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We provide a sufficient condition for an invertible (locally strongly) convex vector-valued function
on RN to have a (locally strongly) convex inverse. We show under suitable conditions that if the
gradient of each component of the inverse has negative entries, then this inverse is (locally strongly)
convex if the original is.
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We provide in this short note a sufficient condition for an invertible convex function
on RN to have a convex inverse. To the best of our knowledge, it has not appeared
before in the literature, and since this type of result is often buried within longer
articles, we thought it would be more easily found when isolated.
Let D be a non-empty open convex set in RN and f : D → R be a real-valued
function on D. The function f is called strictly convex on a convex subset C of D
in the literature if

f((1− t)u+ tv) < (1− t)f(u) + tf(v) for all t ∈ (0, 1) and u,v ∈ C with u ̸= v.

An important subclass is that of strongly convex functions. We recall that f is
strongly convex on a convex subset C of D (see, e.g., [6, p. 565], [8, p. 430]) whenever
there exists a real σ > 0 such that for any u,v ∈ C and any t ∈ (0, 1)

f((1− t)u+ tv) ≤ (1− t)f(u) + tf(v)− 1

2
σt(1− t)∥u− v∥2, (1)

where ∥ · ∥ denotes the canonical Euclidean norm of RN . By [6, Exercise 12.59(c)]
and [8, Proposition 3.273] the latter inequality for strong convexity of f on C is
equivalent to the mere convexity on C of the function f − 1

2
σ∥ · ∥2. The strong

convexity evidently implies the strict convexity, but the converse is known to fail
(see, e.g., [8, p. 430]). The function f is locally strongly convex on D if for each x in
D there is an open convex neighborhood U ⊂ D of x on which f is strongly convex.
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It is worth noticing that the real-valued function f is convex on D whenever it is
locally strongly convex on D since it is known that any locally convex real-valued
function on a convex set is convex on this set. We declare a vector-valued function f :
D → RN to be locally strongly convex on D if each of its components is. If N = 1 and
C is an open interval I over which the real-valued function f is differentiable, then
the strict convexity of f on I (see, e.g., [6, Theorem 2.13], [8, p. 98]) is equivalent to
the increasing property on I of the derivative f ′, that is, f ′(u) < f ′(v) for u < v in I.
Regarding the above inequality of strong convexity, by [6, Exercice 12.59(c)] and [8,
Proposition 3.273], it means under the differentiability (resp. twice differentiability)
assumption of f on I that f ′(v) ≥ f ′(u) + σ(v − u) for u ≤ v in I (resp. f ′′(u) ≥ σ
for u ∈ I). Then, for f of class C2 on the open interval I, the local strong convexity
of f on I is equivalent to the positivity on I of the second derivative f ′′, that is,
f ′′(u) > 0 for u ∈ I.
For a scalar C2 locally strongly convex function f : R → R with f ′(x) ̸= 0 that is
invertible (perhaps when restricted to some open interval), it is easy to see that the
inverse is convex if g′(y) < 0. Let g be the inverse of f , and denote f(x) = y so that
g(y) = x.
Assume in accordance with the above that f ′(x) ̸= 0, f ′′(x) > 0, g′(y) < 0. Since
g(f(x)) = x, implicit differentiation gives

g′(f(x))f ′(x) = 1.

Differentiating once more yields

g′′(f(x))f ′(x)2 + g′(f(x))f ′′(x) = 0,

so that g′′(f(x)) = −g′(f(x))f ′′(x)

f ′(x)2
> 0.

A simple example is f(x) = 1/x for x > 0, which is its own inverse, and is locally
strongly convex. A second example is f(x) = e−x, with inverse − lnx, both of which
are locally strongly convex. Not every convex function has a convex inverse, as the
example f(x) = ex shows.
To generalise this result to higher dimensions, we need a few basic facts.
Let D be an open convex set of RN and f : D ⊂ RN → R be a real-valued function.
By what is recalled above, f is locally strongly convex on D if and only if for each
x ∈ D there is an open convex neighborhood U of x and a real σx > 0 such that the
function f − 1

2
σx∥ · ∥2 is convex on U . Assuming that f is of class C2, the function

f is then strongly locally convex on D if and only if its Hessian matrix is positive
definite at each point of the open convex set D.
Recall that two n×n matrices A and B are congruent if there exists an invertible ma-
trix W such that W TAW = B [2]. Congruence is an equivalence relation. If A is pos-
itive definite, then all matrices that are congruent to A are also positive definite [2]:

xT (W TAW )x = (Wx)TA(Wx) > 0.

Moreover, the set of positive definite matrices forms a positive cone, i.e., positive
linear combinations of positive definite matrices are again positive definite [2, p. 399].
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In the theorem below we show that under some differentiability assumption, also
in higher dimensions, the condition that the component functions of the inverse
have negative gradients suffices for them to be locally strongly convex. Since each
component is locally strongly convex, so is the full inverse function.
Below RN

<0 stands for RN
<0 := (−∞, 0)N and δmn is defined by

δmn =

{
1 if m = n
0 otherwise.

Theorem 1. Let D and R be non-empty open convex sets of RN . Let the function
f : D ⊂ RN → R ⊂ RN be C2, locally strongly convex and invertible, and let
g :R → D be its inverse. Let x∈D and y∈R be such that f(x) = y, g(y) = x. If
for each component gm, ∇gm(y) ∈ RN

<0, then g is locally strongly convex on R.

Proof. Since g(f(x)) = x for each x ∈ D, differentiation of the m-th component
of g with respect to xn gives

N∑
i=1

∂gm
∂yi

(f(x))
∂fi
∂xn

(x) = δmn. (2)

This can also be written as ∇gm(y)
T ∂f

∂xn
= δmn for each m,n = 1, . . . , N and in

which ∂f

∂xn
denotes the vector containing derivatives of all component functions of f

with respect to xn. For the entire function g, these results may be summarized by

Dg(y)Df(x) = IN , (3)

showing that the Jacobi matrices of f and g are each others inverses. Focusing again
on one component gm, further differentiation of (2) with respect to xj yields

N∑
l=1

∂2gm
∂y1∂yl

∂fl
∂xn

∂f1
∂xj

+
∂gm
∂y1

∂2f1
∂xj∂xn

+ · · ·

· · ·+
N∑
l=1

∂2gm
∂yN∂yl

∂fl
∂xn

∂fN
∂xj

+
∂gm
∂yN

∂2fN
∂xj∂xn

= 0, (4)

where we have suppressed the evaluation of all these functions at x or y in the
appropriate places. We may abbreviate this to

Hgm

(
∂f

∂xj
,
∂f

∂xn

)
+∇gTm

∂2f

∂xj∂xn
= 0, j, n = 1, . . . , N. (5)

On the left we see the Hessian of gm applied as a bilinear form to the directions ∂f
∂xj

and ∂f
∂xn

. These directions ∂f
∂xj

form a basis since collectively they form the Jacobian
Df , which is invertible. We can also write (5) as

DfTHgmDf = −

(
N∑
k=1

∂gm
∂yk

∂2fk
∂xj∂xn

)
j,n=1...,N

. (6)
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The right hand side is a linear combination of Hessians of each component, Hfk , with
coefficients from ∇gm. Since f is locally strongly convex, so are all components fk.
The Hessian of such a component Hfk is thus positive definite, and if we assume
that ∇gm is a vector with negative entries, then the right hand side of (6) is again
positive definite. But then (6) states that Hgm is congruent to a positive definite
matrix, making Hgm itself positive definite.

It is clear that the conditions in the theorem can be relaxed somewhat, for instance
by requiring that the component functions gm only decrease in some variables, and
do not vary in others. The conditions are sufficient but are far from necessary. For
example, the identity function on Rn is convex (but not locally strongly convex); its
inverse, which is again the identity, is nowhere decreasing, however.

Origin of the problem
Our interest in the question whether inverses of convex vector-valued functions are
themselves convex was raised in the following context. More detail and motivation
may be found in [4, 5].
Consider a biochemical pathway

x0

e1
 x1

e2
 x2
e3→ ∅, (7)

in which so-called metabolites X1 and X2, with concentrations x1 and x2 are con-
verted from a metabolite X0 with fixed concentration x0 by enzymes E1, E2 and
E3, with corresponding concentrations e1, e2 and e3. The emptyset at the end of
the pathway indicates that the product made by the last enzyme does not influence
the reaction rate. Clearly, all concentrations are positive.
Treating the enzyme concentrations as parameters, a typical dynamical system for
the evolution of the metabolite concentrations x1 and x2 is given by

ẋ1 = e1f1(x0, x1)− e2f2(x1, x2),

ẋ2 = e2f2(x1, x2)− e3f3(x2).
(8)

The functions f1, . . . , f3 describe how the reaction rate of the corresponding catalytic
enzyme is influenced by the concentrations of its substrates and products. In this
case, a typical choice is (reversible) Michaelis-Menten kinetics,

fi = kcat,i
xi−1 − xi

Keq,i

xi−1

Ki,i−1
+ xi

Ki,i
+ 1

, i = 1, 2, 3, (9)

with x0 = x0 and x3 = 0. All parameters here are strictly positive. For this
illustration, we rescale variables and parameters to simplify (9) to

fi(xi−1, xi) =
xi−1 − xi

aixi−1 + bixi + ci
. (10)

The dynamical system (8) with (10) is globally stable on the state space of positive
metabolite concentrations R2

≥0 [7]. If x0 > 0, any steady state solution satisfies

e1f1(x0, x1) = e2f2(x1, x2) = e3f3(x2) = J, (11)
with x0 > x1 > x2 > 0 (12)

and J > 0 is the so-called flux through the pathway.
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For any positive set of enzyme concentrations e and constant x0, we thus find a flux
J = J(e) by solving (11) on (12). From (11), it follows that J is 1-homogeneous in
e = (e1, e2, e3): J(λe) = λJ(e) for any positive λ. The quantity

J

e1 + e2 + e3
,

is thus 0-homogeneous. It is the flux per unit total enzyme expended to sustain this
flux, and called the specific flux. Optimizing this quantity is central to the study of
the metabolic behaviour of single-celled organisms such as bacteria and yeasts [1].
For the simple linear pathway (7) we are therefore interested in studying

max
x1,x2,e1,e2,e3

{
J

eT

∣∣∣∣∣ J = e1f1(x0, x1) = e2f2(x1, x2) = e3f3(x2),

ei ≥ 0, i = 1, 2, 3, e1 + e2 + e3 = eT , x0 > x1 > x2 > 0

}
. (13)

Of course, instead of maximising J/eT , we may minimize eT/J . This actually sim-
plifies (13): since ei = J/fi(x) in steady state, this is equivalent to minimising

1

f1(x0, x1)
+

1

f2(x1, x2)
+

1

f3(x2)
, (14)

and (13) reduces to a problem in which only x1 and x2 enter as optimisation variables,

min
x1,x2

{
1

f1(x0, x1)
+

1

f2(x1, x2)
+

1

f3(x2)

∣∣ x0 > x1 > x2 > 0
}
. (15)

With the choice (10) the function (14) is locally strongly convex in logarithmic
variables (i.e., setting yi = log xi) on the induced domain y0 > y1 > y2 > −∞ [3, 5].
From a cellular perspective, however, it is more relevant to understand how the
enzyme concentrations impact (13). Single-celled organisms control their lives by
making these enzymes through gene expression; the metabolites involved in the
metabolic pathway they employ are not under their direct control. To optimize
the flux through the pathway, ideally the specific flux J(e)/eT , would need to be
concave. For the particular example of the small linear chain of reactions, this may
in fact be proven directly, by implicit differentiation of the steady state equations
(11) to second order with respect to the enzyme concentrations, and studying the
determinant of the Hessian of J . For more complicated pathways, however, this
method is fruitless.
To provide a more general technique to link convexity of (14) in logarithmic variables
to concavity of J(e)/eT , we first introduce

zi =
ei
J
, i = 1, 2, 3,

so that the steady state equations (11) read

z1f1(x0, x1) = z2f2(x1, x2) = z3f3(x2) = 1. (16)

In logarithmic variables y for x, z = (z1, z2, z3) and (y0, y1, y2) are thus related by

z1 =
1

f1(e
y0 , ey1)

, z2 =
1

f2(ey1 , ey2)
, z3 =

1

f3(ey2)
. (17)
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With the choice (10), these equations may be explicitly inverted,

y2 = logF3(z3), y1 = logF2(z2, z3), y0 = logF1(z1, z2, z3), (18)

with the Fi defined by

F3(z3) = γ3M3(z3),

F2(z2, z3) = γ2M2(z3) + γ3M3(z3)(1 +M2(z2))

F1(z1, z2, z3) = γ1M1(z1) + γ2M2(z2) + γ3M3(z3(1 +M2(z2))(1 +M1(z1)),

and γi =
ci

zi − ai
, Mi =

ai + bi
zi − ai

, i = 1, 2, 3.

The natural domain of these Fi functions (induced by (12)) is zi > ai, i = 1, 2, 3.
On this domain, it may readily be checked that the inverse functions in (18) have
negative gradients. Theorem 1 thus shows that they are locally strongly convex
functions. From this, it may also be concluded that the Fi themselves are locally
strongly convex on zi > ai.
By studying the relation between the Hessians of F1(z) and J(e), one can now show
that J(e)/eT is concave for all pathways for which the original objective function
(14) is locally strongly convex in logarithmic variables [4]. The condition that the
inverse functions have negative gradients turns out to be natural in the more general
pathway setting. This technique thus works for many complicated pathways, even
when the inverse functions logF (z) cannot be explicitly computed.
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