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If X is a separable Banach space with RNP and Γ is an Effros measurable and Pettis integrable
multifunction, then the conditional expectation of Γ with respect to a sub-σ-algebra is well de-
scribed by the set of conditional expectations of selections of Γ . This is possible due to the Castaing
representation of Γ that fails in case of non-separable X. Instead of RNP and separability of X
we assume that the multimeasure defined by the Pettis integral of Γ is rich in selections possessing
strongly measurable Radon-Nikodým derivatives. In general that cannot be reduced to a separable
space (See Example 4.6). Then, using a lifting, we prove the existence of an Effros measurable
conditional expectation of Γ in case of an arbitrary non-separable X and present its representation
in terms of quasi-selections of Γ . We apply then the description to martingales of Pettis integrable
multifunctions obtaining a scalarly equivalent martingale of measurable multifunctions with many
martingale selections.
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1. Introduction

In general investigation of multifunctions is based on the assumption of their mea-
surability in the sense of Effros and separability of the Banach range space X. In
particular, while investigating the problem of existence of conditional expectation of
a Pettis integrable multifunction, as a rule it is assumed that the multifunction is Ef-
fros measurable, scalarly (quasi-) integrable and the spaces X and X∗ are separable
and have RNP. The conditional expectation of Γ with respect to a sub-σ-algebra is
then well described by the set of conditional expectations of selections of Γ . This is
possible due to the Castaing representation of Γ . The measurability of Γ is the most
essential assumption because it guarantees existence of selections. The assumption
of separability of X∗ is postponed for multifunctions with weakly compact values.
If X is non-separable, then Castaing representation in general fails and one has to
use a different method.
This paper is a continuation of [25], where I prove that several multimeasures have
Effros measurable (but without the separability assumption) Radon-Nikodým den-
sities. In this paper, instead of separability of the range space X I assume riches
of the Pettis integral of a Pettis integrable multifunction in strongly measurable
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Radon-Nikodým derivatives. This assumption is local and is essentially weaker than
RNP of X and, in general cannot be reduced to a separable space (See Example 4.6).
Among others, such an assumption makes it possible to prove that quite arbitrary
Pettis integrable multifunction which takes as its values closed convex and bounded
subsets of a Banach space with RNP, possesses the conditional expectation with
respect to any sub-σ-algebra on which its integral is of σ-finite variation. Moreover,
the conditional expectation can be chosen to be Effros measurable. That fact gener-
alizes earlier known existence results. The conditional expectation is fully described
by the conditional expectations of the quasi-selections of the multifunction under
consideration. Then I apply the existence theorem to martingale theory. One of the
consequences is that for each martingale of Pettis integrable multifunctions there
exists a martingale of measurable multifunctions that are scalarly equivalent to the
initial multifunctions.
To have a better representation of the results I introduce an extension of the ordinary
lifting on the space L∞(µ) to a selection on L1(µ) that coincides with the initial
lifting on L∞(µ). I do not pretend to be the first person considering such an extension
but I was unable to find any earlier reference.
A presentation of the general theory of Pettis integration of vector functions can be
found in [20], [21] and [28]. For the general theory of Pettis integrable multifunctions
I recommend [3], [14], [22] and [23].

2. Preliminaries.

Throughout (Ω,Σ, µ) is a complete probability space, N (µ) is the collection of all
sets of measure zero and L0(µ) is the space of all µ-measurable and a.e. finite real
valued functions. L0(µ) is the quotient space of µ-equivalent functions. L∞(µ) is
the space of all µ-measurable and a.e. bounded real valued functions. L∞(µ) is the
ordinary quotient space of L∞(µ). Similarly in case of L1(µ) and L1(µ).
A family W ⊂ L1(µ) (or just a family W of integrable functions, not equivalence
classes) is uniformly integrable if W is bounded in L1(µ) and for each ε > 0 there
exists δ > 0 such that if µ(A) < δ, then supf∈W

∫
A
|f | dµ < ε.

ρ is an arbitrary lifting on L∞(µ) and on (Ω,Σ, µ) (formally these are two different
liftings but each of them uniquely determines the other). The family of all liftings
on L∞(µ) is denoted by Λ(µ).
X is a Banach space with its dual X∗ and the closed unit ball of X is denoted by
BX . If A ⊂ X∗, then A

∗ is the weak∗-closure of A and A is its norm closure. If
A ⊂ X is nonempty, then we write |A| : = sup{∥x∥ : x ∈ A}.

∫
and

∫
denote

respectively the upper and lower integrals.
c(X) denotes the collection of all nonempty closed convex subsets of X, cb(X) is the
collection of all bounded elements of c(X), cwk(X) denotes the family of all weakly
compact elements of cb(X) and cw∗k(X∗) denotes the family of all non-empty convex
and weak∗-compact subsets of X∗. For every C ∈ c(X) the support function of C is
denoted by s(·, C) and defined on X∗ by s(x∗, C) = sup{⟨x∗, x⟩ : x ∈ C}, for each
x∗ ∈ X∗. Notice that we have always s(x∗, C) ̸= −∞. dH stands for the Hausdorff
distance on the hyperspace cb(X).
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A function f : Ω → R is quasi-integrable (cf. [26]), if the integral
∫
Ω
f dµ exists.

A map Γ : Ω → c(X) is called a multifunction. Γ is said to be scalarly measur-
able (scalarly integrable, scalarly quasi-integrable) if for every x∗ ∈ X∗, the map
s(x∗, Γ (·)) is measurable (integrable, quasi-integrable).
A multifunction Γ : Ω → c(X∗) is said to be weak∗-scalarly measurable (weak∗-sca-
larly integrable, weak∗-scalarly quasi-integrable) if for every x ∈ X, the map s(x, Γ (·))
is measurable (integrable, quasi-integrable).
I associate with each Γ the trace of Γ on L0(µ):

ZΓ := {s(x∗, Γ ) : ∥x∗∥ ≤ 1} ,

The set of equivalence classes of functions scalarly equivalent will be denoted by ZΓ .
Multifunctions ∆,Γ : Ω → c(X)[c(X∗)] are scalarly (weak∗ scalarly) equivalent, if
for each x∗ ∈ X∗ [x ∈ X] we have s(x∗, ∆) = s(x∗, Γ ) [s(x,∆) = s(x, Γ )] a.e. We
write then ∆

s
≈ Γ [∆

w∗s
≈ Γ ].

Similarly, we write ∆ ⊂ Γ , if ∆(ω) ⊂ Γ (ω) for every ω ∈ Ω.
A multifunction Γ : Ω → c(X), [c(X∗)] is [weak∗-]scalarly bounded if there is a
constant M > 0 such that for every y ∈ X∗ [X]

|s(y, Γ )| ≤ M∥y∥ a.e.

Following the generally accepted terminology Γ : Ω → c(X) is called measurable if

{ω ∈ Ω : U ∩ Γ (ω) ̸= ∅} ∈ Σ . (1)

for every norm open set U ⊂ X.
A function γ : Ω → X is called a selection of Γ : Ω → c(X), if for almost every
ω ∈ Ω, one has γ(ω) ∈ Γ (ω). γ : Ω → X (γ : Ω → X∗∗) is called a quasi-selection
(see [22]) of Γ : Ω → c(X) (a weak∗∗ quasi-selection of Γ ), if γ is scalarly measurable
(weak∗ scalarly measurable) and for each x∗ ∈ X∗ one has ⟨x∗, γ(ω)⟩ ∈ ⟨x∗, Γ (ω)⟩
for µ-almost every ω ∈ Ω (the exceptional sets depend on x∗). The collection
of all quasi-selections of Γ (weak∗∗ quasi-selections of Γ ) will be denoted by QSΓ

(W∗∗QSΓ ). A scalarly measurable selection γ : Ω → X (a weak∗ scalarly measurable
selection γ : Ω → X∗∗) is a (weak∗∗) quasi-selection of Γ : Ω → c(X) if and only if
for each x∗ ∈ X∗

⟨x∗, γ⟩ ≤ s(x∗, Γ ) a.e. (2)

A function γ : Ω → X∗ is said to be a weak∗-quasi-selection of a multifunction
Γ : Ω → c(X∗) if γ is weak∗-scalarly measurable and we have ⟨x, γ(ω)⟩ ∈ ⟨x, Γ (ω)⟩
for µ-almost every ω ∈ Ω (the exceptional sets depend on x). The collection of all
weak∗-quasi-selections of Γ will be denoted by W∗QSΓ . One can easily check that
a weak∗-scalarly measurable γ : Ω → X∗ is a weak∗-quasi-selection of Γ if and only
if for each x ∈ X

⟨x, γ⟩ ≤ s(x, Γ ) a.e. (3)

If γ ∈ W∗∗QSΓ (γ ∈ W∗QSΓ , γ ∈ QSΓ ) is Pettis integrable, then we will write it
as γ ∈ W∗∗QSP

Γ (γ ∈ W∗QSP
Γ , γ ∈ QSP

Γ ).
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If γ : Ω → X∗ is a weak∗-scalarly measurable and weak∗-scalarly bounded function,
then ρ(γ) : Ω → X∗ is defined by ⟨x, ρ(γ)(ω)⟩ := ρ(⟨x, γ⟩)(ω) (see [18, ch. IV.5]).
If γ : Ω → X is scalarly bounded and scalarly measurable, then ρ(γ) : Ω → X∗∗ is
defined by ⟨x∗, ρ(γ)(ω)⟩ := ρ(⟨x∗, γ⟩)(ω), x∗ ∈ X∗.
A map M : Σ → c(X) is additive, if

M(A ∪B) = M(A)⊕M(B) := M(A) +M(B)

for each pair of disjoint elements of Σ.
An additive map M : Σ → c(X) is called a multimeasure if, for every x∗ ∈ X∗,
s(x∗,M(·)) : Σ → (−∞,+∞] is a σ-finite measure. M : Σ → c(X∗) is called a
weak∗-multimeasure if s(x,M(·)) : Σ → (−∞,+∞] is a σ-finite measure, for every
x ∈ X.

⋃
M(Σ) :=

⋃
E∈Σ M(E) denotes the range of M in X or X∗. One can

easily see that if M is a weak∗-multimeasure (multimeasure), and if for y ∈ X(X∗)
the equality s(y,M) = s(y,M)+−s(y,M)− is the Jordan decomposition of s(y,M),
then

s(y,M(Ω))− < ∞.

If M : Σ → cb(X) is countably additive in the metric dH , then it is called an h-
multimeasure (cf. [17], 8.Definition 4.3). A helpful tool to study h-multimeasures is
the Rådström embedding j : cb(X) → ℓ∞(BX∗), defined by j(A) := s(·, A), (see,
for example [1, Theorem 3.2.9 and Theorem 3.2.4(1)] or [5, Theorem II-19]). It is
known that BX∗ can be embedded into ℓ∗∞(BX∗) by the mapping x∗ −→ ex∗ , where
⟨ex∗ , h⟩ = h(x∗), for each h ∈ ℓ∞(BX∗). Moreover, the range of BX∗ is a norming
subset of ℓ∗∞(BX∗). The embedding j satisfies the following properties:
(a) j(αA ⊕ βC) = αj(A) + βj(C) for every A,C∈cb(X), α, β∈R+;
(b) dH(A,C) = ∥j(A)− j(C)∥∞, A, C∈cb(X);
(c) j(cb(X)) is a closed cone in the space ℓ∞(BX∗) equipped with the norm of the

uniform convergence.
If M is a point map, then we talk about measure and weak∗-measure, respectively.
If m : Σ → X∗ is a weak∗-measure such that m(A) ∈ M(A), for every A ∈ Σ,
then m is called a weak∗-selection of M . W∗S(M) will denote the set of all weak∗-
countably additive selections of M . Similarly, a vector measure m : Σ → X such
that m(A) ∈ M(A), for every A ∈ Σ, is called a selection of M . S(M) will denote
the set of all countably additive selections of M .
A multimeasure M : Σ → c(X) is called rich if M(A) = {m(A),m ∈ S(M)}.
By a result of Costé, quoted in [16, Theorem 7.9], this is verified for multimeasures
which take as their values weakly compact convex subsets of a Banach space X,
and cb(X)-valued multimeasures, when X is a Banach space possessing RNP ([9,
Théorème 1]).
If M is a weak∗-multimeasure or a multimeasure, then M is called µ-continuous (we
write then M ≪ µ), if µ(E) = 0 yields M(E) = {0}. M is dominated by µ if there
exists α > 0 such that |M(E)| ≤ αµ(E), for every E ∈ Σ.
A µ-continuous multimeasure M : Σ → c(X) is called µ-rich in Pettis integrable
strongly measurable densities if M is rich and each m ∈ S(M) has a strongly mea-
surable density that is Pettis integrable with respect to µ. We will use the phrase
“µ-rich in strong densities”. If Γ is Pettis integrable and its integral M is µ-rich in
strong densities, then we will say that Γ is µ-rich in strong densities.
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If M is a weak∗-multimeasure or a multimeasure, then the variation of M is defined
by

|M |(E) : = sup
P

{∑
A∈P

|M(A)| : P is a finite measurable partition of E
}
.

One can easily see that |M | is a measure (cf. [23, page 863]) and, M ≪ µ if and only
if |M | ≪ µ (that is µ(E) = 0 ⇒ |M |(E) = 0). If M ≪ µ is of σ-finite variation,
then there exists a partition (Ωn)n of Ω such that |M(E)| ≤ nµ(E) (equivalently
|M |(E) ≤ nµ(E)) for every E ∈ Ωn ∩Σ, n ∈ N.

Definition 2.1. Denote by C a non-empty subfamily of c(X∗). A weak∗-scalarly
quasi-integrable multifunction Γ : Ω → c(X∗) is Gelfand integrable in C, if for each
set A ∈ Σ there exists a set MG

Γ (A) ∈ C such that

s(x,MG
Γ (A)) =

∫
A

s(x, Γ ) dµ , for every x ∈ X. (4)

MG
Γ is a weak∗-multimeasure and MG

Γ (A) is called the Gelfand integral of Γ on A:
(G)

∫
E
Γ dµ := MG

Γ (A). One should notice that the Gelfand integral is uniquely
determined in the family cw∗k(X∗) but not in c(X∗) (see [24, Remark 3.12]).

Definition 2.2. Denote by D a non-empty subfamily of c(X). A scalarly quasi-
integrable multifunction Γ : Ω → c(X) is Pettis integrable in D, if for each A ∈ Σ
there exists a set MΓ (A) ∈ D such that

s(x∗,MΓ (A)) =

∫
A

s(x∗, Γ ) dµ for every x∗ ∈ X∗. (5)

MΓ : Σ → D is a multimeasure and MΓ (A) called the Pettis integral of Γ over
A. We write (P )

∫
A
Γ dµ := MΓ (A). P(µ,D) denotes the space of all multifunctions

Γ : Ω → c(X) that are Pettis integrable in D, with convention that scalarly equiv-
alent multifunctions are identified. P(µ, cb(X)) is endowed with the Pettis metric

dP (Γ,∆) := sup
x∗∈BX∗

∫
Ω

|s(x∗, Γ )− s(x∗, ∆)| dµ

generating the Pettis norm

∥Γ∥P := sup
x∗∈BX∗

∫
Ω

|s(x∗, Γ )| dµ.

We have (see [5, Lemme 7])

sup
E∈Σ

dH(MΓ (E),M∆(E)) ≤ dP (Γ,∆) ≤ 2 sup
E∈Σ

dH(MΓ (E),M∆(E)). (6)

If MΓ is countably additive in the Hausdorff metric (i.e. it is an h-multimeasure),
then we say that Γ is strongly Pettis integrable.

The following well known property of lifting will be applied several times in this
paper:
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Proposition 2.3. Let ρ be a lifting on the complete (Ω,Σ, µ) and {At : t ∈ T} ⊂ Σ
be a collection of sets such that At ⊂ ρ(At), for each t ∈ T . Then

⋃
t∈T At ∈ Σ and⋃

t∈T At ⊂ ρ(
⋃

t∈T At).
If {ft : t ∈ T} is a uniformly bounded family of real-valued functions such that
ft ≤ ρ(ft) for each t ∈ T , then supt∈T ft is a measurable function and we have
supt∈T ft ≤ ρ(supt∈T ft) everywhere.

3. Pseudo-lifting on L0(µ)

In order to have a better shape of representations of multimeasures as Pettis integrals
I introduce an extension of lifting from L∞(µ) to the whole L0(µ). It is well known
that no such an extension has the same properties as the ordinary lifting. This is in
fact a selection ρ# : L0(µ) → L0(µ) uniquely determined by the lifting ρ on L∞(µ).
I introduce it not because of excelent properties but because it makes possible to
write down several formulae in a consistent form. If f ∈ L0(µ), then the set

Dom(f) :=
⋃
{ρ(E) : f is a.e. bounded on E} =

⋃
n ρ(En)

with En := {ω : |f(ω)| ≤ n}, will be called the domain of f .

Definition 3.1. If ρ is a lifting on L∞(µ), then the mapping ρ# : L0(µ) → L0(µ)
(or ρ# : L0(µ) → L0(µ)) is called a pseudo-lifting generated by ρ, if the following
conditions are fulfilled:
(i) ρ#(f) : Dom(f) → R for every f ∈ L0(µ);
(ii) ρ#(f)χρ(E) = ρ(fχE) and every E ∈ Σ such that f is a.e. bounded on E.

Remark 3.2. If f = g µ-a.e, then ρ#(f) = ρ#(g) and so ρ# is well defined. The
pseudo-lifting is homogenous and one can easily see that ρ#(f)(ω) = limn ρ(fχEn)(ω),
where En := {|f | ≤ n a.e.} and ω ∈

⋃
n ρ(En).

If f and g are a.e. bounded on E ∈ Σ and α, β ∈ R, then
ρ#(αf + βg) = αρ#(f) + βρ#(g) on ρ(E).

but in general ρ# is not additive. One can say only that ρ#(f + g) = ρ#(f)+ ρ#(g)
a.e. More precisely, the pointwise equality holds true on Dom(f) ∩Dom(g). If f is
a.e. bounded on E ∈ Σ, then ρ#(f) = ρ(fχE) + ρ#(fχEc).
If E ∈ Σ is arbitrary, then ρ#(f) = ρ#(fχE) + ρ#(fχEc).

Definition 3.3. Let Γ : Ω → cb(X∗) (in particular γ : Ω → X∗) be weak∗ scalarly
measurable and

Dom(Γ ) :=
⋃
{ρ(E) : Γ is weak∗ scalarly bounded on E} =

⋃
n ρ(Fn),

where Γ is weak∗ scalarly bounded by n on Fn and Fn is maximal in the following
sense: µ(Fn) = sup{µ(E) : ∀ x ∈ BX |s(x, Γ )| ≤ n µ − a.e. on Fn}. According to
[22, Proposition 1.2] we have µ(Dom(Γ )) = 1. We define a cb(X∗)-valued mapping
ρ#Γ = ρ#(Γ ) : Dom(Γ ) → cb(X∗) by setting

ρ#(Γ )χρ(E) := ρ(ΓχE) if Γ is weak∗ scalarly bounded on E ,

where ρ(ΓχE) is defined by [24, Proposition 4.1].



K. Musiał / Lifting Approach to Integral Representations ... 873

Remark 3.4. If Γ is weak∗ scalarly bounded on E, then

ρ#Γ (ω) = ρ(ΓχE)(ω) + ρ#(ΓχEc)(ω) if ω ∈ Dom(Γ ). (7)

If Γ,∆ : Ω → cb(X∗) are weak∗ scalarly bounded on E ∈ Σ and a, b ∈ [0,+∞),
then ρ#(aΓ ⊕ b∆) = aρ#Γ ⊕ bρ#∆ on ρ(E).
In general one cannot say that s(x, ρ#Γ ) = ρ#[s(x, Γ )] everywhere. Simply, if
Fnx ∈ Σ is the µ-maximal set such that s(x, Γ ) is dominated by n on Fnx, then
Dom(s(x, Γ )) =

⋃
n ρ(Fnx) ⊃ Dom(Γ ) but it may happen that some of the sets

ρ(Fnx) is not contained in any Fm. But we have the equality
s(x, ρ#Γ ) = ρ#[s(x, Γ )] everywhere on Dom(Γ ) .

In particular, if γ ∈ W∗QSΓ , then ρ#(γ) ∈ W∗Sρ#Γ and

⟨x, ρ#(γ)⟩ = ρ#⟨x, γ⟩ everywhere on Dom(Γ ) . (8)

If γ, δ ∈ W∗QSΓ and a, b ∈ R, then we obviously have ρ#(γ), ρ#(δ) ∈ W∗Sρ#Γ and
ρ#(aγ + bδ) = aρ#(γ) + bρ#(δ) on Dom(γ) ∩Dom(δ) ⊃ Dom(Γ ).

4. Radon-Nikodým Theorem

The subsequent result is a generalization of [24, Proposition 4.3].

Proposition 4.1. If Γ : Ω → cb(X∗) is a weak∗-scalarly integrable multifunction
and M : Σ → cb(X∗) is its Gelfand integral, then the multifunctions

Γρ# , (ΓM)ρ# : Ω → cb(X∗) ∪ ∅
are defined for every ω ∈ Dom(Γ ) by the formulae

Γρ#(ω) := conv
{
ρ#(γ)(ω) : γ ∈ W∗QSΓ

}
= {ρ#(γ)(ω) : γ ∈ W∗QSΓ} (9)

(ΓM)ρ#(ω) :=

{
ρ#(γ)(ω) : (G)

∫
•
ρ#(γ) dµ ∈ W∗S(M)

}
(10)

and Γρ#(ω) = (ΓM)ρ#(ω) = ∅, if ω /∈ Dom(Γ ).
Moreover, ρ#Γ, ρ#(ΓM) : Ω → cw∗k(X∗) ∪ ∅ are defined by

ρ#Γ (ω) := Γρ#(ω)
∗ (11)

ρ#(ΓM)(ω) = (ΓM)ρ#(ω)
∗ (12)

Γρ# , (ΓM∗)ρ# , ρ
#Γ and ρ#(ΓM∗) are Gelfand integrable densities of M such that

s(x, Γρ#(ω)) = s(x, ρ#Γ (ω)) = ρ#(s(x, Γ ))(ω) (13)

for every x ∈ X and every ω ∈ Dom(Γ ).
Proof. If Ω =

⋃
n En and Γ is weak∗-scalarly bounded by n on En, then on each

En the Proposition coincides with [24, Proposition 4.3]. The rest of the proof is
standard.

Remark 4.2. It follows from (13) that W∗QSΓ = W∗QSρ#Γ = W∗QSΓ
ρ#

.
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The situation becomes more complicated when we investigate cb(X)-valued multi-
functions and X is not necessarily a conjugate Banach space. We will use a result
from [12] (see also [25, Lemma 3.2]): If f : Ω → X is a scalarly bounded strongly
measurable function, then ρ(f) is a strongly measurable function with values in X∗∗

but almost all values of ρ(f) are in X.
If a multimeasure M is defined on Σ, then we denote by DP

M the collection of all
Pettis integrable densities of selections of M and by DmP

M the collection of all strongly
measurable members of DP

M .

Definition 4.3. Let M :Ω → cb(X) be a multimeasure dominated by µ. If DP
M ̸= ∅,

then we define ΓMρ : Ω → cb(X∗∗) by
ΓMρ(ω) := conv

{
ρ(γ)(ω) : γ ∈ DP

M

}
= {ρ(γ)(ω) : γ ∈ DP

M} ⊂ (ΓM)ρ(ω)

and ΓX
Mρ : Ω → cb(X) ∪ ∅ by

ΓX
Mρ(ω) := {ρ(γ)(ω) : γ ∈ DP

M} ∩X ⊂ ΓMρ(ω) ∩X .

It is clear that µ{ω ∈ Ω : ΓX
Mρ(ω) = ∅} = 0. If X has RNP, then each element

of DP
M is scalarly equivalent to an element of DmP

M and so everywhere in the above
definition DP

M may be replaced by DmP
M .

Proposition 4.4. [25, Proposition 3.7] If M : Σ → cb(X) is a multimeasure
dominated by µ, then ΓMρ is weak∗ scalarly measurable and for each x∗ ∈ X∗

s(x∗, ΓMρ) ≤ ρ[s(x∗, ΓMρ)] (14)

everywhere. Moreover, the function |ΓMρ| is measurable.
If M is also µ-rich in strong densities (e.g. X has RNP) and ρ(ΓM∗∗) , (ΓM∗∗)ρ are
defined by (10) and (12), then the multifunctions ΓX

Mρ , ΓMρ , ρ(ΓM∗∗) , (ΓM∗∗)ρ are
weak∗ scalarly equivalent and

s(x∗, ΓX
Mρ) ≤ s(x∗, ΓMρ) ≤ ρ[s(x∗, ΓX

Mρ)] = ρ[s(x∗, ΓMρ)]

everywhere on the set {ω ∈ Ω : ΓX
Mρ(ω) ̸= ∅}. Moreover, the function |ΓX

Mρ| is
measurable. If, moreover, M is the Pettis integral of Γ : Ω → cb(X), then Γ is
scalarly equivalent to ΓX

Mρ and ΓMρ ∩X.

The subsequent result is an extension of [24, Proposition 4.8] but under additional
assumptions and is a generalization of [4, Theorem 4.1].

Theorem 4.5. [25, Theorem 3.8] Let M : Σ → c(X) be a µ-continuous multi-
measure of σ-finite variation. If M is µ-rich in strong densities (e.g. X has RNP
and M : Σ → cb(X)) and ρ ∈ Λ(µ), then there exists a measurable multifunction
Γ : Ω → cb(X) such that

M(E) =

{
(P )

∫
E

γ dµ : γ ∈ DmP
M

}
= (P )

∫
E

Γ dµ for every E ∈ Σ (15)

and {ω ∈ Ω : Γ (ω) ∩ U ̸= ∅} ⊂ ρ{ω ∈ Ω : Γ (ω) ∩ U ̸= ∅} (16)

for every norm open U ⊂ X.
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If M is dominated by µ, then one may set Γ = X ∩ ΓMρ or Γ = ΓX
Mρ and in

each case the inequality s(x∗, Γ ) ≤ ρ(s(x∗, Γ )) holds true everywhere on the set
{ω : ΓX

Mρ(ω) ̸= ∅} and for every x∗ ∈ X∗.

Below is an example of a multimeasure rich in strong densities whose range
⋃
M(Σ)

is non-separable.
Example 4.6. Let X be a non-separable Banach space with RNP. Let f : Ω → X
be a Pettis integrable function (not necessarily strongly measurable) and let
r : Ω → (0,∞) be an integrable function. Define the function Γ : Ω → cb(X)
by Γ (ω) : = B(f(ω), r(ω)), where B(x, r) is the closed ball with its center in x and
of radius r. One can easily check that Γ is Pettis integrable in cb(X) and

M(E) := (P )

∫
E

Γ dµ = B

(∫
E

f dµ,

∫
E

r dµ

)
for every E ∈ Σ.

M is the required example.

5. Conditional expectation

The problem of existence of conditional expectation of Pettis integrable multifunc-
tions and convergence of Pettis integrable martingales of multifunctions have been
investigated in several papers. However the main results were obtained under the
assumption of separability and RNP of X, separability of X∗ and Castaing repre-
sentation of measurable multifunctions. If X is non-separable, then there are several
measurable multifunctions for which the classical Castaing representation fails. In
this and the next chapter one may assume RNP of X but nothing is assumed about
X∗. Under these assumptions we obtain an uncountable Castaing type representa-
tion of measurable multifunctions.
The following result is essential for our description of the conditional expectation of
a multifunction:

Proposition 5.1. Let X be an arbitrary Banach space and M : Σ → cb(X) be a
multimeasure. Moreover, let Ξ ⊂ Σ be a σ-algebra and M1 := M |Ξ. If M is rich,
then M1 is also rich and for each m1 ∈ S(M1) there exists an extension of m1 to the
whole Σ being a selection of M . If M is µ-rich in strong densities, then also M1 is
µ|Ξ-rich in strong densities.
Proof. The riches of M1 is a consequence of [17, 8. Proposition 4.35] and the ex-
istence of extensions of each selection of M1 to a selection of M follows from the
proof of [17, 8. Proposition 4.35]. If m1 ∈ S(M1) and m ∈ S(M) is its µ-continuous
extension with m(E) = (P )

∫
E
f dµ, for every E ∈ Σ, then m1(F ) = (P )

∫
F
EΞ(f) dµ

for every F ∈ Ξ and EΞ(f) may be chosen to be strongly measurable.

Definition 5.2. Let Γ : Ω → c(X) be a multifunction that is Pettis integrable
in c(X) and let Ξ ⊂ Σ be a σ-algebra that is complete with respect to µ|Ξ . A
multifunction EΞ(Γ ) : Ω → c(X) that is scalarly measurable with respect to Ξ
and Pettis integrable on Ξ in c(X) is called the conditional expectation of Γ with
respect to Ξ, if

(P )

∫
E

Γ dµ = (P )

∫
E

EΞ(Γ ) dµ for every E ∈ Ξ . (17)
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Each multifunction ∆ that is scalarly measurable with respect to Ξ and satisfies the
equality (17) when placed instead of EΞ(Γ ) is a version of the conditional expectation
of Γ with respect to Ξ. I will write sometimes that ∆ ∈ EΞ(Γ ). All versions are
scalarly equivalent but not necessarily almost everywhere equal.

Theorem 5.3. Assume that Γ : Ω → c(X) is Pettis integrable in cb(X) and is
µ-rich in strong densities (e.g. X has RNP). Assume also that Ξ is a sub-σ-algebra
of Σ that is complete with respect to µ|Ξ and the multimeasure M1 : Ξ → cb(X)
being the restriction of the multimeasure M to Ξ is dominated by µ restricted to Ξ.
If ρ1 is a lifting on Ξ, then each of the following formulae defines a scalarly bounded
and measurable version of the conditional expectation EΞ(Γ ) : Ω → cb(X) of Γ with
respect to Ξ :

EΞ(Γ )(ω) = {ρ1[EΞ(γ)](ω) : γ ∈ DmP
M } ∩X for every ω ∈ Ω (18)

EΞ(Γ )(ω) = X ∩ {ρ1[EΞ(γ)](ω) : γ ∈ DmP
M } for every ω ∈ Ω (19)

Moreover, if x∗ ∈ X∗, then

s(x∗,EΞ(Γ )(ω)) ≤ ρ1[s(x
∗,EΞ(Γ ))](ω) for every ω ∈ Ω

and if U ⊂ X is open, then

{ω ∈ Ω : EΞ(Γ )(ω) ∩ U ̸= ∅} ⊂ ρ1{ω ∈ Ω : EΞ(Γ )(ω) ∩ U ̸= ∅} .

Proof. By Theorem 4.5 there exists a measurable scalarly bounded multifunction
∆ : Ω → cb(X) such that M1(E) = (P )

∫
E
∆dµ for every E ∈ Ξ, ∆ is measurable

with respect to Ξ and {ω ∈ Ω : ∆(ω) ∩ U ̸= ∅} ⊂ ρ1{ω ∈ Ω : ∆(ω) ∩ U ̸= ∅} for
each open U ⊂ X. According to Theorem 4.5 we may assume that ∆ = X ∩∆M1ρ1

or ∆ = ∆X
M1ρ1

. That proves the first equalities in (18)–(19).
We have to prove validity of (18) and (19). We will concentrate on (19). According
to Theorem 4.5 and Proposition 5.1 a measurable version of EΞ(Γ ) can be described
by the formula

EΞ(Γ )(ω) = X ∩∆M1ρ1(ω) = X ∩ {ρ1(ξ)(ω) : ξ ∈ DmP
M1

}. (20)

Assume now that ξ ∈ DmP
M1

and let

Θ(ω) := {ρ1[EΞ(γ)](ω) : γ ∈ DmP
M } .

Let νξ :Ξ → X be the vector measure defined by νξ(E)=(P )
∫
E
ξ dµ = (P )

∫
E
ρ1(ξ) dµ

for every E ∈ Ξ. Due to Proposition 5.1 there exists ν̃ξ ∈ S(M) such that νξ = ν̃ξ|Ξ.
As M is rich in strong densities there exists a strongly measurable γ such that
ν̃ξ(A) = (P )

∫
A
γ dµ, for every A ∈ Σ. Due to strong measurability of ξ and γ we

may assume that EΞ(γ) = ρ1(ξ) µ-a.e. Hence, ρ1[EΞ(γ)](ω) ∈ Θ(ω) for every ω ∈ Ω.
It follows that

X ∩∆M1ρ1(ω) ⊂ X ∩Θ(ω) for every ω ∈ Ω.

If γ ∈ DmP
M , then EΞ(γ) is strongly measurable and Pettis integrable on Ξ. More-

over, ρ1[EΞ(γ)] is strongly measurable with respect to Ξ and with almost all values
in X.
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Since γ ∈ QSΓ we have ⟨x∗, γ⟩ ≤ s(x∗, Γ ) a.e. If m(•) = (P )
∫

• EΞ(γ) dµ and
E ∈ Ξ, then

⟨x∗,m(E)⟩ =
∫
E

⟨x∗,EΞ(γ)⟩ dµ =

∫
E

⟨x∗, γ⟩ dµ

≤
∫
E

s(x∗, Γ ) dµ
(17)
=

∫
E

s(x∗,EΞ(Γ )) dµ = s(x∗,M1(E)) .

Hence m ∈ S(M1) and ξ := EΞ(γ) ∈ DmP
M1

. Consequently,

X ∩Θ(ω) ⊂ X ∩∆M1ρ1(ω) for every ω ∈ Ω .

Remark 5.4. Assume that X is separable, has RNP and Γ : Ω → cb(X) is measur-
able and Pettis integrable in cb(X). It is a consequence of [25, Remark 3.12] that if
∆ := EΞ(Γ ), then ∆ = ∆X

M1ρ1
= ∆M1ρ1 ∩X µ|Ξ-a.e. Moreover, there exists a family

{γn = ρ1(γn) : n ∈ N} of functions such that ∆(ω) = {γn(ω) : n ∈ N} µ|Ξ-a.e. This
fact will be applied in Remark 6.6 to obtain a new proof of [13, Theorem 3.7].

If the multimeasure M1 above is only of σ-finite variation, then we obtain the fol-
lowing result:

Theorem 5.5. Assume that Γ :Ω → c(X) is Pettis integrable in c(X) and its integral
M :Σ → c(X) is µ-rich in strong densities (e.g.X has RNP and M : Σ → cb(X)).
Assume also that Ξ is a sub-σ-algebra of Σ that is µ|Ξ-complete, ρ1 is a lifting on Ξ
and the multimeasure M restricted to Ξ is of σ-finite variation. Then there exists
a measurable conditional expectation EΞ(Γ ) : Ω → cb(X) of Γ with respect to Ξ
satisfying for each open U ⊂ X the inclusion

{ω ∈ Ω : EΞ(Γ )(ω) ∩ U ̸= ∅} ⊂ ρ1{ω ∈ Ω : EΞ(Γ )(ω) ∩ U ̸= ∅} . (21)

More precisely, the multifunctions defined by any of the following formulae:

EΞ(Γ )(ω) =
{
ρ#1 [EΞ(γ)](ω) : γ ∈ DmP

M

}
∩X if ω ∈ Dom(Γ ) (22)

EΞ(Γ )(ω) = X ∩
{
ρ#1 [EΞ(γ)](ω) : γ ∈ DmP

M

}
if ω ∈ Dom(Γ ) (23)

are conditional expectations of Γ with respect to Ξ (please remember about (8)) .
Moreover, if x∗ ∈ X∗, then

s(x∗,EΞ(Γ )(ω)) ≤ ρ#1 [s(x
∗,EΞ(Γ ))](ω) for every ω ∈ Dom(Γ ). (24)

Proof. If m ∈ S(M) and γm is a strongly measurable and Pettis integrable density
of m, then s(x∗, Γ − γm) ≥ 0, µ-a.e. and M −m is also µ-rich in strong densities.
Thus, without loss of generality, we may assume at the beginning that 0 ∈ M(E) for
every E ∈ Σ and consequently s(x∗, Γ ) ≥ 0, µ-a.e. for each x∗ ∈ X∗ separately. If
M1 is the restriction of M to Ξ, then according to Theorem 4.5 M1 has a measurable
Radon-Nikodỳm density that is the conditional expectation of Γ with respect to Ξ
and s(x∗,EΞ(Γ )) ≥ 0 µ|Ξ-a.e., for each x∗ separately. We are going to describe its
shape.
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Let h ≥ 0 be a Ξ-measurable function such that |M1|(E) =
∫
E
h dµ, for every

E ∈ Ξ. Then, let Ξ ∋ Fn := ρ1({ω ∈ Ω : h(ω) < n}), n ∈ N. Then EΞ(Γ ) is
scalarly bounded by n on each Fn. Moreover, M |Fn : Fn ∩Σ → cb(X) and one may
apply Theorem 5.3. If Γn := ΓχFn , then according to Theorem 5.3 a measurable
EΞ(Γn) : Ω → cb(X) exists and can be given by any of the formulae

EΞ(Γn)(ω) = {ρ1[EΞ(γχFn)](ω) : γ ∈ DmP
M } ∩X for every ω ∈ Ω ;

EΞ(Γn)(ω) = X ∩ {ρ1[EΞ(γχFn)](ω) : γ ∈ DmP
M } for every ω ∈ Ω .

It is important to observe that if γ ∈ DmP
M , then γ|Fn ∈ DmP

M |Fn
, and conversely, if

ξn ∈ DmP
M |Fn

, then there exists γ ∈ DmP
M such that γ|Fn = ξn.

Since γ = 0 ∈ DmP
M we have for every ω ∈ Ω the following relations:{

ρ1[EΞ(γχFn+1)](ω) : γ ∈ DmP
M

}
=

=
{
ρ1[EΞ(γχFn + γχFn+1\Fn)](ω) : γ ∈ DmP

M

}
=
{
ρ1[EΞ(γχFn) + EΞ(γχFn+1\Fn)](ω) : γ ∈ DmP

M

}
⊃
{
ρ1[EΞ(γχFn)](ω) : γ ∈ DmP

M

}⊕{
ρ1[EΞ(γχFn+1\Fn)](ω) : γ ∈ DmP

M

}
⊃
{
ρ1[EΞ(γχFn)](ω) : γ ∈ DmP

M

}
It follows that EΞ(Γn)(ω) ⊂ EΞ(Γn+1)(ω) independently of its shape. We define
now EΞ(Γ ) by the formula

EΞ(Γ )(ω) := EΞ(Γn)(ω) whenever ω ∈ ρ(Fn), n ∈ N . (25)

Due to the above monotonicity the multifunction EΞ(Γ ) is well defined on Dom(Γ ).
If x∗ ∈ X∗, then 0 ≤ s(x∗, Γn) ≤ s(x∗, Γn+1), n ∈ N and so if E ∈ Ξ, then∫

E

s(x∗,EΞ(Γ )) dµ =

∫
E

lim
n

s(x∗,EΞ(Γn)) dµ

= lim
n

∫
E

s(x∗,EΞ(Γn)) dµ = lim
n

∫
E

s(x∗, Γn) dµ

= lim
n

∫
E∩Fn

s(x∗, Γ ) dµ =

∫
E

s(x∗, Γ ) dµ

If γ ∈ DmP
M , then EΞ(γ) is scalarly bounded by n on Fn and so ρ1(EΞ(γ)) is

also scalarly bounded by n on ρ1(Fn). Hence, ρ#1 [EΞ(γ)] is well defined on the
set
⋃

n ρ1(Fn). We have then

ρ#1 [EΞ(γ)] = ρ#1 [EΞ(γχFn + γχF c
n
)] = ρ#1 [EΞ(γχFn) + EΞ(γχF c

n
)]

(7)
= ρ1[EΞ(γχFn)] + ρ#1 [EΞ(γχF c

n
)] = ρ1[EΞ(γ)χρ(Fn)] + ρ#1 [EΞ(γ)χρ(F c

n))]

what yields the equality

ρ#1 [EΞ(γ)](ω) = ρ1[EΞ(γχFn)](ω) if ω ∈ ρ(Fn) .

That proves validity of the formulae (22)–(23).
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Now let Γ be arbitrary. Let m ∈ S(M) and its strongly measurable density γm be
fixed. If γ ∈ DmP

M , then γm is scalarly bounded on each Fn and

ρ1[EΞ(γ)χρ(Fn)] = ρ1[EΞ(γ − γm)χρ(Fn)] + ρ1[EΞ(γm)χρ(Fn)].

Thus,
ρ#1 [EΞ(γ)] = ρ#1 [EΞ(γ − γm)] + ρ#1 [EΞ(γm)] on Dom(Γ ) .

One can easily deduce validity of the theorem in the general case.

Remark 5.6. Since every multifunction Γ that is Pettis integrable in cb(X) gen-
erates a multimeasure of σ-finite variation (see [23, Proposition 6.5]), if M |Ξ is not
of σ-finite variation, the conditional expectation does not exist.

6. Martingales

We begin with a general convergence theorem for martingales valid without partic-
ular assumptions about the range Banach space. Several other results can be found
in [23].

Definition 6.1. Let (Σn)n be a non-decreasing sequence of sub-σ-algebras of Σ.
For each n ∈ N let Γn : Ω → c(X) be a scalarly Σn-measurable multifunction. The
sequence (Γn, Σn)n is called a martingale if each Γn is Pettis integrable in c(X) and
EΣn(Γn+1)

s≡ Γn. Equivalently, if (P )
∫
E
Γn+1 dµ = (P )

∫
E
Γn dµ, for every E ∈ Σn.

A martingale (γn, Σn)n of X-valued Pettis integrable functions is a martingale (qua-
si-)selection of (Γn, Σn)n if each γn is a (quasi-)selection of Γn.

Definition 6.2. [23, p. 852] A sequence (Γn)n of scalarly measurable multifunctions
Γn : Ω → c(X) is called scalarly equi-Cauchy in measure if for every η > 0

lim
m,n→∞

sup
∥x∗∥≤1

µ{ω ∈ Ω : |s(x∗, Γm(ω))− s(x∗, Γn(ω))| > η} = 0.

Replacing Γm by Γ one obtains scalar equi-convergence of (Γn)n in measure to Γ .

The subsequent result can be considered as a generalization of [23, Theorem 4.6].

Theorem 6.3. Let Γ : Ω → c(X) be a scalarly integrable multifunction and let
(Σn)n be an increasing sequence of sub-σ-algebras of Σ such that Σ is the µ-
completion of σ (

⋃
n Σn). Assume that for each n ∈ N there exists a multifunction

Γn : Ω → c(X) that is scalarly measurable with respect to Σn and Pettis integrable
in cb(X) [cwk(X), ck(X)] on Σn. Assume also that for each x∗ ∈ X∗ and n ∈ N

EΣn(s(x
∗, Γ )) = s(x∗, Γn) µ− a.e. (26)

or (Γn, Σn)n is a martingale and

lim
n

s(x∗, Γn) = s(x∗, Γ ) in µ−measure. (27)
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If
⋃

n ZΓn is uniformly integrable, then

Γ ∈ P(µ, cb(X)) [cwk(X), ck(X)], EΣn(Γ )
s
≈ Γn for every n ∈ N

and lim
n

dH(MΓ (E),MΓn(E)) = 0 for every E ∈ Σ.

Moreover, lim
n

dP (Γ, Γn)) = 0

if and only if the sequence (Γn)n is scalarly equi-Cauchy in measure.

Proof. The sequence (Γn, Σn)n is a martingale and due to the uniform integrability
of
⋃

nZΓn , for each x∗ ∈ X∗ the martingale s((x∗, Γn), Σn)n is bounded in L1(µ)
and so (27) implies the convergence limn

∫
Ω
|s(x∗, Γn)− s(x∗, Γ )| dµ = 0 and the

equality EΣn(s(x
∗, Γ )) = s(x∗, Γn) µ-a.e. According to [23, Proposition 3.2] there

exists an h-multimeasure M : Σ → cb(X) [cwk(X), ck(X)] with the property
lim
n

dH(MΓn(E),M(E)) = 0 for each E ∈ Σ.

Consequently, Γ is Pettis integrable, M = MΓ and EΣn(Γ )
s
≈ Γn for every n ∈ N.

Assume that the sequence (Γn)n is scalarly equi-Cauchy in measure. For each x∗∈X∗

and n ∈ N we have EΣn(s(x
∗, Γ )) = s(x∗, Γn) µ-a.e. and in L1(µ). Hence

lim
n

∫
E

s(x∗, Γn) dµ =

∫
E

s(x∗, Γ ) dµ for each E ∈ Σ.

Let us fix E ∈ Σ, ε > 0 and 0 < η < ε . For each n,m ∈ N and x∗ ∈ BX∗ denote
by Hmn,x∗ the set

Hm,n,x∗ := {ω ∈ Ω : |s(x∗, Γm(ω))− s(x∗, Γn(ω))| > η}.
By the assumption the family

⋃
nZΓn is uniformly integrable and so one may choose

δ < ε be such that if µ(F ) < δ, then

sup
n

sup
∥x∗∥≤1

∫
F

|s(x∗, Γn)| dµ < ε. (28)

The scalar equi-Cauchy condition in measure yields existence of k ∈ N such that for
all m,n ≥ k

sup
∥x∗∥≤1

µ(Hm,n,x∗) < δ.

Let N ∋ n(x∗) > k be such that supn≥n(x∗)

∫
Ω
|s(x∗, Γn)− s(x∗, Γ )| dµ < ε. Denote

also – for simplicity – the set Hn,n(x∗),x∗ by Hnx∗ . Then, for all n ≥ k and a fixed
x∗ ∈ BX∗∣∣∣∣∫

E

s(x∗, Γn) dµ−
∫
E

s(x∗, Γ ) dµ

∣∣∣∣
≤
∣∣∣∣∫

E

s(x∗, Γn) dµ−
∫
E

s(x∗, Γn(x∗)) dµ

∣∣∣∣+ ∣∣∣∣∫
E

s(x∗, Γn(x∗)) dµ−
∫
E

s(x∗, Γ ) dµ

∣∣∣∣
≤
∣∣∣∣∫

E∩Hnx∗

s(x∗, Γn) dµ−
∫
E∩Hnx∗

s(x∗, Γn(x∗)) dµ

∣∣∣∣+
+

∣∣∣∣∫
E∩Hc

nx∗

s(x∗, Γn) dµ−
∫
E∩Hc

nx∗

s(x∗, Γn(x∗)) dµ

∣∣∣∣+ ε.
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Observe that by (28), we have∣∣∣∣∫
E∩Hn(x∗)

s(x∗, Γn) dµ−
∫
E∩Hn(x∗)

s(x∗, Γm) dµ

∣∣∣∣ ≤
≤
∣∣∣∣∫

E∩Hn(x∗)

s(x∗, Γn) dµ

∣∣∣∣+ ∣∣∣∣∫
E∩Hn(x∗)

s(x∗, Γm) dµ

∣∣∣∣ ≤ 2ε

and then∣∣∣∣∫
E∩Hc

n(x∗)

s(x∗, Γn) dµ−
∫
E∩Hc

n(x∗)

s(x∗, Γn(x∗)) dµ

∣∣∣∣ ≤ η µ(E ∩Hc
n(x∗)) < ε.

Consequently, if n > k, then∣∣∣∣∫
E

s(x∗, Γn) dµ−
∫
E

s(x∗, Γ ) dµ

∣∣∣∣ < 5ε.

Since k is independent of x∗ and of E ∈ Σ, we have finally for n > k and arbitrary
A ∈ Σ

dH(MΓn(A),M(A)) = sup
∥x∗∥≤1

|s(x∗,MΓn(A))− s(x∗,M(A))|

≤ sup
∥x∗∥≤1

∣∣∣∣∫
A

s(x∗, Γn) dµ−
∫
A

s(x∗, Γ ) dµ

∣∣∣∣ ≤ 5ε.

An appeal to (6) completes the proof.
If limn dP (Γ, Γn) = 0, then obviously (Γn)n is scalarly equi-convergent in measure to
Γ , so it is also scalarly equi-Cauchy in measure.

Remark 6.4. Instead of the uniform integrability of
⋃

nZΓn one may assume that
ZΓ is uniformly integrable. Such an assumption yields the uniform integrability of⋃

n ZΓn (see the proof of [23, Proposition 3.3]).
It is perhaps worth to recall here that contrary to Pettis integrable functions, if
Γ is Pettis integrable in cb(X), then the set {s(x∗, Γ ) : x∗ ∈ BX∗} may be not
uniformly integrable (see [22, Remark 1.13]). It is however so in case of strongly
Pettis integrable Γ and in case of X not containing any isomorphic copy of c0.
Indeed, since MΓ is then an h-multimeasure (see [2, Proposition 4.1] or [10, The-
orem 3.1]) its range j ◦ MΓ in the Banach space Y = ℓ∞(BX∗) via the Råd-
ström embedding j : cb(X) → ℓ∞(BX∗) is a vector measure. Consequently, the
family {⟨y∗, j ◦MΓ ⟩ : y∗ ∈ ℓ∗∞(BX∗) & ∥y∗∥ ≤ 1} is uniformly µ-continuous and
sup∥y∗∥≤1 |⟨y∗, j ◦MΓ ⟩|(Ω) < ∞. It means in particular that the family ZΓ is uni-
formly integrable. But then it follows from [23, Proposition 3.3] that also

⋃
nZΓn is

uniformly integrable and limn dH(MΓ (E),MΓn(E)) = 0 for each E ∈ Σ.

There is an amount of papers where martingale selections of a cb(X)-valued mul-
timartingale are constructed in case of separable X (cf. [15], [7, Proposition 2.7],
[13, Theorem 3.7]). Unfortunately, if X is non-separable then – as a rule – Castaing
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representation fails and in fact it is unknown whether even one martingale selection
exists. When quasi-selections are taken into account, then an uncountable Castaing
type representations of scalarly equivalent martingales become possible.

Proposition 6.5. Assume that X has RNP, (Γn, Σn)
∞
n=1 is a martingale of multi-

functions Γn ∈ P(µ, cb(X)), n ∈ N, and ρ ∈ Λ(µ). For each n ∈ N let Mn be the
Pettis integral of Γn. Assume that every Σn contains N (µ), Σ is the µ-completion
of σ(

⋃
n Σn) and there exists a partition {Fk : k ∈ N} ⊂ Σ1 of Ω such that

sup
n

|Mn|(Fk) < ∞ for every k ∈ N . (29)

Then
(6.5.i) there exists a measurable cb(X)-valued martingale (Γ̃n, Σn)n that is scalarly

equivalent to (Γn, Σn)n;

(6.5.ii) (Γ̃n, Σn)n admits a family {γnt : t ∈ T , n ∈ N} of X-valued Pettis in-
tegrable functions such that for each t ∈ T (γnt, Σn)n is a martingale
selection of (Γ̃n, Σn)n;

(6.5.iii) Γ̃n = conv{γnt : t ∈ T} on Dom(Γn), for each n ∈ N;

(6.5.iv) Each martingale selection of (Γ̃n, Σn)n is a.e. convergent. If we have
supn ∥s(x∗, Γn)∥L1 < ∞ for every x∗ ∈ X∗, then the limit function of
every martingale selection is Pettis integrable.

Proof. Since Σn contains N (µ) the restriction of ρ to Σn is a lifting on Σn. It
follows then from Proposition 4.4 that for each n there exists a measurable with
respect to Σn multifunction Γ̃n that is scalarly equivalent to Γn. That solves (6.5.i).
Moreover, Γ̃n can be defined by any of the following equalities:

Γ̃n(ω) =


{
ρ#(γ)(ω) : γ ∈ DmP

Mn

}
∩X, if ω ∈ Dom(Γn);

X ∩
{
ρ#(γ)(ω) : γ ∈ DmP

Mn

}
, if ω ∈ Dom(Γn);.

(30)

Let us fix k∈N. For each m∈N denote by Mk
m the restriction of Mm to the σ-algebra

Ξk
m := Fk ∩Σm on Fk. If m ≥ k and γmk ∈ DmP

Mk
m

, then there exists γm+1,k ∈ DP
Mk

m+1

such that EΞk
m
(γm+1,k) = γmk. That fact follows from RNP of X and Proposition

5.1, because then each Mk
m is µ|Ξk

m
-rich in strong densities. (ρ#(γnk), Ξ

k
n)n≥k is

a martingale selection of (Γ̃n|Fk
, Ξk

n)n≥k bounded in L1(µ|Fk
, X). We extend the

martingale for m < k by setting γmk := ρ#[EΞk
m
(γkk)]. If γm :=

∑
k γmkχρ(Fk), then

γm is a scalarly integrable selection of Γ̃m. Since c0 * X isomorphically, the strongly
measurable function γm is Pettis integrable (cf. [11, Theorem II.3.7]) and (γm, Ξm)m

defines a martingale. This proves (6.5.ii). The condition (6.5.iii) is a consequence
of the construction of each Γ̃m presented in Theorem 5.5.
Since X has RNP, each martingale selection of (Γ̃n, Σn)n is convergent µ-a.e. on Fk

to a strongly measurable function. Hence, the same is valid for the whole Ω. By



K. Musiał / Lifting Approach to Integral Representations ... 883

the assumption each martingale selection of (Γ̃n, Σn)n is bounded in L1(µ). Since
X does not contain any isomorphic copy of c0 its limit function is Pettis integrable
on Ω.

Remark 6.6. One can apply Remark 5.4 to give a new proof of [13, Theorem 3.7]
without assuming RNP of X∗.

Remark 6.7. The assumption (29) can be weaken but for the price of a more
complicated thesis. Namely, one could assume only that Fk ∈ Σnk

with nk < nk+1

and supn≥nk
|Mn|(Fk) < ∞. Then, we apply the thesis of Proposition 6.5 for each

Fk separately and for each k the set T may be different.

Contrary to Theorem 6.3, assuming RNP of X one gets a chance to prove existence
of a limit multifunction invoking to properties of the martingale under consideration
only. We need yet one more definition. We say that a sequence (An)n of elements of
cb(X) is τL-converging to A ∈ cb(X) if s(x∗, An)−→s(x∗, A) for every x∗ ∈ X∗ and
d(x,An) −→ d(x,A) for every x ∈ X. d(x,B) is the distance of x from B.
The subsequent result is a generalization of [13, Theorem 4.6] in its existence part.

Theorem 6.8. Assume that X has RNP, (Γn, Σn)
∞
n=1 is a martingale of multifunc-

tions Γn : Ω → c(X), n ∈ N, that are Pettis integrable in cb(X) [cwk(X), ck(X)]
and ρ ∈ Λ(µ). Assume that every Σn contains N (µ), Σ is the µ-completion of
σ (
⋃

n Σn) and there exists a partition {Fk : k ∈ N} ⊂ Σ1 of Ω such that
(6.8.i) supn |MΓn|(Fk) < ∞ for every k ∈ N ;
(6.8.ii) supn ∥s(x∗, Γn)∥L1 < ∞ for every x∗ ∈ X∗ ;
Then there exists a measurable multifunction Γ ∈ P(µ, cb(X)) [cwk(X), ck(X)] and
a martingale (Γ̃n, Σn)n of measurable cb(X)-valued multifunctions such that
(6.8.iii) For each k ∈ N |MΓ |(Fk) < ∞;
(6.8.iv) For each x∗ ∈ X∗ we have limn s(x

∗, Γn) = s(x∗, Γ ) a.e. and
limn ∥s(x∗, Γn)− s(x∗, Γ )∥L1 = 0;

(6.8.v) For each n ∈ N Γ̃n is a measurable version of EΣn(Γ ) and Γ̃n
s
≈ Γn.

If moreover the set
⋃

n ZΓn is uniformly integrable, then
(6.8.vi) For each E ∈ Σ τL − limn(P )

∫
E
Γn dµ = (P )

∫
E
Γ dµ;

(6.8.vii) limn dH(MΓn(E),MΓ (E)) = 0 for every E ∈ Σ.

Proof. In virtue of Proposition 6.5 there exists a martingale (γn, Σn)n such that
each γn is a Pettis integrable quasi-selection of Γn. Then (Γn−γn, Σn)n is a martin-
gale of Pettis integrable multifunctions with the property s(x∗, Γn − γn) ≥) µ-a.e.
for each x∗ ∈ X∗ separately. To simplify the proof we assume that we have already
s(x∗, Γn) ≥ 0 µ-a.e.
(6.8.iii)–(6.8.v). Denote the algebra

⋃
nΣn by Σ0. Without loss of generality

we may also assume that Fk = ρ(Fk), k ∈ N. According to Proposition 6.5 the
formula (30) defines a martingale (Γ̃n, Σn)n that is scalarly equivalent to (Γn, Σn)n

and each multifunction Γ̃n is measurable with respect to Σn. In virtue of Proposition
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4.4 the function |Γ̃n| is measurable and so it follows from [22, Theorem 4.7] that
|MΓn|(E) =

∫
E
|Γ̃n| dµ, for every E ∈ Σn.

Let k ∈ N be fixed. It follows then from Fatou’s lemma and (6.8.i) that∫
E∩Fk

lim inf
n

|Γ̃n| dµ ≤ lim inf
n

∫
E∩Fk

|Γ̃n| dµ < ∞ .

But that yields lim infn |Γ̃n|χFk
< ∞ a.e. Let ε > 0 be arbitrary and let δ > 0

be such that µ(E ∩ Fk) < δ yields
∫
E∩Fk

lim infn |Γ̃n| dµ < ε. If x∗ ∈ BX∗ , then
(s(x∗, Γ̃n))n is a bounded martingale in L1(µ|Fk

) and so it is convergent in L1(µ|Fk
)

and µ-a.e. to a function in L1(µ|Fk
). Let

Mk
x∗(E ∩ Fk) :=

∫
E∩Fk

lim
n

s(x∗, Γ̃n) dµ = lim
n

s(x∗,MΓn(E ∩ Fk)) for E ∈ Σ0 .

But |s(x∗, Γ̃n)| ≤ |Γ̃n|, n ∈ N, on Fk and so limn |s(x∗, Γ̃nχFk
)| ≤ lim infn |Γ̃n|χFk

µ-a.e. Consequently, if E ∈ Σ0 and µ(E ∩ Fk) < δ, then

|Mk
x∗(E ∩ Fk)| = lim

n
|s(x∗,MΓn(E ∩ Fk))| = lim

n

∣∣∣∣∫
E∩Fk

s(x∗, Γ̃n) , dµ

∣∣∣∣ (31)

≤
∫
E∩Fk

lim
n

|s(x∗, Γ̃n)| ≤
∫
E∩Fk

lim inf
n

|Γ̃n| dµ < ε,

for an arbitrary x∗ ∈ BX∗ . We have MΓn(E) = MΓn+1(E) for every n ∈ N and
E ∈ Σn and so we can define M †

k : Σ0 ∩ Fk → cb(X) by M †
k(E) := MΓn(E ∩ Fk) if

E ∈ Σn. M †
k is an additive set function of finite variation on Fk. This is a direct

consequence of the martingale property of (MΓn)n and of (6.8.i). Indeed, we have

|M †
k |(Fk) = sup{

m∑
i=1

|MΓni
(Eni

∩ Fk)| : ∀ i Eni
∈ Σni

n1 ≤ n2 ≤ . . . ≤ nm, m ∈ N}

= sup{
m∑
i=1

|MΓnm
(Eni

∩ Fk)| : ∀ i Eni
∈ Σni

n1 ≤ n2 ≤ . . . ≤ nm, m ∈ N}

≤ sup
m

|MΓnm
|(Fk) < ∞.

Due to the initial assumption of positivity of the support functionals of every Γn,
we have 0 ∈ M †

k(E), for every E ∈ Σ0. One of the consequences of (31) is absolute
continuity of Mk

x∗ on the algebra Σ0 ∩ Fk in the ε− δ sense. That means that each
Mk

x∗ is σ-additive on the algebra Σ0 ∩ Fk. But if E ∈ Σ0, then

Mk
x∗(E∩Fk) = lim

n

∫
E∩Fk

s(x∗, Γn) dµ = lim
n

s(x∗,MΓn(E∩Fk)) = s(x∗,M †
k(E∩Fk)).

This gives countable additivity of s(x∗,M †
k) on Σ0 ∩ Fk. Moreover, formula (31)

proves also that the ε− δ absolute continuity of the family {s(x∗,M †
k) : ∥x∗∥ ≤ 1} is
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uniform on BX∗ . It follows from [19, Proposition 2.5] that M †
k has an extension to

a multimeasure Mk : Σ ∩ Fk → cb(X). Mk is of finite variation on Fk because M †
k

is of finite variation on Fk and Σ0 is µ-dense in Σ. Mk is in fact countably additive
in the Hausdorff metric of cb(X). Moreover, 0 ∈ Mk(E ∩ Fk) for every E ∈ Σ.
In virtue of Theorem 4.5 Mk can be represented as Mk(E ∩ Fk) = (P )

∫
E∩Fk

Γ k dµ,
where Γ k : Fk → cb(X) is measurable with respect to Σ ∩ Fk. But we have
Mk|Σn∩Fk

= MΓn|Σn∩Fk
, what yields (Theorem 5.5)

EΣn(Γ
k)

s
≈ Γn|Fk

s
≈ Γ̃n|Fk

. (32)
It follows that for each x∗ ∈ X∗ we have also

s(x∗,EΣn(Γ
k)) = s(x∗, Γn|Fk

) = s(x∗, Γ̃n|Fk
) µ-a.e.

But due to (17) s(x∗,EΣn(Γ
k)) = EΣns(x

∗, Γ k) µ-a.e. and as (EΣns(x
∗, Γ k), Σn)n is

a martingale that is on Fk µ-a.e. and in L1(µ|Fk
) convergent to s(x∗, Γ k), we obtain

the equality
lim
n

s(x∗, Γn|Fk
) = lim

n
s(x∗, Γ̃n|Fk

) = s(x∗, Γ k) µ− a.e. on Fk . (33)

As 0 ∈ Mk(E ∩ Fk) for every E ∈ Σ, the sequence
(⊕m

k=1 M
k(E ∩ Fk)

)
m

is non-
decreasing. It follows from [27, Proposition 1] that

lim
m

m∑
k=1

s(x∗,Mk(E ∩ Fk)) = lim
m

s

(
x∗,

m⊕
k=1

Mk(E ∩ Fk)

)

= s

(
x∗,
⋃
m

m⊕
k=1

Mk(E ∩ Fk)

)
.

We define now M : Σ → c(X) setting M(E) :=
⋃

m

⊕m
k=1 M

k(E ∩ Fk). Clearly
M |Fk

= Mk for every k ∈ N. It is a consequence of the next calculation that
M(E) ∈ cb(X).

|s(x∗,M(E))| =
∣∣∣∣sup

m

m∑
k=1

s(x∗,Mk(E ∩ Fk))

∣∣∣∣ = ∣∣∣∣sup
m

m∑
k=1

∫
E∩Fk

s(x∗, Γ k) dµ

∣∣∣∣
=

∣∣∣∣sup
m

m∑
k=1

∫
E∩Fk

lim
n

s(x∗, Γn) dµ

∣∣∣∣ = ∣∣∣∣sup
m

lim
n

∫
E∩

∪m
k=1 Fk

s(x∗, Γn) dµ

∣∣∣∣
≤ sup

m
lim sup

n

∫
E∩

∪m
k=1 Fk

|s(x∗, Γn)| dµ ≤ ∥x∗∥ sup
n

∥s(x∗, Γn)∥L1 < ∞.

Hence
m∑
k=1

|s(x∗,Mk)|(E ∩ Fk)) =
m∑
k=1

∫
E∩Fk

|s(x∗, Γ k)| dµ

=
m∑
k=1

∫
E∩Fk

| lim
n

s(x∗, Γn)| dµ =
m∑
k=1

lim
n

∫
E∩Fk

|s(x∗, Γn)| dµ

= lim
n

∫
E∩

∪m
k=1 Fk

|s(x∗, Γn)| dµ ≤ ∥x∗∥ sup
n

∥s(x∗, Γn)∥L1 < ∞.
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Thus,

s(x∗,M(E)) = sup
m

m∑
k=1

s(x∗,Mk(E ∩ Fk)) (34)

= lim
m

m∑
k=1

s(x∗,M(E ∩ Fk)) =
∞∑
k=1

s(x∗,M(E ∩ Fk))

and the series is absolutely convergent. Assume now that E =
⋃

nEn and the sets En

are pairwise disjoint. Then, applying (34) and the countable additivity of s(x∗,M)
on each Fk, we have

s

(
x∗,M

(⋃
n

En

))
=

∞∑
k=1

s

(
x∗,M

(⋃
n

En ∩ Fk

))
=

∞∑
k=1

∞∑
n=1

s(x∗,M(En ∩ Fk))

=
∞∑
n=1

∞∑
k=1

s(x∗,M(En ∩ Fk)) =
∞∑
n=1

s(x∗,M(En)).

Thus, M is a µ-continuous multimeasure of σ-finite variation. Γ : Ω → cb(X)
defined by Γ |Fk

= Γ k is an obvious candidate for the Pettis integrable density
of M with respect to µ. Indeed, applying the absolute convergence of the series∑

k

∫
E∩Fk

|s(x∗, Γ k)| dµ following from (34), we have

s(x∗,M(E)) =
∑
k

s(x∗,M(E ∩ Fk)) =
∑
k

∫
E∩Fk

s(x∗, Γ k) dµ =

∫
E

s(x∗, Γ ) dµ.

Thus, Γ ∈ P(µ, cb(X)) and M = MΓ . The scalar convergence required in (6.8.iv)
is a consequence of (33) and of the convergence of the scalar martingales in L1(µ).
(6.8.v) follows from (32).

(6.8.vi)–(6.8.vii). Assume now that the set
⋃

nZn is uniformly integrable. M is
rich in strong densities and so if E ∈ Σ, then M(E) = {(P )

∫
E
γ dµ : γ ∈ DmP

M }. If γ
is a Pettis integrable density of m ∈ S(M), then (γn := EΣn(γ), Σn)n is a martingale
such that γn is a quasi-selection of Γn. It follows from [6] that the martingale is µ-a.e.
convergent to γ and [22, Corollary 5.3] yields the convergence limn ∥γn − γ∥P = 0.
Due to this convergence, if x ∈ X, then

lim sup
n

d

(
x, (P )

∫
E

Γn dµ

)
≤ lim

n

∥∥∥∥x− (P )

∫
E

γn dµ

∥∥∥∥ =

∥∥∥∥x− (P )

∫
E

γ dµ

∥∥∥∥,
what yields

lim sup
n

d

(
x, (P )

∫
E

Γn dµ

)
≤ d

(
x, (P )

∫
E

Γ dµ

)
. (35)

We now apply [1, Corollary 1.5.3]:
If ∅ ̸= B ⊂ X, then d(x,B) = sup{⟨x∗, x⟩ − s(x∗, B) : x∗ ∈ BX∗}.
The following calculation leads to the desired result:
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d

(
x, (P )

∫
E

Γ dµ

)
= sup

{∣∣∣∣⟨x∗, x⟩ − s

(
x∗, (P )

∫
E

Γ dµ

)∣∣∣∣ : x∗ ∈ BX∗

}
(36)

= sup

{∣∣∣∣⟨x∗, x⟩ − lim
n

s

(
x∗, (P )

∫
E

Γn dµ

)∣∣∣∣ : x∗ ∈ BX∗

}
= sup

{
lim inf

n

∣∣∣∣⟨x∗, x⟩ − s

(
x∗, (P )

∫
E

Γn dµ

)∣∣∣∣ : x∗ ∈ BX∗

}
≤ lim inf

n
sup

{∣∣∣∣⟨x∗, x⟩ − s

(
x∗, (P )

∫
E

Γn dµ

)∣∣∣∣ : x∗ ∈ BX∗

}
= lim inf

n
d

(
x, (P )

∫
E

Γn dµ

)
.

The inequalities (35) and (36) give the required convergence in (6.8.vi).
The condition (6.8.vii) follows from Theorem 6.3.
If (Γn, Σn)n is arbitrary and (γn, Σn)n is a martingale as at the beginning of the
proof, then (γn, Σn)n fulfills the thesis of Theorem 6.8 and this completes the whole
proof.
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