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We transfer some results concerning Jensen convex functions defined on linear topological spaces to
Jensen convex functions defined on semigroups. We also show that the Bernstein-Doetsch theorem
fails in some class of topological semigroups.
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1. Introduction

We start with presentation of basic definitions which will be used in the paper. Let
(S, 4) be a semigroup. A set D C S is called Jensen conver if

2r=y+z = xz€Dforany x € Sand y,z € D. (1)

Let (S,+) be a semigroup and let D C S be a Jensen convex set. A function
f: D — RU{oo} is called Jensen convez, if

f(y) + f(2)

2r=y+z = f(z) < 5

for any x € S and y,z € D. (2)

Condition (2) (for functions taking finite values only) appeared in [2]. Clearly con-
dition (2) generalizes the Jensen convexity. Some notion of convex set and convex
function in semigroups appeared also in [1].

2. Results

In two lemmas below we present basic properties of Jensen convex sets and Jensen
convex funcions.

Lemma 2.1. Let (S,+4) be an abelian semigroup and let D C S be Jensen convex.
Then the following statements hold:
(a) ifm,neN, ky, ..., k, € N satisfy the condition y ;. k; =2, x1,...,x, € S
and 2™x; € D for every i € {1,...,n} then Y ;" | kix; € D;
(b) ifmeN, yzeS, 2my,2"z€ D and k € {1,...,2™ — 1} then
ky+ (2" —k)z € D.
If, moreover, S is uniquely divisible by 2, then D is A-convex for every dyadic number
Ae(0,1).
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Proof. We start by proving the statement (a) in case when m € N, n = 2™ and
ki =+ = kom = 1. We use induction with respect to m. So assume that m =1,
x1,x9 € S and 2z; € D for every i € {1,2}. As 2(zy + x2) = 221 + 225, using the
Jensen convexity of D we deduce that x; + x5 € D.

Now fix m € N and assume that the condition mentioned above is valid. Let
T1,...,Tem+1 € D be such that 2"z, € D for every i € {1,...,2™"1} We have
2M2xy, ..., 2M2x9m € D and 2™2x9m 1, ..., 2" 2xom+1 € D. Applying the inductive

hypothesis we get 212:1 2x; € D and ZQmH 2x; € D. Clearly

i=2m+1

2m+1 om 2m+1

2> wmi=) 2w+ Y 2

i=1 i=1 i=2m41
whence on account of the Jensen convexity of D we deduce that Zf:; "z €D.
Now we prove the statement (a) in the general case. Fix m,n € N, ky,...,k, € N,
T1,...,T, € D and assume that Y ., k; = 2™ and 2"z, € D for every i € {1,...,n}.
We define points y1 = -+ = yr, = Z1, Yky4+1 = **° = Yki+ky ‘= T2,..., Up tO
Y14+ tkn_1+1 = " = Yki++kyn -— Tn. Since

{yiie{l,....2"}} C{x; i e {1,...,n}},

we have 2™y, € D for every i € {1,...,2™}. Using the first part of the proof we
obtain Zf:l y; € D and thus Y | kx; € D.

To prove (b) fixy,z € S, m € N, k € {1,...,2™—1} and assume that 2™y, 2"z € D.
Applying (a) with n = 2,k; = k, ko = 2™ — k,z; = y and x9 = z we obtain the
assertion.

Z_

If S is uniquely divisible by 2, then inserting 5% in place of y and 5% in place
of z (where m € N) in (b) we state that D is A—convex for every dyadic number
A € (0,1). It completes the proof. ]

Lemma 2.2. Let (S,4) be a semigroup, D be a Jensen convexr subset of S and let
f: D — RU{oco} be a Jensen convex function. Then the following statements hold:

(a) ifmneN, z,...,2, €D, ky,...,k, € N satisfy the equality ky+- - -+k, = 2™
and 2™x; € D for every i € {1,...,n}, then

f ( Z kx) < i P (3)

(b) ifx,ye D,meN, ke{l,...,2" =1}, 2Mx, 2™y € D, then

k

Flhe + (27— k) < o pema) + (1- £) pmy). (4)

If, moreover, S is uniquely divisible by 2, then f is A—convez for every dyadic number
Ae(0,1).

Proof. First we show that the statement (a) of the lemma holds in case when
méeN, n=2"and k; =--- = kon = 1. We use induction with respect to m.
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Assume that m = 1. Fix x;,29 € S such that 2z, € D and 22, € D. It follows
from Lemma 2.1 that x1 + 25 € D. Since f is Jensen convex, we have f(x + z5) <
%(f(2x1)+f(2x2)). Now fix m € N and assume that the condition above is valid. Let
T1,...,Tome1 € S be such that 2’”*1:1:1 € D for every i e {1,. 2m+1} Applying

Lemma 2.1 we deduce that 337 2z, € D, Yo 2m+1 2x; € D and ZZ , i €D.

2m+1 2m+1
Clearly 2 Z T = Z 2x; + Z 21;.
i=1 =2m41
Using the Jensen convexity of f and applying the inductive hypothesis we obtain
27n+1 7n+1
(e ) ((Z%W( 3 )
1 1 2m+l 2m+1
< Z(— 2m+1 2m+1 ) _ m+1

Now fix any m,n € N, z1,...,x, € S and ky,...,k, € N with ky +--- + k, = 2™

Put y1 = -+ = Yk, = T1, Ukl = 0 = Ukitks = T2y Ykyibotkp g+l = 00 =

Yky+-tk, ‘= Tpn. LThen we have
2m n
=3t

Hence f(ikixi>:f<2yl>_2m2f (2My;) = Zkf (2"x;

This completes the proof of (a).
Let x,y € S,m e N, ke {1,...,2™—1} be such that 2"z € D and 2™y € D. Using

(@) withn=2" k= =km=1,201=-=xp,=x,and T41 =+ = Togm =y
we obtain
(ko + (2" = k)y) < o f(2m2) + 22 p(2my)
k; m m
— - f @) + (1 - 5= ) F2"). (5)

If S is uniquely divisible by 2, then inserting 57 in place of x and 5% in place of y
(where m € N) in (4) we state that f is Ad-convex for every dyadic number Ae (0,1).
This completes the proof. [

Let (S, +) be a semigroup, D C S be Jensen convex and let x € D. For every n € N
we define the set

t, € S and N ti+teD
s S S sl

for every k € {1,...,n}

Lemma 2.3. Let (S,+) be an abelian semigroup, let D C S be a Jensen conver set
and assume x € D. Then Ap,(x) C D for every n € N.
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Proof. We use induction with respect to n. Fix any y € Ap;(x). There exists a
t € S such that y =z +t and x + 2t € D. We have 2(x +t) = z + x + 2t whence
on account of Jensen convexity of D we deduce that x +¢t € D. Now fix n € N
and assume that the assertion holds with every natural number less or equal to n.
Fix y € Ap,.1(x). There exist t1,...,t,41 € S such that y = z + Z?:Jrll t; and

x4+ ti+t, € D forevery k € {1,...,n+1}. Hence on account of the inductive
hypothesis we deduce that x + > t; € D. Moreover

n+1 n+1 n
2(:104—2751-) =2+ tittaata+ Yt
i=1 i=1 i=1
This in view of the Jensen convexity of D means that = + Z?:ll t;eD. ]

Lemma 2.4. Let (S,+) be an abelian topological semigroup with a zero. Assume
that D C S is Jensen convexr and xo € D. Let f: D — R be a Jensen convex func-
tion. Assume that there exists a neighbourhood of zero Uy C S such that xo+Uy C D
and the function f is bounded from above on xy+ Uy. Then for every n € N and
for every x € Ap,(x¢) there ezists a neighbourhood of zero Wy C S such that
x + Wy C D and the function f is bounded from above on x + Wj.

Proof. By the assumption, there exist a neighbourhood of zero Uy C S and an
M > 0 such that f(zg+ x) < M for every x € Uy. We make the proof using the
induction with respect to n. First we show that the assertion follows with n = 1.
We have Ap;(zo) = {zo+t1 : &1 € S and x¢ + 2t; € D}. Fix z € Ap1(xo). There
exists a t; € S such that z = o +1t; and xg+2t; € D. We can find a neighbourhood
of zero Wy C S such that 2W, C Uy. Then zg + 22 € x¢ + 2Wy C 29 + Uy C D for
every x € Wy. For every x € W, the following condition holds:

22+2x:2x0+2t1+2x:x0—|—2t1+x0+2x.

Hence on account of the Jensen convexity of D we deduce that z 4+ x € D for every
x € Wy. Consequently z + Wy C D. Moreover, using Jensen convexity of f we
obtain

F(z 4 2) < 5(Fl@o+20) + flwo+20)) < 5(flwo +20) + M),

for every x € Wy. Therefore f is bounded from above on the set z + Wj,.

Now fix n € N and assume that the statement of the lemma follows for every m < n.
Fix z € Ap nt1(xo). There exist ¢y,...,t,41 € S such that

n+1 k
z:xg—i-Zti and :1:0+Zti+tk€D for every k € {1,...,n+1}.  (6)

i=1 i=1

Put w = xo + Y1, t;. It follows from (6) that zo + Y)r ,t; + t, € D for every
ke{l,...,n}. Therefore we Ap ,(x). Using the induction hypothesis we get that
there exists a neighbourhood of zero Zy C S and ¢ > 0 such that w + Zy; C D and

flw+zx) <c forevery x € Z,. (7)
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There exists a neighbourhood T, C S of zero such that 27y C Z,. Fix x € T,. We
have w 4+ 2x € w + 2Ty C w + Zy C D. Furthermore,

n+1

22+2x:x0—|—2ti—l—tn+1+w+2x.
i=1

Hence in view of the Jensen convexity of D we deduce that z + x € D. Therefore
z+ Ty C D. Making use of the Jensen convexity of f we obtain

n+1

fz+a) < %<f<$o+;ti+tn+1> +f(w+2$)>

1 n+1
< §<f<330 +;ti +tn+1> +C>

for every x € Ty. Therefore f is bounded from above on the set z + 7. The proof
is completed. O

Theorem 2.5. Let (S,+) be an abelian topological semigroup with a zero. Assume
that D C S is Jensen conver and f: D — R is a Jensen convexr function. Let
xo € D and let Uy C S be a neighbourhood of zero such that xo+ Uy C D. Assume
that xo + W is open for every neighbourhood of zero W C S. If the function f is
bounded from above on xg+ Uy, then f is upper semicontinuous at x.

Proof. First we consider the case when xy = 0 and f(0) = 0. Assume that f is
bounded from above on Uj. There exists an M € R such that f(z) < M for every
x € Uy. We inductively show that for every n € N it holds the following condition:

if x € Sand 2"x € D then z € D and 2" f(x) < f(2"z). (8)

Assume that z € S and 2z € D. Since 2z = 2x + 0 and 0 € D, we have z € D and
using the Jensen convexity of f we get f(z) < 3(f(2z)+ f(0)) = 3 f(2z). Now fix an
n € N and assume that condition (8) holds with every natural number less or equal
to n. Fix x € S and assume that 2"z € D. Applying the inductive hypothesis we
get 2x € D. Hence on account of the first part of the proof we deduce that z € D.
Applying the inductive hypothesis again we obtain f(2"1z) > 2" f(2z) > 2" f(x).
This finishes the proof of (8).

Fix any € > 0. There exists an n € N such that ZMn < . We can find a neighbourhood
of zero Wy C S such that 2"W, C U,. Fix x € W,. We have 2"z € U, and

fla) < L&) M
2n 2n
Now we proceed to the general case. Assume that f is bounded from above on the
set xg+Uy. Put Dy ={x € S:x+ x5 € D}. The set Dy is Jensen convex. Define a
function g: Dy — R by g(x) = f(xz + x¢) — f(20). The function g is Jensen convex
and 0 € Dy. Moreover Uy C Dy and ¢ is bounded from above on U,. By the first
part of the proof the function ¢ is upper semicontinuous at 0. Fix ¢ > 0. There
exists a neighbourhood of zero Z C Uy such that g(z) < ¢ for every x € Z. Hence
flz+xo) — f(xg) < e for every z € Z.
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Moreover, by the assumption, the set xy + Z is open. Therefore the function f is
upper semicontinuous at xg. This completes the proof. [

Applying Lemma 2.4 and Theorem 2.5 we obtain the following theorem.

Theorem 2.6. Let (S, +) be an abelian topological semigroup with a zero. Assume
that x +W is open for every x € S and for every neighbourhood of zero W C S. Let
D C S be Jensen convex, xo € D and let f: D — R be a Jensen convex function.
Assume that there exists a neighbourhood of zero Uy C S such that xq + Uy C D
and f is bounded from above on xy + Uy. Then for every n € N and for every
x € Apn(xg) the function f is upper semicontinuous at x.

Using Theorem 2.6 with D = S we obtain the following corollary.

Corollary 2.7. Let (S,+) be an abelian topological semigroup with a zero. Assume
that x + W s open for every x € S and for every neighbourhood of zero W C S.
Let f: S — R be Jensen convex. If vo € S and f is bounded from above on some
neighbourhood of xq, then f is upper semicontinuous on xy+ S.

The next two results concern functions defined on groups.

Lemma 2.8. Let (G,4) be an abelian topological group and let D C G be Jensen
convex and open. Assume that f: D — R is a Jensen convex function and xy € D.
If f is upper semicontinuous at xo, then f is lower semicontinuous at xg.

Proof. Assume that f is upper semicontinuous at xy. We can find a neighbourhood
Uy C G of zero such such that xqg + Uy C D. Define the function h: Uy — R by
h(z) = f(z + xo) — f(xo). Then h is Jensen convex. Moreover h is upper semicon-
tinuous at 0. Fix any € > 0. There exists a neighbourhood Wy C Uy of zero such that

h(z) < € for every z € Wj. 9)

We can find a neighbourhood Z; C G of zero such that Zy; C Wy and —Z, = Z.
Fix © € Zy. Since x + (—z) = 0, using the Jensen convexity of h we obtain
h(0) < 3(h(z) + h(—z)). Hence in view of (9) we obtain —h(z) < h(—z) < e.
Therefore h(x) > —e. Consequently f(x + zo) — f(zg) > —¢ for every z € Z.
Therefore f is lower semicontinuous at xy. The proof is finished. [

Theorem 2.9. Let (G,+) be an abelian topological group, D C S be Jensen convex
and open and let f: D — R be a Jensen convex function. Assume that there exist
an xo € D and a neighbourhood of zero Uy C S such that xo + Uy C D and f is
bounded from above on xo+ Uy. Then for every n € N and for every x € Ap (o)
the function f is continuous at the point x.

Proof. By the assumption, we can find an xyg € D and a neighbourhood of zero
Uy C S such that g + Uy C D and f is bounded from above on xy + Uy. It
follows from Lemma 2.4 that f is locally bounded from above at every point of
U~ Apn(z). Using Theorem 2.5 we deduce that f is upper semicontinuous on
U~ Ap . (zo). Hence on account of Lemma 2.8 we obtain that f is lower semicon-
tinuous on | J>~ ; Ap ,(xo). Finally f is continuous on | J 7, Ap (o). Therefore the
proof is complete. [
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We recall the Bernstein-Doetsch theorem.

Theorem 2.10. (Bernstein-Doetsch) Let D C R™ be an open convez set and let
f: D — R be a Jensen convex function. If f is bounded from above on some
non—empty open subset of D, then f is continuous.

Below we derive Theorem BD from Theorem 2.9.

Proof of Theorem 2.10. By the assumption there exists an zyp € D and a
neighbourhood of zero U C R™ such that x4+ U C D and f is bounded from above
on o + U. We will show that D C |J>_, Apn(zo). Fix x € D. Fix can find a
d € (0,1) such that

xo + s(x — xo) € D for every s € (1 —§,1+9). (10)
Since lim,_,o 255 = 1, there exists an n € N such that 2 € (1 — 4,1+ 4). Put
t; = 5=(z — xo) for every i € {1,...,2"}. Then z + S22 t; = x. Moreover, for
every k € {1,...,2"} it holds the condition

k

- — 1 1
$0+Zti+tk:$o+kx2nxo+m2nx0 :k; $+<1—k2_|; )33'0. (11)
i=1

Fix ke {1,...,2"}. If k € {1,...,2" — 1}, then using the convexity of D we deduce
that %x—l— (1— %)1‘0 € D. Hence in view of (11) we obtain a:ﬁ—Zf:l ti+t, € D.

Now assume that k = 2". It follows from the choice of n that zy + 27;# (x—m¢) € D.
On account of (11) we deduce that zo+ Zf; ti+ton € D. Therefore x € Apon(xp).
Consequently D C |7, Apn(zo). By Theorem 2.9 the function f is continuous on

U~ Ap(xo). Therefore f is continuous. The proof is finished. O

Now we prove that the Bernstein—Doetsch theorem fails for Jensen convex functions
defined on some classes of semigroups. We start by introducing a definition.

Let (S,4) be an abelian semigroup with a zero. A point x € S is called invertible if
there exists a y € S such that z +y = 0. By I(S) we denote the set of all invertible
elements of S.

Below we present some properties of invertible elements.

Lemma 2.11. Let (S,+) be an abelian semigroup with a zero. Then 0 € I(S) and
for every x,y € S it holds the condition

z,y € I(S) e x+yel(S). (12)

In particular, the set 1(S) is a subsemigroup of S. Moreover the set 1(S) is Jensen
convex and if I(S) # S, then the set S\I(S) is a subsemigroup of S.

Proof. Clearly 0 = 040 and thus 0 € I(S). Fix z,y € S. Assume that z,y € I(.5).
There exist z,t € S such that z+2 = 0 and y+¢t = 0. Hence x+y+t+2 =x+2 = 0.
Therefore = +y € I(S). Now assume that x +y € I(S). There exists a z € S such
that = +y + 2z = 0. Hence, by definition, x € I(S). The semigroup is abelian, and
therefore y + x + z = 0. Consequently y € 1(S).

Assume that x,y € 1(S), z € S and 2z = z+y. It follows from (12) that z+y € I(.5).
Hence 2z € I(.S). Using (12) again we deduce that z € I(5).
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Condition (12) implies S\I(S) + S\I(S) < S\I(S). Therefore if S\I(S) # 0 then
the set S\1(S) is a subsemigroup of S. This completes the proof. [J

Let (S, +) be a semigroup. A set A C S is called absorbing, if for every x € S there
exists an n € N such that = € nA.

Theorem 2.12. Let (S,+) be an abelian topological semigroup with a zero. Assume
that every neighbourhood of zero in S is an absorbing set. Let D C S be an open
Jensen convex set and let xog € D NI(S). If the set S is not a group, then there
exists a bounded Jensen convex function f: D — R which is discontinuous at x.

Proof. Assume that the set S is not a group. Then I(S) # S. Let g denotes the
characteristic function of the set 7(S). The function g is Jensen convex. Define a
function f: D — R by f(x) = g(x) — 1. The function f is Jensen convex. We show
that f is discontinuous at zy. Suppose on the contrary, that f is continuous at z.
Making use of the supposition we can find a neighbourhood W C S of zero such
that W +x9 C D and f(W +x¢) C (—1,1). Hence g(W +x¢) C (0,2) and therefore
g(W +x¢) = {1}. Consequently W +xy C I(S). Using Lemma 2.11 we deduce that
W C I(S). The set W is a neighbourhood of zero and hence, by the assumption, it
is an absorbing set. Therefore

S = GnWC GnI(S) C I(9).

Consequently I(S) = S; a contradiction. Therefore f is discontinuous at z. ]

We summarize our considerations in the following theorem.

Theorem 2.13. Let (S,4) be an abelian topological semigroup with a zero such that

(1(S),+) is a topological group. Assume that every neighbourhood of zero in S is

absorbing. Let x + U be open for every x € S and for every neighbourhood of zero

U C S. The following statements are equivalent:

(a) S is a group;

(b) if D C S is Jensen convex and open and f: D — R is Jensen convex and
upper semicontinuous, then f is continuous;

(¢) if D C S is Jensen convex and open and f: D — R is a Jensen convex function
bounded from above, then f is continuous.

Proof. The implication (a) = (b) is a consequence of Lemma 2.8. It follows from
Theorem 2.5 that condition (b) implies (c¢). Applying Theorem 2.12 with D = S
and xy = 0 we see that the condition (c) = (a) holds.

This completes the proof. O
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