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1. Introduction

A locally Lipschitz function f = f(z) on R¢ is differentiable almost everywhere,
according to the Rademacher’s Theorem. The set of its singularities

S(f) := {z € RY| f is not differentiable at =}

can be quite irregular. For instance, for d = 1, Zahorski [23] (see Fowler and
Preiss [11] for a simple proof) shows that any G, set (countable union of countable
intersections of open sets) of Lebesgue measure zero is the singular set of some
Lipschitz function.

By Zajicek [24], the X(f) of a convex function f = f(z) on R? has ¢ — ¢ structure: it
can be covered by a countable collection of the graphs of the differences of two convex
functions of dimension d — 1. Short proofs of the Zajicek theorem can be found in
Benyamini and Lindenstrauss [5, Theorem 4.20, p. 93], Thibault [22, Theorem 12.22,
p. 1147], and Hajtasz [13]. Alberti [2] shows that, except for sets with zero H~*
measure, the Hausdorff measure of dimension d — 1, the covering can be achieved
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with smooth surfaces. These results yield sharp conditions for the existence and
uniqueness of optimal maps in £, optimal transport, see Brenier [6] and Ambrosio
and Gigli [3, Theorem 2.26, p. 18|.

Let E be a closed subset of R? and

dp(z) = nf lo —yl,  Pp(z) :={y € B[ |z —y| = dp(2)},

be the Euclidean distance to E and the projection on FE, respectively. Erdos [§]
proves that the singular set

Y(Pg) := {z € RY| Pg(z) contains at least two points}
can be covered by countable sets with finite %! measure. Hajtasz [13] uses [24]
and the observation of Asplund [4] that the function
Ve(a) = glel* — Jdi(e), T ER!
is convex, to conclude that X(Pg) has the ¢ — ¢ structure. Albano and Cannarsa [1]
obtain a lower bound on the size of the set ¥(dg), where dg is not differentiable.

Let S be a d x d invertible symmetric matrix with m € {0,1,...,d} positive eigen-
values. Motivated by applications to backward martingale transport in [15], [16],
and [17], we investigate in this paper the singularities of projections on monotone
sets in the pseudo-Euclidean space with the scalar product

d
S(x,y) == (x,Sy) = Y _ #'SYy’, w,yeR™

ij=1
Let G C R? be an S-monotone or S-positive set:
S(x—y,x—y) 20, z,yedC.
For every x € R?, the scalar square to G and the projection on G are given by
= inf S(z — —
¢a(r) = inf S(z —y,x —y),

Pg(x) :=argmin S(x — y,x — y).
yeG

Note that S-monotonicity is equivalent to z € G = x € Pg(x) and that
Ya(r) = %S(x,x) - %qbg(x), r € RY,
is the Fitzpatrick function studied in [10], [21], and [18].
The singularities of the projection Py can be classified as
S(Pg) = {zx € RY| Py(z) contains at least two points }
= Y0(Pg) UXi(Pg),

Yo(Pg) :={x € Z(Ps)| S(y1 — Y2, y1 — y2) = 0 for all y1,y, € Pg(x)},
Ei(FPg) == {z € E(Pa)| S(y1 — y2,y1 — y2) > 0 for some y1,y2 € Pe(x)}.
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By Theorem 4.6, ¥ (P¢) is contained in a countable union of ¢ — ¢ surfaces having
strictly positive normal vectors in the S-space. The structure of the zero-order
singularities is described in Theorems 4.8 and 4.7. If m = 1, then Xy(Pg) is covered
by a countable number of hyperplanes having isotropic normal vectors in the S-space.
If m > 2, then ¥ (Pg) is covered by a countable family of ¢— ¢ surfaces whose normal
vectors are positive and almost isotropic in the S-space. These results yield sharp
conditions for the existence and uniqueness of backward martingale maps in [16].

Using similar tools, in Theorem 3.1, we improve the ¢ — ¢ description of singularities
of general convex functions f = f(z) from Zajicek [24] by showing that the covering
surfaces have normal vectors belonging to the cone generated by F — F', where
F := clrange V f, the closure of the range of the gradient of f.

2. Parametrization of singularities

We say that a function g = g(z) on R? has linear growth if there is a constant
K = K(g) > 0 such that

g < K(1+2]), =eR”

We write dom Vg for the set of points where ¢ is differentiable.

Let j € {1,...,d}. We denote by C’ the collection of compact sets C' in R? such

that .
v =1 yel.

Any compact set C' C {z € R?| 27 > 0} can be rescaled as
[y .
01(C) == {y7 lyechec.

For z € R?, we denote by 277 its sub-vector without the jth coordinate:
7= (xl, e A ,xd) e R 1,

For C' € C7, we write HJ, for the family of functions i = h(z) on R? having the
decomposition: . ' ,
h(z) =27 + gi(x79) — go(x77), 2 €RY, (1)

where the functions ¢; and g, on R%~! are convex, have linear growth, and
Vh(z) € C, 277 € dom Vg, Ndom Vgs. (2)

The latter property has a clear geometric interpretation. Let H be a closed set in
R? and z € H. Following [20, Definition 6.3 on page 199], we call a vector w € R?
reqular normal to H at x if

{wy—2) o

lim sup
Hay—x ly — x|
y#T

A vector w € R? is called normal to H at x if there exist x, € H and a regular
normal vector w,, to H at xz,, such that x,, — x and w,, — w.

For a set B in R?, we denote by conv B its convex hull.
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Lemma 2.1. Let j € {1,...,d}, C € C?, h be given by (1) for convex functions g,
and gy with linear growth, and H be the zero-level set of h:

H :={z € R’ h(z) =0} .

Then h € ML, that is, (2) holds, if and only if for every x € H, there exists a normal
vector w € C to H at x.

Proof. We can assume that j = 1. Denote f := g; — go, so that h(z) = z' + f(x™1).
We have that dom VA =R x dom V f, Vh(:c) = (1,Vf(z™')), and

H={(—f(u),u)| ueR""}.

Denote also U := dom Vg; Ndom Vgy C dom V f.

— : Clearly, VA(z) is a regular normal vector to H at x € domVhN H. As U is
dense in R%"!, the result holds by standard compactness arguments.

< Letu € U, v € R and w = (1,v) € C be a normal vector to H at
x = (—f(u),u). Take a sequence (x,,w,), n > 1, that converges to (x,w) and
where w, is a regular normal vector to H at x,, € H with w. = 1. Such a sequence
exists by the definition of a normal vector. We can represent z,, = (—f(uy,), u,) for
u, € R and w, = (1,v,) for v, € R4L

We claim that v,, belongs to the Clarke gradient of f at w,:

v, € 0f (uy) := conv {lime(rm)| domVf>nr, — un} :
The continuity of Vf at u € U then yields that v, — V f(u). Hence, Vf(u) =
implying that Vh(z) = (1,Vf(u)) =w € C.

In order to prove the claim, we write the definition of w,, = (1,v,) being regular
normal to H at x,, = (—f(u,), u,) as

. _ (f(T’) B f(un)) + <Un>r - un>
lim su .
Y % A R

n

Using the Lipschitz property of f, we obtain that

f(un + (58) — f(un) s € Rd*l.

)

(U, s) < limsup
510 Y

y [7, Corollary 1.10], we have that v, € df(uy,), as claimed. ]

We recall that the subdifferential Of of a closed convex function f : RY — RU{+o0}
is defined as

of (x —{yE]Rd (z,y) < flz+2) — f(x),zG]Rd}, z € RY.
Clearly, domdf := {z € RY 0f(x) # 0} C dom [ := {z € RY| f(x) < o0}.

The following theorem is our main technical tool for the study of singularities of
convex and Fitzpatrick functions in Sections 3 and 4.
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Theorem 2.2. Let f: R? — RU{+o00} be a closed convex function, j € {1,...,d},
and C, and Cy be compact sets in R? such that

¥ >0, yeC,—C.

There exists a function h € ng(cz—cl) such that

Svc,(0f) = {r € domdf ()] Of () N C; £ 0, i = 1,2)
c{z eRY h(z) =0}.
The proof of the theorem relies on Lemma 2.3. For a closed set A C RY, we denote

fa(z) =sup ((z,y) — f*(y)), = €RY, (3)

yeA

where f* is the convex conjugate of f:

f*(y) == sup ((z,y) — f(z)) e RU{+o0}, yeR%

z€Rd
Obviously, f4 is a closed convex function taking values in R U {400} if and only if
Andom f* = {x € A| f*(x) < oo} #0;
otherwise, f4 = —oc0. We recall that

flx)=(z,y) — f'y) <= yecif(x) <= zcaf(y) (4)

Lemma 2.3. Let f: R? — RU {400} be a closed convex function and C be a
compact set in R? such that C Ndom f* # (). Then fo has linear growth and for
every x € R,

0fc(z) N C = Argp(z) := arg max ((z,y) — f*(y)) # 0,

yeC
Ofc(x) = conv (Ofc(z)NC),
If(x)NC #0 <= f(x) = fo(zx) < If(x)NC =dfc(x)NC.
In particular, fc is differentiable at x if and only if Ofc(x) N C is a singleton, in
which case
Ofc(z) ={Vfc(x)} € C.

Proof. Since C' is a compact set, f* is a closed convex function, and C'Ndom f* # (),
we have that
sup ly| < oo, inf f*(x) > —oo0,

and that Arg.(z) is a non-empty compact. Let yo € CNdom f*. From the definition
of fo we deduce that

— |zl lyo| = [*(y0) < fe(x) < |z|sup|y| — inf f*(y), z€R™
yeC yeC

It follows that fo has linear growth.
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The function  h(x,y) = (z,y) — f*(y) E RU{—c0}, m,y€ R
is linear in z and concave and upper semi-continuous in y. Fix x € R%. We can
choose K large enough such that for

E—{:cC| ['(z) <K},
we have that fo = fg in a neighborhood of x and

Arge(x) = Argg(z) := arg max ((z,y) — f*(y)) -

yer

Since F is compact and the function h(-,y) is finite for y € E, the classical envelope
theorem [14, Theorem 4.4.2, p. 189] yields that

Ofc(x) = 0fg(xr) = O0maxh(z,y) = conv U O.h(z,y)
yeE
yEArgp(w)
= conv Argg(x) = conv Arg.(x).

From the concavity of h(z,-) we deduce that
Ofc(x) N C = (conv Argq(x)) N C' = Argq(x).

Clearly, fo < f. If y € 0f(x) N C, then f(x) = (z,y) — f*(y) < fe(x). Hence,
fo(x) = f(x) and y € Arge(z) C dfc(x).

Conversely, let fo(x) = f(z). For every y € dfc(xz) N C, we readily conclude that
f(x) = fo(x) = (z,y) — f*(y), and then that y € f(x) N C.

Finally, being a convex function, f¢ is differentiable at x if and and only if Jfc(x)
is a singleton. In this case, 0fc(x) = {V fo(x)}. O

Proof of Theorem 2.2. Hereafter, i = 1,2. We assume that X¢, ¢, (0f) # 0 as
otherwise, there is nothing to prove. This implies that C; N dom f* # (. Let
C := C; U(C,. Lemma 2.3 yields that

Y16, (0f) = Ty, (0fc) N {z € RY f(z) = fo(x)} . (5)
To simplify notations we assume that j = 1. Denote by

a:=maxy’ < miny' :=b.
yeC y€C2

We write z € R? as (¢,u), where t € R and u € R4, and define the saddle function

g(t,u) = inﬂg (fo(s,u) —st), a<t<buecR"
s€

Select y; = (gi, z;) € C; Ndom f*. We have that
fols,u) = max (sq; + {u, z:) = f*(v:))
Since q; < a < b < qq, it follows from the definition of g that
—o00 < g(t,u) < fe(0,u), a<t<bucRL

By Lemma 2.3, fo has linear growth. The classical results on saddle functions,
Theorems 33.1 and 37.5 in [19], imply that
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(i) For every a < t < b, the function ¢(¢,-) is convex and has linear growth on
R-1L,
(ii) For every u € R4, the function g(-,u) is concave and finite on (a, b).
(iii) For any a < t < b, we have that (¢,v) € dfc(s,u) if and only if v € J,9(t, u)
and —s € Og(t,u). In this case, g(t,u) = fo(s,u) — st.

We take a < r; < ry < b and denote g; := g(r,-). We verify the assertions of the
theorem for the function

h(s,u) := s+ (g2(u) — g1(v)), s€R,uecR

o — 71
More precisely, we show that

Yoy (0fc) = {x € RY h(z) =0},
which together with (5) implies the result.

Let z = (s,u) and (t;,v;) € Ofc(z) N C;. Asty < a < r; <b <ty the convexity of
subdifferentials yields that (r;,w;) € dfc(x), where

tz—?‘i Ti—tl
w; = v Vg. 6
’ to —ty 1—i_tz*tl 2 ()

By (iii), ¢;(u) = fo(z) — sr; and then h(x) = 0.
Conversely, let x = (s,u) be such that h(z) = 0 or, equivalently,

g2(u) —g1(u) _ g(ra,u) —g(r1,u)
r2 —T1 re —T1 '

—8 =

The mean-value theorem yields r € (ry,ry) such that —s € dyg(r,u). Observe that
we have a < r < b. Taking any w € 9,9(r,u), we deduce from condition (iii) that
y = (r,w) € dfc(x). As Ofc = conv (0fc N C), the point y is a convex combination
of some y; € Ofc(x) N Cy, ¢ = 1,2. In particular, x € X¢, ¢, (0fc).

Finally, let © = (s,u) be such that h(x) = 0 and g, and g, are differentiable at w.

As we have already shown, the gradients w; := Vg;(u) are given by (6) for some
(ti,v;) € Ofc(x) N C;. It follows that

Vh(z) = (1, w2 ‘“’1> — (1 v2 ‘”l) € 04 (Cy — ).

ro —T1 Tt —t

Hence, h € Hél(cg—cl)- [

3. Singular points of convex functions
For a multi-function ¥ : RY = R? taking values in closed subsets of R¢, we denote
its domain b

Y dom VU := {2 € RY ¥(z) #0}.

Given an index j € {1,...,d} and a closed set A in R?, the singular set of ¥ is
defined as

EQ(\I/) = {x € dom V| Jy;,yo € ¥(x) N A with y{ + y%} )
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e

Let f: RY — RU{+0o0} be a closed convex function such that its domain has a
non-empty interior:

D := intdom f # 0.
It is well-known that dom V f := {z € D| V f(x) exists} is dense in D and

D\domVf=%0f)ND ={x e D|df(z) is not a point} .
According to [24], this set of interior singularities can be covered by countable ¢ — ¢
surfaces H,, = {z € R?| h,(z) =0}, n > 1, where
hn(x) = wj + gn,l(x_j) - gn,?(x_j)v T e Rd)

for some j € {1,...,d} and finite convex functions g, ; and g, » on R%!.

Theorem 3.1 and Lemma 2.1 describe the orientation of the covering surface H,, by
showing that, at any point, it has a normal vector w with w’ = 1, that belongs to
the cone K generated by F' — F', where

F :=clrangeVf = {lime(xn) |z, € dome}.

Of course, this information has some value only if K is distinctively smaller than R
This is the case for Fitzpatrick functions in the pseudo-Euclidean space S, where
according to Theorem 4.5, K contains only S-non-negative vectors. Proposition 3.5
provides the geometric interpretation of the range V f and Lemma 3.3 explains the
special feature of its closure F'.

It turns out that the same surfaces (H,,) also cover the singularities of the Clarke-
type subdifferential 0f defined on the closure of D:

Jf(x) := clconv {hme(mn)| domVf >z, — m}, x eclD.

By Theorem 25.6 in [19],
Of (x) = 0f(z) + Nap(z), =z €D,
where N4(r) denotes the normal cone to a closed convex set A C R? at z € A:

Nu(z) :={seR (s,y—x) <0forally e A}

= {s € RY s is a regular normal vector to A at x} .

Recalling that 0 € Na(z) for x € A and Nu(z) = {0} for z € int A, we deduce that

dom df = dom df, (7)
df(z) Cc 0f(x), x€clD, (8)
Of(x) =0f(x), z€D. 9)

The diameter of a set E is denoted by diam E := sup, ,cp |7 — y|.
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Theorem 3.1. Let f: R? — RU{+oo} be a closed convex function such that
D = intdom f # (). Let j € {1,...,d} and A be a closed set in R? containing
range V f. Then

SIOf)ND =%/(9f)ND =% (0f) N D, (10)
S(@f) € ZL(0). (11)

If v/ = 2 for all y,z € A, then, clearly, ¥, (0f) = 0. Otherwise, for every
n > 1, there exist a compact set C,, C A — A with y/ > 0, y € Cy,, and a function
ha € Hys ) such that

4 0f) €| J{z € RY ho(z) = 0} (12)

For any € > 0, all C,, can be chosen so that diam ¢?(C,,) < .

Taking the unions over j € {1,...,d}, we obtain the descriptions of the full singular
sets X(0f) on D, ¥(0f), and X 4(9f). Taking a smaller € > 0 in the last sentence of
the theorem, we make the directions of the normal vectors to the covering surface
H,, closer to each other. As a result, H, gets approximated by a hyperplane.

Theorem 3.1 uses a larger closed set A instead of F' to allow for more flexibility in
the treatment of singularities of 0f on the boundary of D. Lemma 3.4 shows that

Of ()N A = Arg,(z) ;= argmax ({(z,y) — [*(y)), x €clD.

yeA
In the framework of Fitzpatrick functions in Section 4, Arg, becomes a projection
on the monotone set A in a pseudo-Euclidean space.
The proof of Theorem 3.1 relies on some lemmas. We start with a simple fact from
convex analysis.
Lemma 3.2. Let f : R? — RU{+oo} be a closed convex function attaining a strict
minimum at a point xo:  f(wo) < f(x), x € R x # xy.

Then flzo) < ‘ inf  f(z), e>0.

T—x0|>€

Proof. If the conclusion is not true, then there exist ¢ > 0 and a sequence (z,)
with |z, — x¢| > € such that f(z,) = f(x¢). As

€

Zn = To + (xy, — )

|[Zn — o
is a convex combination of xg and x,,, we deduce that

f(zn) < max(f(wo), f(xn)) = f(an) = f(20).

By compactness, z, — zo over a subsequence. Clearly, |29 — x¢| = €, while by
the lower semi-continuity, f(z9) < liminf f(z,) < f(zo). We have arrived to a
contradiction. O
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The following result explains the special role played by clrange Vf. Recall the
notation f4 from (3).

Lemma 3.3. Let f: R? — R U {+o00} be a closed conver function such that
D :=intdom f # 0 and A be a closed set in RY. Then

falz) = f(z),z €clD <= rangeV [ C A.

In other words, F' := clrange V f is the minimal closed set such that fr = f oncl D.
Proof. <=: If z € dom V[, then y := Vf(z) € A and (4) yields that
f(x) =(z,y) = ["(y) = fal2).

Since dom V f is dense in D, the closed convex functions f4 and f coincide on cl D.

= : We fix g € dom V[ and set yy := Vf(z9). By the assumption we have
fa(zo) = f(zo). If yo ¢ A, then the distance between yo and A is at least ¢ > 0.
According to (4), the concave upper semi-continuous function

y — (zo,y) — ["(v)

attains a strict global maximum at yo with maximum value f(xy). By Lemma 3.2,

sup  ((zo,y) — f*(y)) < f(xo).

ly—yol=>e
As A C {y € R |y — yo| > e}, we arrive to a contradiction:

fa(zo) = sup ((zo,y) — f*(v) < sup ((xo,y) — f*(y)) < f(z0).

S ly—yo|>e

Hence, yy € A, as required. [

Lemma 3.4. Let f:R? — RU{+oo} be a closed convexr function such that
D :=intdom f # 0. Let A be a closed set in R? such that f = fa on clD. Then

0f () N A = Arg,(x) = arg max ({z, ) — /*(y), @€ clD,
€A
domArgAﬂchy: dom 0f = dom 9,
0f(z) = 0f (x) = conv (Of (xr) N A), =z € D,

Of(z) C cleonv (Of(x) N A), 2z & domdf.
Proof. If z € dom Arg,Ncl D and y € Arg,(z), then
f(@) = falz) = (z,y) = [*(y)- (13)

Hence, y € 0f(x) N A, by the properties of subdifferentials in (4).

Conversely, let © € domdf. Lemma 3.3 shows that I := clrangeVf C A. Ac-
counting for (7) and (8) and the definition of Jf(z), we obtain that

Of(x)NADOf(x)NF D af(x)NE #0.
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Let y € 0f(x) N A. From (4) we deduce (13) and then that y € Arg,(z). We have
proved the first two assertions of the lemma.

The fact that f = df on D has been already stated in (9). To prove the second
equality in the third assertion, we fix g € D and choose € > 0 such that

B(zg,€) :={z € RY |z — z0| < €} C D.

The uniform boundedness of Jf on compacts in D implies the existence of a constant

K > 0 such that
lyl < K < oo, ye€df(zx), z € Blxog,e).

Denote by Ay := AN{z € RY |z| < K}. AsrangeVf C A, we deduce from (4)

that
f(z) = fa,(z), x € B(xg,€) Ndom VF,

and then, by the density of domV f in D, that f = fa, on B(zg,€). Finally,
Lemma 2.3 shows that

Of(zo) = Of a, (x0) = conv (Of a, (o) N Ax) = conv (Of (xg) N A).

If domVf > 2z, - = and Vf(z,) — y, then, clearly, y € F C A. Moreover,
y € Jf(x), by the continuity of subdifferentials. The last assertion of the lemma
readily follows. ]

We are ready to finish the proof of Theorem 3.1.

Proof of Theorem 3.1. Lemma 3.3 shows that f = f4 on cl D. By Lemma 3.4,
Of(z) = 0f (x) = conv (Of (xr) N A), =z € D,
Of(x) C clconv (0f(x) NA), 2z & domaf.

Recalling that dom df = dom df, we deduce (10) and (11).

Fix € > 0. Let (x,) be a dense sequence in A and (r,) be an enumeration of all
positive rationals. Denote by « := (m,n, k,[) the indexes for which the compacts

Cl={zeAllr—zn| <n}, CF:={ze€Allr—z.[<n},
satisfy the constraints:
diam 67 (CS — Cf) < e and 27 >0, z € C5 — CF.
We have that
SACHE Uzcaca of) = U{xeRd] Of(x)NCE #0,i=1,2}.

For every index o, Theorem 2.2 yields a function h € H? such that

03 (Cg—C9)
an Ce af {.’17 € Rd’ h( ) O} .

We have proved (12) and with it the theorem. O



838 D. Kramkov, M. Sirbu / Singularities of Fitzpatrick ...

We conclude the section with the geometric interpretation of range V f. For a closed
convex function f: R? — R U {400}, we denote by epi f its epigraph:

epi f = {(33,(]) c R x R f(z) < q}.

Let E be a closed convex set in R%. A point zy € E is called exposed if there is a
hyperplane intersecting £ only at zo. In other words, there is 1y € R? such that

(z —z0,y0) >0, € E\{zo}.
Proposition 3.5. Let f: R - RU {400} be a closed convex function such that
int dom f # (. Then
{(y, f*(y))| y € range V f} = exposed points of epi f~.

Proof. By definition, (yo, o) is an exposed point of epi f* if it belongs to epi f* and

(Y — Yo, zo) + (r —710)q0 >0, (y,7) € epif*\ {(vo,70)},
for some (z9,q0) € R? x R. The definition of epi f* ensures that ¢ > 0 and
ro = f*(yo). Rescaling (xq, qo) so that gy = 1, we deduce that the function

y — {(xo,y) + f*(v)

has the unique minimizer yy. This is equivalent to y, being the only element of
Of(—xo), which in turn is equivalent to —xy € dom Vf and yo = V f(—xo). ]

4. Singular points of projections in S-spaces

Let 8¢ be the family of symmetric d x d-matrices of full rank with m € {0,1,...,d}
positive eigenvalues. For S € S%, the bilinear form

d
S(x,y) = <$,Sy> = Z xi ijyja x,y € Rda

2,j=1

defines the scalar product on a pseudo-Euclidean space R¢ with dimension d and
index m, which we call the S-space. The quadratic form S(z,x) is the scalar square
on the S-space; its value may be negative.

For a closed set G C R?, we define the Fitzpatrick-type function

Ya(x) == sup (S(x, y) — %S(y,y)) ERU{+o0}, zecR%

yeG

and the projection multi-function

Pg(z) :==argmin S(z — y, x — y) = arg max (S(x,y) — 1S(y, y)) , z€R%
yeG yeG 2

Clearly, 1 is a closed convex function and Pg takes values in the closed (possibly
empty) subsets of G.
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A closed set G C R? is called S-monotone or S-positive if
S(x—y,x—y) >0, x,yeG,
or, equivalently, if its projection multi-function has the natural fixed-point property:
r € Pg(z), z€QG.

We denote by M(S) the family of closed non-empty S-monotone sets in R%. We
refer to [10], [21], [18], and [15, Appendix A], for the results on Fitzpatrick functions
g associated with G € M(S).

Example 4.1. (Standard form) If d =2m and

m

S(zy) =Y (Y™ +2mTy) @y e R
i=1
then S € 8™ and the S-monotonicity means the standard monotonicity in R*" =
R™ x R™. For a maximal monotone set (G, the function ¢ becomes the classical
Fitzpatrick function from [10].

Example 4.2. (Canonical form) If A is the canonical quadratic form in S¢:

m d
AMa,y)=> ay'— Y 'y, zyeR’
=1

i=m-+1

then a closed set GG is A-monotone if and only if
G = graph f := {(u, f(w))| u € D},

where D is a closed set in R™ and f: D — R ™ is a 1-Lipschitz function:
[f(uw) = f)| < |u—v|, wveD.

In view of the Kirszbraun Theorem, [9, 2.10.43], G is maximal A-monotone if and
only if D = R™.

While working on the S-space, it is convenient to use appropriate versions of sub-
differential and Clark-type subdifferential for a convex function f. For x € cldom f,
they are defined as

O f(z) :={y e R S(z,9) < f(z + 2) — f(x), 2 € R'}

= {57y eRY (z,9) < f(x+2) — f(x), z € R}

= S0 f(x),
9’ f() ==57"0f ().
Lemma 4.3. Let S € 8¢, G € M(S), and assume that D := int dom g # 0.
Then range S~'Vebe C G, dom Pg = dom 85¢g = dom 8 9,
and balw) = v5(Sz) = 1 S(r,2), TG,

Pgs(z) = %Ya(r) NG, xR
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Proof. We write ¢¢ as

Ya(z) = g*(z) == sgﬂg((x, y) —g(y), zeR

where g(y) = 357! (y,y) fory € SG and g(y) = +oo for y ¢ SG. From the definition

of ¢ and the S-monotonicity of G we deduce that

be(x) = 3S(@,x) — L inf S(z —y,x —y) = S(z,2), v€G,

yeG

and then that Va(S™'r) < g(z), xe€R%
As ¢f = g™ and ¢** is the largest closed convex function less than g, we have that
va(S77) < vg(x) <g(z), z€R

Putting together the relations above, we obtain that
L5, 7) = Yalx) < ¥§(Sr) < g(Sx) = 1S(x,7), T€G.

For every = € R? the values of the Fitzpatrick function ¢ and of the projection
multi-function Pg can now be written as

Ya(r) = Sup (S(x,y) — va(Sy)) = sup ((z,2) — ¥5(2)),

z€SG

Po(x) = arg max (S(z,y) — 38(yy) ) = S~ arg max ((z,2) — ¥&(2))

e 2 265G
The stated relations between Pg and 9% follow from Lemma 3.4 as soon as we
observe that Pg(z) = 0%¢g(z) = 0 for = ¢ cl D. The equality of the domains of

0% and gswg is just a restatement of (7). Finally, Lemma 3.3 yields the inclusion
of range V1) into SG. O

To facilitate geometric interpretations, we also adapt the concept of a normal vector
to the product structure of the S-space. Let H be a closed set in R?. A vector
w € R? is called S-reqular normal to H at x € H if

(w,y ) (Swy-2)

. S .
lim sup = lim sup <
H>y—x |y—x| H>y—x |y—:c|
y#z y#z

A vector w € R? is called S-normal to H at x if there exist x,, € H and an S-regular
normal vector w,, to H at x,, such that x,, — x and w,, — w. In other words, w is
S-(regular) normal to H at z € H if and only if Sw is (regular) normal to H at z
in the classical Euclidean sense. It is easy to see that if © € Pg(2), then the vector
z — x is S-regular normal to H at x.

Lemma 4.4. Let S € 8¢, j € {1,...,d}, C € C’, h be given by (1) for convex
functions g, and go with linear growth, and H be the zero-level set of the composition
function ho S':

H := {z € R h(Sz) =0} .

Then h € HJC if and only if for every x € H, there exists an S-normal vector w € C
to H at x.
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Proof. Let z € H and w € R?. Setting
SH :={Sz|z € H} = {x e RY h(z) =0},

recalling that S(w,y — z) = (w, Sy — Sz), and using the trivial inequalities:
1
rorr ly =2 <18y — S < [1Slly — 2], y RS

where ||A]| := max,—1 |Az| for a d x d matrix A, we deduce that w is normal to
SH at Sz if and only if w is S-normal to H at z. Lemma 2.1 yields the result. []

Theorem 4.5 and Lemma 4.4 show that the singular sets ¥7(Pg) and 37 (552/1@) can
be covered by countable ¢ — ¢ surfaces that have at each point an S-normal vector
w € G — G, with w’ = 1. By the S-monotonicity of G, such vector w points to the
non-negative direction in the S-space: S(w,w) > 0.

Theorem 4.5. Let S € 8¢, G € M(S), and assume that intdomvg # 0. Let
Jj €{1,...,d}. For every n > 1, there exist a compact set C,, C G — G and a

function hy, € Hy; oy such that

90 e) € ¥ (Pe) C | {& € RY hy(Sz) =0}

For any € > 0, all C,, can be chosen such that diam 67(C,,) < e.
Proof. Let g(z) := (S~ 'z), z € R Clearly,

3 ve(x) = S~'Ovg(x) = dg(Sx), =€ R
Lemma 4.3 shows that S~ range Vi)¢ C G and

Pe(z) = 8%a(z) NG = (S '0¢¢(z)) NG = dg(Sz) NG, =z €R™
It follows that
(0 ve) = ST (g), T (Po) = ST'SL(0g),
and a direct application of Theorem 3.1 yields the result. Il
A set A C R? is called S-isotropic if
S(x—y,x—y)=0, z,y€A

We denote by Z(S) the family of all closed S-isotropic subsets of R

Motivated by the study of existence and uniqueness of backward martingale trans-
port maps in [16], we decompose the singular set of Py as

Y(Pg) := {x € dom Pg| Pg(x) is not a point} = 3o (Pg) U X1 (Pg),
Zo(Pg) = {.T S E(Pg)‘ Pg(.T) S I(S)},

Ei(FPg) == {z € 2(Pa)| S(y1 — y2,y1 — y2) > 0 for some y1,y2 € Pe(x)}.
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We further write 31 (Pg) as .

Si(Pe) = | (Pe),

i=1

where 37 (Pg) consists of z € X(Pg) such that S(y1 — y2,41 — y2) > 0 for some
y1,y2 € Pa(x) with g1 # .

Theorem 4.6 and Lemma 4.4 show that ! (Pg) can be covered by countable ¢ — ¢
surfaces that have at each point a strictly S-positive S-normal vector w with w/ =

Theorem 4.6. Let S € 8¢, G € M(S), and assume that intdomvg # 0. Let
je{l,...,d}. For everyn > 1, there exist a compact set C,, C G — G with

27 >0 and S(x,x2) >0, z € Ch,

and a function h, € H’ such that

03 (Cr)

S(Pe) € | J{z € RY hy(Sz) =0}

For any € > 0, all C,, can be chosen such that diam 6 (C,,) < e.

Proof. Fix e > 0. Let (z,,) be a dense sequence in G and (r,) be an enumeration of
all positive rationals. Denote by « := (m,n, k,) the indexes for which the compact
sets

CY={xeG||lx—a, <r}, C§:={xeq||r—ux,|<r},

satisfy the constraints:
diam 67 (CS — Cf) < e and 27 > 0, S(x,2) >0, v € CF — C2.
We have that
S(Pg) = Uzzcaca Pe)=|J{z eRY Pa(x)nCP #0, i =1,2}.

Let, again, g(z) := 9¢(S71x), € R%. From Lemma 4.3 we deduce that
Po(z) = (S7'0va(z)) NG = 9g(Sz) NG, z€R%

It follows that
T € ZC?7C§(P(;) <— Sx € EC?,C? (89)

Applying Theorem 2.2 to each singular set Xce co(dg), we obtain the result. N

The singular set ¥y(FPg) is included into a larger set
d
Yo(Pe) = Ui{) (Pg),

where X/ (Pg) consists of » € dom Pg such that S(y1 — y2,y1 — y2) = 0 for some
Y1, 92 € Pe(z) with yi # .
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Theorem 4.7 and Lemma 4.4 show that E{)(P(;) can be covered, for any § > 0, by
countable ¢ — ¢ surfaces that have at each point an S-normal vector w such that
w/ =1and 0 < S(w,w) <.

Theorem 4.7. Let S € 8¢, G € M(S), and assume that intdomvg # 0. Let
je{l,...,d} and § > 0. For every n > 1, there exist a compact set C, C G — G
with

) >0, 2€C,, and 0 < S(x,x) <4, x € §(C,),

and a function h,, € H such that

03 (Chn)

So(P) € | {z € RY ha(Sz) = 0} .

For any € > 0, all C,, can be chosen such that diam 6 (C,,) < e.

Proof. The proof is almost identical to that of Theorem 4.6. We fix d,¢ > 0 and
find a countable family (Cf, C§') of pairs of compact sets C¥ C G, i = 1,2, such that

/>0, € CY—CP, and diam ¢’ (CY — CF) < e

0<S(z,2) <6, €t (Cy—CY),

and every pair (y1,y2) of elements of G with S(y; — y2,y1 — y2) = 0 and i} # v is
contained in some (CY, CS). Then

To(Pa) cuzcaca Pg) = US "Sep cs(9g),

where g(z) := ¢g(S™'z), x € R?, and Theorem 2.2 applied to Xce co(9g) yields the
result. O

The geometric description of the zero order singularities becomes especially simple

if the index m = 1. In this case, ié(Pg) can be covered by countable number of
hyperplanes whose S-normal vectors are S-isotropic.

Theorem 4.8. Let S € 8¢, G € M(S), and assume that intdomg # 0. Let
je{l,...,d}. For everyn > 1, there exist y,, z, € G such that

y% - zfm >0, S(Yn— 2n,Yn — 2n) =0, (14)

and ig(PG) CU{a:ERd] S(x = 2p, yn — 20) = 0}

Proof. By the law of inertia for quadratic forms, [12, Theorem 1, p.297], there
exists a d X d matrix V of full rank such that

S =VTAV,
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where V7 is the transpose of V and A is the diagonal matrix with diagonal entries
{1,—1,...,—1}. In other words, A is the canonical quadratic form for S¢ from
Example 4.2. As S(x,x) = A(Vz,Vz), we deduce that F := VG € M(A) and

AeZ(S) < VAecI(N).
As we pointed out in Example 4.2,
F = graph f = {(t, f(t))| t € D},
for a 1-Lipschitz function f : D — R ! defined a closed set D C R.

Let x = (s, f(s)) and y = (¢, f(t)) be distinct elements of F', where s,t € D. We have
that {z,y} € Z(A) if and only if |f(t) — f(s)| = |t — s|. The 1-Lipschitz property of
f then implies that

f(r) = f(s) + == (f(t) = f(s)), reDNIstl.

t—s

It follows that the collection of all A-isotropic subsets of F' can be decomposed into
an intersection of I with at most countable union of line segments whose relative
interiors do not intersect.

The same property then also holds for the S-isotropic subsets of GG. Thus, there
exist Y, 2, € G, n > 1, satisfying (14) and such that every S-isotropic subset of G
having elements with distinct jth coordinates is a subset of some S-isotropic line

L, = {y, +t(zn — yn)| t € R}. In particular, if z € ié(PG), then Pg(x) intersects
some line L,, at distinct y and z. We have that

28(r—z,y—2)=S(z—z,x—2)+S(y—z2,y—2)— Sz —y,xr —y) = 0.
Asy,z € L, € Z(S), we obtain that S(z — z,,y, — z,) = 0, as required. N

Example 4.9. Let d = 2 and S be the standard bilinear form from Example 4.1:

S(z,y) = S((21,22), (y1,92)) = T1Y2 + T2y1.
Let G € M(S). As S(z,z) = 2x129, we have that
Si(Pe) =%{(P), j=1,2

Theorem 4.6 yields convex functions ¢ ,, and g, on R and constants €, > 0, n > 1,
such that (¢' = ¢/(¢) is the derivative of g = g(t))

en < gialt) = gon(t) < €', t € domg;, Ndomgy,
El(Pg) C U {l’ € R2| To = gg’n(l'l) - gLn(l’l)} .

Theorem 4.8 yields sequences (z7) and (2%) in R such that
Sk n 2 n
So(Pe) | J{z e R mp =13}, So(Pe) c|J{z € R oy =al}.

These results improve [17, Theorem B.12], where G is a maximal monotone set and
Gn = g1, — Ga.n 18 a strictly increasing Lipschitz function such that €, < ¢, (¢) <€, !,
whenever it is differentiable.
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