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We provide a sufficient condition for an invertible (locally strongly) convex vector-valued function
on R¥ to have a (locally strongly) convex inverse. We show under suitable conditions that if the
gradient of each component of the inverse has negative entries, then this inverse is (locally strongly)
convex if the original is.
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We provide in this short note a sufficient condition for an invertible convex function
on RY to have a convex inverse. To the best of our knowledge, it has not appeared
before in the literature, and since this type of result is often buried within longer
articles, we thought it would be more easily found when isolated.

Let D be a non-empty open convex set in R and f : D — R be a real-valued
function on D. The function f is called strictly conver on a convex subset C' of D
in the literature if

f(A=tu+tv) < (1 —t)f(u) +tf(v) forallte (0,1)and u,v € C with u # v.

An important subclass is that of strongly convex functions. We recall that f is
strongly convex on a convex subset C' of D (see, e.g., [6, p. 565], [8, p. 430]) whenever
there exists a real ¢ > 0 such that for any u,v € C and any ¢ € (0,1)

H(L=tu +tv) < (1 —1)f(u) +tf(v) - %Ut(l —t)]u— |, (1)

where || - || denotes the canonical Euclidean norm of RY. By [6, Exercise 12.59(c)]
and [8, Proposition 3.273] the latter inequality for strong convexity of f on C' is
equivalent to the mere convexity on C of the function f — 10| - ||>. The strong
convexity evidently implies the strict convexity, but the converse is known to fail
(see, e.g., [8, p.430]). The function f is locally strongly convez on D if for each @ in
D there is an open convex neighborhood U C D of « on which f is strongly convex.
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It is worth noticing that the real-valued function f is convex on D whenever it is
locally strongly convex on D since it is known that any locally convex real-valued
function on a convex set is convex on this set. We declare a vector-valued function f :
D — RY to be locally strongly convex on D if each of its components is. If N = 1 and
C' is an open interval I over which the real-valued function f is differentiable, then
the strict convexity of f on I (see, e.g., [6, Theorem 2.13], [8, p. 98]) is equivalent to
the increasing property on [ of the derivative f’, that is, f'(u) < f'(v) foru < v in I.
Regarding the above inequality of strong convexity, by [6, Exercice 12.59(c)] and [8,
Proposition 3.273], it means under the differentiability (resp. twice differentiability)
assumption of f on [ that f'(v) > f'(u) + (v —wu) for u <win I (resp. f"(u) > o
for u € I). Then, for f of class C* on the open interval I, the local strong convexity
of f on I is equivalent to the positivity on I of the second derivative f”, that is,

f"(u) >0 foruel.

For a scalar C? locally strongly convex function f : R — R with f’(x) # 0 that is
invertible (perhaps when restricted to some open interval), it is easy to see that the
inverse is convex if ¢'(y) < 0. Let g be the inverse of f, and denote f(z) = y so that

9(y) = z.

Assume in accordance with the above that f'(z) # 0, f”(z) > 0, ¢'(y) < 0. Since
g(f(x)) = x, implicit differentiation gives

g (f(@)f'(z) =1.

Differentiating once more yields
9"(f@)f' ()" + g (f(x))f"(2) =0,

so that "(f(a)) = —LUEDIT@) g

7)) = L
A simple example is f(x) = 1/x for x > 0, which is its own inverse, and is locally
strongly convex. A second example is f(x) = e~*, with inverse — In x, both of which
are locally strongly convex. Not every convex function has a convex inverse, as the
example f(z) = e” shows.

To generalise this result to higher dimensions, we need a few basic facts.

Let D be an open convex set of RY and f: D C RY — R be a real-valued function.
By what is recalled above, f is locally strongly convex on D if and only if for each
x € D there is an open convex neighborhood U of  and a real o, > 0 such that the
function f — 1o, - ||? is convex on U. Assuming that f is of class C?, the function
f is then strongly locally convex on D if and only if its Hessian matrix is positive
definite at each point of the open convex set D.

Recall that two nxn matrices A and B are congruent if there exists an invertible ma-
trix W such that WT AW = B [2]. Congruence is an equivalence relation. If A is pos-
itive definite, then all matrices that are congruent to A are also positive definite [2]:

' (WTAW)x = (Wax)T A(Wx) > 0.

Moreover, the set of positive definite matrices forms a positive cone, i.e., positive
linear combinations of positive definite matrices are again positive definite [2, p. 399].
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In the theorem below we show that under some differentiability assumption, also
in higher dimensions, the condition that the component functions of the inverse
have negative gradients suffices for them to be locally strongly convex. Since each
component is locally strongly convex, so is the full inverse function.

Below RY, stands for RY, := (—00,0)" and 6,,, is defined by

(5mn:{1 ifm=n

0 otherwise.

Theorem 1. Let D and R be non-empty open convex sets of R™. Let the function
f:D c RV = R cC RN be C?, locally strongly convex and invertible, and let
g:R — D be its inverse. Let x € D and y € R be such that f(x) =y, g(y) = x. If
for each component g, Vam(y) € RY,, then g is locally strongly convex on R.

Proof. Since g(f(x)) = @ for each & € D, differentiation of the m-th component
of g with respect to x,, gives

N
agm afz .

> @)t ) = bon ®)

This can also be written as ng(y)T(;?Tf = dn for each m,n =1,...,N and in

which Baxf denotes the vector containing derivatives of all component functions of f

with respect to x,. For the entire function g, these results may be summarized by

Dg(y)Df(x) = Iy, (3)

showing that the Jacobi matrices of f and g are each others inverses. Focusing again
on one component g,,, further differentiation of (2) with respect to z; yields

g O Ofi | Ogm O°H
- 0y10y; Oxy, Oz Oy1 Ox;0xy,

aQQm %afN agm 82fN -0 (4)
— Oyn Oy Ox,, Ox; Oyn 0z;0xy,

where we have suppressed the evaluation of all these functions at & or y in the
appropriate places. We may abbreviate this to

af of T Of N
Hgm<axj,ax”>+vgmaxjamn—0, J,n—l,...,N. (5)

On the left we see the Hessian of g, applied as a bilinear form to the directions Bf

and 2L. These directions af form a basis since collectively they form the J acoblan
Df, Wthh is invertible. We can also write (5) as

N
T _ Ogm  0*fx
= 7,n=1

=1...N
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The right hand side is a linear combination of Hessians of each component, Hy, , with
coefficients from Vg,,. Since f is locally strongly convex, so are all components f.
The Hessian of such a component Hy, is thus positive definite, and if we assume
that Vg, is a vector with negative entries, then the right hand side of (6) is again
positive definite. But then (6) states that H, , is congruent to a positive definite
matrix, making H,, itself positive definite. O

It is clear that the conditions in the theorem can be relaxed somewhat, for instance
by requiring that the component functions g,, only decrease in some variables, and
do not vary in others. The conditions are sufficient but are far from necessary. For
example, the identity function on R™ is convex (but not locally strongly convex); its
inverse, which is again the identity, is nowhere decreasing, however.

Origin of the problem

Our interest in the question whether inverses of convex vector-valued functions are
themselves convex was raised in the following context. More detail and motivation
may be found in [4, 5].

Consider a biochemical pathway

@fﬁlxlg@g@, (7)
in which so-called metabolites X; and X5, with concentrations z; and xy are con-
verted from a metabolite X, with fixed concentration xy by enzymes E;, E, and
E3, with corresponding concentrations e;, e; and e3. The emptyset at the end of
the pathway indicates that the product made by the last enzyme does not influence
the reaction rate. Clearly, all concentrations are positive.

Treating the enzyme concentrations as parameters, a typical dynamical system for
the evolution of the metabolite concentrations x; and x5 is given by

i1 = ey fi(wo, 21) — eafa(z1, 22),

Ty = e fo(1,22) — €3 f3(x2).

(8)

The functions f1, ..., f3 describe how the reaction rate of the corresponding catalytic
enzyme is influenced by the concentrations of its substrates and products. In this
case, a typical choice is (reversible) Michaelis-Menten kinetics,

Ty
Keq,i

fZ - kcat,i Ti_ ) ) 1= 17 27 37 (9)
Ki,i—ll + K;; +1
with g = z¢p and z3 = 0. All parameters here are strictly positive. For this
illustration, we rescale variables and parameters to simplify (9) to
filwioy, @) = — =10 (10)

Qi1 + bz + ¢

The dynamical system (8) with (10) is globally stable on the state space of positive
metabolite concentrations RZ, [7]. If 2o > 0, any steady state solution satisfies

€1f1(@,931) = €2f2(951>$2) = €3f3($2) =J, (11)
with Tog > 21 > T9 >0 (12)

and J > 0 is the so-called flux through the pathway.
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For any positive set of enzyme concentrations e and constant xy, we thus find a flux
J = J(e) by solving (11) on (12). From (11), it follows that J is 1-homogeneous in
e = (e1,e9,e3): J(Ae) = AJ(e) for any positive A\. The quantity

_J
e1+es+es’

is thus 0-homogeneous. It is the flux per unit total enzyme expended to sustain this
flux, and called the specific flux. Optimizing this quantity is central to the study of
the metabolic behaviour of single-celled organisms such as bacteria and yeasts [1].

For the simple linear pathway (7) we are therefore interested in studying

J = €1f1(@7$1) = 62f2(.’131,.1'2) = €3f3<5[f2)7 } ‘ (13>

e;>0,1=1,2,3, eg+ey+e3=cer, @>ZL‘1>JZ2>O

{ J
max —
z1,T2,€1,€2,€3 | €T
Of course, instead of maximising .J/er, we may minimize er/J. This actually sim-
plifies (13): since e; = J/fi(x) in steady state, this is equivalent to minimising

1 1 1
Fr@n ) | fa@nes) | falw)’

(14)
and (13) reduces to a problem in which only 1 and x4 enter as optimisation variables,

. 1 1
min

T1,T2 {fl(l“(hh) + f2(1‘1,332) + f3(332)

’@>x1>x2>0}. (15)

With the choice (10) the function (14) is locally strongly convex in logarithmic
variables (i.e., setting y; = log z;) on the induced domain yo > y1 > yo > —o0 [3, 5].

From a cellular perspective, however, it is more relevant to understand how the
enzyme concentrations impact (13). Single-celled organisms control their lives by
making these enzymes through gene expression; the metabolites involved in the
metabolic pathway they employ are not under their direct control. To optimize
the flux through the pathway, ideally the specific flux J(e)/er, would need to be
concave. For the particular example of the small linear chain of reactions, this may
in fact be proven directly, by implicit differentiation of the steady state equations
(11) to second order with respect to the enzyme concentrations, and studying the
determinant of the Hessian of J. For more complicated pathways, however, this
method is fruitless.

To provide a more general technique to link convexity of (14) in logarithmic variables
to concavity of J(e)/er, we first introduce

€

Zi:ja

i=1,2,3,

so that the steady state equations (11) read

Z1f1(@, r1) = 2 fo(w1,72) = 23f3(22) = 1. (16)
In logarithmic variables y for @, z = (21, 22, 23) and (yo, ¥1,¥2) are thus related by

=t g=— L = _1 (17)

fl (eyi7 eyt ) )
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With the choice (10), these equations may be explicitly inverted,

Yo = log F3(z3), y1 =log Fa(2,23), yo = log F1(21, 29, 23), (18)
with the F; defined by

Fy(z3) = v3M;5(z3),

Fy(z, 23) = v Ma(23) + 73 Ms(23)(1 + Ma(22))
Fi (21, 22, 23) = 1M1(21) + 72 Ma(z9) + 73 M3(23(1 + Ma(z2))(1 + Mi(21)),

and N = —a Mi:ai+bi, i=1,2,3.

2 — 2 —
The natural domain of these F; functions (induced by (12)) is z; > a;, i = 1,2, 3.
On this domain, it may readily be checked that the inverse functions in (18) have
negative gradients. Theorem 1 thus shows that they are locally strongly convex
functions. From this, it may also be concluded that the F; themselves are locally
strongly convex on z; > a;.

By studying the relation between the Hessians of F(z) and J(e), one can now show
that J(e)/er is concave for all pathways for which the original objective function
(14) is locally strongly convex in logarithmic variables [4]. The condition that the
inverse functions have negative gradients turns out to be natural in the more general
pathway setting. This technique thus works for many complicated pathways, even
when the inverse functions log F'(z) cannot be explicitly computed.
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