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J. 29/104 (1979) 340–348], the singularities of a convex function f can be covered by a countable
collection of c− c surfaces. We show that the normal vectors to these surfaces are restricted to the
cone generated by F − F , where F := cl range∇f , the closure of the range of the gradient of f .

Keywords: Convexity, subdifferential, Fitzpatrick function, projection, pseudo-Euclidean space,
normal vector, singularity.

2020 Mathematics Subject Classification: 26B25, 26B05, 47H05, 52A20.

1. Introduction

A locally Lipschitz function f = f(x) on Rd is differentiable almost everywhere,
according to the Rademacher’s Theorem. The set of its singularities

Σ(f) :=
{
x ∈ Rd| f is not differentiable at x

}
can be quite irregular. For instance, for d = 1, Zahorski [23] (see Fowler and
Preiss [11] for a simple proof) shows that any Gδσ set (countable union of countable
intersections of open sets) of Lebesgue measure zero is the singular set of some
Lipschitz function.
By Zajíček [24], the Σ(f) of a convex function f = f(x) on Rd has c− c structure: it
can be covered by a countable collection of the graphs of the differences of two convex
functions of dimension d − 1. Short proofs of the Zajíček theorem can be found in
Benyamini and Lindenstrauss [5, Theorem 4.20, p. 93], Thibault [22, Theorem 12.22,
p. 1147], and Hajłasz [13]. Alberti [2] shows that, except for sets with zero Hd−1

measure, the Hausdorff measure of dimension d − 1, the covering can be achieved
∗ The author also has a research position at the University of Oxford.
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with smooth surfaces. These results yield sharp conditions for the existence and
uniqueness of optimal maps in L2 optimal transport, see Brenier [6] and Ambrosio
and Gigli [3, Theorem 2.26, p. 18].
Let E be a closed subset of Rd and

dE(x) := inf
y∈E

|x− y|, PE(x) := {y ∈ E| |x− y| = dE(x)} ,

be the Euclidean distance to E and the projection on E, respectively. Erdös [8]
proves that the singular set

Σ(PE) :=
{
x ∈ Rd| PE(x) contains at least two points

}
can be covered by countable sets with finite Hd−1 measure. Hajłasz [13] uses [24]
and the observation of Asplund [4] that the function

ψE(x) :=
1

2
|x|2 − 1

2
d2E(x), x ∈ Rd,

is convex, to conclude that Σ(PE) has the c− c structure. Albano and Cannarsa [1]
obtain a lower bound on the size of the set Σ(dE), where dE is not differentiable.
Let S be a d× d invertible symmetric matrix with m ∈ {0, 1, . . . , d} positive eigen-
values. Motivated by applications to backward martingale transport in [15], [16],
and [17], we investigate in this paper the singularities of projections on monotone
sets in the pseudo-Euclidean space with the scalar product

S(x, y) := ⟨x, Sy⟩ =
d∑

i,j=1

xiSijyj, x, y ∈ Rd.

Let G ⊂ Rd be an S-monotone or S-positive set:

S(x− y, x− y) ≥ 0, x, y ∈ G.

For every x ∈ Rd, the scalar square to G and the projection on G are given by

ϕG(x) := inf
y∈G

S(x− y, x− y),

PG(x) := arg min
y∈G

S(x− y, x− y).

Note that S-monotonicity is equivalent to x ∈ G =⇒ x ∈ PG(x) and that

ψG(x) :=
1

2
S(x, x)− 1

2
ϕG(x), x ∈ Rd,

is the Fitzpatrick function studied in [10], [21], and [18].
The singularities of the projection PG can be classified as

Σ(PG) :=
{
x ∈ Rd| PG(x) contains at least two points

}
= Σ0(PG) ∪ Σ1(PG),

Σ0(PG) := {x ∈ Σ(PG)| S(y1 − y2, y1 − y2) = 0 for all y1, y2 ∈ PG(x)} ,
Σ1(PG) := {x ∈ Σ(PG)| S(y1 − y2, y1 − y2) > 0 for some y1, y2 ∈ PG(x)} .
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By Theorem 4.6, Σ1(PG) is contained in a countable union of c− c surfaces having
strictly positive normal vectors in the S-space. The structure of the zero-order
singularities is described in Theorems 4.8 and 4.7. If m = 1, then Σ0(PG) is covered
by a countable number of hyperplanes having isotropic normal vectors in the S-space.
If m ≥ 2, then Σ0(PG) is covered by a countable family of c−c surfaces whose normal
vectors are positive and almost isotropic in the S-space. These results yield sharp
conditions for the existence and uniqueness of backward martingale maps in [16].
Using similar tools, in Theorem 3.1, we improve the c− c description of singularities
of general convex functions f = f(x) from Zajíček [24] by showing that the covering
surfaces have normal vectors belonging to the cone generated by F − F , where
F := cl range∇f , the closure of the range of the gradient of f .

2. Parametrization of singularities

We say that a function g = g(x) on Rd has linear growth if there is a constant
K = K(g) > 0 such that

|g(x)| ≤ K(1 + |x|), x ∈ Rd.

We write dom∇g for the set of points where g is differentiable.
Let j ∈ {1, . . . , d}. We denote by Cj the collection of compact sets C in Rd such
that

yj = 1, y ∈ C.

Any compact set C ⊂
{
x ∈ Rd| xj > 0

}
can be rescaled as

θj(C) :=
{

y

yj
| y ∈ C

}
∈ Cj.

For x ∈ Rd, we denote by x−j its sub-vector without the jth coordinate:

x−j :=
(
x1, . . . , xj−1, xj+1, . . . , xd

)
∈ Rd−1.

For C ∈ Cj, we write Hj
C for the family of functions h = h(x) on Rd having the

decomposition:
h(x) = xj + g1(x

−j)− g2(x
−j), x ∈ Rd, (1)

where the functions g1 and g2 on Rd−1 are convex, have linear growth, and

∇h(x) ∈ C, x−j ∈ dom∇g1 ∩ dom∇g2. (2)

The latter property has a clear geometric interpretation. Let H be a closed set in
Rd and x ∈ H. Following [20, Definition 6.3 on page 199], we call a vector w ∈ Rd

regular normal to H at x if

lim sup
H∋y→x
y ̸=x

⟨w, y − x⟩
|y − x|

≤ 0.

A vector w ∈ Rd is called normal to H at x if there exist xn ∈ H and a regular
normal vector wn to H at xn such that xn → x and wn → w.
For a set B in Rd, we denote by convB its convex hull.
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Lemma 2.1. Let j ∈ {1, . . . , d}, C ∈ Cj, h be given by (1) for convex functions g1
and g2 with linear growth, and H be the zero-level set of h:

H :=
{
x ∈ Rd| h(x) = 0

}
.

Then h ∈ Hj
C, that is, (2) holds, if and only if for every x ∈ H, there exists a normal

vector w ∈ C to H at x.

Proof. We can assume that j = 1. Denote f := g1−g2, so that h(x) = x1+f(x−1).
We have that dom∇h = R × dom∇f , ∇h(x) = (1,∇f(x−1)), and

H =
{
(−f(u), u)| u ∈ Rd−1

}
.

Denote also U := dom∇g1 ∩ dom∇g2 ⊂ dom∇f .
=⇒ : Clearly, ∇h(x) is a regular normal vector to H at x ∈ dom∇h ∩H. As U is
dense in Rd−1, the result holds by standard compactness arguments.
⇐= : Let u ∈ U , v ∈ Rd−1, and w = (1, v) ∈ C be a normal vector to H at
x = (−f(u), u). Take a sequence (xn, wn), n ≥ 1, that converges to (x,w) and
where wn is a regular normal vector to H at xn ∈ H with w1

n = 1. Such a sequence
exists by the definition of a normal vector. We can represent xn = (−f(un), un) for
un ∈ Rd−1 and wn = (1, vn) for vn ∈ Rd−1.
We claim that vn belongs to the Clarke gradient of f at un:

vn ∈ ∂f(un) := conv
{
lim
m

∇f(rm)| dom∇f ∋ rm → un

}
.

The continuity of ∇f at u ∈ U then yields that vn → ∇f(u). Hence, ∇f(u) = v,
implying that ∇h(x) = (1,∇f(u)) = w ∈ C.
In order to prove the claim, we write the definition of wn = (1, vn) being regular
normal to H at xn = (−f(un), un) as

lim sup
r→un
r ̸=un

− (f(r)− f(un)) + ⟨vn, r − un⟩
|f(r)− f(un)|+ |r − un|

≤ 0.

Using the Lipschitz property of f , we obtain that

⟨vn, s⟩ ≤ lim sup
δ↓0

f(un + δs)− f(un)

δ
, s ∈ Rd−1.

By [7, Corollary 1.10], we have that vn ∈ ∂f(un), as claimed.

We recall that the subdifferential ∂f of a closed convex function f : Rd → R∪{+∞}
is defined as

∂f(x) :=
{
y ∈ Rd| ⟨z, y⟩ ≤ f(x+ z)− f(x), z ∈ Rd

}
, x ∈ Rd.

Clearly, dom ∂f :=
{
x ∈ Rd| ∂f(x) ̸= ∅

}
⊂ dom f :=

{
x ∈ Rd| f(x) <∞

}
.

The following theorem is our main technical tool for the study of singularities of
convex and Fitzpatrick functions in Sections 3 and 4.
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Theorem 2.2. Let f : Rd → R∪{+∞} be a closed convex function, j ∈ {1, . . . , d},
and C1 and C2 be compact sets in Rd such that

yj > 0, y ∈ C2 − C1.

There exists a function h ∈ Hj
θj(C2−C1)

such that

ΣC1,C2(∂f) := {x ∈ dom ∂f(x)| ∂f(x) ∩ Ci ̸= ∅, i = 1, 2}

⊂
{
x ∈ Rd| h(x) = 0

}
.

The proof of the theorem relies on Lemma 2.3. For a closed set A ⊂ Rd, we denote

fA(x) := sup
y∈A

(⟨x, y⟩ − f ∗(y)) , x ∈ Rd, (3)

where f ∗ is the convex conjugate of f :

f ∗(y) := sup
x∈Rd

(⟨x, y⟩ − f(x)) ∈ R ∪ {+∞} , y ∈ Rd.

Obviously, fA is a closed convex function taking values in R ∪ {+∞} if and only if

A ∩ dom f ∗ = {x ∈ A| f ∗(x) <∞} ̸= ∅;

otherwise, fA = −∞. We recall that

f(x) = ⟨x, y⟩ − f ∗(y) ⇐⇒ y ∈ ∂f(x) ⇐⇒ x ∈ ∂f ∗(y). (4)

Lemma 2.3. Let f : Rd → R ∪ {+∞} be a closed convex function and C be a
compact set in Rd such that C ∩ dom f ∗ ̸= ∅. Then fC has linear growth and for
every x ∈ Rd,

∂fC(x) ∩ C = ArgC(x) := arg max
y∈C

(⟨x, y⟩ − f ∗(y)) ̸= ∅,

∂fC(x) = conv (∂fC(x) ∩ C),

∂f(x) ∩ C ̸= ∅ ⇐⇒ f(x) = fC(x) ⇐⇒ ∂f(x) ∩ C = ∂fC(x) ∩ C.

In particular, fC is differentiable at x if and only if ∂fC(x) ∩ C is a singleton, in
which case

∂fC(x) = {∇fC(x)} ∈ C.

Proof. Since C is a compact set, f ∗ is a closed convex function, and C∩dom f ∗ ̸= ∅,
we have that

sup
y∈C

|y| <∞, inf
x∈C

f ∗(x) > −∞,

and that ArgC(x) is a non-empty compact. Let y0 ∈ C∩dom f ∗. From the definition
of fC we deduce that

− |x| |y0| − f ∗(y0) ≤ fC(x) ≤ |x| sup
y∈C

|y| − inf
y∈C

f ∗(y), x ∈ Rd.

It follows that fC has linear growth.
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The function h(x, y) := ⟨x, y⟩ − f ∗(y) ∈ R ∪ {−∞} , x, y ∈ Rd,
is linear in x and concave and upper semi-continuous in y. Fix x ∈ Rd. We can
choose K large enough such that for

E := {z ∈ C| f ∗(z) ≤ K} ,

we have that fC = fE in a neighborhood of x and

ArgC(x) = ArgE(x) := arg max
y∈E

(⟨x, y⟩ − f ∗(y)) .

Since E is compact and the function h(·, y) is finite for y ∈ E, the classical envelope
theorem [14, Theorem 4.4.2, p. 189] yields that

∂fC(x) = ∂fE(x) = ∂max
y∈E

h(x, y) = conv
∪

y∈ArgE(x)

∂xh(x, y)

= convArgE(x) = convArgC(x).

From the concavity of h(x, ·) we deduce that

∂fC(x) ∩ C = (convArgC(x)) ∩ C = ArgC(x).

Clearly, fC ≤ f . If y ∈ ∂f(x) ∩ C, then f(x) = ⟨x, y⟩ − f ∗(y) ≤ fC(x). Hence,
fC(x) = f(x) and y ∈ ArgC(x) ⊂ ∂fC(x).
Conversely, let fC(x) = f(x). For every y ∈ ∂fC(x) ∩ C, we readily conclude that
f(x) = fC(x) = ⟨x, y⟩ − f ∗(y), and then that y ∈ ∂f(x) ∩ C.
Finally, being a convex function, fC is differentiable at x if and and only if ∂fC(x)
is a singleton. In this case, ∂fC(x) = {∇fC(x)}.

Proof of Theorem 2.2. Hereafter, i = 1, 2. We assume that ΣC1,C2(∂f) ̸= ∅ as
otherwise, there is nothing to prove. This implies that Ci ∩ dom f ∗ ̸= ∅. Let
C := C1 ∪ C2. Lemma 2.3 yields that

ΣC1,C2(∂f) = ΣC1,C2(∂fC) ∩
{
x ∈ Rd| f(x) = fC(x)

}
. (5)

To simplify notations we assume that j = 1. Denote by

a := max
y∈C1

y1 < min
y∈C2

y1 := b.

We write x ∈ Rd as (t, u), where t ∈ R and u ∈ Rd−1, and define the saddle function

g(t, u) := inf
s∈R

(fC(s, u)− st) , a < t < b, u ∈ Rd−1.

Select yi = (qi, zi) ∈ Ci ∩ dom f ∗. We have that

fC(s, u) ≥ max
i=1,2

(sqi + ⟨u, zi⟩ − f ∗(yi)) .

Since q1 ≤ a < b ≤ q2, it follows from the definition of g that

−∞ < g(t, u) ≤ fC(0, u), a < t < b, u ∈ Rd−1.

By Lemma 2.3, fC has linear growth. The classical results on saddle functions,
Theorems 33.1 and 37.5 in [19], imply that
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(i) For every a < t < b, the function g(t, ·) is convex and has linear growth on
Rd−1.

(ii) For every u ∈ Rd−1, the function g(·, u) is concave and finite on (a, b).
(iii) For any a < t < b, we have that (t, v) ∈ ∂fC(s, u) if and only if v ∈ ∂ug(t, u)

and −s ∈ ∂tg(t, u). In this case, g(t, u) = fC(s, u)− st.
We take a < r1 < r2 < b and denote gi := g(ri, ·). We verify the assertions of the
theorem for the function

h(s, u) := s+
1

r2 − r1
(g2(u)− g1(u)) , s ∈ R, u ∈ Rd.

More precisely, we show that

ΣC1,C2(∂fC) =
{
x ∈ Rd| h(x) = 0

}
,

which together with (5) implies the result.
Let x = (s, u) and (ti, vi) ∈ ∂fC(x) ∩ Ci. As t1 ≤ a < ri < b ≤ t2, the convexity of
subdifferentials yields that (ri, wi) ∈ ∂fC(x), where

wi =
t2 − ri
t2 − t1

v1 +
ri − t1
t2 − t1

v2. (6)

By (iii), gi(u) = fC(x)− sri and then h(x) = 0.
Conversely, let x = (s, u) be such that h(x) = 0 or, equivalently,

−s = g2(u)− g1(u)

r2 − r1
=

g(r2, u)− g(r1, u)

r2 − r1
.

The mean-value theorem yields r ∈ (r1, r2) such that −s ∈ ∂tg(r, u). Observe that
we have a < r < b. Taking any w ∈ ∂ug(r, u), we deduce from condition (iii) that
y := (r, w) ∈ ∂fC(x). As ∂fC = conv (∂fC ∩ C), the point y is a convex combination
of some yi ∈ ∂fC(x) ∩ Ci, i = 1, 2. In particular, x ∈ ΣC1,C2(∂fC).
Finally, let x = (s, u) be such that h(x) = 0 and g1 and g2 are differentiable at u.
As we have already shown, the gradients wi := ∇gi(u) are given by (6) for some
(ti, vi) ∈ ∂fC(x) ∩ Ci. It follows that

∇h(x) =
(
1,

w2 − w1

r2 − r1

)
=

(
1,

v2 − v1
t2 − t1

)
∈ θ1(C2 − C1).

Hence, h ∈ H1
θ1(C2−C1)

.

3. Singular points of convex functions

For a multi-function Ψ : Rd ⇒ Rd taking values in closed subsets of Rd, we denote
its domain by

domΨ :=
{
x ∈ Rd| Ψ(x) ̸= ∅

}
.

Given an index j ∈ {1, . . . , d} and a closed set A in Rd, the singular set of Ψ is
defined as

Σj
A(Ψ) :=

{
x ∈ domΨ| ∃y1, y2 ∈ Ψ(x) ∩ A with yj1 ̸= yj2

}
.
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We also write Σj(Ψ) = Σj
Rd(Ψ) and Σ(Ψ) = ∪j=1,...,dΣ

j(Ψ).
Let f : Rd → R ∪ {+∞} be a closed convex function such that its domain has a
non-empty interior:

D := int dom f ̸= ∅.

It is well-known that dom∇f := {x ∈ D| ∇f(x) exists} is dense in D and

D \ dom∇f = Σ(∂f) ∩D = {x ∈ D| ∂f(x) is not a point} .

According to [24], this set of interior singularities can be covered by countable c− c
surfaces Hn =

{
x ∈ Rd| hn(x) = 0

}
, n ≥ 1, where

hn(x) = xj + gn,1(x
−j)− gn,2(x

−j), x ∈ Rd,

for some j ∈ {1, . . . , d} and finite convex functions gn,1 and gn,2 on Rd−1.
Theorem 3.1 and Lemma 2.1 describe the orientation of the covering surface Hn by
showing that, at any point, it has a normal vector w with wj = 1, that belongs to
the cone K generated by F − F , where

F := cl range∇f =
{
lim
n

∇f(xn) | xn ∈ dom∇f
}
.

Of course, this information has some value only if K is distinctively smaller than Rd.
This is the case for Fitzpatrick functions in the pseudo-Euclidean space S, where
according to Theorem 4.5, K contains only S-non-negative vectors. Proposition 3.5
provides the geometric interpretation of the range∇f and Lemma 3.3 explains the
special feature of its closure F .
It turns out that the same surfaces (Hn) also cover the singularities of the Clarke-
type subdifferential ∂f defined on the closure of D:

∂f(x) := cl conv
{
lim
n

∇f(xn)| dom∇f ∋ xn → x
}
, x ∈ clD.

By Theorem 25.6 in [19],

∂f(x) = ∂f(x) +NclD(x), x ∈ clD,

where NA(x) denotes the normal cone to a closed convex set A ⊂ Rd at x ∈ A:

NA(x) :=
{
s ∈ Rd| ⟨s, y − x⟩ ≤ 0 for all y ∈ A

}
=
{
s ∈ Rd| s is a regular normal vector to A at x

}
.

Recalling that 0 ∈ NA(x) for x ∈ A and NA(x) = {0} for x ∈ intA, we deduce that

dom ∂f = dom ∂f, (7)
∂f(x) ⊂ ∂f(x), x ∈ clD, (8)
∂f(x) = ∂f(x), x ∈ D. (9)

The diameter of a set E is denoted by diamE := supx,y∈E |x− y|.
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Theorem 3.1. Let f : Rd → R ∪ {+∞} be a closed convex function such that
D := int dom f ̸= ∅. Let j ∈ {1, . . . , d} and A be a closed set in Rd containing
range∇f . Then

Σj(∂f) ∩D = Σj(∂f) ∩D = Σj
A(∂f) ∩D, (10)

Σj(∂f) ⊂ Σj
A(∂f). (11)

If yj = zj for all y, z ∈ A, then, clearly, Σj
A(∂f) = ∅. Otherwise, for every

n ≥ 1, there exist a compact set Cn ⊂ A − A with yj > 0, y ∈ Cn, and a function
hn ∈ Hj

θj(Cn)
such that

Σj
A(∂f) ⊂

∪
n

{
x ∈ Rd| hn(x) = 0

}
. (12)

For any ϵ > 0, all Cn can be chosen so that diam θj(Cn) < ϵ.

Taking the unions over j ∈ {1, . . . , d}, we obtain the descriptions of the full singular
sets Σ(∂f) on D, Σ(∂f), and ΣA(∂f). Taking a smaller ϵ > 0 in the last sentence of
the theorem, we make the directions of the normal vectors to the covering surface
Hn closer to each other. As a result, Hn gets approximated by a hyperplane.
Theorem 3.1 uses a larger closed set A instead of F to allow for more flexibility in
the treatment of singularities of ∂f on the boundary of D. Lemma 3.4 shows that

∂f(x) ∩ A = ArgA(x) := arg max
y∈A

(⟨x, y⟩ − f ∗(y)) , x ∈ clD.

In the framework of Fitzpatrick functions in Section 4, ArgA becomes a projection
on the monotone set A in a pseudo-Euclidean space.
The proof of Theorem 3.1 relies on some lemmas. We start with a simple fact from
convex analysis.

Lemma 3.2. Let f : Rd → R∪{+∞} be a closed convex function attaining a strict
minimum at a point x0: f(x0) < f(x), x ∈ Rd, x ̸= x0.

Then f(x0) < inf
|x−x0|≥ϵ

f(x), ϵ > 0.

Proof. If the conclusion is not true, then there exist ϵ > 0 and a sequence (xn)
with |xn − x0| ≥ ϵ such that f(xn) → f(x0). As

zn := x0 +
ϵ

|xn − x0|
(xn − x0)

is a convex combination of x0 and xn, we deduce that

f(zn) ≤ max(f(x0), f(xn)) = f(xn) → f(x0).

By compactness, zn → z0 over a subsequence. Clearly, |z0 − x0| = ϵ, while by
the lower semi-continuity, f(z0) ≤ lim inf f(zn) ≤ f(x0). We have arrived to a
contradiction.
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The following result explains the special role played by cl range∇f . Recall the
notation fA from (3).

Lemma 3.3. Let f : Rd → R ∪ {+∞} be a closed convex function such that
D := int dom f ̸= ∅ and A be a closed set in Rd. Then

fA(x) = f(x), x ∈ clD ⇐⇒ range∇f ⊂ A.

In other words, F := cl range∇f is the minimal closed set such that fF = f on clD.

Proof. ⇐= : If x ∈ dom∇f , then y := ∇f(x) ∈ A and (4) yields that

f(x) = ⟨x, y⟩ − f ∗(y) = fA(x).

Since dom∇f is dense in D, the closed convex functions fA and f coincide on clD.
=⇒ : We fix x0 ∈ dom∇f and set y0 := ∇f(x0). By the assumption we have
fA(x0) = f(x0). If y0 /∈ A, then the distance between y0 and A is at least ϵ > 0.
According to (4), the concave upper semi-continuous function

y → ⟨x0, y⟩ − f ∗(y)

attains a strict global maximum at y0 with maximum value f(x0). By Lemma 3.2,

sup
|y−y0|≥ϵ

(⟨x0, y⟩ − f ∗(y)) < f(x0).

As A ⊂
{
y ∈ Rd| |y − y0| ≥ ϵ

}
, we arrive to a contradiction:

fA(x0) = sup
y∈A

(⟨x0, y⟩ − f ∗(y)) ≤ sup
|y−y0|≥ϵ

(⟨x0, y⟩ − f ∗(y)) < f(x0).

Hence, y0 ∈ A, as required.

Lemma 3.4. Let f : Rd → R ∪ {+∞} be a closed convex function such that
D := int dom f ̸= ∅. Let A be a closed set in Rd such that f = fA on clD. Then

∂f(x) ∩ A = ArgA(x) := arg max
y∈A

(⟨x, y⟩ − f ∗(y)) , x ∈ clD,

domArgA ∩ clD = dom ∂f = dom ∂f,

∂f(x) = ∂f(x) = conv (∂f(x) ∩ A), x ∈ D,

∂f(x) ⊂ cl conv (∂f(x) ∩ A) , x ∈ dom ∂f.

Proof. If x ∈ domArgA ∩ clD and y ∈ ArgA(x), then

f(x) = fA(x) = ⟨x, y⟩ − f ∗(y). (13)

Hence, y ∈ ∂f(x) ∩ A, by the properties of subdifferentials in (4).
Conversely, let x ∈ dom ∂f . Lemma 3.3 shows that F := cl range∇f ⊂ A. Ac-
counting for (7) and (8) and the definition of ∂f(x), we obtain that

∂f(x) ∩ A ⊃ ∂f(x) ∩ F ⊃ ∂f(x) ∩ F ̸= ∅.
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Let y ∈ ∂f(x) ∩ A. From (4) we deduce (13) and then that y ∈ ArgA(x). We have
proved the first two assertions of the lemma.
The fact that ∂f = ∂f on D has been already stated in (9). To prove the second
equality in the third assertion, we fix x0 ∈ D and choose ϵ > 0 such that

B(x0, ϵ) :=
{
x ∈ Rd| |x− x0| ≤ ϵ

}
⊂ D.

The uniform boundedness of ∂f on compacts in D implies the existence of a constant
K > 0 such that

|y| ≤ K <∞, y ∈ ∂f(x), x ∈ B(x0, ϵ).

Denote by AK := A ∩
{
x ∈ Rd| |x| ≤ K

}
. As range∇f ⊂ A, we deduce from (4)

that
f(x) = fAK

(x), x ∈ B(x0, ϵ) ∩ dom∇f,

and then, by the density of dom∇f in D, that f = fAK
on B(x0, ϵ). Finally,

Lemma 2.3 shows that

∂f(x0) = ∂fAK
(x0) = conv (∂fAK

(x0) ∩ AK) = conv (∂f(x0) ∩ A) .

If dom∇f ∋ xn → x and ∇f(xn) → y, then, clearly, y ∈ F ⊂ A. Moreover,
y ∈ ∂f(x), by the continuity of subdifferentials. The last assertion of the lemma
readily follows.

We are ready to finish the proof of Theorem 3.1.

Proof of Theorem 3.1. Lemma 3.3 shows that f = fA on clD. By Lemma 3.4,

∂f(x) = ∂f(x) = conv (∂f(x) ∩ A), x ∈ D,

∂f(x) ⊂ cl conv (∂f(x) ∩ A) , x ∈ dom ∂f.

Recalling that dom ∂f = dom ∂f , we deduce (10) and (11).
Fix ϵ > 0. Let (xn) be a dense sequence in A and (rn) be an enumeration of all
positive rationals. Denote by α := (m,n, k, l) the indexes for which the compacts

Cα
1 := {x ∈ A| |x− xm| ≤ rk} , Cα

2 := {x ∈ A| |x− xn| ≤ rl} ,

satisfy the constraints:

diam θj(Cα
2 − Cα

1 ) < ϵ and xj > 0, x ∈ Cα
2 − Cα

1 .

We have that

Σj
A(∂f) =

∪
α

ΣCα
1 ,Cα

2
(∂f) =

∪
α

{
x ∈ Rd| ∂f(x) ∩ Cα

i ̸= ∅, i = 1, 2
}
.

For every index α, Theorem 2.2 yields a function h ∈ Hj
θj(Cα

2 −Cα
1 )

such that

ΣCα
1 ,Cα

2
(∂f) ⊂

{
x ∈ Rd| h(x) = 0

}
.

We have proved (12) and with it the theorem.
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We conclude the section with the geometric interpretation of range∇f . For a closed
convex function f : Rd → R ∪ {+∞}, we denote by epi f its epigraph:

epi f :=
{
(x, q) ∈ Rd × R| f(x) ≤ q

}
.

Let E be a closed convex set in Rd. A point x0 ∈ E is called exposed if there is a
hyperplane intersecting E only at x0. In other words, there is y0 ∈ Rd such that

⟨x− x0, y0⟩ > 0, x ∈ E \ {x0} .

Proposition 3.5. Let f : Rd → R ∪ {+∞} be a closed convex function such that
int dom f ̸= ∅. Then

{(y, f ∗(y))| y ∈ range∇f} = exposed points of epi f ∗.

Proof. By definition, (y0, r0) is an exposed point of epi f ∗ if it belongs to epi f ∗ and

⟨y − y0, x0⟩+ (r − r0)q0 > 0, (y, r) ∈ epi f ∗ \ {(y0, r0)} ,

for some (x0, q0) ∈ Rd × R. The definition of epi f ∗ ensures that q0 > 0 and
r0 = f ∗(y0). Rescaling (x0, q0) so that q0 = 1, we deduce that the function

y → ⟨x0, y⟩+ f ∗(y)

has the unique minimizer y0. This is equivalent to y0 being the only element of
∂f(−x0), which in turn is equivalent to −x0 ∈ dom∇f and y0 = ∇f(−x0).

4. Singular points of projections in S-spaces

Let Sd
m be the family of symmetric d×d-matrices of full rank with m ∈ {0, 1, . . . , d}

positive eigenvalues. For S ∈ Sd
m, the bilinear form

S(x, y) := ⟨x, Sy⟩ =
d∑

i,j=1

xiSijy
j, x, y ∈ Rd,

defines the scalar product on a pseudo-Euclidean space Rd
m with dimension d and

index m, which we call the S-space. The quadratic form S(x, x) is the scalar square
on the S-space; its value may be negative.
For a closed set G ⊂ Rd, we define the Fitzpatrick-type function

ψG(x) := sup
y∈G

(
S(x, y)− 1

2
S(y, y)

)
∈ R ∪ {+∞} , x ∈ Rd,

and the projection multi-function

PG(x) := arg min
y∈G

S(x− y, x− y) = arg max
y∈G

(
S(x, y)− 1

2
S(y, y)

)
, x ∈ Rd.

Clearly, ψG is a closed convex function and PG takes values in the closed (possibly
empty) subsets of G.
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A closed set G ⊂ Rd is called S-monotone or S-positive if

S(x− y, x− y) ≥ 0, x, y ∈ G,

or, equivalently, if its projection multi-function has the natural fixed-point property:

x ∈ PG(x), x ∈ G.

We denote by M(S) the family of closed non-empty S-monotone sets in Rd. We
refer to [10], [21], [18], and [15, Appendix A], for the results on Fitzpatrick functions
ψG associated with G ∈ M(S).

Example 4.1. (Standard form) If d = 2m and

S(x, y) =
m∑
i=1

(
xiym+i + xm+iyi

)
, x, y ∈ R2m,

then S ∈ S2m
m and the S-monotonicity means the standard monotonicity in R2m =

Rm × Rm. For a maximal monotone set G, the function ψG becomes the classical
Fitzpatrick function from [10].

Example 4.2. (Canonical form) If Λ is the canonical quadratic form in Sd
m:

Λ(x, y) =
m∑
i=1

xiyi −
d∑

i=m+1

xiyi, x, y ∈ Rd,

then a closed set G is Λ-monotone if and only if

G = graph f := {(u, f(u))| u ∈ D} ,

where D is a closed set in Rm and f : D → Rd−m is a 1-Lipschitz function:

|f(u)− f(v)| ≤ |u− v| , u, v ∈ D.

In view of the Kirszbraun Theorem, [9, 2.10.43], G is maximal Λ-monotone if and
only if D = Rm.

While working on the S-space, it is convenient to use appropriate versions of sub-
differential and Clark-type subdifferential for a convex function f . For x ∈ cl dom f ,
they are defined as

∂Sf(x) :=
{
y ∈ Rd| S(z, y) ≤ f(x+ z)− f(x), z ∈ Rd

}
=
{
S−1y ∈ Rd| ⟨z, y⟩ ≤ f(x+ z)− f(x), z ∈ Rd

}
= S−1∂f(x),

∂
S
f(x) :=S−1∂f(x).

Lemma 4.3. Let S ∈ Sd
m, G ∈ M(S), and assume that D := int domψG ̸= ∅.

Then rangeS−1∇ψG ⊂ G, domPG = dom ∂SψG = dom ∂
S
ψG,

and ψG(x) = ψ∗
G(Sx) =

1

2
S(x, x), x ∈ G,

PG(x) = ∂SψG(x) ∩G, x ∈ Rd.
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Proof. We write ψG as

ψG(x) = g∗(x) := sup
y∈Rd

(⟨x, y⟩ − g(y)), x ∈ Rd,

where g(y) = 1
2
S−1(y, y) for y ∈ SG and g(y) = +∞ for y ̸∈ SG. From the definition

of ψG and the S-monotonicity of G we deduce that

ψG(x) =
1

2
S(x, x)− 1

2
inf
y∈G

S(x− y, x− y) =
1

2
S(x, x), x ∈ G,

and then that ψG(S
−1x) ≤ g(x), x ∈ Rd.

As ψ∗
G = g∗∗ and g∗∗ is the largest closed convex function less than g, we have that

ψG(S
−1x) ≤ ψ∗

G(x) ≤ g(x), x ∈ Rd.

Putting together the relations above, we obtain that
1

2
S(x, x) = ψG(x) ≤ ψ∗

G(Sx) ≤ g(Sx) =
1

2
S(x, x), x ∈ G.

For every x ∈ Rd, the values of the Fitzpatrick function ψG and of the projection
multi-function PG can now be written as

ψG(x) = sup
y∈G

(S(x, y)− ψ∗
G(Sy)) = sup

z∈SG
(⟨x, z⟩ − ψ∗

G(z)) ,

PG(x) = arg max
y∈G

(
S(x, y)− 1

2
S(y, y)

)
= S−1 arg max

z∈SG
(⟨x, z⟩ − ψ∗

G(z)) .

The stated relations between PG and ∂SψG follow from Lemma 3.4 as soon as we
observe that PG(x) = ∂SψG(x) = ∅ for x /∈ clD. The equality of the domains of
∂SψG and ∂SψG is just a restatement of (7). Finally, Lemma 3.3 yields the inclusion
of range∇ψG into SG.

To facilitate geometric interpretations, we also adapt the concept of a normal vector
to the product structure of the S-space. Let H be a closed set in Rd. A vector
w ∈ Rd is called S-regular normal to H at x ∈ H if

lim sup
H∋y→x
y ̸=x

S(w, y − x)

|y − x|
= lim sup

H∋y→x
y ̸=x

⟨Sw, y − x⟩
|y − x|

≤ 0.

A vector w ∈ Rd is called S-normal to H at x if there exist xn ∈ H and an S-regular
normal vector wn to H at xn, such that xn → x and wn → w. In other words, w is
S-(regular) normal to H at x ∈ H if and only if Sw is (regular) normal to H at x
in the classical Euclidean sense. It is easy to see that if x ∈ PH(z), then the vector
z − x is S-regular normal to H at x.
Lemma 4.4. Let S ∈ Sd

m, j ∈ {1, . . . , d}, C ∈ Cj, h be given by (1) for convex
functions g1 and g2 with linear growth, and H be the zero-level set of the composition
function h ◦ S:

H :=
{
x ∈ Rd| h(Sx) = 0

}
.

Then h ∈ Hj
C if and only if for every x ∈ H, there exists an S-normal vector w ∈ C

to H at x.
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Proof. Let z ∈ H and w ∈ Rd. Setting

SH := {Sx| x ∈ H} =
{
x ∈ Rd| h(x) = 0

}
,

recalling that S(w, y − z) = ⟨w, Sy − Sz⟩, and using the trivial inequalities:

1

∥S−1∥
|y − z| ≤ |Sy − Sz| ≤ ∥S∥ |y − z| , y ∈ Rd,

where ∥A∥ := max|x|=1 |Ax| for a d × d matrix A, we deduce that w is normal to
SH at Sz if and only if w is S-normal to H at z. Lemma 2.1 yields the result.

Theorem 4.5 and Lemma 4.4 show that the singular sets Σj(PG) and Σj(∂
S
ψG) can

be covered by countable c − c surfaces that have at each point an S-normal vector
w ∈ G−G, with wj = 1. By the S-monotonicity of G, such vector w points to the
non-negative direction in the S-space: S(w,w) ≥ 0.

Theorem 4.5. Let S ∈ Sd
m, G ∈ M(S), and assume that int domψG ̸= ∅. Let

j ∈ {1, . . . , d}. For every n ≥ 1, there exist a compact set Cn ⊂ G − G and a
function hn ∈ Hj

θj(Cn)
such that

Σj(∂
S
ψG) ⊂ Σj(PG) ⊂

∪
n

{
x ∈ Rd| hn(Sx) = 0

}
.

For any ϵ > 0, all Cn can be chosen such that diam θj(Cn) < ϵ.

Proof. Let g(x) := ψG(S
−1x), x ∈ Rd. Clearly,

∂
S
ψG(x) := S−1∂ψG(x) = ∂g(Sx), x ∈ Rd.

Lemma 4.3 shows that S−1 range∇ψG ⊂ G and

PG(x) = ∂SψG(x) ∩G =
(
S−1∂ψG(x)

)
∩G = ∂g(Sx) ∩G, x ∈ Rd.

It follows that

Σj(∂
S
ψG) = S−1Σj(∂g), Σj(PG) = S−1Σj

G(∂g),

and a direct application of Theorem 3.1 yields the result.

A set A ⊂ Rd is called S-isotropic if

S(x− y, x− y) = 0, x, y ∈ A.

We denote by I(S) the family of all closed S-isotropic subsets of Rd.
Motivated by the study of existence and uniqueness of backward martingale trans-
port maps in [16], we decompose the singular set of PG as

Σ(PG) := {x ∈ domPG| PG(x) is not a point} = Σ0(PG) ∪ Σ1(PG),

Σ0(PG) := {x ∈ Σ(PG)| PG(x) ∈ I(S)} ,

Σ1(PG) := {x ∈ Σ(PG)| S(y1 − y2, y1 − y2) > 0 for some y1, y2 ∈ PG(x)} .
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We further write Σ1(PG) as

Σ1(PG) =
d∪

j=1

Σj
1(PG),

where Σj
1(PG) consists of x ∈ Σ(PG) such that S(y1 − y2, y1 − y2) > 0 for some

y1, y2 ∈ PG(x) with yj1 ̸= yj2.

Theorem 4.6 and Lemma 4.4 show that Σj
1(PG) can be covered by countable c − c

surfaces that have at each point a strictly S-positive S-normal vector w with wj = 1.

Theorem 4.6. Let S ∈ Sd
m, G ∈ M(S), and assume that int domψG ̸= ∅. Let

j ∈ {1, . . . , d}. For every n ≥ 1, there exist a compact set Cn ⊂ G−G with

xj > 0 and S(x, x) > 0, x ∈ Cn,

and a function hn ∈ Hj
θj(Cn)

such that

Σj
1(PG) ⊂

∪
n

{
x ∈ Rd| hn(Sx) = 0

}
.

For any ϵ > 0, all Cn can be chosen such that diam θj(Cn) < ϵ.

Proof. Fix ϵ > 0. Let (xn) be a dense sequence in G and (rn) be an enumeration of
all positive rationals. Denote by α := (m,n, k, l) the indexes for which the compact
sets

Cα
1 := {x ∈ G| |x− xm| ≤ rk} , Cα

2 := {x ∈ G| |x− xn| ≤ rl} ,
satisfy the constraints:

diam θj(Cα
2 − Cα

1 ) < ϵ and xj > 0, S(x, x) > 0, x ∈ Cα
2 − Cα

1 .

We have that

Σj
1(PG) =

∪
α

ΣCα
1 ,Cα

2
(PG) =

∪
α

{
x ∈ Rd| PG(x) ∩ Cα

i ̸= ∅, i = 1, 2
}
.

Let, again, g(x) := ψG(S
−1x), x ∈ Rd. From Lemma 4.3 we deduce that

PG(x) =
(
S−1∂ψG(x)

)
∩G = ∂g(Sx) ∩G, x ∈ Rd.

It follows that
x ∈ ΣCα

1 ,Cα
2
(PG) ⇐⇒ Sx ∈ ΣCα

1 ,Cα
2
(∂g).

Applying Theorem 2.2 to each singular set ΣCα
1 ,Cα

2
(∂g), we obtain the result.

The singular set Σ0(PG) is included into a larger set

Σ0(PG) =
d∪

j=1

Σ
j

0(PG),

where Σ
j

0(PG) consists of x ∈ domPG such that S(y1 − y2, y1 − y2) = 0 for some
y1, y2 ∈ PG(x) with yj1 ̸= yj2.
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Theorem 4.7 and Lemma 4.4 show that Σ
j

0(PG) can be covered, for any δ > 0, by
countable c − c surfaces that have at each point an S-normal vector w such that
wj = 1 and 0 ≤ S(w,w) ≤ δ.

Theorem 4.7. Let S ∈ Sd
m, G ∈ M(S), and assume that int domψG ̸= ∅. Let

j ∈ {1, . . . , d} and δ > 0. For every n ≥ 1, there exist a compact set Cn ⊂ G − G
with

xj > 0, x ∈ Cn, and 0 ≤ S(x, x) ≤ δ, x ∈ θj(Cn),

and a function hn ∈ Hj
θj(Cn)

such that

Σ
j

0(PG) ⊂
∪
n

{
x ∈ Rd| hn(Sx) = 0

}
.

For any ϵ > 0, all Cn can be chosen such that diam θj(Cn) < ϵ.

Proof. The proof is almost identical to that of Theorem 4.6. We fix δ, ϵ > 0 and
find a countable family (Cα

1 , C
α
2 ) of pairs of compact sets Cα

i ⊂ G, i = 1, 2, such that

xj > 0, x ∈ Cα
2 − Cα

1 , and diam θj(Cα
2 − Cα

1 ) < ϵ,

0 ≤ S(x, x) < δ, x ∈ θj(Cα
2 − Cα

1 ),

and every pair (y1, y2) of elements of G with S(y1 − y2, y1 − y2) = 0 and yj1 ̸= yj2 is
contained in some (Cα

1 , C
α
2 ). Then

Σ
j

0(PG) ⊂
∪
α

ΣCα
1 ,Cα

2
(PG) =

∪
α

S−1ΣCα
1 ,Cα

2
(∂g),

where g(x) := ψG(S
−1x), x ∈ Rd, and Theorem 2.2 applied to ΣCα

1 ,Cα
2
(∂g) yields the

result.

The geometric description of the zero order singularities becomes especially simple
if the index m = 1. In this case, Σj

0(PG) can be covered by countable number of
hyperplanes whose S-normal vectors are S-isotropic.

Theorem 4.8. Let S ∈ Sd
1 , G ∈ M(S), and assume that int domψG ̸= ∅. Let

j ∈ {1, . . . , d}. For every n ≥ 1, there exist yn, zn ∈ G such that

yjn − zjn > 0, S(yn − zn, yn − zn) = 0, (14)

and Σ
j

0(PG) ⊂
∪
n

{
x ∈ Rd| S(x− zn, yn − zn) = 0

}
.

Proof. By the law of inertia for quadratic forms, [12, Theorem 1, p. 297], there
exists a d× d matrix V of full rank such that

S = V TΛV,
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where V T is the transpose of V and Λ is the diagonal matrix with diagonal entries
{1,−1, . . . ,−1}. In other words, Λ is the canonical quadratic form for Sd

1 from
Example 4.2. As S(x, x) = Λ(V x, V x), we deduce that F := V G ∈ M(Λ) and

A ∈ I(S) ⇐⇒ V A ∈ I(Λ).

As we pointed out in Example 4.2,

F = graph f = {(t, f(t))| t ∈ D} ,

for a 1-Lipschitz function f : D → Rd−1 defined a closed set D ⊂ R.
Let x = (s, f(s)) and y = (t, f(t)) be distinct elements of F , where s, t ∈ D. We have
that {x, y} ∈ I(Λ) if and only if |f(t)− f(s)| = |t− s|. The 1-Lipschitz property of
f then implies that

f(r) = f(s) +
r − s

t− s
(f(t)− f(s)) , r ∈ D ∩ [s, t].

It follows that the collection of all Λ-isotropic subsets of F can be decomposed into
an intersection of F with at most countable union of line segments whose relative
interiors do not intersect.
The same property then also holds for the S-isotropic subsets of G. Thus, there
exist yn, zn ∈ G, n ≥ 1, satisfying (14) and such that every S-isotropic subset of G
having elements with distinct jth coordinates is a subset of some S-isotropic line
Ln := {yn + t(zn − yn)| t ∈ R}. In particular, if x ∈ Σ

j

0(PG), then PG(x) intersects
some line Ln at distinct y and z. We have that

2S(x− z, y − z) = S(x− z, x− z) + S(y − z, y − z)− S(x− y, x− y) = 0.

As y, z ∈ Ln ∈ I(S), we obtain that S(x− zn, yn − zn) = 0, as required.

Example 4.9. Let d = 2 and S be the standard bilinear form from Example 4.1:

S(x, y) = S((x1, x2), (y1, y2)) = x1y2 + x2y1.

Let G ∈ M(S). As S(x, x) = 2x1x2, we have that

Σ1(PG) = Σj
1(PG), j = 1, 2.

Theorem 4.6 yields convex functions g1,n and g2,n on R and constants ϵn > 0, n ≥ 1,
such that (g′ = g′(t) is the derivative of g = g(t))

ϵn ≤ g′1,n(t)− g′2,n(t) ≤ ϵ−1
n , t ∈ dom g′1,n ∩ dom g′2,n,

Σ1(PG) ⊂
∪
n

{
x ∈ R2| x2 = g2,n(x1)− g1,n(x1)

}
.

Theorem 4.8 yields sequences (xn1 ) and (xn2 ) in R such that

Σ
1

0(PG) ⊂
∪
n

{
x ∈ R2| x2 = xn2

}
, Σ

2

0(PG) ⊂
∪
n

{
x ∈ R2| x1 = xn1

}
.

These results improve [17, Theorem B.12], where G is a maximal monotone set and
gn := g1,n−g2,n is a strictly increasing Lipschitz function such that ϵn ≤ g′n(t) ≤ ϵ−1

n ,
whenever it is differentiable.
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