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This article aims to build bridges between several notions of viscosity solution of first order dynamic
Hamilton-Jacobi equations. The first main result states that, under assumptions, the definitions
of Gangbo-Nguyen-Tudorascu and Marigonda-Quincampoix are equivalent. Secondly, to make the
link with Lions’ definition of solution, we build a regular extension of the Hamiltonian in L2 x LZ.
This extension allows to give an existence result of viscosity solution in the sense of Gangbo-
Nguyen-Tudorascu, as a corollary of the existence result in L2 x L2. We also give a comparison
principle for rearrangement invariant solutions of the extended equation. Finally we illustrate the
interest of the extended equation by an example in Multi-Agent Control.
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1. Introduction

In this article, we are interested in Hamilton-Jacobi equations in the Wasserstein
space Py(R?). Such equations arise naturally in many different fields. Up to my
knowledge, the fist appearance can be dated to 2008 on the one hand in Differential
Games with incomplete informations [8], on the other hand in [16] with an equation
coming from Fluid Mechanics. These kind of equations also appear for instance in
Mean Field Games (see [6,7,15,23] among others) and Multi-Agent Control ( [3, 10,
21,24]...). In many cases, the viscosity solution of such equation is expected to be the
limit of a sequence of solutions of Hamilton-Jacobi equations in finite dimension. In
the setting of Multi-Agent optimal control, trajectories in the Wasserstein space aim
to model trajectories of flocks, herds or crowds with a high number of individuals.
The position of the agents at a time ¢ is represented through a probability measure
1. A natural question is weather the value function can be obtained as a limit, as
N — 400 of a sequence of value functions, each one being the appropriate value
of a control problem in (RY)" of N trajectories of N agents in RY. The answer is
positive and was proved in [9] in a quite general case. At the level of solutions of

ISSN 0944-6532 / $ 2.50 © Heldermann Verlag



620 C. Jimenez / Equivalence between Strict Viscosity Solution ...

Hamilton-Jacobi equations, this is done [15] and [7] for some equations arising in
Mean Field Games.

We focuses on dynamic first order backward Hamilton-Jacobi-Bellman equations on
the Wasserstein space and on a time interval [0, T with the shape:

(1) dralt, 1) + M (s, Dyult, 1)) = 0 V(1) €Po(RY) x [0, T

where H : (11, p) € Po(R?) x L2(R?) — H(, p) € R. This equation will be coupled
with a final condition

w(T, p) = G(p) Y € Po(RY)
with G : P(R%) — R bounded uniformly continuous.
Several notions of viscosity solutions in Pp(R?) exists in the literature. We can
cite among other the definitions of Cardaliaguet-Quincampoix [8], Gangbo-Nguyen-
Tudorascu [16], Ambrosio-Feng [2], Lions [23] (see also [6]), Marigonda-Quincampoix
21,22, 24], Badreddine-Frankowska [3,4], or more recently Conforti-Kraaij-Tonon
[11] and Jerhaoui-Zidani [19, 20].
We concentrate on the notions of Gangbo-Nguyen-Tudorascu, Marigonda-Quincam-
poix and Lions. In the continuity of [17] and [22], we aim to establish bridges between
these three notions. In a first step, we will deal with the two first definitions.

The definition of subsolution of Gangbo-Nguyen-Tudorascu requires a notion of
superdifferential. Namely for u : [0, T] X P(R?) — R, (tg, i1o) € [0, T[xPo(R?), the
couple (py, p.) € R x L2 (R?, RY) belongs to DFu(to, po) if:

V(t,v) €0, T] x Po(RY), v € M, (po,v) :

ult,v) =ulto, o) <X (t=t0) + [ i) - (v=) dy,) + oyl —tal+ W o, 0),
R2d

and p, € T, (R?), the tangent space to Po(R?) at po (see Section 2.1). Here, I1,(u0, V)

denotes the set of optimal transport plans between o and v (see section 2.1). Then,

classically, u is a viscosity subsolution of (HJ) if for all (to, i) € [0, T[xPa(R9):

ygs + H(ﬂoapu> Z 0 v(ptvpu) € D+U(t0,/l0).

Note that the equation being backward, the inequality in the definition of viscos-
ity solution is reversed. The definition of subsolution of Marigonda-Quincampoix
will be called strict viscosity subsolution and requires the notion of approximate
superdifferential DXu(-,-) associated to the definition above with ¢ > 0 in the
spirit of [12]. Then the map u is a strict viscosity subsolution of (HJ) if it ex-
ists C' : Py(RY) — [0, +o00[ (with some regularity assumption) such that for all
(to, i) € [0, T[xP2(R?) and all £ > 0:

pe+ H(po, pu) = —Cluo)e  Y(pr,pu) € D;“u(to,,uo).

The first main result of this paper states that, under some assumptions on 4, both
notions of strict and non-strict viscosity solutions are equivalent. As done in [12] in
finite dimension, for this type of result some regularity of H is needed with respect
to the couple (i, p) which belongs to the domain of H:

Fo(RY) = {(n,p) - p € Po(RY), p € Li,(RY, RI)}. (1)
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The question of a suitable convergence in F5(R?) is not easy and was already ad-
dressed in [1] p.127 and in [22], Section 3.4. A good regularity assumption to get
equivalence between strict and non-strict solutions is the following one:

lim Wa((7d X pu)tptn, (1d X p)in) =0 = lim H(n,p) = H(wop) — (2)

n—-+o0o

for any (i, D), (fn, Pn)n in Fo(RY). The other significant difficulty is to express the
notion of strict solutions in terms of quite regular test functions. It was already
proved in [22] that the definition of strict solution is equivalent to a definition in-
volving test functions v : [0,7] x Py(R?) — R. Nevertheless a test function at
a point (tg, o) is only differentiable at (g, j10) with no guarantee away from this
point. This lack of regularity prevents, for instance, to repeat the arguments of [12]
to prove equivalence between strict and non-strict viscosity solution. We will intro-
duce a class of more regular test functions w. Their superdifferential is non-empty
everywhere, and for any (., i,), converging to (tg, o), up to a subsequence, we
can find (pen, Pun)n in DY0(t,, py) converging to the derivative of w at (o, f10).

To introduce viscosity solutions to (HJ) in the sense of Lions, considering a complete
probability space (€2, B(€2),P), we need the lift U of u and H of H:

U(t, X) := u(t, XtP) V(t, X) € [0, T[x L3(2, R?)
where X{P is the law of X,
H(X,poX):=H(up) ¥(,p) € Fo(RY), X € Lp(Q,RY) with XtP = . (3)

Moreover an extension H of H to all L2(Q, R?) x L2(Q2, R?) is involved. Then u is a
viscosity solution of (HJ) in the sense of Lions if its lift is a viscosity solution of

(HJ3) OU+H(X, DU, X)) =0 V(t,X) e [0, T[xLiQRY.

This notion is relative to the choice of the extension H. The question is: what
would be a good choice of extension H of H? The answer depends on the expected
properties of H. Hereafter we discuss several choices of extensions. In [17], to define
the extension H(X, Z) for some (X, Z) € L3(2, R?) x L2(,RY), the authors use the
orthogonal projection p%(Z) o X of Z, on

{po X : p€ Txwp(RY)} where p%(Y) € Txsp(RY).

The set Txzp(R?) being the tangent space to Py(R?) at XyP (see subsection 2.1).
Then, they choose H(X, Z) = H(X,p%(Z) o X) = H(u,p%), we will denote this
extension Hgr. This choice is motivated by the following outstanding result of [17]:

Z € DTU(X) = p%(Z) € DTu(X4P) where U is the lift of u.

This extension is of particular interest as it gives the equivalence: wu is a viscos-
ity solution of (HJ) (in the sense of Gangbo-Nguyen-Tudorascu) if and only if its
lift U is a solution of (HJy). Another possibility, appearing in [10], is given by:
H(X,Z) = H(X,px(Z) o X) = H(XHP,px(Z)) where px(Z) o X is the orthogonal
projection on

Hy ={poX:pe€ LiuP(Q,Rd)}.
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We will denote this extension by Homg. Unfortunately both Her and Hewmg fail
to be regular on (X, Z7) even if H is quite nice which prevents to apply classical
results contained for instance in [12], [13]. Let us illustrate this lack of regularity by
a simple example.

Example 1.1. In dimension d=1, we consider the following Hamiltonian on F3(R):

H(p,p) = lIpllzz-
We choose the probability space:

(Q,B(Q),P) with Q=[-1/2;1/2], P = L'[[-1/2;1/2]
where B(|—1/2,1/2]) is the Borelian tribe. Consider the following probabilities on
Po(R) : pn = nLt|[5, 5], v = 5(61 + 6_1) and the optimal transport map from g,

2n 2n

to v: To(x) = =1_ o(2) + 1) 1y(x). Then

pol(z) = (x + 1)1[—ﬁ,0[($) + (z — 1)1]0,ﬁ]($) belongs to 7,,, (R

1 1
= — — + 1.
12n2 2n T

and H(Mmpn) = W22(:un7 V)

The probability ju, can be represented in L3 (€2, R) by X, (w) = £, so we get:

1
T 12n2

1
HCMQ(Xnapn o Xn) - HGT(Xnapn o Xn) - H(MnaPn) - % + 1.
Then, passing to the limit, (X,,), converges to 0 (of law dy), and (p, 0 X,,), converges
to Z =11 — Ly of law v. As T5,(R?) = L3 (2, R?) can be identified to R, we

easily see that px(Z) = p%(Z) = 0. Finally:

HCMQ(X7 Z) = HGT(X, Z) = H((S(),O) =0<1= WQ(ég,V) = lim WQ(,U,n,V)

n——+oo

= lim HGT(XnapnoXn): 1151_1 HC’MQ(XnypnoXn)'
n—-+oo

n—-4o0o

The inequality is due to the fact that the Hamiltonians Hgr and Heymg do not
capture the fact that the optimal plan between g and v divides masses. O

In the example above, a natural choice of extension is H(X, Z) = [|Z]|;z which
is indeed used in [23] and [6]. In the present paper we aim to build a regular
extension, namely continuous. Again, the question of a good topology on Fy(R%)
arises. We show that if H has a continuous extension H, necessarily, H satisfies (2).
Conversely, assuming H is uniformly continuous with respect to this convergence,
we can extend H to H continuously on L2(€2, R%)2. This regularity allows to give
an existence result for viscosity solution of (HJ) (Theorem 4.8) (in the sense of
Gangbo-Nguyen-Tudorascu), using the results of Crandall and Lions [13]. We also
show that this extension is meaningful and give a specific comparison principle (note
that classic comparison principle will also apply).

The paper is organized as follows. In Section 2, we will give the definitions and
notations and recall useful results. We will also give two example of Hamiltonians
which will be used all along the article. Section 3 is devoted to strict and non strict
solutions. After giving the definitions in Subsection 3.1, Subsection 3.2 deals with
test functions and regular test functions. Finally we prove the equivalence between
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strict and non strict solution in Subsection 3.3. In Section 4 , we build a regular
H (Subsection 4.1) as a consequence we get an existence result for (HJ). Then, in
subsection 4.2, we study the properties of rearrangement invariant viscosity solutions
of the extended equation and give a comparison principle. We end the section
by an example (subsection 4.3) which emphasize that this extension is meaningful
for optimal control problems. Finally the Appendix 5 contains a density result in

Py(R4 x R4 x RY).
2. Preliminaries

2.1. Optimal transport and the Wasserstein space

We fix and integer d € N*. For any N € N* (= d, 2d, 3d...), we denote by Py(RY)
the Wasserstein space:

Py(RY) = {1 € PRV : /

[l dn(r) < +oo)

where P(RY) is the set of probability measures on RY and |-| is the Euclidian norm.
We will write mo(u) for the moment of order 2 of yu € Py (R?):

ma(js) == / af dua).

We will denote by m; and 7, the first and second projection on R¢ x R

m:REx R — RY T REXRE — R
(,y) = = (z,y) = y
we will also use:
Wl’QIRdXRdXRd — RdXRd, legiRdXRd — Rd.
(z,9,2) — (2,2) (z,9,2) — (z,2)

For any T € L2(RY,RY"), 1 € Po(RYN), the push forward Tt € Po(RY') is defined
by: /
Y (Tp)(A) = u(T~'(A)) for all A in the Borel Tribe B(RM).

The space Po(RY) is a Polish space while equipped with the Wasserstein distance
defined for all p, v € Po(RYN):

Walp.v) = int { ( /R L lem i) v e )

where [(u,v) = {7 € Po(RY x RY) : pifty = p, poty = v} is called the set of
transport plans.

The infimum is always a minimum and the set of optimal transport plans is denoted
by II,(u, v). When p is absolutely continuous with respect to the Lebesgue measure
there exists a so called optimal transport map T € L7,(RY,RY) such that Ty = v
and:

o(p, v) = {(Id x T)gp}.
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We recall the following result:

Proposition 2.1. Let (2, B(Q),P) any probability space with Q@ a Polish space,
B(R) the Borel tribe and P without atom. Let i € Po(RY), then it exists T : 2 — RN
that pushes forward P to p: THP = p.

We will use the tangent space to PQ(Rd) at p € Pz(Rd) (see [1], Section 8.4.):
2 d md
T.(RY) = \Id—T): A>0, (Idx TV € Wy(u, Tap)} =

2 (pd R
7 (RERY)

— (Vo: peCrRY}

We refer to [1] and [25] for more informations on Py (IR%).

2.2. [Li-representation of the Wasserstein space

Let (2, B(Q2),P) a fixed probability space satisfying the assumptions of Proposition
2.1. Then, for any pu € Po(RY) there exists X € L3(2,RY) such that y = XHP.
The norm and the scalar product of this space will be simply denoted || - || and (-, -).

It holds:
Walp,v) = min{||X = Y| : XtP=pu, YEP = v},

The following lemma is very useful while considering two random variables with the

same law:

Lemma 2.2. Let X,Y € L2(Q,R?) such that X{P = YHP. Then, for any e > 0,
there exists T : Q0 — Q bijective satisfying:

1

(i) 7 and 77! are measure-preserving that is THP = 7P = P,

(11) HY_XOTHLE?,O(Q,Rd) S g.
We also have:
Lemma 2.3. (a) For any X,,, X in L%, we have:
| X, — X|| = 0= Wy(X,iP, X{P) — 0.

(b)  For any i, pn € Po(RY), if Wo(pin, ) — O then there exist (X,)n, X in L3

such that | X, — X|| — 0.
For any u : Py(R?) — R, we call the map

U:X € LEQRY s U(X) = u(XtP) € R,

lift of u. This map is said to be rearrangement invariant, that is: U(X) = U(Y) for
all X,Y € L(9,R?) such that X#P = Y#P. Note that u is continuous in Py(R?) iff
its lift U is continuous in L3($), R?).
We recall the definition of the Fréchet superdifferential of any map V' : L3(Q, RY) — R:

Definition 2.4. Let Xy, Z € L2(Q,RY), p, € R, ty € [0,T[. We will write that
(pi, Z) € DTV (b, Xp) iff for all (¢,Y) € R x L3(Q,R%):

V(1Y) = Vito, Xo) < pi(t = to){Z,Y = Xo) + 0 (/T =t + [V = Xo[).

The set DTV (tg, Xo) is called the (Fréchet) superdifferential of V' at (tg, Xo). We
have symmetric definitions for the (Fréchet) subdifferential of V. O
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If H:L3(Q,RY) x LE(Q,RY) — R, U is a viscosity subsolution of
OU(t, X))+ H(X,DxU(t,X)) =0 Vt € [0,T], X € L2(,R?)
if for all (to, Xo) € [0, T[x LA(Q,RY), all (p;, Z) € DU (ty, Xo), it holds:
p+ H(Xo,Z) > 0.

The definition is symmetric for viscosity supersolution.
For any X € L3(Q,R?), we denote Hx := {po X : p € L5(Q,R)}.

The orthogonal projection of Y € L3(Q,RY) on Hx (see [22], Lemma 2.3) is given
by px(Y) o X with

px(Y): =z [ ydy*(y) where v := (X x Y){P.
Rd

We will also consider the orthogonal projection p%(Y) o X of Y € L(2,R%) on
{poX : p€ Txp(RY} for a fixed X € LE(Q,RY). When v = (X x Y){P is an
optimal transport plan, we have p%(Y) = px(Y). The following is fundamental:

Proposition and Definition 2.5 (see [6], [17] and [22]) Let U : L3(Q,R?) — R
be rearrangement invariant and differentiable at X € L2(Q, R?) of law p, then there
exists p € T,(R?) such that DU(X) = po X.

If U is the lift of u : Po(R?) — R, then we say that u is differentiable at u and we
denote D,u = p.

Example 2.6. (see [6] and [1])

(i) Let ¢ € C®(RY) and u : p € Po(R?Y) — u(p) = [z p(2) du(z). Then for all
o € P2(R?), u is differentiable at 1o and D, u(uo) = V.

(ii) Let vy € Po(R%) and w : pu € Po(RY) = u(u) = Wi(u, ). Then u is differen-
tiable at po if and only if ITo(po, o) = {(Id x T)fpo} for some T € L2 (R? R?) and
in this case: D,u(uo)(x) = 2(x — Tx). O

2.3. Other notations and objects

Throughout the article we will say that w : [0, +oo[— [0,400[ is a modulus of
continuity if it is continuous, non-decreasing and such that w(0) = 0. Moreover we
will call the map (R,t) € [0, +00[*— wg(t) = w(R,t) a local modulus if wg(-) is a
modulus of continuity for any R > 0 and w is continuous and non-decreasing in both
variables.

2.4. Example of Hamiltonians and assumptions
We will always assume the following minimal regularity of H:

Vi € Po(RY, pe Li(Rd) — H(p, p) is continuous . (4)

We have two typical examples in mind for the Hamiltonian #:
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Example 2.7. We first consider a Hamiltonian appearing in [16] and [17]:

1
Halpap) 1= 5 [ 1@ Pdu(o) + V(o).
R
We will assume that it exists a local modulus (R, t) — wg(t) such that for all R > 0,
V(1) = V()| < wr(Wa(p,v)) Vi, v € Po(RY) with ma(p), ma(v) < R*.

The Hamiltonian #; satisfies the following regularity property:
for all u,v € Po(RY), p € L%(R?, R?), ¢ € LZ(R?,R?) with

ma(p) +[Ipllz2 < B% ma(v) + |lall7; < B2,
it holds:

[ Hi(p, p) — Hi(v, q)| < RWa(pip, gfv) + wr(Wa(p, v)) (5)
< RWs((1d x p)ip, (Id x ¢)fv) + wr(Wa((Id x p)iu, (Id x q)iv)). (6)

Indeed, by the triangular inequality applied to Wj:
1

< 5 (Wa(ptu, do) + Wal(qtv, do)) Walpip, giv) + V() — V(v).

N =

Note that, in particular, (5) implies for all p, ¢ € L?, with Ipllez. lallzz < R:

[Hi(p,p) — Ha(ps @) < Rllp — qll 22 e ey (7)

Remark 2.8. With our definition of viscosity solution (see definition 3.6), the
Hamilton Jacobi equation considered in [16] is in fact:

_atu<:u7 t) - Hl(:ua DH“(N? t)) =0

together with an initial condition u(0, 9) = G (o).

Example 2.9. We will also consider an example coming from [24] and [21]:

Ho(p, p) == inf{ f(z,u(z), p) - p(x) du(z) : u:RY — U Borel }

R4

where U is a compact, convex, separable Banach space and f:R?x U x P,(R?) — R4
satisfies the following assumptions:

. f is affine in u, that is for all (z, ) € R? x P(R?), u,v € U and t € [0, 1]:
f(xu (1 - t)u+tvaﬂ) = (]' - t)f(%m#) + tf(.f(],V, V)7

. [ is continuous and it exists L > 0 such that for all (z,u, u) € R% x U x Py(R?)
and (y,v) € R x Py(RY):

|f(x,u,u)—f(y,u,u)] SL(W2</J,,I/)+’$—yD
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The Hamiltonian H, satisfies the following regularity properties:

Lemma 2.10. [t exists M > 0 depending only on f such that
Mo, p) — Ha(v, @)] < (M +4LR)W5((1d X p)ip, (Id x g)§v))

for all R >0 and all p,v € Py(R?), p € L2(R%,R?Y), ¢ € L2(R?,R?) such that:
ma(p) + [pll7 < R?, ma(v) + [lallz, < B*.

Moreover, for all i, € Po(R?), p € L%(R?,R?), ¢ € LA(R? R?) such that my(p) < R?,
it holds:
[Ha(p, p) — Hap, )| < (M +4LR)||p — C]HLg(Rd,Rd)-

Proof. First, after setting M := maxyucu | f(0, u, dp)|, note that for any Borel map

r € R u(z) € U, p € Po(R?) and v € Po(R?*?), using the Lipschitz regularity of
f, it holds:

/|f(9€2,11($1):P)|2d7(171a932) < [ 1£(0,u(z1), o) + L(|z2| + Wa(p, 6)) |Pdy (a1, 22)

R2d R

so that if [ |za|?dy(z1,22) < R? and ma(p) < R*:

([ esuten pPdrten ) < 01 4 218 ®)

Set p1, v € Po(R?), p € L2(RY,R?), ¢ € L2(R?,R?) as in the lemma. Takee > 0 and u
c-optimal for Ha(js, p), then choosing m(z,yr, 22, y2) € TL((Id x )iy, (Id x ))).
we have:

Ho(p,p) > » flxr,u(ry), p) - pxr) dp(zy) — e

> / @, u(z), 1) — flea (o), v)] -1 dm(zy, i, 22, 40)
RA4d
+ f(xa,u(xr),v) - yr dm(zy, 41, T2, 42) — €
R4d
> [ fate). ) = fla ue). )] dmes o)

+ f(xo,u(xr),v) - yo dm(z1, y1, T2, y2)
R4d

+ y f($2711(x1)7 V) ) (yl - y2) dm($1,y1,$2ay2) —é&.
R

Then, after disintegrating m as

m(xh Y1, T2, ?/2) = m*" (3517 yl)dq(wz)(y2>d7/(x2>7



628 C. Jimenez / Equivalence between Strict Viscosity Solution ...

by Jensen’s inequality and the affine property of f, we get:

Ho(p,p) > / f(zr,u(zy), 1) — f(xe, u(ay), V)] - yr dm(ay, y1, 22, 92)

R4d

+/Rdf (wg, [/ u($1)dmw2’q(m)($1,yl)]»’/) ~q(a2) dv(z)

+ y f(xo,u(zr),v) - (y1 — y2) dm(x1,y1, 2, y2) — €
R

and by Cauchy-Schwarz:

Hao(p,p) = —R |:/R4d |f (@1, u(z1), 1) — f(1’2a11($2)7V)|2dm} "

st~ [ [ irtesneoofan] - ( [in-wban)” <

Finally by inequality (8), the Lipschitz property of f and the choice of m:

Ho(p, p) > Ha(v,q) — LR[(/ |z — x2|2dm>1/2 + Wao(u, V)i|
— (M 4+ 2LR) x Wo((Id x p)tu, (Id x q)tv)) — €
> Ha(v,q) — (M +4LR)Wo((1d x p)ip, (Id x g)tv)) — .

The conclusion follows by making ¢ — 0. [

All over the article, we will use the following assumptions on H, or similar ones:

(Ap) It exists a local modulus (R, t) — wg(t) such that:

[ H(p,p) — H(v, q)| < wr(Wa((Id x p)iu, (Id X q)iv))

for all (u,p), (v,q) in Fo(RY) such that:
ma(u) +[lpllzs < B ma(v) + [lallz; < B2

(A1) It exists k : [0,+oo[— R a modulus of continuity such that for all for all
p e Pa(RY), pe L2(RLRY), g € L2(R?, RY) with

my(p) < R?, |Ipllz <R, lallz <R,

it holds: [ H (1, ) — Hip, @) < k(R)|[p—ql 22

3. Viscosity solutions and strict viscosity solutions

3.1. Definitions of viscosity solutions

In this section we introduce two different notions of viscosity solutions. The first
one was introduced in [16] by Gangbo, Nguyen and Tudorascu, while the second
one (that we call strict viscosity solution) comes from the work of Marigonda and
Quincampoix ( [24] and [22]).
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We introduce the definitions of superdifferential ([16] and [17]) and approximate
superdifferential [21,22,24] of a function u : [0, 7] x Py(RY) — R:

Proposition and Definition 3.1 (Superdifferential and approximate superdiffer-
entials) Let (tg, jto) € [0, T[xPo(R?) and € > 0. The e-superdifferential of u at
(to, o) is the set DFu(to, po) of elements (py,p,) € R x L2 (R%,R?) such that:

e pu € TR (see subsection 2.1)
o forall (t,v) €10,T] x Po(RY), v € H,(po, v):

u(t,v) — u(to, po) < pe(t —to) + /

» pu(x) - (y — 2) dy(z,y)

+e \/\t —tol?2 + Wi(po,v) + o0 (\/|t — to|2 + W2 (o, u)) :
Or, equivalently to the last inequality:

) = o, i) < pox ¢ =to) + [ pule) - (o= 2) dr(ann)

eIt —tol? +lly =@l +o (It = tol + 1y — <)

for all (t,v) € [0,T] x Po(R?), v € M(pg,v).
The e-subdifferential is defined in a symmetric way: DZu(to, po) =—DF (—u)(to, po)-

When € = 0, we will talk about superdifferential and subdifferential and we will write
Dt u(to, o) and D~ u(to, po)-

In this definition we slightly abused notations by writing:

1/2
=l = ([ st o)
R4 xRd

Remark 3.2. «  If D u(ty, uo) N DYu(to, o) # 0, then u is differentiable at
(to, o) and D~ u(to, po) = D u(to, o) = {Dul(ty, o)} (see [17] for the details).

. The continuity of u implies that D™u is non empty in a dense subset of

[0,T] x Py(R?) (see [22]).

Example 3.3. If v € Py(RY) is fixed, the map u : p — W2(u,v) is super-differen-
tiable everywhere (see [1]), more precisely for every ~(x,y) € II,(uo,v), the map
x5 2 (z — [paydy®(y)) belongs to D u(uo). O

Remark 3.4. The approximate superdifferential used in [22] is slightly smaller than
in the above definition, the p, being constrained to be in a strictly smaller subset of
T.o(R%). Thanks to Proposition 3.11 (see also Remark 3.12) below, this difference

doesn’t change the definition of viscosity solutions.

In [21] and [24] the superdifferential is even smaller but is not suitable to prove the
comparison principle inside these articles and should be changed to the definition
of [22] or to the present definition. O
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The superdifferential of w is linked to the superdifferential of its lift U by the following
result (we refer to subsection 2.2 for the meaning of the notations px and p%):

Proposition 3.5. (see [17], Theorem 3.17 and [22], Proposition 3.14)
Let (to, ,uo) S [07T[XP2(Rd)

(i) If (i, pu) belongs to D u(ty, o) and X 4P = p, then (py, pyoX) € DU(ty, X).
(i)  Let (pi, &) belongs to DTU(ty, X) and X4P = ug, then:

(P, px (§) © X), (pr, X (§) © X) € DTU(to, X),
(i) Let (pi, &) belongs to DTU(ty, X) and XEP = po, then
(Pt PX(€)) € D ulto, po)-

The definitions of viscosity solutions and strict viscosity solutions follows:

Definition 3.6. (Viscosity solutions [16,17]) Let w:[0,T] x Z5(R%) — R be con-
tinuous.

o wis a viscosity subsolution of (HJ) if for all (¢, o) € [0, T[x Po(R?):
P+ H(po,pu) =0 V(pe, pu) € DFw(to. po).

e wis a viscosity supersolution of (HJ) if for all (to, o) € [0, T[xPo(R?):
e+ H(po,pu) <0 V(pr, ) € D™ w(to, o).

. w is a wviscosity solution if it is both a supersolution and a subsolution.

Definition 3.7. (Strict viscosity solutions) Let w:[0,7] x Z(R?) — R be con-
tinuous.

. w is a strict viscosity subsolution of (HJ) if there exists
C : Py(RY) — [0, +oof
bounded on bounded sets such that for all (¢, 19) € [0, T[xPo(R?) and € > 0:

pr+ H(po, pu) = =Clpo) e V(pr,py) € DI w(to, o).
. w is a strict viscosity supersolution of (HJ) if there exists
C : Py(R%) — [0, +oof
bounded on bounded sets such that for all (¢, o) € [0, T[xPo(R?) and & > 0:

pe + H(po, pp) < Clpo) e V(pe, pu) € DZw(to, pio)-
. w is a strict viscosity solution if it is both a strict supersolution and a stict

subsolution.

Remark 3.8. In the definition of [22], C(-) is constant, nevertheless, all the results
of [22] used here work for a non constant C'(-).

Remark 3.9. The terminology “strict viscosity subsolution” is borrowed from [12]
(see also [14]). Nevertheless, the notion introduced in [12] is slightly different.
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Adapting it to our setting gives a new notion of subsolution that we call Lions’ strict
viscosity subsolution:

w is a strict viscosity subsolution of (HJ) if for alle > 0, (to, o) € [0, T[xPa(RY) :

i + sup {H(uo,pﬂ +&) : [l€llz < a} >0 Y(pi,pu) € DIw(to, po)- O

We define in the same way Lions’ strict viscosity supersolution. The following result
can be easily proved:

Lemma 3.10. Assume H satisfies the following assumption:
(A}) There ezists k : [0, +00[— R a modulus of continuity such that for all
1€ Pa(RY), p,q € L2(RY RY) with my(p) < R?, we have:

[H (k) = H(p )| < k(R)|lp — gz

Then, if u is a Lions’ strict viscosity subsolution (resp. supersolution) of (HJ),
it is also a strict viscosity subsolution (resp. supersolution) of (HJ) as written in
Definition 3.7.

Note that the assumption (A]) is stronger than (A;). It is satisfied by the Hamilto-
nian H, of Example 2.9, but not by H; of Example 2.7.

The following useful property allows to restrict the set of elements of the super-
differential in the definitions of strict viscosity solutions:

Proposition 3.11. For any po € Po(R?), let F,, C L% (RY,R?) a dense subset
of Toy(RY). Let w : [0,T] x P5(R?) — R continuous and assume the regqularity
assumption (4) on H holds.

. The function w is a strict subsolution of (HJ) if and only if it exists
C : Po(R) — [0, +00f
bounded on bounded sets such that for all (to, po) € [0, T[XP2(R?) and & > 0
e+ H(pto, pp) = —Clpo) e Y(ps, pu) € DI w(to, po) N (R X Flyy).

. In particular, the function w is a strict subsolution of (HJ) if and only if there
ertsts d
C: Py(R?) — [0, 4+00]
bounded on bounded sets such that for all (to, po) € [0, T[xP2(R?) and & > 0
i+ H(uo, Vi) > =Cluo) e Vo € CX(RY), (pr, Vo) € DX w(to, uo)-

Proof: Assume that there exists C' : Py(R?) — [0, +0o[ bounded on bounded sets
such that for all (to, uo) €0, T[x Po(R?)

Pt + H(:u()aplt> Z _C(/'LO) € V(ptvpu) € D;rw(t()a /'LO) N (R X F,uo)‘

Let us prove that w is a strict supersolution of (H.J) (the opposite implication is
straightforward).

Let (fo, po) in [0, T[xP2(R?) and (p, p,) € DFw(to, po), for any § > 0, take ps € F,,
such that ||p, — psll7. <.
]
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Then, using the Cauchy-Schwarz inequality, we have for all (¢,v) € [0, T[xPy(R?)
and all v € I, (o, v):

u(t,v) — u(to, po) < pe(t —to) + / pu(z) - (y — 2) dy(z,y)

R4 xR

reyflem W) +o (=l + W3 (00))

gma—no+/¢ww«y—mdv+/ﬁm—mmwwy—mdew

+ e \/|t —to|2 + Wi(po,v) + 0 (\/|t —tol2 + W2(uo, I/))

SM@—mwg/mu»@—xwmww>

(e ol =l + 3G + 0 (e = 6l 4 W20 )
This proves (p, ps) belongs to D7, sw(to, p) so that

pe + Hpo, ps) = —C(po)(e +9).
The result follows by making 0 tend to 0 using (4). O

Remark 3.12. . One can choose as dense subset of 7,,(R?) the convex cone
generated by the optimal displacement or anti-diplacements:

dis™(po) == A{MT —Id) : A >0, (Idx T)fp € Uo(p, Thu)},
dis*(po) := {MNId =T): A >0, (Id x T)ip € y(u, T}
In [22], the subdifferential is restricted to the set dis™ (ug) while the subdiffer-
ential is restricted to dis™ () (see also [24] and [21]).

. Note that the proof of Proposition 3.11 requires to use the stronger notion of
strict subsolutions and does not work for non-strict viscosity solutions.

3.2. Test functions and regular tests functions

In this section, we study how the notion of strict viscosity solution can be expressed
with test functions satisfying some regularity of the sub/superdifferential.

Definition 3.13. (e-Test functions) Let u : [0,7] x Po(R?) — R, ¢ > 0 and
(to, o) € [0, T[xPa(R?).

The map v : [0,T] x P(R?) — R is an e-supertest function for u at (to, po) if:

. v is continuous, differentiable at (to, o),

« ulto, to) = v(to, po),

«  there exists 7 > 0 such that u(t,v) < v(t,v) + /[t — to|2 + W(po, v) for all
(t,v) € [0, T[xPo(R?) with |t — to|> + W2 (o, v) < r2.

The map v is an e-subtest function for u at (¢, o) if —v is an e-supertest function
for —u at (to, o).
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The following result can be proved by slightly adapting the proof of Theorem 3.30
in [22]:

Proposition 3.14. Let u : [0,T] X Po(R?) — R be continuous. Assume that (4)
holds. Then the following assertions are equivalent:
(i)  w is a strict viscosity subsolution of (HJ),
(ii)  there exists C' : Po(R?) — [0, +oo[ bounded on bounded sets, such that:
for all e > 0, all (to, po) € [0, T[xP2(RY) and all e-supertest function v of u
at (to, f1o)
Or(to, po) + Hpo, Dyv(to, po)) = —C(po)e.

Remark 3.15. As done in [22], we can also define strict viscosity solutions using
rearrangement invariant e-test functions V' : [0, 7] x L2(Q,R?) — R and the lift H
of H defined by (3).

In order to prove the equivalence between strict and non-strict viscosity solutions,
we need more regular test functions:

Definition 3.16. (Regular test functions)

Let u : [0,T] x Po(R%) — R be continuous and (tg, io) € [0, T[xP2(RY). We denote
by St (u, to, po) the set of functions v : [0, T] x P»(RY) — R which write as:

o(t,v) = u(to, o) + pr X (t —to) + /Rd pd(v —po) +§ (\/‘t — to|> + W3 (v, MO))

such that:
P €R, p € CX(RY)
3R > 0 and ¢ € C'([0, R[) N C([0, +00]) such that £(t) = to(t), (9)
¢ is non decreasing and £'(0) = o(0) = 0.

Similarly we define S~ (u, to, o), the set of functions v : [0, T] x Py(R?) — R, which
can be written as:

v(t,v) = u(to, o) + pr X (t —to) +/ wd(v — o) (\/|t — tol2 + Wi(v, ,uo))
with again (9). O

Remark 3.17. Note that a function v of ST (u, to, 1p) with R > 0 as above satisfy:

o forall u € Po(RY) with WZ(u, po) < R, v(-,p) is in CY(Jtg — a, to + f) with
X = \/R2 W3 (1, o),

. O (to, o) = pi, Dyv(to, po) = Ve O

We will see (Proposition 3.20) that v has non-empty superdifferential around (o, 1)
thanks to the regularity of & and WZ(-, uo).

The following result holds:

Proposition 3.18. Let u : [0,T] x Py(R?) — R be continuous. Assume that (4)
holds. Then the following assertions are equivalent:
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(i)  w is a strict viscosity subsolution of (HJ),
(i)  there exists C : Po(R?) — [0, +00|, bounded on bounded sets, such that:
for all e > 0, all (to, o) €]0, T[xPy(R?):

atv(t())l’[’()) + H(N’Oa DMU(MO)) Z _C(,LLO)S)

for all e-supertest function v of u at (to, o) belonging to S (u, to, o).
The symmetric result holds for supersolution using S~ (u, to, fo)-

The proof is very similar to the proof of Proposition 3.14 and uses the following
lemma (Lemma 3.1.8. in [5]).

Lemma 3.19. Let R > 0 and w :]0,R] — R be a non-decreasing measurable
bounded map such that lim; .o+ w(t) = 0. Then there exists wy : [0,4+00[— R
continuous such that:

(a)  w(7) < w(7) for all T €]0, %],
(b)  wo(0) =0,
(c)  the function p(r) = rwy(r) is in C*([0, R[) and p'(0) = 0.

Sketch of the proof of Proposition 3.18:

We prove only (ii)=-(i). Using Propostion 3.11, it is enough to prove that for all
(pt, Vo) € DI (to, po) we have:

pe 4+ H(po, Vo) > —C(po)e.

The aim is then to build a function v of S (u, to, pto) which is an e-supertest function
and such that:

Ow(to, o) = pt,  Dyuv(to, o) = Ve
Set
u(t,v) — (u(to,uo) +pe(t —to) + / wd(v — ,uo))
o= lim sup

[t—to |2+ W (j10,)—0 VIt = tol2 + W (0, v)

—E&.

If o < 0 then setting v(t,v) := u(to, no) + pe(t — to) + /(p d(v — up), the proof is
concluded. Assume now « > 0 and set for all » > 0
u(t.) ~ (uttor o) + pilt = t0) + [ 0 dw = o))

w(r) = sup —€
[t—tol2+ V3 (o ) <r2 VIt = tol? + W o, )

This function is non-decreasing, bounded on some |0, R[, and it satisfies the condion
lim, o+ w(r) = 0. Moreover, we can prove that it is measurable. Then, we set for
all (t,v) with /[t — to|2 + W(uo,v) < &

olt,v) = ulto, o) + polt — to) + / (v — o) + p (/£ = tol2 + W3 (110,

where p is given by Lemma 3.19.
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Then v belongs to ST (u, to, f19) and satisfies:

Ow(to, o) = pi,  Dyv(to, o) = Ve,  v(to, o) = ulto, to)

for all v with \/]t —tol2 + Wi (uo,v) < % and

u(t,v) < olt,v) + eyt — tol2 + W(yi0, ). O

Reducing the set of test functions to ST (u, tg, po) is interesting because of the nice
regularity properties contained in the following result:

Proposition 3.20. Let v € St (u,tg, o) and R as in the Definition 3.16. Then:

(i)  For all (t,p) € [0, T[xP2(RY) such that |t — to|* + WZ(u, o) < R* the su-
perdifferential D v(t, ) is not empty. More precisely, taking v € T,(u, o),
we have (qi,q,) € DT o(t, ) with:

& (It = tol? + W(p, o) )

V1t = tof2 + W2 (1, o)

w5} = Vel + & (/= tal + WE () ) <x - /Rdyd”x(m |

V1t = tol? + W21, o)

Gt == pr + (t —to),

(ii)  Considering a sequence (t, fin)nen converging to (to, po), it exists N € N and
(Gtns Qun) € DT o(ty, p1y) defined for n > N such that:

lim WZ((]d X qu,n)ﬁ:u’ru (Id X Duv(tmﬂo))hﬂo) = 07

n — +00

n>N Iim g, — Owv(to, o)| = 0.
n — +o0o
n>N

To prove this proposition we need the following lemma:

Lemma 3.21. Letu : [0,T]x P2(RY), (to, po) € [0, T[xP2(RY) and h : I — R where
I C R is an open intervall containing u(to, po). We assume (py,p,) € D u(to, p1o)
and h is non-increasing, derivable in u(to, po). Then:

W (u(to, o)) X (pe pu) € D™ (h o u)(to, o).

Proof: Since h is derivable at u(tg, o) and h'(u(to, po)) > 0 we have immediately
for any (t, 1) €J0, T[x Po(R%) and any 7 € TL,(jio, )

h(u(t, 1)) = h(ulto, o)) + h'(uto, po)) (u(t, 1) — ulto, o)) + o (u(t, ) — uflto, o))

< hlulto, o))+ ' (ulto, o)) [t — t0) + [

[ ) =) da )]

1 (ulto, p))o (1t = tol? + W3 1, o) ) + 0/ It = tol? + W2 s o) ).
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Remark 3.22. In particular, if h(t) = £(\/t) with ¢ like in Definition 3.16, then
setting w(t, 1) = h (|t = tof* + W3 (s, ) and taking 7(z.y) € My(js, ), we get:

¢ (\/|tt02+W22(H7N0)) y lt—to, <x_/ydvm(y))} € DVw(t, p)

V1t = tol? + W21, o)

for all (¢, 1) €]0, T[xPa(RY) satisfying \/\t —to]2 + Wi (u, o) < R.

Proof of Proposition 3.20: Let v as in the proposition.

(i) Take (¢, ) € [0, T[xPa(RY) satisfying the conditions \/|t —to]2+ Wi (u, o) < R
and y(z,y) € IL,(u, po). Using Remark 3.22, we get (i).
(ii) Let (¢, ) as above and (g, q,) defined as in (i). Clearly: limy;_, |¢: — pi| = 0.

Moreover, by Jensen’s inequality:

e [ i = ([ e [ waroian)
1/2

s(/’ |x—m%ﬂ%y0 — Wi, o).
R4 x R4
Then :

1/2
W%UdX%ﬁmdewmwwﬁ(A m—yP+mm0—Vﬂme@w0

dy R4

1/2
< Waioo) + ([ k) = Fl) + Tpta) = Tol) Pl

)+€<¢W%ﬁ+wﬁmm0

VIt = tol? + W2 (s, o)

¢ (= o + W3 )
< Wa(p, o) 1+ (Lip(Vp))] +
VIt = tol? + W2 (1, o)

< Wa(p, po

Hx—/ ydvx(y)HLg/+Lip(V90)Wz(u,uo)
Rd R4

W2 (/1“7 MO)

which tends to 0 as t — t3. We conclude by Remark 3.17 [

3.3. Equivalence between strict and non-strict viscosity solutions

Using the last results of the previous section, we are able to show, under certain
regularity assumptions of A, that every viscosity solution of (HJ) is a strict solution.

Theorem 3.23. Assume H is continuous in the following sense:

lim Wo((1d % pn)tpin, (Id X p)ip) =0 = L H(pun, pn) = H(p, p)

n——+oo

for any p, py € Po(RY), p, € L2 (R, RY), p € L2(RY, RY).
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(i)  Assume moreover the following assumption:

(A)) There exists a modulus of continuity k : [0, +oo[— R such that for all
pe PRY), pe L2(RYRY), ¢ € L2(RY,RY) with my(pn) < R?, it holds:

[H (k) = H(p, @) < k(R)[lp — qllzz-

Then, u : [0,T] x Po(RY) — R (continuous) is a strict viscosity subsolution
(resp. supersolution) of (HJ), if and only if it is a viscosity subsolution (resp.
supersolution) of (HJ).

(ii)  Assume now that we have only assumption (A1) : There exists a modulus of
continuity k : [0, +00[— R such that for all for all p € Po(R?), p € L%(RY, RY),
g € L2(R%, RY) with

my(p) < R?, |plly <R, lallz <R,

it holds: |H(p,p) — H(p, q)| < k(R)|p —qllz2-

Moreover assume u : [0, T] x Po(R?) — R is such for all g € Po(R?), it exists
L(po) > 0 and O(uo) a neighborhood of jg such that:

|U(t,,l£0) - u(tv:u)| < L(NO)W2(NJ0aN) Vi € [O7T]’ VILL S O(ﬂO)'

Then wu is a strict viscosity subsolution (resp. supersolution) of (HJ), if and
only if it is a viscosity subsolution (resp. supersolution) of (HJ).

The proof of this result is based upon the appendix of [12].

Proof. (1) We first show that if u is a viscosity subsolution and # satisfies (Al’),
it is a strict viscosity subsolution.

By Proposition 3.18, it is enough to show that it exists C' : Po(R?) — R*, bounded
on bounded sets, such that, taking an e-supertest v € S*(u, to, 10), it holds

drv(to, o) + H(po, Dyv(to, o)) > —C(po)e,
for any (g, j1o) € [0, T[xPa(RY) and € > 0.
Let (to, o) €]0, T[xP2(R?), € > 0, R > 0 and v € S*(u, tg, io) such that:

ult,v) < o(t,v) +ey/It — to? + W3 (v, o)
for all (t,v) €]0, T[xPy(RY), /|t — to]? + W(v, o) < R, (10)

u(to, pro) = v(to, po)-

Note that this implies for all (¢,v) € [0, T[xPo(R?) with /[t —to|2+ W3 (v, uo) < R:

[u(to, o) — v(to, po)] — [u(t, v) — v(to, po)] = —5\/|t —to]? + W3(v, o). (11)

It is our aim to construct an element (p;, p,) of the non approzimate superdifferential
D u(ts, p1s) where (t5, ps) is close to (v (to, p1o), D,v(to, po)) and ps is close to pp.

This will lead to:
P + H(ps, pp) >0

and we will conclude using the regularity properties of .
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Step 1: Let a €]0, 1] such that
a<min{t0 T_to} (12)

R R
so that |t — to| < Ra =t €]0,T|. Moreover choose ¢ such that:
(O+e)d < (13)

Denote by U and V the lifts of u and v respectively and X, € L3(2,R?) such
that XofP = po. We introduce the following continuous functional defined for all
Y € L2(Q,RY), t € [0,T7:

2 _ 2
5(t,Y) == U(L,Y)=V(,Y) — e/~ 1o + (Y, Xg) 40 — L=lol =Kol

where we have use the notation: ¢(X,Y) = W2(X4P, Y#P) for all X,Y € L3(Q, RY).
Then set:

max  O5(t,Y) /[t —to*+[|Y =X 2§Ra}if Y —Xo|| < Ra,
Ws(Y) = tE[O,T]{ 5(t,Y) \/| o>+l oll | ol

— oo elsewhere.

We notice that W; is upper semi-continuous and satisfies limyy 400 W5(Y) = —o0.

By Stegall’s variational principle (see for instance [6]), it exists X, & in L3(2,R9)
such that:

VY € L3(Q,RY), Ws(Y) < Wis(Xs) + (&5, Y — X5) with [[&] <6 (14)
We set s := XsfiP and

ts € argmaxicio {<I>5(t, Y): V)t =24 [|Y — X2 < Ra} :

By the choice of «, we have t; €]0,T.

Note that \/|ts — to]? + || Xs — Xo|> < Ra. In the next section we will prove a
better estimate.

Step 2. Estimate of \/|ts — o2 + | X5 — Xo|[2. By (14), we have:
[U(to, Xo) — V(to, Xo)] — [Ults, Xs) — V(ts, Xs)]

to — ts|? Xo — X552
S—5\/|t5—t0|2+C(X5,X0)2—|—(5—|0 ; 6| _ ” 0 ; 5“ +<€5,X0—X5>

which implies:

to—ts|? | | X0 — Xs||?
[u(to. po) — (to. o)) — [t ) = vlts. ps)) + P2 4 IR0 < 10 — ).

Then, applying (11), we obtain:

to—tsl? [ Xo— Xol?

" ol < 610 - x5

—5\/|t5 — to)? + W3 (s, o) + |

which implies:

to—ts* | [1X0 = sl

- Kl < (654 0) VTt — tol? + 15 — Xl
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We conclude by (13):  +/|ts — to]? + || X5 — Xo? < (6 + )6 < %. (15)

Step 3. Building an element of the superdifferential of wu(ts, uis).

Let (t,Y) € [0, T[xP2(R?) such that \/[t; — ¢[> + | X5 — Y||? < £2.

Then, by (15), v/|to — t]2+ | Xo — Y| < Ra, and, by (14):
Ds(t,Y) < Ds(ts, Ys) + (&5, Y — Xs).

Then, by derivation:
[to =t + ([ Xo = YII* — [to — ts” — [ Xo — X]|*

—to
)

X5 — X,

_ots
-9 -

(t—t5)+2< ,Y—X5>+o(|t—t5|!2+y|X5—YHQ)
we get for all (¢,Y) €]0, T[xPy(R?):

UtY)=V(tY) —e/|t —to]? + (Y, Xg) + 6

< Ults, X5) — V(ts, X5) — e/|ts — to|? + 2(X5, Xo) + 0

H(2 250 sy - X) + 27— ) o V= WP TV - X

In other words (2%, 2@ + 55) belongs to the superdifferential at (¢5, Xs) of
the following map:

(t,Y) = UtY)=V(t,Y) —e/|t —to]2 + (Y, Xg) + 6

which is rearrangement invariant as U, V and ¢ are. Then, by Proposition 3.5,

setting ¢s := p%, (225520 + &) € Ty, (R?) (see subsection 2.2), we get

X5 — Xo

lasllzg, < 222520 + & (16)

2
L]P’

and for all (¢,v) € [0, T[xPx(R?), for all m € U(us,v):

u(t,v) —v(t,v) — 5\/|t —to|2+ Wi(v, o) + 6

< ults, ) = vlts, 15) — £/ lts = tol? + W3 s, o) +6

0 =) 2+ ).

Set As == +/|ts — to|2 + W2(us, o) + 0, take vs(z,y) in I,(us, po), and denote by
75 the following element of 7, (R?):

i) ima— [ vrito)

Then, by Example 3.3, the vector A%s(tg — t9,7s) belongs to the superdifferential at
(t(g, 1/5) of

(1) = /It = tof? + W (v o) + 6.
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We then get, for all (¢,v) €]0, T[xPy(R?), for all 7 € H(us, v):

<q5($) +e %A(:)> (y — x)dr(z,y)

a(t,v) < ults, jig) + v(t,v) — vlts ) + /
Rdx R4

(55 + 52 - o ).

Finally by Proposition 3.20 and Estimate (15), there exists (pis, pus) € D v(ts, pis)
such that:

(1313(1) Wo((Id x pys5)tus, (I1d, D,o(to, po))ipo) =0, llsi_l)%pt,& = 0y (to, o). (17)

We end this step by concluding;:

ts — 1t ts —t ol
(25 +e g +mo]s w3 +pus)) € Drutts. ). (19)

Step 4. Estimates.

Here, we give some estimates in order to understand the behavior of the element of
D u(ts, is) build in the next section when ¢ will go to zero.

By (15) and the definition of As, we have:

[z <2 +e), ||l <. (19)
Again by (15), the definition of g; and (14):
lasllas, < |2 F52) 65| <35+ 2. (20)

Finally, by Jensen’s inequality (similarly to the proof of Proposition 3.20, (ii)):

W2(M0a,u6) <

A <e. (21)

s
e — <e
H Asllpe . —

Step 5. Conclusion.
By (18), as u is a viscosity subsolution of (HJ), it holds:

ts —t ts — t Ys
28500 220 ]+ H (s, |05+ 2 2+ pus] ) 2 0.

Setting Rs = y/ma(fs), by assumption (A1’) and by (20) and (21) the last inequality

implies:

ts —t ts —t
Prs + H(ps, pus) > —k(Rs) (30 + 3¢) — [2 ° — te 5A5 0}

> (=2 — 3k(Rs))(d +¢)
where we used (19) for the last inequality. Then it exists ¢ > 0 such that:
Prs + Hpis, Dps) = —ck(Rs)(6 + €).

Then, sending ¢ to 0 and using the continuity of k£ and H and (17), we get

O (to, po) + H(po, Dyv(to, po)) > —ck [\/mz(ﬂg)} E.

The result follows by setting for all € Py(R%): C(p) := ck [\/mg(,u(;)].
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(2) In the case (ii), we adapt Step 5 as follows. Arguing as in [22], Proposition 3.23,
for ¢ and € small enough:

p € Drults, us) = Ipllzz, < Lljuo) +=+1 < L{to) +2
Then, setting, Rs = \/ma(us), by assumption (Al):

H (115, a5+ & 22 + Pus]| ) = Hts. pus) < 36(L(10) + 2+ Rs)(6 +2).

The sequel follows by the same arguments as above. [

4. Regular L}-extension of the Hamilton-Jacobi equation and
rearrangement invariant viscosity solutions

4.1. Building a suitable regular Hamiltonian on L3 x L2

As seen in the introduction, when H is regular enough, we aim to build a function
H: L3(Q,RY) x L3(Q,RY) — R such that:

(a) H(X,poX)=H(XHP,p) for all X € L2(Q,R?), p € LXﬁP(Rd,Rd),

(b) H is continuous in L2(Q,R?) x L(Q, RY),
(c) H is suitable to treat some control problem in Py(R%).

The point (¢) will be considered in Section 4.3. Some properties of the corresponding
equation

(HJy) OU(t, X))+ H(X,DxU(t, X)) =0, Vt € [0,T], ¥YX € L3(2,R?)

will be studied in Section 4.2.
We consider the following distance on F»(R?) (recall equation 1):

dr, (11, p), (v, q)) = Wa((Id x p)iu, (Id x @)tv)  ¥(u,p), (v,q) € Fo(R?).

The regularity of H with respect to d, already appeared to be interesting (Theorem
3.23). Moreover we have seen that both H; and H, are indeed locally uniformly
continuous for this distance. We may also introduce H defined on transport plans
supported on graphs:

H((Id x p)ip) :== H(u,p) V(p,p) € Fo(RY).

The idea is now to extend H to all Py(R? x R?) (for the distance Ws). This is
possible if H is regular enough with respect to dz,. Then, denoting the extension
again by H, we will set:

H(X, Z) = H((X, Z)4P) for all (X,Z) € L3(Q,RY) x LE(Q,RY).
The following proposition states that dz,-regularity of M is mandatory to get (b),
moreover the strategy above works to build H with all the desired properties.

Proposition and Definition 4.1 Let H : F»(R%) — R.

(1) Assume it erists H : L2(Q, R?) x L3(Q,RY) — R such that (a) and (b) holds.
Then H s dg,-continuous.
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(2)  Assume (Ap) holds (see Subsection 2.4):
(i) Then it exists a unique H satisfying (a) and (b), it is defined by:

H(X,Z):= lim H(un, pn)

for any sequence (fin, pn)n converging to (X, Z)iP in (Fo(RY), dx,).
We call H the regqular L3-extension of H.

(ii) H ds rearrangement invariant in L3(Q,R? x RY), that is,
VX, Z, X' 7' e LA(Q,RY: H(X,Z)=H(X",Z") if (X, 2)iP = (X', Z){P.
(iii) The following map that we call the plan extension of H is also well defined:
H(y) :=H(X, Z) for any (X, Z) such that (X, Z){P = ~.

It is the unique continuous map on Py(RIXRY) with H((Idxp)tu) =H(u, p)
for every (u,p) € Fo(R?). Moreover the lift of H is H.

(iv) H is Wy-uniformly continuous on balls and H is L-uniformly continuous
on balls.

The key point to prove the proposition is the following density result:
Lemma 4.2. (Transport maps and plans) It holds:
(i)  Plans supported by graphs are dense in the set of plans:

Po(RY x RY) = {(Td x p)ip: 1 € Po(RY), p € L2(RE, R},

(ii)  or equivalently: L3(Q,RY) x L(02,RY)

= {(X,p e} X) X € L%(Q’Rd)’ P c L%{ﬁP(Rd,Rd)}ll'”L%’(Q’Rd)Q'

Proof of the lemma: (i) can be proved similarly as Lemma 5.1. The main ideas
are taken from Theorem 1.32 p. 24 of [25]: If p, v € Po(R?) are compactly supported
and g is atomless, then:

M, v) = {(Id x T)ip: T € L2(RY), Thu = v} .

(i) We prove the equivalence with (i). The implication (ii)=- (i) is quite clear, let
us prove the opposite. Let (X,Y) € L2(Q,R?) x L2(Q,R?) and set v := (X, Y){P,
by (i), it exists (tn, pn) € F2(RY) such that

ngrfoo W2(<Id X pn)ﬁﬂ’na’y) =0.

Then there exist (X,,), in L2(Q, R?) and (X,Y) € L3(Q,RY) x L(Q, RY) by Lemma
2.3 such that:

Xnmpzlum nETw|’<Xn7pnoXn> - (XvY)H = 07 (Xay)ﬂ]?:’%

Moreover, as (X,Y) and (X,Y) have the same law, by Lemma 2.2, there exists
7,10 — Q, bijective, such that 74P = 7P = P and:

I(X,Y)— (X'OTn,?OTn)H <1/n.
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Finally:

hm H(X OTnapnOX OTn) (X7Y)||

n—-+o00

< lim ||[(Xpomm,pnoXpom) — (Xorm,Yor)|+[[(Xom,Yor)—(X,Y)

T n—+oo

< i ([ 1(r@) = XD + I Xa(r(w) - Vi @) PdB(0) + 2

n—-+00

< tim ([ 1Xu(w) - X@F +Ip, 0 Xale) - V)PdlmB)w))
Q
< T [[(Xpn o X,) = (X, 7)] =0.

To conclude, a general (X,Y) € L2(Q,R?) x L2(Q,R%), can be approximated in
L3(Q,R?) by a sequence (Zy,, Pn© Zn)n = (X3 0Tn, Pn 0 X 0Ty ) with Z,, € LE(2, RY)
and p, € L3(R4, R?). O

Proof of Proposition 4.1: (1) Assume that (u,,p,) converges to (u,p) in
(Fa,dx,). Then it exists (X,,), in L3(Q, R?) such that:
lim || X, = X7z +[lpno X —po X7, =0, XufP = pra, X§P = pu.

n——+0oo
By regularity of H and (a), it holds:
lim H(pin,pn) = lim H(Xp, pp o Xn) = H(X,po X) = H(p,p).
n—-+0oo

n——+oo

(2) First define the following mapping:
H:A{(Id x p)ip: pePe(RY), pe L (RE,RY)} — R; (Id x T)iv — H(v, T).

This map is Ws-uniformly continuous on balls and using Lemma 4.2, it can be
extended to a Wy continuous map, again denoted H on Py(R? x R?) which is uni-
formly continuous on balls. Then we denote by H the lift of 7. By construction, it
is rearrangement invariant and L-uniformly continuous on balls. O]

Remark 4.3. In [17], the author introduced a slightly different notion of rearrange-
ment invariance for Hamiltonians. Namely H : L2(Q x RY) x L2(Q x RY) — R is
said to be rearrangement invariant in the sense of [17] if for all X, Z € L2(Q x R%):

H(Xo7,Zo7)=H(X,Z) for all 7: Q — Q, one to one with 74P = 74P = P.

By Lemma 2.2, this notion is equivalent to the classic one on L2(£2, R? x RY) when
H is continuous.

Remark 4.4. Like in Section 3, it is also possible to define strict solutions for (HJ5)
and to adapt the proof of Theorem 3.23.

Example 4.5. We turn back to Example 2.7:

Halup) = 3 [ ) ) + Vi)
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Then, with the assumptions of Example 2.7, the regular Li-extension H; and the
plan extension H; of H; are:

(X, 2) = 121 + VIXER), T =3 [ P da(e.2) + Vimit)

Moreover, there exists a local modulus of continuity (R,t) — wg(t) such that:
Hi(n) — Hi(rz) < BRWa(matyr, moftye) + wr(Wa(miy, mitys))
for all R > 0 and all 1,79 € Po(R? x R?) such that ma(mty;) < R? for 4,5 = 1,2,
(X1, Z1) = Hi(X2, Zs) < R||Zy = Zo|| + wr(]| X1 — Xa)
for all X1, Xy, Z1, Zy € LA(Q,R?) such that | X;|, || Zi|| < R for i = 1,2.

In Example 2.9, the extension is a bit more difficult to guess:

Lemma 4.6. Let us consider the following Hamiltonian on JFa(RY):

Ha(t, p) := inf { f(z,u(z), 1) - p(x) du(z) : u: R — U Borel }

Rd

with the assumptions of Example 2.9. Then, the plan extension of Ho is given for
all v € Po(R4 x RY) by:

Ha(y) = inf{ flz,v(z,2),mty) -z dy(z,2) : v:R* = U Borel }

R2d

and its lift Hy is defined for all (X, Z) € (L3(Q,R%))? by:

Ho(X, Z) = inf {/ FX,v(X,Z),XtP)- Z dP: v :R>* — U Borel } .
Q

Moreover it exists M > 0 such that we have the regularity properties:
Ha(n) = Ha(y2) < (M +4ALR)Ws(71,72)
for all R > 0 and all v1, 72 € P2(R? x RY) such that ma(mitry;) < R2, fori,j=1,2,
Hy(X1, 7)) — Ho(Xa, Zy) < (M 4+ 4LR)||(X1, Z1) — (X2, Z5)||
for all R > 0 and all X;, Z; € L2(Q,R?) such that | X,||, | Zi|| < R fori=1,2.
Proof: Clearly Eg((ldxp)jju) = Ha(p, p) for every (u,p) € Fo(R?). Then, proving
the continuity of H, is enough to show that H, is the plan extension of H,. Similarly

to the proof of Lemma 2.10, we prove the regularity property above for the following
functional on Py(R? x R?):

G(y) = inf{ flz,v(z,2), mty) -z dy(z,2) : v:R* = U Borel }

R2d

so that it is the unique plan extension of Hsy. The sequel is straightforward. Il
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Remark 4.7. Let us consider the extended equation (HJ;) together with the final
condition U(T,X) = G(X#P). A consequence of the rearrangement invariance of
H that was proved in [17] is the following: if the extended equation has a unique
solution U, then it is rearrangement invariant. Then, setting u(t, u) = U(t, X) for
any X € L3(Q,RY) of law 1, we get a solution for the equation (HJ) (in the sense
of Gangbo and Tudorascu), together with the final condition (7, p) = G(u). O

In view of the previous remark, using the work of M. Crandall and P.-L. Lions [13]
and the above construction of H, we get the existence theorem below for (HJ) toge-
ther with the final condition u(7', u) =G (x) but only in the open time interval |0, T7[.

Theorem 4.8. (Existence theorem) Assume that H : Fo(R?Y) — R satisfies the
following assumptions:

(Ag) There exists a local modulus (R,t) — wgr(t) such that:
H(p, p) = H(v,q)] < wr(Wa((Id x p)ip, (Id X q)v))
for all (u,p), (v,q) in Fo(R?) such that:
ma() + Dl < B ma(v) + lall3y < B2
(AY) 1t exists a local modulus (R,t) — og(t) such that:
[H(psp) — Hip, @)l < or(llp — allz2)
for all (p,p), (1, q) in Fo(R?) such that:
IPllze + llp — qllze < R

(Ag) 1t exists a modulus of continuity & such that, for all R > 0 and X\ > 0, it exists
a second modulus of continuity {x g such that:

H(v, \(Id— S)) — H(u, MT — Id))
< §(NIS = 1|3, + 1S = 1d|1i3 ) + &xn(Wa((Id x Tty (S x Id)g))

for all (u,T), (v,S) in Fo(R?) such that:
ma(p) + | TNzs < B?, mo(v) + ||S]z, < B
Assume moreover G is uniformly continuous. Then, it exists u a solution of (HJ)

in the sense of Definition 3.6 on ]0,T[xPy(RY) satisfying u(T,u) = G(u) for all
p € Po(RY) and m a modulus of continuity, (R,t) — mg(t) a local modulus with.:

|u(t, p) — u(s,v)] < m(Wa(p,v)) +mg([t — s|)
for all p,v € Po(RY), s,t €]0,T] and mo(v) < R2.

Proof: Step 1. By (Ag) and Proposition and Definition 4.1, (2), H admits a
rearrangement invariant H such that:

H(X,Z) -H(Y,Z')| <wr(|X =Y+ |2 - Z']) (22)
for all X,Y,Z, Z' in L2(,RY) such that | X, |Y], IZ], |2l < R.
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Denote by H its lift. We aim to apply Theorem 1.1. in [13] to (HJs).

Step 2. We start by checking assumption (H2) of p 373 of [13].

Let X, Zy, Zy in L(Q,RY) with || Z,]| + || Z1 — Za|| < R, setting w := (X, Zy, Zy)4P,
applying Lemma 5.1, it exists (pn)n in Po(R?), pn,qn € L7, (R%,RY) for all n € N
such that:

lim Wy ((Id X pn X @), @) =0, and ||p, — qn||L3n < R.

n—-+00
Note that: lim, oo [P — Gull72 = [rsa |21 — 22|*dw(x, 21, 22). By (A]) and the
Hn
definition of H, we get:

[ (1 otw) — H(m 5tw)| < og <UR

3d

1/2
|21 — zg\zdw(x, 21, 2’2):| )

or, equivalently: H(X, Z,) — H(X, Z5)| < or(|| 2, — Zs|).
This implies: H(X,Y) - H(X,Y + /\‘é—”ﬂ < wr(N)

for all A > 0, X,Y € LZ(Q,RY), X #0, A+ ||Y|| < R. Following [12], (1,15), let us
take ¢ € C!(R) such that

C(r)=0for r<1,((r)=2r—4forr>3, and0<(¢ <2.
Then take for any X € L3(2,R%): v(X) = (|| X]|). We have:

iminf X Z o<1 DuX) <25 vx £0 Du0) =0
Jminf , [Du(X)] < x| #0, Duv(0)
It then holds: H(X,Y) — H(X,Y + ADv(X))| < wr(2)) (23)

for all A >0, X,Y € L2(Q,RY), Y] + A < R.

Step 3. Now check assumption (H3) of p.373 of [13].

Take v = v(z,y) € Po(R? x RY) and R = imy(y). By Lemma 4.2, there exist
sequences (fin, T))n and (v, S,), in Fa(RY) such that:

nl—i>£{10<> Wa((Id x T)8pin,y) = nl—lgloo Wa((S, x Id)fvy,y) = 0.

Then assumption (Ag) implies for n big enough:

lim [ (v, A(Sw — 1)) — Hlpun, A(Td = To)] < €(Alw = 3y + 1 — ol 2)

n—y+o0
for all A > 0. It exists a sequence (X,,), and X, Y in L3(Q, R?) such that:
i X = X[+ IT0 X, = VI =0
(X, V)P = v, Xt = .
Then lim, 1o AT 0 X, — X)) — A(Y — X)|| = 0 which implies

i W((Td x AT = T,))jan, (1, Ay — 72))27) = 0.
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In the same way lim,,, 1o Wa((Id X X\(S,, — I[d)fvy, (72, A(m1 — m2)f7y) = 0. So finally
we get:

[H (72, M1 — 72))87) = H((m1, Mmy = m2))87))| < 5<>\||5L“ —yllzs + =~ y||L3)-

As this is true for any v € Po(R? x R?), we have also:

Y AX =) = AKX - V)| < €(IX =Y+ X - V])

for all A > 0, X,Y € L2(Q, RY).

Step 4. By Step 1, 2 and 3, all assumptions of [13], Theorem 1.1 are satisfied.
Then, (HJs) together with U(T', X)) = G(X#P) has a unique solution U,. Moreover
it exists m a modulus of continuity, (R,t) — mg(t) a local modulus such that:

|Uo(t, X) = Uo(s, Y)| < m([|X = Y|) + ma(]t - s])

for all s,t € [0, 7], X,Y in L2(Q, R%). As recalled in Remark 4.7, it is rearrangement
invariant, the sequel follows. [

Example 4.9. The Hamiltonian H; of Example 2.7 satisfies (AY), let us prove it
satisfies (Ay) provided

V(p) = V(v) < w(Wa(u,v)) Vp,v € Po(RY)

for some modulus of continuity w. Indeed, take p, v, S, T, A\, R as in the theorem and
m € l,((Id x T)tu, (S x Id)fr). Note that 7 has the following shape:

m(x, 2, y,y") = 0 (2') @ s (y) @ y(2,y) with v € II(k, v) and

Wa((1dx T)ep, (S x T = [ o = Sy + [T — g d(w,9) = WE(u St0)
Rd xRd
Then, denoting by C' all positive constants independent of A and R:

Hi(v, NS —1d))=Hi(u, MId = T)) = XN*([|S—1d|[7; — |T—1d||75) + V(v) = V(1)
< )\Z/Rd ISy—ata=Ta+ To—yPdy(ey)

= N|T = Id|, + V(v) = V(Stv) + V(Stv) = V(p)
< ONWo((Id x T, (S x Id)iv)? + w(Wa(v, Siv)) + w(Wa(p, Siv))

1/2
< CMW((1d x Tyt (8 x 1w+ ([2 [ 187 + P avw)] )
+w(Wa((1d x T, (S x Td)tw)
< ON'Wy((Id x T, (S x Id)iv)? + w(R) + w(Wa((Id x T)ip, (S x Id)iv)).
Example 4.10. The Hamiltonian H, of Example 2.9 satisfies (A)) provided f is

bounded, moreover it also satisfies (As). Again, take u, v, S, T, \, R as in the theorem
and 7 € I1,((Id x T)8u, (S x Id)fr) with:

71'(1‘, lJ? Y, y/) = 5T(:r)<x/) ® 6S(y) (y/) ® ’7(7;7 y)



648 C. Jimenez / Equivalence between Strict Viscosity Solution ...

Define M := supy,cy |f(0,w,do)|. Take some ¢ > 0 and an e-optimal control u for
Ho(p, N(Id —T)). Set v(y) = [u(x)dy¥(x). Then, denoting by C or C” all positive
constants independent of A\ and R:

Ha(v, \(S — Id)) < g fly,v(y),v) - My — S(y)) dv(y)

g F(S(),v(y),v) - My — S(y)) dv(y) + LA|Id — S||7,
(by use of Cauchy-Schwarz and the Lipschitz property of f)
< [ £(8(),ule).v) - My - S)dr(a ) + LN~ S
(by definition of v and affinity of f)

< [ flau(o). 50 My - SW)dr(.y)
+ CLRAWZ((Id x T)tp, (S x Id)iv) + 2LA||I1d — S|%,

< [ fau@)m My - S@)dr(.)
+ C’LRAWf((Id x T)tp, (S x Id)v) + C'LA||Id — S||7,

(again by use of Cauchy-Schwarz and the Lipschitz property of f two times to change
v in Str, S(y) in x first and then Sfv into p in the argument of f)

< /f(:c,U(:v),u)-A(T( /f z,u(x), ) - Mz —S(y)+y—T())dp(x)
+ C"LRAWZ((Id x T)tp, (S x Id)tv) + 20LA||Id — S|,

< Ho(p, \(Id —T)) + & + C(M + 2RL)AWS((Id x T)tp, (S x Id)tv)
+2CLA||1d — S||7;

using (8). The result follows by making ¢ tend to 0. O

4.2. Rearrangement invariant viscosity solutions in L3

In this subsection we consider two types of Hamiltonians: H : Py(R? x RY) — R and
its lift H : L2(Q, R%)? — R. We are interested in rearrangement invariant viscosity
solutions of (HJ»).

We will use the following result appearing in [22]:

Lemma 4.11. Let U : [0,T] x L3(Q,R?) — R be rearrangement invariant. Set
Xo, Z € LA(Q,RY), (to,p:) € [0, T[xR such that (p;, Z) € DU (to, Xo).

Then for any couple (X}, Z') € LA(,RY? such that (X}, ZMP = (Xo, 2)4P, it
holds: (py, Z") € DT U (to, X}).

This lemma emphasizes that it is meaningful to look at elements Z € DU (X) as
couples (X, Z) and more precisely to consider their joint laws v = (X, Z)§P. It
justifies the introduction of H and the assumption of rearrangement invariance for
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extended Hamiltonians starting from H : F»(R?) — R and their lifts H. In the same
spirit, we will use the following notion of sub/superdifferential which was introduced
in the book [1] of Ambrosio, Gigli and Savaré (see Definition 10.3.1. p.241):

Definition 4.12. Let u : [0,7] x P2(RY) — R. Let (to, o) € [0, T[xPo(R?) and
v € Po(R? x RY).

(i)

We say that (p:,y) belongs to the AGS-superdifferential of u at (tg, po) iff for
all (t,v) € [0,T] x P(R?), and w(z,y,2) € Po(R3?) such that m 3o = v and
mofftw = v, it holds

u<t7 y) - u(t(L HO)

2 (y—2) dw(@,y,2) +o /It —tol? + 2 — yl2, )

< pi(t — to) +/

R3d

We denote the set of (p;,7) satisfying this property by D}su(to, to)-

We say that (pg,) belongs to the AGS-subdifferential of w at (to, po) iff for
all (t,v) € [0,T] x Po(RY), and w(z,y, z) € Po(R3?) such that 7 sfw = 7,
motitw = v, it holds

u(t,v) — ulto, po)

2oy =) de(e,y.2) + o (It = tol? + e —yl3 )

> pe(t — to) +/

R34

We denote the set of (p;,~y) satisfying this property by D .qu(to, o). ]

Example 4.13. Let us consider p, € R, ty € [0,T[, X, Z € L3(Q,RY), and finally
2(z,2) = [(X x Z)P|(x, ) € (s, ).

As noticed in [22], if U is the lift of u:
(p1, Z) € D¥U(to, X) & (p1,7) € Diggulto, o)
Moreover, by Proposition 3.5, if v € D%, qu(to, it), then:
(pes (1d % px(Z))tpo) . and (py, (Id x p%(Z))tho) belong to Diggulto, p)-

Fix A > 0 and assume ~(z, z) = [(X x Z2)fP|(x, z) € 11,(po,v) is an optimal
transport plan. Abusing slightly notations we will denote by 7, and 7, the
first and second projections from R? x R? to RY. Let u(u) := A\W2(u,v), then,
(see Theorem 10.2.2. p.236 of [1]):

y = (mp X (2A(m — )y = (X x 2AM(X — Z2))iP € DXGSU(NO)-
Also by the remark above:

(1 x 2A(1d — / 2d"(2) )20 = (X % 2A(X — px(Z))HP € Disgguu(po).

where [ zdy*(z) denotes the map z — [ zdy*(2).

The AGS-superdifferential satisfies two nice convexity properties:
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Lemma 4.14. (Convexity properties of D},qu) Let u: [0,T] x Po(RY) — R. Let
(to, pto) € [0, T[xPy(R?) and (po, o), (p1,m) in Diggulto, o).

(i)  (Convexity) Let A € [0,1], set (px,7) = (1 — XN)(po,v0) + Ap1,71), then
(Px, 1) € Digsulto, o)

(ii) (Displacement convexity) Setw(x,zq,21) :=77(21) @ V& (20) ® po(x) and take
A € [0,1]. Then, defining

Ay = (T X (1= N7y + ATy )

we have ((1 — N)po + Ap1,7») € Dhigsu(to, o). Here we have denoted by 7.,
and 7., the second and third projections of R x R% x R9,

Note that, for any regular ¢, by definition of 7,:
/gp(q:, 2) dyx(x, 2) = /go(x, (1 —=XN)zo + Az1) dw(z, 20, 21)-

Proof: Assume for simplicity that u does not depend on the time variable.
(i) Take w(x,y, z) € Po(R% x RY x RY) and such that m; sfw = 7y set v = mafiw. Then
w can be written as a convex combination:

w(z,y,2) = w(y) @ m(x, 2) = (1 = N (y) @ 10(2, 2) + A" (y) @ n(2, 2).

Then as v; € Djgg . ulto, po) (i =0, 1), we have:

u(v) < u(p) + /Rgd 2+ (y — x)dw®* (y)dyi(z, 2) + o(|ly — 53”Liz,z®%)'

By convex combination:

+ Ay =zl

WwT 2Ry, ) :

u(v) < u(u)+/ z-(y—a:)dw(x,y,z)—i—o((l—)\)Hy—xHLi

R3d ©2@0

We conclude as by concavity of 7+ /7

(1 =My — =l

w20

+ Ay — x|

WP 2@y,

< \/ (1= [ o= aPdwr)ne2) A [ o= sPdo=(an.)

R3d

1/2
= ([ = aPastep )"

(ii) There exists (X, Zy, Z1) € L3(,RY)3 such that w = (X, Zy, Z;)fP. Then
= (X X ((1=X)Z1+AZy)) and, setting U the lift of U: Z; € DYU(X) fori = 1, 2.
By convexity of DTU(X), we also have that ((1 — \)Z; + AZ,) belongs to DTU(X)
and we conclude by the first point of Example 4.13. ]

An easy consequence of the first point of Example 4.13 is the following result:
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Proposition 4.15. Let U : [0,T] x L3(2,R?) — R continuous. Assume that U is
rearrangement invariant and let u : [0, T]x Py(R?) — R associated (u(t, ) = U(t, X)
for any X such that X{P = pu).

U is a wviscosity subsolution of (HJs) iff for all (to, o) € ]0,T[ X Po(R?) and all

(pe,y) € Diggulto, po) we have p, + H(y) > 0.
The symmetric property holds for supersolutions.

The regularity of the extension built in the previous section allows to use classic
results of uniqueness for equation (HJy) together with some final condition. As
shown by the result below, we can also prove some results specific to rearrangement
invariant solutions.

Proposition 4.16. (Comparison principle for rearrangement invariant solutions)
Let H: L3(Q,RY) x L2(Q,RY) — R be a rearrangement invariant Hamiltonian. We
assume moreover that:

o (A)) There exists k > 0 such that for all R > 0, and all X, Z, Zy € L3(Q,R?)
with || Zu|], | 22| < R, | X]| < R:

H(X, 7)) — H(X, Z3) < k(1 + R)||Z1 — Zs||, (24)
. (Ay) there exists a modulus of continuity wg : RT — RY such that for all
w, v € Pa(RY), we can find a pair X,Y € L3(Q,RY) with (X, Y)tP € IL,(u, v)

and:
H(Y,A(Y—X))—ﬁ(X, AMY-X)) < wﬁ(HX—YH—l—)\HX—YHz) YA > 0. (25)

Let Uy, Uy : [0,T] x LA(,RY) — R be two rearrangement invariant, uniformly
continuous mappings. Namely there exist two modulus of continuity wy, we Such
that:

Ui(t, X) = Ui(s,Y) <w; (| X = Y[+ [t —s|)?), i =1,2.

Assume that Uy (resp. Us) is a viscosity subsolutions (resp. supersolution) of (HJs)

such that:
Ui(T, X) = G(XtP) VX € L3(Q,RY),i=1,2.

for some G : Pg(]Rd) — R. Then we have Uy < Us.

The proof will reduce to a classic one by using the following lemma:

Lemma 4.17. (Stegall’s variational principle in P,(IR?))
Consider v:Py(RY) x Po(RY) — R and its lift V : LA(Q,RY) x LE(Q,RY) — R.
Assume that 'V is l.s.c. and coercive. Let o > 0,

(i)  there emist ps, vs in Po(R), ps € L2 (URY), g5 € L2 (QRY) such that
Ipsllzz, <6, llgsllrz, <6 and

olps,ve) < o(u) +

R2d

Po() - (y — 2) dyal ) + / 05(z) - (y — ) d (2, )

R2d
(26)
fOT' all Tu € H(ILL(;,,U), Y € H(V57 V);
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(i)  for all X5 ,Ys in L2(Q,R?) of law us, vs,
V(Xs5,Ys) SV(X,Y)+ (ps o X5, X — X5) +(qs0Y5,Y = Y5)  (27)
for all X, Y in L3(Q,RY);
(iii)  there exists ps € T, (RY), g5 € Tos(RY) such that, replacing ps by ps and g5 by
s, (26) holds for all optimal 7y, € W,(us, 1), v € o(vs,v) and (27) holds for
all X; Y with (XﬁaX)ﬁ]P) S Ho(,ut% Xﬂ]P)); (Y:% Y)ﬁ]P) € Ho(y(SvYﬁ]P));

(IV) fOT' all Tu € H(,LL&,/L), T € H(V57 V)‘.

vlps, ) < o) + [ o) - (=)l + [ asle) - (=2 )

+o(lly —zllzz,) +o(lly — 2llre, );
(v)  for all X5 ,Ys in L2(Q,R?) of law us, vs,
V(X(S?}/:S) < V(X7 Y) + <ﬁ5 OX57X - X5> + <@5 O}/:%Y - }/:5>
+ o([|X = Xs|)) + o([[Y = Y5[));
for all X, Y in L3(2,RY).

Proof of Lemma 4.17: We prove only (i), (iii) and (iv). Statement (ii) follows
from (i) and (v) from (iv).

Proof of (i). Let 6y > 0. By Stegall’s variational principle (see for instance [6],
Theorem 8.8.), there exist Xy, Yy, &, Co in L2(Q, R?) such that [|&]], [|1¢o]] < do and

V<X07}/b) + <£07X0> + <<07}/0> S V(X7 Y) + <£07X> + <C07Y> VX7Y € LIQP<Q7Rd)
Set us = XofP, vs = YoffP.
Then, for all u,v€Pa(R?), @, (z,y,2), @, (z,y,2) € Po2(R? x R? x R?) such that
T 3]jw# (X07§0)WP) 1 3ﬂ?ﬂy = (Y(J,Co)ﬁR 7T2ﬁwu =, Tofiw, = v,

we have

v(ps, vs) < v(p,v) +/

R3

2 (y —x)dw,(z,y, 2) +/ z-(y —x)dw,(z,y, 2).

R3d

Denote by 7,, the plan (X, &)fP and by ~,, the plan (Yp, (o)fP which disintegrate

in v, 2) = 75,(2) @ ps(x) and v, (z,2) = 7,(2) @ vs(x). Let v, € (us, p),
v € I(vs,v) and set:

w2, y,2) = 75, (2) @ (2, y), @y, 2) =7,.(2) @ (z, ).
Then, it holds:

(s, vs) < v(p, v +/ y —x)dvy, (2 )d%(fv,y)Jr/ z- (y — x) dv, (2)dv (2, y)
]RB

R3d

:/RQ[ 2dy? (2 } y— d%xy)+/RMURdzd7§5(Z)}~(y—x)d%(flf,y)-
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(i) follows by taking ps(x) 1= [pa 2 dv; (2) and g5 := [pa 2 dy (2).

Proof of (iii). Let ps the projection of ps; on 7, (R?), then for all v, € I,(us, p),
v € Io(vs, v), disintegrating v, it holds:

o5, v5) < 0(i 1) + / po(@) - (y — ) o () dpus () + / 0(z) - (v — z) dy (2, y)

[ ps(@) - (UM ydvﬁ(y)} —af) dps(z) + /de 5(x) - (y — z) dy(, y)
and as = — [ [ ydyi(y)] — = belongs to T, (R):

vlps.s) < o(u)+ [ (o) ([ [wiw] =) disto) + [ ato) - =) o)

Rd

< v(u,v) +/

R

Po(x) - (y — ) d () dps(x) + / 05(2) - (y — 2) dy (&, ).

R2d

< wv(p,v) +/

R2d
Repeating this idea for g5 gives the result.

Proof of (iv). Take now m, € II(us, i), m, € H(vs,v), v, 7 as above and € > 0,
¢ € C®(R? R?) such that |V —]35“1%6 < e. Then, using Lemma 3.3 of [17]:

Po(@) - (y — 2) (e, y) + / 5(2) - (y — ) dy ()

R2d

olps,vs) < vipor) +

R2d

<o)+ [ V(o) (v=2) dlen) + ely-sl, + [ 60 5=2) d(oy

R2d 2d

< olpr)+ [ Vela) -y = 2)dmla,) +olly = el ) +elly = el
+ [ 6 =2 dutey
< v(p,v) —i—/

ps(@) - (y — @)dmu(z,y) + ollly — 272 )+ 2elly — 212
R2d T Iz
[ a@) - o) dnta)
R2d
Repeating the same idea for g5 and making € go to zero gives the result. [
Proof of Proposition 4.16: We set:
M = Ui(t,0 Us(t,0)]).
max (U3 (t,0)] + [Ua(t,0))

All along the proof we will denote by C' any constant depending only on k and M.
Assume by contradiction that — — ¢ := inf (Uy—Up) <0. (28)
[0,T]x L2(2,RY)
We set, for any t1,t, € [0,T], X1, Xo € L3(2,RY):
(I)(tb t27 X17 X2) =

Us(ta, X2) — Ur(t1, X1) + = (W3 (X15P, X2W)+|t1—t2|2)+% (I X1 P +11X2]%) = nt

N —
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depending on ¢ €]0, 1], &« > 0 and 1 > 0 such that:

3
n>= BYa (29)

We introduce also for all X, X, € L3(Q2,RY):
‘Il(Xl,XQ) = mln (I)(tl,tQ,Xl,Xg)

t1,t2€[0,T)

The mapping V¥ is rearrangement invariant separately in both variable, l.s.c. and
coercive. Let § > 0. Then, by applying Lemma 4.17 and thanks to (25), we can find

X1, Xy in LE(Q,RY), py € L%, ﬁ]P,(]Rd RY), py € L%, ﬂP(Rd,Rd) such that:
%0 Xall = Wal OB Xet), il el , <6 (30
(X1, Xo) + (p1o X1, X1) + (p2 0 Xo, Xo)
< W(Xy, Xo) 4 (p1o X1, X1) + (p2 0 Xo, Xo), (31)

for all Xy, X5, and all A > 0:
H(X1, A& — X2)) = H(Xp, M(X1 — X)) < wn (| X1 — Xl + A X1 — X|%). (32)

Then, by definition of ¥, (30) and (31), there exist t1,t; € [0,7] such that we have
for all tl,tg, Xl, Xgi

Us(to, Xo) — Uy (t1, X1) + % (||X1 — Xo|? + [t — 6] ) % (||X1||2 + || X2 )
— 1tz + (p1 o X17X1> + (p2 0 X27X2>

< Us(t2, Xa) — Ui(ty, X1) + 2*15 (1X0 = Xa* + [t — ta]?) + % (X + [ Xal1?)
—nta + (p1o X1, X1) + (p2 0 Xy, Xo). (33)

Step 1: We prove some estimates on r and p defined by:

1/2

S S 1/2
ri= (1% + 1X200) ", o= (1% — Xl + |6 — B (34)

First, applying (33) with X; = Xy = 0, t; = t3 = 5 and recalling the definition of
M > 0, we get:

_ — _ — 1 — — _ _ _ —
Un(tz, Xo) — Ur(fr, X1) + o ([1X0 = Xof* + [ = £2) + 5 (IXa]” + [ X2]?)
— 1ty + (p1o X1, X1) + (p2 0 X, Xp) < M — nty.
Then, by (30), we get:
1 — — _ _ — — — —
o= (1K1 = Xal® + [0 = &) + 5 (1% + [1Xall?) < 2M +6 (I %0 + 1 Xell) - (35)

Firstly this implies that r satisfies ST 2 _ \/26r — 2M < 0 so that we have in conse-

quence r < 1(v/26 + v26% + 4Ma) and

. > 112 > 112 1/2 .
= (1% + %) < 0 (5 + ). lmar<OVa. (36)

(67
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Secondly, (35) combined with (36) gives 5-p* < 2M + C (% + \%) Hence

2
2 < ( 9 6) : B<C —
FeeC(i+Crs) misZ lmimime=o. @)

Applying (33) with (to, Xo) = (t2, Xo), (t1, X1) = (f2, X»), we get:
- = 1 — — _ _ _ _ -
—Ui(f, X1) + o (1% = Xa|® + 16 = Ba°) + SIX 1 + (pr o X1, X0)
< —Ui(ta, Xo) + %||X2”2 + (p10 X1, X,).

So that, using again (36):

% 1(p) + % (HX1 Kol + 2 X || x [ X1 = Xo) + 0] X1 — Xo|
a ) 1
< wi(p) + Clap® + p(d + Va)).

Finally we get:

) ) . 2 . . ) X, — Xol|2 + |t — 12
lim lim lim 2= := lim lim lim 1%y 2" + |1 — o]
e—0 a—0 §—=0 € e—0 a—0 §—=0 £

= 0. (38)

Step 2: We now assume that t1, to # T and get a contradiction. By (33) with
(tQ,XQ) = (EQ,XQ) and (tl,Xl) in [O,T[XL%(Q,Rd), we have:

Ur(ti, X1) — Uit X3)
L (1%~ Zall? — |1K — Kol + 11— Bl — [ — Bf?)
+ SUXP = 1K) + (pr o X, X = X)
< 2% (1X: = Xu | + 20X — X0, X — Xo) + |t — 0> +2(t — 1) x (f1 — £2))

a _ _ _ _
+ §(||X1 — X1|)? +2(X1 — X1, X1)) + (p1 o X1, X1 — X71)

< <X1 ;XQ +aXi+proXy, Xy — X1> + b tQ(tl —11)
o (1%, = X + |t — £22)V2).
This proves that:
<t1 ;tQ, at ;XQ +aX; +pro X1> € D+U1(£17X1) (39)

Similarly, applying (33) with (t1, X;) = (f1, X1) and (ts, X3) in [0, T[x L3(£2, RY), we
get:

(t1 — 1o +, X3 ;XQ — CYX2 — Py O Xg) S D_U2<7?2a X2) (40)

15
By assumption, U; is a subsolution and U, is a supersolution, using (39) and (40):
t1 — 1o

e

+ﬁ<)_(1; X - + aX; +P10X1> >0,



656 C. Jimenez / Equivalence between Strict Viscosity Solution ...
t X - X
and 1 1 2

;t2+7]+ﬁ(X27 —OéXQ—pgoX2>§O.
By substraction, we then have:

X1 - X,

+OéX1+p10X1> —ﬁ<X2, X1 - X, —

£

—U+E<X1; OzXz-f—ngXg)ZO.

By use of (24), setting R(e, , 6) := £ +ar +¢ (with the notations (34)), this yields:
X

- X,

—n+ T (% le“) —H (%

) 4 2k(1 + R(e, a,8))(ar + 8) > 0,

and by (32):

_ _ Y. _ Y.l2
n+wr (HXl X+ M) +2k(1+ R(s,,0))(ar +6) > 0. (41)

Note that, using (36), (37) gives:

o : c B
i%}sg%(l + R(g,a,0))(ar +9) < ili%(l + NG + Cva)Cy/a = 0.

So that, making § — 0, @ — 0 and € — 0 in (41) gives (remember (37) and (38)):
—1=0.
This yields a contradiction as n > 0.

Step 3: Now we show that t1,fy # T. We describe the proof only in case to, = T
because the remaining case is similar. First notice that, by (28), there exists some
(t,X) € [0,T] x L3(92,RY) such that:
(U = Uh)(t, X) < .
Then, applying again (33) with t; =t = ¢t and X; = Xy = X leads (recall (34)):
o o 2 _ _ _
Ua(ta, Xo) — Un(ts, X1) + g? + %7“2 —nty + (p1o X1, Xp) + (p2 0 Xo, Xo)

< S+ all XJ2 = nt+ (pro Ko+ pro Ko, X)

which implies by (36):
S o s 1 _
Ug(tg,Xg) - Ul(tl,Xl) —oC (a + \/a) - 7’]T < ?5 + C\JHAXVH2 + 25||X||

Then, as by assumption Uy(T,-) = U(T,-) and o = T:
—wn(p) = 8C [ L+ L) =0T < =X+ a|| X|” + 26]|X|
! a  Ga - 2 ’

We make 6 — 0, « — 0 and € — 0 and get by (37): —nT < _75

This stands in contradiction to (29). O
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The following proposition gives the assumptions on H that will imply (A;) for the
Hamiltonian built in subsection 4.1

Proposition 4.18. Let H : F5(RY) — R an Hamiltonian satisfying (A) and H the
Hamiltonian given by Proposition and Definition 4.1,(2). Assume that H satisfies
the following assumption:

(A3)  There exists a modulus of continuity w such that for all u, v in Py(RY)
absolutely continuous with respect to the Lebesque measure and all A > 0:

H(p, MT = 1d)) = H(v, AId = S)) < w(Wa(p, v) + AW5 (1, v))
where I1,(p, v) = {(Id x T)gu} = {(S x Id)jv}.
Then H satisfies (Ay).

Proof: Let yu, v in Py(RY), arguing as in Lemma 5.1, we build (u,), and (v,), two
sequences in Py(R?) of absolutely continuous probability measures such that:

nl—l>r—|l:100 W2<'un7 M> - ngr—{loo W2(Vn’ V) =0 (42)

Let v, = (Id x T,,)8u, = (S, x Id)fy, the only element of I1,(u,,v,). Up to a
subsequence it converges weakly to some v and thanks to (42), it holds:

JHm ma(ya) = ma(p) +ma(v)

so that (7y,), is tight, v is in (g, ) and lim, o Wa(ys,7) = 0. Moreover, we
have v € II,(u, v) since

W(nw) = T Wi = lin [ o= yPdnen) = [ o= sl

n—-+4o0o R2d

The convergence of (7,), also implies (see Lemma 2.3) the existence of a sequence
(X)n in L2(Q,RY) and X, Y € L3(Q, R?) such that:

Xntﬂp = Hn, Xﬂ]P) = M, (XnaTn o Xn)ﬂP = Tn; <X7 Y)ﬁ]P) =7,
lim [| X, —X]||= lim ||T,0X,—-Y]| =0.
n—-+oo n—-+oo
From that we deduce that for all A > 0:
lim Wo((Id x N(T,, — Id))8pn, (1 X Ay — 71))87)

n—-+00

= lim (X, ATy 0 X, — X)) — (X, MY — X))|| = 0.

n—-+00
In the same way:

lim Wa((Id x MId — S,))tvn, (m2 X XN(me — m1))ty) = 0.

n—+oo
By (Aj), for every A > 0, we have for all n € N:
H (s ML = Id)) = H (v, M(Id = Sp)) < W(Waptn, vn) + AW (i, v))
and by definition of H constructed in Proposition and Definition 4.1(iii):
H((Id x M(T, = 1d))gpn) = H((Id x M(Id = $,)) i) < w(Wa(ptn, vn) + AW (1, V)
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As H is locally Ws-uniformly continuous, by making n — 400, we get:
H((m x Ao = m))Ey) — H((me x A — m)Ey) < w(Walp, v) + AW5 (1, v),

Recalling v € II,(, v) and the definition of H, the result follows. O
Discussion about assumptions of Proposition 4.16 and the domain of H:

The formulations of (A;) and (Ay) are not homogeneous since (Ay) involves only a
subdomain of H, namely:

{(GAY = X)) : AER, (X,Y)P € IL,(XtP, VEP)}

whereas (A;) involves all L2(Q, R?) x L2(Q2, R?). As we are going to see, it is possible

to restrict (A;).
We will need the following objects (see [1] p 314):

Vi € Po(RY),  G(u) := {(m1, \(ma — m1))#y : v optimal , A > 0}

and we can define a distance on II(p,-) 1= {7y € Po(R?) : my = u} by setting for
all 1'%, 41 in (g, -):

szuﬁm) = min {/ |9 — m3|2dw(x1,x2,x3) D Tl = 712, T 3w = 713} .
R

dwRd

Definition 4.19. The geometric tangent space in Py(RY) at p is defined by:
Wy

Tan,(RY) := G(u) O

Let us introduce moreover for all X € L2(Q, R?) of law u the following convex cone:
Ty :={Z: (X, Z2)iP € Tan,(R%)}.
Using Proposition 4.29 on p. 58 of [18] (see also Definition 4.16, p. 52), Tx is a vector
subspace of L2(Q, R?).
Then, we may replace assumption (A;) in Proposition 4.16 by:
(A]) There exists k > 0 such that for all R > 0, and all X € L2(Q,R%), Z;, Z,€Tx
with 1], 12 < R, |.X]| < R
H(X, Z,) — H(X, Zy) < k(14 R)[|Z) — Z.
Or equivalently:

There exists k& > 0 such that for all R > 0, and all g € Po(R?), 71, 7 in Tan,(R?)
with mQ(u), mg(ﬂ'gﬁ’n) S R2 for ¢ = 1,22

H() = H(r2) < k(1 + R)W(y1,72).

Then we modify the proof of Proposition 4.16 as follows.

e  Construct, thanks to Lemma 4.17, py, p2 as in the proof above and p; € ’TXIW(Rd)
and Py € TXZW(RC‘);
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e Double (31) and (33) for all X3, Xy, by:
U(X1, Xp) + (01 0 X1, X1) + (B2 0 X, Xo)
< WX, Xo) + (P10 Xi, Xu) + (P2 0 X, Xo) + o[ X1 — Xu]) + o([| X2 — Xal]),

and

Us(tz, Xp) — Ur(t1, X1) + 2% (IXy — Xo|? + |t — &) + % (1 X101 + 1 X2[1%)
— ity + (P10 X1, X1) + (P2 0 X, Xo)

< Uz(tz,X2)—U1(t17X1)+% (I1X7 = X[+ [t —ta]*) + % (X 1 X2 ]7)
=ty (P10 X1, Xi)+ (P2 0 Xo, Xo) +0([| X1 — Xu[) +o(]| Xz — Xa]). (43)

o Step 1 and 3 are unchanged. Use (43) only in Step 2 to show:

<t1 LS Bk N TR X1> € D'UL(t, Xu),

9 9

(tl_tQ +777 Xl_X2 _aX2—]320X2> ED_U2<£27X2)

13 g
Then notice:

Xi - Xo
3

—OCXQ —ﬁQOXQ S TX2.

[Xl - X
3

+ozX’1+ploX1] € Ty, [

So that we can apply (A4}) to conclude the step.

With these modifications the comparison principle will hold for an Hamiltonian
defined only on {(X,Z) : (X, Z)iP € Tanx(R?)}. We could also modify the def-
inition of sudifferential and superdifferential by restricting them to this set. This
seems relevant for rearrangement invariant solutions of (HJy). Moreover it is coher-
ent with the definitions of sub/superdifferential section of 3 which are restricted to
T.(R?) and not all L7 (R% R?). Indeed we have the following result:

Proposition 4.20. (i)  The following equalities hold:

W2 1VVZ
)

Uuer, ey Tan, (RY) " = {(Id x p)tp: p € Po(R?), p € T, (RY)}

= (M x A —m)iy s AER, 4 € I (miy, mi)} -

(i) Assume the Hamiltonian H is defined only inside

{(1;p) : p € P2(RY), pe Tu(RY)}

and satisfies (Ag) on this set.

Then there exists H defined on Uuepz(Rd)Tanu(Rd)WQ, uniformly continuous
on balls and such that:

H((Id x p)tp) = H(p, p) Y € Po(R?), p € T(R?).
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Proof: We show only (i). Note that, for any g € Pa(R%), 1, v in (o, ), we
have Wa(v1,72) < Wy (71,72). So we have

Wa
= Upep,rt)G (1)

Wy Wa

Wo —
Unep, ey Tan, (RY) " = Uyep, @G (1)

Wa
= {(m x AMm2 —m))iy : A€R, v € (miy, miv)}
Now let m € G(uo), m = (w1, A(me — 1)) 8y with vy € TI, (o, m2fy) and A > 0.

By Lemma 7.2.1 and Theorem 7.2.2 in [1], we can build a constant speed geodesic
between o and mofy by setting pu, = ((1 — t)m + tmo)fy for all ¢ € [0, 1]. Moreover
for all n € N*, Ty (i1 /n, malty) = {(1d x T5,)8pt1/n } for some T, € Ly, (R4, R%). Then:

lim Wo((Id X Tp) i /m, v) < Jdim Wa (1 jns o) = m 1/nWo(po, moty) = 0.

n—+o00
Arguing as in Step 3 of Theorem 4.8, we also have:

lim Wy((Id x N(T5, — Id))dpuam, m) = 0.

n—-+o0o

From that we have m € {(Id x p)iu : p € P2(R?), p € T,(RY)}. As this is true for
all m € G(p0) and all py € Po(RY), we get:

W {Td % p)ip - € Po(RY), p € T,(RI)}.

UMGPQ(Rd)G(H)
The opposite inclusion holds as

{(Id x p)tp: p € Po(RY), p € Tu(R?)} C Uepy(eyTan, (RY). O

An open question is weather we can build a Hamiltonian for which there will be
both a rearrangement invariant solution for (HJy) and a non rearrangement invariant
solution.

4.3. An example of application to an optimal control problem in P,(R%)
4.3.1. Setting of the problem

In this section we focus on the following value function related to a multiagent
control problem studied in [24], [21] and defined for all ¢, € [0, 7] and p € Py(RY):

V(to, ) = (inf){g(,uT) :t € [to, T] — (v, pt) admissible and g, = pu}
Vt,Ht
where (vg, ;) is admissible in [tg, T if:

o (t,z) € [to, T] x R? — v; is a Borel map;
ot [ty, T] — ps € Po(R?) associated with vy is in AC?([t, T], P2(R?)), that is:

Oypty 4 div(vep) = 0 in RIx|to, T

in the distributional sense and

T
/ ()2 dpa() dt < +o00:
0 Rd
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o there exists u: [0,7] x R? — U Borel such that:

Ut(x) = f(l‘, U(t, x)?“t) a.e. ta Hi-a.e.
where f and U satisfy the same properties as in Example 2.9.
The map G : Po(R?) — R is assumed to be bounded and uniformly continuous.

Considering an admissible curve t — pu;, at each time ¢, yu; represents the location
of a group with a high number of individuals. This is justified by the Superposition
Principle (Theorem 8.2.1. of [1]) and by the following result. As usual, for any
o € C([0,T),R%) and any t € [0, T], we set: e;(c) := o(t).

Proposition 4.21. (see [1], [21], [9] and [22])

(i)  Lett € [to, T] — (vi, ) be admissible in [to,T] such that p,, = p and that
(t,x) — u(t,z) € U is the associated control.

Then there existsn € P(C([to, T|, R?)) such that ju; = eifn andn is concentrated
on o € WY2([tg, T],R%) such that:

o(t) = vi(o(t)) = f(o(t), w(t, o), eitn) a.e. 1,
with w(t,o) :=u(t,o(t)). Moreover:

/ / (1) dn(o)dt < +o0.
C([to,T],RY)
(i) Letn € P(C([to, T],RY)) be concentrated on o € W2([ty, T],RY)) such that:

o(t) = flo(t),u(t,o0),efln) a.e. t,
with u : [to, T] x C([0,T],R?) — U Borel. Assume moreover that setting
Wy = ein we have ftf ma () dt < +00. Then set:

pe = edn,  vi(w) :/ o(t)dn"* (o) a.e. t, p—a.e.x
C([to,T],RY)

where " is obtained by disintegration of n: n(o) =n"* (o) @ p(x).
Then (vg, p1g) is admissible for V(to, po) and:

v(z) = flx,w(t,x), ue) a.et, u—a.ex, w(t,z):= /u(t, o) dn* (o).

The trajectories 0 on which a measure 1 as above is concentrate can be seen as
the trajectories of the individuals of the considered group. Note that for a general
n € P(C([ty, T],R?)), trajectories may cross at a certain point z at time t with
different velocities. Nevertheless the corresponding (vy, i1¢) only sees an average of
these velocites. As in [9], considering measures 7 € P(C([to, T],R?)) as in (ii) will be
called the Kantorovich point of view while considering t — p, is the Eulerian point
of view.

It was proved in [21] that the infimum in V is a minimum, that, moreover V is
bounded uniformly continuous (Proposition 4.3. of [21]) and that it is the unique
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strict viscosity solution of the following Hamilton-Jacobi-Bellman equation (Theo-
rem 5.8 of [21]):

{ Qult, p1) +Ha(p, Dyult, p)) =0 V(t, p) € [0, T[xPa(RY)
u(T,p) = G(u) Y€ Pao(RY)

where H, is the Hamiltonian defined in Example 2.9. Note that, as H, satisfies all
the assumptions of Theorem 3.23 above, it is also the unique (non-strict) viscosity
solution of this equation. At the end of this section, we will see that its lift is also
the unique viscosity solution of:

U, X)+Ho(X,DxU(t, X)) =0 V(t,X) € [0, T[xL3(Q,RY)
U(T,X) =G(XtiP) VX € L3(Q,RY).

4.3.2. Several types of trajectories and several value functions

An admissible trajectory can be represented by a curve in L2(,RY); this is the
Lagrangian point of view. We have:

Proposition 4.22. (see [9] and [22]) Let t € [to,T] — (vy, pte) admissible in [ty, T
such that py, = p and (t,z) — u(t,x) € U the associated control.

(i) LetY;, € L3(Q,RY) of law p.

Then, for all € > 0, there exists t — X; € W12([to, T], L3(Q,R?)) such that
||Y;f() - Xt()H S e and thj]P) = [,

Xi(w) = (X, (w)) = F(Xy(w), w(t,w), X;fP) a.e. t, P-a.e.w € Q,

with w(t,w) = u(t, Xy(w)).
(i)  Let t — X, € WE2([to, T], L2(Q, R?)) such that:

Xi(w) = f(Xi(w),u(t,w), XdP) a.e. t, P-a.ew € Q,

with w: [to, T] x Q — U Borel. Then, set:

pe = XfllP, vy = (XtaXt)le7 ve(x) = /d “ th’I(Z) a.el, p-a.e.x
R

where by disintegration vy, = v"* @ ().
Then (v, py) is admissible for V(to, o) and setting my = (Id x X;)4P:

Ut(‘r) = f<I7W<t7 x)vlut) a.e.t, Hi-a.e.x
with w(t, x) := / u(t,w) dm®* (w)du(x)
Q
where by disintegration my(w, ) = m"*(w) & ()

Element of the proof of (ii): To prove v/(x) = f(z,w(t,z), ;) a.e.t, ui-a.e.x,
observe that for any ® € C.([0,T] x RY,R?), by affinity of f:
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/OT /Rd O(t, x) - v(w) dpy(x)dt = /OT/Q(D(t’Xt) - X, dPdt
- /OT/Q‘I)(@XO - f(Xi(w), u(t,w), XifP) dP(Q)dt

— /OT /Q><]R‘i O(t,x) - flz,u(t,w), u) dmy(w, x)dt
= /OT /Rd O(x,t) - fla,w(t,x), uy) dpg(x)dt. O

While we can represent any admissible (or optimal) curve ¢t € [to,T] — (v, i) as
a trajectory in L2(€2, R?), note that we cannot choose any starting point Y;, of law
1o- To be complete, we also state:

Proposition 4.23. (i) Assume that n€P(C([to, T],R?)) is concentrated on curves
o € WY2([ty, T],R?) such that:

a(t) = f(o(t),u(t,o),eln) a.e. t,
with u : [to, T] x C([0,T],R?) — U Borel. Assume moreover that setting
Ly = e din implies ftf ma(pg) dt < +00.
Then, there exists T, : Q@ — C([to, T],RY) such that T,fP = n and setting
X, =eoT,, t— X is in WH([to, T], R?) and:

XiflP = eifin = pur,

Xy (w) = f(Xy(w), w(t,w), XfP) a.e. t, P-a.ew € Q,
with w(t,w) :==u(t, T, (w)).

(i) Lett— X; € WY%([to, T], Lp(2, RY)) such that:

Xi(w) = f(Xi(w),u(t,w), XdP) a.e. t, P-a.ew € Q,
with w: [ty, T] x @ — U Borel.
Set Ty : w € 0 — X (w) € R x C([0,T],RY) and n := TxtP, and finally
pe = Xy flP = ein, m = (Id x Tx)tP.
Then, 1 is concentrated on curves o € WY2([to, T], R?) such that:

o(t) = f(o(t),w(t,o),efin) a.e. t,

with w(t,o) = [u(t,w) dm?(w) where m? is obtained by disintegration:

m(w, o) =m?(w) @n(c). Moreover: ftf ma () dt < 400.

Proof: (i) For all ¢ € C.(R?), we have for all t € [to, T]:

[ e@ )@ = [ o) ) = [ oleroTyw) )

Q

— [ dtalo)dio) = [ e duta)
C([to,T),R) Re
so that X P = .
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Then taking Y € L4(Q,RY) and setting m = (T, x V)P we have for all ¢ € [to, T):

(X, Y) = / el(T,) Y dP = / ei(0) - ydm(o,y)
Q C([to,T),RY) xRY

N /([to T),R%) xR { (t0)+/td(T)d } oy

- (X V) + / Fo(r),u(r0), ) - ydf} dm(o, )

t()T Rd)XRd |: to

- o+ [ [ Flerlo).utt. o). ) - ym(o.y)| dr
to C([to,T],R4) x R4
— (XY /[/feToTutT) )-de} dr.
From that, we deduce t — X; is in W1 ([to, T, L3(£2, R%)) and, moreover:
Xi(w) = f(Xy(w),u(t, T,(w), X;tP) ae. t, P-aew € .

To conclude, we recall that, by Remark 7.2 of [9]:

//C( ] (1) Zdtdn(c) < +oo.
[to

T
This inequality implies: / / | X (w)|PdtdP(w) < +oo0.
to Q

(ii) We only prove that 7 is concentrated on o € W12([to, T], R%) such that:

a(t) = flo(t),w(t,o),efln) a.e. t,

with w defined as in the proposition. Indeed let ¢ € C.([tg, T] x R?) then thanks to
the affinity of f in w:

/T/‘P(t,a(t))dn(U)dt:/T/go(t,etoTX)dIP’dt:/tOT/Q(p(t,Xt) dPdt

/to / (t Xio(w / Fx w)auT)dT> dP(w)dt

/to / <t e, © Tx (w / fler o Tx(w),u(r,w), MT)dT> dP(w)dt

:/ /Qxcuo - ® (t, eto(a)—i-/ f(eT(a),u(T,w),uT)dT) dm(w, o)dt

/ /QXC(tOT]Rd (t o(to) /f / (7, w) dm’ (w ),MT)dT) dn(o)dt. O

Again, in (i), we cannot choose any Y;, of law e, 1.



C. Jimenez / Equivalence between Strict Viscosity Solution ... 665

Remark 4.24. The Lagrangian point of view is similar to the Kantorovitch one in
the sense that different trajectories ¢ — X;(w;) and t — X;(ws) crossing at (z,t)
may have different velocites X (wy) and Xt(wg). In other words X; may not be in
Hy
As we have already noticed, this particularity is not captured by the Eulerian point
of view. Nevertheless, due to the convexity of the constaint on v; in V, all points
of view happen to be equivalent, this was proved in [9]. To state this result, we
introduce several values. [

+

Set for all to € [to, T] and X € L3(Q,RY):
Vi (to, X) = inf{G(X7fP) : t — X, is admissible and X;, = X},

a map t — X, is said to be admissible for Vi (to, X) if the following conditions are
satisfied for some u:[ty, T x @ — U Borel:

ot X,isin WH2([0,T], L2(Q,RY)),

o X(w) = f(Xp(w), u(t,w), XfP) ae. t, P-ae. we Q.

Set for all to € [tg, T] and p € Py(RY):

Vi (to, ) = inf{G(ertn) : n is admissible and e, #n = p},

a probability measure n € P(C([to, T],RY)) is admissible for Vi (to, i) if for some
u: [tg, T] x C([0,T),R?) — U Borel:

« 7 is concentrated on o € W2([ty, T], R?) such that:
J(t) = f(J(t), ll(lf, 0)7 etfm) a.e. t?

e moreover, setting j; 1= e;fin, it holds ftf me () dt < +o0.

We state:

Proposition 4.25. For any ju € Po(R%) and any X € L3(Q,RY) of law pu:
V(to, 1) = Vi (to, 1) = Vi(to, X) = V(to, XtP).

We refer to [9] for the proof in a quite general case. We give a quick alternative
proof in our case. As for G, we will only assume its continuity (it is even more simple
with G uniformly continuous as above).

Alternative proof: First notice that, by propositions 4.21 et 4.22, it holds:
Vi (to, 1) = V(to, ) < Vi(to, X) (44)

for all to € [0,7T], u € Po(R?) and X € LE(Q, RY) of law p.
Let us prove the opposite inequality of (44). Consider (vy, i1¢); optimal for V(tg, ),
u the associated control and t — Y; given by Proposition 4.21, (i) with:

Y,(w) = f(Yi(w),u(s, Yy(w)), YstP) ae. s € [to, T], P-a.e.w € Q
YiiP = ps ace. s € [to, T], Y P = p = X4P.
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In consequence of Lemma 2.2, for all n € N, there exists a bijection 7, :  — € with

7, P = 7,4P = P and
1Yeg 0 70 — X[ ge <

1
n

Note that (Y; — Y;,) o7, = Yo7, =Y, o7, for all t € [0,7], indeed, for all
Z € L3(Q,RY):

<(Y2_Y20>OTWZ>:<(Y;f_Y;fo)7ZOT1;1>:<K7ZOT;1>_<K07ZOT1:1>
:<noTn7Z>_<nooTnvz>:<}/to7—n_}/;foo7—nvz>'

From this we deduce that ¢ — Y; o7, is admissible for V (¢o, Y, o 7,), indeed, a.e. t,
P-a.e.:

t
YtOTn_YtOOTn: (lft_lfto)OTn:/ f(}/SOT'eru<87§/soTn71/;ﬂ]P>)d8
to
t
~ [ (i omu(s Yoo m), (Vo)) ds.
to

Moreover G(Y7riP) = G(u) = G((Y7 o 7,,)P) so that:
V(to, 1) = Vi(to, Yz,) = VL(to, Yio © 7).

Now, as G is continuous, for all € > 0, it exists 7 > 0 (depending on pr) such that
for all v € Py(RY):

Wao (v, ur) <n=1G(pr) = Gv)| < e. (45)

Let t — X, in WH2([0, T, L3(Q, R?)) satisfying:

X (w) = f(Xe(w),u(t,Yi(w)), XfP) a.e. t € [to, T], P-a.c.w € Q
X, - X

Thanks to Gronwall’s Lemma, there exists C' > 0 such that:
Wy, XriP) < || X7 — Yro7,|| < C|| X — Yoo,
Then, for n big enough, Wy(ur, X7fP) < n, and as t — X, is admissible, using (45):
Vi(to, X) < G(X7iP) < G(ur) + = V(to, 1) +¢.
As this is true for all € > 0, making € go to zero gives the desired result. 0

4.3.3. Dynamic programming principles and viscosity solution

The following dynamic programming principle was proved in [21]: for all s < ¢ and
ft € P2(R7)

V(s,p) = inf : {V(t, ) : (vy, pr) is admissible for V(s, pu) and py = pu} .

(UTa)u'T
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Remark 4.26. Thanks to the results of the section above, the dynamic program-
ming principle above implies a dynamic programming principle in the Lagrangian
setting:

Vi(s, X) =inf {V(t, X;) : 7 — X, is admissible for V7 (s, X) and X, = X'}

for all s < ¢ and X € L3(Q,R?). Note that the admissible trajectories of the right
side of the inequalities do not necessarily satisfy X; € Hy,. ]

We are now able to show:

Proposition 4.27. The lift Vi, of V is the unique viscosity solution of the following
equation:

OU(t, X) +Hao(X, DxU(t, X)) = 0 V(X,t) € LA, RY) x [0, T
U(T, X) = G(XHP) VX € L3(Q,RY).

Proof: We only prove that V is a subsolution since the rest is similar.
Let (to, X) € [to, T[X L2(2), (pt, Z) € DTV (t, X) and u:R? x R — U a Borel map.
Let t — X, be such that:

Xi(w) = f(Xi(w),u(X(w), Z(w)), XefP) a.e. t € [ty, T], P-a.e.w €
X, = X.

By the dynamic programming principle above we get
O == VK(tO + h, Xt0+h) — VK(to, Xt())'

Then, as (p;, Z) € DYV (tg, X ), we have:

0 < (2, Xipen = Xip) + pib+ 0 (V2 + X — Xy )

:/Q/tm F(X(w), u(X (), Z(w)), XtP) - Z(w) dP(w) dt + pih

+0 (VI + T Xigen = XaP)
Dividing by A and making h tends to 0 gives:
0< /Qf(X(w),u(X(w), Z(w)), XtP) - Z(w) dP(w) + p;.
As this is true for any Borel map u : R x R — U, recalling the definition of Hy:
0 <Ha(X,Z) + p. O

Conclusions:

+ the extension H allows to take into account the different velocities of crossing
trajectories,
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e moreover, thanks to the convexity of the constraint of V), the dynamic pro-
gramming principle in the Eulerian point of view implies a richer one in the
Lagrangian point of view,

o finally, thanks to this second dynamic programming principle, the lift V =V},
of V satisfies the extended equation (HJs).

5. Appendix

Lemma 5.1. Let w € Po(R*), it exists pi, € Po(R?) and pn,qn € L, (R, R?) such
that:
lim Wo((Id X pp X qn)8jin, @w) = 0.

n——+oo

Proof: This proof is based upon the proof of Theorem 1.32 of [25].

Step 1: Let @ € Po(R3?), we first build (w,), absolutely continuous with respect
to the Lebesgue measure such that:

lim Wy(w, , w) = 0.

n—-+00

Indeed, for all n € N consider a partition (Q;,)ier, of R? where each Qin is a cube
of edge 1/n and set:

Tpi= Y 0D(Qin X Qjn X Qi) L3 Qin X Qjm X Qi

1,5,k€1n

the measure £3¢ being the Lebesgue measure on R3¢, Then, by construction, for all

i,j, k S [na wn(Qz,n X Qj,n X Qk,n) - w(Qz,n X Qj,n X Qk,n) and:

W22<wn7w) S Z W;(wn LQz,n X Qj,n X Qk,na wLQl,n X Qj,n X Qk,n)

i,5,kELy
. 2 . 2 . 2
< Y [diam(Qin)? + diam(Qj)* + diam(Qrn)*1w(Qin X Qjm X Qin)
7/7]7k€[n
3d 3d
S Z ﬁw(Qi,n X Qj,n X Qk,n) == ﬁ
i’j’keln

So that lim,, . Wa(w, , w) = 0.

Step 2: Assume now that @ € Py(R? x R? x R?) is absolutely continuous with
respect to the Lebesgue measure and denote by p its first marginal. We now prove
that it exists (pp)n, (¢n)n in L2 (R? R?) such that:

lim Wa((Id X pp X ¢u)ip, @) = 0.

n—-+o0o

For all n € N, consider a partition (A; )iz, of R¢ made of sets of diameter less than
1/n. We set:
Win = thun X R2d. (46)
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The first marginal p| A; ,, of @; ,, is absolutely continuous with respect to the Lebesgue
measure so that it exists T}, : A;, — R? x R? such that T} | Ain = Tosiwi,. We
also set Ty, := > .. 14, T;pn and w, = (Id x T,,)fp. It holds for all 4,5,k € I;:

i€l
@ (Ain X Ajn X Apn) = [pla,, @01, ](Ain X Ajn X Agpn)
= [,U/ LA¢7n®5Ti7n](Rd X Aj,n X Ak,n) = 7T2,3Jjwi,n(Aj,n X Ak,n)
=w(A;n X Ajn X Agp) (recalling (46)).

Then, again:

Wi(wn, @) < Y Wi (@[ A X Ajn X A, @nl Ajn X Ajn X Ap)

i7j7keln

< Z @ (Ain X Ajp X Ap)[diam(A;)? + diam(A;,)? + diam(Ay,)%)

3d
S Z w(Az,n X Aj,n X Akvn)ﬁ S —.

To conclude the step, it is enough to remark that it exists p,, g, € Lin (R4, R?) such
that:
T (z) = (pu(2), qn(x)) praex,  w, = (Id X p, X ¢,)Eu.

Putting together Step 1 and 2 gives the lemma. [
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