2)  For every n € N, let Z,, be any proper closed subspace of Y, h, € (Y/Z,)*
and fo,gn € (X/Za)" If |fall = L llgnll = L fu — o € (Y/Za)" and
9n — hn € (Y/ZTL)J_v then an - gn” — O

(3)  For every n €N, let H, be any hyperplane of the subspace Y, h, € (Y/H,)*
and fn,gn € (X/H) . If [|full = 1, lgnll = 1, fu — ha € (Y/H,)* and
Gn — hn € (Y/H,)%, then || fn — gall — 0.

(4)  For everyn € N, let F,, be any one dimensional subspace of Y, h, € (Y/F,)*
and fo,gn € (X/F)* If [full = L, llgall = 1. fo = b € (Y/Fo)" and
gn — hn € (Y/Fn>L> then an - gn” - 0

Proof. (1) = (2): For each n € N, let Z,, be a proper closed subspace of Y and
(hn) be a sequence in D((Y/Z,)"). Let (f,) and (g,) be sequences in (Y/Z,)*
such that ||f, — k|| — 1 and ||g, — hn| — 1. To prove (2), it is enough to show
that || f, — gn|| = 0. For each n € N, let ¢, : X — X/Z, be the canonical map.
By Lemma 3.17, we have (h, o ¢,) € D(Y') and (f, 0 ¢n), (Gn © qn) € Y+ for all
n € N. Further, || f, 0 gn — hn 0 gul| = 1 and ||gy © ¢u — hn © gn|| = 1. By (1) and
Theorem 2.6, Y+ is uniformly strongly Chebyshev on D(Y*). Therefore, it follows
that || f, © ¢gn — Gn © qu|| = 0. Hence, by Lemma 3.17, || f, — dn|| — 0.

(2) = (3): This implication is obvious.

(3) = (1): Let h, € Y# and f,,g9, € X* be such that | f,]| — 1, |lga]l — 1,
fo—h, €Y+t and g, — h, € Y. By (1) & (2) of Theorem 2.6, it is enough to
show that ||f, — gnl| — 0. Define H,, = ker(h,) NY. Since ||h,|y|| = 1, H, is a
hyperplane of Y. Let ¢, : X — X/H, be the canonical map. By Lemma 3.18, for
every n € N there exists an onto isometric isomorphism S,, from (X/H,)* to H;-,
defined by S, (f) = foq, for any f € (X/H,)*. Since fn,gn,hn € H- and S, is
onto, there exist fn,g}“l{n € (X/H,)* such that fn 0 G¢n = fny Gn© @y = g, and
h~n 0@, = h,. By Lemma 3.17, we have

L= [|haly ]| = d(hn 0 gu, Y) = d(h, (Y/Ha)*) = |laly, .
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Therefore, using the isometry of S,, we obtain that h, € (Y/H,)#, || f.|| = 1 and
|gnll = 1. Observe that f,, — hy, Go — hn € (Y/Hy,)%. By (3), || fo — gnll — 0. Hence,
by Lemma 3.18, || f,, — gn|| — 0.

(2) = (4): This implication is obvious.

(4) = (1): Take some h,, € Y# and f,,g, € X* such that || f,|| — 1, |lg.]| — 1,
fo—h, € Y+t and g, — h, € Y*. By Theorem 2.6, it is sufficient to show that
| fn — gnll — 0. Since dim(Y) > 2, for every n € N, choose y,, € ker(h,) NY
such that y, # 0. Define F,, = span{y,}. By replacing H,, by F, in the proof of
(3) = (1) and repeating the argument involved in that proof, we get the proof of
4) = (1). O

A stability result for the strong extension property is presented below.

Theorem 3.21. Let Y be a closed subspace of X with dim(Y) > 2. Then the
following statements are equivalent.

(1) Y has the strong extension property in X.

(2)  Y/Z has the strong extension property in X/Z whenever Z is a proper closed
subspace of Y.

(3) Y/H has the strong extension property in X/H whenever H is a hyperplane
of Y.

(4)  Y/F has the strong extension property in X/F whenever F is a one dimen-
stonal subspace of Y.

Proof. (1) = (2): Let Z be a proper closed subspace of Y. By Theorem 3.2, it
is enough to show that (Y/Z)" is strongly Chebyshev on (X/Z)*. Let f € (X/Z)*
and (h,) be a minimizing sequence for f in (Y/Z)*. By Lemma 3.17, we have
A, (Y/2)5) = d(f 04, Y) and [Jhn o — f o]l = |bn — f]) where g - X = X/Z is
the canonical map. Thus, (h, o ¢q) is a minimizing sequence for f o ¢ in Y. Since,
by (1) and Theorem 3.2, Y is strongly Chebyshev on X*, (h, oq) converges in Y.
It follows from Lemma 3.17 that (h,) converges in (Y/Z)t. This establishes that
(Y/Z)* is strongly Chebyshev on (X/Z)*.

The implications (2) = (3) and (2) = (4) are obvious.

The proofs of (3) = (1) and (4) = (1) are similar to those of (3) = (1) and
(4) = (1) of Theorem 3.20, respectively. We outline only the proof of (3) = (1)
here.

(3) = (1): Let h € Y# and f,,g, € X* be such that ||f,]| — 1, |lg.ll — 1,
fn—heYtand g, —heYt By (1) & (2) of Theorem 3.2, it is enough to show
that || f, — gnl| = 0. Define H = ker(h) NY. In the proof of (3) = (1) of Theorem
3.20, if we take h, = h and H,, = H for all n € N and proceed with that proof, we
obtain ||g, — fnl| — 0. O

We now discuss the transitive properties of the strong extension and uniform exten-
sion properties. In the rest of this section, we assume that Z is a closed subspace
of Y. If Z has the extension property in Y and Y has the extension property in X,
then it is easy to verify that Z has the extension property in X. We establish similar
transitive properties for the strong extension and uniform extension properties.

For feX* and 6 > 0, let E}(fly,0) :={geY":g=fonZ, |lgly|l < Ilflzll + d}.
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Theorem 3.22. LetY and Z be two closed subspaces of X such that Z CY C X.

(1) If Z has the strong extension property in 'Y and Y has the strong extension
property in X, then Z has the strong extension property in X.

(2)  If Z has the uniform extension property in'Y andY has the uniform extension
property in X, then Z has the uniform extension property in X.

Proof. (1): Let f € Z# and ¢ > 0. Since the extension property is transitive and
17121 = Il = I = 1, we have fly = EX(fly) and f = EE(f) = BX(f).
Since Y has the strong extension property in X, by Theorem 3.2, Y+ is strongly
Chebyshev on X™. So, there exists § > 0 such that § < € and diam(Py.(f,9)) < £.
It follows from the strong extension property of Z in Y that there exists 6; > 0 such
that §; < g and diam(EY (fly,d1)) < g. We now show that diam(E3 (f,61)) < e.
Let gi,92 € E5(f,01). Then g1 = go = f on Z, [|g1]] < 1+ 01 and [[gof < 1+ 41
Note that gi|y = ¢2|y = f|y on Z and

laalvll < llgall < 1+ 6.

Similarly, ||g2|y|| < 1+ d;. Therefore, g1|y, g2lv, fly € E%(f|y,d1). Since we have
diam(EY(fly, ) < &, it follows that ||grly — flyll < 5 and galy — flv]| < .

Observe that H = Y+ + f is Chebyshev on X*. Let hy = Py(g1) and hy = Py (gs).
Note that

1y — gul| = d(gr, H) = d(g1, Y + f) = d(g1 — f,Y ) =|l(g1 = [lv]| <

Wl >

and |l < b - gl + ol < D416 <18 = d(f.YY) 46

and ||ho|| < d(f,Y+) + 6. In consequence we
Since diam(Py1(f,d)) < £, we conclude that

Similarly, we have [|hy — gaf <
obtain f — hy, f — he € Pyi(f,0
th — hQH S % NOW,

)
N €
)' 3

€

é

)
191 = g2l < llgr = hall + [|ha = hall + [[he = goll < 5 +
Therefore, diam(Ey (f,01)) < e. By Theorem 3.2, Z has the strong extension
property in X.
For the proof of (2), we use Theorem 2.6 and replicate the argument involved in the

proof of (1). n

In [7, Theorem 5.1], it is proved that Y has the extension property in span{Y U{z}}
for all z € X if and only if Y has the extension property in X. The following example
illustrates that, in the statement of the above result, the extension property cannot
be replaced by the strong extension property.

Example 3.23. Consider Y, such that Y has the extension property in X but YV
does not have the strong extension property in X (see, Examples 3.11 and 3.12).
Clearly, Y has the extension property in span{Y,x} for all x € X. By Theorem
3.5, Y has the strong extension property in span{Y,z} for all z € X but, as stated
above, Y does not have the strong extension property in X. [
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Remark 3.24. In [18], Oya introduced a property called property—SU which is
stronger than the extension property. We observe from [7, Proposition 6.5] and
Corollary 3.15 that the property-SU is different from the strong extension property.

4. Characterizations of smoothness

In Definition 1.5, we defined the smoothness, Fréchet smoothness and uniform
Fréchet smoothness of Y in X. We relate these smoothness aspects with the exten-
sion, strong extension and uniform extension properties in Section 5. In this section,
we mainly present several characterizations of these smoothness aspects. Some of
these characterizations will be used in Section 5.

We first make some basic observations. The proof of the next result which is due to
Smulian follows from the proof of [11, Lemma 8.4].

Lemma 4.1. The norm of X is uniformly Fréchet differentiable on Sx if and only
if ©¥ —yi — 0 whenever (x,) is a sequence in Sx and (x}), (y:) are sequences in
Sx« such that z¥(x,) — 1 and y! (z,) — 1.

If we take Y = X in Definition 1.5, then by [17, Corollary 5.4.3, Theorem 5.6.11]
and Lemma 4.1, Definition 1.5 leads to the usual definitions of smoothness, Fréchet
smoothness and uniform Fréchet smoothness of X respectively. That is, X is smooth
(respectively Fréchet smooth, uniformly Fréchet smooth) in X if and only if X is
smooth (respectively Fréchet smooth, uniformly Fréchet smooth). We write FS
to denote Fréchet smooth and UFS to denote uniformly Fréchet smooth. From
Definition 1.5, it is easy to observe the following implications:

(1) YisUFSinX = YisFSin X = Y is smooth in X.
(2) Y is smooth (resp. FS, UFS) in X = Y is smooth (resp. FS, UFS).
(3) X is smooth (resp. FS, UFS) = Y is smooth (resp. FS, UFS) in X.

To illustrate that none of the above implications can be reversed, we present two
examples in this section and the rest in Section 5 (see Example 5.18).

Example 4.2. (a) Let X = (R? || ||2) ®c R and Y = (R?, || - ||2). It is easy to see
that every point of Sy is a smooth point of Bx. Hence, Y is smooth in X. Since X
is finite dimensional, by Definition 1.5, Y is UFS in X. Observe that X is not smooth.

(b) Let X = (R2,|| - ||2) ®1 R and Y = (R?,|| - ||2). Clearly, Y is UFS but Y is not
smooth in X. ]

For 2* € Sx+, x€Sx,and 0 < ¢ < 1, we define S(X, 2*,0) = {x € Bx : 2*(x) > 1—0}
and S(X*,x,0) = {2* € Bx~ :2*(z) > 1 —6}.

The next result which will be used latter, is a generalization of a result due to
Smulian [17, Theorem 5.4.19].

Proposition 4.3. The following statements are equivalent.

(1) Y is smooth in X.

(2)  S(X*,y,0) is a singleton for every y € Sy.

(3) Whenever y € Sy and () is a sequence in Sx~ such that x’(y) — 1, then
() is w*-convergent.

n
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Proof. (1) < (2): These implications follow from Definition 1.5.
(2) < (3): The proofs are similar to those of (a) < (b) of [17, Theorem 5.4.19]. [

For a given z € X \ {0}, the set {z* € X* : 2*(z) = 0} is called the w*-closed
hyperplane of X* generated by z. If zo € X and H = {z € X : 2*(x) = ¢} for some
x* € X*\{0} and ¢ € R, then it is known [11, page 53] that

|z*(x0) — ¢
d(xg, H) = =~
(2o, H) [Ed]
which is also known as Ascoli’s formula.

In the following result, we characterize the smoothness of Y in X in terms of the
Chebyshevness of the w*-closed hyperplanes of X*.

Proposition 4.4. The following statements are equivalent.
(1) Y is smooth in X.

(2)  Every w*-closed hyperplane, generated by an element of Sy, is Chebyshev on
X*.

Proof. (1) = (2): Let y € Sy and H = {z* € X* : 2*(y) = 0}. Tt is clear
that H is proximinal on X*. Let y* € X*\H and z},z5 € Pg(y*). By Ascoli’s
formula, we have d(y*, H) = |y*(y)|. Without loss of generality, we assume that
d(y*, H) = y*(y). Note that

Y —ar oyt —ad y* -] y* -z
s (- S * and = = ].
iy H) diyH) - X W = agm W

By (1), we have z7 = x5. Hence, H is Chebyshev on X*.

(2) = (1): Suppose Y is not smooth in X. Then there exist y € Sy and two distinct
elements z7, x5 € Sx« such that z3(y) = 25(y) = 1. Let H = {z* € X* : 2*(y) = 0}.
By (2), H is Chebyshev on X*. It follows from Ascoli’s formula that d(z}, H) = 1.
Observe that 0,z — 25 € Py(27) which is a contradiction. O

We now prove that the smoothness property defined for subspaces is preserved under
[, direct sum, where 1 < p < oo.

Theorem 4.5. Let {X; :i € N} be a family of Banach spaces and Y; be any closed
subspace of X; for eachi € N. For1 <p < oo, letY =®,Y; and X = ®,X,. Then
the following statements are equivalent.

(1) Y is smooth in X.
(2) For every i € N, Y; is smooth in X;.

Proof. (1) = (2): This follows from Definition 1.5.

(2) = (1): Let x = (4)ieny € Sy and z*, y* be elements in Sx« such that we have
z*(z) = y*(x) = 1. Note that z* and y* can be identified as (z});ey € B, X; and
(y!)ien € By X} respectively, where ¢ = -£7. By the Holder inequality, we have

V=2 ai(z) < Y llafllall < Izl Nl Dl = 1.

€N €N

Therefore, ||z}]|? = ||2;||P and x}(z;) = ||]||||x:|| for all i € N.
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Similarly, we have ||y||? = ||z;||” and y;(z;) = |ly7]|||x:]| for all ¢ € N. Thus,
|lzf]| = ||yf|| for all @ € N. If x; = 0 for some ¢ € N, then xf = yf. Assume that
x; # 0 for some ¢ € N. Since Y; is smooth in X;, Hz_ﬂ = Hzi’i\l' So xf = y; for all
t € N. Thus, * = y* which implies that Y is smooth in X. O

We present the characterizations of uniform Fréchet smoothness and Fréchet smooth-
ness of Y in X in terms of slices and Chebyshevness. These characterizations will be

used in Section 5. We first present the characterization of uniform Fréchet smooth-
ness of Y in X.

Theorem 4.6. The following statements are equivalent.
(1) Y is UFS in X.
(2)  diam(S(X*,y,£)) — 0 uniformly for all y € Sy.

(3)  For a given € > 0 there exists § > 0 such that diam(Ppy,(z*,0)) < € whenever
H, is a w*-closed hyperplane of X* generated by any y € Sy and x* € D(H,).

Proof. (1) = (3): Suppose (3) does not hold. Then there exist ¢ > 0, w*-
closed hyperplane H, generated by some y, € Sy and z! € D(H,) such that
diam(Py, (x, £)) > € for all n € N. This implies that there exist y;, z; € Py, (25, =)
such that ||y —z%|| > e for all n € N. Observe that ||z} —y%|| — 1 and ||z} —z%| — 1.

"l ]
By Ascoli’s formula, d(z}, H,) = |2} (y,)| = 1. Assume that for a subsequence (y,, )
of (yn), we have zj, (yn,) = 1 for every k& € N. Thus,

x:/k - y’:;k ( 'r’l):,k - Z’:;,k
e Tk (g ) — 1 and Tk (y, ) — 1.
[ g, — 25, 17
By (1) o~y ot =zl
Nk ng ng ng

Hence, ||ly; — 2 || — 0. This leads to a contradiction.

(3) = (2): Let ¢ > 0. By (3), there exists § > 0 such that we have 0 < §
and diam(Ppg, (z*,6)) < § whenever H, is a w*-closed hyperplane of X* generated
by any y € Sy and z* € D(H,). Choose 6; = g. It is enough to show that
diam(S(X*,y,01)) < e for all y € Sy. Let y € Sy and z*,y* € S(X*,y,071). Define
H, ={f € X*: f(y) = 1}. Observe that H; is Chebyshev on X*. Let z* = Py, (z*)
and y* = Py, (y*). By Ascoli’s formula,

o = o*| = da", Hy) =1 — () <6 < &

£

Similarly, we have ||y* — y*|| < . By the Hahn-Banach theorem, there exists
z* € Sx« such that 2*(y) = ||y|]| = 1. Define H, = {f € X*: f(y) = 0}. Now,

o =& — 2 = ) < [l = &) + [l2*]) < 1+ 6 = d(=*, H,) + .

Similarly, ||z* — y* — 2*|| < d(z*, H,) + 61. Therefore, z* — 2*, 2* — y* € Py, (z*,9)
and z* € D(H,). Since diam(Pg,(z*,6)) < £, it follows that ||y* — z*|| < &. Thus,

lo” =7l < fla™ = 2]l + lla* =yl + lly* — g7l < e

This proves that diam(S(X*,y,01)) < e.
(2) = (1): This is easy to verify. O
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Corollary 4.7. Consider the following statements.

(1) Y+is UFS in X*.

(2)  diam(S(X**,2*, L)) — 0 uniformly for all z* € Sy..

(3) diam(S(X,z*, 711)) — 0 uniformly for all x* € Sy ..

Then (1) < (2) = (3). Further, if Y is reflexive, then (3) = (2).

Proof. (1) < (2): These implications follow from Theorem 4.6.

(2) = (3):
(3) = (2): Let Y be a reflexive subspace. By (3), we observe that X /Y is reflexive.
Let 2* € Sy.. Because of (3), S(X,z*,0) is non-empty. Since Y is isometrically
isomorphic to (X/Y)*, by the James theorem, X/Y is reflexive. By [17, Corollary
1.11.19], X is reflexive. Hence, (3) = (2). O

This is obvious.

We now present characterizations of Fréchet smoothness of Y in X in terms of slices
and strong Chebyshevness.

Theorem 4.8. The following statements are equivalent.

(1) Y is FSin X.

(2)  diam(S(X*,y,%)) = 0 for all y € Sy.

(3) Ify € Sy and H is the w*-closed hyperplane generated by y, then H is strongly
Chebyshev on D(H ).

(4)  Ify € Sy and H is the w*-closed hyperplane generated by y, then H is strongly
Chebyshev on X*.

Proof. (1) = (3): Suppose (3) does not hold. Then there exist € > 0, a w*-closed
hyperplane H generated by some y € Sy and z* € D(H) with diam(Py(z*, 1)) > €
for all n € N. If we take y, =y, ), = z* and H,, = H for all n € N in the proof of
(1) = (3) of Theorem 4.6 and repeat the argument involved in that proof, we get a
contradiction.

(3) = (4): Let y € Sy and H = {f € X*: f(y) = 0}. Letx € X"\ H. Since H is
proximinal on X*, choose y* € Py(z*) and define 2 = “=% where d = d(z*, H).

Note that zf € D(H). For any § > 0, observe that Py (xg, 5) L(Py(z*,do) — y*).

The proof of (3) = (4) follows from this observation.

(4) = (2): Let e>0 and ye Sy. Define H, = {f€ X*: f(y) = 0}. By the Hahn-Ba-
nach theorem, there exists z* € Sx- such that z*(y) =||y||=1. Note that z* € D(H,).
Hence, by (4), there exists 0 > 0 such that § < £ and diam(Pp,(2*,9)) < 5. Choose

6, = 2. If we fix y in the proof of (3) = (2) of Theorem 4.6 and repeat the

2
argument involved in that proof, we obtain diam(S(X*,y, 1)) < €. This proves the
implication.

(2) = (1): This implication follows from Definition 1.5. N

Corollary 4.9. Consider the following statements.

(1) Y+is FSin X*.

(2)  diam(S(X**, 2%, 1)) — 0 for all z* € Sy..

(3)  diam(S(X,z*, L)) = 0 for all z* € Sy..

Then (1) < (2) = (3) Further, if Y is reflexive, then (3) = (2).
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Proof. (1) < (2): These implications follow from Theorem 4.8.
(2) = (3): This is obvious.
(3) = (2): Let Y be a reflexive subspace and z* € Sy.. We see from the proof of
the implication (3) = (2) of Corollary 4.7 that X is reflexive. In consequence we
obtain diam(S(X**,z*, 1)) — 0 for all z* € Sy.. O
The next three results show that the implications

YisUFSin X = Y isFSin X = Y is smooth in X

can be reversed under certain additional assumptions on Y and X.

Proposition 4.10. Suppose X* has the Namioka-Phelps property. If Y is smooth
in X, then'Y is FS in X.

Proof. Let y € Sy and (z7) be a sequence in Sx- such that z’(y) — 1. Since Y
is smooth in X, by Proposition 4.3, we have x;, W5 2* for some x* € By-. Observe
that x* € Sx-. It follows from the Namioka-Phelps property of X* that 2} — z*.
Hence, Y is FS in X. 0

Proposition 4.11. Let Y be a finite dimensional subspace of X. If Y is FS in X,
then Y is UFS in X.

Proof. Let (z,,) be a sequence in Sy and (z7), () be sequences in Sx~ such that
xf(z,) = land y (z,) — 1. Since Y is finite dimensional, there exists a subsequence
(@n,) of (z,) such that x,, — x¢ for some xy € Sy. Note that

0 < |27, (20, = wo)| < [, — ol

Thus, x; (v9) — 1. Similarly, we obtain that y; (zo) — 1. Since Y is FS in X,
z,, — Y, — 0. Therefore, z; —y; — 0. Hence, Y is UFS in X. O

The following corollary is a consequence of Proposition 4.10 and Proposition 4.11.

Corollary 4.12. If X is a finite dimensional space, then the following statements
are equivalent.

(1) Y is smooth in X.
(2) Y is FSin X.
(3) Y is UFS in X.

We now present different stability results associated with the smoothness properties.

Theorem 4.13. Let Y be any closed subspace of X with dim(Y') > 3. Then the
following statements are equivalent.

(1) Y is smooth in X.
(2) Y/Z is smooth in X/Z, whenever Z is proper proximinal subspace of Y.

(3) Y/F is smooth in X/F, whenever F is a one dimensional subspace of Y.

Proof. (1) = (2): Let Z be a proper proximinal subspace of Y and y + Z € Sy,.
Suppose that f and g are elements of S(x/z)+ such that f(y+Z) = g(y+Z) = 1. Since
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Z is proximinal at y, there exists zo € Z such that ||zo—y|| = d(y, Z) = |ly+Z|| = 1.
Let ¢ be the canonical map from X to X/Z. Then (foq)(y—20) = (goq)(y—20) =1
and hence gogq, foq € Sx«. By (1), we have f oq = goq which implies that f = g.
Hence, Y/Z is smooth in X/Z.

(2) = (3): This implication is obvious.

(3) = (1): Suppose statement (1) does not hold. Then there exist y € Sy and two
distinct elements f, g€ Sx« with f(y)=g(y)=1. Clearly, codim(ker(f)Nker(g))=2.
Since dim(Y') > 3, there exists a non-zero element yy € ker(f) Nker(g) NY. Define
F = span{yo}. Let ¢ : X — X/F be the canonical map. By Lemma 3.18, the map
S, defined by S(h) = hoq for any h € (X/F)*, is an onto isometric isomorphism
from (X/F)* to F+. Since f,g € F*+ and S is onto, there exist f,ge (X/F)* such

that foqg = f and gogq = g. Therefore, using the isometry of S, we obtain that
f,9 € Six/r)+ and

l=fly)=(feay)=fly+F)<y+F <|yl=1

Thus, y + F € Sy,p and fly+ F) = 1. Similarly, j(y + F) = 1. By (3), it follows
that f = ¢. Thus, f = g, which is a contradiction. Il

We remark that in Theorem 4.13, the implications (1) = (2) < (3) are true even if
dim(Y") > 2. However, the implication (3) = (1) need not be true when dim(Y") = 2.

Example 4.14. Let X = (R%|| - ||;) @2 R and Y = (R? | - ||1). Clearly Y is
not smooth and hence Y is not smooth in X. Let F' be any one dimensional
subspace of Y. Then F = span{(a,b,0)} for some (a,b,0) € Y. Clearly F*+ =
span{(—b,a,0),(0,0,1)}. By Lemma 3.18, (X/F)* and F* are isometrically isomor-
phic. We now show that F* and (R?, || - ||2) are isometrically isomorphic. Consider
themap T': F+ — (R?, || ||2) defined by T'((—ab, aa, 3)) = (ua, 8) for any «, 8 € R,
where 1 = max{|al, |b|}. Then, it is easy to verify that T is linear. Observe that for
any o, 8 € R,

|(=ab, aa, B)||x- = (max{|aal, |ab[})*+5%)2 = ||(ua, B)||> = | T((=ab, aa, B))]».

Therefore, T is an isometry. To show that T is onto, let (ay, ) € R?. Then,

(—<1b, %La, as) € F+ and T((—=4b, % a, az)) = (o1, az). This shows that 7" is onto.

Hence, T is an onto isometric isomorphism. Therefore (X/F)* is rotund which
implies that X/F is smooth. Hence, Y/F is smooth in X/F. O

Theorem 4.15. Let Z and Y be any two closed subspaces of X with Z CY C X.
(1) If Z is proziminal on'Y andY is FS in X, then Y/Z is FS in X/Z.
(2) IfY is UFSin X, then Y/Z is UFS in X/Z.

Proof. (1) Let y+ Z € Sy;z and (f,) be a sequence in S(x/z)- with f,(y+Z) — 1.
Let ¢ be the canonical map from X to X/Z. Since Z is proximinal at y, there
exists zp € Z such that ||y — 2|l = d(y,Z) = |ly + Z|| = 1. Consider the map
S (X/Z)* — Z+ defined by S(g) = goq for all g € (X/Z)*. By Lemma 3.18, S is
an onto isometric isomorphism. Therefore f,, o g € Sx« and (f, 0o q)(y — z0) — 1.
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Since Y is FS in X, (f, o q) converges. Since S is an isometric isomorphism, (f;,)
converges. Hence, Y/Z is FS in X/Z.

(2): Let y, + Z € Syyz for all n € N. Consider two sequences (f,) and (g,) in
S(x/z)- satisfying fn(y, + Z) — 1 and ¢,(y, + Z) — 1. Let ¢ be the canonical
map from X to X/Z. Since Y is UFS in X, Y is UFS. Therefore by [17, Theorem
5.5.13], Y is reflexive which implies that Z is proximinal on X. Thus, there exists
a sequence (z,) in Z such that ||y, — zu|| = d(yn, Z) = ||yn + Z|| = 1 for all n € N.
Let S be the map defined as in (1). Then, (f, oq) and (g, o q) are sequences in Sy«
satisfying (f, o ¢)(yn — 2,) — 1 and (g, 0 ¢)(yn — 2,) — 1. Since Y is UFS in X,
| fnoq—gnoq| — 0. Since S is an isometric isomorphism, || f,, — ¢,|| — 0. Hence,
Y/Z is UFS in X/Z. O

The following example shows that the converses of the statements of Theorem 4.15
need not be true.

Example 4.16. Let X = (R?, || - |l2) @1 R, Y = {(0,22,23) € X : 22,73 € R} and
Z = {(0,0,23) € X : 3 € R}. Observe that Z is proximinal on X and X/Z is
isometrically isomorphic to (R?, || - ||2). Since X/Z is UFS, Y/Z is UFS in X/Z.
For y = (0,0,1) € Sy, consider, z* = (0,—1,1) and y* = (0,1,1). Note that
x*,y* € Sx- and z*(y) = y*(y) = 1. Hence, Y is not smooth in X. ]

The following example shows that, in general, the smoothness (respectively Fréchet
smoothness) of Y in X need not imply the smoothness (respectively Fréchet smooth-
ness) of Y/Z in X/Z.

Example 4.17. Let X be a smooth (respectively FS) Banach space with non-
rotund dual space [9, Theorems 5.2, 5.4, Chapter VII]. Then there exist distinct
elements x7, 25 € Sx+ such that H@H = 1. Let Y = ker(z}) N ker(x}). Clearly,

Y is a subspace of X such that Y+ is not rotund. This implies that X/Y is not
smooth. Now, consider the spaces X1 =X @ X, Xo =Y @&y X and X5=Y @, Y.
Observe that X5 is smooth (respectively F'S) in X; but X5/ X3 is not smooth. Hence,
X5/ X3 is not smooth in X;/Xj3. O

We will see in Section 5 (see Example 5.19) that, in general, the Fréchet smooth-
ness of Y in X and the Fréchet smoothness of Y/Z in X/Z need not imply the
proximinality of Z on Y.

5. Smoothness and extension properties

In this section, we mainly characterize the smoothness, Fréchet smoothness and uni-
form Fréchet smoothness of Y in X in terms of extension property, strong extension
property and uniform extension property respectively.

We first relate the extension property and the smoothness of Y in X.

Proposition 5.1. The following statements are equivalent.
(1) Y is smooth in X.

(2) Ifx €Sy and f,g € Sx~ satisfy f(x) = g(x) =1, then Ey(f) = Ev(g) = {f}.
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Proof. (1) = (2): Let z € Sy and f, g € Sx~ satisfying f(z) = g(z) = 1. Then, by
(1), f = g which implies that Ey(f) = Ey(g). It is clear that f € Ey(f). Suppose
h € Ey(f). Then ||h|| = | flv|| =1 and h(x) = f(z) = 1. By (1), we see that h = f
on X. Hence, Ey(f) = Ey(g) ={f}.

(2) = (1): Let x € Sy and f,g € Sx- satisfying f(x) = g(z) = 1. Clearly,
f € Ey(f)and g € Ey(g). It follows from (2) that f = g on X. Hence, Y is smooth
in X. [l

Theorem 5.2. Consider the following statements.

(1) Y has the extension property in X and Y is smooth.
(2) Y is smooth in X.

Then (1) = (2). Further, if Y is reflexive, then (2) = (1).

Proof. (1) = (2): Let y € Sy. Suppose that f and g are elements in Sx+ such

that f(y) = g(y) = 1. Then, fly(y) = gly(y) = 1 and f|y,g|ly € Sy«. Using the
smoothness of Y, we obtain f = g on Y. Hence, f,g € Ey(f). Since Y has the
extension property in X, f = g on X. Hence, Y is smooth in X.

Let Y be a reflexive subspace. By (2), it is clear that Y is smooth. Let f € Y# and
91,92 € Ey(f). Then, g1,g2 € Sx+. Since Y is reflexive, there exists y € Sy such
that f(y) = ||f|v|l = 1. Note that ¢1(y) = ¢2(y) = 1. Since Y is smooth in X, we
have g; = go. By Proposition 2.3, Y has the extension property in X. O

We illustrate below that the implication (2) = (1) of Theorem 5.2 need not be true
and the extension property of Y in X need not imply the smoothness of Y in X.

Example 5.3. (1) Let X be a Fréchet smooth space with non-rotund dual [9,
Theorems 5.2, 5.4, Chapter VII]. By Theorem 1.2, there exists a closed subspace Y
of X such that Y does not have the extension property in X. However, Y is FS in
X. Hence, Y is smooth in X.

(2) Let X = (I, || - [|oo) and Y = ¢p. Since ¢ is an M-ideal in I, (see, [13, page

4]), by Corollary 2.8, Y has the uniform extension property in X. Since Y is not
smooth, it is not smooth in X. Il

We now see various consequences of Theorem 5.2.

In case Y is reflexive, statement (1) of the following result can be added to the
equivalent statements given in Theorem 4.13.

Corollary 5.4. Let Y be a closed subspace of X with dim(Y) > 3. Consider the
following statements.

(1) Y/H is smooth in X/H, whenever H is a closed subspace of Y of co-dimension
two.
(2) Y is smooth in X.

Then (1) = (2). Further, if Y is reflexive, then (2) = (1).
Proof. (1) = (2): We first prove that Y* is rotund. Let Z be any two dimensional

subspace of Y*. Suppose that Z = span{yj,y;} for some yj,y5 € Sy~. Define
H = ker(yy) Nker(y;). Clearly, H is a closed subspace of Y of co-dimension two
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and Hi. = Z. Since (Y/H)* is isometrically isomorphic to Z, by (1), Z is rotund.
By [17, Proposition 5.1.21], Y* is rotund.

Now, because of Theorem 5.2, it is sufficient to prove that Y has the extension
property in X. By (1) and Theorem 5.2, Y/F has the extension property in X/F
whenever Fis a closed subspace of Y of co-dimension two. Let f€Y# and g€ Ey(f).
Define H = ker(f) NY. Clearly, H is closed subspace of Y of co-dimension one.
Since dim(Y) > 3, choose a closed subspace of F' of H of co-dimension one. Note
that f,g € F*. If we consider the canonical map ¢ : X — X/F and proceed with
the argument given in the proof of (2) = (1) of Theorem 3.19, we get f = g.

Let Y be reflexive. The implication (2) = (1) follows from Theorem 4.13. O
We will see in Example 5.20, that (2) = (1) of Corollary 5.4 need not be true.

Definition 5.5. [16]The subspace Y is said to be totally smooth if every closed
subspace of Y has the extension property in X.

Example 5.3 illustrates that the smoothness of Y in X need not imply the total
smoothness of Y. In the next result, we see that these two notions coincide when Y
is reflexive.

Corollary 5.6. Consider the following statements.
(1) Y is totally smooth in X.

(2)  F has the extension property in X, whenever F is a one dimensional subspace
of Y.

(3) Y is smooth in X.
Then (1) = (2) & (3). Further, if Y is reflexive, then (3) = (1).

The space X is said to be rotund with respect to Y [1] if Sx contains no segment
parallel to Y. Uniform rotundity of X with respect to Y [1] is defined similarly.

In light of the classical duality between smoothness and rotundity [17, Propositions
5.4.5, 5.4.6, 5.4.7], it is natural to ask whether Y is smooth in X whenever X* is
rotund with respect to Y+ and whether these two notions coincide when either Y
or X is reflexive. The following examples address these questions.

Example 5.7. (a) Let X = (R?||-|l2)®R and Y = {(0, x5, 23) € X : 29,3 € R}.
Observe that Y+ is Chebyshev on X*. By [1, Lemma 1.4], X* is rotund with respect
to Y. But Y is not smooth in X, because, Y is not smooth.

(b) Let X = (R3] - ||o) and Y = {(0,0,23) € R : 23 € R}. Observe that
(0,0,1) € Sy is a smooth point of By. Therefore, Y is smooth in X. But Y+ is not
rotund. Hence, X* is not rotund with respect to Y'*. O

Example 5.7, in fact, reveals more. Since the spaces involved in Example 5.7 are
finite dimensional, we conclude that the uniform rotundity of X* with respect to Y+
does not imply that Y is smooth in X. Moreover, the uniform Fréchet smoothness
of Y in X does not imply that X* is rotund with respect to Y*. However, we
note that, by [1, Corollary 1.3], Theorem 1.3 and Theorem 5.2, if X* is rotund with
respect to Y+ and Y is smooth, then Y is smooth in X.
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We now present the characterizations of Fréchet smoothness and uniform Fréchet
smoothness of Y in X in terms of strong extension property and uniform extension
property of Y respectively. We first present the characterization for uniform Fréchet
smoothness.

Theorem 5.8. The following statements are equivalent.
(1) Y is UFS in X.
(2) Y has the uniform extension property in X andY is UFS.

Proof. (1) = (2): By (1), Y is UFS and hence Y is reflexive. Let h, € Y# and
fn,gn € X* be such that || f.|| = 1, |gall = 1, fu —hn € Y+ and g, — h,, € Y.

By (1) < (2) of Theorem 2.6, it is enough to show that || f, — g,|| — 0. Since Y is
reflexive, there exists y, € Sy such that h,(y,) = ||hn]y| = 1. Thus, %(yn) — 1

and ni_Zu@") — 1. Since Y is UFS in X, ”}t—:” o — 0. Hence, | fr — gnll = 0.

(2) = (1): Because of Theorem 4.6 it suffices to show that diam(S(X*,y,,+)) — 0,
for any sequence (y,) in Sy. Let },y% € S(X*,y,, +) for all n € N. By the Hahn-
Banach theorem, there exists 2z} € Sx- such that z/(y,) = ||y.|| = 1. Observe
that 2z € D(Y*) for all n € N. By (2) and Theorem 2.6, Y+ is uniformly strongly
Chebyshev on D(Y?1). Define H,, = Y+ + 27 for all n € N. Clearly, H,, is Chebyshev
on X*. Let x* = Py, (2%) and y* = Pg, (y) for all n € N. Since Y is UFS
and 23y, yily, zily € S(Y*,yn, =), we immediately obtain |lz}]y — zi|y| — 0 and
1y =25y [l = 0. Note that [|(z;, —2;) v || = d(a5,—z,, Y) = d(a, Hy) = ||l —a7
and d(0, H,,) = 1. Since ||z — 2| — 0 and

=d(0,H,) < ||zl < [l — @l + [z,
we have Hx | — 1. Similarly, ||y — »|] — 0 and ||y*|| — 1. Therefore we obtain
(25 —a%) — 2¢|| — 1 and ||(2f —y) — 2%|| — 1. Since Yt is uniformly strongly

Chebyshev on D(Y?), ||z — yx|| — 0. Now,

25, = wall < ll= = 23 ll + Nl = will + Nl — wall,
which implies that ||z}, — yi|| — 0. Hence, diam(S(X*,yn, =)) — 0. O

In view of Example 5.3, we conclude that the uniform extension property of Y in X
is not sufficient for the uniform Fréchet smoothness of Y in X.

It follows from [24, Proposition 3], Theorem 2.6 and Theorem 5.8 that if X* is
uniformly rotund with respect to Y+ and Y is UFS, then Y is UFS in X. Note that
Example 5.7 shows that the uniform Fréchet smoothness of Y in X neither implies
nor is implied by the uniform rotundity of X* with respect to Y.

We define a property called uniform equi-extension property as follows. Let F be a
collection of closed subspaces of X. We say that F has the uniform equi-extension
property in X if for € > 0, there exists 6 > 0 such that diam(Er(f,0)) < € for every
F € Fand f € F#. Tt is clear from Theorem 2.6 that if F has the uniform equi-
extension property in X, then F' has the uniform extension property in X whenever
FeF.
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In the next two results, we relate the uniform Fréchet smoothness and the uniform
equi-extension property.

Theorem 5.9. Let Y be a closed subspace of X with dim(Y) > 2. Then the

following statements are equivalent.

(1) Y is UFS in X.

(2)  Whenever Z, are proper closed subspaces of Y, y, € Sz, and fn, g, € Sx=
such that fr,(y,) — 1 and gn(yn) — 1, then || f, — gnl|| — 0.

(3)  Whenever H, are hyperplanes of Y, y, € Su, and fn,g, € Sx~ such that
folyn) = 1 and g,(yn) — 1, then || fn — gull — 0.

(4)  Whenever Z, are proper closed subspaces of Y, h, € Z# and f,, g, € X* such
that || full = 1, lgnll = 1, fo—hn € Z+ and g, —h, € Z5, then || f, — gul| — 0.

(5) F has the uniform equi-extension property in X, where F is the collection of
all proper closed subspaces of Y.

(6) F has the uniform equi-extension property in X, where F is the collection of
all one dimensional subspaces of Y.

Proof. (1) = (2) = (3): These implications follow from Definition 1.5.

(3) = (1): Let y, € Sy and f,, g, € Sx- such that f,(y,) — 1 and ¢,(y,) — 1.
For every n € N, choose w,, € Sy\span{y,}. By the Hahn-Banach theorem, there
exists x € Sx- such that span{y,} C ker(z}) and z}(w,) = d(w,, span{y,}).
Define H,, = ker(z;)NY. Clearly H, is a hyperplane of Y. By (3), we obtain that
1 fn = gull — 0.

(1) = (4): Let Z, be proper closed subspaces of Y, h,, € Z# and f,,g, € X* be
such that ||f.]l = 1, lgall = 1, fu — hn € Z+ and g, — h, € Z;-. Note that, by
(1), Y is reflexive. Therefore, there exists y,, € Sz, such that h,(y,) = ||hn.|z, || = 1.
Thus, H}c—:”(yn) — 1 and %(yn) — 1. Since Y is UFS in X, H§_2H - ”z—:” — 0. Hence,
1fn = gull — 0.

(4) < (5): These implications are easy to verify.

(5) = (6): This implication is obvious.

(6) = (1): Let € > 0. By (6), there exists 6 > 0 such that diam(Eg(h,0)) < € for
every one dimensional subspace F' of Y and h € F#. It follows from Lemma 2.5 that
diam(Pp1(h,d)) < € for every one dimensional subspace F of Y and h € D(F?1).
Thus, by Theorem 4.6, Y is UFS in X. [

The following theorem is a consequence of Theorem 5.9 and [24, Proposition 10].

Theorem 5.10. The following statements are equivalent.
(1) X is UFS.

(2) F has the uniform equi-extension property in X, where F is the collection of
all proper closed subspaces of X.

(3) F has the uniform equi-extension property in X, where F is the collection of
all hyperplanes of X.

(4) F has the uniform equi-extension property in X, where F is the collection of
all one dimensional subspaces of X .

(5)  X* is uniformly rotund.
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We remark that the equivalence (1) < (4) of Theorem 5.10 is also obtained in [24,
Proposition 9]. We now characterize the Fréchet smoothness in terms of strong
extension property.

Theorem 5.11. Consider the following statements.

(1) Y has the strong extension property in X and Y is F'S.
(2) Y is FSin X.

Then (1) = (2). Further, if Y is reflexive, then (2) = (1).

Proof. (1) = (2): Let y € Sy. By Theorem 4.8, it is enough to show that
diam(S(X*,y,2)) — 0. Let (z}) and (y;) be sequences in X* with the prop-
erty zi, yh € S(X*,y, %) for each n € N. By the Hahn-Banach theorem there exists
z* € Sx- such that 2*(y) = ||y||. By (1) and Theorem 3.2, Y+ is strongly Chebyshev
on X*. Let H =Y"! + 2. If we take y, = y, 2% = 2* and H, = H for all n € N

in the proof of (2) = (1) of Theorem 5.8 and repeat the argument involved in that
proof, we obtain |z} — y|| — 0. This proves that diam(S(X*,y,+)) — 0.

Let Y be a reflexive subspace. By (2), Y is FS. Let f € Y# and (g,) be a sequence
in X* such that ||g,|| — 1 and g, — f € Y*. By Theorem 3.2, it is enough to show
that g, — f. Since Y is reflexive, there exists y € Sy such that f(y) = || flv] = 1.
Therefore, m(y) — 1. Since Y is FS in X, observe that 2 — f. Hence,

llgn |l
gn — f. [

The following corollary is a consequence of Theorem 5.11.

Corollary 5.12. Consider the following statements.

(1) Z has the strong extension property in X, whenever Z is a closed subspace of
Y.

(2) F has the strong extension property in X, whenever F is a one dimensional
subspace of Y.
(3) Y is FSin X.

Then (1) = (2) < (3). Further, if Y is reflexive, then (3) = (1).

In view of Example 5.3, we conclude that the implication (2) = (1) of Theorem 5.11
as well as Corollary 5.12 need not be true and the strong extension property of Y
in X is not sufficient for the Fréchet smoothness of ¥ in X.

The following corollary characterizes the Fréchet smoothness of X* in terms of the
strong extension property in X*.

Corollary 5.13. The following statements are equivalent.
(1) X*is FS.
(1) Ewvery closed subspace of X* has the strong extension property in X*.

Proof. (1) = (2): Let Y be any closed subspace of X*. Since X* is FS, by
[17, Theorem 5.6.9], X is reflexive. By Corollary 5.12, Y has the strong extension
property in X*.

(2) = (1): This implication follows from Corollary 5.12. O
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Remark 5.14. Corollary 3.8 and Corollary 5.13 lead to the following observation.
Consider a non-reflexive space X such that X* is locally uniformly rotund |[21,
Example 6]. It follows from Corollary 3.8 that every closed subspace of X has the
strong extension property in X. Using the preceding fact and Corollary 5.13, we
observe that X cannot be a dual space.

The following corollary is a consequence of Theorem 3.9, Corollary 5.13 and [17,
Theorem 5.6.9].

Corollary 5.15. The following statements are equivalent.

(1)  FEwvery closed subspace of X and X* has the strong extension property in X
and X* respectively.

(2) X and X* are strongly rotund.

The following example illustrates that, in Corollary 5.13, X* cannot be replaced by
X.

Example 5.16. Let X be a Fréchet smooth space whose dual is not rotund [9,
Theorems 5.2, 5.4, Chapter VII|. By Theorem 1.2, there exists a subspace Y of X
such that Y does not have the extension property in X. O

It is easy to see that Y is smooth in X if and only if YV is smooth in span{Y,z} for
every x € X. In the following example, we observe that similar results do not hold
for Fréchet smoothness and uniformly Fréchet smoothness.

Example 5.17. Let X = (I3, - [|1) and 29 = (55). Define Y = span{zo}. It is
observed in Example 3.11 that Y has the extension property in X but Y does not
have the strong extension property in X. Therefore, by Theorem 5.2 and Theorem
5.11, Y is smooth in X but Y is not FS in X. Moreover, by Corollary 4.12, Y is
UFS in {Y, z} for all x € X.

We now present some examples to illustrate that some of the implications mentioned
in the beginning of Section 4 cannot be reversed.

Example 5.18. (1) Let Y be a smooth (respectively FS, UFS) space and Z be
any arbitrary Banach space. Consider X =Y @, Z. Then Y is an M-summand
in X which implies that Y is an M-ideal [13, page 2]. By Corollary 2.8, Y has
the uniform extension property in X. By Theorem 5.2 (respectively Theorem 5.11,
Theorem 5.8), Y is smooth (respectively FS, UFS) in X. But X is not smooth.

(2) Let Y be a smooth (respectively F'S; UFS) reflexive space and Z be any arbitrary
Banach space. Consider X = Y @&; Z. By Lemma 3.18, it is clear that X* is
isometrically isomorphic to Y+ @, Y*. Thus, Y+ is not Chebyshev on X*. It
follows from Theorem 1.3 that Y does not have the extension property in X. By
Theorem 5.2, Y is not smooth in X. Hence, Y is smooth (respectively FS, UFS)
but Y is not smooth in X.

(3) Let Y be smooth but not FS (see [9, Theorem 1.9, Chapter III]) and Z be any
arbitrary Banach space. Consider X =Y @, Z. By (1), Y is smooth in X but Y
is not FS in X. Similarly, if we consider Y to be F'S but not UFS and X =Y @, Z
for some arbitrary Banach space Z, then Y is FS in X but Y is not UFS in X. [



P. Gayathri, P. Shunmugaraj, V. Thota / Extensions of Continuous ... 225

As noted at the end of Section 4, the following example illustrates that, in general,
the Fréchet smoothness of Y in X and the Fréchet smoothness of Y/Z in X/Z need
not imply the proximinality of Z in Y.

Example 5.19. Let X* be a non-reflexive locally uniformly rotund space [21, Ex-
ample 6]. Consider a non-reflexive closed subspace Y of X which is of co-dimension
one. Let Z be a closed subspace of Y such that Z is of co-dimension one in Y and
it is not proximinal on Y. By [9, Proposition 1.5, Chapter II|, X is F'S and hence Y
is FS in X. By Corollary 3.8 and Theorem 3.21, it follows that Y/Z has the strong
extension property in X/Z. Hence, by Theorem 5.11, Y/Z is FS in X/Z. O

As mentioned immediately after Corollary 5.4, the following example illustrates
that, in general, the smoothness of Y in X need not imply the smoothness of Y/H
in X/H, where H is a closed subspace of Y of co-dimension two.

Example 5.20. Let Y be a smooth space whose dual is not rotund [9, Theorems
5.2, 5.4, Chapter VII] and Z be any arbitrary Banach space. Consider X =Y @, Z.
Observe that Y is smooth in X (see, Example 5.18). Since Y* is not rotund, it follows
from the proof of (1) = (2) of Corollary 5.4, there exists a closed subspace H of Y
of co-dimension two such that Y/H is not smooth in X/H. ]
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