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On a convex bounded open set, we prove that Poincaré-Sobolev constants for functions vanishing
at the boundary can be bounded from below in terms of the norm of the distance function in a
suitable Lebesgue space. This generalizes a result shown, in the planar case, by E. Makai, for
the torsional rigidity. In addition, we compare the sharp Makai constants obtained in the class of
convex sets with the optimal constants defined in other classes of open sets. Finally, an alternative
proof of the Hersch-Protter inequality for convex sets is given.
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1. Introduction

The aim of this paper is to provide a sharp lower bound for the quantity
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where Q C RY is a convex bounded open set, 1 < ¢g<p<oocorl < q=p< oo,
Apq(§2) is the generalized principal frequency defined as

i Py - q oy —
Mol = int ([ vapde s [ fepras =1},

and dg is the distance function from the boundary 02, namely

do(z) == inf {|z —y| : y € 0Q}.

Here and in what follows, L7-4 () stands for L>°(€2) when p = ¢ and we will write
Ap(€2) in place of A, ,(2).
Our study is motivated by an old result due to Makai (see [22]) for the torsional
rigidity
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which asserts that, for every convex bounded open set Q C R?, the following sharp

bound holds
T(Q) < / djdr, mnamely Mg;(9) ||dQ||%2(Q) > 1.
Q

1.1. Optimal lower bound on convex sets: the main result

Inspired by the above Makai inequality, in this paper we will prove the following
theorem which extends, to every dimension N > 2 and every 1 < ¢ < p < o0, the
optimal lower bound given by Makai for (1) in the case ¢ =1 and p = 2.

Theorem 1.1. (Makai’s inequality) Let 1 < ¢ < p < oo and let Q@ C RY be a
convex bounded open set. Then, the following lower bound holds

— @
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where C, 4 is the positive constant given by

)\P:Q(Q) 2

C Tp,q P p—q % 3
= () i) ®)
with T = ueCéiXI’l(f(O,l)){HUIHU’([OJD Nl zaqoay = 1} - (4)

Moreover, the estimate (2) is sharp.

The proof of Theorem 1.1 is inspired by the covering argument for polygonal sets
exploited by Makai in the planar case. In the N-dimensional case, thanks to a
standard approximation argument, we can restrict ourselves to consider the case
when Q C RY is the interior of a polytope K (see Section 3). In this case, in
order to prove (2), the key tool we use is given by Lemma 2.5 where we construct a
suitable covering of €2 by means of convex sets €);, every one satisfying the property
that 0€;N€2 is the graph of a continuous function defined on a facet .S; of the polytope
K. The proof of the convexity of each set €); relies on the concavity property of the
distance function dg (see [3]).

If we define the inradius of Q as rq = ||dq||L~(q), then, as an application of Theorem
1.1, we can give a different proof of the following sharp estimate (5), first proved in
[8, Theorem 1.1] when 1 < ¢ < 2 and then extended to cover the case p # 2 and
g = 1 in [16, Theorem 4.3]. The general case 1 < g < p < oo was first shown in [9,
Theorem 5.7] by means of a comparison argument.

Corollary 1.2. (Hersch-Protter-type inequality) Let 1 < g <p < oo and Q2 C RY
be a convex bounded open set. Then, the following lower bound holds

A @101 = (7). (5)

D
2 rY

Moreover, the estimate (5) is sharp.
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A further result that follows from (5), simply taking the limit as ¢ * p', is the sharp

inequality )
1

Uy

W= (%) & (6)
valid for every convex bounded open set Q@ C RY. Here 7, is defined as in (4)
with p = ¢. Formula (6) represents the extension to the case of the p—Laplacian
of the Hersch-Protter inequality, originally proved by Hersch in [19, Théoréme 8.1]
for p = N = 2 and then generalized to every dimension N > 2 by Protter in [26,
Theorem 2] (see also [13]). The case p # 2 has been already obtained in [6, 15, 20].
In Section 4, we will give a further alternative proof of (6) by exploiting the change of
variables formula (31), proved in [14, Theorem 7.1] when the domain of integration
is a connected open set of class C?, and then using a suitable approximation result
for convex sets.

1.2. Lower bounds on other classes of open sets

The final part of this paper is devoted to compare the optimal constant C, , for
convex sets, defined by (3), with the infimum of (1) in other classes of open sets of
RY. First of all, for every 1 < g < p < ooor 1l < g=p < oo, we introduce the
constant

C,q = inf {)\p,q(Q) HdQH‘ZL_q(Q : Q C RY is an open set, dg € Lﬁ(Q)} (7)

)

The condition on dg is motivated by the recent results in [10] where, by means of a
comparison principle provided in [9] for the sub-homogeneous Lane-Emden equation,
it is shown that, when Q C RV isan opensetand 1 < g<p<ooorl <p=q < o0,
the following implication holds

Mg() >0 = dge Lri(Q)
(see [10, Theorems 5.1 and 5.4]). Moreover, in the same paper, following an argu-

ment used in [5] when p = 2, the above implication is shown to be an equivalence
in the class of the open sets Q@ C RY which satisfy the Hardy inequality

/ |\VulP de > C / ZL—‘; dz, for every u € C5°(Q), (8)
Q Q Q

with 1 < p < oo and C' = C(p,2) > 0. Indeed, if

dQGLﬁ<Q), forl<g<p<oocorl<g=p<oo, 9)

then, the joint application of the Holder inequality and of (8) gives

q
tdz < ([ 157 dz)" da”
Jtwtrde < ([ M) jaal g,

< ,% D % q 00
<C (/Q|Vu| d:r) ||dQ||L%(Q), for every u € C§°(2),

1 We use here that g — A, () is left-continuous at ¢ = p when Q C RY is a bounded open set.
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that implies Apq(§2) > ”?"’(), (10)
Q
where () == énf / |VulPdx : / [l g = 1
ueCge

is a positive constant when (8) holds. We recall that, when @ C R" is a convex
bounded open set, it is well known that

(for a proof, see [24, Theorem 11]). The resulting estimate (10) in the class of the
convex bounded open sets is far from being sharp, as the case g =1and p =N =2
shows, being Cy; =1 > i.

Now, the constants 6p,q defined in (7) satisfy the following facts:
e when 1 < p < N, it holds that

Cpq =0, for every 1 < ¢ < p or ¢ = p. (11)

Indeed, if 1 < p < N, fixed a bounded open subset 2 C RV, we remove from
it a periodic array of n points and we call €2, the open set so constructed. As
p < N, points in RY have zero p-capacity (see [29, Chapter 17]), then, for every
1<g<p<Norl<gqg=p<N,itholds

Apa(§2,) = Ay g(Q),  for every n € N.

Since rq, tends to 0, as n — oo, the above equality implies that

Cpy <limsup Ao () lda, |I” ve < Apg(Q) Q7 limsup 7 =0,
n—00 Lr=a(Q "

n) n—oo
forevery 1 < g<p< Norl<qg=p< N. In particular, in this range, it
follows that ~
Cpg < Cpgs (12)

e when p > N, as shown independently by Lewis in [21] and Wannebo in [30],
every open subset ) C R satisfies the Hardy inequality (8) and it holds

,(©) > (2-N)"

p

(for the latter, see [4] and [18]). By using the above lower bound in (10), we
get that

Chy > (p_pN)p > 0, for every N < p < oo and 1 < ¢ < p, (13)
and the natural question that arises is whether the strict inequality (12) also
holds in the case p > N, for 1 < ¢ < p. We will address Section 5.1 to discuss
this question and, by means of a perturbative argument, we will be able to show
that, for every N > 2 and for every fixed 1 < ¢ < N, there exists p = p(q) > N
such that (12) holds for every p € (q,p].
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Another interesting class of sets where the quantity (1) is bounded from below by
a positive constant is that one of planar simply connected open sets. Indeed, if
p = N = 2, thanks to a result due to Ancona (see [2]), every simply connected
open set 2 C R? verifies the Hardy inequality (8) with the optimal Hardy constant

satisfying )
Hence, for N = 2 and every 1 < g < 2, defined

% , Q2 C R? is a simply connected
OQ,q = mf )\Q,q(Q) ||dQ” 2q . 24 s (14)
L?74(Q)  open set,dq € L2-4(0Q)

the joint application of (10) and (11) implies that
Gg,q > % >0= 52,(1, for every 1 < ¢ < 2. (15)

By using a different argument, in [23] Makai shows that

and, in order to prove the upper bound, he exhibits a simply connected open set
Q C R? satisfying

2
Aa(Q) 7 < . (16)

In Section 5.2, we use this fact to show that there exists 1 < g < 2 such that it holds
Cog < Cag, for every ¢ € [g, 2].

In addition, by exploiting (16), we finally prove that, in the case N = 2, there exists
p > 2 such that

~ p
0<Cpp < (%) = Cpp, for every p € (2,7].

1.3. Plan of the paper

In Section 2 we introduce some basic properties of polytopes in RY and we extend, to
any dimension N > 2, the covering argument applied by Makai in [22]. In Section
3, we prove the main results stated in Theorem 1.1 and in Corollary 1.2. In the
subsequent Section 4, we give an alternative proof for the Hersch-Protter inequality
(6), by means of a change of variables formula. Finally, in Section 5, we compare the
sharp constant for the Makai inequality on convex sets with the optimal constants
for other class of sets; in particular, we consider the class of general open sets whose
distance function satisfies (9) and that one of planar simply connected open sets.
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2. Preliminaries

For every convex set C' C RY, we will denote by relint(C') and relbd(C) the relative
interior and the relative boundary of C, once we regard it as a subset of its affine
hull. We define the dimension of C, and we denote it by dim(C'), as the dimension
of its affine hull. Conventionally, the empty set has dimension —1.

Definition 2.1. Let C C RY be a not empty convex closed set. A convex subset
S C C is a face of C if each segment [x,y] C C satisfying S N relint([z,y]) # 0 is
contained in S.

We denote by F(C') the set of all faces of C' and by F;(C') the set of all faces of C
having dimension i, for every 0 < i < dim(C') — 1. The empty set and C' itself are
faces of C; the other faces are called proper. Every (dim(C') — 1)-dimensional face
of C'is called a facet of C. 0

We can summarise the main properties of faces in the following theorem (see [27,
Section 2.1]).

Theorem 2.2. Let C C RY be a not empty convex bounded closed set. Then

(1)  the faces of C are closed;

(2) if F# C is a face of C, then F Nrelint(C) = 0;

(3)  if G and F are faces of C, then GNF is a face of C;

(4)  if G is a face of F and F is a face of C, then G is a face of C;

(5)  each point x € C is contained in relint(F') for a unique face F € F(C).

Definition 2.3. We say that K C RY is a polytope if it is the convex hull of finitely
many points of RV, O

We recall that, thanks to [27, Theorem 1.1.11 and Theorem 2.4.7], a polytope is
a compact convex set. Moreover, each proper face of K is itself a polytope and is
contained in some facet of K.

Furthermore, we recall that if K is a polytope and 0 € int(K), then the following
facts hold:

(i) the polar set K° = {x € RN : (x,y) <1, for every y € K} is itself a polytope;
(ii) if F is a face of K then the conjugate set
F={reK°: (z,y) =1, forevery y € F}
is itself a polytope such that dim(ﬁ) =N —dim(F) — 1,
(iii) if F,G € F(K) are such that F C G, then F D G;
(iv) the application F' F is a bijection from F(K) to F(K°).
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In the sequel we need the following result.

Lemma 2.4. Let K be a polytope and assume that 0 € int(K). Then,

(1) if S,S" are facets of K such that S # S’, then S Nrelint(S’) = 0);

(2)  for every facet S of K, if z € relbd(S), then there exists another facet S+4S
of K such that z € S. In particular, z € relbd(S) Nrelbd(S).

Proof. (1) Without loss of generality, we assume that FF = S NS # (). Since
S # S', we have that F is a proper face of S’. Then, by Part (2) of Theorem 2.2,
we have

S Nrelint(S") € SN S Nrelint(S") = F Nrelint(S’) = 0.

(2) Let S be a facet of K and let z € relbd(S). Then, there exists a facet F' of
S such that z € F. By Part (4) of Theorem 2.2, we have that F' € F(K) and

dim(F) = N — 2. This implies dim(F) = 1. Therefore, there exist exactly two
points z’, ", such that 2’ # z” and [ = [z, 2"].

Then, thanks to properties (iv) and (ii) above, there exist two facets S’, 5" € F(K),
with §’ # S”, such that 5" = {2/} and S = {z"}, and, by property (iii), it holds

ceFC{rin{at =8NS,

namely, there exists at least another facet S # S containing z. Since we have
z € relbd(S) NS € SN S and, thanks to part (1) of this lemma, S Nrelint(S) = 0,
we can conclude that z € relbd(S) Nrelbd(S). O

In the next lemma, we extend to every dimension the argument applied by Makai
in [22] in order to divide the interior of a polytope K, when it is not empty, in a
finite number of suitable convex open subsets.

Lemma 2.5. Let N > 2 and K C RY be a polytope such that 0 € int(K). Let
Q = int(K) and let S1,Ss,...,Sy be the facets of K. For everyi € {1,...,h}, let
II, : RY — H; be the orthogonal projection on the affine hyperplane H; containing
S;. Define

Q; = {z € Q:ds,(z) =do(z)}, (17)
where ds,(x) = min |z —y|.

Then, for everyi € {1,...,h}, the following facts hold:
(1)  ifx € Q; then Il;(z) € S;. In particular 11;(z) is the unique minimizer of the
problem defining dg,(x);

(2)  1II(z) € relint(S;), for every x € §;;
(3) € is a convex set;
(4
(
(

Q; can be included in a rectangle with base S; and height ro;

ot
~— — ~— ~— ~—

6) for every xg€relint(S;), there exists a unique yo € 0$2;N82 such that 11;(yo) = zo.

In particular, the restriction 11; : 90Q; N Q — relint(S;) s a continuous bijection.
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Proof. First of all, we notice that, since int(K) # (), we have that Q = K. Now,
we prove every part separately. Let us fix i € {1,... h}.

(1) Let x € Q,;. By contradiction, if II;(x) ¢ K, then the segment [z, II;(z)] would
intersect 0f2 in a point z. Since z # II;(x), then z € S}, with S; # S;. Hence, as
x € €);, we would have that

do(z) < ds;(2) < |o — 2| < |o — Ili(2)| = min |z — y| < ds,(z) = da(2),
yci;

which is a contradiction. In particular, using the fact that II;(z) € S;, we get that

ds, () = min |z — y| < |z — ;(2)| = min |z — y| < ds,
s.(z) =mip |z —y| < o — Ii(z)| = min |z —y| < ds,(2)

that is, IT;(x) is the unique minimizer of the problem defining dg, (z).

(2) By contradiction, let us suppose that 1I;(x) € S; \ relint(S;) = relbd(S;). By
Lemma 2.4, Part (2), there exists S; # S; such that II;(z) € S;. Since

ds,;(v) < |z —1Ili(2)| = ds,(2) = do(z) < ds,(2),
we get that ds,(z) = |v — IL;(z)].

Being II;(x) € S;, by uniqueness, we would obtain I1;(x) = II;(z) € H; N H;. Then
H; = Hj, giving the contradiction S; = S;.

(3) By contradiction, assume that there exist z,y € €; and A € (0,1) such that
z=Ax+ (1 =Ny ¢ Q,. Hence z € Q; for some j # ¢, and

dQ(Z) = de (Z) < dsi<Z). (18)

Since 2 is a convex set, then the distance function dg, is a concave function (see [3]).
Therefore it follows that

do(z) = do(Az + (1 = A)y) = Ada(x) + (1 = A) da(y). (19)

On the other hand, by Part (1), we have that II;(x), II;(y) € S;. By linearity, we get

that
ILi(z) = MILi(z) + (1 = M) IL(y) € S;,

which implies that
ds,(2) = [z =1Li(2)] < Az —ILi(2)|+(1=N)]y—IL(y)| = Ada(z)+(1-A) da(y). (20)

By combining (19), (20) and (18), we obtain a contradiction.
(4) Let x € relint(S;), then, by Part(1) of Lemma 2.4, we have that z, ¢ S; for

every S; # S;. We set g;(-) = ds,;(-) — ds,( ), then, it holds that
gj(l’o) = de (I’Q) > 0.

Being g; a continuous function on RY, there exists B,(xg) such that g; > 0 on
B,(zg), for every j # i. Hence dq = dg, on the open set B,(x¢) N Q # 0, which
implies that B,(x¢) N C €, giving the desired conclusion.

(5) Without loss of generality, suppose that
Hy={x = (y,t) e RN xR : ¢t = 0}.
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Hence, thanks to Part (3), one of the following inclusion holds
Q Cc{(y,t) eRV"I xR : t >0} or Q Cc{(y,t) eRV"LxR: t <0}

In both cases, since [t| = dg,(x) = do(x) < rq for every z € ;, we obtain the
claimed conclusion.

(6) Let zo € relint(.S;). Since int(£2;) # 0, we can take an open half-line r,, with
origin xy such that it is perpendicular to S; in xy and r,, N int(2;) # 0. Being €,
a bounded set and r,, a connected set, we obtain that r,, N 9Q; # (. Moreover, as
0 = (02, N Q) U S; and 1, N S; = 0, we also have that

Yi(xo) := 1y NOQ N Q £ .
Now, we will show that >;(xo) consists in exactly a point. Indeed, we note that if
y' € ¥i(xo), then
|20, ¥'[=]xo, ] U [z, 9/ [C int(£2;), for every x € r,, Nint(§2;).
In particular, if i/, y" € ¥;(x¢), with ¢’ # 3", then we would obtain the contradiction

y" €lxo, y'[C int(£;) or Y €]z, y"[C int(€). O

3. Proof of the main result

In proving Theorem 1.1, first we will restrict ourselves to consider the case when the
convex open set ) coincides with the interior of a polytope K. Then, the general
result will follow thanks to an approximation argument by means of polytopes, valid
for convex sets.

Proof of Theorem 1.1. By following [22], we divide the proof in three parts:
first, we prove the lower bound (2) when €2 is the interior of a polytope K, then, by
applying an approximation argument, we show that such a lower bound holds when
Q) C RY is a general convex set. Finally, we show that (2) is asymptotically sharp
for slab-type sequences.

Part 1. Makai’s inequality for a polytope. In this step we assume that 0 = int(K),
where K C RY is a polytope. Without loss of generality, let us suppose that 0 € €.
According to the notation in Lemma 2.5, we consider the subsets 2; given by (17),
with i € {1,...,hl.

Now, we will show that, for every ¢ € {1,...,h} and for every u € C§°(2), it holds

/ |u|?dx < <7T2)q<pq+_p_q>p</ dy? dm)p(/ |Vu|pda:>;. (21)
Qi Pa p—q Qi Qi

Indeed, let i € {1,...,h} and, up to translations and rotations, we can assume that
Hi={(y,t) eRV" ' xR: t=0}
is the affine hyperplane containing 5;. Then

t =ds,(y,t) = da(y,t), for every (y,t) € €. (22)
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Thanks to Lemma 2.5, we have that II; : 0€2; N 2 — S; is a bijective and continuous

function between two compact sets. Hence, it has a continuous inverse function
1S, — 0Q; N Q. Hence, defining S! = {y € R¥1: (y,0) € S;}, we obtain that
the function f; : S — [0, +00), defined by

fily) = 117 (y,0) = (y,0)]
is a continuous function such that, for every y € S., it holds
fily=t = (yt)€duNQ. (23)
It is easy to show that ;= {(y,¢) € S; x R: 0 <t < fi(y)}. (24)

Indeed, the inclusion “C” follows by using (22) and (23), while the converse one “2”
is an application of parts (3) and (6) of Lemma 2.5, taking into account that

fily) >0 = (y,0) € relint(.S;).

\\\\ QQ // ‘
Qg,/‘ ----------------------------------------------- . Q4
AR [ fi(52) 2! filys)|

(?Jla 0) (y27 0) Si (y?,, 0)

Figure 3.1: The partition of 2 = (—%, %) x (0,1), when L > 1, by means of the
sets Q;, and the function f; = fi(y) with (y,0) € S;. We note that

f1(y3) = 1/2 = L/2 — Ys.

Now, we recall that
1

'[P dt

my: min 0 cp(0)=0
( 2 PEWLP((0,1))\{0} /1‘¢|th . #l0) ’

(see [6, Lemma A.1]), which implies that, for every s > 0

/ \go\th p e q/ |’ [P dt, for every ¢ € C5°((0,s]).  (25)

Hence, for every u € C§°(§2) and for every i € {1,...,h}, thanks to formula (24),
by using Fubini’s Theorem and (25) with s = f;(y), we get

fl(y)
/Iu |qu_// u(y, t)|* dtdy
P‘I+Pq fl(y)
<
() [ (]

ou p »
E(y, t)‘ dt) dy.
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Then, by applying the Holder inequality, it follows

[ i< (2)'( [ s a) / /fl
< (qu)q( . Fily) 5o th) v (/ Vul? dx) .

Taking into account (22), we have that

fi(y)
pgt+p—gq —|—p—q pqg
i(y) = d =(pq7 /(/ tra dt)d
ng(y) y > ) A, )y
T fi(y) va
= (bt / ( / oy, 0)#5 dt) dy  (27)
p—q : 0
::Gm+p—q>/ﬂdﬁidx
p—a J Jo,

By combining (26) and (27), for every ¢ € {1,...,h}, we obtain (21). Finally, since

y,t dydt)E

by summing with respect to the index ¢ € {1,...,h} in (21), it follows that

q p—qg h p—q q

2 pg+p—q\ P L » »

wlfde < | =— <7> E (/ df qdm) (/ Vupdac>
/Q’ | (T(p,q> pP—q P Q, Q Q%| |

By applying Holder’s inequality

lablle < flalle-[[b

o'
with r = p/q, we get
q N = pa p—q a
Jurae < (2 (me) ™ ([ agvan) ([ 1)
Q Tp.a p—a Q Q
and, by raising to the power p/q on both sides, this in turns implies

P—q

/ [VulP dz N B p=q 1
(7\);, 2 <%> <#> ! ) fOI' every u € CSO(Q)
lu|? dx ) *
Q

(/Qdﬁdx) :

Taking the infimum on C§°(Q2) on the left-hand side, we get that, for every polytope
K C RY, the set = int(K) satisfies the lower bound (2), as desired.

Part 2. Approximation argument. If Q C RY is a general convex bounded open
set, thanks to [27, Theorem 1.8.19], for every 0 < ¢ < 1, there exists a polytope K.

such that K.CQCcOcC %_EKg.

In particular, we have that (1 —¢)Q C int(K.).
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By applying the scaling property of \,, and its monotonicity with respect to the
set inclusion, we have that

)\paq(ﬂ)
(1 _ E)p—N-ﬁ—N%

= Apo((1—2)Q) >\, ,(int(K.)),

and, thanks to Part (1) of the proof, we obtain

Ap,q(€2) > Cra > Chyg
(1—e)P VNG = / L4 . 2e B
dr> . dr dE&™ dx
( . int(K.) ) ( o Q )

int(Ke)

where the last inequality follows from the fact that dinx.)(z) < do(x), for every
x € K.. Then, by sending ¢ — 07, we get that  satisfies (2).

Part 3. Sharpness. Now we will show that estimate (2) is asimptotically sharp for
slab-type sequences

QO = (—f )Nl % (0,1),  with L > 1.

With this aim, we denote by y = (x1,...,2x_1) a point of RV~ Let Sy and S,
be the facets of Q;, contained, respectively, in the hyperplanes {(y, t)eERN : t = O}
and {(y,t) € RY : t = 1}, and we define the lateral surface Sy, of €, as the following

union: N—1

L
SL::U{(y,t)EQL:xi:ﬂ:570<t<1}.

i=1
Then, we define the set Q; as Q; = {x € Q1 ds, () > 1}.

Since || = (L — 2)¥~1, we obtain that
Q. \ | =LV — (L -2t~ LN 2Oy, as L — oo,

rq

1 =
)pq, as L — oo.

which implies / g " dr <y |\ Q| ~ LN Oy (5
Qr\Q

Moreover, since, for every (y,t) € €, it holds that
dQL (y7 t) = dSoUS1 (Z/> t) = min{t> 1- t}a

24 172 5
we obtain / ag," dt = ( / ay) (2 / 1 dt
o (-L+1,L-)"" 0

:(L—Q)N_l <1>qu‘1 p—q )
2 pg+p—q

In particular, since / d{? dr = / dg dx + / d{? dzx,
Qr Qr\ U
we have the following asymptotic behavior

pq 1N\ s _
/ di @ do ~ LN <—>p P s L oo
o 2 pPg+p—q
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Hence, we finally obtain that, as L — oo, it holds

P—gq

Cpyq Tp,q \¥ b—4q KB 1 P !
P—q == <7 - ) pP—gq ~ (ﬂ—pvq) m'

_pq_ 2—g 4+p— pa 2_g (
( / a3, dx) R / aj," dx) L
QL QL

On the other hand, by [7, Main Theorem], the following upper bound holds

W@ < (%52) ()

' ~5 e

for every convex bounded open set {2 and it is asimptotically sharp for slab-type
sequences €17, as L — o0o. Since

P(Q)~2LN and Q| ~ LYY as L — oo,
the above result implies that

1
)\P,lI(QL) ~ (ﬂ—p,q)p@, as L — oo.

The proof is complete. [

As an easy consequence of Theorem 1.1, we can give an alternative proof of the
sharp lower bound (5).

Proof of Corollary 1.2. First, we prove the lower bound in (5) when = int(K)
where K is a polytope. We use the same notation as in the proof of Theorem 1.1.
Thanks to Part (3) of Lemma 2.5, it holds that

fily) <rq, for every y € S. (28)

By combining (27) and (28), we obtain that

Pq h fi(y) h
A2 dy = de(y,t))r-a dtdy = L1 / (y))rattd
[ dias Z// (doy, 1) dt dy pw_qz )y
- P4 vq Sty
< e - g dt dy)
_qurp—qQ <Z ) pa+p—q @ /// y

p—q H
=1L rr1Q,
pa+p—q i
and, by applying the above estimate in (2), we get that (5) holds. In order to obtain
the desired lower bound when 2 C R¥ is a general convex open set, it is sufficient to
follow the same approximation argument as in the Part (2) of Theorem 1.1. Finally,
we obtain that (5) is asymptotically sharp by using the slab-type sequence

L L
QL: (—5,5) X (0,1), WlthLZ 1,

and sending L — oo, as it was proved in [9, Theorem 5.7]. ]
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Remark 3.1. Let Q C RY be a convex bounded open set. Then

a &5}
/QdQ dzx < |Q] o for every a > 1. (29)

Indeed, if o > 1, taking p = %5 and ¢ = 1, we have that a = pquq and, reasoning as in

the proof of Corollary 1.2, we get (29). The case o = 1 follows by sending o — 17
in (29). Moreover, such an estimate is sharp and the equality is asymptotically
attained by slab-type sequences €1y, as in Corollary 1.2. For an alternative proof in
the case a = 1, see [12, Proposition 6.1].

4. Alternative proof for Hersch-Protter-Kajikiya inequality for ),

We now focus on the case 1 < p = ¢ < 0o. In this section we provide an alternative
proof for the Hersch-Protter-type inequality for A, in any dimension N > 2. More
precisely, we show the following result:

Theorem 4.1. (Hersch-Protter-Kajikiya inequality) Let 1 <p<oo and let Q CRY
be a convex bounded open set. Then, the following lower bound holds

M) > ()

D
TQ

Moreover, the estimate is sharp.

With this aim, we need some preliminary results.

4.1. Change of variables theorem

First of all, we recall the change of variables formula which follows from [14, Theorem
7.1] when K = By (see also [14, Example 5.6]).

Theorem 4.2. Let Q C RY be a bounded open connected set of class C?. Let
[: 00 — R be the function given by

l(z) =sup{|lz—z]:2€Qand z € II(2)}, (30)
where [I(z) = {x € 00 : do(z) = |z — 2|},
and let ® = 92 x R — RY be the map defined by
O(z,t) = v+ tr(x), for every (z,t) € 002 x R,

where, for every x € 02, v(x) is the inward normal unit vector to O at x. Then,

for every h € L*(Q), it holds

N-1

I(z)
/Qh(x) dx:/m (/O h(®(z, 1)) H(l—tkzi(x))dt> dHN (). (31)

=1

Here HV~1(A) denotes the N — 1-dimensional Hausdorff measure of a set A C R,
ki(x),..., kn_1(z) are the principal curvatures of 0 at x, i.e. the eigenvalues of
the Weingarten map W (x):T, — T, where T, denotes the tangent space to 952 at x.
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Thanks to the C? regularity assumption on €, it follows that k; is continuous on
o) for every i € {1,..., N — 1}. Moreover, by [14, Proposition 3.10, Lemma 4.1,
Theorem 6.7], [ is a positive and continuous function on 0.

Remark 4.3. We note that, when €2 is the interior of a polytope, with the notation
in the proof of Lemma 2.5, if S; C H; = {(y,t) € RN~ x R: t = 0}, we have that

I(x) = |z — ;' (z)] = fi(y), for every z = (y,0) € relint(S;).

Figure 4.1: The values [(V;) where V; are the vertices of the ellipse with equation
2 t2 . 2 t2
Z—2+b—2:1,vv1tha>b>0, andQ:{(y,t)E]RQ: z—2+b—2<1}.
2
We have that (V1) = (Va) = * < a and I(Vs) = [(Va) = b.

4.2. Weighted Rayleigh quotients

Let w : (0,L) — R be a monotone non-increasing positive function, w # 0. For
every 1 < p < oo, we define the following weighted Rayleigh quotient

L
/ [ (6) P w(t) d
0

inf L
PYeCse((0,L))\{0} /0 () [P w(t) dt

,Up(w7 (07 L)) =

When w =1 on (0, L), we will write p,(w, (0, L)) = u,(1, (0, L)).

With the aim to show that p,(1,(0,L)) < p,(w,(0,L)) for every monotone non-
decreasing positive weight w : (0, L) — R, first we prove that there exists a monotone
non-decreasing positive minimizer for u,(1, (0, L)).

p
Lemma 4.4. Let 1 < p < oo, then ju,(1,(0,L)) = L7 (%) .

In particular, there exists a positive and monotone non-decreasing solution of the
following minimization problem
L
| wra
up(]-v (07 L)) = inf o

— 32
vewlr(.L\o}yw=0 | (L (82
()P dt
0
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Proof. First we note that, thanks to the density of C§°((0,L]) in the subspace
{p e WHP(0,L) : »(0) = 0}, we have that (32) holds. Moreover, following the proof
of [6, Lemma A.1], we have that

polL, (0, L) = L7y (1. (0, 1) = 27 ()",

and there exists a positive symmetric function v € I/VO1 P (( —%, %)) which is monotone
non-increasing on (O 1), such that

’ 9
/ S e
P 0
ﬂ-p —_— %7-
/ ()P dt
0

Then, it is easy to show that the function © € W'?((0, L)) defined by

- L—1
o0 = (%)
satisfies ©(0) = 0 and it is a positive monotone non-decreasing minimizer of the

problem (32). O

Now we are in a position to show the following minimization result.

Theorem 4.5. Let 1 < p < oo and let w be a positive and monotone non-increasing
function on (0, L), then

pp(w, (0, L)) = pp(1, (0, L)). (33)

Proof. First, we show that, for every positive and monotone non-increasing weight
w e L>((0,L)), it holds

L

L
(1, 0.L) [lePwde < [CPwds o every g € CR0.L). (31)
0 0

Indeed, let v € WP((0, L)) be a positive and monotone non-decreasing eigenfunc-
tion for p,(1,(0,L)) whose existence is ensured by Lemma 4.4. Then v is a weak
solution of

—(JW'[P~20") = pp(1, (0, L)) vP~, in (0, L),
v(0) = 0.

Moreover, fixed a mollifier 6 € C§°(R), given by

1
EEE i
5(z) = ele?-1, if |z < 1,
0, if |z| > 1,

for 0 < e < 1, we define J.(x) = 2(5 <§> € C*(R).

Then w, = w6, € C((e, L — ¢)) and, as € — 0, w. pointwise converges to w a. e.
on (0, L). Moreover, w. < 0.
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Indeed, for every t,t' € (¢, L — ¢) such that ¢ > t/, we have that

ety = o)) = [ -y =" [ 5 ("2 vy

3

= i/tHEcS <thy> w(y) dy = /11 d(z)w(t —ez)dz

£

s/_ 0(z) w(t' —ez) dz = we(t),

1

where in the last inequality we use that §(z) > 0, for every z € (—1,1) and w is a
monotone non-increasing function. Now, by using that w. < 0 and v" > 0 a.e. on
(0, L) (thanks to Lemma 4.4), for every ¢ € C§°((0, L]), we have that

L L » L
up(la(O,L))/ !w\pwedtzup(l,(O,L))/o vp*lql,ﬂl dt:/o |z/|p*21/<
L

L ol b e el 2 |so\
— [v'[P~%0 wE dt + v/ [P~ L < [0 |P~ wE dt.
0 vP 0 vp—t 0

By applying Picone’s inequality on the last integral (see [1]), the above inequality
implies

2 '
T w€> dt

L L
(1, (O,L))/ lo|Pw, dt < / '[P w, dt.
0 0
Since ||we|[Le(0,L)) < [|[w]/ze((0,1)), as € = 0, by using the Dominated Convergence
Theorem, we obtain that w satisfies (34).

Now, we remove the assumption that w is bounded. For every M > 0, we define
wyy = min{w, M} € L*>((0,L)). By applying (34), we have that

L L L
Mp(1,(o,L))/ |gp]”det§/ |gp’\Pdet§/ WP wdt, for every peC((0, L))
0 0 0

and, sending M — oo, we get that also w satisfies (34).
Finally, passing to the infimum on functions ¢ € C§°((0, L]) in (34), we obtain the
desired estimate (33). O

Now, by applying the previous results, we are in a position to show Theorem 4.1.

Proof of Theorem 4.1. We divide the proof into two parts.

Part 1. Inequality for C? convex bounded sets. We first suppose that Q is a convex
bounded open set of class C?. Let u € C§°(£2) then, by using formula (31), we have
N-1

I(z) -
/ |u(x)|P dx = /é)Q (/ |u(x + tv(x))[? H(l - t/ﬂx))dt) dHN M (x)  (35)

=1

N-1

I(x)
/ \Vu(z)]P de = /39 (/ |Vu(x + tv(z)) P H(l —tki(x))dt> dHN " (z). (36)

i=1

Now we fix x € 0 and let v € C§°((0,{(x)]) be defined by v(t) := u(z + tv(z)) for
every t € (0,{(x)].
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Furthermore we introduce the weight w, : (0,{(z)) — R given by

N-1

we(t) = [J (1 = thi(x)) € L=(0,1(x)).

i=1

It is easy to verify that the weight w, is monotone non-increasing. Being [(z) > 0,
there exists z = z(z) € €2, such that z € [I(2) and I(z) = do(z). Hence

1 —thki(x) > 1 —dqg(z) ki(z) >0, for every t € (0,1(x)),

where the last inequality follows from [14, Lemma 5.4]. In particular, this implies
that w, > 0 on (0,1(z)). Being satisfied all the hypotheses of Theorem 4.5, we have

I(x) U(z)
/0 lu(z + tv(x)) P w,(t) dt = /0 [ (t)|P w,(t) dt

1 Il(x) , » 1 I(z) , )

Then, applying Lemma 4.4 and taking into account that [(z) < rq for every x € 012,
we obtain

/Oz(m) i+ ()P (1) di < (:)pl(x)p/oz(m) 10/ (£)[P w, (t) dt

p

9\ P I(z)
< <*> T4 /0 \Vu(z + tv(z)) P w.(t)dt, for every x € df).

Tp

By exploiting the above estimate in (35) and then using (36), we get

/Q\u|l’d:1: < (;)pré}(/m (/0
:(;)%glﬂvmmm,

/ |Vul|P de NP ]

that is 7 > (?”) > for every u € C§°(Q2).
|ulP dx Q

Q

Taking the infimum on C§°(£2), we obtain that (5) holds when € is a convex bounded
open set of class C?.

I(x)
[V + (@) w, (1) dt) dHY () )

Part 2. Inequality for convex bounded sets. We will apply an approximation
argument to show the validity of (5) for every convex bounded open set. Let  C RY
be a convex bounded open set, then, thanks to [17, Section 4.3], there exists a
sequence {Cy}ren C RY of convex bounded closed sets of class C? such that, for
every k € N, the following properties hold:

e Chy1 CCp C Oy
e QCCrand dy(C, Q) =min{A >0:Q C Cy+ABy1, Cp, CQ+AB;} < L.
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Since {C} }ren converges to €2, as k — 0o, in the sense of Hausdorff, for every ¢ > 0,
there exists k; = k() € N, such that

(1-e)QCCy, forevery k > ki,
which leads to (1—-¢)Q Cint(Cy), forevery k > k.

Let r be the inradius of € := int(Cy), for every k& € N. Then, thanks to the
monotonicity of A\, with respect to the inclusion of sets and by using Part (1) on
., we obtain that

)‘p(Q) Tp P i
(1—¢)p > Ap(8) = ( 2 > r (37)
Since QNCQ, CC, for every k € N,

we can consider the co-Hausdorff distance between €2 and €2, given by
d™(Q,, ) = d(Cr \ Qi 1\ Q),

and, being ) and {2, convex open sets, we also have that

d™ (., Q) = dyy (0, 0) = dp (Cr, Q) <

T =

Hence, as k — oo, the sequence {2} ren converges to 2 in the sense of co-Hausdorff.
By using [11, Lemma 4.4], we have that

T — TQ, as k — oo.

Hence, by sending k — oo and then ¢ — 0 in (37), we finally get (5).

Finally, we notice that the inequality (5) is sharp. Indeed, the equality can be

attained asymptotically by different class of sets, for example, by the slab-type

sequence 0 = (—%,é)N*1 x (0,1) as L — oo, or by the family of collapsing

pyramids C, = convexhull (=1, 1)1 U{(0,...,0,a)}) when o — 0T, as proved
in [6, Theorem 1.2]. This concludes the proof. O

5. Makai’s costants for non-convex sets

As pointed out in the introduction, defined C, 4, 5p7q and 627(1 as in (3), (7) and
(14), taking into account (13) and (15), the natural questions that arise are whether

. 5p,q<C’p,q,Whenp>Nand1§q<N;
. C,,<C,, whenp>N;
. 62,q < U4, when N =2and 1 < ¢ < 2.

In this section, we give some partial answers to the questions above.

5.1. The case of general open sets for 1 <g< N <p

We focus on the class of general open sets of RY with the aim to show that, for
every fixed 1 < ¢ < N, there exists p = p(¢q) > N such that

Cpq < Cpys for every p € (¢, 7. (38)
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We consider the infinite fragile tower set T C RY defined as in [10, Theorem 5.1,
(iii)]. By construction, it satisfies the following properties:

o dr e LNT)NL>(T);

o XN (T)=0,foreveryl <g<p<N.

Moreover, thanks to (10), A, ,(7) > 0, for every p > N and 1 < ¢ < p. In order to
show (38), we fix 1 < ¢ < N and we prove that

lim el /T diTdr) T < lim G

With this aim, we observe that, since

Ng

Pq Pq _ Ng 1
df;jq S T;}:q qud71\_77q cL (7‘)7

by using the Dominated Convergence Theorem, the following limit holds

pg =g Ng Mg
I </d”“1d)q:</dN‘qd>q. 39
AN 0T x T X (39)

Moreover we have that

p—q
P Cra P < 2 ) pa+p—q g (40)

The last limit follows by taking into account that, as computed in [28, equation (7)],

1 S 1
wp,qzz (1+2%)" (1+%) ’ BG%)

where p' = p/(p — 1) and B is the Fuler Beta function, which is continuous on
(0, +00). If we show that

limsup A, ,(7) < An o (7)), (41)

PN\

by using (39), (40) and (41), we obtain that

Pa p=4¢ Ng Mg
i X, (7) /T a7 dr) "< wg(T)( /T G dr) T =0< Cxg = i Gy

PN

which gives the desired conclusion.

In order to prove the claim (41), we note that, for every 1 < r < oo and for every
open set Q C RY it holds

i IVl ) = [Vl for every p € CF(0). (12)
Indeed, if ¢ € C§°(2), then, for every p > r, it follows that

IVolPde = [ [VolP™" [Vl de < |[Vellid g | Vel da,
Q Q Q
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which implies liI;I\SFP IVOln ) < Vel
On the other hand, by Fatou’s Lemma, we also have that
/ V| dx < hminf/ |Vl? dz.
Q PN o

By applying (42) with » = N and Q = T, we obtain

/val”dw /\WINdI

limsup A\, 4(7) < limsup =T <

' /

PN PN [getras)™ ([ o)™
T

and, by taking the infimum on C§°(7), this easily implies (41).

, for every pe C3°(T),

Remark 5.1. Let 1 < ¢ < co. We notice that

Sl

. =~ . 1
Jim (Cpg)” = lim (Gpg)7 = 1.
Indeed, by [10, Corollary 6.1], it holds that
X 1 1 1

Y

m == 1 1 1
pyoo 2 2 (/ (min{t, 1 —t})? dgc)E (¢+1)
0

1 p — Bl
hich implies lim (C,,)? = lim <M> <A> t=1.
W plies - lim (C5,) 2 Pa+p—q
Then, taking into account also (7), it easily follows that
1 < lim inf (C’ )5 < lim sup (5],,[1)5 < lim (Cp q); =1.

p—00 P00 p—r00 ’

5.2. The case of simply connected open sets for p = N =2

In this subsection, we restrict ourselves to the case N = 2 and we prove that there
exist 1 < g < 2 and p > 2 such that

62,,1 < Cay, for every q € [g, 2], (43)
and 5p7p < Cpps for every p € [2,7]. (44)

First of all, we give an explicit example of a simply connected open set Q C R? such
that

~ 2
Aa(Q) 12 < Cop = % (45)

Let A C R? be an annulus from which we remove a segment, that is

A:{(xl,xz)em2;1<,/x§+xg<2}\{(x1,0)eR2:1<x1<2}.
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Then it holds that A\y(A) = 72 (see [25], p.551). Now, for a fixed 0 < ¢ < 1, we
consider the simply connected open set

QZAU{({L'l,ZUQ)ER2:\/4_$%§x1<2+€,_5<x2<5}\B

where B := {(r1,0) e R*: 1 <z <2+ ¢}

Figure 5.1: The set Q obtained from an annulus adding a small tooth and removing
a segment.

Since A C Q and |\ A] # 0, we get that
A2 (Q) < Ag(A) = 72

Being 74 = r5 = 1/2, the above inequality implies (45). Now, we recall that, by [9,
Proposition 2.3, it holds

lim Ay o (Q) = Xa(Q) and limm, =,

q,/2 a2

hence, by combining the above limits with (45), we get

~ 2¢q 2-g ~ 2
2= g 2 T
(lll}r% A24(€2) (/ﬁd?2 dx) =X (Q)rg < 1 (111}1% Caq-
This gives the desired conclusion (43).

Finally, we note that, by applying (42) with r = 2, for every ¢ € CgO(ﬁ), it holds

that
/ [VlP dx / [VlP dx /N|Vg0|2 dz
lim sup A\, (€2) < limsup =2——— < limsup 2

P ?
P\2 P2 elP da P2 Q" /|80\2dx)2 /~|<P|2dl‘
o

Q

and, by taking the infimum on ¢ € C’go((l), we get that

limsup A, (€2) < A ().
P2

~ 2
Hence, limsup A\, () rZ < A2 (Q) 7“~ < — =1limC,,,
P\2 Q 4 p\2

which implies the desired conclusion (44).
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