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1. Introduction

A classical result by Emilio Almansi ([2]) provides a decomposition of polyharmonic
functions in starshaped domains. This result, restated in modern language, reads
as follows: assume that u € C*™(2), xg € 2 C R? and  is an open set star-shaped
with respect to xg, then u fulfils A7u = 0 on Q if and only if there are harmonic
functions 1; such that

u(x) = tho(x) + [|x — xo|*th1(x) + ... + [[x = Xo[[*" Vb1 on Q.

In present paper we extend this classical result by relaxing both assumptions on
domain topology and the function regularity. The aim is considering open sets
with a crack: for simplicity we refer to a disk with center at xo = 0 and a straight
crack with endpoint at the origin. This geometry introduces several difficulties, since
some singularity is allowed at the crack-tip which affects the decomposition focussed
on that point: here and in the sequel, the term crack-tip denotes the endpoint of
either a discontinuity line or a crease line. In this setting we make explicit the
operators related to an Almansi type decomposition for polyharmonic functions.
The decomposition that we obtain turns out to be essentially unique, up to the fact
that any linear function w € L? of two variables can be represented in two ways:
either as w itself which is harmonic, or as w = ||x||? (||x[| 7% w), where ||x| 2w is
harmonic off the origin.
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In addition to the decomposition we look for a power series expansion around the
crack-tip compatible with the decomposition. In this perspective partial results were
stated in [21] for biharmonic functions only.

Results of this kind are relevant in the study of Blake & Zisserman functional ([10,
14, 17, 18, 21, 23, 44]). Moreover the analysis of crack-tip is met in the study of
variational models for image segmentation, inpainting and denoising ([1, 6, 13, 15,
16, 21, 24, 25, 30, 31, 36, 37, 45]).

Here we show several results which may have a wider range of application than
image analysis, namely the analysis of singularities for free discontinuity problems
and crack-tips in planar elasticity ([1, 4, 10]), polyharmonic functions in open sets
([11, 12, 34]). We mention [35, 38, 39, 42] as basic references about power series
expansions for variational solution of elliptic problems in an open set with a concave
corner, and [4, 5, 26, 27, 28, 33] for approaches related to a crack tip in planar
elasticity and fracture.

Our main results are stated in Theorems 3.1, 4.4, 4.9 and 5.5.

Theorem 3.1 provides the decomposition in the natural framework of biharmonic
functions v € L?(B,\I') with Av € L?(B,\I') together with their asymptotic expansion
converging in L?(B,\I'), where B, is the disk with center 0 and radius 0< o< +00
in R? and I is the closed negative real axis; Corollary 3.5 removes L? condition on
Av. Theorem 4.4 provides the decomposition for biharmonic functions in H?(B,\I")
which are orthogonal to restrictions on B,\T of functions in H?(B,) and the explicit
form of coefficients for a series expansion in terms of non-integer powers converging
in H*(B,\T). Theorem 4.9 deals with the Almansi decomposition of an H?(B,\T')
function which is biharmonic on B,\ I'. Theorem 5.5 and Corollary 5.7 show the
Almansi decomposition and a description of the basis for a power series expansion
converging in L? in the case of polyharmonic functions on B,\T.

Our choice of basis functions (see (2.1)) for the expansion is motivated by the Euler
conditions at the free discontinuity for local minimizers of Blake & Zisserman func-
tional ([18]) and natural boundary conditions along the crack for the free Kirchhoff
plate ([35]).

In all cases we write the operators ®, ¥ (see (3.3),(3.4)) providing the explicit de-
composition for biharmonic functions, the operators ®; providing the explicit de-
composition for polyharmonic functions (see (5.16)) and the coefficients of the re-
lated power series expansions strongly converging in respective frameworks: either
(3.8)—(3.9), or (4.19)—(4.20), or (5.14)—(5.16).

Starting point of the analysis are Lemmas 2.5 and 5.4 which provide an L? converging
expansion for functions which are either harmonic or harmonic times ||z||*, j € N,
on a disk with crack-tip at the center of the disk; this is achieved by suitably tuned
systems of orthogonal basis, made of functions with discontinuity or crease along I'.

Notation. The whole paper deals with functions of two variables.

x=(z,y) denotes the coordinates of the points x €R?; T is the closed negative real
axis in R? and B, = {x€R?: ||x| <o} for 0< o< +o0; whenever the polar reference
in 2-d is exploited, we refer to the polar coordinates (r,6) centered at 0 € R?
L?(a,b) denotes the weighted L? space of measurable functions v in (a,b) fulfilling
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fab lu(r)|*rdr < +oo; the Laplacean operator is denoted by Ay := 9%/ 4 9°/0;
for every open set A, H*(A) denotes the Sobolev space of the scalar functions with
domain in A and their distributional partial derivatives in L?(A) for all orders not
exceeding k.

We set M : N :Zi7 i M jN; j for every pair of square matrices M, N. U+W denotes
the algebraic sum of generlc vector spaces U, W.

Referring to Section I1.4 in [43], if U and W are Hilbert spaces then we denote by
UdW and U ® W respectively the direct sum and the tensor product of U and W;
span U denotes the completion of finite linear combinations of elements in the vector
space U.

Definitions of the function spaces and the basis functions tuned for Almansi type
decomposition and expansion series are postponed in Section 2 and 5, respectively
for biharmonic and polyharmonic functions.

2. Preliminary results

Here we provide the proofs of statements concerning harmonic functions with all
details, since these issues were partly announced in [21] and [23] but the second one
is rather concise, while here we provide a self-contained analysis.

Definition 2.1. Assuming 0 < o < +o0o, we list some function spaces which are
relevant for the aimed decomposition:

Al = {ve L*(B,) s.t. Aqu=01in B,\T },

A2 = {z€ L*(B,) s.t. AJz=01in B,\T },

Zy = r?A, = {wst.w=rp, g€ L*(B,), Axp=0in B\T },
Z, == {w e L*(B,) s.t. w=1%p, Ayp=0in B,\T }.

We label the complex functions vy, zj (and their real counterparts) which are relevant
in the expansion we are looking for (here r > 0, || < 7) by setting:

Ry (r) :=={r"*}, n=1,...,
or(9) == exp (i(k — 3/2 signk) ), keZ\{0}
and define

vy (r, 9) o= rlF73 20, ()

= rIM=32 oxp (i(k — 3/2 signk)9), ke Z\ {0},
2 (r, 9) ==y = T‘kHl/Q@kw)

= rl" 2 exp (i(k — 3/2 signk)v), ke Z\ {0},

) = r* 432 cos((k 4 3/2)09), k=-2-1,0,1,... (2.1)
2, 0) = r*5 32 gin((k 4 3/2)09), k=-2,-1,0,1,...

2, 0) = r* 32 cos((k — 1/2)09), k=0,1,2,...

ftor,0) = r*E 3D sin(k — 1/2)09), k=0,1,2,...
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Aeg

Figure 2.1: Graphs of fa, f2, f3, /¢, exhibiting resp. crease, jump, crease, jump.

Ned

Figure 2.2: Graphs of fl, fZ, f, fi, exhibiting resp. crease, jump, crease, jump.

Remark 2.2. A}, A2 and Z, are closed subspaces of L*(B,). Z, is the completion
of Z, in L*(B,). Moreover

ft =Reuvpys = (Vpys +v_p_3)/2, k=-2,-1,01,...
fE=Imuvgs = (Vprs — v_p_3)/2i, k=-2-1,0,1,...
fE=Rez, = (21 + 2-1-1)/2, k=0,1,2,...
fi=Imz, = (2pp1 — 2-x-1)/2i, k=0,1,2,....

We want to describe harmonic functions with separate variables without any a priori
assumption concerning the kind of functional dependance on r because the aim is
to study solutions of PDEs in L?(B,) and their asymptotic expansions without
prescribed values on disk boundary; nevertheless, at higher regularity level, the
natural boundary conditions on the crack play a relevant role, according to choice
of angular dependance: see Remarks 3.3, 4.12.

We refer both to cartesian coordinates x,y and polar coordinates r, v, and work in
the space L?(B,) when referring to z,y and L?(—m,7) ® L2(0, o) when referring to
r, ¢, by letting free all boundary conditions: we will fix arbitrarily the dependance
on angle referring to the system {¢y }xj20 in (2.1). This arbitrary choice is possible
in the L? framework, where boundary traces are meaningless; but when higher
regularity is asked for, e.g. H' or H?, only some kinds of boundary conditions on
[ are allowed by this choice. Actually the basis we choose in (2.1) is motivated by
the boundary conditions for the linear plate ([35]) and also fulfils several additional
Euler conditions at the free discontinuity for local minimizers of Blake & Zisserman
functional ([18], Theorems 3.4,4.3,4.4).

First, we recall an elementary Lemma about harmonic functions with separated
variables.
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Lemma 2.3. By assuming that

u € L*(B,(0)), Ayu =0 in B,(0), 0<po<+o0

and there exist R € L*(0,0) and k € Z\ {0} such that, referring to (2.1), u has the
following representation with separate variables in polar coordinates

u(r,y) = er(@)R(r) € L*(—m,m) @ L;(0,0) a.e. (z,y) € B,y(0),

one obtains:

1.
2.

if [k| > 2 then uw = Ry or(¥) = v}
if k=2 then u is a linear combination of r'/?¢s = Rops and
r 20y = Rigy = Rip_y;

V20 5 = Ryp_o and

if k=—2 then u is a linear combination of r
r 20 5 = Rip_o = Ripr ;

120, = Ripy and

if k=1 then u is a linear combination of r—
7’1/2901 = Rop1 = Rap 2 ;
if k= —1 then u is a linear combination of r~

7”1/290—1 = Ryp_1 = Ry .

1/2<P71 = Rip_1 and

Proof. By separation of variables in the Laplace equation, if Ax(¢rR) = 0 on
B,(0), then R must be a solution in L2(0, ¢) of an Euler-type O.D.E.

R+ rR — (k—3/2 sign(k))QR =0

say, due to |k| > 0 and the squared power,

PR+ 1R — (k| —3/2)°R=0.

Then

ke Z\ {0,£1,£2} entails

either R(r) = Ry (r) =r*=3/2 or R(r) = Ry_(r) = r¥>- Ik

actually the second choice R(r) = r*2~* must be always discarded since it
never belongs to L.

k =2 entails

either R(r) = Ry(r) =72 or R(r) = Ri(r) = r~%/? and in that case also the
second choice belongs to L?;

k = —2 entails

either R(r) = Ry(r) = /2, or R(r) = Ry(r) = r~*/? and in that case also
the second choice belongs to L?2.

k=1 entails

either R(r) = Ry(r) =r"Y2 or R(r) = Ry(r) = r'/?;

k= —1 entails

either R(r) = Ry(r) =~ Y2 or R(r) = Ry(r) = r'/2. -

Remark 2.4. Under the assumption of Lemma 2.3 all choices of the kind R oy
are allowed as k varies in Z\{0}and no other function is admissible. More precisely,
only 4 double appearances of admissible functions are present in the list: the ones
mentioned in the items 2, 3,4, 5 of the list above.
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Lemma 2.5. Referring to Definition 2.1, for every o>0 :
the system { w(r,9), kezZ\{0} } (2.2)

is orthogonal in L*(B,) and dense in A} with respect to L*(B,) norm;

the system { z(r,9), kezZ\{0} } (2.3)
is orthogonal in L*(B,) and dense in Z, and Z, with respect to L*(B,) norm;

the system { fo, f? }k=—2,—1,0,1,2,... (2.4)
is orthogonal in L*(B,) and dense in A} with respect to L*(B,) norm;

the system { 2 fe }k:o,1,2,... (2:5)

is orthogonal in L*(B,) and dense in Z, and Z, with respect to L*(B,) norm.

Four systems above lead to uniqueness of related expansion series in L*(B,).
Proof. All the statements about real systems follow as soon as the ones about
complex systems are proved, since (2.4), (2.5) correspond to the real form of (2.2),
(2.3), respectively fl, f? for k=—2,-1,0,1,... and f?, f for k=0,1,2,... (see
Remark 2.2).

All the claims about orthogonality stated in the sequel follow by integration with
respect to 6 since the variables are separated. We are left only to show in every case
that the related system is dense.

First we consider the statements concerning Aé.

It is well known that the system {e’*=%/29}, , is dense in L?*(—=, 7). For our
purposes we have rearranged and relabelled previous dense system as in (2.1):

{ () :==exp (Z(kz — 3/2 signk) 19) }keZ\{O} .

Notice that ¢3 = ¢_5 and ¢_; = @9, while no other duplication occurs.

Legendre polynomials {P,}, are an orthogonal and dense system in L?(—1,1):

Po(z) = — ‘”(@P—1w>, n=012,.... (2.6)

2nnl dgn

By the change of coordinates ©+ = 2r — 1, d/dx = 2d/dr, we get the orthonormal
system of the shifted Legendre polynomials 15”(7"), explicitely

Pu(r) = V2n+ 1 P,(2r = 1), |Bullzoy =1, n=0,1,2,... . (2.7)
Hence the system  {P,(7) }neo01,.. o { lgn(r) r1/2 Fr=o,1,... (2.8)

is orthonormal and dense in

ﬁ@@kz{ﬂﬂ;lHMﬂFﬂh<+w},

since (Pn; Pm)r2(01) = (P, Pn)r2(0,1) for every n, m.
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Moreover, due to the Stone-Weierstrass Theorem,

{R, (1) }n=12,.. = {Tn_3/2}n:1,27m is dense in Lf(O, 1).

Figure 2.3: Graphs of Legendre polynomials P, in L?(—1,1) (left) and graphs of rescaled
and normalized shifted Legendre polynomials P, in L?(0,1) (right), n = 0,1,2,3,4,5,6.

We emphasize that the system {P,(r)}n—01,. is an orthonormal basis in L?(0,1),
while { R, () }nen is a neither orthogonal nor normalized basis. Therefore we set

Uul0) 1= 10 / @)l 2 nmy = 91(9) / V27, k €2\ {0}
so that || Pa(r) el 2oy = I Pulr)lzzion 160 lznm = 1. (29)

All the subsequent statements about orthogonality follow either by integration with
respect to € when ¢y and ¢, are present with k £ h, or integration with respect to r
when P, and P,, are present with n # m, since the variables are always separated.

Linear combinations of characteristic functions of sets
{(r,0): 0<r;<r<r, <1, —7<0, <0<0, <7}
are dense in

L*(B)) =

™ 1
{v(r, 0): 0<r<1, |9 <m [ |v|°dedy = / / lv(r,0)|? rdr df < +oo } ;
—m JO

hence the functions with separated variables {P,(r)yx(9)},_1, _jxz0 are dense in
L?(By). For any fixed k € Z\{0}, we define
Wi, :=span{ P, (r) Yx(9); n=0,1,...} =span{ R, (r) ¢x(J); n=1,2,...},

where span denotes the completion in L?(B;) of the set of linear combinations.

By
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Then, by taking into account that ¢ = ¢_5 and ¢_; = 9, we summarize
Wie LW, in L*(By), k # h,|k|>2,|h|>2;
W; LW, in L*(By), j=41,42, h>2;

L*(By) = (EB Wk> @ {W1 Wy + W, +W_2}

where @ denotes a direct and orthogonal sum. Thus every function v € L?(Bj) can
be represented by an L?(B;) converging series

v ) = > D e Palr) i) (2.10)

keZ\{0} n=1

Precisely, due to Lemma 2.3, since W, is a space of functions with separate variables,
once k is fixed:

. any finite (or possibly infinite but L?(B;) convergent) linear combination of
functions of the kind R, (r) ¢r(¥) with n # |k| cannot belong to the closed
subspace Wj, N Al for |k| > 2, since it has separate variables;

. any finite (or possibly infinite but L?*(B;) convergent) linear combination of
functions of the kind R, (r) ¢1(¥) with n # 1,2 cannot belong to the closed
subspace Wy, N Al for k = 1,2, since it has separate variables;

. any finite (or possibly infinite but L? convergent) linear combination of func-
tions of the kind R, (r)¢_1(J) with n # 1,2 cannot belong to the closed
subspace W N Aj for k = —1, —2, since it has separate variables.

So we get

AiNWy = span{ Rip1, Ropr },

AlNW_, = span{ Rip_1, Ryp_1},

ANW, = span{ Rops, Rips },

AINW_y = span{ Ryp_9, Rip 5},

AlNW, = span{ Rpor } VEeZ: k>2,
AiNW, = span{ Rk } VEeZ: k< —2.

Hence, by p1=¢_9, pa=p_1 we get Rop1 = Rop_o, Rop_1 = Ras, Rips = Rip_1,
Rip_9 = Ry, and

(€B|k|>2WmA}) ® {(W1 +Wo + Wy + W) ﬂA%} -
=span{R,on,n=1,2,...; Ryop_n,,n=12...}

(2.11)

where @ denotes a direct and L? orthogonal sum of Hilbert spaces. Summarizing:
dmW, =2 (k=41, £2), dimW,=1 (|k| > 2).

L*(B)) = span{P,(r) Yr(9)}n=12... = span{R,(r) Yp(0)} =12 .

keZ\{0} keZ\{0}
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Thus by taking into account that the set A} is a Hilbert space when endowed with
the L?*(B;) norm, we obtain that the smaller system of unitary functions

o0k — 1] +1

is not only orthonormal in L?(By) (due to orthogonality of spaces W},) but also dense
in A} with respect to L?(B;), as we prove in the sequel.

keZ\{0}

We denote by P the L?(B;)-orthogonal projection on the closed linear subspace Al
of the L? and harmonic functions on B;\I'. Since W,N Al is a closed subspace of
Al the restriction of P to W;NA} is the identity operator:

P(W,NA) = WenNA Vi€ Z\{0}, (2.12)

and, referring to the representation (2.10), v € Wy N A} implies P(v) = cji| 5 RV
therefore the fact that the system (2.2) is dense in Aj easily follows from (2.11) and
Lemma 2.3.

By dilation we recover also the general case of (2.12):
the restriction of P, to W N A; is the identity operator, (2.13)

where P, denotes the L?(B,)-orthogonal projection on the closed linear subspace
A} of harmonic functions in B, \ T'. Indeed, when 0 < ¢ < +0o0,

system { R, (r)pp(9); k€ Z\ {0}, n=0,1,...} is dense in L*(B,):  (2.14)

[%(B,) = (@ Wk> ® {Wl S W+ W+ W—2} ,

|k|>2

(e Winal) o { (Wi +Wo+ Wi+ Woo)n AL} =
=span{R, o, n=1,2,...; Ry n,n=12,...},

where W}, is defined as above, up to the substitution of span in L?*(B,) in place of
L*(By).

The set A} is a Hilbert space endowed with the L?(B,) norm. The dilated set wy
(orthonormal in L?(B,), dense in A} w.r.t. L?(B,)) reads as follows:

2k — 1+ 1
wi(r) = ka(r/g,ﬁ)z

(2.15)

oAk —1|+1 (7 W=z .
=4/ (—) exp(i(k — 3/2sign k)9)

2mo 0 keZ\{0}
Eventually, the statements about Z,: by (2.1) and Definition 2.1, z; = r?v), belongs
to Z, for any k and every f € Z, fulfils f = 7%g for suitable g € A;. By the density
of (2.2) in Aj the claims about density of (2.3) in Z, (hence in Z,) easily follow. As
usual, orthogonality follows by integration in . O
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3. Decomposition and expansion of a biharmonic function near the tip
of a flat crack

We introduce the space A? as the natural framework to achieve an Almansi decom-
position of biharmonic functions under weak regularity assumptions:

A2 = {u e L*(B,\TI), Aue L*(B,\TI'), AZu=0 on B,\I'} =

(3.1)
— A2n{v: AveI}(B,\T)}.

Theorem 3.1. (Almansi decomposition in A? and expansion near crack-tip)
Assume 0<p<+oo. Then, u € AQA if and only if

T e, u(x)=1x)+[x[*p(x), , VxEBN\T. (3-2)

Decomposition (3.2) is unique up to possible linear terms in 1.

The decomposition in AQA 1s made explicit by the operators ® and ¥ which, in polar
coordinates, read as follows:

DAY — A ﬂmzi/kwmmﬁ, (3.3)
U :AQA — A, V] = u—1r?P[ul, (3.4)
u(r,d) = Vu] + r* ®fu, (3.5)

The (non-orthogonal) system formed by (2.2) and (2.3) together is dense in AQA with
respect to L*(B,).

The (non-orthogonal) system formed by (2.4) and (2.5) together is dense in A2 with
respect to L*(B,).

Moreover we have the relationships
A=A+ (2,nAD) =AL+ Z,, (3.6)
A} N Z, = { linear functions}, (3.7)

all terms in the neither orthogonal nor direct sum (3.6) are Hilbert spaces, except

Z, which is pre-Hilbert. Moreover, we obtain these expansions strongly converging
in L*
Ulu] = Z CkUE, Yu€ A?, where

kezZ\{0}
(u — rzq)[u},vk) (\I/[u],vk) (3'8)
- LABAD) _ L2(BAD)
: p) 7
(lorllz2(BAm) (lorllz2(sam)
Ou] = Z ervg, Yué€ AQA, where
keZ\{0}
(3.9)
_ 2
. ((u Plu)) ’Zk)Lz(B,_,\F) _ (r lul, Zk>L2(BQ\F)

(1)l 2 moary)? (lzxllz2(sor)’
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Proof. We use these identities, for smooth scalars p, ¢ or vector-valued p, q:

Ax(pq) = pAxq + ¢Axp + 2Vxp- Vxg Vp,q € C*(B,\T), (3.10)
A(p-q) =p-Axq + q-Axp + 2(ViD): (Viq) Vp,qeC?*(B,\T,R?), (3.11)
Ax (IIX1P¢) = X7 Axp + 4 + 4x - Vixp =4+ 47 %f VoeC?*(B,\I'), (3.12)
A2 (IxIPe) = [xIPA% + 1640 + 8% (Vadsp) VoeCHBAT).  (313)

“If part”: (3.2) entails ¢, 9, u € C®(B,\I') and u € AZ'. If there exist ¢, 1) € A} such
that u(x) = ¥(x) + ||x[]?p(x), Axe = Act = 0 on B,\TI', we can set p = ||x||?,
q=p, 0=|x||. Weobtain Vyp =2x, Ayp =4, thus by (3.13) Axp = 0 entails
25 (IIx[*¢) = 0, hence A u = 0. Eventually ¢ € A} entails

Ax([[xl]*¢) = 4o + drg, € L*(B,\I')
by density of the orthonormal system vy, in A}. Thus (3.2) entails u € A2

“Only if part”: u € A2 entails (3.2). In fact, by setting o := 1 A, if we find a
solution ¢ of

0
goeAz: ra—f—i—gp:a on B,\T", (3.14)
then the function ¢ = u — r?y is harmonic (thanks to (3.12)) and ¢, 1 together will
match the claim thank to (3.13).

Actually, it is enough showing that an explicit solution of (3.14) in polar coordinates
is given by

o(r,d) = r_l/ o(t,0)dt 0<r<op, |J<n. (3.15)
0

By Lemma 2.5 and referring to the spaces definition (2.1), we know that the systems
(2.2) and (2.4) are dense in L?(B,\I') for every p>0, moreover u € A2 entails that
o belongs to Aé; by Lemma 2.5 and referring to the basis wy defined in (2.15),
we get this expansion with uniquely defined coefficients and strongly converging in
L*(B,\I'):

_ |k[—3/2
o(r,0) = Z Ck UM%SQH (g) exp (i(k — 3/2 signk) ¥). (3.16)
keZ\{0}

Hence, by the orthogonality in L*(B,\I') of the system { v

Parseval identity (taking into account of the 2-d jacobian r):

}keZ\{O} and by the

1 Ak — 1) +1 (=1
2 Z ok =1 <E> lex|” < 400, Vr <o.
keZ\{0}

Moreover, for every u € AQA, 0<r <pand |9 <, the operator image ®[u](r, ) can
be evaluated termwise via (3.16), due to Lebesgue dominated convergence Theorem:
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plr0) = ) =1 [ (et -
0

2k — 1|+ 1 |k|—3/2 . '
= > B fkl/z | m') <£> exp (i(k — 3/2 signk) ).
kez\{0}

Hence, 0 = 3 Ayu is a real analytic function of two variables in B,\I' which belongs
to L*(B,) and to L'(Xy,) for every radius Xy, of length s< g from the origin with
frozen 9, |9 < w. Thus the right-hand side in (3.15) is well defined function for
every r < ¢ and |[J] < 7 and both ®u]=r"" [ o and ¥[u] =u — r*®[u] belong to
L*(B,\TI'). Therefore, if we prove Ax®[u] = 0 on B,\T, then, by (3.14) we deduce
that both operators ®, ¥ have range in A}. By (3.16), we get

ro. € L'(Zys), 1 (ro.), €L'(Xos),
while, by definition of ¢ and u € A?, Ayo = iAﬁu = 0. Thus
o9y — —7T (TO'T )r (317)

say o9y € L'(3ps). Summarizing, (3.15) is well defined and r — rp(r,d) is
absolutely continuous on any radius of length s < p starting at the origin.

First we prove that 7, + ¢ = o on B,\I".
By (3.15) and integrability of o on Xy we get, Vi € (—m,7) and Vr € [0, s]:

(8/8r)/oradt =0,

Jip o1 —2 /r
o = r—o(r,0) r i o(t,0)dt,

hence rg£+¢ = o(r,0) — r_l/ o(t,0)dt + r_l/ o(t,0)dt = o .
r 0 0

Second, we prove Ayxp = 0: we compute, for any r < s:

Axp(r,9) = 1 <_ra(r, 9) + r?o,.(r,9) + /07" (o(t,9) + ogs(t,V)) dt) :

73
The map T — (—TO' +rio, + / (0 + o9g) dt) = 7% Agp (3.18)
0
is absolutely continuous on (0, s) for any ¢ € (—m,7) and any s < ¢ and vanishes

at r = 0 since o and ogy belong to L'(Zy,). By taking into account (3.17) and
applying 0/0r to (3.18):

—U—TUT+27’UT+T20}~T+U+0—7979:T(T’O})T—Faﬁﬁ:0 Vr <s.

Summarizing ¢ € A} and r g—f + @ =0 on B,\I', Vs<p, say ¢ solves (3.14).

About uniqueness of Almansi-type decomposition it is enough showing that, if 0 = 0
then the solution of linear problem (3.14) is a linear combination of cos) and sin ¥.
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Indeed the linear ODE in (3.14) entails that r¢ is absolutely continuous on Xy :
moreover 0 = 0 imply r ¢ is constant on every radius Xy ¢ (the constant may depend
on 1), hence it entails ¢(r,v) = C(J)/r; then by Axp = 0, C(¥) must be a linear
combination of cos® and sin in ¢, which can be replaced by C'()r = r?¢ in 1.
Now, we prove the statements concerning decomposition (3.6) of A2

By direct computation every function z; = r?v; is biharmonic in B,\T', moreover
2 € Af) for any k. Due to the equivalence proved above, AQA is expressed by a (non
orthogonal) algebraic sum: AQA = Aé + Z,. More precisely, since Aé C A?, by
difference A2' = Al +(Z,NAZ). Thus (3.6) is proved and by Lemma 2.5 we achieve
the density in A2' of the whole system {vy, 2 }rezy oy defined by (2.2) and (2.3).

In order to show formula (3.7) about the intersection A} N Z,, which prevents the
algebraic sum of Hilbert spaces in (3.6) to be a direct sum, we notice that u € A;HZQ
if and only if

u € L*(B,\T), Au=0on B,\T, u=1r%p with Ap =0 on B, \T,
thus OZAUZA(T2<P)=2¢+2X~Vx90=2(s0+7”%f)-

The general solution of ¢ = —r g—f is o = C(Y¥)r~! and since ¢ is harmonic we get
¢ = (Acos() + Bsin(¥)) /r and u = r*¢ = Az + By.
By exploiting the density of system (2.2) in Aé and of the system (2.3) in Z, (Lemma

2.5), we obtain the expansions (3.8) and (3.9), strongly convergent in L?. The last
equality in (3.9) follows by %> epvp = > cp2s. O

Remark 3.2. The intersection at middle term of equalities (3.6) is mandatory, since
Al C A2 and Z,\ A2' # 0, for instance r/2 exp(—3id/2) € Z,\ AZ.

Remark 3.3. We emphasize that functions in Aé and Z, “are not required to solve
a prescribed boundary value problem”, say they are not required to fulfil any kind
of boundary conditions on I'. Hence the convergence of series associated to the basis
(2.2), or (2.3), may be very slow even in L?; obviously they fit better with some
kind of boundary conditions: in such a case the convergence is faster and possibly
stronger, as is the case of the space V, introduced and studied in the next section.

The choice of the basis (2.2) and (2.3) correspond to fix a priori the basis in the
angular variable in such a way that the associated functions depending on the radial
coordinate are in L?(0,1) (where the weight r is the 2-d jacobian) and have an
homogeneity property tightly dependent on the choice of the angular basis whenever
the condition of vanishing Laplacean is imposed.

Remark 3.4. The closed space AQA is smaller than the space AZ, but wider than
A, N H?(B,\T') and A, NH'(B, \I'). Indeed

r'/2exp(—3i0/2) € (A2\ A2) N (4A2\ A}) (3.19)
entails AQA g AZ, (3.20)

whereas var =1~ exp(Fid/2) € AJ\H' (B,\T) (by [Vs|~ar™™?)
and Vo =1 2exp(+i) /2) € (AQA NH'(B,\TI'))\H*(B,\I')
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(by |Vis| ~ ar™'/2, |D?viy| ~ r73/2), together with vil,vigeAéCAZ entail
AN H?*(B,\I) - A>N H'(B,\T) - A (3.21)

Thus Theorem 3.1 shows that AQA is the widest framework where the decomposition
(3.2) of a biharmonic function is achieved with summands having both terms ¢ and
¥ in L?(B,\T'). On the other hand, the four biharmonic functions /2 exp(+3i/2)
and r~ /2 exp(4£5i19/2), though outside this framework, still have an Almansi type
decomposition; actually they are already decomposed: they reduce to a single term
belonging to Z,\ Z, C A2\ A2

In general, if one drops the request of summands having both terms ¢ and 9 in
L*(B,\TI') in the decomposition, still a decomposition can be achieved as stated in
the subsequent Corollary, extending the results in Theorem 3.1 about framework
AQA to the wider AZ framework. To this aim, we add another space to the list in
Definition 2.1:

F, == {w € D'(B,\T) s.t. r*w € L*(B,\I'), Ayw =0 on B,\T }, (3.22)

so that zZ, = 1rF,, (3.23)

and me(9) = exp (i(k — 7/2 signk) ), kez\{0} (3.24)
wi(r,9) = T2 () =

rF =2 oxp (i(k — 7/2 signk)9), k€ Z\ {0}, (3.25)

Notice that

{wp, k€Z\{0}} = {wp, k€Z\{0}} U {r73/2eE83/20)  {p5/220/201 - (3.96)
though AZ {13220 | £m5/2Ei5/20) g F,,
due to differently weighted L? spaces.

Corollary 3.5. If 0 < o< 400, then the system (3.25) is orthogonal and dense in
F, with respect to L2,(B,\I') norm; moreover w € Az if and only if

Jped,, peZ,: wx) =¢x)+|x[Pex), ,VxeB,\T, (3.27)
say A2 = AL+ Z,. (3.28)
Given some w € A2 the representation (3.27) is achieved by setting ¢ = ®w] and
¥ = Ulw], with
(AIV):AZ—>FQ, \T/:AZ%A;, where

Dlw] = %; ﬁ Wy and U[w] == w — r’®w]

for Aw = Z apwy = v in F, (series converging in L?,(B,\TI)).
k40

(3.29)
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Proof. Notice that F, C L% (B, \T') = {w: fBQ\F lwl|? r* dx}.
The proof of Lemma 2.5 can be easily adapted to the present case in order to show

{Ba(r) Yoo = {Palr) 7 }sg ...

is orthonormal and dense in

L%(0,1) := {R(r); /01 |R(r)|>r° dr < +o0 } :

since (Pp, Pm) L2, (0,1) = (15,1, ﬁm) r2(0,1) for every n, m; as usual orthogonality prop-

erties are plain consequences of separate variables and dependance on 1J; moreover,
due to Stone-Weierstrass Theorem,

(R () bnzro, = {r"**}m1,. is dense in L%(0,1);

{B,.(r) }n=o1.. is an orthonormal basis in L?(0,1), while {fR,(r)}.en is a neither
orthogonal nor normalized basis. Summarizing, the functions with separated vari-
ables {B(r)mk(V)},201, k0 are dense in F),, say the system (3.25) is orthogonal

and dense in F, with respect to L?,(B,\I") norm.

Moreover the proof of Theorem 3.1 can be repeated in the present case with no
change, up to one point: here the whole Laplacean of w is not integrable near the
origin along the radii and this makes meaningless an integral representation of ®[w]
of the kind (3.3). However w € A? entails Aw € F,; thus Aw has an expansion
in terms of wy and converging in L?A; moreover  can be equivalently achieved by
termwise computation along the expansion of Aw referrred to the dense system wy,
and replacing each term 2 [ axwy(r,t) dt (in the formal expansion of - [ Axw dt)
ak wy (1,9)
respectively with Tr (R—7/2) 0<r<o.
Thus the series ), ,arwy in (3.29) is converging in L%, (B,\T') to Aw, whence

ag wi(r,9 . .
r? Zk#) T |k’|‘(7/;) is converging in L?(B,) to r?p.

Eventually, both ® and ¥ map A? to harmonic functions in F,, 72® maps A2 to
L2%(B,\I'): summarizing ¥ maps A2 to F,N L*(B,\I') = A, O

Remark 3.6. If w € Az and Aw = Ek;ﬁo arwy in F, and in addition with conver-

gence of » ;- » agwy to some v in L*(B,) too, then

Olw| = Pv] — r 5/2(a 39 fa_ e igﬁ) — 2y

2 *3/2(a e g se z‘%ﬂ)'

4. Decomposition and expansion of a biharmonic function near the tip
of a flat crack in the H? framework

In this section we verify that all nonaffine functions in A;NH?(B,\I') are orthogonal
in H?(B,\I') to nonaffine functions belonging to Z,NH?(B,\'); moreover any function
in A2 N H?(B,\T') can be expanded in power series in terms of these four systems

{ vk Yrezvoy { 2k Frezy oy (4.1)
{ ¥ exp(i k0) }rez, {r* 2 exp(i kV) }rez, (4.2)

altogether, to take into account of functions which are smooth across I'.
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Therefore, we exploit the splitting AQA = Aé—kZ o, Which allows us to get rid of redun-
dancy related to functions without jump or crease on I' and write expansion series
based on nothing more than the system (4.1), as it is clarified by Lemma 4.3, which
refers to the strong H?(B, \ T') topology in the subspace V of functions orthogonal
to ones which are smooth across I' (see Definition 4.2). Eventually, Theorems 4.4
and 4.9 describe the restriction of operators ® and ¥ for decomposition, providing
decomposition summands in the whole H?(B,\I') together with explicit power series
expansions converging strongly in this space.

Definition 4.1. We introduce the sesquilinear form
(0, 0)2,0 = appr(p,¥) = D*p : D%} dxdy .
BAD
which induces a semi-norm in H?*(B, \ I):

1/2
02,0 = (v, 0)5s .

Set ”’UH?{Z(BQ\F) = HUH%Q(BQ) + HDQUH%Q(BQ\F) = HUH%%BQ) + (v,0)2, (4.3)

Definition 4.2. Let V' be the space of biharmonic functions that are orthogonal to
the smooth functions in the whole B, with respect to the scalar product in H?(B,\T")
associated to the semi-norm | - |5, and orthogonal to affine functions with respect
to the L?(B,) scalar product; precisely, referring to Definition 2.1, we set:

Vo= AZ ﬂ { H*(B,) }lHZ(BQ\F)ﬂ { affine functions }LLQ(BQ) (4.4)

where {HX(B)}Y"" 70 = (v € HX(B,\D) : (v,w), = 0 Y € H*(B,)}

is the Hilbert space orthogonal to H?(B,) in H*(B,\TI'), and

{ affine functions }LL2(BQ): {veH*(B,\T): / vwdrdy =0 V affine w } .

e
Note that V' is a Hilbert space when endowed with the norm |- |5 ,, which turns out
to be equivalent to Hv||%2(Bg) + HDQUH%Q(BQ\F) inV.

Lemma 4.3. Fach one of the two systems

{ { Uy, }kEZ, |k|>2 > {Zk }kGZ k0 } (complex bCLSiS) (45)

and { {fliv T i }k:(ll,... } (real basis) (4.6)

is an orthogonal system with respect to the scalar product (-,-),; moreover they are
both dense in V with respect to H*(B,\T') norm.

Therefore the terms (4.2) (corresponding to H? functions smooth across T') are
redundant and unnecessary here: more precisely, for any u in V there exists a
unique expansion converging to u in H*(B,\TI'), with respect to both systems (either
the complex one (4.5) or its real counterpart (4.6)), as follows:
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u = Z ChUh + Z Ehzh (47)

hezZ\{0,+1,+2} heZ\{0}
and u = fr“g (cicos((h—l—g)i?)+cisin(<h+%> 19>+
Cwdeos (=)o) et ((h-1)0)) @)

where Yu € V the coefficients Cy,, Ey, ci, ¢3, c3, ¢ are uniquely defined by

=tk peg, |n|> 2, (4.9)
(Jonl2.0)?

L R A AN ()Y (4.10)
(2n]2,0)% g)

C}jL:(ufh)Zg h:0’1’27‘_‘7j:1’273’4, (4.11)
(If3l2,0)?

Both expansions (4.7) and (4.8) are strongly convergent in H*(B,\ T).

Proof. Assume u; € V and u;, — u strongly in H?(B,\I') then A2y = 0 in B,\TI'
and (u,w)r2(p,) = 0 for any affine w and (u,w);, =0. Thus V is complete with
respect to the norm induced by the scalar product (-, - )a,.

Lemma 2.5 entails that the system {v;} is orthogonal and dense with respect to
L?(B,) norm in A} and the system {z} is dense with respect to L*(B,) norm in Z,.
Therefore, by V C A2 and (3.6) in Theorem 3.1, both systems (4.5) and (4.6) are
dense in V' with respect to the L?(B,) norm. We have only to show orthogonality
and density in H?(B,\I') of the whole set (4.5).

By performing long computations, checked with software Wolfram Mathematica® 13.2
too, we obtain this list of orthogonality relationships:

( (v, vp)2, =0, k,h € Z\{0,£1,+2}, k # h,
(2K, 2n)2,0 = 0, k,h € Z\{0}, k # h,
(Vks 2n)2,0 = 0, k,h € Z\{0},
(fi, )2y =0, k,1=0,1,..., 4, j=1234, cither i j or k=, (4.12)
([oal2e)* = 5 (2k = 5) (2k = 3)°¢™° k€ Z\{0, %1, £2}
| (2k]2,0)* = g (2k — 1) (4> — 12k +17) o' k € Z\{0}

Therefore the two sets {vg, 2x }rez and {fL, f2, f2, fi, }r—o,1,.. are built with inde-
pendent functions mutually orthogonal with respect to the scalar product (-, - )a,,.
By Theorem 3.1 we know that an expansion of type (4.7) exists with coefficients ¢y,
and ey, (a priori, possibly different from C} and Ej, evaluated by (4.9),(4.10)) and
is strongly convergent at least in L? for any u € V C A?. The orthogonality rela-
tionship (4.12) entails pairwise orthogonality in V' of terms in the expansion hence
uniqueness of expansion (4.7) (if it exists); so we are left to show the existence of
such expansion for any v € V, or equivalently the H*(B, \ T') density in V of the

whole system {{ vy }rez, rro41.42. { 2k trezr (o0} }-
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As a preliminary remark notice that z, € V' for every k€ Z \ {0}, whereas v, € V' if
and only if k€Z\{0,£1,£2}. For any fixed u €V, by uniqueness of projections and
Bessel inequality there exist coefficients C, Ej, and a function w € H*(B, \ ') such

that
’ w = Z Ch’Uh + Z Ehzh

heZ\{0,£1,+2} heZ\{0}

where both series are strongly converging in H?(B, \ I'), hence in L*(B,) and the
coefficients Cy,E), are defined by (4.9),(4.10). We will show that w = w.

By (3.6), A2 = Al+Z,, the systems {vs }nez\o}, {2n uezgoy are separately orthogonal
in L*(B,), they are dense with respect to L?(B,) norm respectively in the sets A}
and Z,, moreover, neither of them contains Inr or 72 Inr and the affine functions do
not belong to V' C A2 N H?*(B,\I'); in addition v; € V, j = £1,+2.

Then, by taking into account that v, € V' if |k|=1,2, every u €V is represented by
a uniquely defined expansion strongly converging in L*(B,\T'):

u = Z chun + Z EnZp - (4.13)

heZ\{0,£1,4+2} hez\{0}

In the expansion (4.13) (cp, vs + €4, 21,) is the unique L?(B,) projection of v either on
2 dimensional spaces V}, := span{vp, z,} if h € Z, |h| > 2, or on the 1 dimensional
spaces Vj, 1= span{z,} if |h| = £1, £2.

We emphasize that the orthogonality V},, L V; for h # [ holds true with respect to
both scalar products (-,-)z2(p,) and (-, -)2,0; moreover the coefficients cy, e;, are not
evaluated by scalar products of v with v, and with z;, since vy, 25, are not L?(B,\I')
mutually orthogonal: nevertheless, they can obtained by scalar products of w with
vy and of z with 2z, if u = w + 2, WE A}, z€ Z,.

Eventually, we claim that the expansion (4.13) is strongly converging to u in the
norm H?(B,\T) too; hence ¢;, = Cy, e, = Ej,, w = u thanks to (4.12). Indeed:
(v, 1) 2(B,) = (2n, 21) 12(B,) =0, Yh=# 1 (vn, 21)12(B,) = 0, Vh,l. Thus u is obtained in
(4.13) as an infinite sum of terms belonging to a sequence of 2 dimensional subspaces
Vi, (each one spanned by v, and zj, for any fixed h in Z with |h| > 2, or spanned by
zp if h = £1,42) and all these finite dimensional spaces V}, are pairwise orthogonal
in L?(B,\T).

Since u € V. C H*(B,\T') and every finite truncated sum from (4.13) belongs to
H?*(B,\T), by subtraction the sum of any residual series belongs to H?(B,\I') too;
precisely, the sum of the residual series (obtained by truncation at N > 2) belongs
to the space orthogonal to every Vi in H*(B,\T'), 0<|k|<N.

Though the residual series is a priori converging in L? only, the sum of the residual
series actually belongs to the closed space @~y Vi.

We prove now that the whole expansion (4.13) converges in H?(B,\I') too: this fol-
lows from the uniform boundedness in H?*(B,\I') of finite truncated sums of (4.13):

N 2
3C st. VN ’ Z (chun + enzn) < 0 < +o0 (4.14)
h=—N 2,0
ch=0 if [h<2

since this boundedness, together with V;, L V; in H?(B, \ T'), implies



M. Carriero, A. Leaci, F. Tomarelli / Almansi Decomposition. ... 397

N
3C st. VN Z len vn, + ehzh|§,g < O<+o00,
h=—N
en=0 if |n|<2

hence there exists w € H?(B, \ T) s.t.

w = Z (chun + en 2n) with strong H*(B, \ I') convergence
heZ
cn=0 if |n|<2
and this w must coincide with u for uniqueness of limit in L?.

Assuming by contradiction that (4.14) is false, say the uniform boundedness in
H?(B,\T) of truncated sums of (4.13) does not hold true, we would obtain

Z \chvh—l—ehzh@,g = 400,
heZ
cn=0 if |h|<2
thus, applying Bessel inequality and the orthogonality relationships (4.12) to (4.13),
leads to a contradiction with ue€ H?*(B,\I'):

2
Ul , = Ch Up|o Ch Zh |2 = Cp Up, €En Zh = .
[ul3,, > | en vz, + len 2n l3,) (chvn + en zn) +
heZ heZ 2,0
cp=0 if |h|<2 cp=0 if |h|<2

Then we have proved that (4.13) is strongly converging to u in H?*(B,\I') and hence
for any fixed k € Z\{0,+1,4+2} and N € N, N > k, we have

1
Ok = oz (4 U)o =

:(|1)k|12)2< Z (chvh—i-ehzh),vk) +

h€Z, h<N 2,0

1
+ m ( Z (Chvh + ehzh) , Uk) = ¢,
@
2

h€eZ, h>N 0

where last equality holds true since the first sum is a finite sum of H%(B,\T') func-
tions so we can exploit (4.12), while the second one (infinite sum, a priori converging
only in L?) is a function belonging to the space orthogonal to V} in H?(B,\I'), hence
with vanishing scalar product against vy.

By the same procedure exploited above one can show that Fy=e;, Vk # 0.

Hence the system {{vk Yeez, kro, 15 {2k }kez} is dense and (thanks to orthogo-
nality relationships in (4.12)) has no redundancy.

The density and non redundancy of {f}, f2, f2, fi{} follows by considering real and
imaginary parts of { { vk Yrez k20,41, {2k brez } (see Remark 2.2). O

Without relabeling, we consider the operators ®, ¥ defined by (3.3),(3.4) with do-
main restricted on V' and related decomposition (3.2), which for this restriction is
uniquely defined, since affine functions do not belong to V.

The next statement shows that both restrictions in V' of ®, ¥ map V on AZ, nv.
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Theorem 4.4. (Almansi decomposition near a crack-tip of a biharmonic function
in V') Referring to Definition 2.1, (4.4) and (4.13) we have

Vo= (4,NnV)a (Z,nV) - H*(B,\I) N A2 (4.15)

where & denotes the topological direct sum in H*(B,\T') of two orthogonal subspaces
(orthogonality refers to the form (-, )2, which is a scalar product in V', whereas this
decomposition is not orthogonal in L*(B,)).

The restrictions of ® and W on V' and the related decomposition are expressed in
polar coordinates for a generic ue€V by

O:V ANV, Dl = ;/ Ault,9) dt, (4.16)
0

\IJ:V—>A;HV, Ulu] = u—1r?dul, (4.17)

u(r,9) = Vlu] + r* ®[u], (4.18)

representable by these expansion series, both strongly converging in H*(B,\T):

Ulu| = Z Crvg, Yu eV, where, for|k| > 2,
|k|>2
(4.19)
O, e v _ (=2 @iy _ (Y ey
\ " (lvklze)? (Ivkl2.0)? (lokllz2pm))”
( Olu] = Z Epve, YueV, where, for|k| >0,
kez\{0}
(4.20)
2
B, — (us 215 , _ (u—Ylul, zk),, _ (1" Plu], Zk)LZ(BQ\F) |
L (I2k2,0)? (2kl2.0)? Izl 25,01

Proof. By Theorem 3.1 we know that an Almansi decomposition (3.2) holds true
also in V C (A2 N H?*(B,\I')) C A2 (a priori with summands having both terms
@ and ¥ in Aé only), moreover affine functions do not belong to V; hence unique-
ness of decomposition and the equality in (4.15) hold true, thanks to orthogonality
relationships in (4.12). Embedding in (4.15) is a straightforward consequence of
Definitions 4.1, 4.2, and Lemma 4.3; this embedding is strict since smooth functions
are missing in V.

By exploiting the density in V' of the system (4.5) stated by Lemma 4.3, we find
the first equalities (coefficient defining) in the expansions (4.19),(4.20), which are
strongly converging in H?(B,\I') to the restrictions in V' of operators ® and ¥: the
second equalities in (4.19),(4.20) follow from (v, zp)2, = 0, Yk, h # 0; the third
equalities in (4.19),(4.20) follows from the fact that

Ulu] = u—r*®u] € 4, , r*®u) = (u—Y[u]) € Z, ,

hence they have a unique expansion in terms of the systems {'Uk}kez\{ojiljig} and
{2k }rez\ (o}, respectively, with coefficients

ek = (W[ul,vr) o/ el and ex = (r*®[ul, 2¢) o /2172

Such expansions are not only strongly converging in L? (by Lemma 2.5) but also
strongly in H%(B, \ T'), by uniqueness of the expansion in V' (by Lemma 4.3).
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Eventually, the strong convergence in H?(B,\T') entails that the restriction to V' of
operators ® and W have range in H*(B,\T'); precisely ® maps V in V| since, by
the expansion (3.16), which is converging to ¢ in H'(B,\I'), and by the operator
representation (3.3) we obtain the expansion

B cr ok —1|+1 (r\H=32 .
O[ul 7k ZZ\{O} - 12) oo <E> exp (i(k — 3/2 signk) 9)
S

which is strongly converging in H?(B,\T'), so that its sum belongs to the closed
subspace V. Thus, the Almansi decomposition (3.3),(3.4),(3.5) already proved in
Aﬁ, here is achieved in V' too, but with summands fulfilling natural higher regularity:
®[u] and ¥[u] in A,NV. O

Remark 4.5. The operators ® and ¥ (a priori defined in domain AQA with range in
A,) when restricted to V have range in A;NV. We remind that the decomposition of
Theorem 3.1 for a function in A? is uniquely defined through the operators ® and ¥
by (3.3),(3.4), nevertheless it is not unique in the Almansi sense due to the twofold
Almansi representation of linear functions. On the other hand, the decomposition
of Theorem 4.4 is unique in both ways, since linear functions are missing in V.

Remark 4.6. Formulas (4.19) and (4.20) are coherent with (4.9), (4.10) and (4.11)
due to the orthogonality relationships

(r*®[u],vp)2, =0 Vk € Z\ {0,£1, 42}, (Uu], 2)2, =0 VkeZ\{0}.

Remark 4.7. As usual, the expansions (3.8) and (3.9) have a real counterpart,
referring to the basis {f}, f2i=—2-1.01.. and {f7, fi} k=01 . defined in (2.1) by
replacing vy, with f}, f7, and replacing z;, with f7 f;'.

Remark 4.8. The relationships (4.19)-(4.20) altogether, make clear that for every
h the term (Chpu, + Epzn) = (cpun + epzp) of the expansion (4.7) in the space
V is the unique L?(B,) projection of v on the 2-d space V), := span{vy, 23}, if
h € Z, |h| > 2, or on the 1-d space V}, := span{uv; }, if h = £1, £2. The orthogonality
Vi L Vi, Yh # k hold true with respect to both scalar product (-, -)z2(,) and (-, -)2,,.
Notice that the coefficients ¢, and ej, cannot be obtained by straightforward L? scalar
products with vy, 25, since v, and z, are not mutually orthogonal in L? (actually
they are orthogonal with respect to (-,-)a,): therefore the preliminary corrections
by subtraction in (3.8), (3.9) are mandatory. By inspection of the proofs of Lemma
4.3 and Theorem 4.4 we obtain

VueV: ¢ =CypVk|>2, ¢, =0if 0<|k|<2, e, = E; Vk#0. (4.21)

Notice that if 0 # u € H*(B,\I')\V then the equalities Cj, = ¢}, Fjy = e must fail
for some index; moreover Cyy, Cyy are always 0 in the expansions (4.19) and (4.20)
of any nontrivial u € V| whereas ¢y, c+1, c+2 and eg may be non trivial.

Eventually the whole Sobolev space H?(B,\T') is examined in the next statement.
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Theorem 4.9. (Almansi decomposition of biharmonic H%(B,\T') functions near a
crack-tip) Let u € H*(B,\T'), 0 < o < +00. Then

AZu=0 inB,\T (4.22)
if and only if

Jp,be H*(B,\T) such that
u(x) = 1(x) + [[x[*p(x), Axp(x) = Axih(x) =0, VXEB,\T.

The decomposition (4.23) is unique up to possible linear terms in 1, of the kind
Apcost=Ax or Bosintd = By, which can be replaced in @ by respectively Ao~ cos )
and Bo~tsind.

By denoting Al = {v e L*(B,) s.t. Alv=0 in B,\T'} the space of j-harmonic
functions which belong to L?, for j = 1,2, the decomposition can be made explicit
by introducing the operators ® and ¥ that act on every u € A2 N H*(B,\I') and are
expressed in polar coordinates as follows:

(4.23)

$: A2 N HX(BAT) = AL 0 HX(BAT), Sl /Axum (429)
Wi A2 H2(BN\D) — AL O HA(BA\D), Wl = u—r2®u), (4.25)
u(r,9) = Y] + r* du). (4.26)

Proof. The claim that decomposition (4.23) entails that u is biharmonic follows by
a straightforward computation.

Opposite inference is a straightforward consequence of Theorem 4.4 together with
classical decomposition ([2]) of biharmonic functions in the disk B,.

Moreover, both operators ® and ¥ map H?*(B,\T) into A, N H*(B,\ I'): indeed
this is already proved for their restriction in V' (Theorem 4.4) and is well known in
H?(B,), namely in the space orthogonal to V. O

Remark 4.10. As a consequence of previous theorem, one recovers the power series
expansion of a generic function w which is biharmonic in B, \I' and belongs to
H?*(B,\T'). Every function u € H*(B,\I') N A2 can be expanded in the form

w= 343 (choos ((+2) ) + s ((n+ 2) 0) +

+ ¢ cos ((h — %) 19) + ¢} sin ((h — %) 19)) +
+ f ((an cos(nd)+b, sin(nﬁ)) 0"+ (Ozn cos(nd)+ 5, sin(nﬁ)) Q"“) o (4.27)

n=0

where the coefficients are uniquely defined first by detecting the component of v in
V' (space of biharmonic functions that are orthogonal to the smooth functions in B,
with respect to the scalar product in H?(B,\ T') associated to the semi-norm | - |5,
and orthogonal to affine functions with respect to the L?(B,) scalar product, see
Definition 4.2); then by expanding such v with Lemma 4.3 and finding explicitly the
coefficients c;,c2, ¢y ¢} via (4.11), possibly by expanding in the standard way the
remainder u — v, which actually turns out to be smooth in the whole B, and can be
split via the classical Almansi Theorem.
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Remark 4.11. The first part of the claim (equivalence) in Theorem 4.9, without
explicit mention of operators ® and ¥, was stated in [21].

We emphasize that the nontrivial candidate local minimizers of Blake & Zisserman
functional (see [16],[17],[21]) fulfil the assumption of Theorem 4.9: that is, for any
o0 > 0, it belongs to H?(B,\T') and is biharmonic in B,\T.

Remark 4.12. In the evaluation of the coefficients of the expansion for a function
in A2 N H?(B,\I') one has to take into account the warnings in Remarks 4.8 and
4.10. For instance, consider

w = r*(cos(V) — cos(30)) = (2 + y?)x + (32%y — 2*) = r?*®v] + Y[v] € A2,

which is biharmonic but it is not harmonic. Figure 4.1 shows an approximation in
L? of the function w by the series (3.8), (3.9) in Theorem 3.1: the first 100 coeffi-
cients are computed with the software Wolfram Mathematica® 13.2 in the real form
according to Remark 4.7. Though the 100 terms approximation is very good, the
spike at the origin and poor accuracy along the boundary of B,\I" are unavoidable,
due to the behavior of the basis functions; actually the truncated expansion has a
negligible error in L? norm which is obviously vanishing in the limit.

Notice that w belongs to H?(B,) C A3 but w is orthogonal to V' in H?(B,\T').

Actually, according to Remark 4.10 the appropriate expansion is obtained by prelim-
inary evaluation of the component of w in V', which actually is 0 since w is smooth,
then by evaluation of the expansion with integer powers only

(cos(nvd) o™, sin(nd)o", cos(nd)o®", sin(nd)e®):

thus providing a finite expansion which is coincident with w.

Figure 4.1: An approximation in L?(B,) (blue graph: first 100 terms in the series) of
w=r3(cos(¥) — cos(39)) matching the function w itself (yellow graph).

5. Decomposition and expansion of a polyharmonic function near the
tip of a flat crack

In this section we consider the polyharmonic functions near a flat cracktip.
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Definition 5.1. For 0 < p <400, we introduce some spaces of polyharmonic func-
tions indexed by 7 =0,1,2,...:

A= L*(B,\T), AL := {vel’(B,): Alv=0in B,\T}, j=1,2,... (5.1)
A =L (B,\T), A :={ve Al : Alve L*(B,\TI),0 <i < j}, j=1,2... (5.2)
Zl=rYA, = {w s w=1Yp, o€ L*(B,\T), Axp=01in B,\T } (5.3)
Zl={we L*(B,\TI) s.t. w=r¥p, Avp=0in B,\T }. (5.4)

Definition 5.2. We introduce the complex fuctions zi, j=0,1,2,... (and their
real counterparts) (here r>0, || <) by setting

2l (r,9) = r¥uy = pFFH=320, () =
207302 oxp (i(k — 3/2 signk)9), k€ Z\ {0}, (5.5)
and for k=2j—2,2j —1,25,2j +1,...
FE (r,0) == r T3 cos((k + 3/2 — 24)9)
22 ) = D sin (K + 3/2 — 29)09) .
Remark 5.3. The sets A7, AJ and Z/ are closed subspaces of L*(B,\I') and ZJ is
the completion of ZJ in L?(B,\I'). Notice that
Z20=20=A,=A,, Z,=2,# Z,= Z, and Z) N Z} = {linear functions},

Al C AITH AT C At for j =0,1,2,..., and, referring to (2.1) and Definition 2.1,
we have 20 = vy, 2} = 2 ;
Z) C A} 0<j<m-—1; (5.6)

ApC A, =2, (5.7)
since (2 + )~ € AJ\AJ for j > 2; moreover
AggAgH , j>2, (5.8)
since (2 + )" € AJ\AJ ; eventually (see (3.19))
ri/? cos( V) € AQ\AA AZ\AZ C Ag\A]é j>2

entails Al C C A]é j>2. (5.9)

Moreover notation f}, (5.5) are coherent with (2.1), for [ =1,2,3,4 .

Lemma 5.4. Referring to Definitions 5.1,5.2, for any 0 >0 and 7 =0,1,2,...,
the system { 2l (r,9) }keZ\{O} (5.10)

is orthogonal in L*(B,) and dense in Z] and Z) with respect to L*(B,) norm;

2]+1 2]+2

the system { 7, (5.11)

}k 0,1,2,.

is orthogonal in L*(B,) and dense in Z and Z) with respect to L*(B,) norm.
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Proof. Due to Remark 5.3, the cases j = 0,1 are already proved in Lemma 2.5.
The general case j > 1 is achieved as like as in the proof of density of system (2.3)
in 27 (Lemma 2.5): by definitions (5.3) and (5.4), 2, = r%z) belongs to ZJ for any
k, and every f e ZJ fulfils f = r*g for suitable g € Z}. By the dens1ty in A} of
system {z) }rez) j0y we deduce the density of {Zk}kez\{()} in Z7 and hence in ZJ. As
usual, the orthogonality property follows by integration in . [

Theorem 5.5. (Decomposition near a crack-tip of a polyharmonic function)

Assume that m > 2 is an integer and 0 < o<4o00; then

u€ Ay (5.12)
if and only if

3o, Y1, ..., Ym-1 € A, such that 5.13)
5.13
u(x) = Yo(x) + [|x[P1(x) + .+ [|x]P D (x) on B,\T.
Precisely, given u € A}, m > 2, the functions 1; in (5.13) are provided by:
1/}]' = T]j—’l“27]j+1 j :O,...,m—2, 1/Jm_1 = Nm-1, (514)
where
i1y —1 .
To ‘= U, Nj+1 = (Ax / 1) [CD][T]JH J = 07 cee, MM = 2a (515)
o - 1 " i1 pgmi P _
D;[n) '_4(mj)rmj/0 AT It 9)dt j=1,...,m—1. (5.16)

For every 0 < o < +00 we have
Al = (Z04 Z 4 Z0)NAr =204+ 28+ 20 Ym>1 (5.17)

where the algebraic sum is neither orthogonal nor direct in L*(B,\I') and every space
appearing in the identity is a Hilbert space, except the Zg which are only pre-Hilbert
when j > 0.

Moreover 1; € Hgmfzj*Q(BQ\F) forj=1,...,m—1, whereas in general 1y cannot
have more regularity than w.

Proof. By (3.10)—(3.13), we get
AL (IxIPe) = IIxIPAp +4A%p  + 4x- Vi (ALp)
+ 16A2¢
+ 16420 + 8x - Vi (A2p)
= |[|x|[?A3p + 36420 + 12x-V,(AZp).
By iterating we find, for suitable integer constants Cj, F;, j =1,2,...,
AJ (HXHng) = |Ix|PAlp + C;AI "o+ Ejx - VAL o

A (|IxIPe) = IIx[* Al + 4A%e + 4x - Vy (Al )
+ C;A%p
+2E;ALp  + Ejx- Vi (ALyp)
= |x|?PAite + CjAlp + Ejax- ViAly
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By induction, we get

The recursive relationships (5.18) are solved by E; =47, C; =47 By inserting
these values we get the next identities valid for every positive integer j :

AL(IxIPe) = [IxI*PAdp +45° A o +45x - VAT (5.19)
= PAJp+AP A+ 4G LAy (5.20)

By (5.19) with j = 2, we get:
Ap=0 = A2 (|x[’») =0. (5.21)

By (5.19) with j = 3 and (5.21), we get:

Ap=0 = A% (Ixll'v) = A% (IxI2(Ixl1%0) ) = IxIPA% (IxI%0)) = 0. (5.22)
By iteration of (5.19) and (5.21), we get:

Ap=0 =

. a | N | (5.23)
AL (207D p) = A% (IxIP(IxI20-2) ) = xI24% (IxIP¢) ) = 0.

In particular A7~ (|x|2" i) ) = Azt (x| fx][272) ) = 0.
By summarizing (5.13) entails that AZu = 0, hence the “if part” is proved.

We are left to show the “only if 7 part, that is: AJ'u = 0 with u € A}’ entails that
u has a decomposition of the kind (5.13).

We prove decomposition (5.13) for every u € A}’ by induction. We already know
the claim of the theorem for m = 2 (by Theorem 3.1 about biharmonic functions
in AQA, which is denoted by Aﬁ here); thus, if we prove that the validity of function
decomposition stated by the theorem for all j with 2 < j < m — 1, entails the
function decomposition validity at m, then the proof is achieved.

For any integer j > 2 we formulate this indexed claim:

claim with index j: uweAl = I{c Al ne A u=<E+ x|, (5.24)

From now on we assume that claim (5.24) holds true at every integer index s with
2 < s < j—1 and that the function u belongs to .Aé for some 7 > 2: we show that
these assumptions entail that claim (5.24) is true at value j of the index too.

The implication above together with the assumption u € A7' and the validity of the
decomposition stated by the theorem at m = 2 provides the aimed decomposition
for u. We are left only to prove the implication about the claim (5.24): this will be
done as soon as, given uEAZ) we are able to find n € Az,*l fulfilling

A =0 and A ([x[*n) = A 'w on B\ T, (5.25)

X

by setting £ = u — ||x||*n which belongs to A7~!, thanks to (5.25).
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By (5.20), the problem (5.25) is equivalent to:

given u € A{; find ne A~ solving

Ay (A7) = 0 on B,\T' and (5.26)
) . o . A1
(G—1) (AL %) + TE(Ai n) = 4(]?‘7 113 on B,\I",

which, in turn, is equivalent to

_ : - il
given u€ A) find n€ AJ~" s.t. p = A7, solves

Axp =0 on B,\I' and (5.27)
Al-

1
x U

. 0
G—1De + ro-p = ey on B,\T,

The solution of (5.27) can be achieved by a procedure similar to the one in the proof
of Theorem 3.1 (proof of (3.2), “only if 7 part), with these differences only: we still
have ¢ € L*(B,\I') and Ap = 0 on B,\I', hence ¢ belongs to A}, but here the first
order ODE reads
Ip

7’54—(]—1)90 = o, witho =

1 j—1
AG-1) %

u.

The fact that u belongs to Ajé entails that o belongs to Aé, hence ¢ has an expansion
with respect to the basis {z)) }rez\ (03 = {vk }rez\ {0}, With uniquely defined coefficients
and strongly converging in L?*(B,\T):

+oo
o(r,9) = Z (cn =321 4 o e(fn+3/2)u9) Fn=3/2

n=1
Thus we can solve (5.27) in the unknown ¢, obtaining

j—2 _ — 1 "2 i1
A2 n(r ) = o(r 1) = 4(J—1>J‘1/o 2 A lu(t, 9) dt (5.28)

Therefore
. _ 1 T . .

0

where (AZ72)7" is a resolvent (whose definition is postponed) for the operator A2
over B,\I', with values in H" ?(B,\T).

From now on we assume (5.12) and prove the explicit representation of summands
|x[|*¢; in (5.13) via (5.14)-(5.16). We start from 1y = u and look for a preliminary
decomposition: u = vy + 7?1, with n; solution of

given ng:=u€ A" find g € Hi™ *(B,\TI') s.t. 1:=A7*n fulfils
(5.30)

1 _ dp1 AP o
o1 € A, and  (m —1)py tro- = sy B,\T.
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Arguing as in the proof of Theorem 3.1, the solution to (5.30) is:
mo= (A7) P [no],

and we recover Yy = 1y — 7’1 = u — r°1);.

We proceed by looking for a decomposition of ny: 7y =1, + 121,, with n; solution of

given 1, € H™ *(B,\T) find no € HF" (B,\I) s.t ¢p:= AT,

1 . Do AP (5'31)
fulfils o, € A, and  (m — 2)ps + "o = am—y B,\T.
The solution to (5.31) is: ne = (AT3)71 Dy [n]
and we get ¥y = n; — r’n. By iteration of the same procedure we get 1, for

j=0,...,m—2 and eventually setting ,,—1 = 1,_1, we achieve (5.14)-(5.16).
Eventually we show that v; € Hgm_Zj_Q(BQ\F), j=1,...,m—2.

Since v € AJ entails AJ"'ve L*(B,\I'), for every j > 2, as a resolvent (AJ"?)~" for
the operator A7 on B,\T" we choose the unique variational solution in Hj *(B,\I')
of AI~2n =0, obtained via minimization on H]*(B,\TI') of Jpr D5 ?w]? dx (this
functional is equivalent to the squared H(J)_Q(BQ \ I') Sobolev norm, by Poincaré’s
inequality).

Thus, (5.14) entails, for j =1,...,m — 1

v =y — P €HY" T (BAT) + H" (B D) € Hy" 2 (B,\ ).

The space decomposition (5.17) is a straightforward consequence of function decom-
position (5.13). O

Remark 5.6. Obviously the decomposition (5.13) is not unique due to the twofold
Almansi representation in L? of linear functions times ||x||*, for j =0,1,....m — 2,
whenever the open set has a crack reaching the origin. Nevertheless it has an
essentially unique representation, as soon as we initialize by setting first ny = u and
iteratively evaluate v; via (5.14)—(5.16).

Corollary 5.7. (Asymptotic expansion of a polyharmonic function at the tip of a
flat crack) Referring to the Definitions 5.1, 5.2, for any o > 0 and m = 1,2,...,

the system {20,724, .., 207" }k#o (5.32)
is dense in A} with respect to L*(B,), but non orthogonal. The system

{{fatn=ots {f T n=01rs - AL Ym0t {7 =01, } (5.33)
is dense in A% with respect to L*(B,\T'), but non orthogonal.

Therefore for every u € A}, relying on the non orthogonal decomposition (5.13), the
coefficients of a strongly L*(B,\T') converging expansion can be evaluated by scalar
products in L*(B,\T') of ||x|[*1; with 2], j =0,1,....



M. Carriero, A. Leaci, F. Tomarelli / Almansi Decomposition. ... 407

Proof. The first and third claim are straightforward consequences of decomposition
(5.17) and the fact that {z]} o is an orthogonal dense system in Z7 (by Lemma
5.4). The second claim follows by Remark 2.2 O
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