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1. Introduction

We are concerned with the asymptotic behavior, as e — 07, of solutions of a possibly
degenerate viscous Hamilton-Jacobi (HJ) equation of the form

O = ea <§w> 02 uf + G(9f) + BV (§w> in (0,400) xR, (1)

when G : R — R is assumed locally Lipschitz, superlinear and quasiconvex. The
dependence of the equation on the random environment (2, F,P) enters through
the diffusion coefficients a and the potential V', which are assumed to be stationary
with respect to shifts in x and Lipschitz continuous on R, for every fixed w. We
furthermore assume that the functions a and V' take values in [0, 1], where g > 0
is a coefficient adjusting the magnitude of the potential. We emphasize that the
diffusion coefficient a can vanish on some regions or even on the whole R. In this
note we prove homogenization of such an equation (1) by additionally assuming
that the pair (a, V') satisfies a scaled hill condition, see Section 2.1, to which we
refer for more details and for the precise statement of our homogenization result.
In the inviscid case (i.e., a = 0), this scaled hill condition reduces to requiring that
esssup ,V (z,w) = 1 almost surely, and we recover the 1-dimensional homogenization
results proved in [15]. When a > 0, this scaled hill condition agrees with the one
adopted in [33] and we recover the results therein contained.
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Equations of the form (1) are a subclass of general viscous stochastic HJ equations
£ x € e X .
ot = 5tr(A(g,w)D2u ) + H(Du ,g,w) in (0, +00) x R%, (2)

where A(-,w) is a bounded, symmetric, and nonnegative definite d x d matrix with
a Lipschitz square root. The ingredients of the equation are assumed to be sta-
tionary with respect to shifts in x. This setting encompasses the periodic and the
quasiperiodic cases, for which homogenization has been proved under fairly general
assumptions by showing the existence of (exact or approximate) correctors, i.e., sub-
linear functions that solve an associated stationary HJ equations [16, 24, 27, 29].
In the stationary ergodic setting, such solutions do not exist in general, as it was
shown in [28], see also [10, 15] for related results. This is the main reason why the
extension of the homogenization theory to random media is nontrivial and required
the development of new arguments.

The first homogenization results in this framework were obtained for convex Hamil-
tonians in the case of inviscid equations in [31, 32] and then for their viscous coun-
terparts in [25, 30]. By exploiting the metric character of first order HJ equations,
homogenization has been extended to the case of quasiconvex Hamiltonians, first in
dimension 1 [15] and then in any space dimension [2].

The topic of homogenization in stationary ergodic media for HJ equations that are
nonconvex in the gradient variable remained an open problem for about fifteen years.
Recently, it has been shown via counterexamples, first in the inviscid case [19, 35],
then in the viscous one [18], that homogenization can fail for Hamiltonians of the
form H(x,p,w) := G(p)+V (x,w) whenever G has a strict saddle point. This has shut
the door to the possibility of having a general qualitative homogenization theory in
the stationary ergodic setting in dimension d > 2, at least without imposing further
mixing conditions on the stochastic environment.

On the positive side, a quite general homogenization result, which includes as par-
ticular instances both the inviscid and viscous cases, has been established in [3] for
Hamiltonians that are positively homogeneous of degree @ > 1 and under a finite
range of dependence condition on the probability space (€2, F,P).

In the inviscid case, homogenization has been proved in [5, 20] in dimension d = 1
for a rather general class of coercive and nonconvex Hamiltonians, and in any space
dimension for Hamiltonians of the form H(z,p,w) = (|p|* — 1)? + V(z,w), see [4].

Even though the addition of a diffusive term is not expected to prevent homoge-
nization, the literature on viscous HJ equations with nonconvex Hamiltonians in
stationary ergodic media is more limited. The viscous case is in fact known to
present additional challenges which cannot be overcome by mere modifications of
the methods used for a = 0.

For d = 1, apart from already mentioned work [1], other classes of nonconvex
Hamiltonians for which the corresponding viscous HJ (2) homogenizes are provided
in [12, 14, 26, 34]. In the joint paper [12], we have shown homogenization of (2)
with H(x,p,w) which are “pinned” at one or several points on the p-axis and con-
vex in each interval in between. For example, for every o > 1 the Hamiltonian
H(z,p,w) = |p|* — c(x,w)|p| is pinned at p = 0 (i.e. H(z,0,w) = const) and convex
in p on each of the two intervals (—oo,0) and (0,+00). Clearly, adding a non-
constant potential breaks the pinning property.
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In particular, homogenization of equation (2), where d = 1, A = const > 0,
H(z,p,w) = 3 [p* = ez, w)lp| + BV (,w), 0<c(z,w) <C, B>0 (3)

remained an open problem even when c¢(z,w) = ¢ > 0. Homogenization for this
kind of equations with A =1/2 and H as in (3) with ¢(z,w) = ¢ > 0 was proved in
[26] under a novel hill and valley condition,' that was introduced in [34] to study a
sort of discrete version of this problem, where the Brownian motion in the stochastic
control problem associated with equation (1) is replaced by controlled random walks
on Z. The approach of [26, 34] relies on the Hopf-Cole transformation, stochastic
control representations of solutions and the Feynman-Kac formula. It is applicable
only to (1) with G(p) = 3|p|* — ¢[p| = min{ip* — cp, 1p* + cp}. In the joint paper
[13], we have proposed a different proof solely based on PDE methods. This new
approach is flexible enough to be applied to the possible degenerate case a > 0, and
to any GG which is a minimum of a finite number of convex superlinear functions
G, having the same minimum. The original hill and valley condition assumed in
[26, 34] is weakened in favor of a scaled hill and valley condition. The arguments
crucially rely on this condition and on the fact that all the functions G; have the
same minimum. As in [26], the shape of the effective Hamiltonian associated with
(7 is derived from the ones associated to each G;.

The PDE approach introduced in [13] was subsequently refined in [33] in order
to prove homogenization for equation (1) when the function G is superlinear and
quasiconvex, a > 0 and the pair (a,V’) satisfies a scaled hill condition equivalent
to the one adopted in this paper, see Remark 2.2. The core of the proof consists
in showing existence and uniqueness of sublinear correctors that satisfy suitable
derivative bounds. These kind of results were obtained in [13] by proving tailored-
made comparison principles and by exploiting a general result from [10] (and this
was actually the only point where the piecewise convexity of G was used). The
novelty brought in by [33] relies on the nice observation that this can be directly
proved via ODE arguments, which are viable since we are in one space dimension
and a > 0.

A substantial step forward in the direction of obtaining a general homogenization
result for viscous HJ equations in dimension 1 has been taken in [14], where the
main novelty consists in allowing a general superlinear G without any restriction on
its shape or the number of its local extrema. Our analysis crucially relies on the
assumption that the pair (a, V') satisfies the scaled hill and valley condition and,
differently from [13], that the diffusive coefficient a is nondegenerate, i.e., a > 0.
Analogously to [13, 26], the function G can be seen as a minimum of quasiconvex
superlinear functions (G;, but when these latter have distinct minima there is a non-
trivial interaction among them in the homogenization process, and the shape of the
effective Hamiltonian associated with G' can no longer be guessed from those asso-
ciated with each G;. The proof consists in showing existence of suitable correctors

L Tt is worth noticing that the valley and hill condition is fulfilled for a wide class of typical random
environments without any restriction on their mixing properties, see [26, Example 1.3] and [34,
Example 1.3]. It is however not satisfied if the potential is “rigid”, for example, in the periodic
case.
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whose derivatives are confined on different branches of GG, as well as on a strong
induction argument which uses as base case the homogenization result established
in [33]. The fact that homogenization for quasiconvex G was only available for a > 0
is one of the main reasons why we did not try to generalize our arguments to the
possible degenerate case a > 0.

The purpose of this note is to fill this gap and to provide a unified proof which
encompasses both the inviscid and the viscous case. By reinterpreting the approach
followed in [33] in the viscosity sense and by making a more substantial use of
viscosity techniques, we generalize the homogenization result for equation (1) with
quasiconvex G to the possible degenerate case a > 0. A key tool in this regard
is played by the well known stability property of the notion of viscosity solution.
Our exposition also benefits of some observations and arguments developed by the
author in the attempt to prove a more general homogenization result. They have
already displayed their usefulness for the joint research [14], where they appeared
for the first time.

The paper is organized as follows. In Section 2.1 we present the setting and the
standing assumptions and we state our homogenization result, see Theorem 2.3. In
Section 2.2 we describe how we can reduce the proof to the case of a quasiconvex
function G satisfying more stringent assumptions, see Theorem 2.5, and we outline
our strategy to prove Theorem 2.3. In Section 3 we prove some deterministic PDE
results for the stationary HJ equations we shall consider in the sequel. In Section
4 we prove existence and uniqueness of correctors possessing stationary derivatives
that satisfy suitable bounds. We also derive some additional information that will
be needed in Section 5, where we prove Theorem 2.3.

Acknowledgements. The author benefited from on-line discussions with Elena
Kosygina and Atilla Yilmaz in the period April-July 2020. The author wishes to
thank Luca Rossi for the help provided with the proof of Proposition 3.2. The author
also thanks the anonymous referee for his comments, who contributed to improve
the presentation.

2. Let us get started
2.1. Assumptions and statement of the main result

We will denote by C(R) the family of continuous functions on R. We will regard
C(R) as a Polish space endowed with a metric inducing the topology of uniform
convergence on compact subsets of R.

The triple (Q2,F,P) denotes a probability space, where 2 is a Polish space, F is the
o-algebra of Borel subsets of 2, and P is a complete probability measure on (2, F).2
We will denote by B the Borel o-algebra on R and equip the product space R x 2
with the product o-algebra B ® F.

We will assume that PP is invariant under the action of a one-parameter group (7, ),cr
of transformations 7, : Q@ — ). More precisely, we assume that the mapping

2 The assumptions that € is a Polish space and P is a complete probability measure are only used
in the proof of Theorem 4.1 to show that the functions u} are jointly measurable in R x (2.
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(r,w) = 7w from R x Q to €2 is measurable, 7y = id, 7,4, = 7, o 7, for every
z,y € R, and P(7,(E)) = P(E) for every E € F and z € R. We will assume in ad-
dition that the action of (7, ).er is ergodic, i.e., any measurable function ¢ : Q2 — R
satisfying P(¢(1,w) = ¢(w)) = 1 for every fixed x € R is almost surely equal to a
constant. If ¢ € LY(Q), we write E(y) for the mean of  on €, i.e. the quantity

fQ o(w) dP(w

A measurable function f : R x © — R is said to be stationary with respect to
(T2)zer if f(z,w) = f(0,,w) for all (z,w) € R x 2. Moreover, whenever the action
of (7;)zer is ergodic, we refer to f as a stationary ergodic function.

In this paper, we will consider an equation of the form
o = a(r,w)0? u+ G(O,u) + BV (z,w), (t,z) € (0,+00) x R, (4)

where § > 0, and a : Rx Q — [0,1], V : R x Q — [0,1] are stationary ergodic
processes satisfying the following assumptions, for some constant £ > 0:

(A)  +/a(-,w):R —[0,1] is k-Lipschitz continuous for all w € ;3

(V)  V(-,w):R —0,1] is k—Lipschitz continuous for all w € Q.

As for the nonlinearity GG, we assume that it belongs to the class 4 defined as follows.

Definition 2.1. A function G : R — R is said to be in the class ¥ (ap, a1,7) if it
satisfies the following conditions, for some constants ag, a; > 0 and v > 1:

(G1)  aolp]” = 1/ap < G(p) < ar(|p]” + 1) for all p € R;

(G2)  |G(p) = G(g)| < ar(pl+ gl + 1) |p—g forall p,q € R.

We will denote by ¢ the union of the families ¥ (g, aq,7), where g, @y vary in
(0, +00) and v in (1,400). O
Solutions, subsolutions and supersolutions of (4) will be always understood in the
viscosity sense, see [6, 7, 9, 11]. Assumptions (A), (V), (G1)—(G2) guarantee well-
posedness in UC(]0, +00) x R) of the Cauchy problem for the parabolic equation

(4), as well as Lipschitz estimates for the solutions under appropriate assumptions
on the initial condition, see [13, Appendix A] for more details.

The purpose of this paper is to establish a homogenization result for equation (1)
when the nonlinearity G is quasiconvex, namely

(qC) {p € R : G(p) < A} is a (possibly empty) convex set for every A € R.

We succeeded in doing this under the additional hypothesis that the pair (a, V)
satisfies the following condition, termed scaled hill condition:

(S) for every h € (0,1) and y > 0, there exists a set Q(h,y) of probability 1 such
that, for every w € Q(h,y), there exist ¢; < ¢y and 6 > 0 (depending on w)
such that

b dx
(a) /fl a(@,) Ve =Y,
(h) (hill)  V(-,w) = h on [{1,0s].

3 Note that (A) 1mphes that a(-,w) is 2k—Lipschitz in R for all w € €. Indeed, for all z,y € R we
have |a(z,w) — |—\\/axw + Va(y,w)||va(z,w) — aly,w |<2/<;|9c—y|
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Remark 2.2. When a > 0, the above scaled hill condition is equivalent to the one
adopted in [33]. When a = 0, it reduces to requiring that esssup ,cpV(z,w) =1
almost surely, since item (a) is trivially satisfied by any interval ({1, /) provided
0 > 0 is chosen small enough. [

Our main result reads as follows.

Theorem 2.3. Suppose a and V' satisfy (A), (V) and (S), 8 > 0, and G € ¢
satisfies (qC). Then, the viscous HJ equation (1) homogenizes, i.e., there exists a
continuous and coercive function H(G) : R — R, called effective Hamiltonian, and
a set of probability 1 such that, for every uniformly continuous function g on R
and every w € Q, the solutions u®(-,-,w) of (1) satisfying u¢(0, -,w) = g converge,
locally uniformly on [0,+00) X R as e — 07, to the unique solution u of

ou=H(G)(Du) in (0,4+00) x R
{E(O, =g in R.
Moreover, H(G) belongs to 94, it is quasiconvezr, H(G)(R)=[min(G + ), +00) and
H(G)™ (min(G + B)) = [0_,64] for some 6_ < 6,.

We remark that the effective Hamiltonian H(G) also depends on the pair (a, V') and
the constant 5. We do not keep track of this in our notation since they all remain
fixed throughout the paper.

2.2. Strategy outline and a reduction

In this section, we will describe our strategy to prove the homogenization result
stated in Theorem 2.3. Let us denote by wug( -, +,w) the unique Lipschitz solution to
(4) with initial condition uy(0,z,w) = Oz on R, and let us introduce the following
deterministic quantities, defined almost surely on €2, see [13, Proposition 3.1]:
HY(G)(0) := lim inf u0.w) g HY(G)(H) := lim sup uo(t,0,w) (5)
t—+o00 t t— 400 t
In view of [12, Lemma 4.1}, in order to prove homogenization, it suffices to show
that HE(G)(0) = HY(G)(0) for every 0§ € R. If this occurs, their common value is
denoted by H(G)(#). The function H(G) : R — R is called the effective Hamiltonian
associated with G. It has already appeared in the statement of Theorem 2.3.

Note that the above observation readily implies homogenization when 8 = 0. Indeed,
in this instance, uy(t, z,w) = Oz + tG(0) for all (t,x) € [0,4+00) x R and 0 € R, so
H(G) = G. Hence, to prove our homogenization result, it suffices to consider § > 0.

The first step consists in reducing to the case when G belongs to the following
subclass of ¥.

Definition 2.4. A function G € ¢ is said to be in the class &,,. (where the subscript
sqc stands for strictly quasi-convex) if it satisfies the following additional conditions,
for some n > 0:

(G3) G(0) = 0;
(G4) for every py > p; = 0 we have
G(p2) — G(p1) = nlp2 — p1| and G(—p2) — G(—p1) = nlp2 — p1l-
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This is motivated by the following fact.

Theorem 2.5. If Theorem 2.3 holds for every G € 9., then it holds for every
GeY.

Proof. Pick some G € ¢. By (G1)-(G2), there exists a puim € R such that
G(pmin) = minG. Let us set G(-):= G(+ + pmin) —minG. An easy computa-
tion shows that Theorem 2.3 holds for G' if and only if it holds for G, and, in this
instance, we have H(G)(0) = H(G)(0 + pmin) — min G for all § € R. Indeed, if iy
denotes the the unique Lipschitz solution to (4) with G in place of G' and initial
condition 4y(0, z,w) = Oz on R, then the function u := Uy + ppnx + t min G solves
equation (4) with initial condition (0, z,w) = (6 + Pmin)z. Hence, without any loss
of generality, it suffices to prove the assertion for a G € ¥ additionally satisfying
G(p) = G(0) =0 for all p € R.

For every n € N, let us set G,,(p) := G(p) + |p|/n? for all p € R. Then the functions
G and (G,), belong to ¥(agp,aq,7) for some constants ag,; > 0 and v > 1.
Furthermore, G,, € %, hence equation (1) homogenizes with G := G,, for each
n € N. Since |G — Gy || Lo (j=nn)) < 1/n for all n € N, we infer that (1) homogenizes
for G as well in view of [14, Theorem B.4]. Furthermore, the effective Hamiltonians
H(G,) all belong to ¥(ap, a@1,7) for possible different constants ag,@; > 0 and
7 > 1, and converge to H(G), locally uniformly in R, as n — +o0, see Proposition
B.3 and Theorem B.4 in [14]. This implies that H(G) belongs to ¢ (ap, a1,7) as
well and it inherits from the functions H(G,,) the properties listed in the remainder
of the statement of Theorem 2.3. O

Let us therefore assume that G € %,,.. Let us denote by G_ : (—00,0] — [0, +00)
and G4 : [0,4+00) — [0, 400) the functions defined as follows:

G_(p) :==G(p) forall p <O, Gi(p) :==G(p) forallp>0.

Condition (G4) means that G_ is strictly decreasing on (—oo,0] and G is strictly
increasing on [0, +00) with a fixed rate of monotonicity.

In order to prove that HE(0) = HY() for all § € R, we will adopt the approach
that was taken in [26, 13] and subsequently developed in [33]. It consists in showing
the existence of a viscosity (Lipschitz) solution u(z,w) with stationary derivative
for the following stationary equation associated with (4), namely

a(z,w)u” + GW') + BV (z,w) =X inR (6)

for P-a.e. w € €. Such solutions are called correctors for the role they play in
homogenization. In fact, the following fact holds.

Proposition 2.6. Let A\ € R such that equation (6) admits a Lipschitz solution
u(z,w) with stationary derivative. Let us set 6 := E[u/(0,w)]. Then

HEO) = HU(0) = A,

Proof. Let us set Fyp(z,w) := u(z,w) — Oz for all (z,w) € R x Q. Then Fy(-,w) is
sublinear for P-a.e. w € €, see for instance [15, Theorem 3.9]. Furthermore, it is a
viscosity solution of (6) with G(6 + -) in place of G. The assertion follows in view
of [13, Lemma 5.6]. O
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We proceed by recalling a result that is proved in [13, Proposition 4.1]. It crucially
relies on the scaled hill condition (S).

Proposition 2.7. Let a and V satisfy conditions (A), (V) and (S) and G € 9.
Then HE(G)(0) > mRén(G + B) for all 6 € R.

Our strategy to prove Theorem 2.3 for G € ¥;,. can be outlined as follows. First
we remark that, in view of Propositions 2.6 and 2.7, we need to look for correctors
for A > B only. For every fixed w € €2 and A\ > 8 we will show the existence of a
unique pair of Lipschitz solutions u? (-,w) and u} (-, w) to (6) satisfying the equation
u? (0,w) = u} (0,w) = 0 and the following derivative bounds, see Theorem 4.1:

() (z,w) €[GTHN),GTHA = B)], (1)) (z,w) €[GTH(A = B), GTH(N)] for a.e.z€R.

This result is deterministic, with w treated as a fixed parameter, and does not depend
on the scaled hill condition (S). The uniqueness part, which is proved in Proposition
3.3, relies on a standard application of Gronwall’s Lemma and depends crucially
on the fact that G_ and G, are strictly monotone on their domains of definition.
Such a uniqueness property readily implies that the functions u} have stationary
derivatives. Next, we need show that the dependence of the functions u} on w is
measurable. This is a technical but important point. For its proof, we exploit the
fact that €2 is a Polish space and P is a complete probability measure, see Theorem
4.1, and this is the only point in the paper where this condition is used. All this

allows us to define two functions 6 : [3,+00) — R defined as
0_(A) := E[0,u? (0,w)] and 6,()) := E[0,u? (0,w)].

These functions are shown to be strictly monotone and Lipschitz, see Proposition
5.1. Hence, for every 6 € (—o0,6_(3)] U [04+(8), +00) we either have § = 6_(\) or
0 =0, ()\) for some A > 3. Since, by Proposition 2.6, we have

HH(G)(0=(N) = HY(G)(0=(N) = A,
we derive that we can define H(G) on (—o0,0_(8)] U [0, (B), +o0) by setting
H(G)(0) := HH(G)(0) = HY(G)(H) for all 6 € (—o0,0_(B)]U[04(B), +00). (7)

In order to conclude, we have to extend the definition of H(G) to the whole R by
showing that the second equality in (7) holds for 6 € (6_(5),60,(8)) too. This is
done in Proposition 5.2, where we show that H%(G)(0) = HY(G)(0) = 8 for every
0 € (0_(B),0+(B)), and this holds true because the scaled hill condition (S) is in
force.

3. Deterministic viscous HJ equations

In this section we collect some deterministic results for a viscous HJ equation of the
form

a(x)u”(z) + G@') + pV(z) = A in R, (8)

where A € R, the nonlinearity G belongs to ¢, and a, V' are deterministic functions
satisfying conditions (A) and (V), respectively. The following holds.
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Proposition 3.1. Let u € C(R) be a viscosity solution of (8). Let us assume that
G € Y(ap, a1,7) for some constants ag, ey > 0 andy > 1. Then u is K—Lipschitz in
R for some constant K = K (X, 3,7, ag, a1, k) only depending on X, B,7, ag, oy, k.2
Furthermore, u is of class C* (and hence a pointwise solution of (8)) in every open
interval I where a(+) is strictly positive.

Proof. The Lipschitz character of u is direct consequence of [3, Theorem 3.1], to
which we refer for an explicit expression of the dependence of K on the parameters
A, By, o, iy K

Let us now assume that a(-) is strictly positive on some open interval I. Without loss
of generality, we can assume that [ is bounded and inf; a > 0. From the Lipschitz
character of u we infer that —C' < «” < C in [ in the viscosity sense for some
constant C' > 0, or, equivalently, in the distributional sense, in view of [23]. Hence,
u” € L>®(I). The elliptic regularity theory, see [21, Corollary 9.18], ensures that
u € W2P(I) for any p > 1 and, hence, u € C"7(I) for any 0 < ¢ < 1. Since u is a
viscosity solution to (8) in I, by Schauder theory [22, Theorem 5.20], we conclude
that u € C*7(I) for any 0 < o < 1. O]

Proposition 3.1 together with the next result implies in particular that any viscosity
solution of (8) solves the equation at almost every point.

Proposition 3.2. Let u € C(R) be a viscosity supersolution (respectively, subsolu-
tion) of (8). If u is differentiable at a point xy € R where a(xy) = 0, then

G(u'(z0)) + BV (o) A (resp., G(u/(x0)) + BV (20) = A).

Proof. To ease notation, denote by H(x,p) := G(p)+ 5V (x) — A. Without any loss
in generality, we can assume o = 0 and u(0) = %/ (0) = 0. Then

lu(z)| < |z|w(|z]) in a neighborhood of z = 0, 9)

where w is a continuity modulus. Let us assume that u is a supersolution. Fix e > 0
and 7 > 0 and set ¢, () := —ex?/r. By (9), there exists 5 > 0 such that w(rg) < e.
For every r < rg we have

IggT ((pr - u) < T(_E +w(r)) <0= (901" - u)<0)7

hence there exists x, € B, such that ¢, — u attains a local maximum at z,. Being
u a supersolution of (8), we infer

—a(:nr)§ +H (2, —2e2) <0.
T T

Now |z, /r| < 1 and a(fr)

a(zr) — a(O)‘ < 2%

r

Ly
r

< 2k. By sending r — 0T and

by extracting convergent subsequences, we can find |p.| < 1 and |a.| < 2k with
2ea + H(0,2ep.) < 0.

By sending ¢ — 07 we finally obtain H(0,0) < 0, as it was to be shown. The case
when u is a subsolution can be handled analogously. 0

4 We recall that & is the Lipschitz constant appearing in conditions (A) and (V).
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Let us now assume that G' € ¥,,.. For any fixed A > 3, we denote by
S* := {ucLip(R) : u solves (8) and u'(x) € [G~'(A\), G=H(A — B)] for a.e. x€R};

S} = {u€eLip(R) : u solves (8) and u/(z) €[G' (A — B),G;'(N)] for a.c. z€R}.

Proposition 3.3. Let I be an open interval of R such that a(-) > 0 in I. Assume
that a = 0 on OI when this set is nonempty. Let A > [ and uy, us € Sﬁ (respectively,
up, Uy € 8 ). Then u)(z) = ub(x) for a.e. x € 1.

For the proof, we will need the following auxiliary lemma.

Lemma 3.4. Let I be an open interval in R such that a > 0 in I. Assume that
a =0 on O when this set is nonempty. For every xq € I, we have

/ Ld:c:—l—oo and / Ld:c:—l—oo
IN(—o00,z0) a(z) IN(xg,+00) a(z)

Proof. When I = R, the assertion follows from the inequality a(-) < 1 on R. Next,
let us consider the case when [ is bounded, i.e. I = ({1,¢3) for some ¢; < {5, and
a(ly) = a(ly) = 0. Let us fix xg € (¢1,02). For every x € I \ {2} we have

1 1 1 1 1 1

a(z)  a(z) —a(ly) = 2kl — o]’ a(x)  alx)—alty) T 2klz— 6]

By integrating on (xg, f2) and on (¢1,xg), respectively, we get the assertion. The
remaining cases can be treated analogously. [

Proof of Proposition 3.3. We prove the assertion for u;, uy € S8}, being the other
case analogous. The functions u;,uy are of class C? in I by Proposition 3.1. We
infer that the functions f; := u} for ¢ = 1, 2 satisty the inequality

0< G A= B) < file) S GLHN)
for all x € I and are classical solutions of the ODE
a(x)f +G(f)+ BV (z) = A in 1. (10)

Since G is locally Lipschitz, we infer that either f; = f5, or the graphs of the
functions fi, fo cannot cross. Let us assume for definiteness that fo > f; in I. From
(10) we get

0=a(x)(fy = fi) + G(fo) = G(f1) = alz)(fo = f) +n(fa = fr).

We proceed by arguing as in the proof of Lemma 3.2 in [33]. Let us set w := fo — fi
and let x > xg be a pair of points arbitrarily chosen in /. By Gronwall’s Lemma we
infer

T oM

0 <w(e) < e o w(e) e lom ™ (G - G- 8). (1)

Let us set ¢; := inf I, where we agree that /; = —oo when [ is not bounded from
below. By sending zo — £{ in (11), we conclude that w(z) = 0, i.e., fi = fo in I
since x was arbitrarily chosen in I. O
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4. About correctors

Let us consider the following viscous HJ equation
a(z,w)u’(z) + Gu') + BV (z,w) = A in R. (12)

Throughout this section, we will assume a,V : Rx ) — R to be stationary functions
satisfying (A) and (V), respectively, and G to belong to %s,.

For A > g and w €  fixed, we denote by
S*(w) := {ueLip(R):u solves (12) and u/(z) € [G=*(\), G* (A — B)] for a.e. zE€R},

S (w) := {u€Lip(R):u solves (12) and v/(z) € [GI* (A — B),G;'(N)] for a.e. z€R}.
We proceed to show the following fact.

Theorem 4.1. Let A > 3 be fized. The following holds:
(i)  for every w € Q, there exists a unique u} € S (w) with u} (0,w) = 0;
(ii)  for every w € Q, there exists a unique u* € S*(w) with u* (0,w) = 0.

Furthermore, the functions u},u? : R x Q@ — R are jointly measurable and have

stationary derivatives.

Proof. We only prove the assertion for ui, being the other case analogous. Let us
fix w € Q and let uy, us € S (w). In view of Propositions 3.1 and 3.2, and the fact
that u),uy > 0 a.e. in R, we have

uy(z) = GIH(A = BV (z,w)) = ub(x) for a.e. z € {y € R : a(y,w) = 0}.

Let I be a connected component of the set {y € R : a(y,w) > 0}. Then I is an
open interval of R and a = 0 on dI when this set is nonempty. By Proposition 3.3
we infer that u}(z) = u)y(z) for every x € I. We conclude that u)(x) = u(x) for
a.e. x € R. That proves the uniqueness part.

Let us show that S}(w) # @. Set a,(-,w) := a(-,w) V 1/n and denote by u;,, the
unique solution of equation (12) with a,, in place of a which satisfies u, (0) = 0 and

u(z) € [GTH(N = B),G7Y(\)]  forall z € RS (13)

n

The existence of such a solution u,, is guaranteed by [33, Lemma 3.2].° The functions
(), are equi-Lipschitz and locally equi-bounded, so they converge in C(R), up to
extracting a subsequence, to a function u satisfying u(0) = 0 and (13) for almost
every = € R. Since a,(-,w) = a(-,w) in R, by the stability of the notion of viscosity
solution we conclude that u solves (12) in the viscosity sense.”

Let us prove that u?} 1 R x Q — R is measurable with respect to the product o-
algebra B @ F. This is equivalent to showing that Q@ 3 w — u}(-,w) € C(R) is

a random variable from (§2,F) to the Polish space C(R) endowed with its Borel
o-algebra, see for instance [15, Proposition 2.1]. Since the probability measure P is

® Note that un € C?(R) in view of Proposition 3.1.
6 Set un(z) == [ f3(2)dz, with f2 as in [33, Lemma 3.2].

7 We have proved above that such a solution w is unique, hence the whole sequence (u,), is
converging to u.
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complete on (€2, F), it is enough to show that, for every fixed € > 0, there exists a set
F € F with P(Q\ F) < £ such that the restriction u} to F'is a random variable from
F to C(R). To this aim, we notice that the measure P is inner regular on (2, F),
see [8, Theorem 1.3], hence it is a Radon measure. By applying Lusin’s Theorem
[17] to the random variables a :  — C(R) and V' : Q@ — C(R), we infer that there
exists a closed set F' C Q with P(Q2\ F') < e such that ap,Vip : F — C(R) are
continuous. We claim that F 3 w ~— u}(-,w) € C(R) is continuous. Indeed, let
(wn)nen be a sequence converging to some wy in F. The functions u? (-, w,) are equi-
Lipschitz and locally equi-bounded in R, hence they converge, up to subsequences,
to a function u satisfying u(0) = 0 and (13) for a.e. x € R. Since a(-,w,) — a(+,wp)
and V(-,w,) — V(-,wp) in C(R), we derive by stability that u solves (12) with
w = wp in the viscosity sense. By uniqueness, we infer that u = ui(, wp), yielding
in particular that the whole sequence (u} (-, wn))n is converging to u?} (-, wp). This
proves the asserted continuity property of the map w > uj\r(, w) on F.

Last, for every fixed z € R and w € ©, the map v(+) := u) (- + z,w) — u}(z,w) is
a solution of equation (12) with 7,w in place of w (by the stationary character of a
and V). Furthermore, it satisfies v(0) = 0 and (13) for a.e. x € R. By uniqueness,
we get v = u) (-, Tw), Le., u) (- + z,w) — ul (z,w) = u} (-, ,w). This clearly implies
that ui‘r has stationary derivative. Il

To ease notation, in what follows we shall denote by d,u?} (-, w) and d,u? (-, w) the
derivatives with respect to z of the functions u? (-,w) and v (-,w) in R.

Theorem 4.2. Let )\2,)\1 € R with Ay > A\ > /6, R = maX{—G:l(Ag),Gll()\g)}
and Cr be a Lipschitz constant of G in [—R,R|. Then there exists a set O of
probability 1 such that, for every w € €1, the following holds:

. Ay — A Ay — A
(i) 2CR L <0 (w) — 0pudt (L w) < 22 ; !

.. Aa— A Ao — A\
(i) 25 <O (hw) = 0 (w) < B
R 7

a.e. inR;

a.e. in R.

Proof. Let us prove item (i). According to the proof of Theorem 4.1, for every
A > B and w € Q, the function u} (-,w) can be obtained as the limit in C(R), for
n — 400, of the unique solution u;_ (-,w) of equation (12) with a(-,w) V 1/n in
place of a(-,w) which satisfies u}_ (0,w) = 0 and (13). Since the inequalities in (i)
are preserved in the limit, it suffices to prove (i) by additionally assuming a > 0 in
R x Q. In this case, the functions u;\J (+,w) and uj\f(-, w) are, for every w, of class C?
in R by Proposition 3.1. Let us set f; := Qvuj\rl and fy := &Cuf. Then each function
fi is a stationary and bounded and is a classical solution the following ODE, for
every w € €

a(z,w)fl(z,w) + G(fi(z,w)) + V(z,w) = N in R. (14)
According to [14, Lemma A.5], we have

P((fl — fg)(ﬂ?,w) = ()\2 — )\1)/03 Vo € R) =1
or P((fo — f)(@w) = (o — \1)/Cr Vo € R) = 1.
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If the first alternative occurs, from (14) and the fact that f; > fo > 0 we infer
(f? - fl),(J:?w) > <f2 - fl),<x7w) + G(fQ(m7w>) - G(fl(x’w)) = >‘2 - )‘1 >0 in R?

in contradiction with the fact that fo — f; is bounded. Hence the second alternative
occurs and the first inequality in item (i) follows. Let us prove the second inequality
in (i). According to [14, Lemma A.2], there exists a set 2 of probability 1 such that,
for every w € ), the function (f2 — f1)(+,w) has infinitely many local maxima and
minima. Let us fix w € Q and let 25 € R be a local maximum of (fo — f1)(-,w).

Then (f2 — f1)'(zo,w) = 0, hence from (14) and the fact that fo > fi > 0 we infer

A — A1 = G(fawo, w)) — G(fi(xo,w)) = 1 (falzo,w) — fi(wo,w)) .

By the arbitrariness of the choice of the local maximum zy in R and of w in Q, we

conclude that
sup (fo(-,w) — fi(,w)) < (AQ;/\l) for all w € Q.
R

The proof of item (ii) is analogous and is omitted. ]

We conclude this section with a technical result that will play a crucial role in the
proof of the homogenization result. The proof exploits the scaled hill condition
(S), which is used here for the first time (apart from the result in [13] recalled in
Proposition 2.7).

Lemma 4.3. We assume that conditions (A),(V) and (S) are in force, and G € 9.
Suppose that the set {x € R : a(x,w) = 0} has zero Lebesgue measure, almost surely.
For every e > 0 and yo > 0, there exists a set () = Q(e,yo) of probability 1 such that,
for every w € Q and for uy € S;(B,w), u_ € S_(B,w), the following holds:

there exists {1 < Ly < Ly < {3 such that a(-,w) >0 in ({1,03), uiECQ((fl,fg)),

Lo
/ dz >y and 0<u(x)—u (x) <e Vze[Ly, L.
L

1

Proof. The proof is essentially the same as the one of Lemma 4.3 in [14]. For
consistency of notation, we set p; := GZ*(8), p2 := 0 and p3 := G;'(3).

Fix h € (1 — M, 1) so that

28
B(l—h)—G(£e) < =B(1 = h). (15)
Without loss of generality, assume that

AL —h)

By the scaled hill condition (S), we can find a set £2(h,3yy) of probability 1 such
that, for every w € Q(h,3yo), (S)(a) and (S)(h) hold with y := 3y, for a suitable
choice of 6 > 0 and of ¢; < f5. Up to discarding a subset of zero probability, we can
furthermore assume that, for every w € Q(h, 3yo), the set {x € R : a(x,w) = 0} has
zero Lebesgue measure.
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Let us fix w € Q(h, 3yo) and denote by ({1, ¢2) a connected component of the open
set ({1,0) N{x € R : a(x,w) > 0}. Note that

f2 dx b dx
> _ =
A;WMO/A(WMW5 3o (17)

Indeed, if (£1,05) C (¢4, 05), then either a(f1,w) = 0 or a(fy,w) = 0. By arguing as

in the proof of Lemma 3.4, we get that the left-hand side of (17) is equal to +o0.
Let us pick Ly, Ly € (¢1,¢3) such that

= dx L dx & dx
> > = Y.
/Z1 ) 2 Yo, /L )~ Yo, /L )~ Yo (18)

1 2

Since a(-,w) > 01in (¢4, ¢3), we know from Proposition 3.1 that the functions u. are
of class C? in ({1, 03). Let us set fi := v’ (-,w) and fo 1=/, (-,w). If fo(z) > € for
some z € ({q,05), then

fé(iﬂ) _ B —BV(z,w) — G(fa(z)) < B — Bh —G(e) < _6(1 —h) (19)

a(z,w) = a(z,w) a(z,w)

by (15) and (S)(h). It follows that 0 < fao(xs) < € for some z € (¢4, Ly]. Indeed,
otherwise, for every y € ({1, L;) we have

L

foL1) = fol) + fé(fv>dx<p3—ﬁ(1—h)/l

Y

a(r,w)’

By sending y — ¢ we get fo(L1) < p3 — B(1 — h)yo < 0, by (16) and (18),
contradicting the fact that fo > 0 in (¢1,f2). Via the same argument, we derive
from (18) and (19) that 0 < fao(x) < e for every x € [x9,{3) D [L1, La.

Similarly, for every w e Q(h, 3y) there exists x1 € [Lg, f2) such that —e < fi(21) <0
for every x € ({1,z1] D [Ly, Lo]. This can be shown by repeating the argument in
the paragraph above with

G(p) = G(-p), a(z,w) = a(—z,w), V(z,w) =V(—z,w) and fo(z) = —fi(—x).

The assertion follows by the arbitrariness of the choice of € > 0. [

5. The homogenization result

In view of Theorem 4.1, for every A >  we can define the following quantities:
0. (N) = E[@xui(O,w)], 0_(\) := E[0,u* (0,w)].

We remark that such quantities are well defined and do not depend on the fact that
we are evaluating the derivative of u? (-,w) at = 0. Indeed, for every fixed y € R,
there exists a set €2, of probability 1 such that the functions v} (-,w) and u? (-, w)
are differentiable at y for every w € €),,. Furthermore, by stationarity, we have

E[0,u) (y,w)] = E[0,u} (0,w)]  and  E[d,u’ (y,w)] = E[d,u (0,w)],

see [15, Proposition 3.6] for a proof.
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Proposition 5.1. The maps A — 0.L(\) from [, +00) to R are Lipschitz continu-
ous, coercive and strictly monotone. More precisely, the following holds:

() 0-(N) € [TV, G7 A - B)], 02 (M) € [GTH (A — B), G ()] for cvery A > ;

(ii)  for every Ay > Ay = [ we have

Ao — A\
Cr

< 04(h) = 0 (0) € 222,

<O —0-(h) g2 Rt h

R
where R := max{—G~'(\y), G;'(\2)} and Cg is a Lipschitz constant of G in
[~ R, R.

Furthermore, HY(G)(0+()\)) = HY(G)(0L(N) =\ for every X = .

Proof. Assertions (i) and (ii) are a direct consequence of the definition of . (-) and
of Theorem 4.2. The last assertion follows from Proposition 2.6. Il

We have thus shown that
HE(G)(0) = HY(G)(0)  for all @ € (—o0,0_(B)] U [0.(B), +o0).

It is left to show that the above equality holds for all 6 € (6_(8),6(3)) when this
set is nonempty. Since correctors corresponding to such a 6 need not exist, we have
to proceed differently, by exploiting an idea that was introduced in [33, Lemma
4.7). The argument has been subsequently refined and substantially simplified in
[14, Section 3]. Both these works deal with the nondegenerate case a(-) > 0. We
propose here a variant of this argument that takes into account the possibility that
a = 0 at some points. The proof does not use directly the scaled hill condition (S),
but it crucially depends on it via Proposition 2.7 and Lemma 4.3.

Proposition 5.2. We have H*(G)(0)=H"(G)(6)=8 for every 6 € (0_(8),0.(B)).

Proof. Let us assume that 0_(8) < 6,.(5), being the assertion otherwise empty. In
view of Propositions 2.7 and 5.1 above, it suffices to show that HY(G)(0) < 3 for
every E[9,u” (0,w)] < 0 < E[9,u} (0,w)].

Let us fix such a ¢, and denote by f , f two functions in L°(R x ) satisfying, for
every w € €,

few) =0’ (w),  Fw)=0u(w) ae inR.
Pick R > max{| f||ze®xa), ||7||LOC(R><Q)} and denote by Cg the Lipschitz constant
of G on [-R, R]. Let us fix ¢ > 0. The first part of the proof consists in showing

the existence of a set {2 of probability 1 such that, for every w € 2, there exists a
function w. € Lip(R) satisfying the following inequality in the viscosity sense

a(z,w)u”" + Gu') + pV(z,w) < f+2(Cr+2)e  inR, (20)

and such that w, = f(-,w) in (=00, —L), w’. = f(-,w) in (L,4oc) for L > 0 big
enough.
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Let us start with the case when the set {x € R : a(z,w) = 0} has positive Lebesgue

measure for every w in a set Q of probability 1. Then, for every fixed w € ﬁ,
there exists a point 2o € R such that a(zg,w) = 0 and u” (-, w), u/(-,w) are both

differentiable at x5. Note that d,u” (rg,w) < &ﬂﬁ(mo,w) by definition of v’ and
uﬁ In view of Proposition 3.2 we have

G (9,1 (w9, w)) + BV (20, w) = B
We define w, by setting

w.(z) = / ’ (i(z,w)ﬂ(_oo,xo](z) + f(z,w)n(xo,m)(z)) dz, z€RS

Then w, = u’(-,w) — v’ (z0,w) in (—00,z0) and w. = v (-,w) — u(zo,w) in
(20, +00), hence w, solves (12) with A := f in R\ {zo}. On the other hand, the
subdifferential of w. the point zo is D~ w.(z0) = [D,u” (x0,w), Dpti} (z0,w)]. Since

any C?-subtangent ¢ to w. at zy satisfies ¢'(x9) € D~ w.(zo), by the quasiconvex
character of G we infer
a(zo,w)¢" (zo) + G(¢'(20)) + BV (z0,w) = G(¢'(20)) + BV (20, w)
< max {G(@mué(xo,w)), G(@xui(xo,w))} + BV (xg,w) = 5.

We conclude that w, satisfies (20).

Let us then assume that the set {vr € R : a(z,w) = 0} is almost surely of zero
Lebesgue measure. Let us choose yo > 2, and denote by ) = @(5,y0) the set of
probability 1 chosen according to Lemma 4.3. Up to discarding a subset of zero
probability, we can furthermore assume that {xr € R : a(z,w) = 0} has zero

Lebesgue measure for every w € Q.

Let us fix w € © and let us choose ly < L1 < Ly < ¥y as in the statement of Lemma

4.3. Since the functions ui are of class C? in ({1, ¢,), we infer that the functions f,

S are classical solutions of the following ODE:

a(z,w)f'(x)+ G(f(x)) + fV(x,w) =S in ({1, Ls). (21)

We now proceed by arguing as in [14, Section 3|. Pick r > 0 small enough so that
[Ly — 21, Ly + 2r] C ({1,02). We shall construct a function f.(-,w) € C'(R) by
interpolating f and f on [L; —r, Ly + 7] as follows:

fs(xaw) = (1 _g(wi))i(wi)+£(I7W>7(va>7 (22)
where £(-,w) € CY(R) is non-decreasing,

E(z,w)=0o0n (—oo, Ly —r] and &(z,w)=1on [Ly+r,+00). (23)

8 We denote by 1 the characteristic function of the set E, i.e., the function which is identically
equal to 1 on E and to 0 in its complement.
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Note that £'(-,w) is supported on [L; — 7, Ly +r]. Our goal is to find such a &( -, w)
such that

a(z,w)fiz,w) + G(f-(x,w)) + BV (x,w) < A+ 2(Cgr + 1) for all z € R. (24)

For notational simplicity, we momentarily suppress (z,w) from the notation and
observe that

afl +G(f) + 8V = (1= (af +G(f) + BV) + Eaf +G(F) + V)
+G((L=Of +&f) = (1= &G(f) = £G(f) +al'(f — f)
=B+ GEf+(1-8f) = (1-OGC(f) —G(f) +a&'(f — f). (25)
From (23) and (25) we see that (24) holds if
(f — fllz,w) <de Vo e[Ly—r Ly+7] (26)
and a(z,w)f(z,w) <1, Vo elli—r Ly +7]. (27)

Suppose tentatively that we take &(x,w) = ffoo ((s,w)ds, where

¢(z,w) = (yoa(z,w)) ™ Ly, (@). (28)
Note that (23) and (27) hold with r» = 0. However, &(-,w) is not in C'(R). We will

solve the issue via a standard mollification argument.

Since a(-,w) > 0 in (¢1,£y), the difference (f — f)(-,w) is locally Lipschitz due to
(21) and the fact that f, f are bounded. Hence, up to choosing a smaller r > 0 if
necessary, we infer that_(26) holds, in view of Lemma 4.3 . Take a standard sequence
of even convolution kernels p, supported on [—1/n,1/n]. For all sufficiently large

n, n > 1/r, define ¢,(z,w) = ({(-,w) * pp)(x) with {(-,w) as in (28), and let

&n(z,w) = /_g; Cu(s,w) ds.

Note that &,(-,w) satisfies (23). Moreover, letting

a(w) = inf a(x,w) >0
_( ) x€[L1—2r,La+27] ( )

and recalling that yo > 2, the following inequalities hold:

1/n
, 1 a(x,w)pn(s)
oz, W), @) < yo/_l/n a(z + s,w) ds

+ KR

1
< -
= 2 a(w)n

s <

11 / U (ol w) — ate + 5, @)on(s)
2 "2/

+ = n a(x + s, w)
for all € [Ly — r, Ly + r], where x is the Lipschitz constant of y/a(-,w) from
(A). Choosing n > max {%, %}, we deduce that &,(-,w) satisfies (27), hence (24)

follows by choosing &(-,w) 1= &,(-,w). It is easily seen that the function

we(x) = /z fe(2)dz
solves (20). ’
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We are now ready to prove the assertion, following the argument provided in [13,
Lemma 5.6]. There is a set Qy C €y of probability 1 on which the limits in (5) hold.

For every w € QQ7 we define
We(t, x,w) = (6 + Ke)t + we(x) + M. (w),

where w, () is the solution of the inequality (20) defined in the first part of the proof,
K :=2(Cr+2) and M.(w) will be chosen later to ensure that w.(0,z,w) > Ox for
all z € R.

Note that w.( -, -,w) is a supersolution of (4). Indeed,

(24)
. = (B+ Ke) = a(x,w)d? 0. + G(0p10.) + BV (2, w)

By Birkhoff’s Ergodic Theorem and the choice of 0, there exists an @g C ﬁg of
probability 1 such that, for every w € (23,

lim su 2=(0.2,w) _ lim - s,w)ds = E[f(0,w)] > 0
maup 05— i L[ T 0) s~ BF0.0)
We (0, z,w) 1 [
and I;ILI_lilof — = xEIEloo o/ f(s,w)ds =E[f(0,w)] < 0.

Therefore, for every w € Q3, we can pick M. (w) large enough so that @.(0, z,w) > Ox
for all x € R. By the comparison principle we then have w.(t, x,w) > uy(t, z,w) on

[0, +00) x R x Q3 and, hence,

HY(G) () = lim sup uo(t,0,w) < limsup Be(t,0,w) _ B+ Ke
t—4-00 t t—400 t
for every w € Qg. Since € > 0 was arbitrarily chosen, we get the assertion. Il

We are now in position to prove Theorem 2.3.

Proof of Theorem 2.3. In view of Theorem 2.5, we can assume that G' € ¥%,.
According to Proposition 5.1, the effective Hamiltonian H(G) associated to equation
(4) can be defined on (—oo,0_(5)] U [0+(5), +00) by taking the inverse of the maps
A = 04 (A). More precisely, for every 6 € (—oo,0_(5)] U [0+(5), +00), there exists a
unique A > [ such that either # = 6_(\) or 6. (\). For such a 0, we set H(G)(0) = .
We extend H(G) to the whole R by setting HL(G)(0) = HY(G)(0) = B for every
0 e (0, (B), 9+(6)), according to Proposition 5.2.

The fact that H(G) is continuous is a direct consequence of [12, Proposition 3.4],
where condition (L) is satisfied due to conditions (A),(V) and the fact that G € ¢,
see for instance Theorem 2.8 and Remark 2.9 in [12]. From the two inequalities ap-
pearing in the statement of Proposition 5.1, we derive that H(G) is locally Lipschitz
on R, strictly decreasing on (—oo,0_(f)] and strictly increasing on [0, (5),+00).
Hence H(G) is quasiconvex. O
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