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1. Introduction

Sweeping processes are dynamical systems involving the normal cone to a set called
sweeping set. These systems were introduced in the papers [28, 29, 30] by J. J. Moreau
in the context of plasticity and friction theory. Different modifications of this model
have since appeared in many applications such as hysteresis, ferromagnetism, elec-
tric circuits, phase transitions, crowd motion problems, economics, etc. (see [1]
and its references). This naturally motivated launching the subject of optimal con-
trol over sweeping processes and deriving necessary optimality conditions phrased
in terms of Fuler-Lagrange equation or Pontryagin-type maximum principle. These
results are mainly established using two different approaches, namely discrete ap-
proximations (see [5, 6, 7, 8, 9, 14, 15, 16]), and continuous approximations (see
[3, 17, 20, 32, 33, 34, 40]). Another new method is recently introduced in [23],
where, instead of approximating the sweeping process, the authors formulated stan-
dard optimal control problems having auxiliary controls and the sweeping set is
considered as explicit state constraints. These problems admit the same optimal
solution as that of the original problem. As mentioned by the authors in [23, Re-
mark 2.13], the Pontryagin-type necessary conditions derived therein have atypical
nondegeneracy condition that requires further analysis.
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Via an innovative exponential penalization technique that approrimates the normal
cone, the authors in [17, 18] derived a smooth Pontryagin-type maximum principle
for global minimizers of a controlled sweeping process, in which the sweeping set C'
is compact and is the zero-sublevel set of a C2-convex function 1. The surprising
feature of this continuous-time approximation technique resides in the fact that,
despite that the original sweeping process inherently has a state constraint, namely,
x(t) € C, the presence of the penalty term in the formulation of the approximating
systems disposes of this state constraint, since the set C' turns out to be invari-
ant for this carefully designed approximating systems. This special property of the
exponential penalization technique introduced in [17], has demonstrated to be in-
strumental in [19, 31], where successful numerical algorithms have been developed
to efficiently compute good approximations of solutions for optimal control problems
over sweeping processes via solutions of standard optimal control problems in which
no state-constraint is imposed.

The same exponential penalization technique is used in [32, 40] to generalize the
Pontryagin-type maximum principle of [17] in several directions. This includes al-
lowing the compact sweeping set C' to be the zero-sublevel set of a Ch!-function
that is mot necessarily convex, a final-state endpoint constraint set to be present,
the cost function to depend on both endpoints of the state, strong local minimizers
to be considered, and new subdifferentials that are strictly smaller than Clarke and
Mordukhovich subdifferentials to be employed.

The goal of this paper is to extend the Pontryagin-type maximum principle of [32]
to the case in which the sweeping set is the intersection of a finite number of zero-
sublevel sets of Cl''-functions 5, ¢ = 1,...,7, and hereby, we allow C to be non-
smooth. Moreover, the compactness assumption of C' can now be replaced by a
weaker condition permitting C' to be unbounded, and hence, our results here extend
the results in [17, 32, 40], not only to the case where the sweeping set is non-
smooth, but also unbounded, such as, polyhedral, star-shaped, or a set with compact
boundaries.

The exponential penalization technique for r > 1 is far more complex than that for
r = 1, which was treated in [17, 32, 40]. In fact, if we attempt here to emulate
the case when r = 1 by considering C' as the zero-sublevel set of the single function
Y :=max{¢;:i=1,...,r}, then, when r > 1 and ¢); € C1'!, foralli € {1,...,7}, ¥
is only guaranteed to be Lipschitz. Hence, unlike the case when r = 1, the normal
cone to C', Ng, is now given in terms of the subgradient Ji, as opposed to V), and
this set-valued map is not in general Lipschitz. This would lead to approximating
the normal cone in the sweeping process by an exponential penalty term invoking
0v, which produces a differential inclusion to which none of the standard results
would apply. Thus, this attempt would not be successful. On the other hand, if
we express the normal cone to C' at a boundary point x as the cone combination
of the corresponding V);(z), the approximation of N¢(z) in the sweeping process
via the exponential penalty technique leads, as in the case r = 1, to an ordinary
control system, which now involves r exponential penalty terms, instead of only
one term. The presence of r- penalty terms causes a major obstacle when attempt-
ing to prove that C' is invariant for the resulting control system, unless one imposes a
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very restrictive assumption such as: (Vi;(x), Vij(x)) > 0 in a band around the
boundary of C, which excludes sets having acute angles, like triangles, etc.!

Therefore, it is clear that in order to deal with the intricacy of the situation for r > 1
and to circumvent both major obstacles mentioned above, a new idea is required. Our
approach in this paper is to approximate the nonsmooth max-function v, defining
the sweeping set C, by a sequence (¢, ) of C*'-functions, constructed by applying
the “epi-multiple log-exponential” operator (%k*logexp) to the “vecmax” function
¥ (see [36, Example 1.30]). This allows us to approximate the nonsmooth set C
by a sequence of smooth sets C7%, the zero-sublevel sets of v,,. We employ the
exponential penalization technique for v,, which produces the same approximating
control system that has r-penalty terms involving Vi;, ¢ = 1,...,r. For this system,
it turns out that C"7 instead of (| is actually invariant under no extra assumption.

This result allowed us to move towards proving a Pontryagin-type maximum princi-
ple for » > 1 and for also nonsmooth data. However, since the generalized Hessian of
the function 1, is not bounded near the given optimal state Z, another complexity
surfaces when showing the sequence of adjoint variables p,, for the approximating
problems has uniform bounded variation. This is resolved by reverting to the form of
the approximating dynamic in terms of (V;)/_; and by assuming a [ocal condition
at the values Z(t), assumption (A2.3), that invokes the gradients of the correspond-
ing active constraints and that is automatically satisfied when r = 1. Note that,
unlike [21], we do not impose any assumption like Vi); = 0 on the complement in
C of a band around the boundary of C'. The absence of this assumption causes the
proof to be more challenging.

The layout of the paper is as follows. In the next section, we first display our basic
notations, then, we state our optimal control problem (P) over a sweeping process,
and we list our hypotheses. In Section 3, we present our main result Theorem
3.1, in which we derive nonsmooth Pontryagin-type maximum principle for local
minimizers of (P). Section 4 consists of preparatory results that are instrumental
for the proof of Theorem 3.1 established in Section 5. To promote continuous flow
in the presentation of the results, some of the proofs are provided in the appendix
(Section 6), where we also show some auxiliary results that will be used in several
places of the paper. An example illustrating the utility of Theorem 3.1 is provided
in Section 6.

2. Preliminaries
2.1. Notations

We begin this subsection by briefly presenting the basic notations used in this paper.
We use ||-|| and (-, -) for the Euclidean norm and the usual inner product, respectively.
The open unit ball, the closed unit ball, and the unit sphere are denoted by B, B,
and S, respectively. For x € R and p > 0, the open ball, the closed balls, and the
sphere of radius p centered at x are written as B, (), B,(x), and S,(x), respectively.
For a set A C R", int A, bdry A, cl A, conv A, and A€ designate the interior, the
boundary, the closure, the convex hull, and the complement of A, respectively.

! During the final writing of this paper, we became aware of the manuscript [21] posted on arXiv
in which this latter condition is imposed.
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The set A C R” is said to be star-shaped if there exists a, € A, called center of
A, such that the closed interval [a,,z] C A for all z € A. When A C R" is closed
and convex, we denote by hy the support function of A. For f: R" — R U {o0}
an extended-real-valued function, dom f is the effective domain of f and epi f is its
epigraph. The Lebesgue space of p-integrable functions f: [a,b] — R™ is denoted
by L?([a,b]; R™). The norms in LP([a, b]; R™) and L*([a, b]; R™) (or C([a,b]; R™)) are
written as || - ||, and || - ||, respectively. The space W'!([a,b]; R") denotes the
set of all absolutely continuous functions z: [a,b] — R™. The set of all functions
f:la,b] — R™ of bounded variations is denoted by BV ([a,b];R™)). The space
C*([a,b];R) denotes the dual of C([a,b];R) equipped with the supremum norm.
We denote by || - ||r.v. the induced norm on C*([a,b];R). By Riesz representation
theorem, each element in C*([a, b]; R) can be interpreted as an element in the space
of finite signed Radon measures on [a,b] equipped with the weak* topology. For
the set of m X n-matrix functions on [a,b], we use Mxn([a,b]). For A C R?
compact, C(A;R™) denotes to the set of continuous functions from A to R". A
vector 5 := (B, ..., Bn) € R™is said to be positive if 5; > 0 for i =1,... n.

In what follows, we display some notations from nonsmooth analysis. For standard
references, see the monographs [10, 12, 26, 36, 38]. Let A be a nonempty and
closed subset of R", and let a € A. The prozimal, the Mordukhovich (also known as
limiting), and the Clarke normal cones to A at a are denoted by N¥ (a), N%(a), and
Na(a), respectively. For the Clarke tangent cone to A at a, we use T4(a). Given a
lower semicontinuous function f: R" — R U {oc}, and x € dom f, the prozimal,
the Mordukhovich (or limiting), and the Clarke subdifferential of f at x are denoted
by 0 f(x), 0L f(x), and df(x), respectively. Note that if 2 € int (dom f) and f is
Lipschitz near z, [10, Theorem 2.5.1] yields that the Clarke subdifferential of f at z
coincides with the Clarke generalized gradient of f at x, also denoted here by O f(z).
If fis Cb! near z € int (dom f), 9 f(z) denotes the Clarke generalized Hessian of f
at x. For g: R™ — R™ Lipschitz near x € R", dg(x) denotes the Clarke generalized
Jacobian of g at x.

2.2. Statement of the problem (P), and assumptions

In this paper, we consider the following fixed time Mayer problem
(P) Minimize g(x(0),z(T")) over (z,u) such that u(-) € U and

z(t) € f(t,x(t),u(t)) — dp(x(t)), a.e. t €0,T],
z(0) € Cy C dom ¢,

(D)
$(T) e Crp,

where T" > 0 is fixed, g: R" x R* — R U {o0}, f: [0,7] x R* x R — R,
¢: R" — RU{oo} is lower semicontinuous, dy stands for the Clarke subdifferential
of p, C':= dom ¢y is the intersection of the zero-sublevel sets of a finite sequence of
functions ¥;: R* — R, e =1,...,r, Cy C C is the initial constraint set, Cr C R"”
is the terminal constraint set, and, for U: [0,7] = R™ a multifunction, the set of
control functions U is defined as

U :={u: [0,7] — R™ is measurable and u(t) € U(t) a.e.t € [0,T]}.
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A pair (z,u) is admissible for (P) when z: [0,7] — R" is absolutely continuous,
u € U, and (x,u) satisfies the perturbed sweeping process (D), called the dynamic of
(P). An admissible pair (z, @) is said to be a strong local minimizer if there exists
0 > 0 such that

9(z(T)) < g(x(T)), V(r,u) admissible for (P) and satisfying ||z — Z||e < 0.

Note that the admissibility of a pair (x, u) yields from (D) that z(t) € C, Vt € [0,T].

Now let (Z,u) be a strong local minimizer of (P). Next, we present our assumptions
on the data of (P) needed to derive our Pontryagin-type maximum principle for
(z,u). Note that not all these assumptions are needed for our intermediate and
auxiliary results. Moreover, a global version of (A1) is introduced later in Section 4.
Define the sets

U= |J U@t) and C;:= |J CnBs(x(t)).

t€[0,7) t€[0,7)

A1l: For fixed (z,u) € Cz x U, f(-,x,u) is Lebesgue-measurable; and there exists
M, > 0 such that, for t € [0,T] a.e., we have: (x,u) — f(t,z,u) is continuous
on (C'N Bs(z(t))) x U(t); for all u € U(t), x — f(t,z,u) is M,-Lipschitz on
C N Bs(Z(t)); and || f(t,z,u)|| < M, for all (z,u) € (C N Bs(z(t))) x U(t).

A2: The set C := dom ¢ # () is given by
C:=()C, (1)
i=1

where C; := {x € R™ : ¢;(x) < 0} and (¢4)1<i<r is a family of functions
v R" — R.
A2.1: There exists p > 0 such that for each 4, the function ; is C*! on C + pB.
A2.2: There is a constant 7 > 0 such that

D> NVii(o)|| > 2n, Vee{reC:T) #0},

€19

where T := {i € {1,...,7} : ¥;(z) = 0} and (\;);ez0 is any sequence of
nonnegative numbers satisfying » .70 Ay = 1.

A2.3: There exists a positive vector 5 = (f,...,5,) € R" such that
D BHV(E®), Vi (@) < B[V (1))
iezg<t), i)
for all ¢ € I°(z) and j € I3, where
I°(z) = {t€[0,T]:2(t) € bdry C} = {t € [0,T] : I3,y # 0}.
A2.4: There exist y, € R" and R, > 0 such that:

(i) For all ¢ € (bdry C) N'Sg,(y,), we have (y, — ¢) & Ne¢(c).
(ii) z(t) € Bgr,(y,) for all t € [0, T.
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A2.5: The set C has a connected interior.?

A3: The function ¢ is globally Lipschitz on C' and C! on int C, and the function V¢
is globally Lipschitz on int C'.

A4: The following assumptions on Cy, Cp and U hold:
A4.1: The set Cy C C is nonempty and closed.
A4.2: The set Cp C R™ is nonempty and closed.

A4.3: The graph of U(+) is a £ ® B measurable set, and, for t € [0,T], U(t) is
closed, and bounded uniformly in ¢, where B is the Borel o-field of R™.

A5: There exists 5 > 0 such that g is L,-Lipschitz on Cy(8) x Cp(8), where
Co(6) := [(ConBs(z(0))) +pB]NC and Cr(5) := [(CrNBs(z(T))) +pB] NC.
A6: The set f(t,z,U(t)) is convex for all z € C' N Bs(Z(t)) and t € [0,T] a.e.?

Remark 2.1. Assumption (A2.4) is weaker than the compactness of C. In fact, by
Lemma 6.4, assumption (A2.4)(i) is satisfied by an arbitrary large R, when the set
C' has a compact boundary or is star-shaped (which includes unbounded convex and
polyhedral sets). Hence, taking R, large enough, we guarantee that also (A2.4)(ii)
is valid by those sets.

Remark 2.2. One can prove that (A2.1)—(A2.2) imply that, for each = € bdry C,
the family of vectors {V);(z)};czo is positive-linearly independent. Furthermore,
when C' is compact, an argument by contradiction using Lemma 6.2 shows that
assumption (A2.2) is actually equivalent to saying that {V);(x)}cqo is positive-
linearly independent for all x € bdry C.

Remark 2.3. Under (A2.1) and for ¢ € I°(Z) and 8 := (B4,...,0,) € R", denote
by Gy(t) the Gramian matriz of the vectors {Vwi(f(t))}iezg(t) and by Dg(t) the di-

agonal matriz whose diagonal entries are (ﬁi)iezgm. It follows that condition (A2.3)

is equivalent to the existence of a positive vector 8 = (f,...,5,) € R" such that,
for all t € I°(Z), the matrix G, (t)Dg(t) is strictly diagonally dominant, and hence,
invertible. Therefore, (A2.1) and (A2.3) imply that for each t € I°(Z), the family of
vectors {Vwi(a’:(t))}igg(t) is linearly independent. It is worth mentioning that a con-

dition related to assumption (A2.3), see [24, Theorem 1.3.1], was first acknowledged
in [22] to be effective for the study of sweeping (reflected) processes with nonsmooth
sweeping sets.

3. Main result

In this section, we display our Pontryagin-type maximum principle for strong local
minimizers of (P) whose proof will be given to Section 5. We employ in its statement
the following nonstandard notions of subdifferentials, which are strictly smaller than
their standard counterparts:

2 This assumption is only imposed to obtain the required quasiconvexity of C for the extension
function @ of ¢, see Proposition 4.1(ii). Thus, when such an extension is readily available, as is
the case when ¢ is the indicator function of C', assumption (A2.5) would be superfluous. For more
information about this assumption, see [32, Remark 3.2].

3 When Cr = R", this assumption is not required for the main result, i.e., Theorem 3.1.
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o Oyp and Oy are the extended Clarke generalized gradient and the extended
Clarke generalized Hessian of ¢ defined on C| respectively (see [32, Equation
(9)-(10)]). Note that if Jyp(x) is a singleton, then we use the notation V,
instead of 0,.

o 021 is the Clarke generalized Hessian relative to int C of ¥ (see [32, Eq. (12)]).

o 07 f(t,-,u) is the extended Clarke generalized Jacobian of f(t,-,u) defined on
C' N Bs(z(t)) (see [32, Equation (11)]).

o OLg is the limiting subdifferential of g relative to int (6’0(5) X 01(5)) (see [32,
Equation (8)]).

For given z(-) € Wh1([0,T]; C), we define the sets
L(z):={t€[0,T]: 2(t) € int C;} and I(z) :=[0,T)\ L,(z), Yi=1,....,r. (2)

Theorem 3.1. (Generalized Maximum Principle for (P)) Let (Z,u) be a strong
local minimizer for (P), and assume that (A1)—(A6) hold. Then, there exist an
adjoint vector p € BV ([0,T];R™), a finite sequence of finite signed Radon measures
(V) on [0,T] with v; supported in I?(Z) for i = 1,...,7, a finite sequence of
nonnegative functions ('), € L>([0,T|;R") with & supported in I?(z) for all
i=1,...,7, L®-functions ((-), 0(-) and a finite sequence (9;(+))i_; in M,xn([0,T]),
and A > 0 satisfying the following:

(i)

he primal-dual admissible equation)

(T

(a) z(t) = f(t,2(t), u(t)) — Vep(z(t)) — 325 1£i( )Vi(z(t), viel0,T]ae,
(b) ¥i(z(t)) <0, Vt€[0,T] and Vi€ {1,...,r};

(
(

(ii) (The nontriviality condition) ||p(T)| + A =1;
(iii) (The adjoint equation) Vt € [0,7] a.e.,
(C(t),0(1) € 07 f(t.z(t), u(t)) x Fyee(x(1)),
Vi(t) € Ohi(z(t)) fori=1,...,m,
and, for any z € C([0,T];R"™), we have

T

+Z;/o 40 (z(t),q?i(t)p(t)>dt+2/ (2(t), Vabi(z(£))) Vi (2),

where the left integral is the Riemann—Stieltjes integral of z with respect to p;

(iv) (The complementary slackness conditions) Fori = 1,...,r, we have:
(a) €(t) =0, Vi € I,(2),
(b) &(O)(Vei(x(t),p(t)) =0, YVt €[0,T] ae;
(

(v) (The transversality condition)

(p(0), —p(T) € A9y g(2(0),7(T)) + NG, (2(0)) x Ng, (2(T))];
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(vi) (The maximization condition)
max (f(t,z(t),u),p(t)) is attained at u(t) for a.e.t € [0,T].
ue

Furthermore, if Cr = R™ then, A =1 and the assumption (A6) is discarded.

4. Preparatory results

In this section, we present preparatory results that are fundamental for the proof
of Theorem 3.1. In addition, an existence theorem for an optimal solution of (P) is
provided in Proposition 4.15.

We assume throughout this section that C'is compact. The last step in the proof of
Theorem 3.1 (Section 5) provides a technique that permits replacing the compactness
of C' by the weaker assumption (A2.4).

We denote by M, a common upper bound on C of the finite sequence (||V;(-)|)7_;,
and by 2M, a common Lipschitz constant of the finite family {Vi;}7_; over the
compact set C' + §B such that My > 2n and M, > 4777.

As for the case r = 1 in [32], (A2.2) and the compactness of C' imply the existence
of € > 0 such that for each i € {1,...,r} we have

[z € Cand |Viy(2)|| < n] = i(z) < —e. (3)

4.1. Properties of (', extension of ¢, and new notations

We give in the following proposition some important consequences of our assump-
tions on the set C' and the function ¢.

Proposition 4.1. (Properties of C' — Extension of ¢)
Under (A2.1)-(A2.2), we have the following:

(i) C is amenable,* Miw—prox—regularf epi-Lipschitz with C = ¢l (int C),° and, for
all x € bdry C we have

Ne(x) = NE(z) = N&(z) = { Z AN Vi(x) 0 N > o} # {0} (4)

Moreover, we have:

int C' = (int C; = [ [{z € R" : ¢yy(x) < 0} #0
=1 =1

and bdry C = C'N (U bdry q) £ 0.
=1

4 See [36, Chapter 10].

5 For p > 0, the closed set A C R” is said to be p-proz-regular if for all a € A and for all unit vector
¢ € N{(a), we have ((,z —a) < 2ip||x — al|? for all x € A. This latter inequality is known as the
proximal normal inequality. For more information about prox-regularity, see [35] and references
therein.

6 A closed set A C R™ is said to be epi-Lipschitz if for all a € A, the Clarke normal cone of A
at a is pointed, that is, Na(a) N —Na(a) = {0}. For more information about this property, see
(10, 12, 36].
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(i) If also (A2.5) holds, then int C' is quasiconver.” Furthermore, if in addition
(A3) holds, then there exists a function @ € CYY(R™) such that:

e & is bounded on R™ and equals to ¢ on C.
o @ and V® are globally Lipschitz on R™.
e For all x € C we have

dp(x) = {VO(x)} + No(). (5)

Proof. (i): The amenability of C' follows from [36, Example 10.24(d)]. For the prox-
regularity of C' and the formula (4), use [2, Theorem 9.1] and [13, Corollary 4.15].
Now from (A2.2) and (4), we conclude that Ng(x) is pointed for all x € bdry C,
and hence C' is epi-Lipschitz, and thus, C' = cl(int C). Hence, as C' # @ and
compact, then, int C' # () and bdry C' # 0. The two formulas of int C' and bdry C
follow directly from C' being defined by (1) and from [32, Lemma 3.3].

(ii): See the proof of [40, Proposition 3.1(iii)]. O

Remark 4.2. The extension ¢ of ¢ obtained in Proposition 4.1(ii), satisfies for
some K > 0,

[2(2)| < K, [[VO(2)]| < K, and [[V&(z) = VO(y)|| < Klx —yll, vz, y € R".

Equation (5) implies that the sweeping process (D) can now be rephrased in terms
of the normal cone to C' and the extension @ of ¢ as the following

(1) € F(t,2(6), u(t)) — Vd(x(t)) — Ne(z(t)), ae. t € [0,T],
(D) l‘(O) e(CycCC.

The reformulation of (D) in Remark 4.2 motivates defining the function fs from
[0,7] x R* x R™ to R" by

fo(t,z,u) = f(t,x,u) — VP(x), Y(t,z,u) € [0,T] x R" x R™.
Clearly (Al)g, (A2.1)-(A2.2), (A2.5), and (A3) imply that the following holds true

for fg:

(A1) For fixed (z,u) € C x U, fg(-,x,u) is Lebesgue-measurable; and for a.e
t € [0,7] we have: (z,u) — fp(t,z,u) is continuous on C' x U(t); for all
u € U(t), v = fp(t,z,u) is M-Lipschitz on C; and || fa(t, z,u)|| < M for all
(z,u) € C x U(t), where M := M + K.

The following notations will be used throughout the paper:

o We denote by (7x)r a sequence satisfying ~; > % for all £ € N, and v, — oo

as k — 0o. We define the two real sequences (ay), and (o) by

In (2 My (1
ay, ;:M and oy = ! ;’(M—i—ak), k € N. (6)
Vi 20* \ Yk

T A set A C R" is quasiconvex ([4]) if there exists ¢ > 0 such that any two points a, b in A can be
joined by a polygonal line v in A satisfying I(y) < ¢|la — b||, where [(7) denotes the length of ~.
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For (ag)k, we have e % = %, ap > 0 for all k € N) ag, \, and o, — 0.
For (o), we have o > 0 for all k € N, oy, \, and o, — 0.

The function 9: R® — R is defined by

P(x) == max{y;(x):i=1,...,r}, VereR" (7)
Clearly we have that C' = {x € R™ : ¢(z) < 0}.
For k € N, we define the function 9., : R* — R by

Py, (x) = 1 In (Z e”’“wi(m)), Vo € R". (8)
Tk i=1

We also define, for each k € N,

r

C* :={xeR": ¢, (r) <0} = {x e R": Ze”’“%m < 1}, and  (9)

i=1

Vi — n . < _ — n. 'kai(z)<@
(k) = {z € R : b, (x) < —ay} {xeR 26 _W}. (10)

One can easily see that if » = 1, then v,, and C7 coincide with ¢ and C,
respectively.

For given z(-) € WH([0,T];C), a > 0, and y € C, we define the sets
ﬂl = {t€[0,7]: z(t) € int C}, and hence I°(z) = [0,T]\ I(z),

where Iz(x) is the set defined in (2).
Zy={ie{l,...,r}: —a < y(y) <0} and I*(z) :={t € [0, T] Lo # 0}.

(11)
Note that when (A2.1) holds, /%(z) is compact by Lemma 6.2.
The approximation dynamic (D,,) is defined by
(t) = folt,x(t Z’ykewm INVi;(x(t)) a.e. t € [0,T],
(D%) (12)
z(0) € C.

One can easily verify that the system (D,, ) can be rewritten using the function
Y., as the following

i(t) = folt, (1), u(t)) — ey (2(t)) ae. t € [0,T),

D 13
D[ oy < em (13)
3 e%%‘(ﬂ?)vwi(x)
where, by (8), Vb, (r) = Z— . (14)
> evevi(x)

=1
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Remark 4.3. (i) Under assumption (A2.1), [10, Proposition 2.3.12] implies that
the function v defined in (7) is locally Lipschitz on C'+ pB, and for all x € (C'+ pB)
we have

() = { D> O AVYi(r) i A >0 and Y\ = 1}, (15)

1€Jx 1€Tz

where J, := {i € {1,...,7} 1 ¢s(x) = ¢(x)}, which is equal to Z when ¢(z) = 0.
Hence, for M, the constant defined before Proposition 4.1, we have

1<)l < My, Yee C and V¢ € 9y(c).

(ii) Assumption (A2.2) can be rephrased by means of (i) in terms of ¢ as follows:

There is a constant 1 > 0 such that

ICIl > 2n, Vee {zeR":¢(x) =0} and V¢ € 9¢(c).

4.2. Properties of (¢, ), and (C"(k))s

The goal of this subsection is to provide important properties of the functions .,
and the sets C7%(k) that play an essential role in the construction of the approxi-
mating problems (P,j:). The proofs of these properties are postponed to Section 6.

For the sequence of functions (1., ), we have the following.

Proposition 4.4. (Properties of (1., )x)
Under (A2.1)-(A2.2), the following assertions hold:

(i) The sequence (¢, )r € CY' on C + pB, is monotonically nonincreasing in
terms of k, and converges uniformly to 1». Moreover, for all k € N, we have

TOETMOESTORE-NAZS 3 (16)

and Vi, ()| < My, VxeC. (17)

(ii) There ezist ky € N and ry > 0 satisfying 2r1 < p, such that for all k > ky, for
allz € {x e R" : ¢, (z) = 0}, and for all z € By, (x), we have

IVp, (2)]| > 21,
In particular, for k > ki we have
[V (2) = 0] = [V, () | > 2. (18)
(iii) There exists ko > k1 and €, > 0 such that for all k > ko we have
[z € O™ and ||V, (2)]| < 1] = ¥y, (2) < —e,

Remark 4.5. From (16) and the definition of C?* in (9), we conclude that C"% C C
for all k. On the other hand, it is easy to prove that under the assumptions (A2.1)—
(A2.2), and using (9), there exists k3 > ko such that for all k£ > k3, C is nonempty
and compact, with C7% C int C for » > 1. Hence, since by Proposition 4.4, v, is
CU! on O + pB and satisfies (18), we deduce that all the properties satisfied by
the set C' in [32, Lemma 3.3 & 3.4] are also satisfied by C7 for all k > k.
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We proceed to present the properties of the sequence of sets (C7*(k))x. We denote
by 2My, ~the Lipschitz constant of Vi, over the compact set C' + £B satisfying
My, >,

Proposition 4.6. (Properties of (C7(k)))

Under (A2.1)—-(A2.2), the following assertions hold:

(i) For all k, the set C* (k) C int C" C int C' and is compact. Moreover, there
exists ky > k3 such that for k > k4, we have:

(a) bdry C™ (k) = {xeR" : ¢, (v)=—ay} = {xER” : ée”’ﬂwim:%} #0.
(b) int C" (k) = {z € R" : ¢, (z) < —au.} # 0.

(¢) C (k) is amenable, epi-Lipschitz with CV% (k) = cl (int C™(k)), and QMZW -
prox-reqular. i

(d) For all x € bdry C*™(k) we have

C(k)(2) = NE oy () = N g () = {A D eI (x) s X > o}.
=1

(i) The sequence (C(k))y, is a nondecreasing sequence whose Painlevé-Kuratowski
limit is C' and satisfies

int C = | Jint C™ (k) = | (k). (19)

keN keN

(iii) For c € bdry C, there exist k, > ky, . > 0, and a vector d, # 0 such that

( [CNB,.(0)] + ak”j”> Cint O (k), Yk > k.

In particular, for k > k. we have

(c+0k e ) € int O (k). (20)

e

Remark 4.7. From Proposition 4.6(iii), we deduce that for any ¢ € C, there exists
a sequence (c., )i such that, for k large enough, ¢,, € int C7%(k) C int C?%, and
vy, — ¢. Indeed:

(i) For ¢ € bdry C, we choose ¢,, := C+0kHZ—2” for all k. For k > k., we have from

(20) that ¢,, € int C" (k). Moreover, since o, — 0 and ﬁ is a unit vector,
we have c,, — c.

(ii) For ¢ € int C, equation (19) yields the existence of some k, € N, such that
c € int C" (k) for all k > k.. Hence, there exists 7, > 0 satisfying

¢ € B;(¢) C int C™(k), Vk > k..
In this case, we take the sequence ¢,, = ¢ € int C7 (k) that converges to c.

Remark 4.8. When combining Proposition 4.4(ii) and Proposition 4.6(ii), it fol-
lows that for k large enough, we have

[y () = —an] == [V, ()] > 1.
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4.3. Connection between (D) and (D,,) — Existence of solutions

We begin this subsection with the following lemma that states that the unique so-
lution ., of the Cauchy problem corresponding to the dynamic (D.,) with initial
condition in C7* remains in the set C7* for all ¢, and the sequence (z., ) is equicon-
tinuous. Note that since the end-time 7" was taken to be 1 in [32], when necessary,
we shall adjust here the constants’ expressions in the results and proofs extracted
from [32].

We introduce the following global version of (Al):

(Al)g For fixed (z,u) € C' x U, f(-,z,u) is Lebesgue-measurable; and there exists
M > 0 such that for a.e. t € [0,7] we have: (z,u) — f(t,z,u) is continuous
on C' x U(t); for all w € U(t), x — f(t,z,u) is M-Lipschitz on C; and
|f(t,z,u)|| < M for all (z,u) € C x U(t).

Lemma 4.9. (Invariance of C" and uniform bounds) Let (Al)g, (A2.1)-(A2.2)
and (A2.5) be satisfied. Then for k > ks, the system (D.,) with x(0) = c,, € C%
and u., € U, has a unique solution x., which belongs to W'2([0, T]; R™) and satisfies
x4, (t) € C% for allt € [0,T). Furthermore, the sequence (x., ) satisfies

T
Jselloe < lle | 4/ (MT)? + 2T and / o, (8)]12dt < BT + 2,
0

and thus, it is equicontinuous.

Proof. By Proposition 4.4, we have that for each & > ks, 1), satisfies the same
assumptions satisfied by the function ¢ of [32, Lemma 4.1]. Moreover, the system
(D.,) utilized in [32, Lemma 4.1}, in which 9 is replaced by 1., coincides with our
system (D,,), see (13). Therefore, Lemma 4.9 follows immediately from [32, Lemma
4.1], where ¢ and C are replaced by 1, and C", respectively. We note that in [32,
Lemma 4.1}, ||c, || is replaced by a bound ag > 0 of the sequence (c,, )k. O

We denote by &, (-) the sequence of non-negative continuous functions on [0, 7]
corresponding to the solution z.,, obtained in Lemma 4.9, and defined by

5%() = Vkeﬁ{kwwk(%k(.)) @ Z€;k<)7 (21)
=1

where & (-) = ype? V@) =1,

The following result illustrates the tight link between the solutions of (D,,) and
those of (D). It is parallel to [32, Theorem 4.1}, and it follows using arguments
similar to those used in the proofs of [32, Theorem 4.1] and [40, Theorem 4.1]. See
also the proof of [20, Theorem 2.2] where a simplified method is used for special
setting.

Theorem 4.10. (Convergence of (&, )r — (D.,)r approximates (D)) Assume that
(Al)g, (A2.1)-(A2.2) and (A2.5)-(A4.1) hold. Then we have the following:

(I). Let be given a sequence (c., )i in C™ converging to xy € Cy and a sequence
(uy )k in . For k > ks, denote by x., the solution of (D.,) corresponding to
((0),u) = (Cy,, Uy, ) which is obtained via Lemma 4.9 and hence, remains in C7.

Then, the following statements are valid:
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(i) The sequence (x., ), admils a subsequence, we do not relabel, that converges
uniformly to some x € W12([0, T|; R") whose values are in C, and its derivative
i, converges weakly in L* to &. Moreover,

T
el < llzoll + /(3IT)? + 2T and / li(O)2dt < F2T + 2. (22)
0

(ii) The sequence (||&,,13)k is bounded by a positive constant Mg, and there exists
a subsequence of (Vk)k, we do not relabel, such that the sequence of vector
functions ( ik, - & )k converges weakly in L? to a nonnegative vector func-
tion (&4,...,&") € L*([0,T),R"), and hence, &, converges weakly in L* to
=" &, with

@t)=0 forallt € I,(z) and i € {1,...7}, (23)

and E(t) =0 forallteI(x). (24)

k

a.e. t

(ili) If the subsequence u, (t) —— u(t), where u € U, then x is the unique solution
of (D) corresponding to (xg,u) and the triplet (x,u, (")_,) satisfies equations
(25)—(28) stated below.

(iv) If (A4.3) holds and f(t,z,U(t)) is convex for v € C and t € [0,T] a.e., then
there exists u € W such that the limit function x is the unique solution of (D)
corresponding to (xq,u). Moreover, we have

i(t) = folt 2(t),u(®) = 3£ OVU(2(t), te[0,TIae  (25)

< (26)

. M .
”gZHOOSE fori=1,....r, and ||{]|e <

M
2n°
[fa(t 2(t), u®)) = (@) < [[fo(t, z(8), u®)]l, t€[0,T]ae  (27)

My,
2n

(fo(t,z(t),u(t)) —z(t),z — z(t)) < |z—z(t)|]%, t€[0,T] ae.,VzeC. (28)

(IT). Conversely, for given o € Cy and u € WU, the system (D) satisfying the
condition (x(0),u) = (zo,u) has a unique solution T, which is the uniform limit of
a subsequence of (x., )i that is not relabeled, where for each k, x., is the solution
of the system (D.,) corresponding to (x(0),u) = (c,,u), and c,, is the sequence of
Remark 4.7 that corresponds to ¢ = xy. Hence, for k sufficiently large, z, (t) € C
for all t € [0,T). Moreover, for & the L*-weak limit of &, obtained in (i), for
i=1,...,r, the triplet (T, u, (£Y)i_,) satisfies equations (22)—(28).

Remark 4.11. Let u € U and z € WHH([0, T); R™) with 2(0) € Cy and z(t) € C
for all t € [0, T]. From the statement and the proof of Theorem 4.10, and from (15),
we deduce that under (A1)—(A3), the following assertions are equivalent:

(i) « is a solution for (D) corresponding to the control w.

(i) There exists a finite sequence of nonnegative measurable functions (£%)7_; such
that for i = 1,...,7, &(t) = 0 for all t € L(z), |30, e < 2 and

%7
(2, u, (£)7_,) satisfies
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o(t) = fo(t,x(t Zfl YV (z
= fo(t,x(t Z EX)Vii(z(t)), te[0,T)ae.
zEI

x(t)

(iii) There exists nonnegative measurable function ¢ such that {(t) = 0 for all
t € I(z) and

i(t) € falt, 2(t), u(t)) — EDIV(2(t)), t e [0,T]ace.

The implication (i) == (i7), is established by taking &;(t) := &(¢)N\i(z(t)) for
i€ Ig(t), where ()\i<l‘(t)))iezo(t) are the coefficients of the convex combination of

Vi;(x(t))’s obtained via (15) for the element in (éi7) belonging to 9y (xz(t)).

Remark 4.12. Note that when establishing Theorem 4.10(I)(iii)&(iv), the proof
that (z,u, (£')j_,) satisfies (25) uses arguments independent of & being obtained
through (21), and hence, that proof is valid for ( }/k, cos &k belng any sequence of
L3([0, T]; R")-functions that converges weakly in L? to (51 €M), as k — oo
Therefore, whenever (z;, u;, (f;);":l) ; 1s a sequence solving (25) with z; converging
uniformly to z and (§j, ..., &}) converging weakly in L* to (£',...,£"), we have that
(z,u, (£)7_,) satisfies (25) for some u € Y. This function u is the almost everywhere
pointwise limit of (u;);, whenever this limit exists. Otherwise, u is obtained through
the Filippov selection theorem, by assuming that (A4.3) holds and f(¢,z,U(t)) is
convex for x € C and ¢ € [0,7T] a.e.

The following theorem presents important extra features resulting from starting the
solutions of (D,,) in Theorem 4.10(I) from the subset C7 (k) C intC"™ C intC
defined in (10).

Theorem 4.13. (Extra properties of (2, ) and (&, )r when ., (0) € C"(k)) As-
sume that (Al)g, (A2.1)-(A2.2) and (A2.5)-(A4.1) hold. Let (¢, )r be a sequence
such that c,, € C™(k), for k sufficiently large. Then there exists ks > ky such
that for all sequences (u.,)r in W and for all k > ks, the solution x., of (D.,)
corresponding to (c., ,u,) satisfies:

(i) 2, (t) € C™(k) CintC™ Cint C for allt € [0,T].
(i) 0 <& (1) <&, (1) < % for allt € [0, T) and fori=1,...,r

(i) [l (£)]] < D+ 22 for ae. ¢ € [0,T).

Proof. By Proposition 4.4 and Remark 4.8, we have that, for each k > k3, the
function 1., satisfies the same assumptions imposed on the function ¢ in [32, Theo-
rem 5.1], where the system (D., ), in which ¢ is replaced by ., , coincides with our
system (D,,). Thus, Theorem 4.13(i)-(iii) follows immediately from [32, Theorem
5.1(i)—(iil)], where ¢ and C' are replaced by 1,, and C™, respectively. O

As a direct consequence of Theorem 4.13 and parallel to [32, Corollary 5.2], we have
the following.
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Corollary 4.14. (Z.,, corresponding to z, in C(k)) Assume that the conditions
(Al)g, (A2.1)-(A2.2), and (A2.5)—(A4.1) hold. Let (Z,u) be a solution of (D).
Consider (¢, ) the sequence obtained from Remark 4.7 for ¢ := z(0), and Z,, the
solution of (D.,) corresponding to (¢,,,u). Then, there exists ky > k¢ such that for
all k > k7 we have:

(i) z,,(t) € C™(k) Cint C™ C int C for all t € [0,T].
(i) 0< & (1) <&, (1) < % for allt € [0,T] and fori=1,...,r.

2y for qe. t € 0, 7).

(i) |25, (D] < M + =

4.4. Existence of solutions for (P)

The following is an existence of optimal solution result for the problem (P).

Proposition 4.15. (Existence of optimal solution for (P)) Assume that (Al)g,
(A2.1)-(A2.2) and (A2.5)-(A4) are satisfied, g: R" x R* — R U {oo} is lower
semicontinuous, and f(t,x,U(t)) is convex for all x € C and t € [0,T] a.e. Then
the problem (P) has an optimal solution if and only if it has at least one admissible
pair (zy, Uy) with (2,(0), z,(T)) € dom g.

Proof. Since any admissible pair (z,u) satisfies (x(0), (7)) € Cy x (CrNC), then,
by the lower semicontinuity of g, the compactness of Cy x (CrrNC'), and the existence
of the admissible pair (z,, u,) with (2,(0), 2,(T")) € (domg) N [Cy x (Cr N C)], we
have that the inf(,,)(P) is finite, and hence, (P) admits a minimizing sequence
(Tp,uy). Tt follows that x, satisfies (22) with z,(t) € C for all ¢ € [0,7]. Thus,
Arzela-Ascoli’s theorem produces a subsequence of (z,),, we do not relabel, that
converges uniformly to an absolutely continuous z, with z(t) € C for all ¢t € [0, 7.
The equivalence between (i) and (ii) in Remark 4.11 produces a sequence of r-tuple

nonnegative measurable functions (¢},...,&"), such that, fori =1,...,r, & (t) =0
for all t € I(x) and ||€!]|0 < %, and (T, u,, (£,)7_,) satisfies (25).

Consequently, the sequence (£!,...,£"), admits a subsequence, we do not relabel,

that converges weakly in L? to (£!,...,£"). Remark 4.12 now asserts the existence
of a & € U such that the pair (z,u) solves (D). Since Cr is closed and z,(1) € Cr
for all n € N, it follows that z(7') € Cr, and hence, (Z,u) is admissible for (P). On
the other hand, the lower semicontinuity of g implies

9(2(0),z(T)) < ligliglfg(xn(O),xn(T)) = inf (P).

(z,u)

This proves that (z,u) is an optimal solution for (P). O

4.5. Approximating problems for (P)

Let (z,u) is a strong local minimizer for (P) with a corresponding 6 > 0. The
ultimate goal here is to formulate a suitable sequence of standard optimal control
problems that approximates the problem (P) and whose optimal solutions form a
sequence that approximates (z,u). The following lemma states that when (Al)
and (A6) are satisfied, the function f can be extended to a function f defined on
[0,7] x R™ x R™ and satisfying (Al)g with f(¢, 2, U(t)) convex for all z € C' and
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t € [0,T] a.e. The proof of this lemma is not displayed here, as it mimics arguments
used at the beginning of [32, Proof of Theorem 6.2, where such an extension is
obtained for the case in which U(+) is a constant multifunction.

Lemma 4.16. (Extension of f) Assume that (A1)-(A2.2) hold. Then there exists
a function f:[0,T] x R" x R™ — R"™ such that:

e Forte|0,7T] a.e., we have
ft.z,u) = ft,z,u), Y(z,u) € (CNBs(a(t)) x Ut).

e The function [ satisfies (Al)g for M :=2M,.
e If also (A6) is satisfied, then f(t,z,U(t)) is convez for all z € C and t € [0,T]
a.e.

Now let d, > 0 be fixed such that

5 < min {fj(o), g} if (0) € int C,

* 7 | min {rs), 2} if 7(0) € bdry C,
where 770y and 73() are, respectively, the constants in Remark 4.7(ii) and Proposi-
tion 4.6(iii) corresponding to ¢ := Z(0). We introduce the following notations:

+ The trajectory z,, is the solution of (D.,,) obtained via Corollary 4.14. That
is, it corresponds to (¢,,, ), where ¢,, is defined via Remark 4.7 for ¢ := z(0),
and hence, ¢,, € C" (k) for k sufficiently large.

o The sequence of sets (Cy*(k))x, is defined by

Co N By, (2(0)), Vk € N, if 7(0) € int O,

[Co N B, (2(0))] + akujﬁ Vk €N, ifz(0) € bdryC.

Cor (k) :==

» The sequence of sets (Cr(k))y is defined by
Cr(k) :== [(Cr N Bs(z(T))) — (1) + 2, (T)| NC, keN.
o The function L: [0,T] x R* — R is defined by

L(t.x) = max { [l — 2| ~ %0}, V(to) e 0.TIxC. (29)

It is easy to see that L(-, x) is measurable, and L(¢, -) is Lipschitz on C' uniformly
intel0,7T].

A well known optimal control technique (see e.g., [39]) is used to show that a strong
local minimizer of an optimal control problem is a global minimizer for another
problem, obtained by adding to the objective function the integral of the function
L, defined in (29), and by localizing the endpoints constraints. This technique is
also employed in [32, Proof of Theorem 6.2] to prove the following lemma, which
states that (Z,) is a global minimizer for the new problem (P).
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Lemma 4.17. ((z,u) global solution for (P)) Assume that (A1)—(A2.2) hold, and
let f be the extension of f obtained in Lemma 4.16. Assume further that (A4.1)-
(A4.2) are satisfied and g is continuous on Cy(8) x Cp(8) for some p > 0. Then,
(z,u) is a global minimizer for the problem

(P) Minimize g(x(0), x(T))—Ff(/OTL(t, x(t))dt over (z,u) such that u(-) €U and

H [x(t) € f(t,x(t),u(t)) — dp(x(t)), a.e. t €[0,T],
2(0) € Co N By, (2(0)),

z(T) € Cr N B, (2(T)),

SRMMy -y oM+ K and M, = max g(x,y).

563 Co(8)xCr(5)

where K =

Now we are ready to state our approximation result which follows using arguments
similar to those used in the proof of [32, Proposition 6.2].

Proposition 4.18. (Approximating problems for (P)) Assume that (A1)—(A2.2),
(A2.5)~(A4) hold, g is continuous on Cy(8) x Cp(0) for some p > 0, and f(t,z,U(t))
is convex for all x € C and t € [0,T] a.e. Let f be the extension of f in Lemma
4.16, and K be the constant in Lemma 4.17. Then, for every a > 0 and B € (0, 1],
there exist a subsequence of (i), we do not relabel, and a sequence (c,, €, , Uy, )k

in CJ*(k) x Cr(k) x U such that, for:
Bt z,u) = (1= B)f(t,z,at)) + Bf(t, x,u), YVt €[0,T] ae., ¥Y(z,u) € R" x U,

IOt x,u) == fP(t,z,u) — VO(x), Yt € [0,T] ae., V(z,u) € R" x U,

J(z,u) = g(z(0),z(T)) + K i L(t,z(t))dt

+ o ([[u(t) = uy ()]s + [[#(0) = oy, | + [[2(T) = ey, [])
and
(]5;’;5) Minimize J(z,u) over (z,u) such that u(-) € U and
(%) (t) = fg(t,x(t),u(t))—; e W E DT (1)), ace. t€]0,T],
z(0) € Cg*(k),
z(T) € Cp(k),

the pair (x., , u., ) that solves (ng) for x., (0) = ¢, , is optimal for (157“:) and satisfies
2, (T) = e,,. Moreover, we have

strongly _ uniformly _
Uny,, — U, Loy, — T,
1

and all the conclusions of Theorem 4.13 are valid, including (x., ) is uniformly
Lipschitz and x., (t) € C (k) C int C" C int C for all t € [0,T]. Furthermore, for
all k sufficiently large, we have

2+, (0) € (Co + pB)Nint C' and z,,(T) € (Cr+ pB) Nint C.
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The next proposition is obtained as a direct application of the nonsmooth Pontryagin
maximum principle (e.g., [39, Theorem 6.2.1]) to each member of the family of

approximating problems (P;”), obtained in Proposition 4.18. Note that the function

f is replaced by f in the statement of the proposition, since we have the following:
o f(t,z,u) = f(t,z,u), fort € [0,T] a.e. and for all (z,u) € (CNBs(Z(t)))x U(2).

« The sequence (z,)r of Proposition 4.18 belongs to int C' and converges uni-
formly to . Hence, for k large enough,

2., (t) € (int C) N By, (Z(t)) C int (C'N By(z(t))) for all t € [0, 7).

Proposition 4.19. (Maximum Principle for the approximating problems)

Let o > 0 and B € (0,1] be fived. Assume that (A1)—(A2.2) and (A2.5)—(A6) hold.
Let (x.,,u,) be the sequence in Proposition 4.18 that is optimal for (157;) with .,
converging uniformly to x., and u., converging strongly in L* to w. Then, fork € N,
there exist p,, € WHH([0,T];R™) and A, > 0 such that:

(i) (The nontriviality condition) For all k € N, we have
[P ()| + Ay = 15

(ii) (The adjoint equation) Fort € [0,7] a.e.,
p'Yk (t> < _(1 - B) (axf(t7 Loy, (t)v a(t)))Tp’Yk (t) o ﬁ(axf(t’ Loy (t>7 Uny, (t)))Tp’Yk <t>

+ B, (8))py, (1) + Y e D Py (0, (), (1) (30)

+ > e RO (2, (D) (Vi (4, (1)), Py (8) + Ay 07 L(E, 24, (1))

i=1
(iii) (The transversality equation)

(P (0), =p4, (1)) € )"YkaLg(xm(O)»x% (7))
+ [(QE + Négk(k)(x’wc (0))) X (OzB + N(,L“T(k) (m’wc (T)))]v

(iv) (The maximization condition)

A k
mepe { (£ (825, (), ), oy (8)) = 22w =, (0]
is attained at u., (t) fort € [0,T] a.e.

Furthermore, if Cp = R", then \,, # 0 and is taken to be 1, and the nontriviality
condition (i) is eliminated.

5. Proof of Theorem 3.1

We first prove the theorem under the two temporary additional assumptions: (i) “C
is compact” which is stronger than (A2.4), see Remark 2.1, and (ii) “The matrix
Gy (t) is strictly diagonally dominant for all ¢ € I°(z)” which is denoted by (A2.3)s
and is stronger than (A2.3) since 8 = (1,...,1), see Remark 2.3. The removal of
these additional assumptions will constitute the final steps in the proof.
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Let (z,u) be a strong local minimizer for (P). For each fixed pair of numbers
(a, B8) € (0,1]* := (0,1] x (0,1], Propositions 4.18 and 4.19 produce a subsequence
of (x)k, we do not relabel, and corresponding sequences ., , u,,, p-, and A, such
that:

 For each k, the admissible pair (x.,,u,,) is optimal for (ﬁ’;;)
e u,, converges strongly in L' to @, and u.,, (t) — @(t) a.e.
e 1., converges uniformly to .

« All the conclusions of Theorem 4.13 are valid, including (z., ) is uniformlyLip-
schitz and z., (t) € int C for all t € [0, 7.

o Forall k, z.,(0) € (Co + pB)Nint C and z.,, (T') € (Cr + pB) Nint C.
» Equations (i)—(iv) of Proposition 4.19 are satisfied.
Since z., (t) € int C for all t € [0,T], we have, for ¢t € [0,T] a.e.,

O™ f(t, 2o, (1), 10y, (1)) = OF f(t, 25, (1), 1, (1)), O*P (4, (1)) = O} p (4, (1)),
0" f(t, %k() u(t)) = 7 f(t, 2y, (), u()),
0", (1)) = Ofti(ws, (1))
and 0% g(+,(0), 25, (T)) = 9y 9(2,(0), 2+, (T)).

Hence from (30), it results the existence of sequences (., C,, 6+, and (¥, )iy in
M, ([0,T7), and w., : [0,T] — R™ such that, for a.e. ¢t € 0,77,

(G (8), G (1), 05, (8)) € OF f (0, (1), 11y (£)) X OF f (10, (8), (1)) X Ffip(, (1)),
0 (1) € Opbi(, (1)) for i=1,...,7,
wr, () € OL(t, 14, (1)) = conv{2(z,, (t) — (1)), 0} = [0, 2(z, (¢) — 2(2))],  (31)

for e=1,...,r,

and  p,, <t> = _(1 - B)C'Yk <t>Tp'7k (t) - 55% (t)Tp% (t) + 0., (t)p% (t)

£ e O (1), (1) (32)
=1

+ Z Vzevkwi(%k (t))vwi ('r')/k (t)) <V¢z(% (t))7 Dy <t>> + )"ka’Yk (t)
i=1

Note that for each k, the functions p.,,p,,, 2., u, and @ are measurable on
[0, 7], and, by [11, Exercise 13.24] and (A1), (A2.1), and (A3), the multifunctions
8ff('7x“/k<')>u7k('))’ E)g”f(,x%(),a()), al?(lp(x’Yk())? (ag¢l<x7k<)))::17 and, finally,
O"L(-,x+,(-)) are measurable on [0,7]. Hence, the Filippov measurable selection
theorem (see [39, Theorem 2.3.13]) yields that we can assume the measurability
of the functions (, (), ¢y, (+), 04, (-), (¥, (-))i;, and w,, (). Moreover, these se-
quences are uniformly bounded in L%, as ||Cy, [le < Mo, [|Gelloo < Mo, |04, ll0e < K,
19, lso < 2My fori=1,...,7, and

d"/

k

—_——
i lloo < 2|2y, = oo < My, (33)
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for some My, > 0, which exists from (31) and the uniform convergence of the sequence
T, to .

The major difference between the proof of this theorem and that of [32, Theorem
6.2] lies in the construction of the adjoint vector p (for fixed (a, 8) € (0,1]%). More
specifically, the difference is manifested below in the intricacy to prove that in our
setting, where > 1, the sequence (p., ) enjoys the same properties obtained there
for r = 1, namely, (p,, )i is uniformly bounded and has uniform bounded variation.
Once we establish these facts for our general setting, the construction of the remain-
ing items v (for each i), ¢, 0, ¥; (for each i) and )\, follows arguments similar to
those in [32, Proof of Theorem 6.2] when constructing therein v, &, ¢, 6, 9 and A,
respectively.

We fix (a, 3) € (0,1]2. Using (32), we obtain
1d )
5@”?%@)”

= < (—(1 — B ()T = By (T + 05, (1) + > e V1wl <t>) Py, (), o <t>>

i=1
+ > eV @O (T4, (8)), Py (D)7 + A (@ Do),
i=1
and hence,
ld
2dt

> < (-(1 = B)Gu () = BEu ()T 4 05 () + ) eV Ew Dl (t)) P (1) Py (t)>

i=1

P ()12

+ My <Ww¢ s Pyi)

T
> - (Me I+ 2My Y e “”) 1P IF = 2A5, ll, = Z ool (D)

=1

- = (MZ + K+ 2M’¢'§"/k (t)) Hp"/k (t)HQ - )‘%d% Hp% (t)H

Thus, using Gronwall’s Lemma in [37, Lemma 4.1] for a = %, and the uniform
boundedness of (||&,, ||3)x proved in Theorem 4.10, we get that

p (D)) < MHEFENH (||, (T + N, dsy)
< (1+ Ly + Mp)eMerEr2Mo/Mo) . — (34)

where the last inequality follows from (33), and the nontriviality condition (i) when
Cr # R", and the transversality condition (iii) when Cr = R™. Hence, (p,,) is
uniformly bounded by the constant M; on [0, T].

We proceed to prove that (p., ) is uniformly bounded in L. First, we note that the
method used in [32], for r = 1, cannot be used for the version (13) of (D,,) since
the generalized Hessian of ¢, is not bounded near z, nor for the version (12) since
here r > 1.
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Hence, a new technique is required. From (32), we have

/0 TOIL.

T
S/
0

r T T
£ 30 [ IO, (0) (Tt O D] e+ Ay [l B
=1

dt

=1

<_(1 - 6)C"/k (t)T - /85'7% (t)T + H'Yk (t) + Z %ﬂ?e%wi(m% © 19?% (t)) Py (t)

(.

and hence,

T
| Um0l < [T+ K) + 27003 o+ T, (35)

Mo

roT
+ Z/o Ve O 4 (, (D) | (V8015 (1)), o ()] dt
i=1

I

< MZ(”pwc“oo + d’Yk) +1,

where M, := max{M,, T}. In order to prove that I is uniformly bounded, we write
I =1, +I,, in which a is the positive constant in Lemma 6.3(iii):

b /[ e O OHES
i=1 z)°

PR /M—) R T4 ()] (VW5 (5), ()] .
i=1 x

Since x,, converges uniformly to 7, then, assumption (A2.1) and z.,(t) € C for all
t € [0,T], imply the existence of k € N such that for k£ > k,

|Vi(2, (1)) — i(2(t))] < 5 forallt € [0,T] and fori=1,...,r. (36)

|l

Hence, using the definition of I%(z) in (11), it follows that, for k >k,
Yi(z4, (1)) < —g, for alli = 1,...,7 and for all t € [I*(Z)]". (37)

Thus, there exists Ms > 0 and k, > k such that for k > k, and for i = 1,...,r, we
have

/[I(-)] Ve I (2, (D) | (Vi (2, (1)), P (8))] dE < M||py -

This yields that for k& > k,,

Il < TM3Hp’VkHOO = M3Hp’7kHOO' (38)
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Next, the definition of 1*(z) and Z7 ) given in (11), and equation (36) yield that,
for k > k,,
Yi(., (1) < —2 for all t € I%Z) and for all i € [Za ] (39)

Hence, for k > k,,

I, = /1 ) Z Ve O 174 (0, ()] [(V3(24, (£)), Py (£)) ] dt

i=1

/1( Y O Ty, ()] (Vi (5 () D ()]

a
1€Zz(t)

Joy 30 AR [T, ) (T8 (), O]

zE[I“<t>]

Then, for k > k,,

/ > e O Ty, ()] (Vi (05, () D ()]

ZEIIM

/( S N2 D, [t
Ia

ze[Z“(t)]C

This yields the existence of My > 0 and k; > k, such that for k > k,

/ D e O 17, ()| [V i(, (), D ()] dt+Mal|py [l (40)

1a(z) €5

Now let ¢ € {1,...,r}. Since V4, is Lipschitz, and z,, and p,, are absolutely con-
tinuous, we deduce that the function |(p,, (-), V¥bi(,,(-)))| is absolutely continuous.
Thus, for t € [0,T] a.e., there exists ¥’ (t) € 0%1;(x,, (t)) such that

1 (0, Vi, ()
= [ (8), Vi(, (8))) + (0, (£)ny (), Pay (1)) ] sign({poy, (8), Viy(4, (1)) . (41)
5,0
Now substitute into (41) the term p., (¢) from (32), we obtain that for ¢ € [0,7] a.e.

T

Z S’iYk (t),yze%’l/)j(%k @) <V¢J (I’Yk (t)) ) V%(% (t>>> <V¢J ('T'Yk (t))v Dy, (t)>

- %Km (1), Vipi (@, ()| — 8L, ({0, (), (£), oy (1))
- S'iyk (t) <B’7k (t)p'Yk (t) + )\'ka')/k (t), sz@fyk (t))) . (42)

As z., converges uniformly to Z, there exists ky > ki such that for k > k, we obtain
x+,(t) € B5(Z(t)) for all t € [0,T], where p is the constant of Lemma 6.3(iii).
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For ¢t € I%(z) and k > ky, we write

Z ZS% 67’“%(’5% )<V¢j(‘r7k (t)),V@/),({E% (t)»(ij(x% (t)),p% (t)>

162()

=Z Z 5t ()72 (T4 (@ (1)), Vi (2 (6)) (V05 (4, (1)), Dy (8))

= 3 N S (R O (T, (8)), Vi (£)) (V5 (0 (£)) 9o (1))

]EI()zGI()

FY ST S RO (T (0, (1)), T, () 0, (0), (1)
jE[I;} } ZEIL(t)

=2 {7 ettt (IIV%(%( DII*

€T3

ZGIIM

i)

+ D 8, O, (Vi (¢ )),V%(%(tm)|<V¢j(%(t))vpm(t)>l}

* Z Z Sik(t)%ge%wj(x%(t))<ij('r’wc(t))vvwi(x’wc(t))><ij<x7k<t)>7p7k(t)>'
JEITE ) i€T2 )

Hence using Lemma 6.3(iii), we obtain that for ¢ € I%(Z) and k > k,

Z Z ‘Yk e%d}] %k <V1/)](x'7k( ))7V¢l<m’7k <t>>><v¢J(‘r% (t))7p’yk (t»

1
i€Z? 0 Jj=

> (1=0) 37 O (i, (1) P 1 (0)), o ()

€T3

Y Y s ORe O Ty, (1)), Vi (5, (6))(Vay (20, (1), P (1))
]E[I ]zEZI<t)

Combining this latter inequality with the summation over i € I, of (42), and
using (39), we deduce that for ¢ € I%(z) and for k > ko,

> e DT, () [PHVY; (24, (1)), 9 (1))]

]GIZ(t)

(43)

{ b3 [ (o (0, Vs ()] — i (O, (1) (. oy (1)

Tk
(f)

@‘I

i

S (8) (B (D (£) + Ayt (£), Vi (2, <t>>>}

YOS e ||p%||oo}.

JEIT <t)] zeI )
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From (42), we have for i = 1,...,r, that

o (8), Vbs(a, (0))

—Z% (£)ype (T (s, (8)), Vi, (0)) (V) (4, (£)), s ()

7j=1

+ 80 ()05, (), (1), Py, (1))
+ Sgk (8) (B ()P (8) + Ay, (8), Vi (4, (1)) -

This gives using (37), (39) and the uniform boundedness of (., ), the existence of
M; > 0 and ks > ko such that for k > ks, we have

< M5(Hp'7kH00+d'Yk)7 (44)

/[a( Z dt (D (), Vi (4, (£)))] dt

md [ S i) Ve D] 1| < Ml ) (49

) ielzg I

Add to (44) that

< 2r My [Py lloos

/ Zdt (e (8), V(s ()]

we deduce the existence of Mg > 0 and ks > k3 such that for k > k4, we have

< Mﬁ(Hp’Yk ||OO + d”/k)

—~ d
/Ia(x) 121 dt (o (2), Vebi(-, (1)) it

This latter inequality with (45) yield the existence of M7 > 0 and ks > k4 such that
for k > ks, we have

[ X G0 T D < Ml ). (a0

zEIa(t>
Now, integration both sides of (43) on I%(Z), and using (46), we get the existence
of Mg > 0 and and kg > k5 such that for k > kg,

/ ST RO Vg, () [PV (0 (1)), o (1)

) jezs,

< M8(Hp%||00+d%)' (47)

Using that z,, converges uniformly to Z, and by assuming that a < 5, where ¢ is
the constant of (3), we get the existence of k7 > kg such that for k > k;, t € I o)
and j € Z7,), we have ¢;(z,, (1)) > —¢, and hence by (3), ||V (2, (t)] > n.
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Then, for My := %, (47) yields that for k > ky,

f X AR O o DT, 1), ()l < Mol )

€50y
Combining this latter with (40), we conclude that for k& > k-,
Iy < My([lpalloe + dry) + Mal|pyy oo,
and hence by (38) and for My := M3 + M, + Mo,
=1, + I, < Mio(||pyllec + dvy)- (48)

Therefore, for k > k;, we have from (33), (34), (35) and (48), that

T
/ [P, (D) dt < (My 4 M1o)([[py, lloo + dry,) < (Mo 4 Myg)(My + My).
0

This yields that (p,,) is uniformly bounded in L', which terminates the proof of
Theorem 3.1 under the temporary assumption: C'is compact.

Now, we proceed to show that the temporary assumption “C' is compact” can be
replaced by (A2.4). Let C' be unbounded, but satisfies (A2.4) for some y, and R,.
We introduce an additional constraint to C' via 1, 1: R® — R, where

(llz — yol|> — R2) for all z € R™.

DN =

Yry1(x) ==

Hence, Ciy1, the zero-sublevel set of 4,1, is Br,(y,) and it contains #(t), for all
t € 0,7, in its interior. Denote by (P) the problem (P) with the following modifi-
cations:

o The unbounded sweeping set C' is now replaced by the compact set

r+1

€= CNCr1 =CNBa,(y) = [z €R" : y(z) < 0}.
=1

o The function ¢ is replaced by the function ¢ := ¢ + I¢, ., where I, is the

indicator function of the set C;,,. Clearly we have domp = C and (A3) is
satisfied ¢ on C'. Moreover, since ¢ = ¢ on the open set int C,., 1, we have

Op(x) = 0¢(x), Yo e CNint Cpyy. (49)
o The set (Y is replaced by the closed set
éo = CO N CrJrl = C(] N ERo(yo) cdn ERo(yo) = C’ = domg@ (50)

We claim that (Z,4) is a strong local minimizer for (P). Indeed, since (Z,1) is
admissible for (P) and z(t) € C'Nint C,44 for all t € [0, T, then (49) and (50) yield
that (z, @) is admissible for (P). For the optimality, let § > 0 satisfying

6 < min{d, R, — &}, where & := max{||Z(t) — .|, t € [0,T]} < R,. (51)
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Let (x,u) be admissible for (P) such that ||z — Z||sc < 8. Then, z(t) € C for all
t € [0,7], and by (51), ||z — Z||ec < d and ||z(t) — y,|| < R, for all t € [0, ] Hence,
(49) implies that (z,w) is admissible for (P). Thus, the optimality of (z,u) for (P)
yields that ¢(z(0),z(T)) < g(z(0),2z(T")), which shows the optimality of (z,u) for
(P). Now, since Z(t) € int C,y; for all t € [0, T], we have:

e I9Z):={te0,T]:%(t) € bdryC} = {t € [0,T] : Z(t) € bdry C} = I°(Z).
. Forte I°(z),
ig(t) = {ie{l, . r1}i(2(t) = 0} = {ie{l,...,r} - i(Z(t)) = 0} = I,

This yields that (A2.3)s is the same for the family (V;(z(+))):f;. However, having
(A2.2) satisfied by the family (V1);)i1], that now includes V1,1, is not automatic,
but it holds true under assumption (A2.4)(i), due to Lemma 6.5. On the other
hand, since C c C, Cy C Cy and int C' = int C' N B, (y,), we conclude that the
data of the problem (P) satisfies (A2.5), (A5) and (A6), and thus, satisfies all the
assumptions (A1)-(A2.2), (A2.3)s and (A2.5)-(A6), with C' compact. Therefore,
the proof of this theorem, where (A2.4) holds, is completed by applying to the
strong local minimizer (&, ) of (P) the version of this theorem already proven for
C compact, and by noticing the following:

« C C C yields the set C' used in the definitions of dyp, O2¢, OF f(t, -, u), A2
and 9} g, can be replaced by C.

e Z(t) € int C, 4 for all t € [0, 7], implies that & =0, ¥,,; =0 and v,,; = 0.

 The local property of the limiting normal cone and Z(0) € int By, (z,) (by
(A2.4)(ii)), give that

NE(@(0) = NS 5 o) (@(0)) = N, (2(0)).

Now, we move to prove that the temporary assumption (A2.3)s can be replaced by
(A2.3). We assume that, instead of (A2.3)g, (A2.3) is satisfied for some positive
vector § € R”. We denote by (P) the version of (P) in which the functions v;
are replaced by 1@ = B for ¢ = 1,...,r. Note that since for i = 1,...,r, the
zero-sublevel set of 1); and 1; are the same, the two problems (P) and (P) coincides.
Hence, (7, @) is a strong local minimizer of (P). Clearly the data of (P) satisfies
(A1) and (A3)-(A6). On the other hand, one can easily see that the assumptions
(A2.1) and (A2.3)g are satisfied by the family (¢;)7_,. Moreover, since (1;)7_,
satisfies (A2.2) for some 7 > 0, it is not difficult to show that (¢;)7_, also satisfies
(A2.2) with the constant nb for b := min{8; : i = 1,...,r}. Therefore, the data
of (P) satisfies (A1)-(A2.2), (A2.3)g and (A2.4)—(A6). Thus, by applying to (P)
and to its strong local minimizer (Z,u) the already proven version of Theorem 3.1,
we get the existence of an adjoint vector p € BV([0,T];R"™), a finite sequence
of finite signed Radon measures (7*)j_; on [0,7] with 7; supported in I)(z) for
i = 1,...,r, a finite sequence of nonnegative functions (5’): 1 € L=([0,T];RY)
with fl supported in I%(z) for i = 1,...,r, L>-functions ((-), 6(-) and a finite
sequence (0;(-))7_; in Muxn([0,T]), and )\ > 0 such that the conditions (i)-(vi)
of Theorem 3.1 are satisfied by p, (7')7_,, (€))7, ¢, 0, (U;)7_;, A, and (¢);)7_, instead
of p, (W)i_,, (6N7_1, ¢, 0, (9:)7_1, A, and (¢;)i_,, respectively. Now to terminate the
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proof of this theorem when (A2.3) is satisfied, it is sufﬁ(nent to replace in these

obtained conditions ; by 81, and consider p := p, V' := B;ip* &= Bl =,
0:=0,0; = B;, and X := \.

For the “Furthermore” part of the theorem, let C'r = R™. Proposition 4.19 implies
that A = 1. The convexity assumption of f(t,z,U) for x € C N B;(z(t)) and

€ (0,71, is removed by using the relazation technique of [40, Section 5.2] in the
same fashion as in Step 7 of the proof of [40, Theorem 5.1].

The proof of Theorem 3.1 is terminated. 0

Remark 5.1. In the nontriviality condition of Theorem 3.1, the presence of ||p(T)||
instead of ||p||oo and (|||, )i, results from having these two norms bounded above
by ||p(T)]]. Indeed, if we take k — oo in (34), we conclude that

< (MZ+K+2M¢ Mf) T _ Ml T )
Pl <e VIR = it D]

On the other hand, using (3) and (48), and by applying on each 1; the same argument
employed in [40, Equation (82)] we deduce the existence of Myy > 0 and kg > kg
such that for k > kg and for ¢ = 1,...,r, we have

T
/0 RO (T (5, (1)), oy ()] At < Mo ([P oo + )

This gives, using (34), that for k > kg and for i = 1,...,7, we have

Mo M,y

H HTV < M10(||p‘rkH00 + d”/k) — m

Py (D + o) + Migdy,, (52)

where l/ik be the finite signed Radon measure on [0, 7] defined by

AV, (1) = &L (Vs (o, (1)), oy (1) .

Since for each i € {1,...,r}, the signed Radon measure v* of Theorem 3.1 is the
weak™ limit of V@k, see Step 4 of [32, Proof of Theorem 6.1] for more details, we
deduce after taking k — oo in (52) that

; Mo M
HI/ZHTAVA > HLIQ%{MLHP(T)H

6. Appendix

In this section, we present an example to which our Pontryagin-type maximum
principle (Theorem 3.1) is applied to obtain an optimal solution. Furthermore, we
establish auxiliary results that are used in different places of the paper, and we
provide proofs for Propositions 4.4 and 4.6.

6.1. Example

In this example we illustrate how Theorem 3.1 can be applied to find an optimal
solution. We consider the following data for (P) (see Figure 1):
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C

Figure 1: Example 6.1

o The perturbation mapping f: R?* x R — R? is defined by
fl(x1, 20, 23),u) = (4o +u, 9 — 1, =221 — 29 +u + 2).
o The two functions 1, 15: R> — R are defined by
Uy(21, T, 23) 1= 22 + 22 + 23 and Pa(21, 29, 3) 1= 27 + (22 — 2)® + T3,
and hence, the set C' is the nonsmooth, convex and unbounded set
C' = CiNCy == {(1, 22, 3) : Y1(w1, T2, 23) < 0FN{(21, 22, 33) 2 Pa2(21, 22, 73) < 0}
« The objective function g: RS — R U {oo} is defined by

—23—x6—1 (24,75 26) € C,

g(fflax27x37x4;x57$6) = X
00 otherwise.

o The function ¢ is the indicator function of C' and T" := %

« The control multifunction is the constant function U (t) := [—1,1] for all ¢ € [0, 3],
00 = {(0, 1, —1)}, and CT = {($1,$2,$3) € Rs . 81‘1 — 4.’L'3 —9= O}

One can easily verify that (A1)-(A2.2) and (A2.4)-(A6) are satisfied. Define the

curve

[ = {(z1,29,23) : 2] + 23+ 1 =0 and 75 = 1} = (bdry C; N bdry Cy) C bdry C.

Since Cy C I' and ¢ vanishes on I' and is strictly positive elsewhere in C, we may
seek for (P) a candidate (z,u) for optimality with z := (Z1, T2, Z3) belonging to T,
if possible, and hence we have

T2(t) + Z3(t) + 1 =10 and Zo(t) =1, V¢t € [0, 3] and 53)
z(0)" =(0,1,-1) and z(3)" € {(5,1,-2), (2,1, -2)}.

Note that (A2.3) is satisfied on T for # = (1,1).® Then we apply Theorem 3.1 to
such a candidate (z, u) and obtain in consequence the existence of an adjoint vector

8 Note that for (21,29, 73) € I with _\/Tg <r < \/Tg’ we have (V1 (21, 29, x3), Viba (21, 22, 23)) =
422 — 3 < 0, and hence, the maximum principle of [21] cannot be applied to this sweeping set C.
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p = (p1,p2,p3) € BV([0, 3]; R®), two finite signed Radon measures 1, 15 on [0, 1],
&1, & € L([0, %]7 R*), and A > 0, such that when incorporating equations (53) into
Theorem 3.1(i)—(vi), we obtain

(@) lIp(z)l+A=1.
(b) The admissibility equation holds, that is, for ¢ € [0, 1] a.e.,

— 2z () (&1 (t) + &(1)),

=211 (1)1 () = =221 (1) + u(t) + 1 = (& (1) + & (1))

(¢) The adjoint equation is satisfied, that is, for ¢ € [0, 1],

—4 0 2 2 0 0
dpt)={ 0 —1 1 [p(t)dt+ (&) +&(E) [0 2 0] p(t)dt
0 0 O 0 0 0
274 (t) 271 (t)
+ 2 dV1+ —2 dVQ.
1 1

(d) The complementary slackness condition is valid, that is, for ¢ € [0, %] a.e.,

& (8)(2p1 ()71 (t) + 2p2(t) + ps(t)) = 0,
&(1)(2p1(1)21(t) — 2pa(t) + ps(t)) = 0.

(e) The transversality condition holds, that is,
—p(3)T e M{-1,0,-1)} +{a(2,0,-1) : . € R} if 2(3)" = (5,1,-9),

—p(3)" € M{(5,0,-1)} + {x(2,0,-1) : a € R} if Z(5

(f) max{u(p:(t) + ps(t)) : w € [~1,1]} is attained at u(t) for ¢ € [0,1] a.e.
We temporarily assume that

ps(t) >0, Vt€[0,3] ae. (54)

pi(t) +
This gives from (f) that u(f) = 1 for ¢ € [0, 3] a.e. Now solving the differential

equations of (b) and using (53), we obtain that
&G(t) =&(t) =1 and ()" = (t,1,-1—¢%), Vt€[0,1].

Hence, from (d), we deduce that py(t) = 0 for t € [0, 1] a.e., and

2tp1(t) + ps(t) =0, Vi € [0, 5] a.e. (55)
Moreover, the adjoint equation (c) simplifies to the following

dpi1(t) = 2ps(t)dt + 2tdvy + 2tdvs,

0 = p3(t)dt + 2dvy — 2dus, (56)

dps(t) = dvy + dvs.
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Using (a), (55), (e), and (56), a simple calculation gives that

)\: l a’nd p(%) - ( 7070)7
p(t)T = < (t§+1)707 (4;23i1)> on [Oa %)7

dy, = me 165{ } and dyy, = Mdt—}- 165{ } on ’;]

8(4t2+1)2 8(4t2+1)2

where d;,y denotes the unit measure concentrated on the point a. Note that for all
t € [0,1], we have pi(t) + p3(t) > 0, and hence, the temporary assumption (54) is
satisfied.

Therefore, the above analysis, realized via Theorem 3.1, produces an admissible pair
(Z,u), where

)T = (t,1,—1— 1) and a(t)=1, ¥t € [0,3],
which is optimal for (P).

6.2. Auxiliary results

Lemma 6.1. Assume that (A2.1)-(A2.2) hold and that C is compact. Then for
¢ € bdry C, there exists a vector d. # 0 such that

4n? - 4n? . 0
£ < < .V ! \ )
M, ||| < rMy, and <||d & (e )> A, 1 €1,

Proof. Let ¢ € bdry C. For each i € Z?, we denote by u;(c) and v;(c) the unique
projections of —V;(¢) to N¢o(c) and Ti(c), respectively. By Moreau decomposition
theorem, see [27], we have

—Vi(c) = ui(c) + vi(c) and (u;(c), vi(c)) = 0.
This yields that ||[V;(c)||? = ||ui(c)||* + ||vi(c)]|?, and hence
o)l < IVei(o)ll < My. (57)

On the other hand, by Proposition 4.1(ii), we have that u;(c) = Y70 AjV;(c),
where \; > 0 for j € ZU. Then by (A2.2),

(@)l = [V8:(0) + usle H( 3 A;‘wj<c>)+<1+Azi>wi<c>
JETY, j#i

> (1+ZA§.>2772277.

JET?

Hence, using (57), we obtain that

2 < |lvi(o)l < My, VieI (58)
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It follows that,
(vie), Vibi(e)) = (vi(c), —ui(c) — vi(e)) = —lui(0)|* < —4n”. (59)

We define d. := 3,70 vi(c). As vj(c) belongs to Te(c) for all j € Z2, we have that

(v;(c), Vipi(e)) < 0, for all 4,5 € ZD. This, together with (59) gives that, for all
i € I? we have

My|ldell = {de, =Vei(c)) = (vi(c), =Vii(c)) > 4n*.

Whence, using the right inequality in (58), we have
2 _
(e, Vii(c)) < —4n?, Vi € I°, and j;w < |l de|| < i,

This yields that d. # 0 and, upon dividing the first inequality in the above equation
by ||d.||, the required result is established. O

Lemma 6.2. Assume that (A2.1) holds. Let a,, > 0, for alln € N, with o, — a,
and let ¢, € C be a sequence such that ¢ # 0, for alln € N, and ¢, — ¢,. Then,
I # O and there exist 0 # J, C {1,...,r} and a subsequence of (au,,cn)n we do
not relabel, such that

Ier = J, C L for all n € N.

In particular, for any continuous function z: [0, T] — C and for all a > 0, we have
I1%(Z) is closed, and hence compact.

Proof. For each i € {1,...,r}, we define N; := {n € N: —q,, < ;(¢,) <0}. Since
Ui_; Vi = N, we have that the set R :={i € {1,...,7} : [N;| = oo} is nonempty.
Assume that R = {i1,i2,...,0,m} where iy <ig < -+ < ipy.

For each j ¢ R and for each ¢ € {1,...,m}, we eliminate from N, all the finite

number of indices n for which —a,, < v,(c,) < 0, if such indices exist. Thus, we
now ensured that

I C R forall ne | N,
=1
Now to construct the required subsequence and the set J,, we apply the following
algorithm:

(1) Let £ =2 and J, = {i1}.
(2) If M;, NN, is an infinite set, then we replace AV;, by N;; NN, and we add s
to J,. Otherwise, we replace N;, by N;, \ (N, NAN,).
(3) We increment ¢ by 1. If £ =m + 1, then go to (4). Otherwise, go to (2).
(4) Halt.
At the end of the algorithm, the so-obtained set of indices A;, will be an infinite
set. Moreover, if we consider (¢, )r to be the subsequence of (c,), associated to

N,, then we clearly have that Ig'; k=, for all k. The continuity of v; for each
i€ {1,...,r}, and the convergence of a, to a, and ¢, to ¢, , yield that J, C Z¢°.
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We proceed to prove the “in particular” part. Let Z: [0,7] — C' be continuous
and let a« > 0. For t, € I*(z) with ¢, — t, € [0,T], we consider o, = a, := a,
¢, = Z(t,), and ¢, := Z(t,). By the first part of this lemma, there exists J, # ()
in {1,...,r} such that, up to a subsequence, I34,y = Jo C I3, implying that
to € 1%(7). O
Lemma 6.3. Assume (A2.1) holds, and denote by Gy(t) the Gramian matriz of
the wvectors {Vzpi(f(t))}iggm for all t € I°(z). Then the following assertions are

equivalent:
(i) Forallt € I°(z), Gy(t) is strictly diagonally dominant.
(ii) There exists b € (0,1) such that

o (Vei(E(t), Vi ((0)] < bl (@))%, (60)
ieIg(t), i#j
for allt € I°(z) and for all j € Ig(t).

(iii) There exista >0, b € (0,1) and p > 0, such that for all t € I*(z) and for all
j e Ig(t) we have

Y UVi), V()| < BV (@)]1?, Va € By(z(t) NC.

iEIg(t), 1#]

Proof. (i)=(ii): For ¢ € I°(z) and j € I}, we define

7 — ; (7 (7
bt.1) = o 27& (V@) Vo) <1 (6]

Now for b := sup {b(t,) : t € I°(z) and j € I, }, we clearly have that (60) holds
true. To prove that b < 1, it is sufficient to use an argument by contradiction in
conjunction with Lemma 6.2 and inequality (61).

(ii)=-(iii): Follows immediately using an argument by contradiction in conjunction
with Lemma 6.2.

(iii)=>(i): Follows directly since we have b € (0, 1), Ig(t) C I, for all t € [0,T7,
and 1°(z) C I%(x). O

Lemma 6.4. Let S C R™ be a nonempty and closed set. The assumption (A2.4)(i)
is satisfied by S if one of the following conditions holds:

(i) bdry S is compact.
(ii) S is star-shaped (which includes convex and polyhedral sets).

Moreover, in the two cases above, the radius R, can be taken to be arbitrarily large.

Proof. (i): It is sufficient to take y, any point in R” and R, large enough so that
bdryS C BRo(y0>'

(ii): Let y, be a center of S and let R, be any positive number. We consider
s € bdry SN(Sg,(y,)). We claim that y,—s € Ns(s). Indeed, if not, then there exists
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ps > 0 such that for ¢ := 2= we have B, (s + ps(;) C S Thus for s, := s+ p,(;s,

[yo—sll’
where 0 < ps < min{p,, R,}, we have s, € [s,y,] C S and s, € B, (s + ps(s) C S°.
This gives the desired contradiction. [

Lemma 6.5. Assume that (A2.1)-(A2.2) and (A2.4)(i) hold. Then the assumption
(A2.2) is satisfied by the family of functions (1;)i1, where
1 n
Uria(z) = 3 (Jlz — Yol|? — R?)) , Vo eR"™

Proof. If not, then there exist (¢,), in R™ and (A},...,A\",), € [0,00)""! such
that for each n we have:

¢« c,eC:=0n Cy41 = C N Bg, (y,) which is a compact set.

« 0 i={ic{l,...,r +1} :¢bi(c,) = 0} # 0, and hence ¢, € bdry C.

e N =0forz ¢igﬂ, and

S A =1 and H 3 AVi(en)

€9, i€Z0

<2 (62)

Since (A2.2) is satisfied, once can easily deduce that for n > (ﬂ, we have that

A 1 # 0. This yields that ¢, € (Sg,(v,)), for n > (ﬂ Hence the bounded sequence
(¢n)n admits a subsequence, we do not relabel, that converges to

¢ € C'NSg, (o) C bdryC.

Applying Lemma 6.2, we deduce that (¢,), has a subsequence, we do not relabel,
that satisfies

30 #£Z, C{1,...,r +1} such that Z° =7, C Z° for all n € N,
Hence, using (62), we get that

Y A =1 and H 3 AV(en)

i€l ieZ,

<2
n

Now taking n — oo in this latter and using the boundedness of the sequence

(A, .oy A% ), we deduce the existence of (A, ..., X% ;) € [0,00) " such that
DX =1and Y ANVii(c,) =0. (63)
i€, i,

Case 1: ¢, €intC.
Then, for n sufficiently large, we have Z, = fgﬂ = {r + 1}. This yields, using (63),
that A\?,; = 1 and ¢, — y, = 0, which contradicts ¢, € Sg,(¥o)
Case 2: ¢, € bdryC.
We claim that A?,; # 0. Indeed, if not then from (63) and for A := 0 for all
i € 79 \ Z,, we have

> XN =1and > ANVi(c,) =0,

€1 i€l

which contradicts (A2.2).



C. Nour, V. Zeidan / Pontryagin-Type Maximum Principle ... 821

Hence, A7, # 0, and this gives using (63), that

o_co_ Z Z le CO Z /\Z v¢l Co ENC(CO)

N A7"-‘,—1
i€Z, i€l
i#r+1
where \? := 0 for i € Z% \ Z,. This contradicts (A2.4)(i). O

6.3. Proofs of Propositions 4.4 and 4.6

Proof of Proposition 4.4. (i): The definition of ¢, in (8) and assumption (A2.1)
yield that, for all & € N, ), is C"" on C'+ pB. The bound in (17) follows from (14)
and the definition of M,. For the remaining properties, see [25, Subsection 2.2].

(ii): If this statement was not true, there would exist a sequence (v, ), with k, > n,
Ty, € R" with ¢, (25, ) =0, and 2, € Bz (x,,) such that for all n > % we have
Vaby, (2y,, )]l < 2n. Using (16) and the definition of v, , it follows that

In(r) 22:1 ekn i, )vwi (Z’wcn>
and - : <2n. (64)
T D im1 ehn¥ilEn,,)

w(x%n) <0< w(an) +

Then, z,, € C and hence, there exists a subsequence, we do not relabel, of (74, )n
along which (z,, ), and (z,, ). converge to the same element z, € C. Taking

n —s oo in (64) and using the fact that e”%®w.) — 0 whenever v;(z,) < 0, we
get the existence of a sequence of nonnegative numbers ()\i),-ggo such that

(z,) =0, H Z ANiVbi(z,)| < 2n and Z A = 1.

€Y, i€z,

This contradicts assumption (A2.2) since 1(z,) = 0 is equivalent to Z? # 0.

(iii): If this statement was not true, there would exist a sequence (7, ), with k, > n
and z,, € C" C C such that

1
||V¢vkn (x"Ykn)H <n and — o < 1/1%” (x%n) <0. (65)

This yields that z,, &€ C and ¥(z,, ) — 0. Since C' is compact, we can assume
that 2, — 2, € C, and hence 9(z,) = lim,_o¥(z,, ) = 0. Now, from (65)(a)
and (15), we have
| ) Vi )
Zf ) Ve Vi@, ) =1

1=

Taking n —» oo in this latter and using that e”%®x,) — 0 whenever v;(z,) < 0,
we get the existence of a sequence of nonnegative numbers ()\i)ieIQO such that

H D> NVi(z)|| <m oand >N =1

€19 €12,

This contradicts assumption (A2.2), since ¢(z,) = 0 implies that Z # 0. O
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Proof of Proposition 4.6. (i): By Proposition 4.4, we have that for each k > ks,
1, satisfies the same assumptions satisfied by the function v of [32, Theorem 3.1].
Hence, (i) follows immediately from [32, Theorem 3.1(i)] where # is replaced by ., .

(ii): First we prove that int C' C U int C7 (k). (66)
keN

Let x € int C. Since ¢(x) < 0 and (ak + lf;—k’") — 0, there exists k, > k, such that
ak, + ?TT < —%(x). This yields, using (16), that ¢, (z) < —ax,, and hence

x € int C"=(k,) C U int C7 (k).

keN

This terminates the proof of (66). Hence,

int €' C | Jint C*(k) C [ J ™ (k) € | intC™ Cint C.

keN keN keN

Therefore, the equation (19) holds true. Now, since (1., ), is monotonically non-
increasing in terms of k, and (ay)r is a decreasing sequence, we conclude that
the sequence (C7 (k))y is a nondecreasing sequence. This gives that the Painlevé-
Kuratowski limit of the sequence (C7 (k)); satisfies

lim (k) =l ( U mk(k;)). (67)

keN

Upon taking the closure of int C' in (19) and using from Proposition 4.1(i) the fact
that C' = cl (int C'), equation (67) yields that the Painlevé-Kuratowski limit of the
sequence (C(k))y is C.

(iii): For ¢ € bdry C, we set —2«,. := max{t;(c) : i & Z0}, whenever Z° C {1,...,r}.
We have a, > 0 and ;(c) < —2a, for all i ¢ Z?. The continuity of v; yields the
existence of 7 > 0 such that 9;(z) < —a., for all z € By, (c) and for all i & T0. Let
d. be the nonzero Vle(ct)or of Lemma 6.1. Choose k; > ks large enough so that for

all k& > k; we have - T < a. and o} < 71, where o4 and oy are the sequences

defined in (6). Then, for all k > k;, and for all € B;, (c) we have:

. “x+akail_ZH_c < ||z —¢|| + o < 27,

o Yy (x + UkHle_ZO < = < _h;(r) — qy, for all ¢ §ZI§.

k

Therefore,

(2 (x + Ok||zllc||) + h;(:) < —ay, Vi ¢TI0, Vk> ki, and Vo € By (c). (68)

Now, for i € Z?, by using Lemma 6.1 we get

de_ 7, Ay g0
<|dc”,V¢Z(C)> S ’I’Md)’ VZGIC.
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The continuity of V; yields the existence of 0 < r. < 7; such that

de . _ 2n? . -
<”d5” : sz(ac)> < M Vi € I? and Vz € By, (c). (69)

We C_onsider k. > ki large enough so that o, < r.. Then, for all k > k. and for all
x € B, (c), we have

< |l = ¢|| + o < 2r.

— C

Hence by the mean value theorem applied to 1; on [z + akng—z”,w], for ¢ € Z?, for
k > k., and for # € B, (c) N C, and using (69) and (6), we obtain the existence of
z €[z + JkHZ—ZH, 7] C By, (c) such that

de
o (4 ougley ) = vita) + o (Ve i

Qu
o
~_
A
=)
|
g
2
|
Q
o

Combining this latter with (68), we conclude that

W (x + Uk”jc”) + h;(T) < —ay, Vie{l,...,r}, Yk >k, andVz € B, (c)NC.
c k

Therefore, using (7) and (16), we deduce that

Py, (x + Uk||36|> < —ay, Yk >k and Vo € B, (c)NC.

The proof of (iii) is complete. O
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