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1. Introduction

Sweeping processes are dynamical systems involving the normal cone to a set called
sweeping set. These systems were introduced in the papers [28, 29, 30] by J. J.Moreau
in the context of plasticity and friction theory. Different modifications of this model
have since appeared in many applications such as hysteresis, ferromagnetism, elec-
tric circuits, phase transitions, crowd motion problems, economics, etc. (see [1]
and its references). This naturally motivated launching the subject of optimal con-
trol over sweeping processes and deriving necessary optimality conditions phrased
in terms of Euler-Lagrange equation or Pontryagin-type maximum principle. These
results are mainly established using two different approaches, namely discrete ap-
proximations (see [5, 6, 7, 8, 9, 14, 15, 16]), and continuous approximations (see
[3, 17, 20, 32, 33, 34, 40]). Another new method is recently introduced in [23],
where, instead of approximating the sweeping process, the authors formulated stan-
dard optimal control problems having auxiliary controls and the sweeping set is
considered as explicit state constraints. These problems admit the same optimal
solution as that of the original problem. As mentioned by the authors in [23, Re-
mark 2.13], the Pontryagin-type necessary conditions derived therein have atypical
nondegeneracy condition that requires further analysis.
∗ Corresponding author.
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Via an innovative exponential penalization technique that approximates the normal
cone, the authors in [17, 18] derived a smooth Pontryagin-type maximum principle
for global minimizers of a controlled sweeping process, in which the sweeping set C
is compact and is the zero-sublevel set of a C2-convex function ψ. The surprising
feature of this continuous-time approximation technique resides in the fact that,
despite that the original sweeping process inherently has a state constraint, namely,
x(t) ∈ C, the presence of the penalty term in the formulation of the approximating
systems disposes of this state constraint, since the set C turns out to be invari-
ant for this carefully designed approximating systems. This special property of the
exponential penalization technique introduced in [17], has demonstrated to be in-
strumental in [19, 31], where successful numerical algorithms have been developed
to efficiently compute good approximations of solutions for optimal control problems
over sweeping processes via solutions of standard optimal control problems in which
no state-constraint is imposed.
The same exponential penalization technique is used in [32, 40] to generalize the
Pontryagin-type maximum principle of [17] in several directions. This includes al-
lowing the compact sweeping set C to be the zero-sublevel set of a C1,1-function
that is not necessarily convex, a final-state endpoint constraint set to be present,
the cost function to depend on both endpoints of the state, strong local minimizers
to be considered, and new subdifferentials that are strictly smaller than Clarke and
Mordukhovich subdifferentials to be employed.
The goal of this paper is to extend the Pontryagin-type maximum principle of [32]
to the case in which the sweeping set is the intersection of a finite number of zero-
sublevel sets of C1,1-functions ψi, i = 1, . . . , r, and hereby, we allow C to be non-
smooth. Moreover, the compactness assumption of C can now be replaced by a
weaker condition permitting C to be unbounded, and hence, our results here extend
the results in [17, 32, 40], not only to the case where the sweeping set is non-
smooth, but also unbounded, such as, polyhedral, star-shaped, or a set with compact
boundaries.
The exponential penalization technique for r > 1 is far more complex than that for
r = 1, which was treated in [17, 32, 40]. In fact, if we attempt here to emulate
the case when r = 1 by considering C as the zero-sublevel set of the single function
ψ := max{ψi : i = 1, . . . , r}, then, when r > 1 and ψi ∈ C1,1, for all i ∈ {1, . . . , r}, ψ
is only guaranteed to be Lipschitz. Hence, unlike the case when r = 1, the normal
cone to C,NC , is now given in terms of the subgradient ∂ψ, as opposed to ∇ψ, and
this set-valued map is not in general Lipschitz. This would lead to approximating
the normal cone in the sweeping process by an exponential penalty term invoking
∂ψ, which produces a differential inclusion to which none of the standard results
would apply. Thus, this attempt would not be successful. On the other hand, if
we express the normal cone to C at a boundary point x as the cone combination
of the corresponding ∇ψi(x), the approximation of NC(x) in the sweeping process
via the exponential penalty technique leads, as in the case r = 1, to an ordinary
control system, which now involves r exponential penalty terms, instead of only
one term. The presence of r- penalty terms causes a major obstacle when attempt-
ing to prove that C is invariant for the resulting control system, unless one imposes a
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very restrictive assumption such as: 〈∇ψi(x),∇ψj(x)〉 ≥ 0 in a band around the
boundary of C, which excludes sets having acute angles, like triangles, etc.1

Therefore, it is clear that in order to deal with the intricacy of the situation for r > 1
and to circumvent both major obstacles mentioned above, a new idea is required. Our
approach in this paper is to approximate the nonsmooth max-function ψ, defining
the sweeping set C, by a sequence (ψγk)k of C1,1-functions, constructed by applying
the “epi-multiple log-exponential” operator

(
1
γk

⋆ logexp
)
to the “vecmax” function

ψ (see [36, Example 1.30]). This allows us to approximate the nonsmooth set C
by a sequence of smooth sets Cγk , the zero-sublevel sets of ψγk . We employ the
exponential penalization technique for ψγk which produces the same approximating
control system that has r-penalty terms involving ∇ψi, i = 1, ..., r. For this system,
it turns out that Cγk , instead of C, is actually invariant under no extra assumption.
This result allowed us to move towards proving a Pontryagin-type maximum princi-
ple for r > 1 and for also nonsmooth data. However, since the generalized Hessian of
the function ψγk is not bounded near the given optimal state x̄, another complexity
surfaces when showing the sequence of adjoint variables pγk for the approximating
problems has uniform bounded variation. This is resolved by reverting to the form of
the approximating dynamic in terms of (∇ψi)ri=1 and by assuming a local condition
at the values x̄(t), assumption (A2.3), that invokes the gradients of the correspond-
ing active constraints and that is automatically satisfied when r = 1. Note that,
unlike [21], we do not impose any assumption like ∇ψi = 0 on the complement in
C of a band around the boundary of C. The absence of this assumption causes the
proof to be more challenging.
The layout of the paper is as follows. In the next section, we first display our basic
notations, then, we state our optimal control problem (P ) over a sweeping process,
and we list our hypotheses. In Section 3, we present our main result Theorem
3.1, in which we derive nonsmooth Pontryagin-type maximum principle for local
minimizers of (P ). Section 4 consists of preparatory results that are instrumental
for the proof of Theorem 3.1 established in Section 5. To promote continuous flow
in the presentation of the results, some of the proofs are provided in the appendix
(Section 6), where we also show some auxiliary results that will be used in several
places of the paper. An example illustrating the utility of Theorem 3.1 is provided
in Section 6.

2. Preliminaries

2.1. Notations

We begin this subsection by briefly presenting the basic notations used in this paper.
We use ‖·‖ and 〈·, ·〉 for the Euclidean norm and the usual inner product, respectively.
The open unit ball, the closed unit ball, and the unit sphere are denoted by B, B,
and S, respectively. For x ∈ Rn and ρ ≥ 0, the open ball, the closed balls, and the
sphere of radius ρ centered at x are written as Bρ(x), Bρ(x), and Sρ(x), respectively.
For a set A ⊂ Rn, intA, bdryA, clA, convA, and Ac designate the interior, the
boundary, the closure, the convex hull, and the complement of A, respectively.
1 During the final writing of this paper, we became aware of the manuscript [21] posted on arXiv
in which this latter condition is imposed.
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The set A ⊂ Rn is said to be star-shaped if there exists ao ∈ A, called center of
A, such that the closed interval [ao, x] ⊂ A for all x ∈ A. When A ⊂ Rn is closed
and convex, we denote by hA the support function of A. For f : Rn −→ R ∪ {∞}
an extended-real-valued function, dom f is the effective domain of f and epi f is its
epigraph. The Lebesgue space of p-integrable functions f : [a, b] −→ Rn is denoted
by Lp([a, b];Rn). The norms in Lp([a, b];Rn) and L∞([a, b];Rn) (or C([a, b];Rn)) are
written as ‖ · ‖p and ‖ · ‖∞, respectively. The space W 1,1([a, b];Rn) denotes the
set of all absolutely continuous functions x : [a, b] → Rn. The set of all functions
f : [a, b] −→ Rn of bounded variations is denoted by BV ([a, b];Rn)). The space
C∗([a, b];R) denotes the dual of C([a, b];R) equipped with the supremum norm.
We denote by ‖ · ‖T.V. the induced norm on C∗([a, b];R). By Riesz representation
theorem, each element in C∗([a, b];R) can be interpreted as an element in the space
of finite signed Radon measures on [a, b] equipped with the weak* topology. For
the set of m × n-matrix functions on [a, b], we use Mm×n([a, b]). For A ⊂ Rd

compact, C(A;Rn) denotes to the set of continuous functions from A to Rn. A
vector β := (βi, . . . , βn) ∈ Rn is said to be positive if βi > 0 for i = 1, . . . , n.
In what follows, we display some notations from nonsmooth analysis. For standard
references, see the monographs [10, 12, 26, 36, 38]. Let A be a nonempty and
closed subset of Rn, and let a ∈ A. The proximal, the Mordukhovich (also known as
limiting), and the Clarke normal cones to A at a are denoted by NP

A (a), NL
A(a), and

NA(a), respectively. For the Clarke tangent cone to A at a, we use TA(a). Given a
lower semicontinuous function f : Rn −→ R ∪ {∞}, and x ∈ dom f , the proximal,
the Mordukhovich (or limiting), and the Clarke subdifferential of f at x are denoted
by ∂Pf(x), ∂Lf(x), and ∂f(x), respectively. Note that if x ∈ int (dom f) and f is
Lipschitz near x, [10, Theorem 2.5.1] yields that the Clarke subdifferential of f at x
coincides with the Clarke generalized gradient of f at x, also denoted here by ∂f(x).
If f is C1,1 near x ∈ int (dom f), ∂2f(x) denotes the Clarke generalized Hessian of f
at x. For g : Rn −→ Rn Lipschitz near x ∈ Rn, ∂g(x) denotes the Clarke generalized
Jacobian of g at x.

2.2. Statement of the problem (P ), and assumptions

In this paper, we consider the following fixed time Mayer problem

(P ) Minimize g(x(0), x(T )) over (x, u) such that u(·) ∈ U and
(D)

[
ẋ(t) ∈ f(t, x(t), u(t))− ∂φ(x(t)), a.e. t ∈ [0, T ],

x(0) ∈ C0 ⊂ domφ,

x(T ) ∈ CT ,

where T > 0 is fixed, g : Rn × Rn −→ R ∪ {∞}, f : [0, T ] × Rn × Rm −→ Rn,
φ : Rn −→ R∪{∞} is lower semicontinuous, ∂φ stands for the Clarke subdifferential
of φ, C := domφ is the intersection of the zero-sublevel sets of a finite sequence of
functions ψi : Rn −→ R, i = 1, . . . , r, C0 ⊂ C is the initial constraint set, CT ⊂ Rn

is the terminal constraint set, and, for U : [0, T ] ⇒ Rm a multifunction, the set of
control functions U is defined as

U := {u : [0, T ] −→ Rm is measurable and u(t) ∈ U(t) a.e. t ∈ [0, T ]} .
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A pair (x, u) is admissible for (P ) when x : [0, T ] −→ Rn is absolutely continuous,
u ∈ U, and (x, u) satisfies the perturbed sweeping process (D), called the dynamic of
(P ). An admissible pair (x̄, ū) is said to be a strong local minimizer if there exists
δ > 0 such that

g(x̄(T )) ≤ g(x(T )), ∀(x, u) admissible for (P ) and satisfying ‖x− x̄‖∞ ≤ δ.

Note that the admissibility of a pair (x, u) yields from (D) that x(t) ∈ C, ∀t ∈ [0, T ].
Now let (x̄, ū) be a strong local minimizer of (P ). Next, we present our assumptions
on the data of (P ) needed to derive our Pontryagin-type maximum principle for
(x̄, ū). Note that not all these assumptions are needed for our intermediate and
auxiliary results. Moreover, a global version of (A1) is introduced later in Section 4.
Define the sets

U :=
⋃

t∈[0,T ]

U(t) and Cx̄ :=
⋃

t∈[0,T ]

C ∩Bδ(x̄(t)).

A1: For fixed (x, u) ∈ Cx̄ × U, f(·, x, u) is Lebesgue-measurable; and there exists
Mℓ > 0 such that, for t ∈ [0, T ] a.e., we have: (x, u) 7→ f(t, x, u) is continuous
on (C ∩ Bδ(x̄(t))) × U(t); for all u ∈ U(t), x 7→ f(t, x, u) is Mℓ-Lipschitz on
C ∩Bδ(x̄(t)); and ‖f(t, x, u)‖ ≤Mℓ for all (x, u) ∈ (C ∩Bδ(x̄(t)))× U(t).

A2: The set C := domφ 6= ∅ is given by

C :=
r⋂
i=1

Ci, (1)

where Ci := {x ∈ Rn : ψi(x) ≤ 0} and (ψi)1≤i≤r is a family of functions
ψi : Rn −→ R.

A2.1: There exists ρ > 0 such that for each i, the function ψi is C1,1 on C + ρB.
A2.2: There is a constant η > 0 such that∥∥∥∥∑

i∈I0
c

λi∇ψi(c)
∥∥∥∥ > 2η, ∀c ∈ {x ∈ C : I0

x 6= ∅},

where I0
x := {i ∈ {1, . . . , r} : ψi(x) = 0} and (λi)i∈I0

c
is any sequence of

nonnegative numbers satisfying
∑

i∈I0
c
λi = 1.

A2.3: There exists a positive vector β = (β1, . . . , βr) ∈ Rr such that∑
i∈I0

x̄(t)
, i ̸=j

βi|〈∇ψi(x̄(t)),∇ψj(x̄(t))〉| < βj‖∇ψj(x̄(t))‖2

for all t ∈ I0(x̄) and j ∈ I0
x̄(t), where

I0(x̄) := {t ∈ [0, T ] : x̄(t) ∈ bdryC} = {t ∈ [0, T ] : I0
x̄(t) 6= ∅}.

A2.4: There exist yo ∈ Rn and Ro > 0 such that:
(i) For all c ∈ (bdryC) ∩ SRo(yo), we have (yo − c) 6∈ NC(c).
(ii) x̄(t) ∈ BRo(yo) for all t ∈ [0, T ].



792 C. Nour, V. Zeidan / Pontryagin-Type Maximum Principle ...

A2.5: The set C has a connected interior.2

A3: The function φ is globally Lipschitz on C and C1 on intC, and the function ∇φ
is globally Lipschitz on intC.

A4: The following assumptions on C0, CT and U hold:
A4.1: The set C0 ⊂ C is nonempty and closed.
A4.2: The set CT ⊂ Rn is nonempty and closed.
A4.3: The graph of U(·) is a L ⊗ B measurable set, and, for t ∈ [0, T ], U(t) is

closed, and bounded uniformly in t, where B is the Borel σ-field of Rm.

A5: There exists ρ̃ > 0 such that g is Lg-Lipschitz on C̃0(δ)× C̃T (δ), where
C̃0(δ) :=

[(
C0∩Bδ(x̄(0))

)
+ ρ̃B

]
∩C and C̃T (δ) :=

[(
CT ∩Bδ(x̄(T ))

)
+ ρ̃B

]
∩C.

A6: The set f(t, x, U(t)) is convex for all x ∈ C ∩Bδ(x̄(t)) and t ∈ [0, T ] a.e.3

Remark 2.1. Assumption (A2.4) is weaker than the compactness of C. In fact, by
Lemma 6.4, assumption (A2.4)(i) is satisfied by an arbitrary large Ro when the set
C has a compact boundary or is star-shaped (which includes unbounded convex and
polyhedral sets). Hence, taking Ro large enough, we guarantee that also (A2.4)(ii)
is valid by those sets.

Remark 2.2. One can prove that (A2.1)–(A2.2) imply that, for each x ∈ bdryC,
the family of vectors {∇ψi(x)}i∈I0

x
is positive-linearly independent. Furthermore,

when C is compact, an argument by contradiction using Lemma 6.2 shows that
assumption (A2.2) is actually equivalent to saying that {∇ψi(x)}i∈I0

x
is positive-

linearly independent for all x ∈ bdryC.

Remark 2.3. Under (A2.1) and for t ∈ I0(x̄) and β := (β1, . . . , βr) ∈ Rr, denote
by Gψ(t) the Gramian matrix of the vectors {∇ψi(x̄(t))}i∈I0

x̄(t)
and by Dβ(t) the di-

agonal matrix whose diagonal entries are (βi)i∈I0
x̄(t)

. It follows that condition (A2.3)
is equivalent to the existence of a positive vector β = (β1, . . . , βr) ∈ Rr such that,
for all t ∈ I0(x̄), the matrix Gψ(t)Dβ(t) is strictly diagonally dominant, and hence,
invertible. Therefore, (A2.1) and (A2.3) imply that for each t ∈ I0(x̄), the family of
vectors {∇ψi(x̄(t))}i∈I0

x̄(t)
is linearly independent. It is worth mentioning that a con-

dition related to assumption (A2.3), see [24, Theorem 1.3.1], was first acknowledged
in [22] to be effective for the study of sweeping (reflected) processes with nonsmooth
sweeping sets.

3. Main result
In this section, we display our Pontryagin-type maximum principle for strong local
minimizers of (P ) whose proof will be given to Section 5. We employ in its statement
the following nonstandard notions of subdifferentials, which are strictly smaller than
their standard counterparts:
2 This assumption is only imposed to obtain the required quasiconvexity of C for the extension
function Φ of φ, see Proposition 4.1(ii). Thus, when such an extension is readily available, as is
the case when φ is the indicator function of C, assumption (A2.5) would be superfluous. For more
information about this assumption, see [32, Remark 3.2].
3 When CT = Rn, this assumption is not required for the main result, i.e., Theorem 3.1.
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• ∂ℓφ and ∂2ℓφ are the extended Clarke generalized gradient and the extended
Clarke generalized Hessian of φ defined on C, respectively (see [32, Equation
(9)–(10)]). Note that if ∂ℓφ(x) is a singleton, then we use the notation ∇ℓ
instead of ∂ℓ.

• ∂2ℓψ is the Clarke generalized Hessian relative to intC of ψ (see [32, Eq. (12)]).
• ∂xℓ f(t, ·, u) is the extended Clarke generalized Jacobian of f(t, ·, u) defined on
C ∩Bδ(x̄(t)) (see [32, Equation (11)]).

• ∂Lℓ g is the limiting subdifferential of g relative to int
(
C̃0(δ) × C̃1(δ)

)
(see [32,

Equation (8)]).

For given x(·) ∈ W 1,1([0, T ];C), we define the sets

Ii(x) := {t ∈ [0, T ] : x(t) ∈ intCi} and I0i (x) := [0, T ] \ Ii(x), ∀i = 1, . . . , r. (2)

Theorem 3.1. (Generalized Maximum Principle for (P )) Let (x̄, ū) be a strong
local minimizer for (P ), and assume that (A1)–(A6) hold. Then, there exist an
adjoint vector p ∈ BV ([0, T ];Rn), a finite sequence of finite signed Radon measures
(νi)ri=1 on [0, T ] with νi supported in I0i (x̄) for i = 1, . . . , r, a finite sequence of
nonnegative functions (ξi)ri=1 ∈ L∞([0, T ];R+) with ξi supported in I0i (x̄) for all
i = 1, . . . , r, L∞-functions ζ(·), θ(·) and a finite sequence (ϑi(·))ri=1 in Mn×n([0, T ]),
and λ ≥ 0 satisfying the following:
(i) (The primal-dual admissible equation)

(a) ˙̄x(t) = f(t, x̄(t), ū(t))−∇ℓφ(x̄(t))−
∑r

i=1 ξ
i(t)∇ψi(x̄(t)), ∀t ∈ [0, T ] a.e.,

(b) ψi(x̄(t)) ≤ 0, ∀t ∈ [0, T ] and ∀i ∈ {1, . . . , r};

(ii) (The nontriviality condition) ‖p(T )‖+ λ = 1;
(iii) (The adjoint equation) ∀t ∈ [0, T ] a.e.,

(ζ(t), θ(t)) ∈ ∂xℓ f(t, x̄(t), ū(t))× ∂2ℓφ(x̄(t)),

ϑi(t) ∈ ∂2ℓψi(x̄(t)) for i = 1, . . . , r,

and, for any z ∈ C([0, T ];Rn), we have∫
[0,T ]

〈z(t), dp(t)〉 =
∫ T

0

〈
z(t),

(
θ(t)− ζ(t)T

)
p(t)

〉
dt

+
r∑
i=1

∫ T

0

ξi(t) 〈z(t), ϑi(t)p(t)〉 dt+
r∑
i=1

∫
[0,T ]

〈z(t),∇ψi(x̄(t))〉dνi(t),

where the left integral is the Riemann–Stieltjes integral of z with respect to p;
(iv) (The complementary slackness conditions) For i = 1, . . . , r, we have:

(a) ξi(t) = 0, ∀t ∈ Ii(x̄),

(b) ξi(t)〈∇ψi(x̄(t)), p(t)〉 = 0, ∀t ∈ [0, T ] a.e.;

(v) (The transversality condition)

(p(0),−p(T )) ∈ λ∂Lℓ g(x̄(0), x̄(T )) +
[
NL
C0
(x̄(0))×NL

CT
(x̄(T ))

]
;
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(vi) (The maximization condition)
max
u∈U

〈f(t, x̄(t), u), p(t)〉 is attained at ū(t) for a.e. t ∈ [0, T ].

Furthermore, if CT = Rn then, λ = 1 and the assumption (A6) is discarded.

4. Preparatory results

In this section, we present preparatory results that are fundamental for the proof
of Theorem 3.1. In addition, an existence theorem for an optimal solution of (P ) is
provided in Proposition 4.15.
We assume throughout this section that C is compact. The last step in the proof of
Theorem 3.1 (Section 5) provides a technique that permits replacing the compactness
of C by the weaker assumption (A2.4).
We denote by M̄ψ a common upper bound on C of the finite sequence (‖∇ψi(·)‖)ri=1,
and by 2Mψ a common Lipschitz constant of the finite family {∇ψi}ri=1 over the
compact set C + ρ

2
B such that M̄ψ ≥ 2η and Mψ ≥ 4η

ρ
.

As for the case r = 1 in [32], (A2.2) and the compactness of C imply the existence
of ε > 0 such that for each i ∈ {1, . . . , r} we have[

x ∈ C and ‖∇ψi(x)‖ ≤ η
]
=⇒ ψi(x) < −ε. (3)

4.1. Properties of C, extension of φ, and new notations

We give in the following proposition some important consequences of our assump-
tions on the set C and the function φ.

Proposition 4.1. (Properties of C − Extension of φ)
Under (A2.1)–(A2.2), we have the following:
(i) C is amenable,4 η

Mψ
-prox-regular,5 epi-Lipschitz with C = cl (intC),6 and, for

all x ∈ bdryC we have

NC(x) = NP
C (x) = NL

C (x) =

{∑
i∈I0

x

λi∇ψi(x) : λi ≥ 0

}
6= {0}. (4)

Moreover, we have:

intC =
r⋂
i=1

intCi =
r⋂
i=1

{x ∈ Rn : ψi(x) < 0} 6= ∅

and bdryC = C ∩
( r⋃
i=1

bdryCi
)

6= ∅.

4 See [36, Chapter 10].
5 For ρ > 0, the closed set A ⊂ Rn is said to be ρ-prox-regular if for all a ∈ A and for all unit vector
ζ ∈ NP

A (a), we have 〈ζ, x − a〉 ≤ 1
2ρ‖x − a‖2 for all x ∈ A. This latter inequality is known as the

proximal normal inequality. For more information about prox-regularity, see [35] and references
therein.
6 A closed set A ⊂ Rn is said to be epi-Lipschitz if for all a ∈ A, the Clarke normal cone of A
at a is pointed, that is, NA(a) ∩ −NA(a) = {0}. For more information about this property, see
[10, 12, 36].
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(ii) If also (A2.5) holds, then intC is quasiconvex.7 Furthermore, if in addition
(A3) holds, then there exists a function Φ ∈ C1,1(Rn) such that:
• Φ is bounded on Rn and equals to φ on C.
• Φ and ∇Φ are globally Lipschitz on Rn.
• For all x ∈ C we have

∂φ(x) = {∇Φ(x)}+NC(x). (5)

Proof. (i): The amenability of C follows from [36, Example 10.24(d)]. For the prox-
regularity of C and the formula (4), use [2, Theorem 9.1] and [13, Corollary 4.15].
Now from (A2.2) and (4), we conclude that NC(x) is pointed for all x ∈ bdryC,
and hence C is epi-Lipschitz, and thus, C = cl (intC). Hence, as C 6= ∅ and
compact, then, intC 6= ∅ and bdryC 6= ∅. The two formulas of intC and bdryC
follow directly from C being defined by (1) and from [32, Lemma 3.3].
(ii): See the proof of [40, Proposition 3.1(iii)].

Remark 4.2. The extension Φ of φ obtained in Proposition 4.1(ii), satisfies for
some K > 0,

|Φ(x)| ≤ K, ‖∇Φ(x)‖ ≤ K, and ‖∇Φ(x)−∇Φ(y)‖ ≤ K‖x− y‖, ∀x, y ∈ Rn.

Equation (5) implies that the sweeping process (D) can now be rephrased in terms
of the normal cone to C and the extension Φ of φ as the following

(D)

[
ẋ(t) ∈ f(t, x(t), u(t))−∇Φ(x(t))−NC(x(t)), a.e. t ∈ [0, T ],

x(0) ∈ C0 ⊂ C.

The reformulation of (D) in Remark 4.2 motivates defining the function fΦ from
[0, T ]× Rn × Rm to Rn by

fΦ(t, x, u) := f(t, x, u)−∇Φ(x), ∀(t, x, u) ∈ [0, T ]× Rn × Rm.

Clearly (A1)G, (A2.1)–(A2.2), (A2.5), and (A3) imply that the following holds true
for fΦ:
(A1)Φ For fixed (x, u) ∈ C × U, fΦ(·, x, u) is Lebesgue-measurable; and for a.e

t ∈ [0, T ] we have: (x, u) 7→ fΦ(t, x, u) is continuous on C × U(t); for all
u ∈ U(t), x 7→ fΦ(t, x, u) is M̄ -Lipschitz on C; and ‖fΦ(t, x, u)‖ ≤ M̄ for all
(x, u) ∈ C × U(t), where M̄ :=M +K.

The following notations will be used throughout the paper:
• We denote by (γk)k a sequence satisfying γk > 2M̄

η
for all k ∈ N, and γk → ∞

as k → ∞. We define the two real sequences (αk)k and (σk)k by

αk :=
ln
(
ηγk
2M̄

)
γk

and σk :=
rM̄ψ

2η2

(
ln(r)

γk
+ αk

)
, k ∈ N. (6)

7 A set A ⊂ Rn is quasiconvex ([4]) if there exists c ≥ 0 such that any two points a, b in A can be
joined by a polygonal line γ in A satisfying l(γ) ≤ c‖a− b‖, where l(γ) denotes the length of γ.
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For (αk)k, we have γke−αkγk = 2M̄
η
, αk > 0 for all k ∈ N, αk ↘ and αk −→ 0.

For (σk)k, we have σk > 0 for all k ∈ N, σk ↘ and σk −→ 0.

• The function ψ : Rn −→ R is defined by

ψ(x) := max{ψi(x) : i = 1, . . . , r}, ∀x ∈ Rn. (7)

Clearly we have that C = {x ∈ Rn : ψ(x) ≤ 0}.

• For k ∈ N, we define the function ψγk : Rn −→ R by

ψγk(x) :=
1

γk
ln

( r∑
i=1

eγkψi(x)
)
, ∀x ∈ Rn. (8)

We also define, for each k ∈ N,

Cγk := {x ∈ Rn : ψγk(x) ≤ 0} =
{
x ∈ Rn :

r∑
i=1

eγkψi(x) ≤ 1
}
, and (9)

Cγk(k) := {x ∈ Rn : ψγk(x) ≤ −αk} =
{
x ∈ Rn :

r∑
i=1

eγkψi(x) ≤ 2M̄

ηγk

}
. (10)

One can easily see that if r = 1, then ψγk and Cγk coincide with ψ and C,
respectively.

• For given x(·) ∈ W 1,1([0, T ];C), a ≥ 0, and y ∈ C, we define the sets

I (x) :=
r⋂
i=1

Ii(x) = {t ∈ [0, T ] : x(t) ∈ intC}, and hence I0(x) = [0, T ] \ I (x),

where Ii(x) is the set defined in (2).

Iay := {i ∈ {1, . . . , r} : −a ≤ ψi(y) ≤ 0} and Ia(x) := {t ∈ [0, T ] : Iax(t) 6= ∅}.
(11)

Note that when (A2.1) holds, Ia(x) is compact by Lemma 6.2.

• The approximation dynamic (Dγk) is defined by

(Dγk)

 ẋ(t) = fΦ(t, x(t), u(t))−
r∑
i=1

γke
γkψi(x(t))∇ψi(x(t)) a.e. t ∈ [0, T ],

x(0) ∈ Cγk .

(12)

One can easily verify that the system (Dγk) can be rewritten using the function
ψγk as the following

(Dγk)

[
ẋ(t) = fΦ(t, x(t), u(t))− γke

γkψγk (x(t))∇ψγk(x(t)) a.e. t ∈ [0, T ],

x(0) ∈ Cγk ,
(13)

where, by (8), ∇ψγk(x) =

r∑
i=1

eγkψi(x)∇ψi(x)
r∑
i=1

eγkψi(x)
. (14)
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Remark 4.3. (i) Under assumption (A2.1), [10, Proposition 2.3.12] implies that
the function ψ defined in (7) is locally Lipschitz on C+ρB, and for all x ∈ (C+ρB)
we have

∂ψ(x) =

{∑
i∈Jx

λi∇ψi(x) : λi ≥ 0 and
∑
i∈Jx

λi = 1

}
, (15)

where Jx := {i ∈ {1, . . . , r} : ψi(x) = ψ(x)}, which is equal to I0
x when ψ(x) = 0.

Hence, for M̄ψ the constant defined before Proposition 4.1, we have

‖ζ‖ ≤ M̄ψ, ∀c ∈ C and ∀ζ ∈ ∂ψ(c).

(ii) Assumption (A2.2) can be rephrased by means of (i) in terms of ψ as follows:
There is a constant η > 0 such that

‖ζ‖ > 2η, ∀c ∈ {x ∈ Rn : ψ(x) = 0} and ∀ζ ∈ ∂ψ(c).

4.2. Properties of (ψγk)k and (Cγk(k))k

The goal of this subsection is to provide important properties of the functions ψγk
and the sets Cγk(k) that play an essential role in the construction of the approxi-
mating problems (P̃ α,β

γk
). The proofs of these properties are postponed to Section 6.

For the sequence of functions (ψγk)k, we have the following.

Proposition 4.4. (Properties of (ψγk)k)
Under (A2.1)–(A2.2), the following assertions hold:
(i) The sequence (ψγk)k ∈ C1,1 on C + ρB, is monotonically nonincreasing in

terms of k, and converges uniformly to ψ. Moreover, for all k ∈ N, we have

ψ(x) ≤ ψγk(x) ≤ ψ(x) +
ln(r)

γk
, ∀x ∈ Rn, (16)

and ‖∇ψγk(x)‖ ≤ M̄ψ, ∀x ∈ C. (17)

(ii) There exist k1 ∈ N and r1 > 0 satisfying 2r1 ≤ ρ, such that for all k ≥ k1, for
all x ∈ {x ∈ Rn : ψγk(x) = 0}, and for all z ∈ B2r1(x), we have

‖∇ψγk(z)‖ > 2η.

In particular, for k ≥ k1 we have

[ψγk(x) = 0] =⇒ ‖∇ψγk(x)‖ > 2η. (18)

(iii) There exists k2 ≥ k1 and εo > 0 such that for all k ≥ k2 we have[
x ∈ Cγk and ‖∇ψγk(x)‖ ≤ η

]
=⇒ ψγk(x) < −εo.

Remark 4.5. From (16) and the definition of Cγk in (9), we conclude that Cγk ⊂ C
for all k. On the other hand, it is easy to prove that under the assumptions (A2.1)–
(A2.2), and using (9), there exists k3 ≥ k2 such that for all k ≥ k3, Cγk is nonempty
and compact, with Cγk ⊂ intC for r > 1. Hence, since by Proposition 4.4, ψγk is
C1,1 on Cγk + ρB and satisfies (18), we deduce that all the properties satisfied by
the set C in [32, Lemma 3.3 & 3.4] are also satisfied by Cγk for all k ≥ k3.
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We proceed to present the properties of the sequence of sets (Cγk(k))k. We denote
by 2Mψγk

the Lipschitz constant of ∇ψγk over the compact set C + ρ
2
B satisfying

Mψγk
≥ 4η

ρ
.

Proposition 4.6. (Properties of (Cγk(k))k)
Under (A2.1)–(A2.2), the following assertions hold:
(i) For all k, the set Cγk(k) ⊂ intCγk ⊂ intC and is compact. Moreover, there

exists k4 ≥ k3 such that for k ≥ k4, we have:

(a) bdryCγk(k) = {x∈Rn : ψγk(x)=−αk} =
{
x∈Rn :

r∑
i=1

eγkψi(x)= 2M̄
ηγk

}
6= ∅.

(b) intCγk(k) = {x ∈ Rn : ψγk(x) < −αk} 6= ∅.
(c) Cγk(k) is amenable, epi-Lipschitz with Cγk(k) = cl (intCγk(k)), and η

2Mψγk

-
prox-regular.

(d) For all x ∈ bdryCγk(k) we have

Cγk(k)(x) =NP
Cγk (k)(x) = NL

Cγk (k)(x)=

{
λ

r∑
i=1

eγkψi(x)∇ψi(x) : λ ≥ 0

}
.

(ii) The sequence (Cγk(k))k is a nondecreasing sequence whose Painlevé-Kuratowski
limit is C and satisfies

intC =
⋃
k∈N

intCγk(k) =
⋃
k∈N

Cγk(k). (19)

(iii) For c ∈ bdryC, there exist k̄c ≥ k4, rc > 0, and a vector dc 6= 0 such that( [
C ∩Brc(c)

]
+ σk

dc
‖dc‖

)
⊂ intCγk(k), ∀k ≥ k̄c.

In particular, for k ≥ k̄c we have(
c+ σk

dc
‖dc‖

)
∈ intCγk(k). (20)

Remark 4.7. From Proposition 4.6(iii), we deduce that for any c ∈ C, there exists
a sequence (cγk)k such that, for k large enough, cγk ∈ intCγk(k) ⊂ intCγk , and
cγk −→ c. Indeed:
(i) For c ∈ bdryC, we choose cγk := c+σk

dc
∥dc∥ for all k. For k ≥ k̄c, we have from

(20) that cγk ∈ intCγk(k). Moreover, since σk −→ 0 and dc
∥dc∥ is a unit vector,

we have cγk −→ c.
(ii) For c ∈ intC, equation (19) yields the existence of some k̂c ∈ N, such that

c ∈ intCγk(k) for all k ≥ k̂c. Hence, there exists r̂c > 0 satisfying
c ∈ B r̂c(c) ⊂ intCγk(k), ∀k ≥ k̂c.

In this case, we take the sequence cγk ≡ c ∈ intCγk(k) that converges to c.

Remark 4.8. When combining Proposition 4.4(ii) and Proposition 4.6(ii), it fol-
lows that for k large enough, we have

[ψγk(x) = −αk] =⇒ ‖∇ψγk(x)‖ > η.
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4.3. Connection between (D) and (Dγk) − Existence of solutions

We begin this subsection with the following lemma that states that the unique so-
lution xγk of the Cauchy problem corresponding to the dynamic (Dγk) with initial
condition in Cγk remains in the set Cγk for all t, and the sequence (xγk)k is equicon-
tinuous. Note that since the end-time T was taken to be 1 in [32], when necessary,
we shall adjust here the constants’ expressions in the results and proofs extracted
from [32].
We introduce the following global version of (A1):
(A1)G For fixed (x, u) ∈ C ×U, f(·, x, u) is Lebesgue-measurable; and there exists

M > 0 such that for a.e. t ∈ [0, T ] we have: (x, u) 7→ f(t, x, u) is continuous
on C × U(t); for all u ∈ U(t), x 7→ f(t, x, u) is M -Lipschitz on C; and
‖f(t, x, u)‖ ≤M for all (x, u) ∈ C × U(t).

Lemma 4.9. (Invariance of Cγk and uniform bounds) Let (A1)G, (A2.1)–(A2.2)
and (A2.5) be satisfied. Then for k ≥ k3, the system (Dγk) with x(0) = cγk ∈ Cγk

and uγk ∈ U, has a unique solution xγk which belongs to W 1,2([0, T ];Rn) and satisfies
xγk(t) ∈ Cγk for all t ∈ [0, T ]. Furthermore, the sequence (xγk)k satisfies

‖xγk‖∞ ≤ ‖cγk‖+
√(

M̄T
)2

+ 2T and
∫ T

0

‖ẋγk(t)‖2dt ≤ M̄2T + 2,

and thus, it is equicontinuous.

Proof. By Proposition 4.4, we have that for each k ≥ k3, ψγk satisfies the same
assumptions satisfied by the function ψ of [32, Lemma 4.1]. Moreover, the system
(Dγk) utilized in [32, Lemma 4.1], in which ψ is replaced by ψγk , coincides with our
system (Dγk), see (13). Therefore, Lemma 4.9 follows immediately from [32, Lemma
4.1], where ψ and C are replaced by ψγk and Cγk , respectively. We note that in [32,
Lemma 4.1], ‖cγk‖ is replaced by a bound α0 > 0 of the sequence (cγk)k.

We denote by ξγk(·) the sequence of non-negative continuous functions on [0, T ]
corresponding to the solution xγk , obtained in Lemma 4.9, and defined by

ξγk(·) := γke
γkψγk (xγk (·))

(8)
=

r∑
i=1

ξiγk(·), (21)

where ξiγk(·) := γke
γkψi(xγk (·)), i = 1, . . . , r.

The following result illustrates the tight link between the solutions of (Dγk) and
those of (D). It is parallel to [32, Theorem 4.1], and it follows using arguments
similar to those used in the proofs of [32, Theorem 4.1] and [40, Theorem 4.1]. See
also the proof of [20, Theorem 2.2] where a simplified method is used for special
setting.
Theorem 4.10. (Convergence of (ξγk)k – (Dγk)k approximates (D)) Assume that
(A1)G, (A2.1)–(A2.2) and (A2.5)–(A4.1) hold. Then we have the following:
(I). Let be given a sequence (cγk)k in Cγk converging to x0 ∈ C0 and a sequence
(uγk)k in U. For k ≥ k3, denote by xγk the solution of (Dγk) corresponding to
(x(0), u) = (cγk , uγk) which is obtained via Lemma 4.9 and hence, remains in Cγk .
Then, the following statements are valid:
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(i) The sequence (xγk)k admits a subsequence, we do not relabel, that converges
uniformly to some x ∈ W 1,2([0, T ];Rn) whose values are in C, and its derivative
ẋγk converges weakly in L2 to ẋ. Moreover,

‖x‖∞ ≤ ‖x0‖+
√(

M̄T
)2

+ 2T and
∫ T

0

‖ẋ(t)‖2dt ≤ M̄2T + 2. (22)

(ii) The sequence (‖ξγk‖22)k is bounded by a positive constant Mξ, and there exists
a subsequence of (γk)k, we do not relabel, such that the sequence of vector
functions (ξ1γk , . . . , ξ

r
γk
)k converges weakly in L2 to a nonnegative vector func-

tion (ξ1, . . . , ξr) ∈ L2([0, T ],Rr), and hence, ξγk converges weakly in L2 to
ξ :=

∑r
i=1 ξ

i, with

ξi(t) = 0 for all t ∈ Ii(x) and i ∈ {1, . . . r}, (23)
and ξ(t) = 0 for all t ∈ I (x). (24)

(iii) If the subsequence uγk(t)
a.e. t−−−→ u(t), where u ∈ U, then x is the unique solution

of (D) corresponding to (x0, u) and the triplet (x, u, (ξi)ri=1) satisfies equations
(25)–(28) stated below.

(iv) If (A4.3) holds and f(t, x, U(t)) is convex for x ∈ C and t ∈ [0, T ] a.e., then
there exists u ∈ U such that the limit function x is the unique solution of (D)
corresponding to (x0, u). Moreover, we have

ẋ(t) = fΦ(t, x(t), u(t))−
r∑
i=1

ξi(t)∇ψi(x(t)), t ∈ [0, T ] a.e. (25)

‖ξi‖∞ ≤ M̄

2η
for i = 1, . . . , r, and ‖ξ‖∞ ≤ M̄

2η
. (26)

‖fΦ(t, x(t), u(t))− ẋ(t)‖ ≤ ‖fΦ(t, x(t), u(t))‖, t ∈ [0, T ] a.e. (27)

〈fΦ(t, x(t), u(t))− ẋ(t), z − x(t)〉 ≤ M̄Mψ

2η
‖z−x(t)‖2, t∈ [0, T ] a.e.,∀z∈C. (28)

(II). Conversely, for given x0 ∈ C0 and ū ∈ U, the system (D) satisfying the
condition (x(0), u) = (x0, ū) has a unique solution x̄, which is the uniform limit of
a subsequence of (xγk)k that is not relabeled, where for each k, xγk is the solution
of the system (Dγk) corresponding to (x(0), u) = (cγk , ū), and cγk is the sequence of
Remark 4.7 that corresponds to c = x0. Hence, for k sufficiently large, xγk(t) ∈ Cγk

for all t ∈ [0, T ]. Moreover, for ξi the L2-weak limit of ξiγk obtained in (ii), for
i = 1, . . . , r, the triplet (x̄, ū, (ξi)ri=1) satisfies equations (22)–(28).

Remark 4.11. Let u ∈ U and x ∈ W 1,1([0, T ];Rn) with x(0) ∈ C0 and x(t) ∈ C
for all t ∈ [0, T ]. From the statement and the proof of Theorem 4.10, and from (15),
we deduce that under (A1)–(A3), the following assertions are equivalent:
(i) x is a solution for (D) corresponding to the control u.

(ii) There exists a finite sequence of nonnegative measurable functions (ξi)ri=1 such
that for i = 1, . . . , r, ξi(t) = 0 for all t ∈ Ii(x), ‖

∑r
i=1 ξ

i‖∞ ≤ M̄
2η
, and

(x, u, (ξi)ri=1) satisfies
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ẋ(t) = fΦ(t, x(t), u(t))−
r∑
i=1

ξi(t)∇ψi(x(t))

= fΦ(t, x(t), u(t))−
∑
i∈I0

x(t)

ξi(t)∇ψi(x(t)), t ∈ [0, T ] a.e.

(iii) There exists nonnegative measurable function ξ such that ξ(t) = 0 for all
t ∈ I (x) and

ẋ(t) ∈ fΦ(t, x(t), u(t))− ξ(t)∂ψ(x(t)), t ∈ [0, T ] a.e.

The implication (iii) =⇒ (ii), is established by taking ξi(t) := ξ(t)λi(x(t)) for
i ∈ I0

x(t), where (λi(x(t)))i∈I0
x(t)

are the coefficients of the convex combination of
∇ψi(x(t))’s obtained via (15) for the element in (iii) belonging to ∂ψ(x(t)).

Remark 4.12. Note that when establishing Theorem 4.10(I)(iii)&(iv), the proof
that (x, u, (ξi)ri=1) satisfies (25) uses arguments independent of ξiγk being obtained
through (21), and hence, that proof is valid for (ξ1γk , . . . , ξ

r
γk
)k being any sequence of

L2([0, T ];Rr)-functions that converges weakly in L2 to (ξ1, . . . , ξr), as k −→ ∞.
Therefore, whenever (xj, uj, (ξij)ri=1)j is a sequence solving (25) with xj converging
uniformly to x and (ξ1j , . . . , ξ

r
j ) converging weakly in L2 to (ξ1, . . . , ξr), we have that

(x, u, (ξi)ri=1) satisfies (25) for some u ∈ U . This function u is the almost everywhere
pointwise limit of (uj)j, whenever this limit exists. Otherwise, u is obtained through
the Filippov selection theorem, by assuming that (A4.3) holds and f(t, x, U(t)) is
convex for x ∈ C and t ∈ [0, T ] a.e.

The following theorem presents important extra features resulting from starting the
solutions of (Dγk) in Theorem 4.10(I) from the subset Cγk(k) ⊂ intCγk ⊂ intC
defined in (10).

Theorem 4.13. (Extra properties of (xγk)k and (ξγk)k when xγk(0) ∈ Cγk(k)) As-
sume that (A1)G, (A2.1)–(A2.2) and (A2.5)–(A4.1) hold. Let (cγk)k be a sequence
such that cγk ∈ Cγk(k), for k sufficiently large. Then there exists k5 ≥ k4 such
that for all sequences (uγk)k in U and for all k ≥ k5, the solution xγk of (Dγk)
corresponding to (cγk , uγk) satisfies:
(i) xγk(t) ∈ Cγk(k) ⊂ intCγk ⊂ intC for all t ∈ [0, T ].

(ii) 0 ≤ ξiγk(t) ≤ ξγk(t) ≤ 2M̄
η

for all t ∈ [0, T ] and for i = 1, . . . , r.

(iii) ‖ẋγk(t)‖ ≤ M̄ +
2M̄M̄ψ

η
for a.e. t ∈ [0, T ].

Proof. By Proposition 4.4 and Remark 4.8, we have that, for each k ≥ k3, the
function ψγk satisfies the same assumptions imposed on the function ψ in [32, Theo-
rem 5.1], where the system (Dγk), in which ψ is replaced by ψγk , coincides with our
system (Dγk). Thus, Theorem 4.13(i)–(iii) follows immediately from [32, Theorem
5.1(i)–(iii)], where ψ and C are replaced by ψγk and Cγk , respectively.

As a direct consequence of Theorem 4.13 and parallel to [32, Corollary 5.2], we have
the following.



802 C. Nour, V. Zeidan / Pontryagin-Type Maximum Principle ...

Corollary 4.14. (x̄γk , corresponding to x̄, in Cγk(k)) Assume that the conditions
(A1)G, (A2.1)–(A2.2), and (A2.5)–(A4.1) hold. Let (x̄, ū) be a solution of (D).
Consider (c̄γk)k the sequence obtained from Remark 4.7 for c := x̄(0), and x̄γk the
solution of (Dγk) corresponding to (c̄γk , ū). Then, there exists k7 ≥ k6 such that for
all k ≥ k7 we have:
(i) x̄γk(t) ∈ Cγk(k) ⊂ intCγk ⊂ intC for all t ∈ [0, T ].

(ii) 0 ≤ ξiγk(t) ≤ ξγk(t) ≤ 2M̄
η

for all t ∈ [0, T ] and for i = 1, . . . , r.

(iii) ‖ ˙̄xγk(t)‖ ≤ M̄ +
2M̄M̄ψ

η
for a.e. t ∈ [0, T ].

4.4. Existence of solutions for (P )

The following is an existence of optimal solution result for the problem (P ).

Proposition 4.15. (Existence of optimal solution for (P )) Assume that (A1)G,
(A2.1)–(A2.2) and (A2.5)–(A4) are satisfied, g : Rn × Rn → R ∪ {∞} is lower
semicontinuous, and f(t, x, U(t)) is convex for all x ∈ C and t ∈ [0, T ] a.e. Then
the problem (P ) has an optimal solution if and only if it has at least one admissible
pair (zo, uo) with (zo(0), zo(T )) ∈ dom g.

Proof. Since any admissible pair (x, u) satisfies (x(0), x(T )) ∈ C0× (CT ∩C), then,
by the lower semicontinuity of g, the compactness of C0×(CT ∩C), and the existence
of the admissible pair (zo, uo) with (zo(0), zo(T )) ∈ (dom g) ∩ [C0 × (CT ∩ C)], we
have that the inf(x,u)(P ) is finite, and hence, (P ) admits a minimizing sequence
(xn, un). It follows that xn satisfies (22) with xn(t) ∈ C for all t ∈ [0, T ]. Thus,
Arzela-Ascoli’s theorem produces a subsequence of (xn)n, we do not relabel, that
converges uniformly to an absolutely continuous x̄, with x̄(t) ∈ C for all t ∈ [0, T ].
The equivalence between (i) and (ii) in Remark 4.11 produces a sequence of r-tuple
nonnegative measurable functions (ξ1n, . . . , ξrn)n such that, for i = 1, . . . , r, ξin(t) = 0
for all t ∈ Ii(x) and ‖ξin‖∞ ≤ M̄

2η
, and (xn, un, (ξ

i
n)
r
i=1) satisfies (25).

Consequently, the sequence (ξ1n, . . . , ξ
r
n)n admits a subsequence, we do not relabel,

that converges weakly in L2 to (ξ1, . . . , ξr). Remark 4.12 now asserts the existence
of a ū ∈ U such that the pair (x̄, ū) solves (D). Since CT is closed and xn(1) ∈ CT
for all n ∈ N, it follows that x̄(T ) ∈ CT , and hence, (x̄, ū) is admissible for (P ). On
the other hand, the lower semicontinuity of g implies

g(x̄(0), x̄(T )) ≤ lim inf
n→∞

g(xn(0), xn(T )) = inf
(x,u)

(P ).

This proves that (x̄, ū) is an optimal solution for (P ).

4.5. Approximating problems for (P )

Let (x̄, ū) is a strong local minimizer for (P ) with a corresponding δ > 0. The
ultimate goal here is to formulate a suitable sequence of standard optimal control
problems that approximates the problem (P ) and whose optimal solutions form a
sequence that approximates (x̄, ū). The following lemma states that when (A1)
and (A6) are satisfied, the function f can be extended to a function f̃ defined on
[0, T ] × Rn × Rm and satisfying (A1)G with f̃(t, x, U(t)) convex for all x ∈ C and
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t ∈ [0, T ] a.e. The proof of this lemma is not displayed here, as it mimics arguments
used at the beginning of [32, Proof of Theorem 6.2], where such an extension is
obtained for the case in which U(·) is a constant multifunction.
Lemma 4.16. (Extension of f) Assume that (A1)–(A2.2) hold. Then there exists
a function f̃ : [0, T ]× Rn × Rm −→ Rn such that:

• For t ∈ [0, T ] a.e., we have

f̃(t, x, u) = f(t, x, u), ∀(x, u) ∈ (C ∩Bδ(x̄(t)))× U(t).

• The function f̃ satisfies (A1)G for M := 2Mℓ.
• If also (A6) is satisfied, then f̃(t, x, U(t)) is convex for all x ∈ C and t ∈ [0, T ]

a.e.

Now let δo > 0 be fixed such that

δo ≤

{
min

{
r̂x̄(0),

δ
2

}
if x̄(0) ∈ intC,

min
{
rx̄(0),

δ
2

}
if x̄(0) ∈ bdryC,

where r̂x̄(0) and rx̄(0) are, respectively, the constants in Remark 4.7(ii) and Proposi-
tion 4.6(iii) corresponding to c := x̄(0). We introduce the following notations:
• The trajectory x̄γk is the solution of (Dγk) obtained via Corollary 4.14. That

is, it corresponds to (c̄γk , ū), where c̄γk is defined via Remark 4.7 for c := x̄(0),
and hence, c̄γk ∈ Cγk(k) for k sufficiently large.

• The sequence of sets (Cγk
0 (k))k, is defined by

Cγk
0 (k) :=

C0 ∩Bδo(x̄(0)) , ∀k ∈ N, if x̄(0) ∈ intC,[
C0 ∩Bδo(x̄(0))

]
+ σk

dx̄(0)
∥dx̄(0)∥

, ∀k ∈ N, if x̄(0) ∈ bdryC.

• The sequence of sets (CT (k))k is defined by

CT (k) :=
[(
CT ∩Bδo(x̄(T ))

)
− x̄(T ) + x̄γk(T )

]
∩ C, k ∈ N.

• The function L : [0, T ]× Rn −→ R is defined by

L(t, x) := max
{
‖x− x̄(t)‖2 − δ2

4
, 0
}
, ∀(t, x) ∈ [0, T ]× C. (29)

It is easy to see that L(·, x) is measurable, and L(t, ·) is Lipschitz on C uniformly
in t ∈ [0, T ].

A well known optimal control technique (see e.g., [39]) is used to show that a strong
local minimizer of an optimal control problem is a global minimizer for another
problem, obtained by adding to the objective function the integral of the function
L, defined in (29), and by localizing the endpoints constraints. This technique is
also employed in [32, Proof of Theorem 6.2] to prove the following lemma, which
states that (x̄, ū) is a global minimizer for the new problem (P̃ ).
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Lemma 4.17. ((x̄, ū) global solution for (P̃ )) Assume that (A1)–(A2.2) hold, and
let f̃ be the extension of f obtained in Lemma 4.16. Assume further that (A4.1)–
(A4.2) are satisfied and g is continuous on C̃0(δ) × C̃T (δ) for some ρ̃ > 0. Then,
(x̄, ū) is a global minimizer for the problem

(P̃ ) Minimize g(x(0), x(T ))+K̃
∫ T

0

L(t, x(t))dt over (x, u) such that u(·)∈U and
(D̃)

[
ẋ(t) ∈ f(t, x(t), u(t))− ∂φ(x(t)), a.e. t ∈ [0, T ],

x(0) ∈ C0 ∩Bδo(x̄(0)),

x(T ) ∈ CT ∩Bδo(x̄(T )),

where K̃ :=
512 M̄ℓMg

5 δ3
, M̄ℓ := 2Mℓ +K and Mg := max

C̃0(δ)×C̃T (δ)
g(x, y).

Now we are ready to state our approximation result which follows using arguments
similar to those used in the proof of [32, Proposition 6.2].

Proposition 4.18. (Approximating problems for (P )) Assume that (A1)–(A2.2),
(A2.5)–(A4) hold, g is continuous on C̃0(δ)×C̃T (δ) for some ρ̃ > 0, and f(t, x, U(t))
is convex for all x ∈ C and t ∈ [0, T ] a.e. Let f̃ be the extension of f in Lemma
4.16, and K̃ be the constant in Lemma 4.17. Then, for every α > 0 and β ∈ (0, 1],
there exist a subsequence of (γk)k, we do not relabel, and a sequence (cγk , eγk , uγk)k
in Cγk

0 (k)× CT (k)× U such that, for:
f̃β(t, x, u) := (1− β)f̃(t, x, ū(t)) + βf̃(t, x, u), ∀t ∈ [0, T ] a.e., ∀(x, u) ∈ Rn × U,

f̃βΦ(t, x, u) := f̃β(t, x, u)−∇Φ(x), ∀t ∈ [0, T ] a.e., ∀(x, u) ∈ Rn × U,

J(x, u) := g(x(0), x(T )) + K̃

∫ T

0

L(t, x(t))dt

+ α (‖u(t)− uγk(t)‖1 + ‖x(0)− cγk‖+ ‖x(T )− eγk‖) ,
and
(P̃ α,β

γk
) Minimize J(x, u) over (x, u) such that u(·) ∈ U and

(D̃β
γk
)

 ẋ(t) = f̃βΦ(t, x(t), u(t))−
r∑
i=1

γke
γkψi(x(t))∇ψi(x(t)), a.e. t∈ [0, T ],

x(0) ∈ Cγk
0 (k),

x(T ) ∈ CT (k),

the pair (xγk , uγk) that solves (D̃β
γk
) for xγk(0) = cγk , is optimal for (P̃ α,β

γk
) and satisfies

xγk(T ) = eγk . Moreover, we have

uγk
strongly−−−−→
L1

ū, xγk
uniformly−−−−−→ x̄,

and all the conclusions of Theorem 4.13 are valid, including (xγk)k is uniformly
Lipschitz and xγk(t) ∈ Cγk(k) ⊂ intCγk ⊂ intC for all t ∈ [0, T ]. Furthermore, for
all k sufficiently large, we have

xγk(0) ∈ (C0 + ρ̃B) ∩ intC and xγk(T ) ∈ (CT + ρ̃B) ∩ intC.
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The next proposition is obtained as a direct application of the nonsmooth Pontryagin
maximum principle (e.g., [39, Theorem 6.2.1]) to each member of the family of
approximating problems (P̃ α,β

γk
), obtained in Proposition 4.18. Note that the function

f̃ is replaced by f in the statement of the proposition, since we have the following:
• f̃(t, x, u) = f(t, x, u), for t ∈ [0, T ] a.e. and for all (x, u) ∈ (C∩Bδ(x̄(t)))×U(t).
• The sequence (xγk)k of Proposition 4.18 belongs to intC and converges uni-

formly to x̄. Hence, for k large enough,
xγk(t) ∈ (intC) ∩Bδo(x̄(t)) ⊂ int (C ∩Bδ(x̄(t))) for all t ∈ [0, T ].

Proposition 4.19. (Maximum Principle for the approximating problems)
Let α > 0 and β ∈ (0, 1] be fixed. Assume that (A1)–(A2.2) and (A2.5)–(A6) hold.
Let (xγk , uγk) be the sequence in Proposition 4.18 that is optimal for (P̃ α,β

γk
) with xγk

converging uniformly to xγk and uγk converging strongly in L1 to ū. Then, for k ∈ N,
there exist pγk ∈ W 1,1([0, T ];Rn) and λγk ≥ 0 such that:

(i) (The nontriviality condition) For all k ∈ N, we have

‖pγk(T )‖+ λγk = 1;

(ii) (The adjoint equation) For t ∈ [0, T ] a.e.,

ṗγk(t) ∈ −(1− β)(∂xf(t, xγk(t), ū(t)))
Tpγk(t)− β(∂xf(t, xγk(t), uγk(t)))

Tpγk(t)

+ ∂2Φ(xγk(t))pγk(t) +
r∑
i=1

γke
γkψi(xγk (t))∂2ψi(xγk(t))pγk(t) (30)

+
r∑
i=1

γ2ke
γkψi(xγk (t))∇ψi(xγk(t))〈∇ψi(xγk(t)), pγk(t)〉+ λγk∂

xL(t, xγk(t));

(iii) (The transversality equation)

(pγk(0),−pγk(T )) ∈ λγk∂
Lg(xγk(0), xγk(T ))

+
[(
αB +NL

C
γk
0 (k)

(xγk(0))
)
×
(
αB +NL

CT (k)
(xγk(T ))

)]
;

(iv) (The maximization condition)

max
u∈U

{
〈fβΦ(t, xγk(t), u), pγk(t)〉 −

αλγk
β

‖u− uγk(t)‖
}

is attained at uγk(t) for t ∈ [0, T ] a.e.
Furthermore, if CT = Rn, then λγk 6= 0 and is taken to be 1, and the nontriviality
condition (i) is eliminated.

5. Proof of Theorem 3.1

We first prove the theorem under the two temporary additional assumptions: (i) “C
is compact” which is stronger than (A2.4), see Remark 2.1, and (ii) “The matrix
Gψ(t) is strictly diagonally dominant for all t ∈ I0(x̄)” which is denoted by (A2.3)S
and is stronger than (A2.3) since β = (1, . . . , 1), see Remark 2.3. The removal of
these additional assumptions will constitute the final steps in the proof.
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Let (x̄, ū) be a strong local minimizer for (P ). For each fixed pair of numbers
(α, β) ∈ (0, 1]2 := (0, 1] × (0, 1], Propositions 4.18 and 4.19 produce a subsequence
of (γk)k, we do not relabel, and corresponding sequences xγk , uγk , pγk and λγk such
that:
• For each k, the admissible pair (xγk , uγk) is optimal for (P̃ α,β

γk
).

• uγk converges strongly in L1 to ū, and uγk(t) −→ ū(t) a.e.
• xγk converges uniformly to x̄.
• All the conclusions of Theorem 4.13 are valid, including (xγk)k is uniformlyLip-

schitz and xγk(t) ∈ intC for all t ∈ [0, T ].
• For all k, xγk(0) ∈ (C0 + ρ̃B) ∩ intC and xγk(T ) ∈ (CT + ρ̃B) ∩ intC.
• Equations (i)–(iv) of Proposition 4.19 are satisfied.

Since xγk(t) ∈ intC for all t ∈ [0, T ], we have, for t ∈ [0, T ] a.e.,

∂xf(t, xγk(t), uγk(t)) = ∂xℓ f(t, xγk(t), uγk(t)), ∂2Φ(xγk(t)) = ∂2ℓφ(xγk(t)),

∂xf(t, xγk(t), ū(t)) = ∂xℓ f(t, xγk(t), ū(t)),

∂2ψi(xγk(t)) = ∂2ℓψi(xγk(t)) for i = 1, . . . , r,

and ∂Lg(xγk(0), xγk(T )) = ∂Lℓ g(xγk(0), xγk(T )).

Hence from (30), it results the existence of sequences ζγk , ζ̃γk , θγk and (ϑiγk)
r
i=1 in

Mn([0, T ]), and ωγk : [0, T ] −→ Rn such that, for a.e. t ∈ [0, T ],

(ζ̃γk(t), ζγk(t), θγk(t)) ∈ ∂xℓ f(t, xγk(t), uγk(t))× ∂xℓ f(t, xγk(t), ū(t))× ∂2ℓφ(xγk(t)),

ϑiγk(t)) ∈ ∂2ℓψi(xγk(t)) for i = 1, . . . , r,

ωγk(t) ∈ ∂xL(t, xγk(t)) = conv{2(xγk(t)− x̄(t)), 0} = [0, 2(xγk(t)− x̄(t))], (31)

and ṗγk(t) = −(1− β)ζγk(t)
Tpγk(t)− βζ̃γk(t)

Tpγk(t) + θγk(t)pγk(t)

+
r∑
i=1

γke
γkψi(xγk (t))ϑiγk(t)pγk(t) (32)

+
r∑
i=1

γ2ke
γkψi(xγk (t))∇ψi(xγk(t))〈∇ψi(xγk(t)), pγk(t)〉+ λγkωγk(t).

Note that for each k, the functions pγk , ṗγk , xγk , uγk and ū are measurable on
[0, T ], and, by [11, Exercise 13.24] and (A1), (A2.1), and (A3), the multifunctions
∂xℓ f(·, xγk(·), uγk(·)), ∂xℓ f(·, xγk(·), ū(·)), ∂2ℓφ(xγk(·)), (∂2ℓψi(xγk(·)))ri=1, and, finally,
∂xL(·, xγk(·)) are measurable on [0, T ]. Hence, the Filippov measurable selection
theorem (see [39, Theorem 2.3.13]) yields that we can assume the measurability
of the functions ζγk(·), ζ̃γk(·), θγk(·), (ϑiγk(·))

r
i=1, and ωγk(·). Moreover, these se-

quences are uniformly bounded in L∞, as ‖ζγk‖∞ ≤Mℓ, ‖ζ̃γk‖∞ ≤Mℓ, ‖θγk‖∞ ≤ K,
‖ϑiγk‖∞ ≤ 2Mψ for i = 1, . . . , r, and

‖ωγk‖∞ ≤

dγk︷ ︸︸ ︷
2‖xγk − x̄‖∞ ≤ML, (33)
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for someML > 0, which exists from (31) and the uniform convergence of the sequence
xγk to x̄.
The major difference between the proof of this theorem and that of [32, Theorem
6.2] lies in the construction of the adjoint vector p (for fixed (α, β) ∈ (0, 1]2). More
specifically, the difference is manifested below in the intricacy to prove that in our
setting, where r > 1, the sequence (pγk)k enjoys the same properties obtained there
for r = 1, namely, (pγk)k is uniformly bounded and has uniform bounded variation.
Once we establish these facts for our general setting, the construction of the remain-
ing items νi (for each i), ζ, θ, ϑi (for each i) and λ, follows arguments similar to
those in [32, Proof of Theorem 6.2] when constructing therein ν, ξ, ζ, θ, ϑ and λ,
respectively.
We fix (α, β) ∈ (0, 1]2. Using (32), we obtain

1

2

d

dt
‖pγk(t)‖

2

=

〈(
−(1− β)ζγk(t)

T − βζ̃γk(t)
T + θγk(t) +

r∑
i=1

γke
γkψi(xγk (t))ϑiγk(t)

)
pγk(t), pγk(t)

〉

+
r∑
i=1

γ2ke
γkψi(xγk (t)) |〈∇ψi(xγk(t)), pγk(t)〉|

2 + λγk〈ωγk , pγk〉,

and hence,

1

2

d

dt
‖pγk(t)‖

2

≥

〈(
−(1− β)ζγk(t)

T − βζ̃γk(t)
T + θγk(t) +

r∑
i=1

γke
γkψi(xγk (t))ϑiγk(t)

)
pγk(t), pγk(t)

〉
+ λγk〈ωγk , pγk〉

≥ −

(
Mℓ +K + 2Mψ

r∑
i=1

γke
γkψi(xγk (t))

)
‖pγk(t)‖

2 − 2λγk‖xγk − x̄‖∞‖pγk(t)‖

= − (Mℓ +K + 2Mψξγk(t)) ‖pγk(t)‖
2 − λγkdγk‖pγk(t)‖.

Thus, using Grönwall’s Lemma in [37, Lemma 4.1] for α = 1
2
, and the uniform

boundedness of (‖ξγk‖22)k proved in Theorem 4.10, we get that

‖pγk(t)‖ ≤ e(Mℓ+K+2Mψ

√
Mξ)(‖pγk(T )‖+ λγkdγk)

≤ (1 + Lg +ML)e
(Mℓ+K+2Mψ

√
Mξ) :=M1, (34)

where the last inequality follows from (33), and the nontriviality condition (i) when
CT 6= Rn, and the transversality condition (iii) when CT = Rn. Hence, (pγk) is
uniformly bounded by the constant M1 on [0, T ].

We proceed to prove that (ṗγk) is uniformly bounded in L1. First, we note that the
method used in [32], for r = 1, cannot be used for the version (13) of (Dγk) since
the generalized Hessian of ψγk is not bounded near x̄, nor for the version (12) since
here r ≥ 1.
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Hence, a new technique is required. From (32), we have∫ T

0

‖ṗγk(t)‖dt

≤
∫ T

0

∥∥∥∥∥
(
−(1− β)ζγk(t)

T − βζ̃γk(t)
T + θγk(t) +

r∑
i=1

γke
γkψi(xγk (t)) ϑiγk(t)

)
︸ ︷︷ ︸

Bγk (t)

pγk(t)

∥∥∥∥∥dt
+

r∑
i=1

∫ T

0

∥∥γ2keγkψi(xγk (t))∇ψi(xγk(t)) 〈∇ψi(xγk(t)), pγk(t)〉∥∥ dt+ λγk

∫ T

0

‖ωγk(t)‖dt,

and hence,∫ T

0

‖ṗγk(t)‖dt ≤
[
T (Mℓ +K) + 2TMψ

√
Mξ

]︸ ︷︷ ︸
M̄2

‖pγk‖∞ + Tdγk (35)

+
r∑
i=1

∫ T

0

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt︸ ︷︷ ︸

I

≤M2(‖pγk‖∞ + dγk) + I,

where M2 := max{M̄2, T}. In order to prove that I is uniformly bounded, we write
I = I1 + I2, in which ā is the positive constant in Lemma 6.3(iii):

• I1 :=
r∑
i=1

∫
[I ā(x̄)]c

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt.

• I2 :=
r∑
i=1

∫
I ā(x̄)

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt.

Since xγk converges uniformly to x̄, then, assumption (A2.1) and xγk(t) ∈ C for all
t ∈ [0, T ], imply the existence of k̄ ∈ N such that for k ≥ k̄,

|ψi(xγk(t))− ψi(x̄(t))| ≤
ā

2
for all t ∈ [0, T ] and for i = 1, . . . , r. (36)

Hence, using the definition of I ā(x̄) in (11), it follows that, for k ≥ k̄,

ψi(xγk(t)) ≤ − ā

2
, for all i = 1, . . . , r and for all t ∈ [I ā(x̄)]c. (37)

Thus, there exists M̄3 > 0 and k̄o ≥ k̄ such that for k ≥ k̄o and for i = 1, . . . , r, we
have∫

[I ā(x̄)]c
γ2ke

γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt ≤ M̄3‖pγk‖∞.

This yields that for k ≥ k̄o,

I1 ≤ rM̄3‖pγk‖∞ :=M3‖pγk‖∞. (38)
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Next, the definition of I ā(x̄) and I āx̄(t) given in (11), and equation (36) yield that,
for k ≥ k̄o,

ψi(xγk(t)) ≤ − ā

2
for all t ∈ I ā(x̄) and for all i ∈ [I āx̄(t)]c. (39)

Hence, for k ≥ k̄o,

I2 =

∫
I ā(x̄)

r∑
i=1

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt

=

∫
I ā(x̄)

∑
i∈Iā

x̄(t)

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt

+

∫
I ā(x̄)

∑
i∈[Iā

x̄(t)
]c

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt.

Then, for k ≥ k̄o,

I2 ≤
∫
I ā(x̄)

∑
i∈Iā

x̄(t)

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt

+

∫
I ā(x̄)

∑
i∈[Iā

x̄(t)
]c

γ2kM̄
2
ψe

−γk( ā2 )‖pγk‖∞dt.

This yields the existence of M4 > 0 and k̄1 ≥ k̄o such that for k ≥ k̄1,

I2 ≤
∫

I ā(x̄)

∑
i∈Iā

x̄(t)

γ2ke
γkψi(xγk (t)) ‖∇ψi(xγk(t))‖ |〈∇ψi(xγk(t)), pγk(t)〉| dt+M4‖pγk‖∞. (40)

Now let i ∈ {1, . . . , r}. Since ∇ψi is Lipschitz, and xγk and pγk are absolutely con-
tinuous, we deduce that the function |〈pγk(·),∇ψi(xγk(·))〉| is absolutely continuous.
Thus, for t ∈ [0, T ] a.e., there exists ϑ̄iγk(t) ∈ ∂2ψi(xγk(t)) such that

d

dt
|〈pγk(t),∇ψi(xγk(t))〉|

=
[
〈ṗγk(t),∇ψi(xγk(t))〉+ 〈ϑ̄iγk(t)ẋγk(t), pγk(t)〉

]
sign(〈pγk(t),∇ψi(xγk(t))〉)︸ ︷︷ ︸

siγk
(t)

. (41)

Now substitute into (41) the term ṗγk(t) from (32), we obtain that for t ∈ [0, T ] a.e.
r∑
j=1

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

=
d

dt
|〈pγk(t),∇ψi(xγk(t))〉| − siγk(t)〈ϑ̄

i
γk
(t)ẋγk(t), pγk(t)〉

− siγk(t) 〈Bγk(t)pγk(t) + λγkωγk(t),∇ψi(xγk(t))〉 . (42)

As xγk converges uniformly to x̄, there exists k̄2 ≥ k̄1 such that for k ≥ k̄2 we obtain
xγk(t) ∈ Bρ̄(x̄(t)) for all t ∈ [0, T ], where ρ̄ is the constant of Lemma 6.3(iii).
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For t ∈ I ā(x̄) and k ≥ k̄2, we write∑
i∈Iā

x̄(t)

r∑
j=1

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

=
r∑
j=1

∑
i∈Iā

x̄(t)

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

=
∑
j∈Iā

x̄(t)

∑
i∈Iā

x̄(t)

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

+
∑

j∈[Iā
x̄(t)

]c

∑
i∈Iā

x̄(t)

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

=
∑
j∈Iā

x̄(t)

{
γ2ke

γkψj(xγk (t))

(
‖∇ψj(xγk(t))‖2

+
∑
i∈Iā

x̄(t)

i ̸=j

siγk(t)s
j
γk
(t)〈∇ψj(xγk(t)),∇ψi(xγk(t))〉

)
|〈∇ψj(xγk(t)), pγk(t)〉|

}

+
∑

j∈[Iā
x̄(t)

]c

∑
i∈Iā

x̄(t)

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉.

Hence using Lemma 6.3(iii), we obtain that for t ∈ I ā(x̄) and k ≥ k̄2,∑
i∈Iā

x̄(t)

r∑
j=1

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

≥ (1− b)
∑
j∈Iā

x̄(t)

γ2ke
γkψj(xγk (t))‖∇ψj(xγk(t))‖2|〈∇ψj(xγk(t)), pγk(t)〉|

+
∑

j∈[Iā
x̄(t)

]c

∑
i∈Iā

x̄(t)

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉.

Combining this latter inequality with the summation over i ∈ I āx̄(t) of (42), and
using (39), we deduce that for t ∈ I ā(x̄) and for k ≥ k̄2,∑

j∈Iā
x̄(t)

γ2ke
γkψj(xγk (t))‖∇ψj(xγk(t))‖2|〈∇ψj(xγk(t)), pγk(t)〉| (43)

≤ 1

1− b

{ ∑
i∈Iā

x̄(t)

[
d

dt
|〈pγk(t),∇ψi(xγk(t))〉| − siγk(t)〈ϑ̄

i
γk
(t)ẋγk(t), pγk(t)〉

− siγk(t) 〈Bγk(t)pγk(t) + λγkωγk(t),∇ψi(xγk(t))〉
]

+
∑

j∈[Iā
x̄(t)

]c

∑
i∈Iā

x̄(t)

M̄3
ψγ

2
ke

− 1
2
γkā‖pγk‖∞

}
.
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From (42), we have for i = 1, . . . , r, that
d

dt
|〈pγk(t),∇ψi(xγk(t))〉|

=
r∑
j=1

siγk(t)γ
2
ke
γkψj(xγk (t))〈∇ψj(xγk(t)),∇ψi(xγk(t))〉〈∇ψj(xγk(t)), pγk(t)〉

+ siγk(t)〈ϑ̄
i
γk
(t)ẋγk(t), pγk(t)〉

+ siγk(t) 〈Bγk(t)pγk(t) + λγkωγk(t),∇ψi(xγk(t))〉 .

This gives using (37), (39) and the uniform boundedness of (ẋγk)k, the existence of
M5 > 0 and k̄3 ≥ k̄2 such that for k ≥ k̄3, we have∣∣∣∣∣

∫
[I ā(x̄)]c

r∑
i=1

d

dt
|〈pγk(t),∇ψi(xγk(t))〉| dt

∣∣∣∣∣ ≤M5(‖pγk‖∞ + dγk), (44)

and

∣∣∣∣∣∣
∫
I ā(x̄)

∑
i∈[Iā

x̄(t)
]c

d

dt
|〈pγk(t),∇ψi(xγk(t))〉| dt

∣∣∣∣∣∣ ≤M5(‖pγk‖∞ + dγk). (45)

Add to (44) that∣∣∣∣∣
∫ T

0

r∑
i=1

d

dt
|〈pγk(t),∇ψi(xγk(t))〉| dt

∣∣∣∣∣ ≤ 2rM̄ψ‖pγk‖∞,

we deduce the existence of M6 > 0 and k̄4 ≥ k̄3 such that for k ≥ k̄4, we have∣∣∣∣∣
∫
I ā(x̄)

r∑
i=1

d

dt
|〈pγk(t),∇ψi(xγk(t))〉| dt

∣∣∣∣∣ ≤M6(‖pγk‖∞ + dγk).

This latter inequality with (45) yield the existence of M7 > 0 and k̄5 ≥ k̄4 such that
for k ≥ k̄5, we have∣∣∣∣∣∣

∫
I ā(x̄)

∑
i∈Iā

x̄(t)

d

dt
|〈pγk(t),∇ψi(xγk(t))〉| dt

∣∣∣∣∣∣ ≤M7(‖pγk‖∞ + dγk). (46)

Now, integration both sides of (43) on I ā(x̄), and using (46), we get the existence
of M8 > 0 and and k̄6 ≥ k̄5 such that for k ≥ k̄6,∫

I ā(x̄)

∑
j∈Iā

x̄(t)

γ2ke
γkψj(xγk (t))‖∇ψj(xγk(t))‖2|〈∇ψj(xγk(t)), pγk(t)〉|dt

≤M8(‖pγk‖∞ + dγk). (47)

Using that xγk converges uniformly to x̄, and by assuming that ā ≤ ε
2
, where ε is

the constant of (3), we get the existence of k̄7 ≥ k̄6 such that for k ≥ k̄7, t ∈ I ā(x̄)
and j ∈ I āx̄(t), we have ψj(xγk(t)) ≥ −ε, and hence by (3), ‖∇ψj(xγk(t)‖ > η.
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Then, for M9 :=
M8

η
, (47) yields that for k ≥ k̄7,∫

I ā(x̄)

∑
j∈Iā

x̄(t)

γ2ke
γkψj(xγk (t))‖∇ψj(xγk(t))‖|〈∇ψj(xγk(t)), pγk(t)〉|dt ≤M9(‖pγk‖∞+dγk).

Combining this latter with (40), we conclude that for k ≥ k̄7,

I2 ≤M9(‖pγk‖∞ + dγk) +M4‖pγk‖∞,

and hence by (38) and for M10 :=M3 +M4 +M9,

I = I1 + I2 ≤M10(‖pγk‖∞ + dγk). (48)

Therefore, for k ≥ k̄7, we have from (33), (34), (35) and (48), that∫ T

0

‖ṗγk(t)‖dt ≤ (M2 +M10)(‖pγk‖∞ + dγk) ≤ (M2 +M10)(M1 +ML).

This yields that (ṗγk) is uniformly bounded in L1, which terminates the proof of
Theorem 3.1 under the temporary assumption: C is compact.
Now, we proceed to show that the temporary assumption “C is compact” can be
replaced by (A2.4). Let C be unbounded, but satisfies (A2.4) for some yo and Ro.
We introduce an additional constraint to C via ψr+1 : Rn −→ R, where

ψr+1(x) :=
1

2

(
‖x− yo‖2 −R2

o

)
for all x ∈ Rn.

Hence, Cr+1, the zero-sublevel set of ψr+1, is BRo(yo) and it contains x̄(t), for all
t ∈ [0, T ], in its interior. Denote by (P̂ ) the problem (P ) with the following modifi-
cations:
• The unbounded sweeping set C is now replaced by the compact set

Ĉ := C ∩ Cr+1 = C ∩BRo(yo) =
r+1⋂
i=1

{x ∈ Rn : ψi(x) ≤ 0}.

• The function φ is replaced by the function φ̂ := φ + ICr+1 , where ICr+1 is the
indicator function of the set Cr+1. Clearly we have dom φ̂ = Ĉ and (A3) is
satisfied φ̂ on Ĉ. Moreover, since φ = φ̂ on the open set intCr+1, we have

∂φ(x) = ∂φ̂(x), ∀x ∈ C ∩ intCr+1. (49)

• The set C0 is replaced by the closed set

Ĉ0 := C0 ∩ Cr+1 = C0 ∩BRo(yo) ⊂ C ∩BRo(yo) = Ĉ = dom φ̂. (50)

We claim that (x̄, ū) is a strong local minimizer for (P̂ ). Indeed, since (x̄, ū) is
admissible for (P ) and x̄(t) ∈ C ∩ intCr+1 for all t ∈ [0, T ], then (49) and (50) yield
that (x̄, ū) is admissible for (P̂ ). For the optimality, let δ̂ > 0 satisfying

δ̂ < min{δ, Ro − ε̄}, where ε̄ := max{‖x̄(t)− yo‖, t ∈ [0, T ]} < Ro. (51)
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Let (x, u) be admissible for (P̂ ) such that ‖x − x̄‖∞ ≤ δ̂. Then, x(t) ∈ Ĉ for all
t ∈ [0, T ], and by (51), ‖x− x̄‖∞ ≤ δ and ‖x(t)− yo‖ < Ro for all t ∈ [0, T ]. Hence,
(49) implies that (x, u) is admissible for (P ). Thus, the optimality of (x̄, ū) for (P )
yields that g(x̄(0), x̄(T )) ≤ g(x(0), x(T )), which shows the optimality of (x̄, ū) for
(P̂ ). Now, since x̄(t) ∈ intCr+1 for all t ∈ [0, T ], we have:
• Î0(x̄) := {t ∈ [0, T ] : x̄(t) ∈ bdry Ĉ} = {t ∈ [0, T ] : x̄(t) ∈ bdryC} = I0(x̄).

• For t ∈ Î0(x̄),

Î0
x̄(t) := {i∈{1, ..., r+1} : ψi(x̄(t)) = 0} = {i∈{1, . . . , r} : ψi(x̄(t)) = 0} = I0

x̄(t).

This yields that (A2.3)S is the same for the family (∇ψi(x̄(·)))r+1
i=1 . However, having

(A2.2) satisfied by the family (∇ψi)r+1
i=1 , that now includes ∇ψr+1, is not automatic,

but it holds true under assumption (A2.4)(i), due to Lemma 6.5. On the other
hand, since Ĉ ⊂ C, Ĉ0 ⊂ C0 and int Ĉ = intC ∩ BRo(yo), we conclude that the
data of the problem (P̂ ) satisfies (A2.5), (A5) and (A6), and thus, satisfies all the
assumptions (A1)–(A2.2), (A2.3)S and (A2.5)–(A6), with Ĉ compact. Therefore,
the proof of this theorem, where (A2.4) holds, is completed by applying to the
strong local minimizer (x̄, ū) of (P̂ ) the version of this theorem already proven for
C compact, and by noticing the following:
• Ĉ ⊂ C yields the set Ĉ used in the definitions of ∂ℓφ, ∂2ℓφ, ∂xℓ f(t, ·, u), ∂2ℓψi

and ∂Lℓ g, can be replaced by C.

• x̄(t) ∈ intCr+1 for all t ∈ [0, T ], implies that ξr+1 ≡ 0, ϑr+1 ≡ 0 and νr+1 ≡ 0.

• The local property of the limiting normal cone and x̄(0) ∈ intBRo(xo) (by
(A2.4)(ii)), give that

NL
Ĉ0
(x̄(0)) = NL

C0∩BRo (xo)
(x̄(0)) = NL

C0
(x̄(0)).

Now, we move to prove that the temporary assumption (A2.3)S can be replaced by
(A2.3). We assume that, instead of (A2.3)S, (A2.3) is satisfied for some positive
vector β ∈ Rr. We denote by (P̃ ) the version of (P ) in which the functions ψi
are replaced by ψ̃i := βiψi for i = 1, . . . , r. Note that since for i = 1, . . . , r, the
zero-sublevel set of ψ̃i and ψi are the same, the two problems (P̃ ) and (P ) coincides.
Hence, (x̄, ū) is a strong local minimizer of (P̃ ). Clearly the data of (P̃ ) satisfies
(A1) and (A3)–(A6). On the other hand, one can easily see that the assumptions
(A2.1) and (A2.3)S are satisfied by the family (ψ̃i)

r
i=1. Moreover, since (ψi)

r
i=1

satisfies (A2.2) for some η > 0, it is not difficult to show that (ψ̃i)ri=1 also satisfies
(A2.2) with the constant ηb̃ for b̃ := min{βi : i = 1, . . . , r}. Therefore, the data
of (P̃ ) satisfies (A1)–(A2.2), (A2.3)S and (A2.4)–(A6). Thus, by applying to (P̃ )
and to its strong local minimizer (x̄, ū) the already proven version of Theorem 3.1,
we get the existence of an adjoint vector p̃ ∈ BV ([0, T ];Rn), a finite sequence
of finite signed Radon measures (ν̃i)ri=1 on [0, T ] with ν̃i supported in I0i (x̄) for
i = 1, . . . , r, a finite sequence of nonnegative functions (ξ̃i)ri=1 ∈ L∞([0, T ];R+)
with ξ̃i supported in I0i (x̄) for i = 1, . . . , r, L∞-functions ζ̃(·), θ̃(·) and a finite
sequence (ϑ̃i(·))ri=1 in Mn×n([0, T ]), and λ̃ ≥ 0 such that the conditions (i)–(vi)
of Theorem 3.1 are satisfied by p̃, (ν̃i)ri=1, (ξ̃

i)ri=1, ζ̃, θ̃, (ϑ̃i)
r
i=1, λ̃, and (ψ̃i)

r
i=1 instead

of p, (νi)ri=1, (ξ
i)ri=1, ζ, θ, (ϑi)

r
i=1, λ, and (ψi)

r
i=1, respectively. Now to terminate the
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proof of this theorem when (A2.3) is satisfied, it is sufficient to replace in these
obtained conditions ψ̃i by βiψi, and consider p := p̃, νi := βiν̃

i, ξi := βiξ̃
i, ζ := ζ̃,

θ := θ̃, ϑi := β−1
i ϑ̃i, and λ := λ̃.

For the “Furthermore” part of the theorem, let CT = Rn. Proposition 4.19 implies
that λ = 1. The convexity assumption of f(t, x, U) for x ∈ C ∩ Bδ(x̄(t)) and
t ∈ [0, T ], is removed by using the relaxation technique of [40, Section 5.2] in the
same fashion as in Step 7 of the proof of [40, Theorem 5.1].
The proof of Theorem 3.1 is terminated.

Remark 5.1. In the nontriviality condition of Theorem 3.1, the presence of ‖p(T )‖
instead of ‖p‖∞ and (‖νi‖T.V.)

r
i=1 results from having these two norms bounded above

by ‖p(T )‖. Indeed, if we take k −→ ∞ in (34), we conclude that

‖p‖∞ ≤ e(Mℓ+K+2Mψ

√
Mξ)‖p(T )‖ =

M1

1 + Lg +ML
‖p(T )‖.

On the other hand, using (3) and (48), and by applying on each ψi the same argument
employed in [40, Equation (82)] we deduce the existence of M10 > 0 and k̄9 ≥ k̄8
such that for k ≥ k̄9 and for i = 1, . . . , r, we have∫ T

0

γ2ke
γkψi(xγk (t)) |〈∇ψi(xγk(t)), pγk(t)〉| dt ≤M10(‖pγk‖∞ + dγk).

This gives, using (34), that for k ≥ k̄9 and for i = 1, . . . , r, we have

‖νiγk‖T.V. ≤M10(‖pγk‖∞ + dγk) ≤
M10M1

1 + Lg +ML
(‖pγk(T )‖+ dγk) +M10dγk , (52)

where νiγk be the finite signed Radon measure on [0, T ] defined by

dνiγk(t) := γkξ
i
γk
(t)〈∇ψi(xγk(t)), pγk(t)〉dt.

Since for each i ∈ {1, . . . , r}, the signed Radon measure νi of Theorem 3.1 is the
weak* limit of νiγk , see Step 4 of [32, Proof of Theorem 6.1] for more details, we
deduce after taking k −→ ∞ in (52) that

‖νi‖T.V. ≤
M10M1

1 + Lg +ML
‖p(T )‖.

6. Appendix

In this section, we present an example to which our Pontryagin-type maximum
principle (Theorem 3.1) is applied to obtain an optimal solution. Furthermore, we
establish auxiliary results that are used in different places of the paper, and we
provide proofs for Propositions 4.4 and 4.6.

6.1. Example

In this example we illustrate how Theorem 3.1 can be applied to find an optimal
solution. We consider the following data for (P ) (see Figure 1):
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Figure 1: Example 6.1

• The perturbation mapping f : R3 × R −→ R3 is defined by

f((x1, x2, x3), u) = (4x1 + u, x2 − 1,−2x1 − x2 + u+ 2).

• The two functions ψ1, ψ2 : R3 −→ R are defined by

ψ1(x1, x2, x3) := x21 + x22 + x3 and ψ2(x1, x2, x3) := x21 + (x2 − 2)2 + x3,

and hence, the set C is the nonsmooth, convex and unbounded set

C = C1∩C2 := {(x1, x2, x3) : ψ1(x1, x2, x3) ≤ 0}∩{(x1, x2, x3) : ψ2(x1, x2, x3) ≤ 0}.

• The objective function g : R6 −→ R ∪ {∞} is defined by

g(x1, x2, x3, x4, x5, x6) :=

{
−x24 − x6 − 1 (x4, x5, x6) ∈ C,

∞ otherwise.

• The function φ is the indicator function of C and T := 1
2
.

• The control multifunction is the constant function U(t) := [−1, 1] for all t ∈ [0, 1
2
],

C0 := {(0, 1,−1)}, and CT := {(x1, x2, x3) ∈ R3 : 8x1 − 4x3 − 9 = 0}.

One can easily verify that (A1)–(A2.2) and (A2.4)–(A6) are satisfied. Define the
curve

Γ := {(x1, x2, x3) : x21 + x3 + 1 = 0 and x2 = 1} = (bdryC1 ∩ bdryC2) ⊂ bdryC.

Since C0 ⊂ Γ and g vanishes on Γ and is strictly positive elsewhere in C, we may
seek for (P ) a candidate (x̄, ū) for optimality with x̄ := (x̄1, x̄2, x̄3) belonging to Γ,
if possible, and hence we havex̄

2
1(t) + x̄3(t) + 1 = 0 and x̄2(t) = 1, ∀t ∈ [0, 1

2
] and

x̄(0)T = (0, 1,−1) and x̄(1
2
)T ∈ {(1

2
, 1,−5

4
), (−5

2
, 1,−29

4
)}.

(53)

Note that (A2.3) is satisfied on Γ for β = (1, 1).8 Then we apply Theorem 3.1 to
such a candidate (x̄, ū) and obtain in consequence the existence of an adjoint vector
8 Note that for (x1, x2, x3) ∈ Γ with −

√
3
2 < x1 <

√
3
2 , we have 〈∇ψ1(x1, x2, x3),∇ψ2(x1, x2, x3)〉 =

4x21 − 3 < 0, and hence, the maximum principle of [21] cannot be applied to this sweeping set C.
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p := (p1, p2, p3) ∈ BV ([0, 1
2
];R3), two finite signed Radon measures ν1, ν2 on

[
0, 1

2

]
,

ξ1, ξ2 ∈ L∞([0, 1
2
];R+), and λ ≥ 0, such that when incorporating equations (53) into

Theorem 3.1(i)–(vi), we obtain
(a) ‖p(1

2
)‖+ λ = 1.

(b) The admissibility equation holds, that is, for t ∈ [0, 1
2
] a.e.,

˙̄x1(t) = 4x̄1(t) + ū(t)− 2x̄1(t)(ξ1(t) + ξ2(t)),

0 = −2(ξ1(t)− ξ2(t)),

−2 ˙̄x1(t)x̄1(t) = −2x̄1(t) + ū(t) + 1− ((ξ1(t) + ξ2(t)).

(c) The adjoint equation is satisfied, that is, for t ∈ [0, 1
2
],

dp(t) =

−4 0 2
0 −1 1
0 0 0

 p(t)dt + (ξ1(t) + ξ2(t))

2 0 0
0 2 0
0 0 0

 p(t)dt

+

2x̄1(t)
2
1

 dν1 +

2x̄1(t)
−2
1

 dν2.

(d) The complementary slackness condition is valid, that is, for t ∈ [0, 1
2
] a.e.,ξ1(t)(2p1(t)x̄1(t) + 2p2(t) + p3(t)) = 0,

ξ2(t)(2p1(t)x̄1(t)− 2p2(t) + p3(t)) = 0.

(e) The transversality condition holds, that is,−p(1
2
)T ∈ λ{−1, 0,−1)}+ {α(2, 0,−1) : α ∈ R} if x̄(1

2
)T = (1

2
, 1,−5

4
),

−p(1
2
)T ∈ λ{(5, 0,−1)}+ {α(2, 0,−1) : α ∈ R} if x̄(1

2
)T = (−5

2
, 1,−29

4
).

(f) max{u(p1(t) + p3(t)) : u ∈ [−1, 1]} is attained at ū(t) for t ∈ [0, 1
2
] a.e.

We temporarily assume that

p1(t) + p3(t) ≥ 0, ∀t ∈ [0, 1
2
] a.e. (54)

This gives from (f) that u(t) = 1 for t ∈ [0, 1
2
] a.e. Now solving the differential

equations of (b) and using (53), we obtain that

ξ1(t) = ξ2(t) = 1 and x̄(t)T = (t, 1,−1− t2), ∀t ∈ [0, 1
2
].

Hence, from (d), we deduce that p2(t) = 0 for t ∈ [0, 1
2
] a.e., and

2tp1(t) + p3(t) = 0, ∀t ∈ [0, 1
2
] a.e. (55)

Moreover, the adjoint equation (c) simplifies to the following
dp1(t) = 2p3(t)dt+ 2tdν1 + 2tdν2,

0 = p3(t)dt+ 2dν1 − 2dν2,

dp3(t) = dν1 + dν2.

(56)
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Using (a), (55), (e), and (56), a simple calculation gives that
λ = 1

4
and p(1

2
)T = (3

4
, 0, 0),

p(t)T =
(

3
4(4t2+1)

, 0, −3t
2(4t2+1)

)
on [0, 1

2
),

dν1 =
12t3+24t2+3t−6

8(4t2+1)2
dt+ 3

16
δ{1

2

} and dν2 =
−12t3+24t2−3t−6

8(4t2+1)2
dt+ 3

16
δ{1

2

} on [0, 1
2
],

where δ{a} denotes the unit measure concentrated on the point a. Note that for all
t ∈ [0, 1

2
], we have p1(t) + p3(t) ≥ 0, and hence, the temporary assumption (54) is

satisfied.
Therefore, the above analysis, realized via Theorem 3.1, produces an admissible pair
(x̄, ū), where

x̄(t)T = (t, 1,−1− t2) and ū(t) = 1, ∀t ∈ [0, 1
2
],

which is optimal for (P ).

6.2. Auxiliary results

Lemma 6.1. Assume that (A2.1)–(A2.2) hold and that C is compact. Then for
c ∈ bdryC, there exists a vector dc 6= 0 such that

4η2

M̄ψ
≤ ‖dc‖ ≤ rM̄ψ, and

〈
dc

‖dc‖
,∇ψi(c)

〉
≤ − 4η2

rM̄ψ
, ∀i ∈ I0

c .

Proof. Let c ∈ bdryC. For each i ∈ I0
c , we denote by ui(c) and vi(c) the unique

projections of −∇ψi(c) to NC(c) and TC(c), respectively. By Moreau decomposition
theorem, see [27], we have

−∇ψi(c) = ui(c) + vi(c) and 〈ui(c), vi(c)〉 = 0.

This yields that ‖∇ψi(c)‖2 = ‖ui(c)‖2 + ‖vi(c)‖2, and hence

‖vi(c)‖ ≤ ‖∇ψi(c)‖ ≤ M̄ψ. (57)

On the other hand, by Proposition 4.1(ii), we have that ui(c) =
∑

j∈I0
c
λij∇ψj(c),

where λj ≥ 0 for j ∈ I0
c . Then by (A2.2),

‖vi(c)‖ = ‖∇ψi(c) + ui(c) =

∥∥∥∥( ∑
j∈I0

c , j ̸=i

λij∇ψj(c)
)
+ (1 + λii)∇ψi(c)

∥∥∥∥
≥
(
1 +

∑
j∈I0

c

λij

)
2η ≥ 2η.

Hence, using (57), we obtain that

2η ≤ ‖vi(c)‖ ≤ M̄ψ, ∀i ∈ I0
c . (58)
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It follows that,

〈vi(c),∇ψi(c)〉 = 〈vi(c),−ui(c)− vi(c)〉 = −‖vi(c)‖2 ≤ −4η2. (59)

We define dc :=
∑

j∈I0
c
vj(c). As vj(c) belongs to TC(c) for all j ∈ I0

c , we have that
〈vj(c),∇ψi(c)〉 ≤ 0, for all i, j ∈ I0

c . This, together with (59) gives that, for all
i ∈ I0

c we have

M̄ψ‖dc‖ ≥ 〈dc,−∇ψi(c)〉 ≥ 〈vi(c),−∇ψi(c)〉 ≥ 4η2.

Whence, using the right inequality in (58), we have

〈dc,∇ψi(c)〉 ≤ −4η2, ∀i ∈ I0
c , and 4η2

M̄ψ
≤ ‖dc‖ ≤ rM̄ψ.

This yields that dc 6= 0 and, upon dividing the first inequality in the above equation
by ‖dc‖, the required result is established.

Lemma 6.2. Assume that (A2.1) holds. Let αn ≥ 0, for all n ∈ N, with αn −→ αo
and let cn ∈ C be a sequence such that Iαncn 6= ∅, for all n ∈ N, and cn −→ co. Then,
Iαoco 6= ∅ and there exist ∅ 6= Jo ⊂ {1, . . . , r} and a subsequence of (αn, cn)n we do
not relabel, such that

Iαncn = Jo ⊂ Iαoco for all n ∈ N.

In particular, for any continuous function x̄ : [0, T ] −→ C and for all a ≥ 0, we have
Ia(x̄) is closed, and hence compact.

Proof. For each i ∈ {1, . . . , r}, we define Ni := {n ∈ N : −αn ≤ ψi(cn) ≤ 0}. Since⋃r
i=1Ni = N, we have that the set R := {i ∈ {1, . . . , r} : |Ni| = ∞} is nonempty.

Assume that R = {i1, i2, . . . , im} where i1 < i2 < · · · < im.
For each j 6∈ R and for each ℓ ∈ {1, . . . ,m}, we eliminate from Niℓ all the finite
number of indices n for which −αn ≤ ψj(cn) ≤ 0, if such indices exist. Thus, we
now ensured that

Iαncn ⊂ R for all n ∈
m⋃
ℓ=1

Niℓ .

Now to construct the required subsequence and the set Jo, we apply the following
algorithm:
(1) Let ℓ = 2 and Jo = {i1}.
(2) If Ni1 ∩Niℓ is an infinite set, then we replace Ni1 by Ni1 ∩Niℓ , and we add i2

to Jo. Otherwise, we replace Ni1 by Ni1 \ (Ni1 ∩Niℓ).
(3) We increment ℓ by 1. If ℓ = m+ 1, then go to (4). Otherwise, go to (2).
(4) Halt.

At the end of the algorithm, the so-obtained set of indices Ni1 will be an infinite
set. Moreover, if we consider (cnk)k to be the subsequence of (cn)n associated to
Ni1 , then we clearly have that Iαnkcnk

= Jo for all k. The continuity of ψi for each
i ∈ {1, . . . , r}, and the convergence of αn to αo and cn to co , yield that Jo ⊂ Iαoco .
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We proceed to prove the “in particular” part. Let x̄ : [0, T ] −→ C be continuous
and let a ≥ 0. For tn ∈ Ia(x̄) with tn → to ∈ [0, T ], we consider αn = αo := a,
cn := x̄(tn), and co := x̄(to). By the first part of this lemma, there exists Jo 6= ∅
in {1, . . . , r} such that, up to a subsequence, Iax̄(tn) = Jo ⊂ Iax̄(to), implying that
to ∈ Ia(x̄).

Lemma 6.3. Assume (A2.1) holds, and denote by Gψ(t) the Gramian matrix of
the vectors {∇ψi(x̄(t))}i∈I0

x̄(t)
for all t ∈ I0(x̄). Then the following assertions are

equivalent:
(i) For all t ∈ I0(x̄), Gψ(t) is strictly diagonally dominant.
(ii) There exists b ∈ (0, 1) such that∑

i∈I0
x̄(t)

, i ̸=j

|〈∇ψi(x̄(t)),∇ψj(x̄(t))〉| ≤ b‖∇ψj(x̄(t))‖2, (60)

for all t ∈ I0(x̄) and for all j ∈ I0
x̄(t).

(iii) There exist ā > 0, b ∈ (0, 1) and ρ̄ > 0, such that for all t ∈ I ā(x̄) and for all
j ∈ I āx̄(t) we have∑

i∈Iā
x̄(t)

, i ̸=j

|〈∇ψi(x),∇ψj(x))〉| ≤ b‖∇ψj(x)‖2, ∀x ∈ Bρ̄(x̄(t)) ∩ C.

Proof. (i)⇒(ii): For t ∈ I0(x̄) and j ∈ I0
x̄(t), we define

b(t, j) :=
1

‖∇ψj(x̄(t))‖2
∑

i∈I0
x̄(t)

, i ̸=j

|〈∇ψi(x̄(t)),∇ψj(x̄(t))〉| < 1. (61)

Now for b := sup
{
b(t, j) : t ∈ I0(x̄) and j ∈ I0

x̄(t)

}
, we clearly have that (60) holds

true. To prove that b < 1, it is sufficient to use an argument by contradiction in
conjunction with Lemma 6.2 and inequality (61).
(ii)⇒(iii): Follows immediately using an argument by contradiction in conjunction
with Lemma 6.2.
(iii)⇒(i): Follows directly since we have b ∈ (0, 1), I0

x̄(t) ⊂ I āx̄(t) for all t ∈ [0, T ],
and I0(x̄) ⊂ I ā(x̄).

Lemma 6.4. Let S ⊂ Rn be a nonempty and closed set. The assumption (A2.4)(i)
is satisfied by S if one of the following conditions holds:
(i) bdryS is compact.
(ii) S is star-shaped (which includes convex and polyhedral sets).

Moreover, in the two cases above, the radius Ro can be taken to be arbitrarily large.

Proof. (i): It is sufficient to take yo any point in Rn and Ro large enough so that
bdryS ⊂ BRo(yo).
(ii): Let yo be a center of S and let Ro be any positive number. We consider
s ∈ bdryS∩(SRo(yo)). We claim that yo−s 6∈ NS(s). Indeed, if not, then there exists
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ρs > 0 such that for ζs := yo−s
∥yo−s∥ , we have Bρs(s+ ρsζs) ⊂ Sc. Thus for so := s+ ρ̄sζs,

where 0 < ρ̄s < min{ρs, Ro}, we have so ∈ [s, yo] ⊂ S and so ∈ Bρs(s+ ρsζs) ⊂ Sc.
This gives the desired contradiction.

Lemma 6.5. Assume that (A2.1)–(A2.2) and (A2.4)(i) hold. Then the assumption
(A2.2) is satisfied by the family of functions (ψi)

r+1
i=1 , where

ψr+1(x) :=
1

2

(
‖x− yo‖2 −R2

o

)
, ∀x ∈ Rn.

Proof. If not, then there exist (cn)n in Rn and (λn1 , . . . , λ
n
r+1)n ∈ [0,∞)r+1 such

that for each n we have:
• cn ∈ Ĉ := C ∩ Cr+1 = C ∩BRo(yo) which is a compact set.
• Î0

cn := {i ∈ {1, . . . , r + 1} : ψi(cn) = 0} 6= ∅, and hence cn ∈ bdry Ĉ.

• λni = 0 for i 6∈ Î0
cn , and∑

i∈Î0
cn

λni = 1 and
∥∥∥ ∑
i∈Î0

cn

λni∇ψi(cn)
∥∥∥ ≤ 2

n
. (62)

Since (A2.2) is satisfied, once can easily deduce that for n ≥
⌈
1
η

⌉
, we have that

λnr+1 6= 0. This yields that cn ∈ (SRo(yo)), for n ≥
⌈
1
η

⌉
. Hence the bounded sequence

(cn)n admits a subsequence, we do not relabel, that converges to
co ∈ C ∩ SRo(yo) ⊂ bdry Ĉ.

Applying Lemma 6.2, we deduce that (cn)n has a subsequence, we do not relabel,
that satisfies

∃ ∅ 6= Îo ⊂ {1, . . . , r + 1} such that Î0
cn = Îo ⊂ Î0

co for all n ∈ N.

Hence, using (62), we get that∑
i∈Îo

λni = 1 and
∥∥∥∑
i∈Îo

λni∇ψi(cn)
∥∥∥ ≤ 2

n
.

Now taking n −→ ∞ in this latter and using the boundedness of the sequence
(λn1 , . . . , λ

n
r+1)n, we deduce the existence of (λo1, . . . , λor+1) ∈ [0,∞)r+1 such that∑

i∈Îo

λoi = 1 and
∑
i∈Îo

λoi∇ψi(co) = 0. (63)

Case 1: co ∈ intC.
Then, for n sufficiently large, we have Îo = Î0

cn = {r + 1}. This yields, using (63),
that λor+1 = 1 and co − yo = 0, which contradicts co ∈ SRo(yo).
Case 2: co ∈ bdryC.
We claim that λor+1 6= 0. Indeed, if not then from (63) and for λoi := 0 for all
i ∈ Î0

co \ Îo, we have ∑
i∈Î0

co

λoi = 1 and
∑
i∈Î0

co

λoi∇ψi(co) = 0,

which contradicts (A2.2).
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Hence, λor+1 6= 0, and this gives using (63), that

yo − co =
∑
i∈Îo
i ̸=r+1

λoi
λr+1

∇ψi(co) =
∑
i∈Î0

co

λoi
λr+1

∇ψi(co) ∈ NP
C (co),

where λoi := 0 for i ∈ Î0
co \ Îo. This contradicts (A2.4)(i).

6.3. Proofs of Propositions 4.4 and 4.6

Proof of Proposition 4.4. (i): The definition of ψγk in (8) and assumption (A2.1)
yield that, for all k ∈ N, ψγk is C1,1 on C + ρB. The bound in (17) follows from (14)
and the definition of M̄ψ. For the remaining properties, see [25, Subsection 2.2].
(ii): If this statement was not true, there would exist a sequence (γkn)n with kn ≥ n,
xγkn ∈ Rn with ψγkn (xγkn ) = 0, and zγkn ∈ B 2

n
(xγkn ) such that for all n > 2

ρ
we have

‖∇ψγkn (zγkn )‖ ≤ 2η. Using (16) and the definition of ψγkn , it follows that

ψ(xγkn ) ≤ 0 ≤ ψ(xγkn ) +
ln(r)

γk
and

∥∥∥∑r
i=1 e

γknψi(zγkn
)∇ψi(zγkn )

∥∥∥∑r
i=1 e

γknψi(zγkn
)

≤ 2η. (64)

Then, xγkn ∈ C and hence, there exists a subsequence, we do not relabel, of (γkn)n
along which (xγkn )n and (zγkn )n converge to the same element zo ∈ C. Taking
n −→ ∞ in (64) and using the fact that eγknψi(zγkn ) −→ 0 whenever ψi(zo) < 0, we
get the existence of a sequence of nonnegative numbers (λi)i∈I0

zo
such that

ψ(zo) = 0,
∥∥∥ ∑
i∈I0

zo

λi∇ψi(zo)
∥∥∥ ≤ 2η and

∑
i∈I0

zo

λi = 1.

This contradicts assumption (A2.2) since ψ(zo) = 0 is equivalent to I0
zo 6= ∅.

(iii): If this statement was not true, there would exist a sequence (γkn)n with kn ≥ n
and xγkn ∈ Cγkn ⊂ C such that

‖∇ψγkn (xγkn )‖ ≤ η and − 1

n
≤ ψγkn (xγkn ) ≤ 0. (65)

This yields that xγkn ∈ C and ψ(xγkn ) −→ 0. Since C is compact, we can assume
that xγkn −→ zo ∈ C, and hence ψ(zo) = limn−→0 ψ(xγkn ) = 0. Now, from (65)(a)
and (15), we have

‖
∑r

i=1 e
γknψi(xγkn

)∇ψi(xγkn )‖∑r
i=1 e

γknψi(xγkn
)

≤ η.

Taking n −→ ∞ in this latter and using that eγknψi(xγkn ) −→ 0 whenever ψi(zo) < 0,
we get the existence of a sequence of nonnegative numbers (λi)i∈I0

zo
such that∥∥∥ ∑

i∈I0
zo

λi∇ψi(zo)
∥∥∥ ≤ η and

∑
i∈I0

zo

λi = 1.

This contradicts assumption (A2.2), since ψ(zo) = 0 implies that I0
zo 6= ∅.
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Proof of Proposition 4.6. (i): By Proposition 4.4, we have that for each k ≥ k3,
ψγk satisfies the same assumptions satisfied by the function ψ of [32, Theorem 3.1].
Hence, (i) follows immediately from [32, Theorem 3.1(i)] where ψ is replaced by ψγk .

(ii): First we prove that intC ⊂
⋃
k∈N

intCγk(k). (66)

Let x ∈ intC. Since ψ(x) < 0 and
(
αk +

ln r
γk

)
−→ 0, there exists kx ≥ k4 such that

αkx +
ln r
γkx

< −ψ(x). This yields, using (16), that ψγkx (x) < −αkx , and hence

x ∈ intCγkx (kx) ⊂
⋃
k∈N

intCγk(k).

This terminates the proof of (66). Hence,

intC ⊂
⋃
k∈N

intCγk(k) ⊂
⋃
k∈N

Cγk(k) ⊂
⋃
k∈N

intCγk ⊂ intC.

Therefore, the equation (19) holds true. Now, since (ψγk)k is monotonically non-
increasing in terms of k, and (αk)k is a decreasing sequence, we conclude that
the sequence (Cγk(k))k is a nondecreasing sequence. This gives that the Painlevé-
Kuratowski limit of the sequence (Cγk(k))k satisfies

lim
k−→∞

Cγk(k) = cl
( ⋃
k∈N

Cγk(k)
)
. (67)

Upon taking the closure of intC in (19) and using from Proposition 4.1(i) the fact
that C = cl (intC), equation (67) yields that the Painlevé-Kuratowski limit of the
sequence (Cγk(k))k is C.
(iii): For c ∈ bdryC, we set −2αc := max{ψi(c) : i 6∈ I0

c }, whenever I0
c ( {1, . . . , r}.

We have αc > 0 and ψi(c) ≤ −2αc for all i 6∈ I0
c . The continuity of ψi yields the

existence of r̄1 > 0 such that ψi(x) < −αc, for all x ∈ B2r̄1(c) and for all i 6∈ I0
c . Let

dc be the nonzero vector of Lemma 6.1. Choose k̄1 ≥ k3 large enough so that for
all k ≥ k̄1 we have ln(r)

γk
+ αk ≤ αc and σk ≤ r̄1, where αk and σk are the sequences

defined in (6). Then, for all k ≥ k̄1, and for all x ∈ B r̄1(c) we have:

•
∥∥∥x+ σk

dc
∥dc∥ − c

∥∥∥ ≤ ‖x− c‖+ σk ≤ 2r̄1,

• ψi

(
x+ σk

dc
∥dc∥

)
< −αc ≤ − ln(r)

γk
− αk for all i 6∈ I0

c .

Therefore,

ψi

(
x+ σk

dc
‖dc‖

)
+

ln(r)

γk
< −αk, ∀i 6∈ I0

c , ∀k ≥ k̄1, and ∀x ∈ B r̄1(c). (68)

Now, for i ∈ I0
c , by using Lemma 6.1 we get〈

dc
‖dc‖

,∇ψi(c)
〉

≤ − 4η2

rM̄ψ
, ∀i ∈ I0

c .
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The continuity of ∇ψi yields the existence of 0 < rc ≤ r̄1 such that〈
dc
‖dc‖

,∇ψi(x)
〉
< − 2η2

rM̄ψ
, ∀i ∈ I0

c and ∀x ∈ B2rc(c). (69)

We consider kc ≥ k̄1 large enough so that σk ≤ rc. Then, for all k ≥ kc and for all
x ∈ Brc(c), we have ∥∥∥x+ σk

dc
‖dc‖

− c
∥∥∥ ≤ ‖x− c‖+ σk ≤ 2rc.

Hence by the mean value theorem applied to ψi on [x + σk
dc

∥dc∥ , x], for i ∈ I0
c , for

k ≥ kc, and for x ∈ Brc(c) ∩ C, and using (69) and (6), we obtain the existence of
z ∈ [x+ σk

dc
∥dc∥ , x] ⊂ B2rc(c) such that

ψi

(
x+ σk

dc
‖dc‖

)
= ψi(x) + σk

〈
∇ψi(z),

dc
‖dc‖

〉
< 0− ln(r)

γk
− αk.

Combining this latter with (68), we conclude that

ψi

(
x+ σk

dc
‖dc‖

)
+

ln(r)

γk
< −αk, ∀i ∈ {1, . . . , r}, ∀k ≥ kc, and ∀x ∈ Brc(c) ∩ C.

Therefore, using (7) and (16), we deduce that

ψγk

(
x+ σk

dc
‖dc‖

)
< −αk, ∀k ≥ kc and ∀x ∈ Brc(c) ∩ C.

The proof of (iii) is complete.
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