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1. Introduction

Our aim is to provide a new way to find x ∈ H satisfying
0 ∈ Ax, (1)

where H is a given real Hilbert space and A : H ⇒ H is a maximal monotone
operator. It is one of the fundamental problems in convex optimization which has
been extensively studied (see, e. g., [1, 3, 2, 7, 8, 9, 16, 18, 19, 22, 23, 24, 26, 27, 30]
and the references therein). Indeed it is known that minimizing a proper convex
lower semicontinuous function f : H → R ∪ {+∞} can be reduced to the problem

0 ∈ ∂f(x). (2)
The proximal point algorithm [18, 19, 26] is one of well-known methods which is
given by

x0 ∈ H, xk+1 = JγAxk, k = 1, 2, 3 . . . (3)
for some γ > 0 where JγA := (Id + γA)−1 denotes the resolvent of A. Weak
convergence of the proximal point algorithm follows by the firm non-expansiveness
of the resolvent of A and Opial’s Lemma [9, 26]. Strong convergence can be obtained
by combining with the Krasnoselskii–Mann iteration scheme or Halpern’s procedure
(see, e.g., [27, 20, 31]). Linear convergence of the algorithm is an attractive property,
which was confirmed by Rockafellar [26] when A is strongly monotone or more
weakly, the inverse of A is Lipschitz continuous at zero. However, the Lipschitz
continuity of the inverse of A at zero in Rockafellar’s sense (see [26, 29]) is quite
restrictive since it requires that the inverse of A at zero is singleton, i. e., the problem
must have a unique solution, which is not satisfied in many applications.
ISSN 0944-6532 / $ 2.50 © Heldermann Verlag
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Inspired by Rockafellar’s idea, in this paper we establish a new way to solve the prob-
lem under only the R-continuity of the inverse of A at zero in the sense of set-valued
analysis. It is known that the unique solution xε of the Tikhonov regularized problem

0 ∈ (A+ εId)xε, (4)

converges to the least-norm solution of (1) as ε > 0 tends to zero [8, 30]. However,
under the truncated R-continuity of the inverse of A at zero with its explicit conti-
nuity modulus function, we can estimate how fast is this convergence. It helps us
to decide whether we should use the regularization. The assumption, which is auto-
matically satisfied when A is a maximal monotone operator, has a closed connection
with the notion of metric regularity (see, e. g., [5, 11, 12]). In addition, we show that
when A is not necessarily monotone, the R-continuity of the inverse of A at zero is
also important in the convergence analysis of DC programming for a large class of
functions.
The paper is organized as follows. First we recall some definitions and useful results
concerning operators in Section 2. The convergence analysis of Tikhonov regular-
ization is provided in Section 3. Applications to convex and DC programmings are
given in Section 4. Finally, some conclusions end the paper in Section 5.

2. Notations and preliminaries

Let H be a given real Hilbert space with its norm ∥ · ∥ and scalar product ⟨·, ·⟩. The
closed unit ball is denoted by B. Let be given a closed, convex set K ⊂ H. The
distance and the projection from a point s to K are defined respectively by

d(s,K) := inf
x∈K

∥s− x∥, projK(s) := x ∈ K such that d(s,K) = ∥s− x∥.

The least-norm element of K is defined by projK(0).

The domain, the range and the graph of a set-valued mapping A : H ⇒ H are
defined respectively by

dom(A) = {x ∈ H : A(x) ̸= ∅}, rge(A) =
∪
x∈H

A(x)

and gph(A) = {(x, y) : x ∈ H, y ∈ A(x)}.

It is called monotone provided

⟨x∗ − y∗, x− y⟩ ≥ 0 ∀ x, y ∈ H, x∗ ∈ A(x) and y∗ ∈ A(y).

In addition, it is called maximal monotone if there is no monotone operator A′ such
that the graph of A is strictly contained in the graph of A′. We have the following
classical result (see, e. g., [4, 6]).

Proposition 2.1. Let A : H ⇒ H be a maximal monotone operator. Then the
graph of A is strongly-weakly closed, i. e., if (xn) converges strongly to some x, (yn)
converges weakly to some y and yn ∈ A(xn) then y ∈ A(x).

Suppose that 0 ∈ dom(A). The following concept is an extension of the Lipschitz
continuity introduced by Rockafellar [26].
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Definition 2.2. The set-valued operator A is called truncately R-continuous at
0 if there exist σ > 0 and a non-decreasing function ρ : R+ → R+ satisfying
limr→0+ ρ(r) = ρ(0) = 0 such that

A(x) ∩ aB ⊂ A(0) + ρ(∥x∥)B,∀x ∈ σB, (5)

where a = infy∈A(0) ∥y∥. The function ρ is called a continuity modulus function of
A at zero. It is called truncately R-Lipschitz continuous at 0 with modulus c > 0 if
ρ(∥x∥) = c∥x∥.
If the left-hand side of (5) is replaced by A(x) then A is called R-continuous at 0.
Similarly if ρ(∥x∥) = c∥x∥ for some c > 0 then A is called R-Lipschitz continuous
at 0 with modulus c.

Remark 2.3. (i) Our Lipschitz continuity is strictly weaker than the Lipschitz
continuity in the classical Rockafellar’s sense [26] since it allows A(0) to be set-
valued. the two definitions coincide if A(0) is singleton. The Sign mapping, defined
by

Sign(x) =


−1 if x < 0,

[−1, 1] if x = 0,

1 if x > 0,

is Lipschitz continuous at 0 in our sense but not Lipschitz continuous at 0 in the
Rockafellar’s sense.
(ii) If A−1 is R-Lipschitz continuous at 0 with modulus c then (kA)−1 is R-Lipschitz
continuous at 0 with modulus c

|k| for any k ∈ R.

Proposition 2.4. If A : H ⇒ H is maximal monotone with 0 ∈ dom(A) then A is
truncately R-continuous at 0.

Proof. Let S := A(0). Suppose that A is not truncately R-continuous at 0. Let us
define the function ρ : R+ → R+ as follows: ρ(0) = 0 and if σ > 0, we let

ρ(σ) = inf{δ > 0 : A(x) ∩ aB ⊂ A(0) + δB, ∀x ∈ σB}

where a = ∥ỹ∥ and ỹ is the least-norm element of S.
It is easy to see that ρ is well-defined and non-decreasing. We will prove that
limσ→0+ ρ(σ) = ρ(0) = 0. Since ρ is non-decreasing and bounded below by 0, the
limit limσ→0+ ρ(σ) exists. Suppose that limσ→0+ ρ(σ) = δ∗ > 0 then there exists
(xn) such that xn ↓ 0

A(xn) ∩ aB ̸⊂ A(0) +
δ∗

2
B.

Therefore there exists a sequence (yn) such that yn ∈ A(xn) ∩ aB and

yn /∈ A(0) +
δ∗

2
B. (6)

Let y∗ be a weak limit point of (yn). The existence of y∗ is assured due to the
fact that yn ∈ aB. Note that the graph of A is strongly-weakly closed (Proposition
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2.1), we must have y∗ ∈ S. On the other hand, since the norm function is weakly
continuous we deduce that

∥y∗∥ ≤ lim inf ∥yn∥ ≤ lim sup ∥yn∥ ≤ a.

Thus y∗ = ỹ and limn→+∞ ∥yn∥ = a = ∥ỹ∥. Since y∗ is an arbitrarily weak limit
point of (yn), this implies that yn converges weakly to ỹ with limn→+∞ ∥yn∥ = ∥ỹ∥.
Consequently (yn) convergs to ỹ. Combining with (6), we obtain a contradiction
and the conclusion follows.

Remark 2.5. We provide not only the truncated R-continuity of a maximal mono-
tone operator but also an associated modulus function ρ.

Using similar arguments, one has the following result.

Proposition 2.6. If A : H ⇒ H has a closed graph with compact range and if
0 ∈ dom(A) then A is R-continuous at 0.

Proof. Suppose that A is not R-continuous at 0. We define the function ρ as
follows: ρ(0) = 0 and if σ > 0, we let

ρ(σ) = inf{δ > 0 : A(x) ⊂ A(0) + δB, ∀x ∈ σB}.

Then we must have limσ→0+ ρ(σ) = δ∗ > 0 and similarly as in the proof of Proposi-
tion 2.4, there exist two sequences (xn), (yn) such that xn → 0, yn ∈ A(xn) and

yn /∈ A(0) +
δ∗

2
B. (7)

Since A has compact range, there exists a convergent subsequence (ynk
). Let

y∗ = limk→+∞ ynk
. Then y∗ ∈ A(0) because A has closed graph. However it is

a contradiction to (7) and the conclusion follows.

Remark 2.7. Note that A−1 := A has closed graph with compact range if and only
if A has closed graph with compact domain. For example, A = f +NK where f is a
continuous function and K is a convex compact set. This is the case of minimizing
C1 functions on convex compact sets, as we can see in the Corollary 4.7 when we
deal with DC programming.

A linear mapping B : H → H is called positive semidefinite if

⟨Bx, x⟩ ≥ 0, ∀ x ∈ H.

The next statement is classical (see, e. g., [28]). However we provide here an explicit
constant in the estimation.

Lemma 2.8. Let B ∈ Rn×n be a symmetric positive semidefinite matrix. Then for
all x ∈ rge(B), we have ⟨Bx, x⟩ ≥ k∥x∥2, and thus

∥Bx∥ ≥ k∥x∥, (8)

where k is the least positive eigenvalue of B.



B. K. Le / R-Continuity ... 247

Proof. Since B is symmetric positive semidefinite matrix, we can write B = OTDO
where D is a diagonal matrix with nonnegative eigenvalues and O is an orthogonal
matrix, i. e., OOT = Id. If x ∈ rge(B) then x = By = OTDOy for some y ∈ Rn and
Ox = OOTDOy = DOy ∈ rge(D). Thus

⟨Bx, x⟩ = ⟨OTDOx, x⟩ = ⟨DOx,Ox⟩ ≥ k∥Ox∥2 = k∥x∥2,

where k is the least positive eigenvalue of D and also of B.

The following result is a consequence of Lemma 2.8.

Lemma 2.9. Let B ∈ Rn×n be a symmetric matrix. Then ker(B) = ker(B2),
rge(B2) ⊂ rge(B) and for all x ∈ rge(B2), we have

∥Bx∥ ≥ k

∥B∥
∥x∥, (9)

where k is the least positive eigenvalue of B2 and ker(B) denotes the kernel of B.

Proof. It is easy to see that ker(B)=ker(B2), rge(B2)⊂ rge(B) and B2 is a sym-
metric positive semidefinite matrix. Using Lemma 2.8, for all x∈rge(B2) one has

k∥x∥2 ≤ ⟨B2x, x⟩ ≤ ∥B∥∥Bx∥∥x∥, (10)

and the conclusion follows.

The following propositions provides some cases such that A−1 is R-Lipschitz contin-
uous at zero (see also [12] for the Hoffman constant). They can be used to estimate
the error for the linear system Bx = C when B is not an invertible matrix.

Proposition 2.10. Let A(x) := Bx−C, ∀x ∈ Rn where B ∈ Rn×n is a symmetric,
positive semi-definite matrix, C is some vector in Rn. Suppose that S := A−1(0) ̸= ∅.
Then A−1 is R-Lipschitz continuous at zero with modulus 1

k
, where k is the least

positive eigenvalue of B.

Proof. Since S ̸= ∅, one has S = ker(B) + xr where xr is the unique element of
rge(B) such that Bxr = C. Let y ∈ Rn, if A−1(y) is empty then the conclusion
holds trivially. If A−1(y) is nonempty, i. e., y ∈ rge(B) then A−1(y) = ker(B) + yr
where yr is the unique element of rge(B) such that Byr = C + y. Since

∥yr − xr∥ ≤ 1
k
∥B(yr − xr)∥ = 1

k
∥y∥

(see Lemma 2.8), we conclude that A−1 is R-Lipschitz continuous at zero with
modulus 1

k
.

Proposition 2.11. Let A(x) := Bx− C, ∀x ∈ Rn where B ∈ Rn×n is a symmetric
matrix and C is some vector in Rn. Suppose that S := A−1(0) ̸= ∅. Then A−1

is R-Lipschitz continuous at zero with modulus ∥B∥
k

, where k is the least positive
eigenvalue of B2.

Proof. Let x1, x2 ∈ S then x1 − x2 ∈ ker(B) = ker(B2), i. e., x1 and x2 has the
same projection onto rge(B2), which is called xr and one has Bxr = C. Thus
S = xr + ker(B).
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Next we prove that A−1 is R-Lipschitz continuous at zero. Let y ∈ Rn, if A−1(y)
is empty then the conclusion is trivial. If A−1(y) is nonempty, i. e., y ∈ rge(B)
then A−1(y) = ker(B) + yr where yr is the unique element of rge(B2) such that
Byr = C + y. Since ∥yr − xr∥ ≤ ∥B∥

k
∥B(yr − xr)∥ = ∥B∥

k
∥y∥ (see Lemma 2.9), the

conclusion follows.
In the sequel, we recall a general class of convex continuous differentiable functions
with quadratic functional growth, that allows us to obtain linear convergence rates
using first order methods [21]. We show that this class is smaller than our proposed
class.

Definition 2.12. A continuously differentiable function f has a quadratic func-
tional growth on H if there exists a constant κf > 0 such that for any x ∈ H and
x∗ = projS(x), we have

f(x)− f ∗ ≥ κf

2
∥x− x∗∥2, (11)

where S := argminHf and f ∗ = f(x∗).

Proposition 2.13. If the convex continuous differentiable function f : H → R has
a quadratic functional growth on H, then (∇f)−1 is R-Lipschitz continuous at zero.

Proof. We prove that for given y ∈ H, we have

(∇f)−1(y) ⊂ (∇f)−1(0) +
2

κf
∥y∥B = S +

2

κf
∥y∥B,

where kf is defined in (11). Indeed, let x ∈ (∇f)−1(y) and x∗ = projS(x). Using
(11) and the convexity of f , one has

κf

2
∥x− x∗∥2 ≤ f(x)− f(x∗) ≤ ⟨∇f(x), x− x∗⟩ ≤ ∥y∥∥x− x∗∥

and the conclusion follows.

3. Main result

In this section, we study the convergence analysis of Tikhonov regularization in
solving (1). Traditionally, we only know that the solution xε of the regularized
problem converges to the least-norm solution of (1). However, can we estimate how
fast is this convergence?
When A is a maximal monotone operator with 0 ∈ dom(A−1) then A−1 is truncately
R-continuous at 0 with some continuity modulus function ρ (Proposition 2.4). If
the function ρ can be estimated then we can answer the question above.
Since A−1 is also maximal monotone operator, S := A−1(0) is a closed convex set
[6] and thus x̃ := projS(0) is well-defined. We have the following results.

Theorem 3.1. Suppose that A :H ⇒ H is a maximal monotone operator, 0∈rge(A)
and A−1 is truncately R-continuous at 0 with modulus function ρ. Let ε > 0 small
enough (e. g., ε ≤ σ

∥a∥) and xε := (A+ εId)−1(0), then
∥xε∥ ≤ ∥x̃∥, (12)

and d(xε, S) ≤ ρ(ε∥x̃∥) = ρ(εa) (13)
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where σ > 0, ρ(·) are defined in (5), a := ∥x̃∥ where x̃ is the least norm element of
S. In particular the sequence (∥xε∥) is increasing as ε decreases. Furthermore

lim
ε→0

xε = x̃ (14)

with the rate ∥xε − x̃∥ ≤ ρ(εa) +
√

ρ2(εa) + 2ρ(εa)a. (15)

Proof. Note that xε is well-defined since A+ εId is strongly monotone. We have

0 ∈ Ax̃ and − εxε ∈ Axϵ.

The monotonicity of A implies that

ε⟨xε, xε − x̃⟩ ≤ 0, (16)

and (12) follows. For δ > ε > 0, replacing A by A + εI in the procedure above,
we have ∥xδ∥ ≤ ∥xε∥. Thus the sequence (∥xε∥) is increasing as ε decreases and
bounded above by a. In addition, we have

xε ∈ A−1(−εxε) ⊂ A−1(0) + ρ(ε∥xε∥)B ⊂ S + ρ(εa)B. (17)

Thus d(xε, S) ≤ ρ(εa).

Let yε := projS(xε) then ∥xε − yε∥ ≤ ρ(εa). We have

∥yε − x̃∥2 ≤ ∥yε∥2 − ∥x̃∥2 (since x̃ := projS(0) and yε ∈ S)

≤ (∥xε∥+ ∥xε − yε∥)2 − a2 ≤ ρ2(εa) + 2ρ(εa)a.

Thus ∥xε − x̃∥ ≤ ∥xε − yε∥+ ∥yε − x̃∥ ≤ ρ(εa) +
√

ρ2(εa) + 2ρ(εa)a.

Remark 3.2. The continuity modulus function ρ of A−1 at zero plays an essential
role in the convergence analysis. The notion of R-continuity is also important in DC
programming when A is not necessarily monotone as we see in the next section.

4. Application

4.1. Convex optimization

Let us consider the minimization problem of a proper lower semicontinuous convex
function f : H → R ∪ {+∞}. Suppose that the solution set S := ∂f−1(0) is non-
empty and the minimum value f ∗ := f(x∗) for some x∗ ∈ S. Let g = f + ε

2
∥ · ∥2

for some small ε > 0. Then g is strongly convex and has a unique minimizer
xε which converges to the least-norm solution x̃ ∈ S of the original problem as
ε → 0 [30]. Obviously solving the strongly convex problem is easier and faster than
solving the convex problem. However, it is important to know the estimations of
d(xε, S), ∥xε − x̃∥ and f(xε) − f ∗ to decide for which function f , it is really better
to use Tikhonov regularization and how to choose a suitable ε which should not be
too small.

Theorem 4.1. Suppose that ∂f−1 is truncately R-continuous at zero with modulus
function ρ. For ε > 0 small enough, let xε := (∂f + εI)−1(0) = ∂g−1(0). Then we
have

f(xε)− f ∗ ≤ ∥x̃∥ρ(ε∥x̃∥)ε. (18)
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Proof. Using Theorem 3.1, there exists some x∗ ∈ S such that

∥xε − x∗∥ ≤ ρ(ε∥x̃∥).

Since xε is the unique minimizer of g = f + ε
2
∥ · ∥2, we deduce that

f ∗ +
ε

2
∥x̃∥2 = f(x̃) +

ε

2
∥x̃∥2 ≥ f(xε) +

ε

2
∥xε∥2.

Therefore

f(xε)− f ∗ ≤ ε

2
∥x̃∥2 − ε

2
∥xε∥2 ≤ ε∥x̃∥(∥x̃∥ − ∥xε∥)

≤ ε∥x̃∥(∥x∗∥ − ∥xε∥) ≤ ε∥x̃∥∥x∗ − xε∥ ≤ ∥x̃∥ρ(ε∥x̃∥)ε.

The following result follows by Theorem 3.1 and 4.1.

Corollary 4.2. Suppose that ∂f−1 is truncately R-Lipschitz at zero with modulus
c > 0. For ε > 0 small enough, let xε := (∂f + εI)−1(0) = ∂g−1(0). Then we have

∥xε − x∗∥ ≤ c∥x̃∥ε, ∥xε − x̃∥ ≤ ∥x̃∥(cε+
√
c2ε2 + 2cε) (19)

for some x∗ ∈ S and f(xε)− f ∗ ≤ c∥x̃∥2ε2. (20)

Example 4.3. Let us consider the minimization problem of a quadratic function
f(x) = 1

2
⟨Bx, x⟩−Cx, where B ∈ Rn×n is a symmetric, positive semi-definite matrix,

C is some vector in Rn. The solution set is given by

S = {x ∈ Rn : Bx− C = 0}.

Suppose that S ̸= ∅. Let A(x) := Bx− C, ∀x ∈ Rn and xε = (B + εId)−1C. Then
A−1 is R-Lipschitz continuous at zero with modulus 1

k
, where k is the least positive

eigenvalue of B (Proposition 2.10). Thus (xε) converges to the least norm element
x̃ of S and

d(xε, S) ≤
∥x̃∥ε
k

, f(xε)− f ∗ ≤ ∥x̃∥2ε2

k
.

More specifically, we consider in R3 with

B =

 22 46 68
46 97 143
68 143 211

 , C = (318 669 987)T .

Then B is singular and 330-Lipschitz continuous. Let ε = 10−5 we can compute
directly that

xε = (B + εI)−1(C) ≈ (1 2 3)T + 10−5(−0.2218 0.167 − 0.0557)T .

It is easy to check that x̃ = (1 2 3)T is the least-norm solution of S and

f(xε)− f ∗ = f(xε)− f(x̃) ≈ 2.7285× 10−12.

If we use Nesterov’s Accelerated Gradient method [22], with the initial point y0 =
(5 2 3)T after k = 104 iterations we can find xk ≈ (2.3334 3.3333 1.6667)T with

f(xk)− f ∗ ≈ 9.9135× 10−10.
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Example 4.4. Next we want to minimize a L-smooth convex function f : H → R,
i. e., f is convex differentiable and f ′ is L-Lipschitz continuous. Nesterov’s method
[22] can construct a sequence (xk) such that

f(xk)− f ∗ ≤ 2L∥x0 − x∗∥2

(k + 2)2
, (21)

where x∗ is a minimizer of f and f ∗ = f(x∗). Let g = f+ ε
2
∥·∥2 for some small ε > 0

then g′ = f ′ + εI is ε-strongly monotone and (L+ ε)-Lipschitz continuous. Another
version of Nesterov’s method for strongly convex and smooth functions [23, p. 94]
allows us to construct a sequence (yk) such that

ε

2
∥yk − xε∥2 ≤ g(yk)− g(xε) ≤

L+ 2ε

2
∥y0 − xε∥2e−k

√
ε/(L+ε) =: Sk, (22)

where xε = (f ′ + εI)−1(0). Therefore, using Theorem 2, we have

f(yk)− f ∗ = g(yk)− g(xε)−
ε

2
(∥yk∥2 − ∥xε∥2) + f(xε)− f ∗

≤ g(yk)− g(xε) +
ε

2
(∥yk − xε∥2) + ε∥x̃∥∥yk − xε∥+ ε∥x̃∥ρ(ε∥x̃∥)

≤ Wk +R(ε),

where

Wk := g(yk)− g(xε) +
ε

2
(∥yk − xε∥2) + ε∥x̃∥∥yk − xε∥ and R(ε) := ε∥x̃∥ρ(ε∥x̃∥).

While Wk tends to zero very fast, the remain term R(ε) does not depends on k.
Thus it is easy to see that if ρ(s) = csα for some α > 0 close to zero and c > 0, it
is better to apply directly the Nesterov’s method without using the regularization.
However, for big problems when L is very large (e.g., L ≥ 1010) if ρ(s) = csα with
α ≥ 1 (e. g., in large scale quadratic programming with α = 1) and an acceptable
ε (e.g., ε = 10−5), using the regularization can reduce remarkably the iterations.
Note that L is dominated by the exponential term in (22) and ∥xε∥ ≤ ∥x̃∥ ≤ ∥x∗∥.

4.2. DC programming

DC (difference of convex) optimization has the following form

min
x∈H

f(x) = min
x∈H

(g(x)− h(x)), (23)

where g, h : H → R∪{+∞} are proper, convex, lower semicontinuous function. It is
an important class of non-convex optimization and covers wide range of applications
(see, e. g., [10, 13, 14, 17, 25] and the references therein). One usually wants to
find a critical point x∗ of f , i. e., 0 ∈ ∂Ff(x∗) ⊂ ∂g(x∗) − ∂h(x∗) whenever h is
continuous at x∗, where ∂F denotes the Fréchet subdifferential and ∂ denotes the
subdifferential in the sense of convex analysis. Suppose that h is differentiable.
Then ∂Ff(x∗) = ∂g(x∗) −∇h(x∗) (see, e. g., [14]). Applying the forward-backward
splitting algorithm [24], we can generate a sequence (xk) as follows

x0 ∈ H, xk+1 = Jγ∂gL−γ∇h(xk), (24)

where Jγ∂g is the resolvent of γ∂g and L−γ∇h := Id+ γ∇h.
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Theorem 4.5. Suppose that f is bounded below, ∇h is single-valued uniformly
continuous, S := (∂g−∇h)−1(0) ̸= ∅ and (∂g−∇h)−1 is R-continuous at zero with
its modulus function ρ. Let (xk) be the sequence generated by the forward-backward
splitting algorithm (24). Then limk→+∞ d(xk, S) = 0.

Proof. We have

xk+1 = (I + γ∂g)−1(xk + γ∇h(xk)) ⇔ xk + γ∇h(xk) ∈ xk+1 + γ∂g(xk+1)

⇔ ∇h(xk)−
xk+1 − xk

γ
∈ ∂g(xk+1). (25)

On the other hand, since g and h are convex, we have

⟨∇h(xk), xk+1 − xk⟩ ≤ h(xk+1)− h(xk) (26)

and ⟨∇h(xk)−
xk+1 − xk

γ
, xk+1 − xk⟩ ≥ g(xk+1)− g(xk). (27)

From (26) and (27), one has

γ(f(xk+1)− f(xk)) ≤ −∥xk+1 − xk∥2. (28)

Consequently,
∑+∞

k=0 ∥xk+1−xk∥2 ≤ γ(f(x0)−f ∗) < +∞, where f ∗ := infx∈H f(x).
In particular

lim
k→+∞

∥xk+1 − xk∥ = 0. (29)

From (25), one has

∇h(xk)−∇h(xk+1)−
xk+1 − xk

γ
∈ ∂g(xk+1)−∇h(xk+1).

Let rk := ∇h(xk)−∇h(xk+1)−
xk+1 − xk

γ
. Then rk → 0 as k → +∞ and

xk+1 ∈ (∂g −∇h)−1(rk) ⊂ (∂g −∇h)−1(0) + ρ(∥rk∥).

Thus limk→+∞ d(xk+1, S) = 0.

Remark 4.6. (i) We recall the well-known DCA (see, e. g. [25]) as follows

yk ∈ ∂h(xk), xk+1 ∈ ∂g∗(yk) = argmin{g(x)− [h(xk) + ⟨yk, x− xk⟩]}.

It is easy to see that DCA applied to the new couple (γg+ 1
2
∥ · ∥2, γh+ 1

2
∥ · ∥2) is the

forward-backward splitting algorithm. We can see that the form of forward-backward
splitting algorithm and its convergence analysis are simpler since we don’t need the
estimations through the conjugate functions.
(ii) Theorem 4.5 provides a new condition such that d(xk, S) → 0 as k → +∞.
For example, if g = g1 + IK where g1 is a differentiable function and K is a convex
compact set (particularly in quadratic programming over convex compact sets) then
(∂g −∇h)−1 is R-continuous at zero.
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Corollary 4.7. Suppose that f is bounded below, ∇h is single-valued uniformly
continuous, S := (∂g − ∇h)−1(0) ̸= ∅, g = g1 + IK where g1 : H → R is a convex
differentiable function with full domain and K is a convex compact set. Let (xk) be
the sequence generated by the forward-backward splitting algorithm (24). Then

lim
k→+∞

d(xk, S) = 0.

Proof. It remains to prove that A := (∂g − ∇h)−1 is R-continuous at zero. It is
easy to see A has closed graph and compact range. Using Proposition 2.6, we obtain
the conclusion.

5. Conclusion

We believe that Tikhonov regularization has been widely used in convex optimiza-
tion. The paper provides a rigorous convergence analysis with explicit estimations
using the notion of R-continuity. Consequently, it may help us to decide when we
should use Tikhonov regularization instead of the direct method. The R-continuity
of a set-valued mapping also play an important role in DC programming.
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