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We prove estimates on the dimension of the singular part of the free boundary for solutions to
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studied by Aguilera, Caffarelli, and Spruck and the one-phase Bernoulli problem with measure
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1. Introduction

In this paper, we prove estimates on the dimension of the singular part of the
solutions to free boundary problems with measure constraint. Although in many
physical or engineering problems involving free boundaries a measure constraint nat-
urally arises, the mathematical theory of regularity for these problems has focused
mostly on functionals made of a Dirichlet type energy summed to a measure term
(see for example [3]), and thus with no measure constraint.
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Here we focus on improving two regularity results for free boundary problems with
measure constraints. Precisely, we consider the one-phase Bernoulli problem with
measure constraint introduced by Aguilera, Alt and Caffarelli in [1] (see Section 1.3)
and the heat conduction problem of Aguilera, Caffarelli and Spruck [2] (see Section
1.2). In both cases we prove that the full regularity of the free boundary can be
pushed up to a critical dimension d* € {5,6,7} (see Section 1.1 and the discussion
in [7, Section 7]), while, for d > d*, we give an estimate on the dimension of the
singular set via a dimension reduction principle. In particular, we show that in
dimensions d = 2, d = 3 and d = 4, the free boundaries are smooth.

1.1. The critical dimension d*

For any open set D C R? and every function u € H'(D), let J be the one-phase
Alt-Caffarelli functional

J(u, D) = / |Vul?dx + [{u > 0} N D].
D

We say that a non-negative u : D — R is a minimizer of the one-phase functional
in D if
J(u, D) < J(v,D) for every veH'(D) suchthat v—u€H}(D),

and we say that a non-negative u : R? — R is a global minimizer of the one-phase
functional if

J(u, D) < J(v, D) for every open D C R? and every ve H'(D) with v—u& H3(D).

In [16], Weiss showed that if u is a minimizer of the one-phase functional in an open
set D C R?, then any blow-up limit of u is a 1-homogeneous global minimizer. This
allowed to apply the Federer’s dimension reduction principle to minimizers of the
one-phase functional showing that:

e ifd < d¥,, , then any minimizer u of J in D C R? has C'® free boundary:;

o ifd=d,,, then a minimizer u of J in D C R? might have singularities, but

they have to be isolated points;

o ifd > d’,. , then the set of singular free boundary points of a minimizer u of J

min’
(in any open D C R?) must have Hausdorff dimension at most d — d,;,,
where d; . is the smallest dimension d in which there is a 1-homogeneous global
minimizer v : R? — R of the one-phase functional with a singularity in zero. In
view of the above results of Weiss, the estimate on the dimension of the singular set
of minimizers to the one-phase problem is reduced to finding the critical dimension
In [8], Caffarelli, Jerison and Kenig used a geometric argument to show that if
u : R — R is a global 1-homogeneous minimizer with free boundary d{u > 0},
which is smooth outside of the origin, then on the positivity set €2, := {u > 0} the

following stability inequality holds:

/ Vol de > / H|p* for every o € C2(R1\ {0}), (1)
Qu 0,

where H is the mean curvature of the boundary 0€2,.
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Then, they exploited this information to show that d;,,, > 4. Later, De Silva and
Jerison [9] found an example of a 1-homogeneous global minimizer with singularity
in zero in dimension 7, thus showing that 4. < 7. Finally, Jerison and Savin [10]
studied functions u : R — R satisfying

e w is non-negative, Lipschitz and 1-homogeneous;

e Au =0 in the open set 2, := {u > 0};

o 00, \ {0} is C* smooth and |Vu| =1 on 0, \ {0};

o (), supports the stability inequality of Caffarelli-Jerison-Kenig.

By exploiting an argument similar to the one used by Simons for minimal surfaces,
they showed that if u is a function satisfying these conditions in dimension d < 4,
then w is (the positive part of) a linear function. Thus, they showed that there are

no singular minimizers of the one-phase functional in dimension d < 4, which means
that d7 ., > .

In [7], with Buttazzo and Maiale, we studied the regularity of the free boundary
of a shape optimization problem for which the analysis cannot be reduced to the
study of minimizers or almost-minimizers of the one-phase functional. Precisely, the
optimality condition in [7] could only be expressed in terms of interior variations
with smooth vector fields, which made impossible the application of the dimension
estimates of Weiss. Thus, we introduced the notion of global stable solution of the
one-phase Bernoulli problem (see Definition 3.1 for the precise definition), which
allowed to prove a dimension reduction principle. We also gave the following defini-
tion of critical dimension d* for global stable solutions: d* is the smallest dimension
d in which there is a 1-homogeneous global stable solution u : R* — R with isolated
singularity in zero. Precisely:

o If uis a 1-homogeneous global stable solution in R?, with d < d*, then neces-

sarily u(z) = (x-v), for some unit vector v € R% (2)

e In R? there is a 1-homogeneous global stable solution u which is not of the
form (2); the free boundary d{u > 0} is a smooth manifold in R?" \ {0} and
has a singularity in 0.

Again in [7], we showed that the positivity set Q, of a global stable solution u
supports the Caffarelli-Jerison-Kenig’s stability inequality. Thus, by applying the
result of Jerison and Savin, we were able to conclude that 5 < d* < 7.

In the present paper, we use the theory from [7] to obtain dimension bounds on the
singular part of the free boundary for solutions to shape optimization problems with
measure constraints. The focus is on the problems studied by Aguilera-Caffarelli-
Spruck and Aguilera-Alt-Caffarelli, which we briefly discuss in the subsections 1.2
and 1.3 below. We notice that, just as in [7], the optimization problem of Aguilera-
Caffarelli-Spruck cannot be written as a variational minimization problem of a single
integral functional. Here, the additional difficulty with respect to [7] is the presence
of a measure constraint, which reduces the class of admissible perturbations.

1.2. Optimization problem in heat conduction
Let D be a smooth bounded open set in R? and let
¢:0D—R and p:0D — R
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be smooth functions on 9D, which are bounded from below and above by positive
constants 0 < ¢ < C. Let  C D be an open set, for which the set K := D\ Q is a
compact subset of D. For every such €, we denote by ug € H'(D) the solution to
the problem

Aug=0 in Q, ug=¢ on 0D, up=0 on K=D\Q, (3)
and we set FOQ) = | o242 gpi (4)
op OV

where v is the outer unit normal to dD. In [2], Aguilera, Caffarelli and Spruck
studied the following shape optimization problem

min {F(Q) : QC D; Q — open; [Q =m; D\ Q — compact subset of D}, (5)

where m is fixed and such that 0 < m < |D|. They showed that there exists a
solution €2 to (5) whose reduced boundary 0*Q2 N D is C*° smooth and that there
exists A > 0 for which

|Vug||Vog|=A on 9"QND, (6)

where vq is the solution to the PDE
Avg=0 in Q, vg=¢ on 0D, vo=0 on K=D\Q. (7)
Precisely, the regularity theorem of Aguilera, Caffarelli and Spruck is the following:

Theorem 1.1. (Aguilera-Caffarelli-Spruck [2]) Let D C R? be a smooth open and
bounded set. There is a solution Q to (5) whose free boundary 02 N D can be
decomposed as the disjoint union of a reqular part Reg(02) and a singular part

Sing(09) := (92N D) \ Reg(99).

The reqular set Reg(09) is a relatively open subset of 0Q N D and (locally) a C*
manifold.

The remaining singular part Sing(0)) is a closed set such that
H (Sing(0Q)) = 0.

Remark 1.2. We notice that, we can rewrite the functional (4) in terms of the
state variables ug and vg, as follows:

F(Q) = /DVUQ - Vg dx. (8)

1.3. One-phase Bernoulli problem with measure constraint

Let D be a smooth bounded open set in R? and let ¢ : D — R be a non-negative
function in H'(D). In [1], Aguilera, Alt and Caffarelli studied the following varia-
tional problem

min{/D]Vu]Qdaz: u € HY (D), u— € Hy(D), |{u>0}ﬂD|:m}, 9)

for any fixed m > 0 with 0 < m < |D|, and they proved the following theorem.



D. Mazzoleni et al. / On the Dimension of the Singular Set ... 693

Theorem 1.3. (Aguilera-Alt-Caffarelli [1]) Let D C R? be a smooth open and
bounded set. There is a solution u to (9). For every solution u with positivity set
Qy, := {u > 0} its free boundary 9, N D can be decomposed as the disjoint union of
a reqular part Reg(0,) and a singular part Sing(0SY,). The regular part Reg(082,)
is a relatively open subset of 9Q,ND and (locally) a C*° manifold, while the singular

s such that:
o e e HI (Sing(99,)) = 0.

Remark 1.4. In [1] it was shown that there exists a minimizer which is regular; for
the regularity of every minimizer, as stated in the above theorem, we refer to [15,
Chapter 10], where it is used an argument inspired by [5] and [4].

Remark 1.5. We notice that it is possible to write (9) as a shape optimization
problem in terms of the shape functional

F(Q) = /D V| dz, (10)

where for every Q C D, the state function ug € H*(D) is the solution to the PDE
Aug =0 in Q, ug — p € Hy(Q). (11)

Precisely, if v minimizes (9), then the set € := {u > 0} is open and

F(Q) < F(Q), for every open set Q € D with |Q| = m.

Conversely, if €2 is an open subset of D, minimizing F among all open subsets of
fixed measure m, then the solution ug to (11) is a solution to (9). Thus, problem
(9) can be seen as a particular case of (5) in which ¢ = ¢ and ug = vg.

Remark 1.6. We also notice that both problems (5) and (9) are respectively equiv-
alent to the auxiliary problems

min {F(Q) : @ C D; Q — open; [Q <m}.

Indeed, it is not hard to show that there is a minimizer to this auxiliary problem and
that every minimizer saturates the measure constraint; we refer to [15, Proposition
11.1] for (9) and [6, Theorem 1.5] for problem (5).

1.4. Main results

In this paper we enhance the results of Aguilera-Caffarelli-Spruck [2] and Aguilera-
Alt-Caffarelli [1] by improving the estimates on the dimension of the singular sets
of the free boundaries of the solutions to (9) and (5). In particular, we show that
in the physically relevant dimension d = 3 (and also in d = 2 and d = 4) the free
boundaries are C'*° smooth. Our main results are the following.

Theorem 1.7. (Dimension of the singular set for solutions to (5)) Let Q be as in
the statement of Theorem 1.1, then the following holds:

(i) if d < d*, then Sing(99) = 0;
(i) if d > d*, then the Hausdorff dimension of Sing(0Q2) is at most d — d*;

where d* is the critical dimension from Section 1.1.
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Similarly, the vectorial problem (5) immediately implies the following result for its
scalar counterpart, that is the one-phase problem with measure constraint (9).

Theorem 1.8. (Dimension of the singular set for solutions to (9)) Let u be as in
the statement of Theorem 1.3. Then the following holds:

(i) if d < d*, then Sing(99,) = 0;

(i) of d > d*, then the Hausdorff dimension of Sing(02,) is at most d — d*;

where d* is the critical dimension from Section 1.1.

As explained in Remark 1.5, Theorem 1.8 follows from Theorem 1.7. Thus, we will
focus on the heat conduction problem of Aguilera-Caffarelli-Spruck. From now on,
given D a smooth bounded open set in R?, we set ) to be a minimizer of

min {F(Q) : QC D; Q — open; [Q =m},

where 0 < m < |D| and where F is given by (8).
The main steps in the proof of Theorem 1.7 are the following.

First, given any smooth vector field with compact support n € C>®(R%R?), we
construct a volume preserving flow, whose infinitesimal generator coincides with 7
in a neighborhood of {n # 0}. Then, we show that if  is an optimal set for (5),
then there exists a Lagrange multiplier A > 0 such that €2 is stable for the functional

Fa(2) = F(Q) + A9,

with respect to volume-preserving domain variations (see Theorem 2.1). Moreover,
by exploiting the PDEs satisfied by the state functions associated to the optimal
shape, we prove that A > 0. For this first part of the proof, we follow a general well-
known program for measure-constrained optimization problems (see, for instance,
[15, Section 11] and [12, Section 17.5]).

In the second part of the proof, we show that the estimates on the dimension of the
singular part hold for solutions which are stable with respect to volume-preserving
variations. The key result is the following.

Theorem 1.9. Suppose that v : R? — R is a 1-homogeneous global stable solution
of the one-phase problem along mean-zero variations (in the sense of Definition 3.4).

Then, if Q, = {u > 0}, the following holds:
(i) if d < d*, then u is a half-plane solution;
(i) of d = d*, then Sing(9€2,) = {0} or u is a half-plane solution ;
(iii) if d > d*, then the Hausdorff dimension of Sing(9€2,) is at most d—d*, i.e.,
HI s (Sing(aQu)) =0 forevery s>0;
where d* is the critical dimension from Definition 3.3, satisfying 5 < d* < 7.

Finally, using this result, together with the Federer’s dimension reduction principle
and the blow-up analysis carried out in [7], we conclude that in dimension d < d*
all the points on the optimal free boundary 02 N D are regular, while in higher
dimension, we prove the Hausdorff estimates from Theorem 1.7.
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1.5. Plan of the paper

In Section 2 we show the existence of volume-preserving inner domain variations
and we prove the validity of a stability-type condition for minimizers of F along a
suitable class of volume-preserving flows. In Section 3 we recall the notion of a global
stable solution to the one-phase Bernoulli problem introduced in [7] and we study
the case of stability with respect to volume-preserving variations. This section can
also be read independently and, together with Section 2, contains the key results for
the analysis of the singular set for volume-constrained free boundary problems. In
Section 4 we apply the previous analysis to the heat conduction problem (5). More
precisely, in light of the blow-up analysis developed in [7], we connect the occurrence
of singularity at a macroscopic level to the possible existence of singular stable cones
for the Alt-Caffarelli functional, in the sense of Section 3. Ultimately, the estimates
in Theorem 1.7 follow by Federer’s reduction principle.

1.6. Notations

Throughout the paper, we use the notation
B, (20) = {z € R?: |2 — x| < 7},

for the ball of radius r centered at point xy and, when xy = 0, we simply write
B, = B,(0). For any set E C R?, we define

15(2) 1, if zeF,
xTr) .=
P 0, if z €RI\ E.

Given a non-negative function u we often denote its positivity set as Q, := {u > 0}.

We denote by H'(RY) the set of Sobolev functions in R?, that is, the closure of the
smooth functions with bounded support in R? with respect to the usual Sobolev
norm

lolf = [ (I96F +6%) do.

Similarly, for an open set Q C RY, we define the Sobolev space H}(f2) as the closure
of C>(Q) with respect to || - ||gi1. Therefore, every u € H}(Q) is identically zero
outside the set Q and the inclusion HZ(Q2) € H'(R?) holds true. When dealing with
PDESs on cones we will use the space

H'(RY) = {u € L* (RY) : Vu € L*(R%,R%)},

equipped with the usual norm ||ul| 51 = ||Vu||z2, and HE(Q) is the closure of C2°(Q)
in H L(RY). If Q satisfies uniform exterior density estimates, the following character-
ization holds:

HY Q) ={uec H'(RY) :u=0a.e in R\ Q}.

For any function u : R — R we will denote by V7 and Vu the vectors row and
column with components the partial derivatives of u, while VZu will be the Hessian
matrix of u.
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2. Volume-preserving variations

In this section we define a suitable collection of volume-preserving variations of a
domain €.

Let D C R? be a bounded set and € C>°(D;R?) be a smooth compactly supported
vector field in D. Let ®; : D — D, t € R be the flow associated to n and consider
the sets ; := ®;(€2). Then, by direct computations

0 )
ool = | 190l = [ divyds
t=0 Q
. (12)
8210 = grel Q| = /(divn)2 +n-V(divny) dx.
t=0 Q

Similarly, in view of the analysis conducted in [7, Section 2.1], it is possible to
compute the second variation of the functional F along internal smooth variations
with compact supports. Indeed, by recalling the definition of F in (8), we have

(13)

SF(Q)] = 2 / (Vug - (5°4)Voq — V(5u) - V(5v) ) dr

Q

where the matrices 04 € L>®(D;R¥?) and §°A € L>®°(D;R%*¢) are given by
§A = —VTn—Vn+ (divy)ld,
1 1 1
PA = (V) (V) +5(Vn)" + 5(V0)? = S0 V) [V + V0] ()

24+ - V(divy)
2 )

— (Vi + V7) divy + Ia )

and where du and dv are the solutions to the PDEs
—A(6u) = div ((0A)Vug) in Q, du € Hy(Q),

—A(6v) = div ((64)Vuvg) in Q, Sv € Hy(Q). (15)
Clearly, in the case of the functional F, in which the dependence on the shape 2
is formulated in terms the state variables uqg,vq (e.g. a single state variable ugq for
(9)), the previous derivatives must be calculated taking into account the effect of
the variation of the domains on the new state variable supported on the perturbed
domain. For more details on the derivation of (13) we refer to the analysis carried
out in [7, Section 2.

The following is the main result of this section.

Theorem 2.1. Let D be a bounded open set in R? and Q C D be a minimizer to
(5). Then, there exists A > 0 such that, if Fa(2) = F(Q) + A, then

SR =0  and  PFAQ) [n—Mﬂ >0, (16)
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for every couple n,& € C*(R%GRY) of smooth vector fields with disjoint compact
supports satisfying

/divﬁdm # 0.
Q

Remark 2.2. The second variation in (13) can be calculated by solving the system
(15), with 6A and 624 defined starting from the field

o divnda
aveds ¢
Before proceeding with the proof, we start by proving the existence of a volume-
preserving variation for every open shape.

x ()

Lemma 2.3. (Volume-preserving variations) Let D be a bounded open set in
R% Q C D be an open set and n € C*(D;R?) be a compactly supported vector
field. Then, for every vector field ¢ € C°(D;R?) satisfying

§|Q\[£]:/Qdiv§dx7é0 and suppnNsuppé = 0,

there ezists to > 0 and f € C®((—to,ty)) such that the map
®y(x) = Id(z) + tn(z) + f(t)E(x)
preserves the volume of ), for every t € (—to, ), that is
|, ()] = |9 for every t € (—to, to).

Moreover, the following identities hold true

f(0) =0, f’(())/Qdivgdx: —/Qdivndx (17)
F1(0) [ div o == | (v )P -9 (i 1) +(7/(0) v € +(£/(0) 6V (div ) d

Proof. The proof is a straightforward application of the implicit function Theorem
to the map

o(t,s) = |(Id + tn + s&)(Q)| — ||, such that ¢(0,0) = 0.
Indeed, since 0s(0,0) = / div&dr # 0,
Q

there exists ¢y > 0, sufficiently small, and f € C°°((—t, o)) such that
o(t, f(t) =0 for every t € (—to, to).

Finally, the estimates in (17) follow by a direct computation. Indeed, since

0=o1 @t f(t) = 0p(0,0) + f(0)0:(0,0)

t=0

950(0,0) —  3|Q[[¢]

we have that 7(0) = _99(0,0) _ _ 4|9[n]
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Similarly,
0= 5722 p(t, (1) = 070(0,0)+20,050(0,0) f'(0)+f"(0)0s0(0, 0)+(f'(0))?92(0, 0)
=0

which implies

71(0) = —; @(0,0) (07(0,0) + 20,0.(0.0)f/(0) + (1'(0))*0%(0,0))

g (1910 + 2£/(0)8% |20, €] + (/(0))*3*[€]) (18)
= — s (1900 + (PO 9]
since suppn Nsupp € = (). The claim now follows by (12). O

The proof of Theorem 2.1 is now a consequence of the following propositions. In
Proposition 2.4, we show the existence of a Lagrange multiplier along inner varia-
tions. Then, in Proposition 2.5, we prove the validity of a stability-type condition
with respect to internal variations.

Proposition 2.4. (First variation) Let D be a bounded open set in R and Q C D
be a minimizer to (5). Then, there exists A > 0 such that, for everyn € C°(D;R?),

OF ()] + Ad|€2[n] =

Proof. Let n,& € C®(D;R%) be two smooth vector field with disjoint compact
supports, satisfying
suppn NQ # 0 and supp&NQ # 0.

Then, for ty > 0 sufficiently small we consider the volume-preserving flow from
Lemma 2.3

D: (—tg, to) x RY = RY Oy (z) = Id(x) + tn(x) + f(t)E(x),

with f satisfying (17). Now, since |®,(€2)| = || for every ¢, we have

0= |P:(2)] = 0[2/[n + f'(0)¢] = o[2[n] + f'(0)6]€2][¢],

t=0

a
dt
and, by the minimality of {2 among the sets of the same volume, we have

d

T t:O}"((I)t(Q)) =0.

Finally, by exploiting the linearity of the variation of F with respect to smooth
vector field with compact supports, we infer that

d 519[n]

0= | Fad@) = sr @ + ropF@Id - sr @ - (S8 ) sl

t=0

which implies that 6;&?[)77[?] = 5;&?[)5[]5], for every n, ¢ € C®(D;RY).
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Now, by [15, Lemma 11.3], there is 1y € C>°(D;R?) such that

31 [mo] = /Qdivnodx =1

Then choosing & = ng, for every n € C°(D;R?) we have
0F()[n] + Ad|Q[n] = 0

with A := —0F(Q)[no]. Ultimately, it is straightforward to notice that A > 0. If
not, it holds dF(2)[no] > 0, and we consider the flow associate to the vector field
& = —ny € C°(D;R?), where 1 is again as in [15, Lemma 11.3]. Since §|Q|[¢] = —1,
there exists ¢ty > 0 small such that

,(Q)| < [Qf,  for t € [0,t).

Therefore, by Remark 1.6, we can consider the family ®,(2) as admissible competitor
for ), for t sufficiently small. Finally, the contradiction follows by computing the
shape derivative along the flow generated by &, that is

0F(Q)E] = =0F(Q)[no] = A =0,

which contradicts the minimality of the set €. [

Proposition 2.5. (Second variation) Let D be a bounded open set in R? and Q C D
be a minimizer to (5). Given A > 0 be the constant from Proposition 2.4, then

9 o divnda 9 _ Jodivnda
d ]:(Q) {77 fgdwfdzxg} + Ad |Q| {77 deivfd:vg} >0,

for every couple of smooth vector field n,§& € CSO(D;RUZ) with disjoint support and

satisfying

3] = / divEdz # 0.
Q

Proof. Let n,& € C>°(D;R?) be smooth vector fields with disjoint compact sup-
ports, satisfying

suppn NQ #£ 0, suppENQ#( and /divfd:cséo.
0

Then, consider the volume-preserving flow from Lemma 2.3
O: (—tg,to) x R = RY, &y(z) = 1d(z) + tn(z) + f(t)¢(),

with f satisfying (17). Then, by exploiting the differentiability of the functional F
along ®; (see [7, Proposition 2.8]), we infer that

F(@:(Q) = F(Q) +t6F(Q) [n+ f'(0)¢]
+ S (O2F Q) [0+ (0)€] +6F Q) [£'(0)E]) + o(t?).



700 D. Mazzoleni et al. / On the Dimension of the Singular Set ...

First we note that, using (18),

SFQ)["(0)¢] =~ (10l + (/(0))5* 2 €)

= A (0%1Q[n] + (f'(0))*6%|[€]) .
which, together with Proposition 2.4 and the minimality of €2, implies that
FF( Q)+ f(0)€] + A (82[Q[n] + (£(0))*6*[[¢]) = 0.

Ultimately, since suppn Nsuppé = 0, we can rewrite the last two terms in the
left-hand side as

F*F(Q)n + f/(0)¢] + Ad*|Q[n + f(0)¢] > 0.
The claim now follows by the first estimate in (17). O

Remark 2.6. In this paper, the focus is on the volume-preserving first and second
variations to the functionals introduced in (5) and (9). Nonetheless, the results of
this section are still valid under some mild assumptions on the functionals as the
differentiability of the state functions with respect to smooth internal variations
with compact support (in the sense of [7, Section 2.1]).

3. Stable homogeneous solutions of the one-phase Bernoulli problem

In this section we study the singular set of the stable global solutions of the one-phase
Bernoulli problem (see Definition 3.1 for the definition of global stable solution)
along a suitable class of internal variations. The main results is Theorem 1.9, which
we use in Theorem 1.7 (resp. Theorem 1.8) in Section 4, in order to estimate the
dimension of the singular set of the free boundary of the optimal sets for (5) (resp.
(9)). The present section is of independent interest and builds up on the theory
developed in [7, Section 7).

Before going into the proof of Theorem 1.9, let us recall the notion of global sta-
ble solution to the one-phase problem (Alt-Caffarelli) introduced in [7]. Given a
Lipschitz function u: R — R and A > 0 we consider the Alt-Caffarelli functional

Ga(u) == / \Vul>dz + A{u >0} NRY, with A>0.
Rd

Then, let €, = {u > 0} and
6Gy : COH(R) x C°(R%:RY) — R, 52Gy : COH(R) x O (R4 RY) — R,
be the functionals defined as follows: for n € C°(R%; R?) set

Ga(wln) = [

(Vu -0AVu + Adiv n) dx, (19)
Qu

§2Ga(u)[n] == /Q 2Vu - (62 A)Vu — 2|V (6u)|* + A((div n)? +n - V(div 7])) dx,

where 0A, 02A are defined in (14) and where du € H}(€,) is the weak solution to
—A(6u) = div ((JA)Vu) inQ,,  due Hy(Q). (20)
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Definition 3.1. (Global stable solutions of the one-phase problem) A function
u: R? = R is said to be a global stable solution of the one-phase problem if, for
every smooth vector field with compact support € C°(R%; R?), we have:

0Ga(u)l} =0 and  §°Ga(u)[n] > 0, (21)

and if the following conditions are fulfilled:

(A1) w is globally Lipschitz continuous and non-negative on R
(A2) wu is harmonic in the open set €,;
(A3) there is a constant ¢ > 0 such that

|Br(x0) N Q| < (1= ¢)[ B,

for every 7o € R?\ Q, and every r > 0;
(A4) 0 € 09, and there is a constant C' > 0 such that

sup u > %r for every 9 € Q, and r > 0;
Br(z0)

(A5) there is a constant C' > 0 such that, for every R > 0,

Vu-Vepdz

Br

< OR"Y|¢llpo(py for every ¢ € C°(Bg).

Remark 3.2. Recently, in [11] Kamburov and Wang address the case of classical
solutions to the one-phase problem which are stable with respect to the inequality (1)
of Caffarelli-Jerison-Kenig. In particular, by leveraging the stability and smoothness
of the free boundary, they deduce the non-degeneracy of the solution at the free
boundary points. However, in our case, it is not possible to deduce assumption
(A4) from the other conditions in Definition 3.1. This is due to the inevitable
presence of singularities for a globally stable solution in the sense of Definition 3.1,
as illustrated by the example in [9].

Definition 3.3. (Critical dimension for stable solutions) We define d* to be the
smallest dimension admitting a 1-homogeneous global stable solution u : R? — R
with 0 € Sing(0€,,).

In [7], with Buttazzo and Maiale, we developed a theory about the regularity of
the stable global solutions of the one-phase Alt-Caffarelli problem and we proved
the existence of a critical dimension d* (in the sense of Definition 3.3), in which a
singular global stable solution appears for the first time (see [7, Theorem 7.8]), and
we show that the d* € {5,6,7} (see [7, Theorem 7.9]). In Theorem 1.9 we extend
the previous analysis to the case of stable solutions of the one-phase problem with
respect to mean-zero variations.

Definition 3.4. (Global stability along mean-zero variations of the one-phase prob-
lem) A function u : RY — R is said to be a global stable solution of the one-phase
problem “along mean-zero variations” if:

(1) conditions (A1), (A2), (A3), (A4), (A5) of Definition 3.1 are satisfied;
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(2) for every couple n,& € C°(R% RY) of smooth vector fields with disjoint com-
pact supports satisfying

/ div ¢ dz # 0,

Jo, divndz

it holds that 6GA(u)[n] =0 and 8°Ga(u) [77 T dveds
Qu 1

g} >0.  (22)

We highlight that the conditions (1)—(2) in Definition 3.4 are satisfied by the blow-
ups of numerous shape optimization problems, for instance by the state functions of
the domains arising from (5) (see Section 4), and naturally, by the global minimizers
of the Alt-Caffarelli functional.

3.1. Proof of Theorem 1.9

Given that the first variation in (22) coincides with that in (21), the proof reduces to
showing that the hypotheses from Definition 3.4 imply the stability condition (21),
that is global stable solutions along mean-zero variations are actually stable in the
sense of Definition 3.1. Then, the claim follows by applying [7, Theorem 7.8] and
[7, Theorem 7.9].

In view of the classical Federer’s reduction principle (see for instance [15, Proof of
Proposition 10.13)), it is not restrictive to assume that 0€2, has an isolated singu-
larity at the origin, that is

Sing(02,) = {0} and Reg(0€2,) = 092, \ {0}
and that v is a classical solution to the PDE
Au=0 in§,, |Vu| = VA on Reg(dQ,) . (23)

We stress that, in light of the results from [2] (which we recalled in Theorem 1.1),
Reg(09,) is locally the graph of a C* smooth function. Now, given n € C>°(R%; R?),
we fix

R>0 and xo € Reg(09Q,) N 0Bag,

such that Br(x¢) Nsuppn =0 and 0 & Br(xo).

By (22) and the fact that & — 62G,(u)[€] is quadratic, for every & € C°(Bg(x); R?)
with support disjoint from that of 7, we have

0 < 52Ga(u) {n —¢ /Q u divndx} = %G (u)n] + ( /Q divndx)2 §2G\(w)[€]. (24)

u

Since Bgr(xg) N 0L, = Reg(09,), by [7, Proposition 7.12] (in particular, Step 4 of
its proof), we have

pontle <2| [ Mvu-gFdo— [ (HIvu-pan

u

where H is the mean curvature of 02, N suppé.
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We proceed by constructing a specific family of vector fields depending on a param-
eter ¢ € (0,1). Ultimately, the result follows by passing to the limit as e — 07.
Up to a change of coordinate, it is not restrictive to assume that zq is of the form
xo = (x3,0) and that ey is the interior normal to the free boundary at zy. Now,
consider a smooth function G. € C*°(Bg(x¢)) such that

/ VG.[2dr =, / Gulda! = 1.
Br(zo)N{zy>0} Br(zo)N{zq=0}

where we used the notation x = (2/,x,), with 2/ € R¥"1. Now, it is not restrictive
to suppose that Br(zg) N €Y, is the graph of a C*“-function, so that

), N Br(a) = {(x',xd) € Bi(z)) x (—R,R) : x4 > (b(x’)}.
where ¢ : By(x) — (—R, R) is a C* smooth function satisfying

¢(r) = [Vard(xp)] = 0 with V2,6(x,) diagonal.

Moreover, by differentiating twice the free boundary condition u(z’, ¢(z')) = 0, for
every o' € B(x), and by exploiting the (—1)-homogeneity of the second derivatives
of u, we deduce that in B (x()

IVao(z)| < CVA ||Vi’“”Lw(B;2(z'o)>

VA VA
< ¥ |92 < C ViUl e on

HL°°(Bi (zo/R))

with C'>0 a dimensional constant. Then, if we consider g. € C2°(Bg(z)) such that

ge(2', xq) = Ge (2, xg — (), with (', 24) € Br(xo) N Qy,
: 2
we infer that / Vg.|?dx < C’ HVCQCUHLOO(BBQ g,
BR(mo)ﬂQu
and / |ge| dH <C<1+ va HL°° OB )
Br(zo)Ny, 2

Finally, since 052, is homogeneous, if we consider

&(x) = ¥ g (ex) Vu(x), (25)
we get as e — 07
182G (u)[€]| < 2A|e%~ 2/ IV (g-(ex))|? dx — 24~ 2/ r)|g.(ex)* dH?
BRr (x0/e)NQy Bpr (:po/s NIy

< 2Ae? \Vg|?de — [ |H(x)|g? dH*"

BR(:L'Q)QQH BR({E())ﬁaﬂu

<20 (14 2 V20l oy ) (14 5 I ooy )2* — OF
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Naturally, in the previous inequality we used that the 1-homogeneity of u implies
that H is a —1-homogeneous in R,

Finally, by choosing in (24) the vector field £ € C>(R%; R?) defined as (25), we get

5Gr(u)ln] > — ( | divndx)zﬁgmu)m e ( | divndx)Zed

which leads to the stability condition (21), as ¢ — 0%,

4. On the Aguilera-Caffarelli-Spruck functional

As a consequence of Section 3 and the analysis in [7, Section 2] and [7, Section 4],
we finally deduce an estimate on the dimension of the singular part of the boundary
of the optimal sets arising in a heat conduction problem studied in [2] by Aguilera,
Caffarelli and Spruck.

4.1. Preliminary results on the optimal shape

In [2] the authors proved the existence of an optimal (open) set Q@ C D that mini-
mizes (8) and for which the following holds.

(H1) The state function ug, vg are Lipschitz continuous and non-negative in D.
(H2) There exists g > 0,79 > 0 such that
go| Br| < |By(w0) N Qf < (1 = 20)|B,],
for every ball B,(xy) C D of radius r < r¢ centered on 02 N D.
Moreover, for every xy € 9Q N D, r € (0,79), it holds
{0 < uq < rt} N B.(z9)| < Ct| B, |, (26)
for every t > 0; the same estimate (26) being valid also for the function vg.

(H3) The functions ugq, v are non-degenerate, that is, there is a constant C' > 0

for which
1

. 1 -1 1

— ug dH" > =1, _/ vodH" > =1
ra-t /83r(:c) ¢ rd-t 9B, (z) ¢

for every x € Q and every B,(x) C D.
(H4) There is a constant M > 0 such that, for every By, (z9) C D, we have the

bound

0< ‘/ Vg - Vipda| + ‘/ Voo - Vi dz| < M||o|| oy o))
By (z0) By (z0)

for every ¢ € C%Y(By,(x9)), where C%!(Bs,(z0)) is the space of Lipschitz
functions with compact support in Bs,(xg).

(H5) Qis an NTA domain, so the Boundary Harnack Principle holds on €.
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4.2. Blow-up analysis and dimension reduction

Using the blow-up analysis from [7, Section 4] and by adapting the argument from
[7, Lemma 8.2] to the stability along volume-preserving variations (see Theorem
2.1), we get the following compactness result.

Lemma 4.1. Let Q be an optimal set for (5) and let u := ug and v := vq be the
state functions from (3) and (7). Given xo € 02N D and r > 0, we set, as usual,

1 1
Ugy () 1= ;u(xg +rx) and Vg () 1= ;v(a:o +ra),

for a choice of the parameter so that B,(xo) C D. Then, there exists a sequence
r, — 0 such that

lim g, = wo and lim vy, = o
k—o0 k—ro0

locally uniformly in R® and strongly in H} (R?). Moreover, the following holds:
(1) ug and vy are proportional

(2) there exists X\ > 0 such that \ug is a global stable solution of the one-phase
problem along mean-zero variations, in the sense of Definition 3.4.

Proof. The proof consists of applying the general program from [7] (see also [14, 13])
by keeping track of the stability condition of Theorem 2.1 along volume-preserving
variations. Therefore, we simply sketch the key points of this strategy.

First, by exploiting assumptions (H1)-(H5), we get that there exists r, \, 0T such

that ug,,, and v, converge strongly in H. (R?), and locally uniformly in R

respectively to ug and vg. Moreover, the sets i(Q — xg) converge to the limit set

Qo = {up > 0} = {vy > 0}, with respect to the local Hausdorff distance (see [7,
Section 4] for more details on the blow-up procedure).

Step 1. Stability of with respect to blow-up sequences. First, by the compactness
result we deduce that the validity of (H1)—(#5) implies that the limits ug and vy
satisfy the assumptions (LA1)—(A5) of Definition 3.1. Then, by Theorem 2.1, there
exists A > 0 such that the functional

Fa(§2) = F(Q) + Al

_ Jo divyda

satisfies OFA()[m =0 and 0°Fa() {77 [, div & dz
Q

5} >0, (@)

for every couple n,£ € C®(R? R?) of smooth vector fields with disjoint supports
and [divE # 1 (see (13) and Theorem 2.1 for the definition of F,). Then, by
combining the notion of stable solution along volume-preserving variations (27) with
the argument in [7, Lemma 8.2], we obtain that the first and the second variations
of Fy pass to the limit, i.e.

SEAQ) =0  and  82Fa() {n - mg] >0, (28)
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Since in this case the domain €2y is unbounded, we stress that dug and dvg solve the

PDEs .
—A(bug) = div ((64)Vug) in Qp Sug € Hy () ;

—A((Svo) = div ((5A)VU()) in QO s 51)() S H&(Qo) s
in the sense of [7, Section 7.1] (see also Remark 2.2).

Step 2. wug and vy are proportional. Since by (#5) the Boundary Harnack Princi-
ple holds on the optimal set €2, the ratio of the two state variables is locally Holder
continuous and positive. Therefore, the blow-up limits previously defined are pro-
portional, and vy = Cug for some C' > 0 (see the “second blow-up” in [7, Section
4.3]).

Step 3. The Lagrange multiplier A is positive. We notice that if A > 0, then, up
to multiplying uy by a constant, the inequalities (27) correspond precisely to the
stability condition (22) in Definition 3.4, which concludes the proof of the Lemma.

Therefore, we only need to show that A # 0. Suppose by contradiction that A = 0.
Then, by exploiting the proportionality of uy and vy, we have that:

(a) wo € HY

L (R%) is a non-negative Lipschitz function satisfying

AUO =0 in Qo )
(b)  wy satisfies the extremality condition
0= [ Vug-(0A)Vuydr = / (2Vug - Dn(Vuo) — |Vul*divn) dz,
QO QO

for every smooth vector field with compact support n € C>°(R%; RY).
Then, by [15, Proposition 11.4] we get that
|B\ Q| =0, for every ball B C RY,
in contradiction with the density estimates (.A4). O
Although in [2] the authors proved the local C'* regularity for the regular part
Reg(09, N D) of the free boundary, in order to apply the program defined in [7] it

is more convenient to reformulate the notion of “regular part” of the free boundary
as follows.

4.3. Proof of Theorem 1.7

Let now 2 be the optimal set for (5) from Theorem 1.1. We notice that the regular
and the singular parts of the free boundary 92N D defined in [2] can be equivalently
characterized as follows.

(1) The regular part, Reg(0f?), is the set of points zqg € 92 N D at which there
exists a blow up limit ug, vy : R — R of the form

wo(x) =a(x-v)y and wvy(x)=p(x-v)y,

for some unit vector v € R? and some constants o > 0 and 3 > 0 such that
aff = A, where A is precisely the Lagrange multiplier from Theorem 2.1.
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(2) The remaining part of the free boundary is the singular set:
Sing(092) := (022N D) \ Reg(09).

Now, proceeding as in [7, Theorem 8.1], we use the epsilon-regularity result [13]
and the classical argument for estimating the dimension of the singular set via the
Federer’s reduction principle (see for instance [7, Section 8] and [15, Chapter 10]),
we obtain that the dimension of the singular set is preserved under blow-up limits.
We notice that here, as in the penalized case considered in [7, Appendix A], the
vectorial nature of the problem (5) requires performing a “double blow-up”. Indeed,
by applying the blow-up analysis consecutively, we first reduce the problem to the
scalar case (i.e. the blow-up limits are proportional, Lemma 4.1). Then, since the
first variation is preserved under blow-up, we obtain that the monotonicity formula
of Weiss holds (see [7, Section 4.4]) for the first blow-up. As a consequence, the
second blow-up is a 1-homogeneous function. By the last part of Lemma 4.1, this
function is a global stable critical point of the one-phase problem along mean-zero
variations. At this point, Theorem 1.7 follows by applying Theorem 1.9.
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