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We prove estimates on the dimension of the singular part of the free boundary for solutions to
shape optimization problems with measure constraint. The focus is on the heat conduction problem
studied by Aguilera, Caffarelli, and Spruck and the one-phase Bernoulli problem with measure
constraint introduced by Aguilera, Alt and Caffarelli. To estimate the Hausdorff dimension of the
singular set, we introduce a new formulation of the notion of stability for the one-phase problem
along volume-preserving variations, which is preserved under blow-up limits. Finally, the result
follows by applying the program recently published by G. Buttazzo, F. P. Maiale, D. Mazzoleni,
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1. Introduction

In this paper, we prove estimates on the dimension of the singular part of the
solutions to free boundary problems with measure constraint. Although in many
physical or engineering problems involving free boundaries a measure constraint nat-
urally arises, the mathematical theory of regularity for these problems has focused
mostly on functionals made of a Dirichlet type energy summed to a measure term
(see for example [3]), and thus with no measure constraint.
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Here we focus on improving two regularity results for free boundary problems with
measure constraints. Precisely, we consider the one-phase Bernoulli problem with
measure constraint introduced by Aguilera, Alt and Caffarelli in [1] (see Section 1.3)
and the heat conduction problem of Aguilera, Caffarelli and Spruck [2] (see Section
1.2). In both cases we prove that the full regularity of the free boundary can be
pushed up to a critical dimension d∗ ∈ {5, 6, 7} (see Section 1.1 and the discussion
in [7, Section 7]), while, for d ≥ d∗, we give an estimate on the dimension of the
singular set via a dimension reduction principle. In particular, we show that in
dimensions d = 2, d = 3 and d = 4, the free boundaries are smooth.

1.1. The critical dimension d∗

For any open set D ⊂ Rd and every function u ∈ H1(D), let J be the one-phase
Alt-Caffarelli functional

J(u,D) =

∫
D

|∇u|2 dx+ |{u > 0} ∩D|.

We say that a non-negative u : D → R is a minimizer of the one-phase functional
in D if

J(u,D) ≤ J(v,D) for every v∈H1(D) such that v − u∈H1
0 (D),

and we say that a non-negative u : Rd → R is a global minimizer of the one-phase
functional if
J(u,D) ≤ J(v,D) for every open D ⊂ Rd and every v∈H1(D) with v−u∈H1

0 (D).

In [16], Weiss showed that if u is a minimizer of the one-phase functional in an open
set D ⊂ Rd, then any blow-up limit of u is a 1-homogeneous global minimizer. This
allowed to apply the Federer’s dimension reduction principle to minimizers of the
one-phase functional showing that:
• if d < d∗min, then any minimizer u of J in D ⊂ Rd has C1,α free boundary;
• if d = d∗min, then a minimizer u of J in D ⊂ Rd might have singularities, but

they have to be isolated points;
• if d > d∗min, then the set of singular free boundary points of a minimizer u of J

(in any open D ⊂ Rd) must have Hausdorff dimension at most d− d∗min,
where d∗min is the smallest dimension d in which there is a 1-homogeneous global
minimizer u : Rd → R of the one-phase functional with a singularity in zero. In
view of the above results of Weiss, the estimate on the dimension of the singular set
of minimizers to the one-phase problem is reduced to finding the critical dimension
d∗min.
In [8], Caffarelli, Jerison and Kenig used a geometric argument to show that if
u : Rd → R is a global 1-homogeneous minimizer with free boundary ∂{u > 0},
which is smooth outside of the origin, then on the positivity set Ωu := {u > 0} the
following stability inequality holds:∫

Ωu

|∇φ|2 dx ≥
∫
∂Ωu

|H|φ2 for every φ ∈ C∞
c (Rd \ {0}), (1)

where H is the mean curvature of the boundary ∂Ωu.
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Then, they exploited this information to show that d∗min ≥ 4. Later, De Silva and
Jerison [9] found an example of a 1-homogeneous global minimizer with singularity
in zero in dimension 7, thus showing that d∗min ≤ 7. Finally, Jerison and Savin [10]
studied functions u : Rd → R satisfying
• u is non-negative, Lipschitz and 1-homogeneous;
• ∆u = 0 in the open set Ωu := {u > 0};
• ∂Ωu \ {0} is C∞ smooth and |∇u| ≡ 1 on ∂Ωu \ {0};
• Ωu supports the stability inequality of Caffarelli-Jerison-Kenig.
By exploiting an argument similar to the one used by Simons for minimal surfaces,
they showed that if u is a function satisfying these conditions in dimension d ≤ 4,
then u is (the positive part of) a linear function. Thus, they showed that there are
no singular minimizers of the one-phase functional in dimension d ≤ 4, which means
that d∗min ≥ 5.
In [7], with Buttazzo and Maiale, we studied the regularity of the free boundary
of a shape optimization problem for which the analysis cannot be reduced to the
study of minimizers or almost-minimizers of the one-phase functional. Precisely, the
optimality condition in [7] could only be expressed in terms of interior variations
with smooth vector fields, which made impossible the application of the dimension
estimates of Weiss. Thus, we introduced the notion of global stable solution of the
one-phase Bernoulli problem (see Definition 3.1 for the precise definition), which
allowed to prove a dimension reduction principle. We also gave the following defini-
tion of critical dimension d∗ for global stable solutions: d∗ is the smallest dimension
d in which there is a 1-homogeneous global stable solution u : Rd → R with isolated
singularity in zero. Precisely:
• If u is a 1-homogeneous global stable solution in Rd, with d < d∗, then neces-

sarily u(x) = (x · ν)+ for some unit vector ν ∈ Rd. (2)
• In Rd∗ there is a 1-homogeneous global stable solution u which is not of the

form (2); the free boundary ∂{u > 0} is a smooth manifold in Rd∗ \ {0} and
has a singularity in 0.

Again in [7], we showed that the positivity set Ωu of a global stable solution u
supports the Caffarelli-Jerison-Kenig’s stability inequality. Thus, by applying the
result of Jerison and Savin, we were able to conclude that 5 ≤ d∗ ≤ 7.
In the present paper, we use the theory from [7] to obtain dimension bounds on the
singular part of the free boundary for solutions to shape optimization problems with
measure constraints. The focus is on the problems studied by Aguilera-Caffarelli-
Spruck and Aguilera-Alt-Caffarelli, which we briefly discuss in the subsections 1.2
and 1.3 below. We notice that, just as in [7], the optimization problem of Aguilera-
Caffarelli-Spruck cannot be written as a variational minimization problem of a single
integral functional. Here, the additional difficulty with respect to [7] is the presence
of a measure constraint, which reduces the class of admissible perturbations.

1.2. Optimization problem in heat conduction
Let D be a smooth bounded open set in Rd and let

ϕ : ∂D → R and φ : ∂D → R
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be smooth functions on ∂D, which are bounded from below and above by positive
constants 0 < c ≤ C. Let Ω ⊂ D be an open set, for which the set K := D \ Ω is a
compact subset of D. For every such Ω, we denote by uΩ ∈ H1(D) the solution to
the problem

∆uΩ = 0 in Ω , uΩ = φ on ∂D , uΩ ≡ 0 on K = D \ Ω , (3)

and we set F(Ω) :=

∫
∂D

ϕ
∂uΩ

∂ν
dHd−1 (4)

where ν is the outer unit normal to ∂D. In [2], Aguilera, Caffarelli and Spruck
studied the following shape optimization problem

min
{
F(Ω) : Ω ⊂ D; Ω − open; |Ω| = m; D \ Ω − compact subset of D

}
, (5)

where m is fixed and such that 0 < m < |D|. They showed that there exists a
solution Ω to (5) whose reduced boundary ∂∗Ω ∩ D is C∞ smooth and that there
exists Λ > 0 for which

|∇uΩ||∇vΩ| = Λ on ∂∗Ω ∩D , (6)

where vΩ is the solution to the PDE

∆vΩ = 0 in Ω , vΩ = ϕ on ∂D , vΩ ≡ 0 on K = D \ Ω . (7)

Precisely, the regularity theorem of Aguilera, Caffarelli and Spruck is the following:

Theorem 1.1. (Aguilera-Caffarelli-Spruck [2]) Let D ⊂ Rd be a smooth open and
bounded set. There is a solution Ω to (5) whose free boundary ∂Ω ∩ D can be
decomposed as the disjoint union of a regular part Reg(∂Ω) and a singular part

Sing(∂Ω) := (∂Ω ∩D) \ Reg(∂Ω).

The regular set Reg(∂Ω) is a relatively open subset of ∂Ω ∩ D and (locally) a C∞

manifold.
The remaining singular part Sing(∂Ω) is a closed set such that

Hd−1
(
Sing(∂Ω)

)
= 0.

Remark 1.2. We notice that, we can rewrite the functional (4) in terms of the
state variables uΩ and vΩ, as follows:

F(Ω) =

∫
D

∇uΩ · ∇vΩ dx. (8)

1.3. One-phase Bernoulli problem with measure constraint

Let D be a smooth bounded open set in Rd and let φ : D → R be a non-negative
function in H1(D). In [1], Aguilera, Alt and Caffarelli studied the following varia-
tional problem

min
{∫

D

|∇u|2 dx : u ∈ H1(D), u− φ ∈ H1
0 (D), |{u > 0} ∩D| = m

}
, (9)

for any fixed m > 0 with 0 < m < |D|, and they proved the following theorem.
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Theorem 1.3. (Aguilera-Alt-Caffarelli [1]) Let D ⊂ Rd be a smooth open and
bounded set. There is a solution u to (9). For every solution u with positivity set
Ωu := {u > 0} its free boundary ∂Ωu∩D can be decomposed as the disjoint union of
a regular part Reg(∂Ωu) and a singular part Sing(∂Ωu). The regular part Reg(∂Ωu)
is a relatively open subset of ∂Ωu∩D and (locally) a C∞ manifold, while the singular
is such that:

Hd−1
(
Sing(∂Ωu)

)
= 0.

Remark 1.4. In [1] it was shown that there exists a minimizer which is regular; for
the regularity of every minimizer, as stated in the above theorem, we refer to [15,
Chapter 10], where it is used an argument inspired by [5] and [4].

Remark 1.5. We notice that it is possible to write (9) as a shape optimization
problem in terms of the shape functional

F(Ω) =

∫
D

|∇uΩ|2 dx, (10)

where for every Ω ⊂ D, the state function uΩ ∈ H1(D) is the solution to the PDE

∆uΩ = 0 in Ω , uΩ − φ ∈ H1
0 (Ω). (11)

Precisely, if u minimizes (9), then the set Ω := {u > 0} is open and

F(Ω) ≤ F(Ω̃), for every open set Ω̃ ⊂ D with |Ω̃| = m.

Conversely, if Ω is an open subset of D, minimizing F among all open subsets of
fixed measure m, then the solution uΩ to (11) is a solution to (9). Thus, problem
(9) can be seen as a particular case of (5) in which ψ = φ and uΩ = vΩ.

Remark 1.6. We also notice that both problems (5) and (9) are respectively equiv-
alent to the auxiliary problems

min
{
F(Ω) : Ω ⊂ D; Ω − open; |Ω| ≤ m

}
.

Indeed, it is not hard to show that there is a minimizer to this auxiliary problem and
that every minimizer saturates the measure constraint; we refer to [15, Proposition
11.1] for (9) and [6, Theorem 1.5] for problem (5).

1.4. Main results
In this paper we enhance the results of Aguilera-Caffarelli-Spruck [2] and Aguilera-
Alt-Caffarelli [1] by improving the estimates on the dimension of the singular sets
of the free boundaries of the solutions to (9) and (5). In particular, we show that
in the physically relevant dimension d = 3 (and also in d = 2 and d = 4) the free
boundaries are C∞ smooth. Our main results are the following.
Theorem 1.7. (Dimension of the singular set for solutions to (5)) Let Ω be as in
the statement of Theorem 1.1, then the following holds:

(i) if d < d∗, then Sing(∂Ω) = ∅;
(ii) if d ≥ d∗, then the Hausdorff dimension of Sing(∂Ω) is at most d− d∗;

where d∗ is the critical dimension from Section 1.1.
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Similarly, the vectorial problem (5) immediately implies the following result for its
scalar counterpart, that is the one-phase problem with measure constraint (9).
Theorem 1.8. (Dimension of the singular set for solutions to (9)) Let u be as in
the statement of Theorem 1.3. Then the following holds:

(i) if d < d∗, then Sing(∂Ωu) = ∅;
(ii) if d ≥ d∗, then the Hausdorff dimension of Sing(∂Ωu) is at most d− d∗;

where d∗ is the critical dimension from Section 1.1.

As explained in Remark 1.5, Theorem 1.8 follows from Theorem 1.7. Thus, we will
focus on the heat conduction problem of Aguilera-Caffarelli-Spruck. From now on,
given D a smooth bounded open set in Rd, we set Ω to be a minimizer of

min
{
F(Ω) : Ω ⊂ D; Ω − open; |Ω| = m

}
,

where 0 < m < |D| and where F is given by (8).
The main steps in the proof of Theorem 1.7 are the following.
First, given any smooth vector field with compact support η ∈ C∞

c (Rd;Rd), we
construct a volume preserving flow, whose infinitesimal generator coincides with η
in a neighborhood of {η 6= 0}. Then, we show that if Ω is an optimal set for (5),
then there exists a Lagrange multiplier Λ ≥ 0 such that Ω is stable for the functional

FΛ(Ω) = F(Ω) + Λ|Ω|,

with respect to volume-preserving domain variations (see Theorem 2.1). Moreover,
by exploiting the PDEs satisfied by the state functions associated to the optimal
shape, we prove that Λ > 0. For this first part of the proof, we follow a general well-
known program for measure-constrained optimization problems (see, for instance,
[15, Section 11] and [12, Section 17.5]).
In the second part of the proof, we show that the estimates on the dimension of the
singular part hold for solutions which are stable with respect to volume-preserving
variations. The key result is the following.

Theorem 1.9. Suppose that u : Rd → R is a 1-homogeneous global stable solution
of the one-phase problem along mean-zero variations (in the sense of Definition 3.4).
Then, if Ωu = {u > 0}, the following holds:

(i) if d < d∗, then u is a half-plane solution ;
(ii) if d = d∗, then Sing(∂Ωu) = {0} or u is a half-plane solution ;
(iii) if d > d∗, then the Hausdorff dimension of Sing(∂Ωu) is at most d−d∗, i.e.,

Hd−d∗+s
(
Sing(∂Ωu)

)
= 0 for every s > 0 ;

where d∗ is the critical dimension from Definition 3.3, satisfying 5 ≤ d∗ ≤ 7.

Finally, using this result, together with the Federer’s dimension reduction principle
and the blow-up analysis carried out in [7], we conclude that in dimension d < d∗

all the points on the optimal free boundary ∂Ω ∩ D are regular, while in higher
dimension, we prove the Hausdorff estimates from Theorem 1.7.
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1.5. Plan of the paper

In Section 2 we show the existence of volume-preserving inner domain variations
and we prove the validity of a stability-type condition for minimizers of F along a
suitable class of volume-preserving flows. In Section 3 we recall the notion of a global
stable solution to the one-phase Bernoulli problem introduced in [7] and we study
the case of stability with respect to volume-preserving variations. This section can
also be read independently and, together with Section 2, contains the key results for
the analysis of the singular set for volume-constrained free boundary problems. In
Section 4 we apply the previous analysis to the heat conduction problem (5). More
precisely, in light of the blow-up analysis developed in [7], we connect the occurrence
of singularity at a macroscopic level to the possible existence of singular stable cones
for the Alt-Caffarelli functional, in the sense of Section 3. Ultimately, the estimates
in Theorem 1.7 follow by Federer’s reduction principle.

1.6. Notations

Throughout the paper, we use the notation

Br(x0) = {x ∈ Rd : |x− x0| < r},

for the ball of radius r centered at point x0 and, when x0 = 0, we simply write
Br = Br(0). For any set E ⊂ Rd, we define

1E(x) :=

{
1, if x ∈ E,

0, if x ∈ Rd \ E.

Given a non-negative function u we often denote its positivity set as Ωu := {u > 0}.
We denote by H1(Rd) the set of Sobolev functions in Rd, that is, the closure of the
smooth functions with bounded support in Rd with respect to the usual Sobolev
norm

‖ϕ‖2H1 =

∫
Rd

(
|∇ϕ|2 + ϕ2

)
dx .

Similarly, for an open set Ω ⊂ Rd, we define the Sobolev space H1
0 (Ω) as the closure

of C∞
c (Ω) with respect to ‖ · ‖H1 . Therefore, every u ∈ H1

0 (Ω) is identically zero
outside the set Ω and the inclusion H1

0 (Ω) ⊂ H1(Rd) holds true. When dealing with
PDEs on cones we will use the space

Ḣ1(Rd) = {u ∈ L2∗(Rd) : ∇u ∈ L2(Rd,Rd)},

equipped with the usual norm ‖u‖Ḣ1 = ‖∇u‖L2 , and Ḣ1
0 (Ω) is the closure of C∞

c (Ω)
in Ḣ1(Rd). If Ω satisfies uniform exterior density estimates, the following character-
ization holds:

Ḣ1
0 (Ω) = {u ∈ Ḣ1(Rd) : u = 0 a.e. in Rd \ Ω}.

For any function u : Rd → R we will denote by ∇Tu and ∇u the vectors row and
column with components the partial derivatives of u, while ∇2u will be the Hessian
matrix of u.
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2. Volume-preserving variations

In this section we define a suitable collection of volume-preserving variations of a
domain Ω.
Let D ⊂ Rd be a bounded set and η ∈ C∞

c (D;Rd) be a smooth compactly supported
vector field in D. Let Φt : D → D, t ∈ R be the flow associated to η and consider
the sets Ωt := Φt(Ω). Then, by direct computations

δ|Ω|[η] := ∂

∂t

∣∣∣∣
t=0

|Ωt| =
∫
Ω

div η dx

δ2|Ω|[η] := ∂2

∂t2

∣∣∣∣
t=0

|Ωt| =
∫
Ω

(div η)2 + η · ∇(div η) dx.

(12)

Similarly, in view of the analysis conducted in [7, Section 2.1], it is possible to
compute the second variation of the functional F along internal smooth variations
with compact supports. Indeed, by recalling the definition of F in (8), we have

δF(Ω)[η] =

∫
Ω

∇uΩ · (δA)∇vΩ dx ,

δ2F(Ω)[η] = 2

∫
Ω

(
∇uΩ · (δ2A)∇vΩ −∇(δu) · ∇(δv)

)
dx ,

(13)

where the matrices δA ∈ L∞(D;Rd×d) and δ2A ∈ L∞(D;Rd×d) are given by

δA := −∇Tη −∇η + (div η)Id ,

δ2A := (∇Tη) (∇η) + 1

2

(
∇η

)2
+

1

2
(∇Tη)2 − 1

2
(η · ∇)

[
∇η +∇Tη

]
−

(
∇η +∇Tη

)
div η + Id (div η)2 + η · ∇(div η)

2
,

(14)

and where δu and δv are the solutions to the PDEs

−∆(δu) = div
(
(δA)∇uΩ

)
in Ω , δu ∈ H1

0 (Ω) ,

−∆(δv) = div
(
(δA)∇vΩ

)
in Ω , δv ∈ H1

0 (Ω) .
(15)

Clearly, in the case of the functional F , in which the dependence on the shape Ω
is formulated in terms the state variables uΩ, vΩ (e.g. a single state variable uΩ for
(9)), the previous derivatives must be calculated taking into account the effect of
the variation of the domains on the new state variable supported on the perturbed
domain. For more details on the derivation of (13) we refer to the analysis carried
out in [7, Section 2].
The following is the main result of this section.

Theorem 2.1. Let D be a bounded open set in Rd and Ω ⊆ D be a minimizer to
(5). Then, there exists Λ ≥ 0 such that, if FΛ(Ω) = F(Ω) + Λ|Ω|, then

δFΛ(Ω)[η] = 0 and δ2FΛ(Ω)

[
η −

∫
Ω
div η dx∫

Ω
div ξ dx

ξ

]
≥ 0 , (16)



D. Mazzoleni et al. / On the Dimension of the Singular Set ... 697

for every couple η, ξ ∈ C∞
c (Rd;Rd) of smooth vector fields with disjoint compact

supports satisfying ∫
Ω

div ξ dx 6= 0.

Remark 2.2. The second variation in (13) can be calculated by solving the system
(15), with δA and δ2A defined starting from the field

x 7→ η(x)−
∫
Ω
div η dx∫

Ω
div ξ dx

ξ(x).

Before proceeding with the proof, we start by proving the existence of a volume-
preserving variation for every open shape.

Lemma 2.3. (Volume-preserving variations) Let D be a bounded open set in
Rd,Ω ⊆ D be an open set and η ∈ C∞

c (D;Rd) be a compactly supported vector
field. Then, for every vector field ξ ∈ C∞

c (D;Rd) satisfying

δ|Ω|[ξ] =
∫
Ω

div ξ dx 6= 0 and supp η ∩ supp ξ = ∅,

there exists t0 > 0 and f ∈ C∞((−t0, t0)) such that the map

Φt(x) = Id(x) + tη(x) + f(t)ξ(x)

preserves the volume of Ω, for every t ∈ (−t0, t0), that is

|Φt(Ω)| = |Ω| for every t ∈ (−t0, t0).

Moreover, the following identities hold true

f(0) = 0, f ′(0)

∫
Ω

div ξ dx = −
∫
Ω

div η dx (17)

f ′′(0)

∫
Ω

div ξ dx=−1

2

∫
Ω

(div η)2+η ·∇(div η)+(f ′(0))2(div ξ)2+(f ′(0))2ξ ·∇(div ξ) dx.

Proof. The proof is a straightforward application of the implicit function Theorem
to the map

φ(t, s) = |(Id + tη + sξ)(Ω)| − |Ω|, such that φ(0, 0) = 0.

Indeed, since ∂sφ(0, 0) =

∫
Ω

div ξ dx 6= 0,

there exists t0 > 0, sufficiently small, and f ∈ C∞((−t0, t0)) such that

φ(t, f(t)) = 0 for every t ∈ (−t0, t0).

Finally, the estimates in (17) follow by a direct computation. Indeed, since

0 =
∂

∂t

∣∣∣∣
t=0

φ(t, f(t)) = ∂tφ(0, 0) + f ′(0)∂sφ(0, 0)

we have that f ′(0) = −∂tφ(0, 0)

∂sφ(0, 0)
= −δ|Ω|[η]

δ|Ω|[ξ]
.
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Similarly,

0 =
∂2

∂t2

∣∣∣∣
t=0

φ(t, f(t)) = ∂2t φ(0, 0)+2∂t∂sφ(0, 0)f
′(0)+f ′′(0)∂sφ(0, 0)+(f ′(0))2∂2sφ(0, 0)

which implies

f ′′(0) = − 1

∂2φ(0, 0)

(
∂2t φ(0, 0) + 2∂t∂sφ(0, 0)f

′(0) + (f ′(0))2∂2sφ(0, 0)
)

= − 1

δ|Ω|[ξ]
(
δ2|Ω|[η] + 2f ′(0)δ2|Ω|[η, ξ] + (f ′(0))2δ2|Ω|[ξ]

)
= − 1

δ|Ω|[ξ]
(
δ2|Ω|[η] + (f ′(0))2δ2|Ω|[ξ]

) (18)

since supp η ∩ supp ξ = ∅. The claim now follows by (12).

The proof of Theorem 2.1 is now a consequence of the following propositions. In
Proposition 2.4, we show the existence of a Lagrange multiplier along inner varia-
tions. Then, in Proposition 2.5, we prove the validity of a stability-type condition
with respect to internal variations.

Proposition 2.4. (First variation) Let D be a bounded open set in Rd and Ω ⊆ D
be a minimizer to (5). Then, there exists Λ ≥ 0 such that, for every η ∈ C∞

c (D;Rd),

δF(Ω)[η] + Λδ|Ω|[η] = 0.

Proof. Let η, ξ ∈ C∞
c (D;Rd) be two smooth vector field with disjoint compact

supports, satisfying

supp η ∩ Ω 6= ∅ and supp ξ ∩ Ω 6= ∅.

Then, for t0 > 0 sufficiently small we consider the volume-preserving flow from
Lemma 2.3

Φ: (−t0, t0)× Rd → Rd , Φt(x) = Id(x) + tη(x) + f(t)ξ(x),

with f satisfying (17). Now, since |Φt(Ω)| = |Ω| for every t, we have

0 =
d

dt

∣∣∣∣
t=0

|Φt(Ω)| = δ|Ω|[η + f ′(0)ξ] = δ|Ω|[η] + f ′(0)δ|Ω|[ξ],

and, by the minimality of Ω among the sets of the same volume, we have

d

dt

∣∣∣∣
t=0

F(Φt(Ω)) = 0.

Finally, by exploiting the linearity of the variation of F with respect to smooth
vector field with compact supports, we infer that

0 =
d

dt

∣∣∣∣
t=0

F(Φt(Ω)) = δF(Ω)[η] + f ′(0)δF(Ω)[ξ] = δF(Ω)[η]−
(

δ|Ω|[η]
δ|Ω|[ξ]

)
δF(Ω)[ξ]

which implies that δF(Ω)[η]

δ|Ω|[η]
=

δF(Ω)[ξ]

δ|Ω|[ξ]
, for every η, ξ ∈ C∞

c (D;Rd).
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Now, by [15, Lemma 11.3], there is η0 ∈ C∞
c (D;Rd) such that

δ|Ω|[η0] =
∫
Ω

div η0 dx = 1.

Then choosing ξ = η0, for every η ∈ C∞
c (D;Rd) we have

δF(Ω)[η] + Λδ|Ω|[η] = 0

with Λ := −δF(Ω)[η0]. Ultimately, it is straightforward to notice that Λ ≥ 0. If
not, it holds δF(Ω)[η0] > 0, and we consider the flow associate to the vector field
ξ = −η0 ∈ C∞

c (D;Rd), where η0 is again as in [15, Lemma 11.3]. Since δ|Ω|[ξ] = −1,
there exists t0 > 0 small such that

|Φt(Ω)| ≤ |Ω|, for t ∈ [0, t0).

Therefore, by Remark 1.6, we can consider the family Φt(Ω) as admissible competitor
for Ω, for t sufficiently small. Finally, the contradiction follows by computing the
shape derivative along the flow generated by ξ, that is

δF(Ω)[ξ] = −δF(Ω)[η0] = Λ ≥ 0,

which contradicts the minimality of the set Ω.

Proposition 2.5. (Second variation) Let D be a bounded open set in Rd and Ω ⊆ D
be a minimizer to (5). Given Λ ≥ 0 be the constant from Proposition 2.4, then

δ2F(Ω)

[
η −

∫
Ω
div η dx∫

Ω
div ξ dx

ξ

]
+ Λδ2|Ω|

[
η −

∫
Ω
div η dx∫

Ω
div ξ dx

ξ

]
≥ 0,

for every couple of smooth vector field η, ξ ∈ C∞
c (D;Rd) with disjoint support and

satisfying
δ|Ω|[ξ] =

∫
Ω

div ξ dx 6= 0.

Proof. Let η, ξ ∈ C∞
c (D;Rd) be smooth vector fields with disjoint compact sup-

ports, satisfying

supp η ∩ Ω 6= ∅, supp ξ ∩ Ω 6= ∅ and
∫
Ω

div ξ dx 6= 0.

Then, consider the volume-preserving flow from Lemma 2.3

Φ: (−t0, t0)× Rd → Rd , Φt(x) = Id(x) + tη(x) + f(t)ξ(x),

with f satisfying (17). Then, by exploiting the differentiability of the functional F
along Φt (see [7, Proposition 2.8]), we infer that

F(Φt(Ω)) = F(Ω) + t δF(Ω)
[
η + f ′(0)ξ

]
+

1

2
t2
(
δ2F(Ω)

[
η + f ′(0)ξ

]
+ δF(Ω)

[
f ′′(0)ξ

])
+ o(t2).
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First we note that, using (18),

δF(Ω)[f ′′(0)ξ] = −δF(Ω)[ξ]

δ|Ω|[ξ]
(
δ2|Ω|[η] + (f ′(0))2δ2|Ω|[ξ]

)
= Λ

(
δ2|Ω|[η] + (f ′(0))2δ2|Ω|[ξ]

)
,

which, together with Proposition 2.4 and the minimality of Ω, implies that

δ2F(Ω)[η + f ′(0)ξ] + Λ
(
δ2|Ω|[η] + (f ′(0))2δ2|Ω|[ξ]

)
≥ 0.

Ultimately, since supp η ∩ supp ξ = ∅, we can rewrite the last two terms in the
left-hand side as

δ2F(Ω)[η + f ′(0)ξ] + Λδ2|Ω|[η + f ′(0)ξ] ≥ 0.

The claim now follows by the first estimate in (17).

Remark 2.6. In this paper, the focus is on the volume-preserving first and second
variations to the functionals introduced in (5) and (9). Nonetheless, the results of
this section are still valid under some mild assumptions on the functionals as the
differentiability of the state functions with respect to smooth internal variations
with compact support (in the sense of [7, Section 2.1]).

3. Stable homogeneous solutions of the one-phase Bernoulli problem

In this section we study the singular set of the stable global solutions of the one-phase
Bernoulli problem (see Definition 3.1 for the definition of global stable solution)
along a suitable class of internal variations. The main results is Theorem 1.9, which
we use in Theorem 1.7 (resp. Theorem 1.8) in Section 4, in order to estimate the
dimension of the singular set of the free boundary of the optimal sets for (5) (resp.
(9)). The present section is of independent interest and builds up on the theory
developed in [7, Section 7].
Before going into the proof of Theorem 1.9, let us recall the notion of global sta-
ble solution to the one-phase problem (Alt-Caffarelli) introduced in [7]. Given a
Lipschitz function u : Rd → R and Λ > 0 we consider the Alt-Caffarelli functional

GΛ(u) :=

∫
Rd

|∇u|2 dx+ Λ|{u > 0} ∩ Rd|, with Λ > 0 .

Then, let Ωu = {u > 0} and

δGΛ : C0,1(R)× C∞
c (Rd;Rd) → R, δ2GΛ : C0,1(R)× C∞

c (Rd;Rd) → R ,

be the functionals defined as follows: for η ∈ C∞
c (Rd;Rd) set

δGΛ(u)[η] :=

∫
Ωu

(
∇u · δA∇u+ Λdiv η

)
dx , (19)

δ2GΛ(u)[η] :=

∫
Ωu

2∇u · (δ2A)∇u− 2|∇(δu)|2 + Λ
(
(div η)2 + η · ∇(div η)

)
dx,

where δA, δ2A are defined in (14) and where δu ∈ Ḣ1
0 (Ωu) is the weak solution to

−∆(δu) = div
(
(δA)∇u

)
in Ωu , δu ∈ Ḣ1

0 (Ωu). (20)
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Definition 3.1. (Global stable solutions of the one-phase problem) A function
u : Rd → R is said to be a global stable solution of the one-phase problem if, for
every smooth vector field with compact support η ∈ C∞

c (Rd;Rd), we have:

δGΛ(u)[η] = 0 and δ2GΛ(u)[η] ≥ 0 , (21)

and if the following conditions are fulfilled:
(A1) u is globally Lipschitz continuous and non-negative on Rd;
(A2) u is harmonic in the open set Ωu;
(A3) there is a constant c > 0 such that

|Br(x0) ∩ Ωu| ≤ (1− c)|Br|,
for every x0 ∈ Rd \ Ωu and every r > 0;

(A4) 0 ∈ ∂Ωu and there is a constant C > 0 such that

sup
Br(x0)

u ≥ 1

C
r for every x0 ∈ Ωu and r > 0 ;

(A5) there is a constant C > 0 such that, for every R > 0,∣∣∣∣∫
BR

∇u · ∇φdx
∣∣∣∣ ≤ CRd−1‖φ‖L∞(BR) for every φ ∈ C∞

c (BR) .

Remark 3.2. Recently, in [11] Kamburov and Wang address the case of classical
solutions to the one-phase problem which are stable with respect to the inequality (1)
of Caffarelli-Jerison-Kenig. In particular, by leveraging the stability and smoothness
of the free boundary, they deduce the non-degeneracy of the solution at the free
boundary points. However, in our case, it is not possible to deduce assumption
(A4) from the other conditions in Definition 3.1. This is due to the inevitable
presence of singularities for a globally stable solution in the sense of Definition 3.1,
as illustrated by the example in [9].

Definition 3.3. (Critical dimension for stable solutions) We define d∗ to be the
smallest dimension admitting a 1-homogeneous global stable solution u : Rd → R
with 0 ∈ Sing(∂Ωu).

In [7], with Buttazzo and Maiale, we developed a theory about the regularity of
the stable global solutions of the one-phase Alt-Caffarelli problem and we proved
the existence of a critical dimension d∗ (in the sense of Definition 3.3), in which a
singular global stable solution appears for the first time (see [7, Theorem 7.8]), and
we show that the d∗ ∈ {5, 6, 7} (see [7, Theorem 7.9]). In Theorem 1.9 we extend
the previous analysis to the case of stable solutions of the one-phase problem with
respect to mean-zero variations.

Definition 3.4. (Global stability along mean-zero variations of the one-phase prob-
lem) A function u : Rd → R is said to be a global stable solution of the one-phase
problem “along mean-zero variations” if:

(1) conditions (A1), (A2), (A3), (A4), (A5) of Definition 3.1 are satisfied;
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(2) for every couple η, ξ ∈ C∞
c (Rd;Rd) of smooth vector fields with disjoint com-

pact supports satisfying ∫
Ωu

div ξ dx 6= 0,

it holds that δGΛ(u)[η] = 0 and δ2GΛ(u)

[
η −

∫
Ωu

div η dx∫
Ωu

div ξ dx
ξ

]
≥ 0 . (22)

We highlight that the conditions (1)–(2) in Definition 3.4 are satisfied by the blow-
ups of numerous shape optimization problems, for instance by the state functions of
the domains arising from (5) (see Section 4), and naturally, by the global minimizers
of the Alt-Caffarelli functional.

3.1. Proof of Theorem 1.9

Given that the first variation in (22) coincides with that in (21), the proof reduces to
showing that the hypotheses from Definition 3.4 imply the stability condition (21),
that is global stable solutions along mean-zero variations are actually stable in the
sense of Definition 3.1. Then, the claim follows by applying [7, Theorem 7.8] and
[7, Theorem 7.9].
In view of the classical Federer’s reduction principle (see for instance [15, Proof of
Proposition 10.13]), it is not restrictive to assume that ∂Ωu has an isolated singu-
larity at the origin, that is

Sing(∂Ωu) = {0} and Reg(∂Ωu) = ∂Ωu \ {0}

and that u is a classical solution to the PDE

∆u = 0 in Ωu , |∇u| =
√
Λ on Reg(∂Ωu) . (23)

We stress that, in light of the results from [2] (which we recalled in Theorem 1.1),
Reg(∂Ωu) is locally the graph of a C∞ smooth function. Now, given η ∈ C∞

c (Rd;Rd),
we fix

R > 0 and x0 ∈ Reg(∂Ωu) ∩ ∂B2R,

such that BR(x0) ∩ supp η = ∅ and 0 6∈ BR(x0).

By (22) and the fact that ξ 7→ δ2Gλ(u)[ξ] is quadratic, for every ξ ∈ C∞
c (BR(x0);Rd)

with support disjoint from that of η, we have

0 ≤ δ2GΛ(u)

[
η − ξ

∫
Ωu

div η dx

]
= δ2GΛ(u)[η] +

(∫
Ωu

div η dx

)2

δ2Gλ(u)[ξ]. (24)

Since BR(x0) ∩ ∂Ωu = Reg(∂Ωu), by [7, Proposition 7.12] (in particular, Step 4 of
its proof), we have

δ2GΛ(u)[ξ] ≤ 2

[∫
Ωu

|∇(∇u · ξ)|2 dx−
∫
∂Ωu

|H|(∇u · ξ)2 dHd−1

]
where H is the mean curvature of ∂Ωu ∩ supp ξ.
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We proceed by constructing a specific family of vector fields depending on a param-
eter ε ∈ (0, 1). Ultimately, the result follows by passing to the limit as ε → 0+.
Up to a change of coordinate, it is not restrictive to assume that x0 is of the form
x0 = (x′0, 0) and that ed is the interior normal to the free boundary at x0. Now,
consider a smooth function Gε ∈ C∞(BR(x0)) such that∫

BR(x0)∩{xd>0}
|∇Gε|2 dx = ε,

∫
BR(x0)∩{xd=0}

|Gε| dx′ = 1,

where we used the notation x = (x′, xd), with x′ ∈ Rd−1. Now, it is not restrictive
to suppose that BR(x0) ∩ ∂Ωu is the graph of a C2,α-function, so that

Ωu ∩BR(x0) =
{
(x′, xd) ∈ B′

R(x
′
0)× (−R,R) : xd > ϕ(x′)

}
.

where ϕ : B′
R(x

′
0) → (−R,R) is a C∞ smooth function satisfying

ϕ(x′0) = |∇x′ϕ(x′0)| = 0 with ∇2
x′ϕ(x′0) diagonal.

Moreover, by differentiating twice the free boundary condition u(x′, ϕ(x′)) = 0, for
every x′ ∈ B′

R(x
′
0), and by exploiting the (−1)-homogeneity of the second derivatives

of u, we deduce that in B′
R(x

′
0)

|∇x′ϕ(x′)| ≤ C
√
Λ
∥∥∇2

x′u
∥∥
L∞(B′

R(x′
0))

≤ C

√
Λ

R

∥∥∇2
x′u

∥∥
L∞(B′

1(x
′
0/R))

≤ C

√
Λ

R

∥∥∇2
xu
∥∥
L∞(∂B1)

with C>0 a dimensional constant. Then, if we consider gε∈C∞
c (BR(x0)) such that

gε(x
′, xd) = Gε (x

′, xd − ϕ(x′)) , with (x′, xd) ∈ BR(x0) ∩ Ωu,

we infer that
∫
BR(x0)∩Ωu

|∇gε|2 dx ≤ C
Λ

R2

∥∥∇2
xu
∥∥2

L∞(∂B1)
ε,

and
∫
BR(x0)∩∂Ωu

|gε| dHd−1 ≤ C
(
1 +

Λ

R2

∥∥∇2
xu
∥∥2

L∞(∂B1)

)
.

Finally, since ∂Ωu is homogeneous, if we consider

ξ(x) = εd−1gε(εx)∇u(x), (25)

we get as ε→ 0+:

|∂2GΛ(u)[ξ]| ≤ 2Λ

∣∣∣∣ε2d−2

∫
BR

ε
(x0/ε)∩Ωu

|∇(gε(εx))|2 dx− ε2d−2

∫
BR

ε
(x0/ε)∩∂Ωu

|H(x)|gε(εx)2 dHd−1

∣∣∣∣
≤ 2Λεd

∣∣∣∣ ∫
BR(x0)∩Ωu

|∇gε|2 dx−
∫
BR(x0)∩∂Ωu

|H(x)|g2ε dHd−1

∣∣∣∣
≤ 2Λ

(
1 +

Λ

R2

∥∥∇2
xu
∥∥2

L∞(∂B1)

)(
1 +

1

R
‖H‖L∞(∂B1∩∂Ωu)

)
εd −→ 0+ .
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Naturally, in the previous inequality we used that the 1-homogeneity of u implies
that H is a −1-homogeneous in Rd.
Finally, by choosing in (24) the vector field ξ ∈ C∞

c (Rd;Rd) defined as (25), we get

δ2GΛ(u)[η] ≥ −
(∫

Ωu

div η dx

)2

δ2Gλ(u)[ξ] ≥ −C
(∫

Ωu

div η dx

)2

εd

which leads to the stability condition (21), as ε→ 0+.

4. On the Aguilera-Caffarelli-Spruck functional

As a consequence of Section 3 and the analysis in [7, Section 2] and [7, Section 4],
we finally deduce an estimate on the dimension of the singular part of the boundary
of the optimal sets arising in a heat conduction problem studied in [2] by Aguilera,
Caffarelli and Spruck.

4.1. Preliminary results on the optimal shape

In [2] the authors proved the existence of an optimal (open) set Ω ⊂ D that mini-
mizes (8) and for which the following holds.
(H1) The state function uΩ, vΩ are Lipschitz continuous and non-negative in D.

(H2) There exists ε0 > 0, r0 > 0 such that

ε0|Br| ≤ |Br(x0) ∩ Ω| ≤ (1− ε0)|Br|,

for every ball Br(x0) ⊂ D of radius r ≤ r0 centered on ∂Ω ∩D.
Moreover, for every x0 ∈ ∂Ω ∩D, r ∈ (0, r0), it holds

|{0 < uΩ < rt} ∩Br(x0)| ≤ Ct|Br|, (26)

for every t > 0; the same estimate (26) being valid also for the function vΩ.

(H3) The functions uΩ, vΩ are non-degenerate, that is, there is a constant C > 0
for which

1

rd−1

∫
∂Br(x)

uΩ dHd−1 ≥ 1

C
r,

1

rd−1

∫
∂Br(x)

vΩ dHd−1 ≥ 1

C
r

for every x ∈ Ω and every Br(x) ⊂ D.

(H4) There is a constant M̃ > 0 such that, for every B2r(x0) ⊂ D, we have the
bound

0 ≤
∣∣∣ ∫

B2r(x0)

∇uΩ · ∇φdx
∣∣∣+ ∣∣∣ ∫

B2r(x0)

∇vΩ · ∇φdx
∣∣∣ ≤ M̃‖φ‖L∞(B2r(x0)),

for every φ ∈ C0,1
c (B2r(x0)), where C0,1

c (B2r(x0)) is the space of Lipschitz
functions with compact support in B2r(x0).

(H5) Ω is an NTA domain, so the Boundary Harnack Principle holds on Ω.
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4.2. Blow-up analysis and dimension reduction

Using the blow-up analysis from [7, Section 4] and by adapting the argument from
[7, Lemma 8.2] to the stability along volume-preserving variations (see Theorem
2.1), we get the following compactness result.

Lemma 4.1. Let Ω be an optimal set for (5) and let u := uΩ and v := vΩ be the
state functions from (3) and (7). Given x0 ∈ ∂Ω ∩D and r > 0, we set, as usual,

ux0,r(x) :=
1

r
u(x0 + rx) and vx0,r(x) :=

1

r
v(x0 + rx) ,

for a choice of the parameter so that Br(x0) ⊂ D. Then, there exists a sequence
rk → 0 such that

lim
k→∞

ux0,rk = u0 and lim
k→∞

vx0,rk = v0

locally uniformly in Rd and strongly in H1
loc(Rd). Moreover, the following holds:

(1) u0 and v0 are proportional ;
(2) there exists λ > 0 such that λu0 is a global stable solution of the one-phase

problem along mean-zero variations, in the sense of Definition 3.4.

Proof. The proof consists of applying the general program from [7] (see also [14, 13])
by keeping track of the stability condition of Theorem 2.1 along volume-preserving
variations. Therefore, we simply sketch the key points of this strategy.
First, by exploiting assumptions (H1)–(H5), we get that there exists rk ↘ 0+ such
that ux0,rk and vx0,rk converge strongly in H1

loc(Rd), and locally uniformly in Rd,
respectively to u0 and v0. Moreover, the sets 1

rk
(Ω − x0) converge to the limit set

Ω0 = {u0 > 0} = {v0 > 0}, with respect to the local Hausdorff distance (see [7,
Section 4] for more details on the blow-up procedure).

Step 1. Stability of with respect to blow-up sequences. First, by the compactness
result we deduce that the validity of (H1)–(H5) implies that the limits u0 and v0
satisfy the assumptions (A1)–(A5) of Definition 3.1. Then, by Theorem 2.1, there
exists Λ ≥ 0 such that the functional

FΛ(Ω) = F(Ω) + Λ|Ω|

satisfies δFΛ(Ω)[η] = 0 and δ2FΛ(Ω)

[
η −

∫
Ω
div η dx∫

Ω
div ξ dx

ξ

]
≥ 0 , (27)

for every couple η, ξ ∈ C∞
c (Rd;Rd) of smooth vector fields with disjoint supports

and
∫
div ξ 6= 1 (see (13) and Theorem 2.1 for the definition of FΛ). Then, by

combining the notion of stable solution along volume-preserving variations (27) with
the argument in [7, Lemma 8.2], we obtain that the first and the second variations
of FΛ pass to the limit, i.e.

δFΛ(Ω0)[η] = 0 and δ2FΛ(Ω0)

[
η −

∫
Ω0

div η dx∫
Ω0

div ξ dx
ξ

]
≥ 0 . (28)
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Since in this case the domain Ω0 is unbounded, we stress that δu0 and δv0 solve the
PDEs

−∆(δu0) = div
(
(δA)∇u0

)
in Ω0 , δu0 ∈ Ḣ1

0 (Ω0) ;

−∆(δv0) = div
(
(δA)∇v0

)
in Ω0 , δv0 ∈ Ḣ1

0 (Ω0) ,

in the sense of [7, Section 7.1] (see also Remark 2.2).

Step 2. u0 and v0 are proportional. Since by (H5) the Boundary Harnack Princi-
ple holds on the optimal set Ω, the ratio of the two state variables is locally Hölder
continuous and positive. Therefore, the blow-up limits previously defined are pro-
portional, and v0 = Cu0 for some C > 0 (see the “second blow-up” in [7, Section
4.3]).

Step 3. The Lagrange multiplier Λ is positive. We notice that if Λ > 0, then, up
to multiplying u0 by a constant, the inequalities (27) correspond precisely to the
stability condition (22) in Definition 3.4, which concludes the proof of the Lemma.
Therefore, we only need to show that Λ 6= 0. Suppose by contradiction that Λ = 0.
Then, by exploiting the proportionality of u0 and v0, we have that:
(a) u0 ∈ H1

loc(Rd) is a non-negative Lipschitz function satisfying

∆u0 = 0 in Ω0 ;

(b) u0 satisfies the extremality condition

0 =

∫
Ω0

∇u0 · (δA)∇u0 dx =

∫
Ω0

(
2∇u0 ·Dη(∇u0)− |∇u|2 div η

)
dx ,

for every smooth vector field with compact support η ∈ C∞
c (Rd;Rd).

Then, by [15, Proposition 11.4] we get that

|B \ Ω0| = 0, for every ball B ⊂ Rd,

in contradiction with the density estimates (A4).

Although in [2] the authors proved the local C∞ regularity for the regular part
Reg(∂Ωu ∩D) of the free boundary, in order to apply the program defined in [7] it
is more convenient to reformulate the notion of “regular part” of the free boundary
as follows.

4.3. Proof of Theorem 1.7

Let now Ω be the optimal set for (5) from Theorem 1.1. We notice that the regular
and the singular parts of the free boundary ∂Ω∩D defined in [2] can be equivalently
characterized as follows.
(1) The regular part, Reg(∂Ω), is the set of points x0 ∈ ∂Ω ∩ D at which there

exists a blow up limit u0, v0 : Rd → R of the form

u0(x) = α(x · ν)+ and v0(x) = β(x · ν)+ ,

for some unit vector ν ∈ Rd and some constants α > 0 and β > 0 such that
αβ = Λ , where Λ is precisely the Lagrange multiplier from Theorem 2.1.
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(2) The remaining part of the free boundary is the singular set:

Sing(∂Ω) := (∂Ω ∩D) \ Reg(∂Ω).

Now, proceeding as in [7, Theorem 8.1], we use the epsilon-regularity result [13]
and the classical argument for estimating the dimension of the singular set via the
Federer’s reduction principle (see for instance [7, Section 8] and [15, Chapter 10]),
we obtain that the dimension of the singular set is preserved under blow-up limits.
We notice that here, as in the penalized case considered in [7, Appendix A], the
vectorial nature of the problem (5) requires performing a “double blow-up”. Indeed,
by applying the blow-up analysis consecutively, we first reduce the problem to the
scalar case (i.e. the blow-up limits are proportional, Lemma 4.1). Then, since the
first variation is preserved under blow-up, we obtain that the monotonicity formula
of Weiss holds (see [7, Section 4.4]) for the first blow-up. As a consequence, the
second blow-up is a 1-homogeneous function. By the last part of Lemma 4.1, this
function is a global stable critical point of the one-phase problem along mean-zero
variations. At this point, Theorem 1.7 follows by applying Theorem 1.9.
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