Journal of Convex Analysis
Volume 31 (2024), No. 2, 315-358

On the Spectrum of Sets
Made of Cores and Tubes

Francesca Bianchi

Dip. di Scienze Matematiche, Fisiche e Informatiche, Universita di Parma, Parma, Italy
francesca.bianchi@unipr.it

Lorenzo Brasco
Dip. di Matematica e Informatica, Universita degli Studi di Ferrara, Ferrara, Italy
lorenzo.brasco@Qunife.it

Roberto Ognibene

Dipartimento di Matematica, Universita di Pisa, Italy
roberto.ognibene@dm.unipi. it

Dedicated to Giuseppe Buttazzo on the occasion of his 70th birthday.

Received: June 30, 2023
Accepted: December 7, 2023

We analyze the spectral properties of a particular class of unbounded open sets. These are made of
a central bounded “core”, with finitely many unbounded tubes attached to it. We adopt an elemen-
tary and purely variational point of view, studying the compactness (or the defect of compactness)
of level sets of the relevant constrained Dirichlet integral. As a byproduct of our argument, we
also get exponential decay at infinity of variational eigenfunctions. Our analysis includes as a par-
ticular case a planar set (sometimes called “bookcover”), already encountered in the literature on
curved quantum waveguides. J. Hersch suggested that this set could provide the sharp constant in
the Makai-Hayman inequality for the bottom of the spectrum of the Dirichlet-Laplacian of planar
simply connected sets. We disprove this fact, by means of a singular perturbation technique.
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1. Introduction
1.1. Constrained critical points of Dirichlet integrals

For an open set  C R, we indicate by Sy(2) the sphere
$:(2) = {p € W3(Q) : lpllazey =1}

Here, by W,*(Q) we mean the closure of C°(Q) in the standard Sobolev space
W2(Q)). Then, we define

A(Q) = inf /|Vg0|2das.
Q

PES2(Q)
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This is nothing but the sharp constant in the Poincaré inequality for functions in
Wy ?(Q). Of course, we have A\ (Q) = 0 each time that Q does not support such an
inequality. Necessary and sufficient conditions on € assuring that A;(£2) > 0 can be
found for example in [34, Chapter 15, Section 4].

Even when € supports the Poincaré inequality, the value A;(£2) is not necessarily
attained, i.e. it may be just an infimum. A sufficient condition for A;(Q2) to be a
minimum is the compactness of the embedding

Wo () = L*(Q). (1)

In this case, there exists a minimizer u; € S3(2) and by optimality it solves in weak
sense

—Auy = Auy, in €, (2)
with A = A\ (), i.e. A(2) is an eigenvalue of the Dirichlet-Laplacian on Q and uy
is an associated eigenfunction. Observe that we can always suppose that u; is non-
negative, since both the constraint and the functional are invariant by the change
p = lel.
However, in this situation, much more is true: the compactness of the embedding
(1) entails that we can construct recursively a diverging sequence {\;(Q)};em (0}
of positive numbers, each one being an eigenvalue of the Dirichlet-Laplacian on 2.
Moreover, if we define!

Spec(Q2) = {)\ : (2) admits a weak solution u € SQ(Q)},

we have that ~ Spec(Q2) = {)\j(Q)}jGN\{O}.

Finally, each A; has the following variational characterization

u€EFNS2 (Q)

() = inf{ max / \Vu|? dz: F C W,?(Q) subspace with dim F = j} )
Q

We refer for example to [13, Chapter VI] for these facts.

It is noteworthy that, according to Lagrange’s multipliers rule, each element of
Spec(Q2) can be understood as a critical point of the Dirichlet integral

o / Vol de,
(9]

constrained to the “manifold” S»(€2). In this interpretation, the associated eigen-
functions are the relevant critical points. The first eigenvalue A;(£2) and an associ-
ated eigenfunction u; correspond to the global constrained minimum and a global
minimizer, respectively.

Thus, the discussion above entails that when the embedding (1) is compact, the
Critical Point Theory of this constrained functional is completely clear: there is
only a discrete sequence of critical values, which coincides with {A;(€2)};en f0}-

! The constraint u € S3(2) has no real bearing, since the equation (2) is linear. This is just a
cheap way of saying that (2) admits a non-trivial solution.
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Actually, a much more sophisticated conclusion can be drawn in this “compact”
situation. This is better elucidated by recalling the following definition, which is
well-known in Critical Point Theory (see for example [41, Chapter II, Section 2]).

Definition 1.1. Let A\ > 0, we say that {@, Yy C Wy () is a constrained Palais-
Smale sequence at the level X if the following three properties hold:

(i)  n € $2(Q), for every n € N;
. . 2 . .
() lim [VelZag = X

(iii) we have? Tim | = Apn — Anllw-12¢0) = 0.

Then, as a consequence of the previous discussion, the only values A admitting
a constrained Palais-Smale sequence are given by {);(£2)};emoy. This is due to
fact that if (1) is compact, then automatically a constrained Palais-Smale sequence
would converge in L*(€2) (up to a subsequence). By condition (iii), the limit function
u € S»(€2) would be an eigenfunction and A an eigenvalue.

1.2. Loss of compactness

What happens when the embedding (1) is no more compact? What can be said about
the structure of critical values for the constrained Dirichlet integral, in this case? Is
it possible to relate the behaviour of critical values to the “defect of compactness”
of the embedding (1)7

In this paper, we will try to (partially) answer these questions, in a particular class
of open sets where the loss of compactness is controlled, in a suitable sense. Before
presenting the class of open sets we want to deal with, we wish to make a couple of
further observations.

At first, we go back to the global infimum A;(€2). Then we observe that the compact-

ness of the embedding is certainly a too strong condition for this to be a minimum.
Indeed, it would be sufficient to know that a certain constrained sublevel set

Eq(t) := {gp € 5(N) : / V| dr < t} , with ¢t > A\ (Q),
Q

is relatively compact in L%(2), to infer the existence of a global minimizer u; (and
thus of a first eigenfunction). In other words, if compactness of the embedding (1)
is lost only for “large energy levels”, we can still infer compactness of minimizing
sequences.

More generally, one can prove that if we define A;(2) by (3) and compactness still
holds for some Eq(t) with ¢ > X;(Q2), then we still have room to prove that \;(Q)
actually defines a critical value (and thus an eigenvalue of the Dirichlet-Laplacian).

However, even these weaker conditions are in a certain sense too strong. By ap-
pealing to Definition 1.1, it would be sufficient to know that A;(£2) defined by (3)

2 For every u € Wy*(Q2), we set

Nellwray = 1}.

| = Au— Aullw-12(0) = sup {/(Vu,ch)dz)\/ugad:c
Q Q

PeCE(Q)
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admits a constrained Palais-Smale sequence (see above), enjoying a suitable form of
compactness. More precisely, it would suffice that such a sequence admits a weakly
convergent subsequence in L*(€2) to a limit function u # 0. Indeed, even if this is not
enough to assure that u belongs to the constraint S(€2), nevertheless by linearity of
o= —Ap — A we would get that u is a non-trivial weak solution of (2). Accord-
ingly, we could conclude again that A;(€2) is an eigenvalue of the Dirichlet-Laplacian

on §).

Ca va sans dire, this compactness requirement on constrained Palais-Smale se-
quences is much weaker than the compactness of the sublevel sets Fq(t).

1.3. A class of unbounded sets

We are interested in open sets made of a “central core” €1y, to which we attach a finite
number of infinite cylindrical sets Cy,...,C,. We admit that these cylindrical sets
may have a non-empty pairwise intersection, provided the latter is bounded, while we
allow their boundaries to arbitrarily intersect. This class of sets is a generalization
of those considered in [10], among others. We also cite [32], where sets of this type
have been considered, together with their spectral properties.

Figure 1.1: An example of a set verifying Assumptions 1.2, in dimension N = 2 and
with k = 2 disjoint tubes C; and C,.

More precisely, throughout the whole paper we will make the following

Assumption 1.2. For N > 2, let O C R"Y be an open set such that

Q=0QU OCZ"
where k € N\ {0} and =
(A1) Qy C RY is an open bounded set (it could be empty, see Example 3.6);
(A2) fori=1,...,k, the open set C; is a cylindrical set given by

where:
« FE; CRM!is an open bounded connected set;
e R, is a linear isometry represented by an N x N orthogonal matrix;

e t; € RV is a given point;
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(A3) there exists go > 0 such that
(C;NCj) \ By (0) =0,  for every i # j.
If we set ey = (0,...,0,1), we also denote
w; := Ri(en), fori=1,... k,
which coincides with the direction of the axis of the cylindrical set C; (see Figure 1.1).

For these sets, we will prove (see Theorem 3.3) that if
/\1(9) < S(Q) ‘= min {)\1(E1), . ,/\1(Ek)},

then there exists a minimizing sequence

(U dnen € So(Q),  lim / IVl = A (Q),
n—oo Q
which is compact in L*(2). This assures that A\;(2) is attained and there exists a
first eigenfunction.

In order to prove this, we will proceed as follows: we “truncate” 2 along the tubes,
so to build a sequence of bounded sets {2, },en exhausting 2. Then, as a minimizing
sequence we will take the sequence made of the first eigenfunctions of these sets, let
us call it {u] }nen. To get compactness of this sequence, we will rely on the equation
satisfied by u}. Indeed, this permits to get a Caccioppoli-type inequality “localized
at infinity” along the tubes. We then join this estimate with Poincaré’s inequality
along the tubes C;, for which the relevant constant is given by A\;(E;). By taking
into account that A\;(Q2) < £(Q), we will get that {u}},ey must have a uniformly
small L? norm at infinity. This finally gives the desired compactness, by means of
the classical Riesz-Fréchet-Kolmogorov theorem.

In a nutshell: since the global infimum A;(Q) is strictly less than the “energy” of
all the tubes, minimizing sequences does not want to “occupy too much” a tube.
Indeed, this would raise too much the value of the Dirichlet integral. Rather, they
try to concentrate as much as possible towards the “core” 3. This gives a gain
of compactness. It is likely that a similar result could be obtained by using some
sophisticated concentration-compactness methods d la Lions (see for example [40,
Theorem 3.1]). On the contrary, the method of proof presented above is simple and
elementary, thus we believe it to be of independent interest.

We point out that, as a direct byproduct of this proof, we get that the L? norm of
a first eigenfunction for €2 must decay exponentially to 0, at infinity. In turn, by
means of a standard L> — L? estimate “localized at infinity” (obtained for example
by a classical Moser iteration), we can upgrade this exponential decay to a uniform
one (see Theorem 5.1).

3 We recall that A, is invariant by orthogonal transformations and translations, thus we have

)\1(01) = )\1(E1 X (0, +OO>) =)\ (El)
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Actually, there is nothing specific to A; in the previous argument. More generally,
if for every j € N\ {0} we define \;(£2) by (3), we can prove that whenever we have

2i(©) < £(92),
then \;(Q) is an eigenvalue (see Theorem 4.1).

The argument is essentially the same as above: we rely again on the equations for
the first j-eigenfunctions of the truncated sets 2,,.

From this argument, we see that £(2) plays an important role: it can be understood
as the energy threshold under which some compactness survives and above which
compactness may completely fail. We will make this precise and complement our
analysis by showing in Proposition 6.1 that for every

A= E(Q),

there exists a sequence of “almost critical points” for the Dirichlet integral con-
strained to the sphere Sy(€2), for which compactness is completely lost, i.e. it weakly
converges in L*(Q) to 0. Thus, it is impossible to retrieve a critical point associated
to A from such a sequence. More precisely, by using the definitions recalled above,
we will show that for every such A there exists a constrained Palais-Smale sequence
weakly converging to 0. We will construct this sequence “by hands”, exploiting the
geometry of our sets.

We can now build a bridge between Spectral Theory and Critical Point Theory:
indeed, these particular sequences are nothing but a variational reformulation of
singular Weyl sequences, appearing in Spectral Theory, see for example [8, Chapter
9, Section 2] and [45, Chapter 6, Section 4]. These sequences are important since
they permit to characterize the essential spectrum of a self-adjoint operator, see for
example [8, Theorem 9.2.2]. In this way, we retrieve a variational characterization
of the essential spectrum of the Dirichlet-Laplacian on our sets.

1.4. A detour: the Makai-Hayman inequality

In order to neatly justify our original interest towards this class of sets, it is necessary
to take a small detour. Thus, let us now briefly turn our attention to an apparently
unrelated problem: the so-called Makai-Hayman inequality in Spectral Geometry.
At this aim, we need to recall the definition of inradius rq of an open set Q C RV,
This is the quantity given by

ro 1= sup {7" > 0 : there exists x € 2 such that B,.(z) C Q}

A remarkable result due to Makai (see [33]) asserts that there exists a universal
constant C' > 0 such that
) (4)

for every Q C R? open simply connected set with finite inradius. The same result
was then rediscovered independently by Hayman in [24], by means of a different
proof. For this reason, we will call (4) the Makai-Hayman inequality.

|Q

A1(§2) >

3
DN

For completeness, we mention that this result can be extended to more general planar
open sets, having nontrivial topology. These generalizations are contained in a se-
ries of papers appeared shortly after Hayman’s one. We cite for example Croke [14],
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Graversen and Rao [23], Osserman [36] and Taylor [44]. More recently, some of these
results have been generalized to the p-Laplacian by Poliquin (see [37]) and to the
fractional Laplacian by the first two authors (see [6,7]).

The validity of (4) immediately leads to a natural question: what is the sharp
constant in such an inequality? In other words, if for every 2 C R? open simply
connected set with finite inradius, we define the scale invariant quantity

p(Q) =13 M (Q), (5)
we want to determine the value of the following spectral optimization problem

Cyvig = inf {p(Q) : Q C R? open simply connected with g < —|—oo}.
2
In his paper [33], Makai showed that i < Cup < %
It is noteworthy that
2

% = inf {p(2) : 2 C R* open convex set with rq < +o0},

i.e. this is the sharp constant in (4), in the restricted class of convex sets. Such a
value is attained for example by infinite strips. We recall that the determination
of the sharp constant for convex sets is a celebrated result due to Hersch, see [27,
Théoréme 8.1].

In particular, we see that relaxing “convexity” to “simple connectedness” certainly
lower the value of the optimal constant. However, the exact determination of Cyy
is still an open problem: at present, the best known result is that

0.6197 < Cyg < 2.095.

The lower bound is due to Banuelos and Carroll (see [5, Corollary 1]), while the
upper bound has been proved by Brown (see [9, Section 5]), by slightly improving
a method used in [5]. After these results, essentially no progress has been made on
the problem. We refer the reader to [11] and [25] for a comprehensive overwiev of
results in spectral optimization.

1.5. An example by Hersch

We can now explain our interest towards sets having the structure encoded by As-
sumptions 1.2. Indeed, in his review of Makai’s paper (see [26]), Hersch suggested
that an optimal set providing the sharp value Cyig could be the following

H = {(ml,xg)GRQ cad +as <, x<0} U {(ml,x2)€R2 (0<|zo| <1, xlzo}, (6)

see Figure 1.5. We will call it Hersch’s pipe. This is a slit disk, to which two infinite
tubes of constant width are attached.

Thus, it is not difficult to see that H is just a particular instance of the sets studied
in this paper. More precisely, we observe that H satisfies Assumptions 1.2, by taking
N =2,k=2and

Qo = {(21,22) €R® : 27+ 25 <1} \ ([0,1] x {0}) (slit disk),
C; = (0,+00) x (0,1), Cy = (0,+00) x (—1,0).
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Figure 1.2: The set H: it can be built by taking the disk {(xy,z2) : 2% + 23 < 1},
removing the segment [0, 1] x {0} and then adding two parallel half-strips.

It is not difficult to see that \;(Qg) = 7%, with a first eigenfunction given by (in
polar coordinates)

u(g,ﬁ)zs’irl(\/ﬁ%g)sin(g>, for0<op<1,0<9<2m,

see for example [43, Exercise 6.8.9]. By strict monotonicity with respect to set
inclusion, we thus have \;(H) < () = 72, while rg = rq, = 1/2. Thus, by
recalling the notation (5), we have

p(H) < pls) = (5) =T

However, we will show in Section 7 that actually H is not an optimal shape for
Cyu. We will prove this fact by a singular perturbation technique. Namely, we
will see that adding a suitable (finite) number of thin tubes on the flat part of 0H
will decrease the quantity p(H). In this part, we will greatly rely on the technique
recently studied (in greater generality) in [1] by L. Abatangelo and the third author
(see also [20]). We point out that, in order to apply the results of [1], we will need
to know that A\ (H) is attained, i.e. it admits a first eigenfunction u;. It is precisely
here that the results of the first part of the paper (i.e. Theorem 3.3) will be useful.

Let us briefly explain which is the crucial point permitting to lower the value p by
adding tubes. We first observe that if we add to H a small tube of width ¢ < 1, by
calling H. the new set we would get

T%IE —rf ~ C) € and M(H) — M\ (H) ~ Cye?,

That is, both the variation of inradius and that of \; are of order £2. As one may
expect, the two variations compete: the inradius increases, while A\; decreases. Thus,
in order to decide whether the product T%_IE A1(H.) decreased or not, a very precise
asymptotics for \;(H.) would be needed. This seems out of reach.

On the other hand, one can observe that if we keep on adding thin tubes of the same
width e, the inradius is insensitive to the number ny of tubes attached. While, on
the contrary, A\; is very much affected by these perturbations. Indeed, we can prove
that each tube gives a fixed contribution of order £2, proportional to the square of
the value of the normal derivative of u; at the “junction point” where the tube is
attached. It should be noticed that, since u; has an exponential decay along the
tubes, this contribution tends to be weaker and weaker, as the tube is attached
further and further away from the origin.
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Incidentally, we notice that H can also be seen as a particular curved wavequide,
i.e. it can be regarded as the tubular neighborhood (having width 1/2) of the C'!
curve

<3_1é>7 for s > 1,
v(s) = (—% coS (g s> ,% sin (g s)) , for —1<s<1, (7)
(—3—1,—%), for s < —1,

see Figure 1.5. The systematic study of the spectral theory of curved waveguides has
been initiated in the landmark paper [19] by Exner and Seba. In [19, Example 4.3]
this specific example is called “bookcover”. Without any attempt of completeness,
we refer to [3,18,22] and [28] for some thorough studies on the spectral properties
of these sets.

Figure 1.3: In dashed line, the image of the curve v defined by (7). By taking its
tubular neighborhood of width 1/2, we get the set H.

1.6. Plan of the paper

In Section 2 we recall some technical facts, which will be useful along the paper.
Then in Section 3 we show that if \;(€2) is below the critical threshold £(2), it
admits a first eigenfunction. This section contains also some examples of sets to
which our existence result applies. Section 4 generalizes the existence result to
higher eigenvalues. In the subsequent Section 5 we proceed to prove some properties
of the eigenfunctions: the main result here is the exponential decay to 0 at infinity.
To complete the analysis, we discuss in Section 6 the loss of compactness along
the tubes, i.e. we prove that every A > £(2) admits a constrained Palais-Smale
sequence which “disappears” along one of the tubes C;. Finally, in Section 7 we
consider Hersch’s pipe and disprove its optimality for the problem of determining
the sharp Makai-Hayman inequality. The paper is complemented by an appendix,
which contains some technical facts taken from [1].
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2. Preliminaries

The following technical result is quite classical, it will be useful in the paper. We
enclose a proof, for completeness.

Lemma 2.1. Let Q CRY be an open set. Let U € W,*(Q) be such that

/(VU, V)de =\ / Updr, for every p € Wy (), (8)
Q Q
for some X > 0. Then

/(V|U\,Vgp> de <\ / \Ulpdz, for every o € Wy*(Q) such that o > 0. (9)
0 0

Proof. For every ¢ > 0, we consider the C? convex function
£(4) = (2 +12)2 —¢, for t € R.

By the Chain Rule, we have f.(U) € W,?(Q) and V£.(U) = f/(U) VU. We take a
non-negative n € C§°(£2) and use the test function

v =nfiU),
in (8). This gives

/(VfaoU,dea:—l-/fE"(U)|VU|2ndx:)\/Unfs’(U)dx.
0 Q Q

By using the convexity of f. and the fact that t f/(t) < |t| for every t € R, we obtain

/(VfaoU,Vn)dxg)\/|U|ndx. (10)
0 0

By using the Dominated Convergence Theorem and the form of f, it is easily seen
that

Jim [lfe o U = U2z = 0

Thus we can pass to the limit in (10). Finally, by a density argument, we can enlarge
the class of test functions to n € W,*(Q), with > 0, and conclude the proof. [
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We recall that for a general open set  C RY, we have defined for every j € N\ {0}

Ai(Q2) = inf{ max / IV|?dz : F C Wy*(Q) subspace with dim F :j},
Q

PEFNS2(Q)
where S2(Q2) = {<P € Wol’Z(Q) : HSDHLQ(Q) = 1}'

Thanks to its definition, it is easily seen that for every pair of open sets €', Q) C R,
we have

QACQ = N(Q) < )\(Q), forevery j € N\ {0} (11)

The next two results are apparently well-known, but we draw the reader’s attention
to the fact that we do not take any assumption on the open set. In particular, A; is
not necessarily an eigenvalue.

Lemma 2.2. Let Q C RY be an open set and let {2, }nen be a sequence of open
sets such that

Qn C Q1 CQ foreveryn e N and U Q, =Q.

neN

Then we have lim X;(Q,) = A\;(2), for every j € N\ {0}.

n—o0

Proof. By (11), we already know that the limit of A;(€2) exists and is such that
n—oo
In order to prove the reverse inequality, we take F' C W, () a vector subspace

with dimension j. By definition, this means that there exists j linearly independent
functions u;, . ..,u; € W,*(92) such that

J
FZ{Z%W : al,...,osz]R}.
i=1

We can suppose that {ug,...,u;} is an orthonormal set in L*(Q2), by the Gram-
Schmidt orthonormalization process. For every u; with ¢« = 1,..., 4, there exists a
sequence {ul"}men € C§°(£2) such that

m—00

We can choose such sequences such that {uf’,... ,u;“} is an orthonormal set in
L*(Q), for every m € N. We then define

J
F, = {Zaiu;” Do, ..., Q GR},
i=1

and observe that this is a j-dimensional vector subspace of C§°(€2). Since the se-
quence {2, }en is exhausting €2, we have that F), is actually a j-dimensional vector
subspace of C§°(£2,), for n large enough (depending on m).

Thus we get lim A;(Q,) < max (Q)/ |Vul? dx.
0

n—00 T u€F,NS
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By using the construction of F,,, it is easily seen that

lim  max /|Vu]2d:r: max /|Vu|2dx

m—00 uGFmﬁSQ(Q) Q UEFﬂS

Finally, by arbitrariness of F', the last two equations in display and the definition of
A;(92) give the desired conclusion. O

Lemma 2.3. Let Q C RY be an open set, then we have
Ai(Q2) <N (Q2),  for every j € N\ {0}.

Proof. Let F'C W,*(Q) be a (j + 1)-dimensional vector subspace.
Let {ui,...,u;j,uj11} be a basis of F. We define F the j-dimensional subspace
spanned by {uy,...,u;}. Then, F C F and we have that

A;(2) < max /|Vu|2dx< max /|Vu]2da:

ueFﬂSQ ueFNSa(

By taking the infimum with respect to (j+1)-dimensional subspaces F', we conclude.

O
3. The first eigenvalue
3.1. Set-up
We will use the same notations of Assumptions 1.2. For any r > 0, we set
Q! = Ri((—r,r)N)—l—ti, fori=1,... k,
and QL= QU (QLNG), fori=1,... k.
Accordingly, we also set . := OQ; (12)

We then take ro = ro(£2) > 0 to be large enough such that Q\ €, is a disjoint union
of k cylindrical sets, for any r > r,. More precisely, we have

k

0\ Q. =@\ Q, for r > . (13)

i=1

The existence of such an rq is guaranteed by the construction of €2, see Assumptions
1.2. This crucial property entails that a Poincaré inequality holds for functions of
Wy (), even when restricted to C; \ Q. Namely, we have the following

Lemma 3.1. (Poincaré inequality at infinity) Let Q C RY be an open set satisfying
Assumptions 1.2. With the notations above, we have

M(E) / o de < / Vl? de,
Ci\Q: Ci\Qx

foreveryi=1,....k, r > ry and every ¢ € Wo172(9>-
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Proof. We will use the notation z = (2/,zy) € R¥~! x R. By a simple change of
variable, we have that, for any ¢ € C§°(§2) and any i = 1, ..., k, there holds

+o00
/ || dz :/ / lp(Ri(2, zn) + t) | da’ da .

For every fixed xy, we now use the (N — 1)-dimensional Poincaré inequality for the
function

¥ = o(Ri(2', xn) + t;),
which is compactly supported in E;. This yields

+oo
/ pl2da < L / / V(R 2x) + t)] da’ day,
C:\QL 1(Ei) r E;

where we denoted by V' the gradient with respect to 2’. By observing that

+oo
/ / V'o(Ri(z', 2n) +t;)]* da’ day g/ Vol dz,
r E; C\QxL

we now easily get the desired Poincaré inequality, for functions in C§°(2). Finally,

by density of C5°(Q2) in W,"*(R2), we conclude the proof. O

Definition 3.2. (Tubular cut-off functions)
We denote by : R — [0, +00) a C*° function such that

0<n<1, '] <2, n(t) =

0, fort <0,
1, fort>1.

For every e =1,...,k, we set

, . ’[’](Q’,’]\/’)7 lf :L'I G E,
ne (', xn) = { 0, otherwise,

and for a pair 0 < r < R, we also define

(4) _ =1/ 4+ \_ : _ IdN_1 .
nT,R('T>_77Ei (DT,R<RZ‘ («T tz> TeN)) R with DT,R_ 0
0 ... 0 (R—7r)"

Here R; and t; are still as in Assumptions 1.2. It is crucial to observe that, by
construction, we have

nr(,%(x) =0, inCNQ"., nﬁ%(m) =1, inGC\Qk%, ’Vnﬁ%(x)‘ < Tt

In particular, this acts as a “cut-off at infinity” along the cylindrical set C;. In the
particular case R = r + 1, we will simply use the notation

() =g, (R (x — t;) — rey).
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3.2. Existence of a first eigenfunction

Theorem 3.3. Let Q C RY be an open set satisfying Assumptions 1.2. If
A(Q) < E(Q) := min {Al(El), . ,/\1(Ek)}, (14)

then M\ (Q) is actually a minimum, i.e. there exists a first eigenfunctionu; € Wy*(Q)
and uy > 0. Moreover, if {2 is connected, then every other first eigenfunction is
proportional to u;.

Proof. Let n > ro. With the notation of (12), we consider ,, C R". Since the
latter is an open bounded set, the embedding Wy*(€,) < L*(£,) is compact and

the quantlty
)\ Q = 'Ilf C 2 d s
1( 'fl) KPGSIZ(SZTL) /an | SO| !

admits a nonnegative minimizer u} € S3(€2,), as recalled in the Introduction. We

also observe that
lim A\ (€2,) = A1 (92), (15)

n—oo

thanks to Lemma 2.2. We will prove existence of a first eigenfunction for €2 by
using the Direct Method in the Calculus of Variations: as a minimizing sequence,
we will take {uf'},en, with the previous notation. Indeed, in light of (15), this is a
minimizing sequence.

In what follows, each function u} is considered to be extended by 0 outside €2,,.
We first observe that this sequence is bounded in Wy?(€2). Thus, there exists a
function u; € W, ?(Q) such that uf converges weakly to u; in W,?(Q), up to a
subsequence. Observe that the limit function still belongs to Wy *(£2), because the
latter is a weakly closed space. Moreover, by lower semicontiuity, we have

/ [V |? do < liminf/ (Vul|? de = A\ ().

In order to conclude, it is sufficient to upgrade this convergence to the strong one
in L2(RY), so to assure that u; € S3(2). To this aim, we appeal to the classical
Riesz-Fréchet-Kolmogorov Theorem. Since we work with a sequence of functions in
Wy (), which is bounded in the norm of W12(RY), we just need to verify that
the sequence “does not lose mass at infinity”. Namely, we need to prove that there
exists ng € N such that, for every € > 0, there exists R. > 0 such that

/RN\Q lut|? dr < e, for all n > ny. (16)
Re

By minimality, we have that
/ (Vul, V) de = A () / uy pdz, for every ¢ € Wy (Q,). (17)
RN RN

We now fix i = 1,..., k and test (17) with u? (n”)2 € W*(2,), where ' is as* in
Definition 3.2 and r > ry. This gives

n )2 n (¢ n % n i) |2
[ vt 0P e+ 2 [l (9ur, V) de = @) [ 1t [pOF a9
RN RN RN

4 This is a feasible test function, since for every ¢ € W?(©,) and n € C'(,), we have
1,2
en e Wy (Q,), as well.



F. Bianchi et al. / On the Spectrum of Sets ... 329

By Young’s inequality and taking into account the properties of nﬁi), for 0 <9, <1
we have that

[ TGP 0 des2 [ (Vg va0) do
RN RN
n i) ]2 n i) ]2 1 n i
> [ v O o= a, [ vaP pOF de— L[ e e
RN RN n RN

> (1—5n)/ Vup2de - - 2 de
Ci\ Q¥ n

1 Q1 \9;

By spending this information in (18) and using Lemma 3.1, we obtain that

E(Q)(1-146,) / |u? dox < ; [ |? do 4+ A () / lu|? d.
Ci \Q’V‘Jrl Qi+1\91 Ci\QZ
We can decompose the last term as follows
@) [ jPde=x@) [ o) [ P
C\Qi CAQL, Qi N\

This in turn gives

(150 £@) — () /\Ql g < (24 @) /Q W2 da. (19)

Ci £+1\QZ
In light of (15) and of the assumption A\;(2) < £(Q2), there exists ny > 1 such that

() + M ()

>\1<Qn> S 2 ’

for every n > ny.

Thus, we also get

E(Q) — M (Q,) > M > 0, for every n > ng

This entails that for every n > ng the following choice is feasible

5 _ E(9) —Xi(2)
" 26(Q)
From (19) we then obtain

E(Q) = Mi(Qn) /
2 c\Q

for every n > ngy. Observe that for n > ng we also have

P < (s enen) [ s @)

r+1 7+1\Ql

M(2,) < SN g (),

thus from (20) we can get

o

|uﬂ2dx§09/ lu} | de, forn>ngandi=1,...,k,
i+1\QZ

r+1
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where Cg > 0 is the constant given by

Copim 4 ( 16 £(Q) +g(Q)>.

() = M) \ () —M(Q)

We can sum over ¢ such an estimate, so to get

k
[oompa=Y [ pgPdr<ce [ upas @
RN\ Qs — Jeaai,, Qri1\ Q0

which holds for r > rq and n > ng. It is not difficult to see that this estimate gives
the desired uniform decay at infinity: indeed, if we set

A= [ e

the previous estimate can be recast into

An(r +1) < Co (An(r) — Ay(r +1))  thatis A,(r+1) < =<2

< ot Ap(r).

In particular, by using that r — A, (r) is non-increasing, for every R > rq we can
obtain®

Ay(R+1) < A (ro+|R—ro | +1) < (

- )LR_TO = (o y©

Cqo+1 An<7"0) < Cqg+1 An(T’O).

By using that A, (rg) < / lup|? do =1,
RN

we finally get the desired decay property (16). Therefore, up to a subsequence, we
have that u} strongly converges to u; in L?(Q), as n goes to oco. Moreover, u; > 0
since u} > 0 for all n € N.

The last part of the statement is a classical fact. This completes the proof. [

Remark 3.4. If we admit the cylindrical sets C; to have an overlapping with infinite
volume, i.e. if condition (A3) is violated, the previous result may fail to be true. As
a simple example, take N =2, k = 2 and

Qo = (072) X (072>7 C = (072) X (O7+OO)7 C = (173> X (O>+OO>
In this case, we have = QyUC; UCy = (0,3) x (0, +00), and

2 2
M(Q) = % <min {\(C1), \(Co)} = %
However, it is well-know that A;(2) is not attained, in this case.

3.3. Examples

Example 3.5. (Massive core) Let us suppose that  C R satisfies Assumptions
1.2, with its core )y having the following property:

if S(Q) = /\I(Ez)7 then Q() N Cl 7A @ and >\1<Qo> S )\1(CZ>

5 For every t € R, we denote its integer part by M =max{n €Z : t > n}.



F. Bianchi et al. / On the Spectrum of Sets ... 331

In particular, we have Qy C Qo UC; C Q and Qy UC; is a connected open set such
that |(Q20 UC;) \ Qo] > 0. Moreover, )y is bounded and thus \;(€)) is actually an
eigenvalue.

These facts imply that A\ (QoUC;) < A1(£20). This in turn gives
Thus, we can apply Theorem 3.3.

Example 3.6. (Infinite cross) We take the open set

Qz(RX@LD)XQ—LDXR)

Observe that such a set satisfies Assumptions 1.2: indeed, it can be also written as
follows

4
Q=QulJac.
i=1
where () is the open square with vertices (0, £2) and (£2,0) and
Cy = (—1,400) x (=1,1), Cy = (—00,1) x (—1,1),

Cs=(~1,1) x (1,+00),  Ci=(-1,1) x (—00,1).

2

We observe that EQ)=M(C) == M(Cy) = %,

7T2 7T2 g Q
<MW+@ﬂV_()
Thus, this set is a particular case of Example 3.5 and we can apply Theorem 3.3. A
study of the spectral properties of this set can be also found in [4,35] and [38].

and that (see [25, Chapter 1]): A\ (Q) =

Figure 3.1: The set of Example 3.6. In dashed line, the square () having the property
M(Q) < E(Q).

We point out that this set could also be realized simply as the union of the four
cylindrical sets Cy, . . ., Cy, i.e. we could think that Qy = (). This shows that Theorem
3.3 may cover cases where the core is empty and the “compactness” is created by
some non-trivial intersections of the “tubes”.
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Example 3.7. (The broken strip)
We fix 0 < ¥ < 7/2 and take the open set Q defined as follows

Q= {(xl,xg) € R?: z; tan¥ < |z5| < y tan ¥ + L},

cos v
see Figure 3.2. This set satisfies Assumptions 1.2, by taking for example
Qo =T :={(z1,22) € X : 17 <0} (isosceles triangle),
and the two half-strips
C, = {(ml,xg) € xp cost+ x9 sind > 0 and z9 > 0},

Cy = {(l’l,l’g) € xycost —x9sintd >0 and 9 < 0}.

Figure 3.2: The set of Example 3.7. In dashed line, the triangle 7" having the pro-
perty A (T) < E(Q).

By [39, Theorem 1.1], we have the following Pélya—type upper bound for triangles

wm < (3) (5)

where L and A are the perimeter and the area of T, respectively. We easily see that

2 2 1
L= sin COS’!9+00819 and A= sin¥ cos¥’
2
thus we have M(T) < (g) (2 + 2 sinv)”.

In particular, for every 0 < ¢ < 7/6 we have
7\ 2 . 2 2
M(T) < <§> (2+2sin?)” < 7°.

This entails that for all these angles we have
M(T) <72 = XM(C1) = M(C) = E(Q).

Thus, for every 0 < ¢ < 7/6, also this set is a particular case of Example 3.5
(observe that T NC; # O for i = 1,2). Thus, we can apply Theorem 3.3 and get
existence of a first eigenfunction. We refer to [4] and [15] for further studies on this
set.
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Example 3.8. (Hersch’s pipe) We take the set H introduced in (6). We have
already observed in the introduction that H satisfies Assumptions 1.2, by taking
N =2 k=2and

Qo = {(z,y) € R* : 2} + 23 < 1}\ ([0,1] x {0}) (slit disk),

Cl = (0, —|—OO) X (O, 1), CQ = (0,+OO) X (—1,0)

Moreover, we have already remarked that A () = 72.

By observing that E(H) = A\ (C1) = M\(C2) = 7 and that Qo N C; # O for both
1 = 1,2, we see that H is actually a particular case of Example 3.5. Thus, we can
apply Theorem 3.3, here as well.

4. Higher eigenvalues

In the next result, we still denote by £(€2) the threshold energy defined in (14) and
we let \;(€2) be as in (3).

Theorem 4.1. Let Q C RY be an open set satistying Assumptions 1.2.
If ¢ € N\ {0,1} is such that \(2) < E(Q), then for every j =1,...,¢ we have:

(1)  Xj(Q) is an eigenvalue, with associated eigenfunction u; € Sa(§2). Moreover,
{u,...,u;} can be chosen to form an orthonormal set in L*(2) and we have®

(Q) = mi { 2 dr - dr =0, :L“W'—1}
A, () uen;;?m /Q\Vw\ dx /Qgpu dx =0, form J

with the minimum attained by u;;

(2)  if {Qn}nen is the exhausting sequence of sets defined in (12), for every n €N
there exist eigenfunctions {uf, ..., u}} C Sa(2) of Q2 associated to the eigen-
values A\1(,), - ., \j(Q,) which form an orthonormal set in L*(Q,) and such
that (up to a subsequence)

lim ||uy, — um|lr2) =0, form=1,...,j.
n—o0

Proof. We will prove the result by finite induction on j € {1,...,¢}. By observing
that (see Lemma 2.3)

() < M(Q) < E(9),
we obtain that the case j = 1 has been proved in Theorem 3.3.

We now assume that the statement holds for every j = 1,...,¢ — 1. We need to
show that this entails the validity of the case j = ¢, as well. In order to do this,
we will adapt the same idea of Theorem 3.3, by taking into account the additional
difficulties connected with the orthogonality relations.

The inductive assumptions implies that A;(2), ..., A\,_1(Q) are eigenvalues of 2, with
an orthonormal set of associated eigenfunctions {uy,...,us—1} C So(€2). Moreover,
we know that these eigenfunctions can be approximated, strongly in L?*(€2), by an
orthonormal set {uf,...,u} ;} C Sy(,) of eigenfunctions of 2.

6 For j = 1, it is intended that the orthogonality condition is void.
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We then observe that (see [13, Chapter VIJ)

Ae(Q2,) = inf{ max / IV|?dz : F C Wy?(2,) subspace with dim F = £}
Qn

PEFNS2(Q2n)
= inf {/ \Y de:/ unzo,for‘zl,‘..,é—l}.
el U Vel L P j
We take u} to be a minimizer of the last problem. Thus {uf,...,u} ;,u}} is an

orthonormal set by construction. Existence of uj is a plain consequence of the
compactness of the embedding W, *(Q,) < L?*(€,,). By Lemma 2.2, we have that

n—oo

lim / Vur dz = Tim A(©,) = M(Q),
n—0o0

thus the sequence {u} }n>r, € S2(Qy) is bounded in W, ?(Q). This implies that, up
to a subsequence, it weakly converges in W12(Q) to a function u, € VVO1 2(€). We
claim that u, is an eigenfunction associated to A\,(£2), such that

Tim g =gl 2 ) = 0, (22)
/ueuj—O, forall j=1,...,0—1, /]uz|2dx—l, and (23)
Q Q

V> dr = min V<p2dx: gou»zO,formzl,...,E—l , (24
J
Q PpES2(N)

These facts would be sufficient to conclude the proof.

We start from (22): this strong convergence can be inferred by repeating verbatim
the compactness argument in the proof of Theorem 3.3. We need to rely this time
on the equation for uy. Observe that we already know that the sequence weakly
converges to uy, thus once the strong compactness is obtained, the strong limit must
be the same. Thus (22) is established.

This in particular implies that the second property in (23) holds true. As for the
orthogonality conditions in (23), for j =1,...,¢ — 1 we have

| fwensin] = i | [ ir] = JL%\AU?<uj—u?>dw

< 1 " —0.
< lim fJuy — 20 = 0

In order to show that u, is an eigenfunction associated to Ay(€2), we first observe
that wu, is non-trivial, thanks to the normalization condition on the L?(Q2) norm.
It is then sufficient to pass to the limit in the equation for uj. Indeed, {2, }n>r,
is an exhausting sequence for Q. Thus, for every ¢ € C5°(2) we have that this is
compactly supported in €2, as well, for n large enough (depending on ). Hence,
from the weak convergence of {u} },eny and Lemma 2.2, for every fixed ¢ € C3°(Q2)

n—o0

we get 0= lim </ (Vuy, Vo) dr — X(2,,) / u?gpdx)
Qp Qn

:/QWW, Vo) dr — M\(9) /Ugcpdx.

Q
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This is valid for every ¢ € C5°(Q2), thus by density we get that u, is an eigenfunction,
as claimed.

We are only left with proving (24). From (23) and the fact that u, is an eigenfunction,
we already know that

Ae(§2) :/ IVu|*dr > inf / V| dr - /<puj =0,form=1,...,0—-1;.
Q Pes52() L Jo Q

On the other hand, for every u € S3(€2) which is orthogonal to wuy,...,u,_; in
L?(Q), we can consider the (-dimensional vector subspace of I/VO1 2(Q) generated by
{uy, ..., up—1,u}. Then by definition we have

_alélg%xl/ ’Zaj Vuj—l-agVu‘ dz
-1
:axélS%)%(;a?/Q|Vuj|2dx+a?/g|Vu|2dx>
-1
:a%%xl<;a§Aj(Q)+a§/Q]Vu\de).

Here we have used the orthogonality conditions and the fact that

/(Vuj,Vu>dx:>\j(Q) /ujudx, forj=1,...,0—1.
Q

Q
We now use the inductive assumption to assure that for j =1,...,0—1
Ai(2) = inf {/ Vp|*dz - /(pum =0,form=1,...,5— 1} < / |Vul?dx.
peS2(Q) L Jo Q Q

Thus, from the estimate above we get

/-1

Ae(©2) < max (Za 2(Q) + af / |Vu|2dx /|Vu|2dx

acSt—1

By recalling that u is an arbitrary trial functions for the minimization problem in
the right-hand side of (24), we get that

Ae(2) < inf /|Vu|2dx:/uuj:O,formzl,...,E—l},

uESQ(Q)

as well. Thus (24) holds true: observe that we also obtained that the infimum in
(24) is attained by wuy.

The proof is complete. [

5. Some estimates for eigenfunctions

In this section, we prove that the eigenfunctions obtained in Sections 3 and 4 satisfy
suitable decay estimates at infinity. A similar result is contained in [17, Section 4.2],
but here we rely on genuinely nonlinear techniques.
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Theorem 5.1. Let Q C RY be an open set satisfying Assumptions 1.2. We suppose
that  X(Q2) < E(R), for some £ € N\ {0}. For every j = 1,...,{, there exists
0 < Bj <1 and two constants Cyj,Cs; > 0 such that for every eigenfunction u;
associated to X\;(€2) we have

luill 2@\0n) < Crj w2 5]3 for every R > 0, (25)
and |uj(x)| < Caj ||lusll 2 BJR, for every R >0 and for a.e. |z| > R.  (26)

N
4

Moreover, we also have ||| Loy < Cs (A](Q)) w220, (27)

for a constant C5 = C5(N) > 0.

Proof. We first observe that |u;| € W,?(Q) is a non-negative function such that
/<V|uj‘7 V) dr < A / lu;| @ dz, for every ¢ € Wy(Q) such that ¢ >0, (28)
Q Q

thanks to Lemma 2.1. We divide the proof in three parts, according to the property
of u; we need to prove.

Decay in L?. In order to prove (25), we first observe that u; satisfies the following
estimate

(0-0e@-n@) [ ppars (5ea@) [ i

Indeed, it is sufficient to start from (28) and reproduce verbatim the proof of (19).

We then choose
E) =\ (@)

0= 28(Q)

With simple manipulations, along the lines we used to get (21), we now obtain

k
/ |uj]2d:1::Z/ | \uj|2dxgcg,j/ g2 d.
RN\ Q41 = Jeaai,, i1\

The constant Cq ; > 0 is given by

L 2 8E(N)
Cos = s n@ (e w@ HEO):

With same argument as in the proof of Theorem 3.3, the previous estimate permits
to infer that

Co R—ro
/ | |? dx < < 2] ) / |u,|? d, for every R > ry.
RN\Qpy1 Caj+1 Q

L. |

. ) T2
By setting f; = Cfgi . and C; = (C:Qi 1) , we get (25) for R > ro+1.
»J 5J
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On the other hand, for 0 < R < rg + 1 it is sufficient to notice that

1
sz < lusllezy < lwllzzey (G ) 65
J

with the same choice of 0 < 8; < 1 as above.

Global boundedness. We now prove that u; € L>(2). In what follows, for simplicity
we will simply write « in place of |u;|. For every v > 1 and M > 0, we insert in
(28) the test function

¢ =u}; = (min{u, M })7.
Thanks to the Chain Rule in VVO1 2(€2), this is a feasible test function. With standard
computations, we obtain

4 / y+1
Vu,}
GHI7 Jo

In order to estimate from below the left-hand side, we will use the following two
functional inequalities: for N > 3, the Sobolev inequality (see [42])

2

dz = \;(Q) /§2uux4 (29)

2 2
TN</ ¥ dx)2 g/ |Vl|?, for TN:N(N—2)7T(F(N/2)>N,
RN RN ['(N)
while for N = 2 we will use the Ladyzhenskaya inequality (see [31, equation (1.11)])

o ([ etar) < ([ 9ok i) ([ o). (30)

both holding for every ¢ € WH2(RY). By sticking for the moment to the case
N > 3, we then obtain

4
(y+1)2 Iy </Q

We now introduce the parameter ¢ = WTH > 1, and rewrite the previous estimate as

y+1
2
Upg

2 3
dx>2 < \(Q) /uu}Z[
Q

2
2% 2% 02 \(Q) 29-1 A;(Q) 291
< <9 .
(/QUM dx) < 39°T1 1o QuuM < T QuuM

We then define the recursive sequence of exponents

9% N m+1
190 — 1, /19m+]_ - ?ﬂm - (m) . (31)

Moreover, with simple manipulations we also get

([ st as) ™ <o (M2 ([}
o In Q
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We claim at first that (32) shows that u € L*"(Q), for every m € N. We prove
this fact by induction: for m = 0, we have 29y = 2 and v € L?*(Q2) holds true
by assumption. Let us now assume that u € L*™(Q): this assumption, (32) and
upy < w imply that

__1 _1 _1
(/ u?\jm_H dl‘) 2941 S 79727;49#7” <>\J(Q)) 29m </ U2 ’19m> 29m, '
Q Tn Q

The right-hand side is finite and independent of M > 0: by taking the limit as M
goes to oo and using Fatou’s Lemma, we then obtain

1 _1 _1
( / e ) T < gz (MO ( / a0 ) (33)
Q Tn Q

Thus u € L?’=+1(Q), as well.

By observing that {#,,}ien is an increasingly diverging sequence, we then obtain
in particular that v € LY(Q), for every 2 < 4 < +4o00. In order to obtain the
boundedness of u, it is now sufficient to use recursively the scheme of reverse Holder
inequalities (33): after n iterations, we get

T (T am) (M) ,Z, 3
([ = (To) (55 ([ o
Q m=0 In &
By observing that 1 0
. 1 1 N —2\™ N
I > =s 2 () =% (35)
n—1 e
and that lim ( H 19?,?’") =: Oy < +o0,
n—oo m—=0

and passing to the limit as n goes to co in (34), we finally get

NP4

A (Q
lull =@ < O (22)* ull 2o

This gives the boundedness of u, in the case N > 3.

We briefly describe how to adapt the proof to the case N = 2: we go back to (29)

and multiply both sides by the L? norm of ug\jﬁl)/ ?. This gives

wj_71)2</9 Vu;/l%l 2 dgj) (/Quyl(hj) = \(Q) </9qude> (/quz‘ldaj>

We use the Ladyzhenskaya inequality on the left-hand side and use again the pa-
rameter ¥ = (7 + 1)/2. We now get

Auﬁdmﬁﬁ@(/guuﬁ_ldx> ([)u%’}dw)

This time we define the recursive sequence of exponents as

Yo =1, Ot = 20, = 2™
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Thus, in place of (32), we now get

_ 1 1 _1 _1 _1
(e an) ™t o (AR) ((fLundp) ™ ( i)™
Q ™ Q Q

We can now proceed as above, to prove at first that u € L7(Q) for every 2 < v < 400
and then obtain the estimate

i (2
sy < C /222 | e,
where C' > 0 is a universal constant.

Decay in L*°. In order to upgrade the decay estimate to the L* norm, we will use
again a suitable Moser’s iteration, this time “localized at infinity”. We keep on using
the notation u in place of |u;| and we recall that ro is as in (13). Wefixi=1,....k
and take ro + 1 < r < R, then in the equation (28) we use the test function

N2
p=u" (nﬁfk) :
where nﬁ% is the “cut-off at infinity” defined in Definition 3.2 and v > 1. Observe

that this is a feasible test function, due to the fact that u € L>°(£2), from the previous
step of the proof. Thus, in particular u” € W(} 2(9) From the equation, we get

2, N2 , ,
4772 ‘VUW;I (nﬁ%) dx +2 <Vu, anf%%> u' n'"), da
(’Y + ]‘) RN ’ RN ’ )

2
<n@ [ 0 (o) do (36)
RN

By using the Cauchy-Schwarz and Young inequalities, we have for § > 0
2 / <VU,V77£13%> u’ nﬁ% dx
RN b bl
N2 ,
>0 [ [Vufu! (77%) dr — ‘VU%
T, 5 RN T,

RN
54 w2 (0 )2 1 ‘ (i |?
— 6 (’Y+ 1)2 /RN ’VU 2 <777‘,R dl‘ g - V’f]nR

We choose § = /2 and insert this estimate in (36), this gives”
)
CESE /]RN Vu M. dx

2
<2 / W dz 4+ M\(Q) /
Y JRN

R

We sum on both sides the quantity
2y ‘V (%)
(v +1)? /RN IR

7 Observe that both integrals on the right-hand side are finite for every v > 1, thanks to the fact
that u € L%(Q) N L*°(Q).

2
W dx

W dx.

. . 2
vl () e

2
Wt de,
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and use that

2 . 2 N |12
/ V| (nk) de+ / V'l
RN ’ RN ’

We thus obtain

e AR |
<[P+ 58] L [vnla] vt [

RN
We now slightly polish this estimate. We multiply both sides by (v + 1)?/ and use

1 2
w T de > 3 / ‘V <uw2rl nﬁ%)‘ da.
RN

S ( <z‘>)2 d
MR xT.

2 2
(7;1) <4 and (74;1) <2(y+1), for v > 1,

to get / ‘V( 77”)‘ dx
L2
gm/ ‘vnﬁfg u”“d:c—l—2(’y—|—1))\j(9)/
RN

RN
Finally, from this estimate we can obtain

/ ‘V( nﬁ%) :

<2(v+1) 3+ X(Q)) /RN Hwﬁfﬁ%

u'tt <7]ff}2> dz.

dz

(n) Jwtae. @1

We restrict for simplicity to the case N > 3. By using Sobolev’s inequality in the
left-hand side of (37), we obtain

( / (v 4%)" )’

<mnEy@) [ [[vih]

2
oF

+ (77511)2) } Wt de. (38)

We now use the properties of the cut-off functions, encoded by Definition 3.2. From
(38), we get fori=1,....,kand ro <r <R

( /C,\Qi ()" as)’

<z (’y +1) (34 A,(Q) [(Ri)z + 1} /C\Qz_ W da, (39)

2
5F

As in the previous step, we introduce the parameter ¢ = (v + 1)/2 and rewrite (39)
as follows

1

</ u2*19 dx) 2%y
Ci\Q%

1

< (o (3+Aj(Q))>21%92% [(Ri“T)Q + 1}2119 (/CM u? dz)”
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We take Ry > rg and use the previous estimate with the choices

="y = (Ry+2)— R=r,41, formeN,

1
om’

and ¥ = v,,, where the latter is again the sequence defined in (31). We thus get

1
( / wns g ) T
C\Q7, oy

_1

< (o (3 (@) 97 (1647 4 1) (/

1
29m
u20m dm) .
C\QL,,

We iterate this estimate, starting from m = 0: after n steps, we get

(/ u?’n dx) o (40)
Ci\Q%,,
1

< (o (3+Aj(s2)));:1i—:“1" ﬁ {ﬁm(16-4m+1)}”1’"(/ - de)’
m=0 Ci\QlRoﬂ

We now pass to the limit as n goes to oo in (40). By recalling (35) and observing

n—1 _1
lim H {ﬁm(lﬁ 4™ 4 1)}219m =: Oy < +o00, lim r, = Ry + 2,
we get lull oo cpgi, ) < C <W>IZ (/ u? dgv)é
iI\&R42 Tn Ci\szo+1

D=

IA

cCR ([, )

Since this holds for every ¢ = 1, ..., k, we finally get for every Ry > r¢

1

N
3+)\(Q) 4 2 2
o € (20 ([ )
(N\QRg+2) Tn Mg

This is now enough to conclude the proof for N > 3. For N = 2 we may conclude,
analogously to the previous step, by using Ladyzhenskaya’s inequality (30) in place
of the Sobolev inequality. [

Remark 5.2. (Quality of the constants) By inspecting the proof of the previous
result, we easily see that both the base §; and the constant C; ; depend on \;(€2)
and on the crucial gap £(2) — A;(2) > 0.

In particular, we have

Bj /1 and Cy; 71, as () — A;(Q2) (0.
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The estimate (27) is classical, here the constant C3 only depends on the dimension N,
through the sharp constant in the Sobolev inequality (see for example [21, Theorem
8.15]). See also [16, Example 2.1.8] for the same estimate, with a dimension-free
constant, and [12, Theorem 2] for a sharp version of this estimate. Finally, the
constant Cy j depends on N, the eigenvalue A;(2) and the constant C ;.

6. Defect of compactness along the tubes

In this section, we analyze what happens for energy levels above the threshold £(€2).
We will see that compactness is completely lost, in a suitable sense. We will need
the definition of constrained Palais-Smale sequence, given in Definition 1.1. The
main result of this section is the following

Proposition 6.1. Let Q C RY be an open set satisfying Assumptions 1.2. Then
every \ such that
A > £(Q) = min {/\1(E1), o Al(Ek)},

admits a constrained Palais-Smale sequence which is weakly converging to 0.

Proof. We give an explicit construction of such a sequence. Without loss of gener-
ality, we can assume that £(Q) = A\ (E1).

Let us indicate by 1, € VVO1 ’2(E1) a first positive eigenfunction of F;. For simplicity,
we take it normalized, i.e. with unit L? norm. Up to a rigid movement, we can
suppose that £} C RV~1 x {0} and C; = E; x (0, +00).

Figure 6.1: The construction of the sequence ¢, in the proof of Proposition 6.1.

By using the notation r = (z/,zy) € R¥Y "1 xR, for n € N\ {0} we set A\, = A+ 1/n
and we take the function ¢, (2, xn) = ¥1(2') ¢.(zn), where

. . 2nm
sin A — M(ED) (t—r ), ifro<t<rg+ R, =714+ —m——,
- L (B (t—m0)), ifrg<t<my o+
0, otherwise,

and ro = 19(€2) is the same as in Subsection 3.1.

The function ¢, is then extended by 0 to the remainder of €2, i.e. it is supported in
the cylindrical set C;. By construction, we have that this weakly solves

—App = Ayn, in By X (ro,r0+ Ry) .
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Its L? norm is given by

L= ([ war) ([T 6 )

70

= ([ (s (VA A ) ) i) =

We then set U, (z) = ”<p HL?(Q =\ = ¢1 "N Cn(zn).

By construction, it is easily seen that it converges to zero weakly in L%(Q), as well
as in W, (Q).

We need to verify that this is a Palais-Smale sequence at the level A. Its Dirichlet
integral is given by

/Q|VUH|2dx — R% ( 5 |V’¢1|2dm’) (/m% |gn|2de)

To

([ |w1\2da:’) ( / "GP ey

70

2
_)\1(E1)+— (M — M (EY)) / cos Vo — M (E) )) dr =Xy =X+,

where we used that

[ (T - [ o) -

Thus, we obtain that {U,},en (o} satisfies properties (i) and (ii) in Definition 1.1.
In order to verify point (iii), we take ¢ € C§°(£2). We first observe that by standard
Elliptic regularity, we have ¢; € C*(E;) (see for example [21, Corollary 8.11]).
Thus, in particular, we get that

Ry

U, € 02<5>< [ro,ro+Rn]>,

for every O compactly contained in F;. We have enough regularity to justify the fol-
lowing identities: by using the equation satisfied by U,, and the Divergence Theorem,
we get

ro+Rn
/(VUH,V@ da::/ / (VU,,V)dz' dzy
0

ro+Rn ro+Rn
/ / div(VU, ) dx’ dey — / / AU, o dx' dzy
Ey Ey Jro

:/ ZUN (', ro + Ry) o (2,710 + Ry,) da’

Yp(2! o) d’ + N, / U, pdx.
Q
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With simple manipulations and by recalling that A, = A + 1/n, we get

1
< - ||Un||L2(Q) HSOHLQ(Q)

/(VUn,Vg0>da:—/\/Un<pdx
Q Q

8Un
8xN

ou,
al'N

]

By using the properties® of U,, and the trace inequality for the trial function ¢, we
then obtain

ol L2(E) x {ro+Ra)-

lollezctron + ‘ L2(Evx{ro+Rn})

L2(Erx{ro})

(VU,, V)ydr — X / U, pdx| <
0 Q

\/— HSOHWM(Q)7

for some C' independent of both n and ¢. This finally shows that {U,}nen (o} is a
constrained P.-S. sequence at the level \. Il

Remark 6.2. As recalled in the Introduction, a constrained Palais-Smale sequence
weakly converging to 0 can be seen as a variational reformulation of the concept of
singular Weyl sequence, appearing in the Spectral Theory of self-adjoint operators,
see for example [8, Chapter 9, Section 2] and [45, Chapter 6, Section 4]. With
this in mind, according to [8, Theorem 9.2.2], the previous result shows that every
A > E(Q) belongs to the essential spectrum of the Dirichlet-Laplacian on €.

Remark 6.3. Under the assumptions of the previous result, in general it is not true
that every constrained Palais-Smale sequence at a level A > £(2) weakly converges
to 0. For example, by taking

0= ((-1.1) % (-1.1)) U ((2. +o0) x (-1.1));

we see that this set admits an eigenfunction u € W, *(Q), given by the first eigen-
function of (—1,1) x (—1,1), i.e. associated to the eigenvalue

2 2

A=A((=1,1) x (=1,1)) = T > T = A((2,+00) x (=1,1)) = £(Q).

Thus the constant sequence u,, = u is a Palais-Smale sequence at a level \ larger
than £(2), but of course it is not weakly converging to 0.

7. Singular perturbation of Hersch’s pipe

We indicate by H the set of Example 3.8. We define I := (—1,1) and, for n € N\ {0},
0<e<1/(2n)and i=0,...,n, we denote

Zi=24 L4el= (2415 24 L4 CR and T7 = x[1,2).
8 Observe that by construction we have

(&' y70) = \/T b1 (') (o) = Vo — M1 (BN) \/T b (&)

ou,, [ 2 [ 2
and 8— 2’ ro + Ry) 1/11 ! (ro + Ry) \/7E1 1/)1
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We also denote I := U (3 x{1}) and H :=HU UTf.

i=0 1=0
We can observe that the pair (H, ') satisfies Assumptions A.1 in Appendix A with
Q2 =H and ¥ = I';. Accordingly, with the notations of Appendix A we have
Qy =H:.

Figure 7.1: The construction of H;, with n = 3: we add to H an array of n4+1 =4
equally spaced vertical tubes. Each tube has height 1 and width 2 ¢, with ¢ < 1.

The following simple regularity result is not optimal, but it will be largely sufficient
for our needs. It asserts that the first eigenfunctions of H is C? up to the boundary,
in the flat upper part.

Lemma 7.1. Let uy € So(H) be the first positive eigenfunction of H. Then for
every 0 < 1 < L we have
Y uw € C2([r, L] x [, 1]).

In particular, the function Ouy /0y has a C' trace on (0,+00) x {1}. Moreover, for
every U € W&’Z(H;) the following identity holds

/H<Vu1,VU) dz = X\ (H) /

ulUdaH—/ %Ud%l.
H T

e T2
n

Proof. For 7 > 0, we set A, = (7/2,+00) x (0,1) and extend u; to the set
Al = (7/2,+00) x (0,2) by odd reflection with respect to the second variable.
By construction, we have that this is a weak solution of

—Au = )\ (H) u, in AL

Let us still denote it by g, for simplicity. By standard Elliptic Regularity (see [21,
Corollary 8.11]), we have that u; is actually C*(FE) for every open set E compactly
contained in A’. This shows in particular that u; is C* on [r, L] X [r,1].

Let us now take U € C§°(HS), we observe that this is not a feasible test function
for the equation of u;. Since U is compactly supported, there exists 0 < § < 1 such
that its support is contained in

H (5) := {x € H : dist(z,0H}) > 0, 21 < %}

By the previous point and the fact that u; € C°°(H), we know that

u € C? (H;(a) N {(z1,22) : 75 < 1}).
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In particular u; solves in classical sense the equation, on this set. By the Divergence
Theorem, we thus have

A (H) / uy U dx = A\ (H) / ulUd:E:—/ Auy U dx
H e (8)N{z2<1} HE (5)N{22<1}
_— / div(Vu, U) dz + / (Vuy, VU) dx
e (8)N{z2<1} 5 (0)N{z2<1}

_ 1
_ / anUd”H /H<Vu1,VU) dz.

This is the claimed identity, for a test function U € C§°(H). By a density argument
(and using the continuity of the trace operator), we can then conclude that the
identity holds for test functions in W,*(HZ), as well. O

We now present some results, aimed at giving an asymptotic estimate for A\;(HS),
as € goes to 0. We will crucially exploit the concept of thin torsional rigidity, see
Appendix A below. In particular, we will need the following quantity

TS =  sup {2/ Our a3t — /|Vga|2d:)3},
pECE® (HS) ows ¥ H:

which is well-defined, in light of the construction and Lemma 7.1. We then observe
that, with the notation of Definition A.2, we have

=Tao.(X; f), withQ=H, ¥=1I} and f:% (41)
2
The following two results will permit to quantify the decay rate to 0 of this quantity,
as € goes to 0.

Lemma 7.2. (Upper bound) With the notation above, we have

8’[1,1 2

T <8 1)e?|| =2
nS8ntl)e Oz |l Lo ((1,4]x{1})

for every n € N\ {0} and 0<8§ﬁ.

Proof. First of all, by construction we have I', C [1,4] x {1}. Thus we get

The last term is finite thanks to Lemma 7.1. By (41), we can thus apply Lemma
A.5. This entails that

Ou
6$2

aul
833‘2

Loo(Ts) ‘ Lo ([LA]x{1})

3u1
81‘2

8u1

T; <~(H) By

HUTE) =2¢e(n+1)y(HE
. (I7) ( )v(Hy)

Lw([wx{l})’

where (HS) is the sharp trace—type constant defined in Lemma A.5.
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We will show that v(H:) < 4e. By definition, we have

|f? dH’ |of? d’
V(Hfl) = sup Jrn - sup Jre
peEW,? (Hs)\{0} |Vp|?de  »eCs(HE)\{0} |Vo|? dx
S [ ko
_ Sup i=0 Y ZEx{1}

eCE° (HE)\ {0} / V]2 da

HE
We take ¢ € Cg°(HS) \ {0} and observe that
if |Vpl?dr =0, then / |2 dH' = 0. (42)
i 2 x {1}

Indeed, the first condition implies that ¢ is constant in the tube 7. Since ¢ is
compactly supported in H: and 0TF NOHE # (), this shows that ¢ must identically
vanish on the tube T¢. Finally, since Y5 x {1} C 9TF, we get that ¢ identically
vanishes on X x {1}, as well.

Thanks to (42), we can write

Xn:/ lo|? dH! dig € {0, L. ,n} such
N i=0 /X7 {1}
v(H,) = sup 0 :
PECE (HF)\(0) / Vol? dn that | Vo|? da # 0
He, A

0

Let us take ¢ € C§°(HS) \ {0} which is admissible for the maximization problem on
the right-hand side. Let J, C {0,...,n} be the set of indices such that

. |V|?dx # 0, for i € J,.

In light of (42) and the definition of J, , we then have’

3 / plPant D / [pl* an! pl? an!
- <% {1 §x{1} <
i=0 v 2§ x{1} i sex {1}

< i€, < max
/ \Ve|? dx Z |Ve|? dz ety \Ve|? dx
H, ied, U Ti T

[ ko
< max sup At )

i=Lem ecge(TF)\ {0} Vel da
T¢

9 We use the elementary inequality

a; bi)gmax —:4i=1,...,np, foralla; >0, b >0.
(35e/ 350) < }
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Finally, by translating, we see that

/ ’80‘2 df}_[l / |90|2 dHl
e x {1} (—e,e)x{0}

sup = sup
pECE (TE)\{0} V|2 da PeCE°((—e,)x[0,1))\{0} / IVl? dx
Te (—=.2)%(0.1)

<A4e.

In the last estimate, we used the following trace inequality
/ | dH' < 4de / |V|? d, (43)
(—e,e)x{0} (—&,e)x(0,1)

which holds for every ¢ € C{°((—¢,¢) x [0,1)). This can be obtained as follows:
from basic Calculus and Jensen’s inequality, with standard manipulations we get

2

Op dt

8:151

[p(21,0)]* < 2]p(x1,0) — p(z1, 22)|* + 2|p(z1, 32) — 90(—57$2)|2
dy 2
oo (xl,t)‘ dt+2(x+e) [ |22t a)
T2

z2
< 219 /
0 —€

1 0y 2
S2ZE2 ‘T(xl,t)‘ dt+2(l’1+€)
0 L2 —€

Thus, by integrating for z; € (—¢,¢) and x5 € (0,¢), we get

€
- [ lewopdn < [ ey
— (—e,e)x(0,1) (—&,e)x(0,¢)

thus completing the proof. O

2

99 dt.

o (t IL‘Q)

2

2
Op dx,

Oy

e

8.1‘1

Lemma 7.3. (Asymptotical lower bound) With the notation above, there ezists a
universal constant o > 0 such that for every n € N\ {0} we have

” 2
TZZOC€QZ<ZZI <2—l—— 1>> + o(g?), as € \ 0.
2
i=0

Proof. By using (41) and the super-additivity of the thin torsional rigidity (see
Lemma A.4), we get

T > ZTHUTE (2 x {1}; 8“1)

Observe that we used that du,/0zy has constant sign on I'2. On the other hand, as
a consequence of Theorem A.9 applied with

o i _ 0w
pz_ <2+n7]—>7 EZ_<IX{1})+p17 f’t_axzv

we know that for every ¢ = 0,...,n we have

THUTE(Z x {1}; 8u1> = (8u1 <2+f 1)>2€2+0(€2), as e \ 0,

for a universal constant a; > 0.
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More precisely, with the notations of Definition A.7, the latter is given by

Qi = Tty 1y (S0 % {1}) = Tuy o, (1 x {0}) > 0.

Observe in particular that «; does not depend 7, thanks to the fact that the quantity
T is invariant under rigid movements. This is enough to conclude. [

The relevance of T% in our problem is encoded by the following estimate.

Proposition 7.4. (Eigenvalue estimate)
With the notation above, for every n € N\ {0} we have that

(D) < A(H) — T, +0(T5),  as= N0, (44)

Proof. We first observe that A;(H;) > 0, since H, is bounded in the z, direction.
By appealing again to (41), we can apply Proposition A.3 and infer existence of
Urs € Wy*(HZ) which attains the maximum in the definition of T%.
We use the trial function uy; — Upe in the variational problem which defines A, (HS).
This gives
V(s — Ups )2 da /\1(H)+/ IVUng|2dac—2/ (Vur, VU ) da
Al(Hi) < HY — HS HS

/ (Ul_Ur;)QdCU 1—|—/ Ulgidac—Q/ u1Ure dx
H H, H

Al(H)—i—/ |VUpi|2da;—2/ (Vuy, VUr: ) d
HS, HY,

1-— 2/ (751 UFE dx
HE n

n

IN

(45)

By using u; as a test function for the equation of Up: (see Proposition A.3) and
observing that u; has a null trace on I}, we get

-,

On the other hand, by using Ur: as a test function for the equation of u;, one obtains
from Lemma 7.1 that

(Vul,VUp%>dx:/(Vul,VUp%>dx. (46)
H

5
n

/ uy Upe do = / uy Upe do (47)
H: H
1 1 ouy 1 1 15
= e d - € 7d - — T .
/\1(H) /H<vu1; VUFn> €z )\1(H) /F% Ul"n 1o H A\ (H) n

In the last identity, we used (49). Hence, from (45), (46) and (47) we get that

€ 13 2 13 -t
M) < (W (H) +T5) (14 52 T0)

For every fixed n € N\ {0}, the quantity T¢ is infinitesimal, as ¢ goes to 0 (thanks
to Lemma 7.2). Thus we obtain that

2
A1(H)

A (HE < (A (H) + T¢) (1 - T + o(T;)>, as £\, 0.

This proves the claimed asymptotical estimate (44). ]
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The main outcome of the previous discussion is contained in the following result.
This simply follows by combining Proposition 7.4, Lemma 7.2 and Lemma 7.3.

Corollary 7.5. For any fized n € N\ {0}, there holds
‘ ~ (0 1))
MHEHY) <MH) - ;(£<2+;,1)> +o0(e?), ase\,0.

Finally, by recalling the notation (5), we can prove the following theorem.

Theorem 7.6. With the notation above, there exist ng € N\ {0} such that

p(H; ) < (1—¢%) p(H) +0(?), ase\,0.
In particular, H does not provide the sharp Makai-Hayman constant.

Proof. We first decide the number ngy of tubes to be attached. At this aim, we
observe that the following constant
. (0w )2
m:= min (-—(x1,1)) ,
z1€[1,4] (3322( 1)

is positive, thanks to the Hopf Boundary Lemma. Accordingly, we set

ng = min{n e N\ {0} : n> A1 (H) (1+27’12+1)}7

2
2amryg

and observe that such a choice is universal. Thanks to this definition, we have

3 (e o)) o 2t e

274

In order to estimate the quantity p(HZ°), one can easily check that

1 " g n e?
TH%O 5 2 — TH F
2
£
which implies that T%{ZO =71 + 5} +0(e?), ase\/0.

Observe that the variation on the inradius does not depend on ng. This is the crucial
point. Thanks to this fact and to Corollary 7.5, we have that, as € goes to 0,
p(H’IE’Lo) = T%IZO )\1<Hf7,0>

o

< (o) (i -2 35 (2 (o 1)) o)

=0

= p(H) + &* (/\1(2H) —rha Z <g—2 (2 + i, 1>>2> + o(e?).

By recalling (48), we get the desired conclusion. N
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A. The thin torsional rigidity

In this section, we briefly recall some facts about the thin torsional rigidity used in
Section 7, essentially taken from [1]. The main difference with [1] consists in the
fact that we want to allow many tubes to be attached, rather than just one.

We start by describing the class of sets which will be singularly perturbed by thin
tubes.

Assumption A.1. For N > 2, let Q@ C RY be an open set with the following
property. For some M € N\ {0}, there exist:

Pi,...,Pm € 09, v, ..., vy € SV ri,...,m >0,
such that, for all 2 = 1,..., M, there holds:
(i) 99N B, (p:) = 02N {z € B, (pi) : {x — pivi) =0}
(i) ®RY\Q)NB.(p:) = RY\Q)N{z € B,,(pi) : (z —pi,vi) >0},

In particular, the boundary of € is flat around each point p;, with v; representing
the unit outer normal vector of 92 around this point.

Moreover, we take a relatively open connected subset ¥; C 02 N B, (p;) for every
i=1,..., M, such that p; € ¥; and 3, N X; = 0 for i # j. Then we define

M
zzzgzi.

For a pair (2, %) as above, we define
M
Ty, ={x+ty, : x€ ¥, t€[0,1)} and Qs ::QUUTZZ.,
i=1

and we also assume that

Ty, NQ =0 and Ty, NTy, =0 foralli,j=1,..., M such that i # j.

Definition A.2. Let O C RY and ¥ C 99 be a pair satisfying Assumptions A.1.
For any f € L?*(X), we define the thin f-torsional rigidity of 3 relative to Qyx as
follows

Tos (35 f) == sup ){2/Efs0dHN1—/QE\V<p!2dx}.

4,0608" (QE

Of course, the supremum is unchanged if settled on I/VO1 ’Q(Qg). In the particular case
f =1, we will simply write

Ty (5) = Tog (53 1),
and we call it the thin torsional rigidity of ¥ relative to Q.

Proposition A.3. Let Q CRY and ¥ C 0Q be a pair satisfying Assumptions A.1.
Let us suppose that \;(Qs) > 0. For any f € L*(X), we have

Tou(Sif) = max {2 [ foan = [ 9eP s},
% Qs

PEW, ()



352 F. Bianchi et al. / On the Spectrum of Sets ...

and this is a positive quantity. Moreover, such a mazimum is (uniquely) attained by
a function Us 5 € Wom(Qg), which weakly satisfies

—AUE’f = O, m QE\E,

oUs y = OUsy .
81/?‘ 8u?f = f, on %, fori=1,..., M,
where Oz () := lim Upj(w £ hvi) ~ Uny(@) for xz € %,

({)I/-i h—0— h ’

K2

More precisely, there holds

/ (VUs 5, V) dr = / o fAHNT, for every ¢ € Wy (Qg).
s, s

Finally, we have Tos (X5 f) = / fUs pdHN L. (49)
s

Proof. The assumption A\;(€Qx) > 0 entails that

o ([ 1varas)’,

is an equivalent norm on I/VO1 (). Moreover, we have the continuity of the trace

operator
p M

ﬂuwﬁ@5y+H(UQMHBdm»)

=1

see for example [30, Theorem 18.40]. Then the proof of this result is standard, it is
sufficient to use the Direct Method in the Calculus of Variations. L]

Lemma A.4. (Superadditivity) Let Q@ C RY and ¥ C 9Q be a pair satisfying
Assumptions A.1. Then for every f € L*(X) we have

M
Tou (B /1) = Ton(Si = 1f1),  and Tag(S:1f1) 2 Y Taurs, (255 1£1)-

=1

Proof. The first fact simply follows by observing that
2 / flpdHN - / VolPdr =2 / (1) (—g) dHN / V(—p)P dz.
> QE by QE

For every i = 1,..., M, let U; € Wy*(Q U Tx,) be a function admissible for the
optimization problem defining %UTEZ- (33;). We extend each U; to the whole 5, by
defining it to be identically 0 in Tx,, with j # 4. We then observe that the trial
function

(]:HMX“UHP”JUM&,

belongs to W, ().
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Thus, we get

Tow (51 1f]) = 2 / FlUaHN / VU da
> Q

=

M M
> 2 Z/ |f|UdHN—1—Z/ |VU;|? dx,
i=1 Y i i—=1 YOz

thanks to the fact that

M M
/ |VU]2dx§Z/ \vaiyfd:c:Z/ VU|* da.
n i=1 /8 i=1 78

Moreover, by construction we have U = |U;| > U; on %;, which permits to infer that
Tou(Si1) 2 3 [2 [ Uf1van = [ [vUiPas],
i=1 i Os

By arbitrariness of the functions U;, this gives the desired result. [

Lemma A.5. Let Q C RN and ¥ C 00 be a pair satisfying Assumptions A.1.
Then, if f € L>(X), there holds

T (55 f) < 9( Q) 1 f | Zoo () HY (),

JER
where v(Qg) = sup EH—m——————.
goEWOI’Q(Qz;)/ |V|? do

p#0 1955

Proof. It is not difficult to see that 7o, (2; f) can be equivalently defined as

Tox (35 f) = sup (/wacmﬁ

PEW; () / V|? d
»#0 Qs

Y

see [1, Lemma 2.1]. We conclude by applying the Cauchy-Schwarz inequality to the
numerator and using that f € L>(X). N

For any open set £ C RN, we define the space Z,(E) as the completion of C3°(E)
with respect to the norm

||‘P||@3’2(E) = (/E |Vl|? dx) . for every p € C°(E). (50)

Remark A.6. We recall that for N > 3, the space Z,(E) can be identified with
the closure of C§°(F) in the Banach space

2% 2 o 2 . 2 . * _
X22(E) = {goeL (B): Voel (E)}, with 2 = 2
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endowed with the natural norm

HSOHXQ*»Z(E) = ||90HL2*(E) + ||V90HL2(E)-

This is possible thanks to Sobolev’s inequality, which makes the two norms ||-[| x2+.2 (s
and || - ||@3,2(E) equivalent on C§°(E).

The case N = 2 is more delicate, since we can not appeal to Sobolev’s inequality. If
E C R? is simply connected, we have at our disposal the following Hardy inequality

L
16/,

L4

dg

2
dx < / V| du, for every ¢ € C5°(E),
E

see [2, p.278] and also [29]. Here dg: E — R is the distance from the boundary JF.

In light of this result, Z,”(E) can be identified with the closure of C5°(E) in the
Hilbert space

W2 (E;dp) = {90 € Lige(E) : - € LA(E), Vp € Lz(E)}’

loc dp

endowed with the norm
1

2

+ IVelar )

2
. o "2
[l (g = (H@‘ L2(E)

Definition A.7. Let p € RY and v € SV~! be fixed.

For any ¥ C {x € RY : (z — p,v) = 0} relatively open bounded set, we let

T ={z+tv:oxeX tec(—o0,0} and Iy :={z cRY : (z —p,v) >0} UT.
For any f € L*(X), we denote

T (2 )= swp {2 /E FodHNl - /H Vel de}.

peCge(Ily)

Moreover, we denote Ty, (X) := T, (25 1).

We observe in particular that this quantity is invariant under rigid movements.

Proposition A.8. For any ¥ C {z € RN : (x —p,v) = 0} relatively open bounded
set and any f € L*(2), we have

Tng(Df) = max {2/Zf<pd’HN1—/H Vol dr}.

pey " (1s)

and this is a positive quantity. Moreover, such a mazimum is (uniquely) attained by
a function (727f € 9&’2(1_[2), which weakly satisfies

—AUs; = 0, inllg\¥,

Us ¢ N Us, s

vt ov— Looon

aUsz (l’) — hm Ugwf(x + hV) — Ug,f(.r)

where
v+ h—0-— h ’

forx € X.
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More precisely, there holds

/ <Vﬁ2’f, V)dr = / o fdHN 1, for every ¢ € 9&’2(1_[2).
Iy 2

Proof. Without loss of generality, we can suppose that p = 0 and v = ey. In this
case, ¥ C RV~! and
T =Y x (—00,0] and Iy :={zr=(2",2y) €RY : oy > 0} UTX.
We need at first to show the existence of a continuous trace operator
Tr: 9,°(Iy) — L3(%).
We take ¢ € Ci°(Ily) and write

TN
o(2',0) = p(a', zN) +/ 67@( "'7)dr, forevery 2’ € ¥ and xx € (0,1).
0

ﬁxN

In particular, by raising to the power 2 and using Jensen’s inequality, we get

2
’dT

TN
P O < 2ol an) + 20w [ |2 (o' 7)
0 N

1
< 2!, on)[2 + 2y /
0

a(p /
%(5 77)

We now integrate this estimate on 3 x (0, 1), so to get

T, T < T +
(@', 0)]> dr’ <2 ©|? dx + 2
b)) % (0,1) 3% (0,1)

If N > 3, we can estimate

e |?
837]\]

dx. (51)

2
3

/ P dr < |5 x (0,1) (/ ol d)’
$x(0,1) ¥x(0,1)

-
N IIs,

by Sobolev’s inequality. If N = 2, we observe that IIy is a proper simply connected
subset of R? and use the Hardy inequality recalled in Remark A.6 above. This
permits to infer that

[ e |
¥x(0,1) ¥x(0,1)

We used that dr, is bounded by a constant Cyx, on ¥ x (0,1). Thus, both for N >3
and N = 2, from (51) we get

2
P

dn,,

¥
IIs

2
B dv < C2 /

% (0,1)

gmo;/ Vel de.
Iy

(/ |g0(x’,0)|2dx’)E <C (/ |Vl|? dx>§, for every ¢ € Cg°(Ily),
s I

=

for some C'= C(N,X) > 0.
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This estimate shows in particular that for every Cauchy sequence {¢,, }nen € C°(Ily)
with respect to the norm (50), we have that {¢(+,0) },en is a Cauchy sequence in the
Hilbert space L*(X), as well. This permits to define the trace operator in a standard
way, which is thus continuous.

The existence of a maximizer for Ty (X; f) can now be proved by means of the
Direct Method in the Calculus of Variations. We leave the details to the reader. [

Finally, we recall [1, Theorem 2.8], which contains a blow-up analysis for the thin
torsional rigidity of shrinking sets, here suitably stated in our framework. We point
out that [1, Theorem 2.8] has been proved only in dimension N > 3, but the very
same argument can be repeated in dimension 2. It is sufficient to use the charac-

terization of @3 2 on simply connected proper subsets of R2, contained in Remark
A.6.

In order to state it clearly for our needs, we need some further notation: let Q C R¥
and X C 02 be a pair satisfying Assumptions A.1. For every i = 1,..., M and for
every 0 < e < 1, we set

Recall that p; € 3;, thus X is shrinking to this point, as € goes to 0. Then we set
T; =Ty: ={z+ty; : v € X}, t€[0,1)} and Qe :=QUTT.
Theorem A.9. With the notations above, let us suppose that
QC{reRY : (z —p;,u) <0}
Let f; € C°(0Q N B,,(p;)) be such that fi(p;) # 0. Then, we have

Tours (35 fi) = € (fi(pi))2 Tig, (3) + 0(e?),  as e\, 0.
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