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Given a strictly convex multiobjective optimization problem with objective functions fi,..., fn,
let us denote by x its solution, obtained as minimum point of the linear scalarized problem, where
the objective function is the convex combination of fi,..., fy with weights ¢1,...,¢t5. The main
result of this paper gives an estimation of the averaged error that we make if we approximate zg
with the minimum point of the convex combinations of n functions, chosen among f1, ..., fy, with
probabilities ¢1, ..., ty, respectively, and weighted with the same coefficient 1/n. In particular, we
prove that the averaged error considered above converges to 0 as n goes to co, uniformly w.r.t.
the weights t1,...,ty. The key tool in the proof of our stochastic approximation theorem is a
geometrical property, called by us small diameter property, ensuring that the minimum point of
a convex combination of the functions f1,..., fy continuously depends on the coefficients of the
convex combination.
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1. Introduction

The main aim of the present paper is to develop a result about the approximation
of solutions of a convex multiobjective optimization problem in the spirit of [2,
Theorem 1, p.28]. In that paper the authors provided a result whose meaning was
explained by the authors themselves (the quotation is translated in English since
the original paper is written in French, see [2, Remark at p.30]):
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“This theorem means that to calculate a Pareto Optimum for the functions fi, ..., fx,
it suffices, approximately, to calculate it for n of them, and, better, most of the
choices of n elements among the N will give a good result.”

In order to make clear the comment above, we briefly describe what is a multiob-
jective optimization problem. For a complete overview about this field we refer the
reader to the, now classical, monographs [10] and [9]. Let fi,..., fy be N functions
from a normed space X to R. A point g € X is a Pareto Optimum point (or
efficient point) for fi,..., fy when there is no x € X such that fi(x) < fi(zo) for
k=1,...,N and f;(x) < fi(zo) for some i € {1,..., N}. One of the most common
techniques to find the Pareto Optimum points is the so called linear scalarization,
i.e., solving a family of scalar optimization problems where the objective function
is given by a convex combination of the functions fi,..., fx (see, e.g., [10, Ch.4]
and [9, Ch.5]). In our paper we deal with a special case of linear scalarization for
a multiobjective optimization problem where, under convexity assumptions on the
functions f1, ..., fn, each Pareto Optimum is completely characterized as minimum
point of a convex combination of the functions fi,..., fy. Namely, if the functions
fi,-.., fn are strictly convex, a point z( is a Pareto Optimum point for fi,..., fx
if and only if there exists t = (t1,...,ty) € Xy = {t € [0,1]¥: 2N, ¢, = 1} such
that xo is a minimum point for the scalar function w,(z) = fo:l tife(z) (see (2,
Lemma 1, p. 27]).

The relevance of linear scalarization in the theory and practice of multiobjective
optimization motivates the study of the properties of a convex combination of func-
tions. Moreover, as we will see, in order to obtain a result in the spirit of [2], a key
tool will be a geometrical property ensuring that the minimum point of a convex
combination of continuous strictly convex functions f, ..., fy continuously depends
on the coefficients of the convex combination.

The approach developed by Enflo and Beauzamy in [2] is deeply original with respect
to the field of multiobjective optimization and gives an unusual viewpoint about
the approximation of solution set. Despite these interesting features, the paper [2]
seems not to have been widely considered in the literature about multiobjective
optimization. For this reason, we are interested in studying this result and try to
weaken its assumptions. The key point of the approach of [2] is to study the Pareto
Optimum points of a convex multiobjective optimization problem with objective
functions fi,..., fn, by identifying these points with the solutions of minimum
points of convex combinations of fi,..., fy. In particular, we need to ensure the
continuity of the map ¢(t) = argmin(u;) where t € ¥y and u, is defined as above.
Moreover, in view of linear scalarization procedure, this type of result is interesting
in itself.

In the present paper we restrict our attention to the case where the functions
fi,-.., fn are such that, for every k =1,... N:

(a) fr is a continuous strictly convex function that is bounded on bounded sets;
(b) fx is coercive (i.e. for each C' € R the set {x € X: f(x) < C} is bounded).
Under these assumptions, it is quite straightforward to show that the function ¢ is

continuous whenever X is a finite-dimensional normed space. On the other hand,
when X is infinite-dimensional, it may happen that ¢ is not continuous.
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Indeed, we provide an example of two functions defined on the Hilbert space 5 and
satisfying assumptions (a)—(b) above, such that the corresponding function ¢ is not
continuous (see Example 3.7). In the infinite-dimensional setting, the continuity of
¢ can be obtained by adding a property, already introduced in [3] and [12] under
different terminologies, called by us small diameter property. Section 2 is mainly
devoted to the study of the small diameter property. It is worth pointing out that
in Proposition 2.4 we prove a result that allows to lift strongly exposed point from
the norm of X to a function f: X — R, hence providing a good tool to find exam-
ples of functions satisfying the small diameter property. In Section 3, it is shown
that ¢ is continuous if the functions fi,..., fy satisfy the small diameter property
and additionally properties (a)-(b) mentioned above. Finally, Section 4 provides a
“stochastic” approximation of Pareto Optimum points for fi,..., fy not depending
on the choice of the value t associated to each Pareto Optimum (Theorem 4.4). This
theorem can be applied to a larger setting than the result of [2], as proved in Remark
4.8, where, by using special norms built up in [4], we prove that there exists a set
of functions fi,..., fy not satisfying the assumptions of [2, Theorem 1, p.28] but
enjoying the conditions required by our result. Moreover, an example shows that
the small diameter property assumption cannot be dropped.

2. Notation and preliminaries

In this section we introduce some notions and basic results that we shall need in
the sequel of the paper. The section is divided in two parts: the former is devoted
to the study of geometrical properties of convex sets and functions, the latter to a
brief introduction to multiobjective optimization. We consider only nontrivial real
normed linear spaces. If X is a normed space with topological dual X*, then By,
Ux, and Sx are the closed unit ball, the open unit ball, and the unit sphere of X,
respectively.

2.1. Geometrical properties of convex sets and functions

We are going to introduce several notions that are widely used in convex analysis and
in the study of geometry of Banach spaces (see, e.g., [1, 5, 8, 11] and the references
therein). Let D be a convex subset of a normed space X. A point x € D is supported
by a linear functional z* € X*\ {0} if *(z) = supx*(D).

A point z € D is called an exposed point of D if x is supported by x* € X* and
{y € D: 2*(y) = z*(x)} = {x}. A point z € D is strongly exposed by z* € X* if
it is supported by z* and z,, — « for all sequences {x,} C D such that we have
limy, 00 *(z,) = supp *. In this case,  is also strongly exposed by Az*, for any
A > 0. Moreover, a point z € D is strongly exposed by z* € X*\ {0} if and only z*
is bounded over D and diam S(z*,d, D) — 0 as § — 0, where

S(x*,0,D):={y € D: z*(s) > supz* — J}.
D

Let f: D — R be a convex continuous function. By

epi(f) == {(z,t) e DxR: t > f(x)}
we denote the epigraph of the function f. Moreover, for z € D, 0f(x) denotes the
subdifferential of f at x. A point (z, f(x)) € epi(f) is supported by (z*, —1) if and
only if z* € 0f(x).
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Definition 2.1. Let D be a convex subset of X, x € D, and f: D — R.

. Let z* € Of(x), we say that = is an x*-small diameter point for f if each
sequence {z,} C D, satistying «*(z,,) — f(z,) — 2*(z) — f(x), is norm con-
vergent.

. If, for each z* € Jf(x), the point x is an z*-small diameter point for f, then

we say that x is a small diameter point for f.
. f has the small diameter property (SDP) if each y € D is a small diameter
point for f.

We recall the following result which relates small diameter points for f in X with
strongly exposed points of epi(f) in X x R.

Lemma 2.2. [3] Let D be a convez subset of X, f: D — R a continuous convex
function, x € X, and x* € 0f(x). Then x is an x*-small diameter point for f if
and only if (z, f(x)) is a strongly exposed point of epi(f) by (z*,—1).

We deduce that if f: X — R has the SDP, then for each x € X, (z, f(x)) is sup-
ported by (z*, —1) if and only if (x, f(z)) € epi(f) is strongly exposed by (z*, —1).
We are going to show an elementary fact about the SDP; we shall need this result
in the next section (cf. the proof of [12, Theorem 4.2]).

Proposition 2.3. Let f,g: X — R be convex continuous functions. If f has the
SDP then f + g has the SDP.

Proof. Let zp € X and z* € 9(f + g)(x9). We are going to show that z( is a
x*-small diameter point for f 4 g. Indeed, since f + ¢ is a convex function and
x* € O(f + g)(zo), we have

z*(y) — (f + 9)(y) < 2*(w0) — (f + g)(0),

for any y € X. Now, let {x,} C X be a sequence such that x*(z,) — (f + g)(zn)
converges to x*(zg) — (f + g)(xo). By [11, Theorem 3.23] there exists x] € 0f(zo)
and x3 € 0g(xg) such that z* = 27 + z3. Fix € > 0, then eventually we have

e > a"(mo) — (f +9)(xo) — " (xn) + (f + g)(2n)
= z1(w0) — f(w0) — x7(@n) + f(z0n) + 25(20) — 9(20) — 25(20) + 9(T0)
> x1(wo) — f(wo) — 1(@n) + f(zn) = 0.

Since f has the SDP, the previous chain of inequalities and the arbitrariness of € > 0
show that {z,} converges to xy. Hence, f + ¢ has the SDP. O

The next result shows, under suitable hypotheses, how to lift strongly exposed points
from the norm of a normed space X to the graph of a function f: X — R. It provides
a good tool for constructing examples of functions having the SDP.

Proposition 2.4. Let (X,|| - ||) be a normed space, ro € Sx, and suppose that
xo € By is strongly exposed by x* € Sx«. Let h: [0,00) — R be a continuous convex
strictly increasing function and let A € (0,00) and \* € R, suppose that X\ is a
N -small diameter point for h. Then:
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(i) (]| - |I) is a continuous convex function on X;
(il) Azg is a N*z*-small diameter point for h(|| - ||);

(iii) the origin of X is a 0-small diameter point for h(]| - ||), where 0 € X* denotes
the null functional.

Proof. The first point is well-known and easy to prove. Let us prove (ii). Clearly,
since h is strictly increasing, \* is positive. Hence, for each x € X, we have

At () = h([lz]]) < A (@7 () = [lz]]) + AA = h(A) < A2*(Azo) — h([|Azoll), (1)

where the first inequality holds since \* € 9h(\). Now, let us consider a sequence
{z,} € X and suppose that

N a®(wn) = h([|znl]) = A" (Azo) — A([[Azo]).
Since, for n € N,
A a™(zn) = h(l[znl]) < A|znll = R(([zn]]) < XA = h(A),

we have that ||z,|| — A, in particular ||z,|| > 0 eventually. Moreover, by (1), we

have: \*(z*(x,,) — ||za]|) — 0 and hence z* ( — ) — 1. Since zy € By is strongly

Iz
Tn

exposed by x* € Sx«, we have et — Zo, and hence z,, — Azg. The proof of (ii) is
complete.

In order to prove (iii), we can suppose without any loss of generality that h(0) = 0.
Then, it is sufficient to observe that, by the continuity of the inverse function of h,
if h(||xn||) — R(]|0]]) = 0 then ||z,| — 0. O

A function f: X — R is said strictly convex on a convex set D C X if, for every

z,y € D, the following relation holds: f(*3%) < 2(f(z) + f(y)). We now recall the

stronger notion of uniformly convex function.
Definition 2.5. Let D be a convex subset of a normed space X, o € D and
f: D — R. Then we say that

. f is uniformly convex at xq if for every € > 0 there exists § > 0 such that for
every y € D such that ||zg — y|| > € it holds

£ (%) < 5 flao) + 35 () =

. f s uniformly conver on D if for every € > 0 there exists 6 > 0 such that for
every x,y € D such that ||z — y|| > € it holds

F(55) < 51 + 5 f ) -0

Remark 2.6. The following implications hold.

(i) If a function f: X — R is uniformly convex on a convex subset D C X, then
it is uniformly convex at x, for each x € D.

(ii) If f: X — R is uniformly convex at x, for each x € X, then f has the SDP.
(iii) If f: X — R has the SDP then it is strictly convex.



766 C. A. De Bernardi et al. / Stochastic Approximation ...

Proof. The implication contained in (i) is trivial, let us prove (ii). Suppose on the
contrary that f has not the SDP, then there exist z € X, * € f(x), € > 0, and a
sequence {x,} C X such that z*(x,) — f(x,) goes to z*(x) — f(x), when n — oo,
but ||z, — z|| > €, whenever n € N. Since f is uniformly convex in z, there exists
0 > 0 such that

F(EE5) < 57 @) + 3f(wn) =5,

2
for each n € N. From which we get

25 + 2" (x) — f(z) + a*(xn) — flan) < 22* (%) _of (%) .
Hence, for sufficiently large n we get
s 0 <2 [ (552) - (52

The last inequality contradicts the fact that the point (z, f(x)) € epi(f) is supported
by the functional (z*, —1).

Finally, let us prove (iii). If f: X — R is not strictly convex, then its graph contains
a segment of length ¢ > 0, therefore one can find a point x € X and z* € X* for
which diam(S(y*,d,epi(f))) > ¢, where y* = (2*,—1). Therefore f has not the
SDP. ]

In general, none of the implications contained in the previous remark can be reversed
(this is easy to see for (i) and (ii), and an example of strictly convex function
without the SDP is contained in Example 3.7 below). On the other hand, the next
proposition, whose proof is left to the reader, shows that strict convexity and uniform
convexity coincide on compact sets.

Proposition 2.7. Let K be a compact and convex subset of a normed space X . Let
f: K — R be a continuous and strictly convex function. Then f is uniformly convex
on K.

2.2. Convex multiobjective optimization problem

Multiobjective optimization is a topic of optimization theory that finds many ap-
plications in Economics, Operations Research and Engineering. Here we just give a
brief account on the notions of solution and on the linear scalarization procedure.
For a complete overview about this topic, we refer the readers to the, now classical,
monographs [10] and [9]. Moreover, we quote also [7], even if this book is devoted
only to the finite-dimensional setting. Even if the results we mention in this subsec-
tion can be proved in an easy way, their proofs can be found in the above mentioned
books, often in a more general framework.

Let fi1,..., fy be N real valued functions defined on a normed linear space X.
Definition 2.8. A point z¢ € X is a Pareto Optimum point for fi,..., fxy when

there is no x € X such that fi(z) < fp(zo) foreach k =1,..., N and f;(z) < fi(zo)
for some i € {1,...,N}.

A weaker notion of solution for a multiobjective optimization problem is the notion
of weak Pareto Optimum point.
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Definition 2.9. A point zy € X is a weak Pareto Optimum point for fi,..., fx
when there is no x € X such that fi(x) < fi(xo) for each k =1,..., N.

Of course, each Pareto Optimum point is also a weak Pareto Optimum point, but in
general the reverse implication does not hold. Nevertheless, the two notions coincide
under suitable convexity assumptions. Namely, the following result holds.

Proposition 2.10. Let fi,..., fxy be strictly convexr functions. Then each weak
Pareto Optimum Points for fi,..., fx is also Pareto Optimum for fi,..., fn.

A multiobjective optimization problem consists in finding the (weak) Pareto Op-
timum points for objective functions fi,..., fy. It is easy to see that, in general,
Pareto Optimum points are not unique. A common approach to solve a multi-
objective optimization problem is to reduce it to a parametrized family of scalar
optimization problems (this procedure is called scalarization of a multiobjective op-
timization problem).

Many different scalarization methods have been developed in the literature (see the
monographs quoted above and the references therein). Among them, one of the
most used is the linear scalarization or weighted sum scalarization. Let us denote
by Ly the (N — 1)-dimensional simplex, i.e., Xy = {t € [0, 1]V : 32N ¢, = 1} and,
for t = (t1,...,ty) € By, let uy(z) = SN tifi(x). We have the following sufficient
optimality condition.

Proposition 2.11. Let xq € X. If there exists t € L such that uz(zo) < uz(z) for
every x € X, then xy is a weak Pareto Optimum point for fi,..., fn.

The previous sufficient condition becomes also necessary if we add convexity as-
sumptions for the objective functions.

Proposition 2.12. Let xy € X and fi,..., fn be convex functions. If xq is a
weak Pareto Optimum point for fi,..., fn, then there exists t € Xy such that
up(zo) < uz(x) for every x € X.

In the sequel of the paper we always consider objective functions fi,..., fy that
are strictly convex. Therefore, by combining Propositions 2.10, 2.11 and 2.12, we
obtain the following remark, that plays a key role in our setting.

Remark 2.13. Let us consider a multiobjective optimization problem with strictly
convex objective functions fi,..., fy. Then a point zy € X is a Pareto Optimum
point for fi,..., fy if and only if z is a minimum point for the function u,(x) for
some t € Yy.

3. Continuity of argmin map for a convex combinations of functions

This section is devoted to find some conditions ensuring that the minimum point of a
convex combination of continuous strictly convex functions fi,..., fx continuously
depends on the coefficients of the convex combination. In order to provide existence
of minima we restrict our attention to reflexive spaces.
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Definition 3.1. Let X be a reflexive Banach space. A function f: X — R is called
a U-function if it satisfies the following conditions:

(a) f is a continuous strictly convex function that is bounded on bounded sets.
(b) f is coercive (i.e. for each C' € R the set {x € X: f(z) < C} is bounded).

Let us notice that U-functions have a unique minimum point. Indeed, let f be a
U-function and take C' € R in such a way that the set S¢ = {x € X: f(z) < C}
is non-empty. Since f is continuous and convex, S¢ is closed and convex, therefore
it is a weakly closed subset of X, hence S¢ is weakly compact. Since f is a convex
function, it is weakly lower semicontinuous, therefore it admits a minimum point in
Sc¢. Uniqueness follows by strict convexity of f.

Let fi,..., fv be a finite family of U-functions. For
t= (tla"'atN> € ZNa

we recall that u;: X — R is the function defined by u; = ZZ]\LI t; f;. Since, for each
t € Yy, u; is a U-function, we can consider the map ¢: Xy — X defined by

o(t) == argmin(uy).

Let us stress the fact that the map ¢ implicitly depends on the choice of the functions
f17 o fN-

Remark 3.2. For a family of U-functions fi,..., fy as above, consider the set
M = ¢(Xy) containing all minimun points of the functions u; (t € ¥y). Proceeding
as in [2, p. 28], it is not difficult to see that the set M is bounded.

Remark 3.3. (Multiobjective optimization with U-functions) When we consider
a convex multiobjective optimization problem where the objective functions are U-
functions, by Remark 2.13 it follows that the set M = ¢(Xy) is the set of all Pareto
Optimum points for the functions fi,..., fn.

If X is finite-dimensional, for any choice of U-functions fi,..., fy, it is possible
to show, by a standard compactness argument, that the function ¢: Xy — X is
continuous (here, ¥ is endowed with the standard product topology). Let us point
out that, in the infinite-dimensional case, this is not true in general: Example 3.7
below contains two U-functions fi, fo, for which the corresponding function ¢ is not
continuous. The main aim of the present section is to provide suitable geometric
assumptions, that ensure the continuity of the function ¢ in the infinite-dimensional
setting (see Theorem 3.5, below).

We start by proving the continuity of the map ¢ at a given point of X . In the
sequel, for a positive real number o and a U-function f, we denote by S,(f) the
strict sublevel set of f at level (min f 4 «), i.e.,

Sa(f) ={zx € X: f(x) <min(f) + a}.

Lemma 3.4. Let fi1,..., fx be a finite family of U-functions and t € ¥y. Suppose
that diam(S,(u;)) goes to zero for a going to zero. Then the map ¢: Xy — X is
continuous at t.
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Proof. We write 7o = ¢(t) = argmin(u;). We claim that if a sequence {v"} C Ly
converges to t, then the sequence of functions {u,»} converges uniformly to u; on
bounded sets. Indeed, let D C X be a bounded set and assume x € D. Define

t=(t,...,tx) and v" = (v},...,v%), then
N N
[ui(@) —un (@) = |y Tifi(z) = Y o} filx)
i=1 i=1
N
< maxsup|fi(y)| Y |t; — vf|
yeD j=1

Taking the supremum over x € D and letting n to infinity we get the claim.

Now suppose that the function ¢: ¥ — X is not continuous at t. Then there exist
a sequence {t,} C Xy, converging to t, and a positive real number & > 0 such that
|zn — xo|| > &, where z,, := ¢(t,,) for every n € N. Since diam(S,(u;)) goes to zero,
there exists @ > 0 such that diam(S,(u;)) < &/2.

By Remark 3.2, the set M is bounded. Since {uy, } converges uniformly to u; on M,
there exists n € N such that |u,, (xo) — ui(xo)| < /3 and |uy, (x,) — ui(z,)| < /3.

Since xg € S, (u;) and ||z, — x| > &, we have u;(z,) > a+u;(zy). Hence, we obtain

g, (Tn) = wy, () — up(x,) + up(z,) > 200/3 + ui(o)

> /3 + up(zo) > wy, (x0).

A contradiction to the fact that z,, = ¢(t,) = argmin(uy, ). O

Theorem 3.5. Let fi,..., fn be a finite family of U-functions. The following as-
sertions hold

(i) If f; has the SDP for some i € {1,...,N}, then the map ¢: Xy — X is
continuous on {t = (t1,...,t,) € Xn: t; # 0}.

(ii) If f; has the SDP for every i = 1,...,N, then the map p: ¥y — X is
continuous on 2.

Proof. Let us prove (i), (ii) follows immediately. Suppose that t = (t1,...,t,) € Xn
is such that ¢; # 0, and let us prove that ¢ is continuous at . By Proposition 2.3, the
function u; is a U-function which satisfies the SDP. If z; = ¢(¢), by Lemma 2.2, we
have that (z¢, us(x;)) is strongly exposed by (0, —1) € X* x R. Hence, diam(S, (u;))
goes to zero for a going to zero. The assertion follows by Lemma 3.4. 0

Remark 3.6. Let us point out that if a continuous convex function f: X — R
has the SDP then, by [12, Proposition 3.13|, it is coercive. Therefore, under this
additional assumption, condition (b) in Definition 3.1 is redundant.

The following example shows that the map ¢: ¥y — X is not always continuous,
even if fy,..., fy are U-functions. Therefore, this example points out the key role
played in Theorem 3.5 by the SDP.
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Example 3.7. Let X =/, hy,hy: X — R, and ¢: [0,00) — R be defined by

o0 2
Ty — X
h1($>:nZ:;(2—nl>, .%:(xl,wz,xg,...)egg,
2 (z, + 21 — 1)2
hg(m):;( 22 ) , r = (21,29, 23,...) € ly,
o) =W
0 it 0<y<2.
Then define
file) = ha(z) + g(llz]),  fo(x) = ho(x) + g([|]]) (z € bo).

Then f; and f; are real-valued U-functions on ¢, such that:
(1) fi attains its minimum at z = 0;

(2) for each t € (0,1), the function u; := (1 —1) f; +t fo attains its minimum outside
2Ux (ie. [|o(t)] > 2).

In particular, the map ¢: ¥3 — X is not continuous at (t1,t2) = (1,0) € 3s.

Proof. Let us first prove that f; and f; are U-functions. Because of the fact that,
for each x = (21,29, 23,...) € {3, we have

h2 ((I’l,l‘g,x?,, s )) = hl ((1 — X1, X2, X3y . - - )) ’

it is sufficient to prove it just for f.

Continuity of f; is trivial, while condition (b), in Definition 3.1, follows by the
definition of the function g. We claim that h; is bounded on bounded sets. Indeed,
if D is a bounded set and x € D, we get

o0

= >t

n=2

|h(

<ol nP 3L
neN n—2

and the claim is proved. By our claim and by our construction, f; is bounded on
bounded sets. It remains to show that f; is strictly convex. Since g(||-||) is a convex
function, it is enough to show that h; is strictly convex. Let x,y € {5 be distinct,
A € (0,1), and let us prove that

01 = (O + (1 — Ny) — M (@) + (1 — Mha(y)] < 0.

To do this, let us consider the function k;: ¢5 x {5 — R defined by

k’l(x,y) _ (Tn —21)(Yn — 1)

on ) ZEZ(331,1’2,...),3/:(yl,yg,...)662,

n=2
and observe that
(i) hi(z) > 0 if and only if x # 0;
(ii) hi(x £ y) = hi(z) + ha(y) £ 2k (2, y).
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Hence, by using (i) and (ii), we get

=50 oA L = UZ I ) — (1= W)

= N ha(a) + (1= A)ha(y) + 20(1 = N (,9) — M) — (1= A ()
= AA = Dha(z) = (1 = A Nha(y) + 201 = Ak (2, 9)
=-N1-=XNhi(z—y) <O.

This concludes the proof of the fact that fi, fo are U-functions.

Now, condition (1) trivially holds, let us prove (2). Fix ¢t € (0,1), we claim that
function 4; = (1 — t)h; + thy admits no minimum points. It is easy to see, by
standard computation, that the functional x} € ¢, defined as

on—1 yrtt on—1

(i (x1 —xn)(1 —t) + (T + 1 — 1)t (1=t (xp —x1) +t(zp +21—1) Ny >

n=2

is the derivative of the function @, at the point x = (x, z,...). By [11, Proposition
1.26], 4; has a minimum at x if and only if 27 = 0. Assume, on the contrary, that
x; = 0, then for every n > 2 the following condition must be satisfied

1=t)(zp—21) +t(xy + 21— 1)

o —0.

Which yields x,, = x1 — 2tx; 4+ t. Substituting it in the first coordinate we get

i (1—t)(.%‘1 —1’1+2t$1 —t)+t(1’1 —Qtl‘l +t+x1 —1)
on—1 )
n=2

which is null if and only if each term of the series is equal to zero. It follows that

dtzy — APz + 26 — 2t =0
= 1
1= 5
Which implies z,, = % for every n € N. Since z € /{5, we get a contradiction, and
the claim is proved.

Now, suppose on the contrary that ||¢(t)|| < 2. Then, since uiloy, = Ulory,, we
get that @, attains its minimum at ¢(¢), a contradiction by our claim. The proof is
concluded. [

We conclude this section by pointing out that, by means of Theorem 3.5, we can
obtain some information about the topological properties of the set of Pareto Opti-
mum points for a multiobjective optimization problem with fi,..., fy as objective
functions. This type of results has been widely studied in the field of multiobjective
optimization (see, e.g., [10, Ch.6] and [7, Sec.3.4]). Here we just quote a corollary
of our result, that immediately follows by Remark 3.3 and Theorem 3.5
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Corollary 3.8. Let fi,..., fn be a finite family of U-functions. If f; has the SDP
for every i = 1,..., N, then the set of Pareto Optimum points for fi,..., fn is a
compact and connected subset of X.

4. Approximation of the solutions for a convex multiobjective
optimization problem

This section is devoted to develop an approximation result for the solutions of a
convex multiobjective optimization problem in the spirit of the paper [2]. We start
by recalling the main theorem proved in [2].

Theorem 4.1. Let X be a uniformly convex Banach space. Let fi,...,fn be a
finite family of U-functions which additionally satisfy the following conditions:

(a) for eachi € {1,...,N}, fi is Gateaux differentiable at each point of X.

(b) for each convexr bounded set D C X, there exists a constant Cp and g > 2 such
that, for each x1,x9 € D

Ji <:c1 —;wz) < %(fz(l’l) + fi(@2)) — Cpllzr — @),

for everyi e {1,...,N}.

Then, there exist K,y > 0 such that if t € Xy, x; = ¢(t), and {F}} is a sequence
of independent random variables defined on the same probability space (€2, ) which
take the values f1,..., fx with probability t,...,tx, we have, for each n € N

flmin (137 i) - < £ .

Remark 4.2. From the point of view of multiobjective optimization, this result
can be read as follows. First of all, z; is a Pareto Optimum point for the functions
fi,..., fn associated to the weights (t1,...,tx) = t € Xy, i.e, z; is the unique
minimum point for the function u; (see Remark 3.3). Second, each realization of
the random variable %Zzzl Fi(w) is a convex combination of n functions chosen
among f1,..., fy where each term has a coefficient 1/n. Hence, for a fixed w € €,
argmin(+ 1" | Fi(w)) is a Pareto Optimum point for the functions Fy (w), . .., F,(w)
where Fj(w) € {fi1,..., fv}. Taking into account these interpretations of the quan-
tities appearing in the inequality (2), we conclude that the expected value of the
error made by approximating z; with a special Pareto Optimum point (the one re-
lating to all equal weights) of a convex multiobjective optimization problem with n
objective functions chosen among fi,..., fy, where each of the n chosen functions
has the probability ¢; of being f;, for each j =1,..., N, is controlled by &/n".

The most interesting feature of the estimation given by Theorem 4.1 is that each
solution of the multiobjective problem with fi,..., fy as objective functions can
be approximated in a good way by considering the minimum point of the convex
combination (with equal coefficients) of n functions chosen among the N objective
functions of the original multiobjective problem. Moreover, most of the choices of
the n functions among the N original objective functions give a good approximation
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(as pointed out in [2], see also the introduction of the present paper). Indeed, on
average we provide a good estimate of the error, that depends only on the number
n of the chosen functions and on their geometrical properties. Finally, it is worth
pointing out that this estimate does not dependent on t € ¥, in particular it does
not depend on the choice of the Pareto Optimum point x;.

The aim of the present section is to present a new version of the above result under
the assumption (which markedly weakens conditions (b) contained in the above the-
orem) that the functions fi, ..., fy involved are Gateaux differentiable U-functions
satisfying the SDP. On the other hand, we show that our new version of Theorem 4.1
fails if we drop the SDP assumption, see Example 4.7.

Let us notice that condition (b), in Theorem 4.1, implies that each f; is uniformly
convex on bounded sets. On the other hand, in [2] it is claimed that condition (b)
can be replaced by the assumption that each f; is uniformly convex on bounded
sets. Since the proof of this last assertion is not contained in [2], we decided, for
the convenience of the reader, to include in our paper the corresponding standard
modifications of some preliminary results, used in [2] to prove Theorem 4.1. The
next technical lemma shows that for a finite family of uniformly convex functions
there exists a common modulus of convexity with some additional properties. The
proof is inspired by [13].

Lemma 4.3. Let fi,..., fn be a family of real-valued continuous functions defined
on a convex subset D of a Banach space X. Suppose that each f; is uniformly convex
on D. Then there exists a function ¢: (0,00) — (0,00) such that

(i) for every z,y € D andi € {1,..., N} we have

£ (552) < 50 + fily) = o(llz = ).

(i) the function t — 5®)/¢ is strictly increasing on (0,00).
(iii) limy_,o9®/t = 0.
Proof. Let i € {1,...,N}. Since f; is uniformly convex on D, combining [13,

Remark 2.6] with [14, Proposition 3.5.1] there exists a map J;: (0,00) — (0, 00)
such that:

(a) for every x,y € D we have

(552 < 5+ 5 = e = )

(b) the function ¢ +— %(®)/¢2 is nondecreasing on (0, 00).

Let s >t > 0, then we have

hence, it follows that
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which goes to zero when t goes to zero. Similarly, let s >t > 0, then we have

<
52 S

5i() o dils) _ 0ils)
<

Therefore, the function %(®)/: is strictly increasing. Finally, defining

d(t) = min{d1(t),...,0n(t)},
we get the desired function. ]

Now, we are in the position of stating the main result of this section.

Theorem 4.4. Let X be a uniformly convex Banach space. Let fi,...,fn be a
finite family of U-functions which additionally satisfy the following conditions:

(a) for eachi € {1l,...,N}, fi is Gateaux differentiable at each point of X.
(b) for eachi e {1,...,N}, f; has SDP.

Then there ezists a sequence {€,} of positive numbers converging to 0, such that
if t = (t1,...,tn) € Xy and {F}} is a sequence of independent random variables
defined on the same probability space (2, p) which take the values fi,..., fn with
probability tq,...,ty, we have, for each n € N

flmin (13 0 - <
k=1

As we have already pointed out in Remark 4.2, also Theorem 4.4 can be interpreted
as an approximation result for a multiobjective optimization problem. Beside the
weaker assumptions with respect to those in Theorem 4.1, it is worth pointing out
that also the errors average upper bound ¢, can be explicitly computed. Indeed,
from the proof of Theorem 4.4 we will see that

&, = diam(M)n” + n(n?),

where M is the closed convex hull of the set of Pareto Optimum points for fi, ..., fn,
£ is a negative real constant and 7 is a function vanishing as the argument goes to
0 and depending on the geometrical properties of the objective functions.

In order to prove our main result, we recall the statements of two technical lemmata
contained in [2]. Let us mention that the constant p which appears in the following
result is exactly the type of the Banach space X* (for the definition of type and
cotype see, e.g., [1, p. 137]).

Lemma 4.5. Let X be a uniformly conver Banach space and let A be a bounded
subset of X*. Then, there exist p € (1,2] and C > 0 such that,

1 — .
/ngkz:ek—x

dp < Cnv!
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whenever x* € X* and {G}} is a sequence of independent random variables defined
on the same probability space (0, ) with values in A, such that

/deu:x*, ke N.
Q

The next result is contained in a slightly different formulation in [2]. For the sake
of completeness we include a proof.

Lemma 4.6. Let f1,..., fn be a finite family of real-valued U-functions defined on
X and let D C X be a convex subset. Lett € Xy, xy = ¢(t), and suppose that there
exists a function 0: (0,00) — (0,00) such that for every xz,y € D andi € {1,...,N}

£ (552) < 5 (@) + £ily) = (llz = yl)
holds. Then, for each z € D, we have
20([Jae — 2[]) < wui(z) — wpl@e).

Proof. It is sufficient to observe that, for every z € D, we have

1
wily) < wp (PFE) < S + ui(2) = (1w — =1),
from which we get the assertion. [

Proof of Theorem 4.4. Let us consider the set M of all minimum points of con-
vex combinations of the functions {fi,..., fx}, i.e, M = ¢(Xy). Since Xy is a
compact set and, by Theorem 3.5, the function ¢ is continuous, we have that M is
a compact set. Therefore, M; = Gonv (M), the closure of the convex hull of M, is
compact too (see, e.g., [6, Theorem V.2.6]). Hence, by Proposition 2.7, the functions
fi,-.., fn restricted to the set M; are uniformly convex. Therefore, by Lemma 4.3,
there exists a function ¢: (0, 00) — (0, 00), satisfying conditions (i)—(iii) in Lemma
43. If k e N, t € Xy, and 2, = ¢(t), we define a random variable G% over (Q, u)
with values in X* as follows: if w € Q and Fj(w) = f;, put Gi(w) = f/(z¢).

Then, {G%}x is a sequence of X*-valued independent random variables taking val-
ues fi(xy),..., fx(zy) with probabilities ti,...,ty. Moreover, since the functions
fi,-.., fn are bounded on bounded sets, it is easy to see that sup ¢, max; || fi ()|
is finite and hence there exists a bounded set A C X*, such that G% takes val-
ues in A, whenever £k € N and ¢t € Y. Since, for each £ € N and t € Xy, we
have [, Gldp = SV tif/(z;) = 0, Lemma 4.5 ensures the existence of constants
p € (1,2] and C > 0 such that

1 & 1_
LI5S Ghllaw < o,
o "4

whenever t € Xy. Therefore p(£2;) < n12;pp, where

1 & 1-p
0 ={we Q: ||EZG};(W)H >Cn'# }.
k=1
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Let w € Q\ ©Q and n € N; then for each k& < n we have G} (w) = f] () for some
ir € {1,...,N}. Let & = argmin(+ >, f;,) and

() = % S fule + r(w — ).

The map ¢ is increasing over the unit interval [0, 1] and attains its minimum at
r = 0. By Lemma 4.6 we have

%mx—mnswn—¢mw3£¢wwrswmn

1<,

k=1

< lz — 2| < Cn'® o — a4

Defining i(r) = 6(r)/r and n(r) = h='(r) we get

1—-p
ol — i) _ Cn'F
le—afl — 2 7

on's
o=l <0 (€57).
Therefore,

(1 RS
/Hargmm (EZF;@(W)> —a:tHdug/ ||argmin (ﬁZFk(w)> — x| dp
0 P ol

k=1
1-p
1 - —p Cn2e
—I—/ |largmin [ — ZFk(w) — xy|ldp < dian1(/\/ll)n127 s n '
Q\Q1 n 1 92

If, for n € N, we define

from which we get

the proof is complete. [

Example 4.7. Let f; and fs be defined as in Example 3.7. It is clear that both
f1 and f; are Gateaux differentiable on X. If ¢ = 0, then argmin(u;) = {0}, where
u; = (1—t) fi+tfo. While, if t€ (0, 1], then ||argmin(u,)|| > 1. Suppose that t € (0, 1).
Let (92, ) be a probability space. Let us consider random variables Fy.: Q — {f1, f2}
that satisfy p({w € Q: Fip(w) = fi}) =1 —t and p({w € Q: Fy(w) = fo}) =t. Let

Q) = {w € Q: argmin(% ZFk(w)) = {0}}

={weD: Fr(w)= fiVk=1,...,n}.
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Then, we observe that p(€2;) = (1 —¢)”. Which implies,

1 < 1 <
nl=S"F — > nl=S"F _
/Q ||argmin (n ,;:1 k(w)) xy||dp > /Ql ||argmin (n E k(w)) x| dp

> p(fh) = (1 =1)",

Therefore, one cannot obtain an estimate which does not depend on .

Remark 4.8. Let us point out that there exist Gateaux differentiable U-functions
with the SDP not satisfying condition (b), in Theorem 4.1. To show this, notice that
in [4] an example is provided, in each infinite-dimensional separable Banach space
(also in every reflexive space), of an average locally uniformly rotund, Gateaux
differentiable norm | - | which is not locally uniformly rotund. For reflexive Banach
spaces, by [4], a norm is average locally uniformly rotund, if and only if each z € Sy
is strongly exposed by each functional which supports x. Hence, Proposition 2.4
implies that the function | - |? is a Gateaux differentiable U-function with the SDP
not satisfying condition (b), in Theorem 4.1.

The above construction shows that there are situations in which the hypotheses of
Theorem 4.4 are satisfied but Theorem 4.1 cannot be applied.
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