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Given a continuous function f : R — R with p-growth, we extend the framework developed by
J.-J. Alibert and G. Bouchitté [ Non-uniform integrability and generalized Young Measure, J. Convex
Analysis 4 (1997) 129-148] obtaining a new way of representing accumulation points of

/ F(0i(=)) du(z)
Q

where p is a finite positive Borel measure on an open bounded set  C R™, and (v;);eny C LP(Q, p)
is norm bounded. We call such representations generalised Young Measures.

With the help of the new representation, we then characterise these limits when they are generated
by gradients, that is, when v; = Du; for u; € WH(Q,R™), via a set of integral inequalities.
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1. Introduction
1.1. Background

Young Measures were first introduced by Young in [57] to study the minima of
integral energies of the form

inf {/ flu(t), ' (t)dt : u e C*([0,1]),u(0) = a,u(1) = b, ||| < K},

where f: R? — R is continuous, and for related problems in optimal control theory.
The author wanted to understand what conditions on f would guarantee the exis-
tence of a minimizing curve u(t). Young had the intuition that minimising sequences
(uj); in C*([0, 1]) always admit a subsequence (non-relabelled) and u € C([0, 1]) with
u' € L>=([0,1]) so that u; — u uniformly and u; converges to a generalised curve

v=uy:[0,1] = M (R).

This translates to the following equality for every continuous f: R? — R:

mf /f dt—hm/fuj ))dt = //f 2)dv,(2)dt.
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So the question of the existence of a minimiser can be reformulated in two different
ways.

1. Are minimising sequences so well behaved that every generalised curve v is,
actually, just the gradient of a function u? In mathematical terms, we have to
understand if v, = 6, for almost every t € (0, 1).

2. Is f well behaved so that
/R F(u(t), 2)dvi(=) > F(u(t), w'(1))

at L' almost every t € (0,1)?

Young’s original work focused on the case n = 1 and was carried out via functional
analytic methods. This approach was later extended by many authors, includ-
ing [8,9,11,16,18,44,45] to higher dimensions. We call these generalised functions
oscillation Young Measures. The method developed by Young is not powerful enough
to tackle many problems arising in modern mathematics, as it essentially only de-
scribes oscillations in sequences (v;);en that are bounded in L*. In [56], Tartar
pioneered the use of Young Measures as a tool to study non-linear partial differ-
ential equations, which moved the development of classical Young Measures to the
study of Young Measures in Lebesgue spaces, as they are the natural spaces for
many questions related to partial differential equations. The first attempt to well
represent generalised limits of integrable functions that also takes concentration ef-
fects into account is due to DiPerna and Majda, [21]. Functions v; € LP(€2, u, R?) -
Borel measurable and so that |v;(z)[P is integrable with respect to p - are identified
with the measures on © x R? that result by integrating over their graph, namely

[ e @ndute) = [ @ (o) ) = (6,0 0)

where "#7 is called the pushforward operator and (-, vj('))#,u € M(Q x R9).

The product space Q x R? is subsequently embedded into a compact set K O 2 x R?,
and assuming that the sequence (v;); is bounded in LP(£2, u, R?), an accumulation
point, in a weak™® sense, is then found

&, —" €€ M(K). (1)

Such an accumulation point is a measure defined on K, where K is an abstract
compact set containing 2 x R?, called compactification, and as such, it is not clear
how to conveniently represent . In [3], an explicit and natural formula for such
accumulation points was obtained for a class of integrands that behave like homo-
geneous functions at infinity, whereas in other instances such as [40,54], £ as in (1)
has been used in its bare form to prove results in the calculus of variations.

In what follows, we give a general representation formula for describing Young Mea-
sures for a large class of integrands in the spirit of [3]. The construction of Young
Measures follows mainly the work by DiPerna and Majda [21], Alibert and Bou-
chitté [3], and a procedural approach developed in [35], see also [50,53,54]. This
generalisation is based on the canonical way of constructing Hausdorff compactifi-
cations starting from continuous functions, see [19]. A small reduction lemma gives
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a clearer and more geometrical interpretation of such limits. This formula captures
concentrations at infinity, which are now allowed to occur without restrictions. We
also prove a few structure theorems that relate different compactifications and their
Young Measure representations to each other. Formally, we show that given a
bounded sequence (v;); in LP(2, pu, R?) and a family {f;, i € N} of integrands of
p-growth — meaning | f(z)| < C(1 + |z[P) for some C' > 0 and all z € R? — there is a
subsequence (non-relabelled) and a triple (v, A, v°) with, letting M™ and M be,
respectively, the set of positive Borel Measures and the set of probability measures,

ve: Q= Mf(RY), Ae MY (Q) and v°: Q — M (dey, ien) (2)
such that
i [ tosointe) = [ [ Gane + [ P ene.

Here ey, ;e is a compactification of R? naturally derived from {f;,i € N} and f* is
the extension of f to such compactification. This compactification has the topology
of a product space (in many cases of interest finite-dimensional) and so it is easier
to work with compared to previous representations of generalised Young Measures.

It is important to mention that such generalised Young Measures, defined as the
limit (1), were known to exist since DiPerna and Majda, and have been studied and
used in applications ever since, see for example [30,40, 54]. However, the lack of
clear representation and geometric interpretation always hindered the use of gener-
alised Young Measures to solve problems from the calculus of variations that involve
gradients, one of which we solve in this paper.

This generalisation of Young Measures is then applied to study extensions and vari-
ations of energies that depend on gradients, the prototype of which is

uH/ﬂf(Vu(x))dx, (3)

where v is initially taken in a small class of functions like C°°(Q2, R™)NW1P(Q, R™),
2 C R" is a bounded domain with Lipschitz boundary, and f: R™*" — R has
linear growth. We notice that the space C*(2,R™) N WH(Q,R™) is dense in
many spaces of interest in applications, such as BV (2, R™) with the weak™ topol-
ogy. This topology can be particularly hard to work with, but has very interesting
outcomes in this class of problems. For example, it can be shown that for any
non-linear f € C'(R™*") of linear growth, (3) is not sequentially weak™ continuous
in BV(Q,R™*"), see [10,12]. We can however find an extension which is lower
semi-continuous for certain fs, under suitable growth conditions. In [47], Morrey
established the equivalence of lower semi-continuity of (3) to a condition that he
called quasi-convezity, which can be written as a Jensen-type inequality:

f(z) < ﬁ”tQ) /Qf(z + Vo(x))dx Vo€ D(Q,R™) and z € R™*". (4)

The original result by Morrey applies to the setting of weak™ convergence in the
space W1 (Q, R™) and weak convergence in W1P(Q, R™) with 1 < p < 400, when
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f has p-growth and it is bounded from below. This was later extended to functions
that depend on more than one variable in [46], and to Carathéodory integrands
in [1,42,43]. The aforementioned results hold when f is positive and has appropriate
growth. In the case of signed integrands, one must work within the Dirichlet class
W, P(Q,R™) for some g € WP(R",R™), which is the set of functions in W'?(Q, R™)

so that Lp(mon Tom
uXQ—i_gXQCGW’(R >R )7

XE being the indicator function of £ C R™. In this case, [14] is one of the first
examples where Young Measures are employed for proving lower semi-continuity
for functionals of the type (3). To be more specific, (4) can be rephrased as a
Jensen-type inequality for measures of the form

{u v = ml(m (Vo) 4dLmLQ, ¢ € D(Q,Rm)}, (5)

where the measure v acts on f in the following way:

1

1

It turns out that gradients of a weakly convergent sequence (u;); in Whr(Q,R™)
with u; = win W' if 1 < p < 400 or u; —* u in WH*(Q, R™), subsequentially
generate an oscillation Young Measure

vyt Q — My (R™M),

where v, acts on functions f € Cy(R™*™) and ¢ € Cy(Q2) via the pairing

I Vu(x))da = dvy(2)dz =: o, f)dz,
m [ o) f(Vu)de = [ o) [ fEm(ede = [ o)l o
and satisfies the moment condition

/(yx,\ - PYdr < 400
Q

if 1 <p < 400, or supp(v,) C Bg(0) for some R > 0 and L™-a.e. z € Q if p = 4o0.

The lower semi-continuity of (3) reduces to a Jensen-type inequality of the form

(U, f) > f(Vu(z)) and Vu(x) :/ zdv, L"-a.e.,

RmXTL
when f has p-growth and is quasi-convex. In this case, we call (v,).cq a Gradient
Young Measure, which can be seen as an inhomogeneous version of the Young Mea-
sure (5). This class can be seen as the closure of the set (5) in a suitable weak*
topology of measures over the graph of f. The opposite is also true and was proven
in [31,32] when 1 < p < 400 (see also [30,38,39] for the case with concentration),
i.e. every Young Measure (V;)zcq, Vi: Q@ — M (R™ ") that satisfies the moment
condition

/(yx,| - PYdx < +o0
Q
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if 1 < p < 400 or supp(v,) C Bg(0) for some R > 0 and L"a.e. x € 2, and is
u € WP(Q,R™) such that

7, = Vu(z) L -a.e.

for which a Jensen-type inequality holds against quasi-convex functions of suitable
growth, is the limit of a sequence of gradients of (u;); in W'?(Q, R™) so that u; — u
weakly in WP (weakly* in W1°°) where we insist that the convergence is weak when
p=1.

Most of the above theory is not specific to gradients only. It is well known that for
a matrix field U € L'(B™, R™ "), then curl(U) = 0 row-wise if and only if there is
u € WHY(B",R™) so that Vu = U L"-almost everywhere. Inspired by this well-
known result, the above theory has been largely extended to integral functionals

Ul—>/Qf(U(x))dx

where U € L'(Q, R?) solves some system of linear constant-coefficient homogeneous
differential equations

PO)(U) =0, (6)

see for example [6,28,37,49].

The aforementioned results hold in the setting of weak convergence in the space
WP 1 <p < 400 and weak™ convergence in W1*°. This is a natural condition to
assume when p > 1, but not when p = 1, as the Lebesgue space L(£2, £") is not the
dual space of any Banach space. In particular, a bounded sequence in L'(£2, L") can
concentrate and converge to measures that are singular with respect to the Lebesgue
measure. In terms of gradients, the closure of W(Q2, R™) so that its unit ball is
weak™ compact is the set of functions of bounded variations BV (2, R™).

This is the set of functions whose distributional derivatives are measures, meaning
u € BV(Q,R™) if u € L'(Q,R™) and Du € M(Q, R™™). If (u;); is bounded in
WHH(Q,R™), then there exists a subsequence (uj,); such that u;, —=* u in BV, and
Du needs not be absolutely continuous with respect to the Lebesgue measure, as
Vuj,(z)dx could concentrate. Because this concentration phenomenon is exclusive
of the case p = 1, it concerns integrands that have linear growth at infinity. It
turns out that when f is non-negative, has linear growth and is quasi-convex, then
if (u;); € WHH(Q,R™) is so that u; —* u in BV for some u € BV ({2, R™), then

limjinf/Qf(Vuj(x))de/Qf(Vu(x))dx, (7)

see [23,26]. However, one can prove that the above is in general a strict inequality
because for a sequence u; —* w in BV with Du = Vu(z)dx + D*u,D’u L L
and D*u # 0, formula (7) is unable to capture the singular part D*u. Consider a
function f: R? — R having regular recession at infinity, meaning that the limit

fo(z) = lim L) (8)

t—00,2' =z t
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exists locally uniformly in z € R?, the lower semi-continuous envelope of (3) in the
space BV (2, R™) with respect to sequential weak™® convergence is

D3y

" /Q F(Vu())dz + f (w(x)) d| D%l (z). ()

References to this result with different conditions on f can be found in [4, 15,27,
36,52]. In this work, by writing I where y € M*(2) and 7 € M(©2, R?) we mean
the Radon-Nikodym derivative of 17 with respect to p. In particular, for any vector-
valued measure n € M(Q, R?) we can consider its polar decomposition n = %dml.

In the above, Assumption (8) is, despite first appearances, not necessary. More
precisely, two important theorems show that (9) makes sense without the assump-
tion that f has regular recession, in other words without assuming that f> exists
everywhere:

o the rank-1 Theorem [2] states that every u € BV (2, R™) is so that

ﬁ;isu‘(x) € R™"™ has rank 1 for |D’ul-a.e. x € Q;

u

o if f has linear growth and it is quasi-convex it is also rank-1 convex (convex
along matrices of rank 1), and so f*°(z) exists, in a classical sense, for all
rank(z) = 1.

These two facts show that (9) makes sense for all quasi-convex functions of linear
growth and it turns out that (9) is still lower semi-continuous in this general setting.
It is worth mentioning that some old results concerning the lower semi-continuity of
(9) made use of the fact that f> exists everywhere and had to be deeply changed
to cover the general case of f that is just quasi-convex and of linear growth (in
contrast, see [52] for a proof of lower semi-continuity that uses (8) but not the
rank-1 property of BV functions). However, a Young Measure formulation of the
Jensen-type inequality (4) has to take into account not only the singular part of Du
— which has rank 1 — but also the concentration along any possible direction.

This can be made into a proper statement using the characterisation Theorem [35]
together with the rank-1 auto convexity result [33]. In the spirit of the previous
results, one is tempted to prove a duality-type characterisation of Young Measures
with concentrations and quasi-convex functions. As just mentioned, one must be
careful about the assumptions on f*° (8). As shown in [48], quasi-convex functions
can oscillate at infinity, meaning that f*(z) defined as in (8) may not exist for
some z € R™. This result is improved in this paper as we show that quasi-convex
functions of linear growth are not separable with respect to the canonical topology
in use. This suggests that to obtain a Jensen-type inequality and characterisation
result for Gradient Young Measures in the case p = 1, it is necessary to specify a
compactification at infinity.

The characterisation for Gradient Young Measures when p = 1 has been already
obtained on the so-called sphere compactification — functions for which f*°(z) exists
in the sense of (8) for all z € R™™ — see [35] and [7] for a refinement concern-
ing concentration on the boundary of Q. We also refer to [29,30] for the case with
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concentration when p > 1. In section 3, we prove the characterisation result for Gra-
dient Young Measures on separable compactifications of subclasses of quasi-convex
functions. Roughly, we show that given a compactification ey, ;e generated by a
countable family of quasi-convex functions of linear growth, any triple (v, A, v2°)
that satisfies (2),

Updx + v¥dA = Du

for some u € BV (Q,R™), the moment condition

/(ux,l [)dz < oo,
Q
and the Jensen-type inequality
(e, flde + (v3°, f) za(2)de > f(Vu(z))da,

(e, f=)an = [ (8] |Doul

in the sense of measures, for all quasi-convex functions f (suitably adapted to the
compactification ey, ;en), is generated by a sequence (Vu;); with (u;); bounded in
WHL(Q,R™). Here f* is not defined as in (8), but it is the suitably defined extension
of f to the remainder of the compactification ey, ;ey. Moreover, ey, ;e cannot contain
all quasi-convex functions from the above family, so we are restricted to working with
subfamilies of quasi-convex functions at once.

In the above characterisation result, we have confined our attention to first-order
gradients. However, the argument can be extended to also cover the case of vec-
tor fields satisfying a system of linear constant-coefficient homogeneous differential
equations as in (6).

1.2. Preliminaries and notation

We list here the notation and terminology that will be used in this paper.

« For a vector v € R™, we write |v| = \/m otherwise specified.
e Given a function f: X — Z and W an arbitrary set, we call
graphy (f) = {(z, f(z)) € X x Z such that x € X},
graphy . (f) = {(z,w, f(z)) € X x W x Z such that z € X,w € W}.

When X is clear from the context we just write graph(f).

o We say that a function f: RY — R has p-growth if there is a constant C' > 0
such that
1f(z)] < C(L+|2)F) VzeR

e The identity matrix is indicated by 1, or 1; € R%**? if we need to specify the
dimension.

o The Lebesgue measure is indicated by dx, or L™ depending on the context. The
set of finite Borel d-vector measures is indicated by M(Q, R?). For E C M(Q),
E™ is the set of positive Borel measures that belong to E.

e The n—1-dimensional Hausdorff measure is indicated by H" .
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For a measure p € M(Q)", we write LP(€, 1, R?) to mean the space of Borel
measurable functions f:  — R? such that

[ﬂﬂ@mmu»<+m.

For ;1 € M(,R%), we write its restriction to a y-measurable set E C Q as

pl E: A Borel set — pu(E N A).

If p € MT(Q) and f € LY(Q, u,R?), we call fdu the measure in M(£2, R?)

defined by
v [ s
U

where U runs through all y-measurable sets.

If X is any space, the Dirac delta is indicated, for x € X, by

Af@mmwzf@»

where f: X — R? is an arbitrary function.

Let X be a metric space, p € M (Q) and (f;)jen in LP(Q, u, RY). We say that
the sequence (f;); is p-equi-integrable (or simply equi-integrable if p is clear
from the context) if it is norm-bounded and

lim sup / |filPdp = 0.
ktoo  jeN J|f,1p>k

The set of Ré%values test functions is
D(Q,RY) = C(Q,RY),

that is, infinitely differentiable functions with compact support in 2. We do
not insist on the topology this space is endowed with. We often abbreviate
D(Q,R?) = D(Q2) when the target space is clear from the context.

By the derivative of a function u € L'(Q, R™) we mean the m x n matrix-valued
distribution Du = [0;u,]; ; € D(2, R™*™)* such that

Q

The Sobolev space of functions with integrable derivatives is
WHH(Q,R™) = {u € L'Y(Q,R™) : Du € L'(Q,R™™)}.

In this case, we write Du = Vu in analogy with classical derivatives.

The set of functions of bounded variation is

BV(Q,R™) = {u € L'(Q,R™) : Du € M(Q, R™™)}
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o For a function u € BV (2, R™) we can write
Du = VudC"LQ+ D%, D’u= D'ul J,+ D

where VudL" is the absolutely continuous part, D’u is the jump part con-
centrated on a n — 1 rectifiable set J,, and D¢ is the Cantor part, which is
absolutely continuous with respect to H" !, see [5], Chapter 3.

o For a function g € BV (2, R™), we write

B‘/;](Q,Rm) = weak* in BV

u € BV(Q,R™) : there is a sequence (u;); in D(,R™)
such that u; ————u—g '

In this thesis, we will work with domains €2 C R" bounded and with a Lipschitz
boundary, so the above definition is consistent with trace theorems and other
literature on the subject, see for example [55] and [5], Chapter 3.

2. Generalised Young Measures on separable compactifications

In this section, we construct generalised Young Measures and provide a new geo-
metric representation. Even though generalised Young Measures have been known
to exist for a long time, our new representation captures how concentration ”oscil-
lates with different amplitudes at infinity” and gives a geometric insight into what
these measures look like. To achieve such a result, we embed spaces of functions
into bigger compact sets and use the theory of Hausdorff compactifications to study
their topological properties.

2.1. Generalised limits and parametrised measures

Generalised Young Measures are objects that were known to exist since DiPerna and
Majda [21], and have been used in a few instances, see for example [24, 30,40, 54].
However, their existence per se does not give enough clarity on their properties, and
so makes it hard to work with such objects.

We give a new interpretation and geometric representation that better captures
oscillation and concentration effects that occur in limits of the form

i | o)) dta).

where (v;); is a norm-bounded sequence in LP(2, u, RY) and f € C'(R?) has p-growth.
Under these assumptions, it is easy to see that, up to a subsequence, fov; converges
to a measure v; formally, this means that

Lﬂwmwwmmmﬁéaww@

for all ¢ € Cp(Q2). It is clear that v = v(f) is a linear function of f. What is not
clear is how such dependence can be represented in terms of p and f. Without a
clear representation, it is not possible to set up a system of calculus. This section is
dedicated to working out a geometric interpretation of the relation between v and
f, which is called Young Measure.
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Definition 2.1. A function f: R? — R is said to have p-growth if there is a constant

C' > 0 such that
1£(2)] < C(1+|z]P) VzeR™

When p = 1, we say that such functions have linear growth. [

We emphasise that when v; — v strongly in L'(u), the limit Young Measure is
trivial, meaning that

/ £ (03 (2))é(@)dpu() / F(0(2))9(x)dp(z)
Q Q

for all f € C(RY) of linear growth and ¢ € Cy(Q2). This is a simple consequence
of the Vitali convergence Theorem A.1 (or the generalised dominated convergence
theorem).

When strong L' convergence fails, and the measure p is finite, only two things
can go wrong, namely oscillation and concentmtion We illustrate oscillation and
concentration in the toy case n =m =1, Q = [ > 5} pu=L"and p = 1 with the
two following examples.

o Oscillation: u;(z) assumes frequently multiple values around points = € € and,
in the limit, generates probability distributions

T+ v, € M (RY)

Y

}, extended by 1-pe-

DN | =

Example: Take u(z) = ~X[-1.0] T Xo, ] T € [ %
riodicity to the whole of R and define u;(x) = (?) Then, if f: R — R is

continuous, we immediately obtain that

f(uy( oo = L0 I8 — [ fa (300+ 50)

t\.’)\»—A

«  Concentration: |u;|P concentrates to some measure A € M* (), meaning
lin lim 6(w) uj(2)Pdp(a / ol
kg {z€U:|u;|>k}

for all smooth ¢: R® — R. The values of u;(x), on the other side, escape to
infinity on a set where A is concentrated, and so their limit can be seen by
embedding u; € R? into a compact set K containing R?.

Example: Think of u; as a step function approximating a Dirac delta,

Uj(f) = J’X[_; )

23’

The integral becomes f (u;(x))dx fg‘])

w\»-

Because p = 1, we assume that f has linear growth and the above quantity is
always bounded, so we can find a subsequence (u;,); — in fact, many different
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subsequences — such that lim; % = f*°{Ji}s), where f> depends on the
particular subsequence we considered. But then we can write

£G)

()

3
lim [y 2)de =tim T9 = [ (g
—3 [~3:3]
In order to construct Young Measures, we regard functions as maps from a domain
Q into the set of probability measures over a target space R%. Ordinary functions
f:Q— Rz f(x)are embedded into maps Q — My (R%), z +— (). Preliminary
to the construction, we introduce two basic concepts that are at the core of this

theory.

Definition 2.2. Let X and Z be locally compact, separable metric spaces and
A€ MT(X). Amapv: X — M*(Z) is said to be A-measurable if for each ¢ € Cy(Z)
the function x — (v(x), @) is A-measurable. O

We shall often write the measure-valued map v as a parametrized measure (V;)zex,
where v, := v(z). Given a measure v on a product space X x Z, it can always be
decomposed as a product of its projection onto X and its cross section on Z.

Theorem 2.3. (Disintegration of measures) Let X and Z be compact metric spaces
and denote by w: X XY — Z the projection mapping onto the first coordinate
m(z,y) =x. Forue MY (X x Z) and A = myv € MT(X) (the pushforward of v via
) there erxists a unique A-measurable parametrized measure (Ng)zex,n. € M (Z)

such that for all ¢ € C(X),¢ € C(Z) we have

rowv) = [ = [ [ v o).
For a proof of this result see [5]. In this case, we write v = n,dA.

2.1.1. Generalised Young Measures

In what follows, we show how to obtain a good representation of Young Measures
on separable compactifications. The procedure is adapted from [35], where it was
developed to construct Young Measures on a very specific compactification, called
sphere compactification (see 2.4 for the connection to our general setting). Some of
the results can also be found in [53], Chapter 12, where they were also proven on
the sphere compactification.

Throughout this section,  C R is open and bounded, x € MT(2) and (v;); is a
bounded sequence in LP(Q, u, R?), with 1 < p < +00. Assume

v; v in L when 1<p< 400
and v; =*v in Co(Q,RY* when p=1.
Given a continuous integrand ®: 2 x R? — R satisfying the p-growth condition
(2, 2)] < C(1+2))P V(z,2) € QxR

we seek to represent limits of ( Jo @(x,v; (x))d:c)J as j — 0o, possibly passing through

suitable subsequences.
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Remark 2.4. For each j, the map ® acts on the graph of v;, i.e. ®(x,v;(z)) =
®o(x,v;(x)). Therefore, we look for the limiting distribution of (z,v;(x)) as j — oo,
and more precisely the ®-moment of this limiting distribution. [
Morally speaking, since (®(-,v;)); is bounded in L'(Q, i), (®(-,v;)du); is bounded
in M(Q) = C(2)*, so by the abstract compactness principle A.4, there exists a limit
measure which depends on the integrand ®. To better understand the way the limit
measure depends on the integrand ®, we need to change the setup of the problem.

Let z € R4+ 2 = 1+Z|z| € B? be a homeomorphism R? ~— B?. Define the class of

functions of p-growth in the z variable to be

[®(z, 2)|
(14 [2[)?

G, = G,(Q,RY) := {CD € C(Q xRY) :su
(z,

z

< +oo},

Nike

N>

and for & € G, put (T®)(x,2) = (1 — |73|)p<13<x, 1_|z)

Then T': G, — BC(Q x B?) is an isometric isomorphism provided G, is normed by
|7®|| o and BC(Q2 x BY) by || - |- The inverse operator is

—1 . P z
(170w, 2) = (14 =070 (o, 7).
where U € BC(Q x BY). The dual operator T*: BC(Q x B)* — G} is again

an isometric isomorphism. We are interested in the limits of [, ®(x,v;(x))dz for
® € G, and may define §,, € G}, by

o, () = /QCI)(:E,vj(w))dx,CD € G,.

Note |w=mww%mwm

®lle,

50 (&,) is a bounded sequence in G}. But G} ~ BC(Q x B?)*, and because BC
(hence G,) is not separable we do not necessarily have sequential compactness. We
must restrict the integrands ® to a separable subspace of G,,.

2.2. Hausdorff compactification

In this subsection, we present how to construct a compactification of the space
X = Q x R? from a family of bounded and continuous functions F' € BC(X).
Roughly speaking, such compactification is a compact set ex X that contains X as a
dense subset and on which all f € F admit a continuous extension. The idea behind
such construction is to look at the graph of each f € F'. Because of the boundedness
assumption, each function has its image contained in a closed bounded interval of R.
Therefore, the graph is embedded into a closed subset of an (infinite-dimensional)
hypercube, which is compact in the product topology by the Tychonoff Theorem,
A3.

Most of the results will be stated without proof, which can be found in [19], Chapters
1 and 2, and [22], Chapter 4.
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We first define three classes of functions that are rich enough to determine the
topological structure of their domains:

Definition 2.5. Consider a family of functions F' C BC(X), we say that F' sepa-

rates points from closed sets if for each C' C X closed and x € X \ C there exists
f € C(X) such that f(x) & f(C).

Next, we define what a compactification of a topological space is.

Definition 2.6. A compactification of X is a compact Hausdorff space aX and
an embedding a: X — aX (continuous and so that a=': aX — X exists and is
continuous) such that a(X) is dense in aX.

It is useful to remark that because « is continuous, any function f € C'(aX) can
be restricted to a continuous function on X. Indeed, f o « is the composition of
a bounded continuous function with a continuous function, and thus it belongs to
BC(X). On the other hand, because a(X) is dense in aX, each f € C(aX) is
uniquely recovered from foa € C(X).

Given a family F' C BC(X) that separates points from closed sets, there is a canoni-
cal way of generating a compactification X on which every f € F' has a continuous
extension.

Theorem 2.7. To each family FF C BC(X) that separates points from closed sets,
we associate a canonical embedding

erp: X — erp[inff,supf}, z = {f(2)}rep.

epX = ep(X) is a compactification of X

The above theorem is a direct implication of Tychonoftf’s Theorem. Namely, when
F C BC(X) is a family that separates points from closed sets, then

ep: X = Iyep[inf f,sup f]

is open and continuous, and so it is an embedding.

However, the map er makes sense even if I’ does not separate points from closed
sets, and ep X is always a compact subset of erp[inf f,sup f}

Lemma 2.8. Let ' C BC(X) be a family that separates points from closed sets and
erX its induced compactification. Each f € F embeds into C(er(X)) in an obvious
way and admits a unique extension f € C(epX).

By definition of ep X, for all y € epX there is a net (yy)x C ep(X) = Hsepf(xy)
such that yy — y. To compute the extension of f € F' on the compact set ep X, we
set

frerX = Ry (: hiﬂ erFf(%)) = fly) = hin f(zy).

Note that this definition is independent of the net chosen, because if y, also satisfies
Yy = fepf(z,y) and y, — y, then lim, f(x,) = lim, f(z)) for each f € F.
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Suppose that we have given a family F' and its associated compactification ep X,
and we consider the compactification of F'U{f}, where f € BC(X). We expect the
latter compactification to be bigger than the former, i.e. to be a space where all the
previous extensions can be further extended to continuous functions.

Definition 2.9. Given two compactifications X and vX of X. Then we say that
aX > X if there exists a continuous function f: aX — X such that foa = 17.
Moreover, we write aX ~ vX if aX > vX and vX > aX, or equivalently if
f:aX — ~vX is a homeomorphism.

In the rest of the paper, we will sometimes refer to a generic compactification K
without specifying the underlying family generating it. The reason why is contained
in the following result.

Theorem 2.10. Given a compactification aX of X, then there exists a family
F C BC(X) that separates points from closed sets such that ep X =~ aX.

2.2.1. Representation of compactifications

Consider a family F' C BC(X) that separates points from closed sets. According to
the Hausdorff compactification theory, its induced compactification can be written
as a subset of the hypercube II ;¢ p[inf f,sup f}, where the sides of this cube are as
many as the functions f € F'. Because F' can be uncountable, its compactification
could be hard to deal with from an analytical point of view. We seek a better
representation of such space.

The idea behind the following result is that if we know the limits of functions
f,g € BC(£2,R), we also know the limits of f™+ ¢", n,m € N.

Definition 2.11. Let F be a family of functions f: X — R. We call A(F) the
algebra generated by ¥, i.e.

AF)={f"+g¢": f,g€F, n,meN}

Theorem 2.12. (Representation Theorem) Let F' C BC(X) be a closed sub-algebra
that separates points from closed sets and let F' C F be such that A(F') = F. Then
em X is a compactification of X and ep X < epX.

Proof. Let e X be the (formal) compactification of F’. Clearly e X > e X. To
prove the opposite inclusion, we must find a continuous function T: e X — ep X
such that T o epr = ep. Fix y = limy [ep f(2)) € epX. If g € A(F'), limy g(x))
exists and coincides on all nets x., such that y = lim, Hsep f(2,).

Next, let g € A(F’) and find a sequence {f,}nen C A(F’) such that f, — ¢
uniformly. Because || f, || is bounded, so is {lim, f,(z,) }nen, and so we can extract
a subsequence { f,, }ren such that limy limy f,, (zn) = L € R. Fixe >0 and N € N
such that || fn, — gllec < £ and find X € A such that | f,, (zx) — limy fo, (22)] < 3

3
for all A > \. Finally
’g(m)\)_[" < ]g(a:,\)—an(x)\)\—|—\an($>\)—11£11an(9c>\)]~|—\li{nan(a:,\)—L| <e¢

for all X > X, i.e. the net g(z,) converges to L € R.
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In particular, by the uniqueness of limy g(z)), we conclude that the original sequence
{limy fn(2)}nen converges to L, which also proves that the limit does not depend
on the particular net z, as far as lim, f(x,) = lim,, f(z,) for all f € F’. This shows
that the map

T:epX —epX,y= h;\fIleeF/f(.fC)\) — Ty = liinﬂfepf(x,\)

is a well-defined isomorphism. Because its inverse is the projection map ¢ |7, x),
which is continuous and open, then

Toep: x> lep f(x) = Uiepf(z) =ep(x)

is a homeomorphism. To prove that e X is a compactification of X, we notice that
F separates points, and so does F'. If U C X is open, so is

ep(U) =T (er(V)),
and epr is an injective continuous open map, thus an embedding onto its image. [l

Let ' C BC(Q2 x B?) be a closed separable algebra that separates points from closed
sets and let exQ x B? be its compactification. Because epQ x B? is a compact
Hausdorff space we have the following isometric isomorphism of its dual

C(erQ) x BY)* =~ M(erQ x BY).
Lemma 2.13. If ' C BC(X) is separable, so is C(epX).

Proof. Let {f,}nen be dense in F. By the Stone-Weierstrass Theorem, the algebra
generated by {1} U {f,,}nen is dense in C(epX), and so C(epX) is separable.  [J

Because C(ep) x B?) is separable we also have the abstract sequential compactness
principle A.4 on its dual M(epQxB?). Let T-'F C G, be the corresponding algebra,
with respect to

(f * 9) (z) = S0

1+ [z
on the set of continuous functions with p-growth. There is an isometric isomorphism
T
T'F = C(epf) x BY).

By the Riesz representation Theorem, we can write its adjoint as

T M(epQ x BY) — (T7'F)*, v — <<I> = (T*v,®) = (v, T®) = /

GFQXBd

T@du.)

Lemma 2.14. Let X, Z be completely reqular Hausdorff spaces and let F C BC(X)
and G C BC(Z) be closed sub-algebras that separate points from closed sets and
contain the constant function. The following spaces are all isometrically isomorphic
to each other

ClerueX X Z) = ClepX X egZ) = A(C’(eFX) X C(egZ)> ~A(FUG),

where each f € F and g € G is extended to a function on the product space by
keeping constant the other variable. Moreover, FUG C BC(X x Z) separates points
from closed sets.
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The proof of the above lemma is a straightforward application of the Stone-Weier-
strass Theorem.

Remark 2.15. It is important to take families F, G defined exclusively on each
respective space, and the theorem is false if we instead add f = f(x,y) that is not
of the form above. In this case, one has to work the compactification ey X x Y which
is still separable and metrisable, but does not have a product-like structure. Il

Morally speaking, what the previous lemma says is that on product spaces it is
enough to work with the compactifications in each coordinate separately. Moreover,
their dual elements (generalised measures) can be tested against tensor products of
functions that depend on each variable independently.

2.3. Representation of Young Measures

Let © C R™ be open and bounded and G’ C BC(BY) and F’ C BC(Q2) be closed
separable sub-algebras that separate points from closed sets. Let T'F = A C G,
be the corresponding algebra, with respect to the x? product, in the set of functions
having p-growth. F is isometrically isomorphic to C(ep£2 x B?).

With abuse of notation, we are going to call T the isomorphism between A and
C(epf) x BY). To each function u € LP(2,R?) we associate an elementary Young
Measure &, € A* by setting

G ADSR G /qu(a:, (@) du(x). (10)

Next, consider a sequence {uy, fnen in LP(Q, R?) with sup,, ||u.]l, < C. As ® € G,
the sequence of elementary Young Measures is also bounded

6.l = sup | [ @, un@)duo)] = [ (1+ ) < (@) + 7.
o<1 |/a Q
Because of the isomorphism A* =~ C(epQ x BY)* =~ M(epQ x B?), there exists a

subsequence (non-relabelled) and v € A* such that &, —* v in A*. Set
L= (T")"'v € M(epQ x BY).

We now study the measure L to find a better representation for v € A*. Let
Y € CerQ x BY), we immediately notice that L € MT(ep) x B?) as a consequence
of the following equality

<L, T Y >= liyrln/Q(T_ltb)(:v,un(a:))dp,(m).

Because the constant functions belong to G’, we can plug T~ 'y = ¢(z)(1 + |z|)?,
¢ € C(ep(Q) into the previous equation and obtain the identity

/eFQde¢( z)dL(z,Z —hm/gb (1 + |un(2)))Pdu(z / 6(x)dA(x

By Lemma 2.14, the projection 7: epQ x B? — e is well-defined, and we can
write A = w4 L. Note that hereby A € M*(ep (1)).
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Consider now the unique A-measurable parametrized family {7, }sec,,o such that

v, € M (eB?) M-almost every z and
(L&) = / (50, ®(z, dAMz) ¥ D € Clerf x BIY.
eF/Q
For any ¢ € Cy(2) take & = ¢(1 — | - |)?. We compute

| sl i@ = [ Bd¢<x><1—\z|>m<x,z>

—hm/ Plga)(x, up(z))dp(x /gb Ydu(x

Because p € Cp(€2)* we immediately conclude that
H= <l73c> (1 - ‘ ’ ’)p>5‘I—Qa

where p is extended on e by u(E) = plep! (E)), E C e Borel. Apply the
Radon-Nikodym Theorem and write

by -
A= Zdu+ N
u H
From the previous identification, we get
(T (L= |- )2 =1 p—ae
(Uey, (L —=1]-])P) =0 A —a.e.,

where the second condition implies that 7,(ec(B%)) = 0 M-a.e., i.e. the measures
are concentrated on the boundary deq(B?). On eq/(B?) we have 0 < (1 —|z|)P < 1,
whereas |z| = 1 on deq/(B?). In particular

_ 1 _
= T 21 ko ae
(Oe(BY)) =1 X —ae.

TI = >

Now let ¢ € BC(R?) and define

wod) =30 [ - lere () ane

=200 [ = e (15 ) dear)

In particular v, € M{(RY) and {v,},cq is p-measurable. Let A\ = 77,(Oecr (B))A.
Then A € M*(eQ) and it decomposes into

A = 7206 (BY) 2 i+ 7, (Oecr (B)X = 24D (B) X o+ X

For M-almost every x € e and for ¢ € C(Oeq/B?) set

o0 ——1 2)dv..(z
V) = 5 e /d V)
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Hereby we have v° € M (deq: (BY)).
For each ® € A, its recession function is defined to be the restriction
¢OO = ¢’€F/Q><aeg/(Bd)'

Finally, we obtain the formula

(L, T®) = /(Dx,Ttb(x,-»dS\

eF/(Q) :0
X ~= 5
— / / T(I)dﬁm(udunL dAs)Jr / ][ T®dv, (7,(Oec (B?))dN)
eF/QeG/(]Bd) EF/96€G/(Bd)
:/(yx,d)(x,-))dqu /<V;°,c1>°°(x,-)>dA
Q eprQ)

and the representation of the Young Measure as the triple

v=({Ve}eea, A\ {5 }acepn), Where

oscillation: vy € M (RY)  p-almost every x € Q,
concentration: A€ M*(ep ),
angle-concentration: V> € M (Oeer(B?))  A-almost every z € Q0.

We say that wu,, converges in the sense of Young Measures to v, and write

YP(,
o, (mer) v,
where p is the measure that "regulates and weights” oscillation and concentration
of u,, and er is the compactification at infinity, generated by the family F'.

From this point onwards the family F” in €2 will always be the set of functions C(£2).

Remark 2.16. It is interesting to compare our representation with the classical
formula by DiPerna and Majda [21] and later developments such as those in [30,40,
54]. In these publications, the authors developed and used Young Measures by taking
the object L € M(Q2 x ey, ;enB?) as in (10) and testing it against functions f € ey, jen
and ¢ € Cy(€2). Even though such measure L is, by all means, the same object as
what we construct, our deeper analysis reveals a triple-like structure (v,, A\, v2°) €
Y (11, ef, ien), where 12° is the only part that reflects the use of the compactification
ef,ien. Thanks to this representation, we are able to prove structural theorems
about generalised Young Measures and systematically visualise and compare them
when changing the measure p € M*(Q2) and the family {f;,: € N} (and so the
associated Hausdorff compactification ey, ;en). ]

2.4. Properties of generalised Young Measures

Here we show how the above construction generalises the more classical setting of
Young Measures on the sphere, see [51] for the original idea behind their represen-
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tation, and [3] for their modern implementation in the calculus of variations. We
then study how the new representation for generalised Young Measures behaves
geometrically, and its properties.

As a reminder, we state here the definition of integrands with a regular recession at
infinity.

Definition 2.17. The set of integrands admitting a regular recession at infinity is

E,(Q,RY) = {(I)EO(Q x RY) : Tim 2&:%2)

t—o00

€ R loc. uniformly in (r,z) €Q x Rd}.

Because we intend to generalise the theory of Young Measures on functions with a
regular recession, we need to extend the above class and at the same time preserve
good topological properties of such a larger class. To do so, consider countably
many functions (g;); in BC(B?) and their representations as integrands of p-growth
9i(77) (1 + |2])P. We are interested in understanding how to represent, in a simple

way, Young Measures relative to the compactification generated by

E,U {gz—(ﬁ)(l + 1207}

In the language of Hausdorff compactifications, set G' = C(B9) U {g;,i € N} and
F' = C(Q). Because C(BY) C (', the closure of the algebra generated by either
family is separable, separates points from closed sets and contains the constants.
Call F = G' U F’, and without loss of generality, we can assume that ||g;|| < 1 for
all 7.

Lemma 2.18. C(exQ x B?) is isometrically isomorphic to C(Q x graph(g;)), where
(g:)i: BY — [=1,1]Y, 2 — (gs(2))ien and the topology on the target space is the
product topology. It is metrised by

d(zw) = | =l + 30 2 0i(2) — gifw)]

Proof. By Lemma 2.14 it is enough to prove that C(e,, ;enB?) ~ C(graph(g;)).
Theorem 2.12 provides the isomorphism

A(C’(IB%_d) U{gie N}) - A(l,zl, o gie N),

and we conclude by noticing that (1,z1,...,2% g;,i € N)(B?) is homeomorphic to
graph(g;). The topological equivalence between such metrics and the product topol-
ogy is standard. O

When g; € C(B?) for all i € N, then C(epQ x BY) =~ C(Q x B?), and therefore we
recover the usual sphere representation for the compactification induced by E,,. This
means the obvious, that we can add functions that have a regular recession and we
still obtain the same space (up to homeomorphisms).

By definition, the compactification of B? can be represented by the space I' of
sequences {z, hnen in B? such that 2, — 2z € B¢ and g;(2,) converges for all i € N,
and two such sequences {z, }nen and {wy, }ren are identified provided

lim [z — wa| 4+ Y 27]gi(zn) — gi(wn)] = 0.
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Definition 2.19. We call ey, jen the compactification, and

aegi,iEN - egi,iGN \ graph(glﬂl E N)?

we can write the triple Young Measure as

V= ({Vm}I€Q7 >‘7 {V;o}xeﬁ)’

where v, € M (R?) for p-almost every z € Q, A € M™(Q), and v° € My (deg, jen)
for A-almost every x € Q. O

Notice that Oey, jen is an abuse of notation and refers to the boundary of the em-
bedded space within the compactification.

So far we have constructed compactifications by glueing ¢;s on top of the functions
2%, ..., 2% that is to say on top of the unit ball. It is sometimes useful to iterate this
argument, to stack another countable family { f;,7 € N} on top of the compactifica-
tion ey, jen. This process gives the same compactification as if we were considering
the two families at once, as the following lemma shows.

Lemma 2.20. Let ey, ;ey be a compactification of B and f; € BC(B?) for alli € N.

Then €gi,fiieN ~ 8raPhyrpng,) fi-

Proof. This is a trivial consequence of the fact that, after extending f; to a constant
in the variable w = (w', w?,...),

{(=,... ,zd,gi(z), fi(2),z € IB%d}
={(z",..., 2% w,2) 1w = gi(2),y = fi(z),z € B}
= {(217 . .,zd,w,z) Yy = fi(sz)7w = gZ(Z),Z S Bd}
= graphgraph(gi)(fi), 2 € BY O

A standard application of the disintegration lemma yields the following.

Corollary 2.21. Consider a compactification ey, 1, ien and v € M(Jey, 1, ien), then
v =P dv™

Zﬂ)nEN
where 0° € M(0ey,), (2n)n € Oey,, and P, is a probability measure defined on
the space of subsequences (zp,); of (2n)n S0 that fi(z,,) converges for all i € N (with

sequences being equivalent if all the limits are).
For the case of oscillating functions {f;,i € N}, we also write the compactification
as ey, ienX = ey, jeny and the convergence as

YP(u,ef, ien)
Uj

When working with the sphere compactification, we will simply write

VP (B : VP ()
v; —— v, orjust v; —— .

Also, when working with p = 1, we omit the superscript p in Y? and write

Y (e, ien)
U
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We now study the relation of Young Measures with respect to different compactifi-
cations and different underlying measures y € M* (). Using Chacon’s Lemma A.5,
we can prove the following structure theorems.

(e, ien) (

1%
Lemma 2.22. Let v; Ve, \, v°). Then for all ¢ € Co(R?), we have

(vy) = (va)  weakly in L' ().

Proof. Because ||¢(v;)]|oo < ||¥]|co, then the sequence is equi-integrable and there

is a subsequence that converges weakly in L' to v. Because 1> = 0, testing against
¢ € D(2) we get

[ ovtuyin— [ ovdn= [ olow, v m

We can improve the above weak convergence result to show the following.

Lemma 2.23. Let u; Y, (v2,0, NJA). For every a € L*(Q, ) such that a > 0

p-a.e. and for all v € Co(R?) we have
N

As expected, this implies that oscillations do not depend on the particular compact-
ification chosen.

Before proving the above results we show the following uniform approximation result:

Lemma 2.24. Let p € M™(Q) and a € L'(Q, 1), a > 0 p-almost everywhere. There
exists a, € L'(Q),0 < a, < a so that a,(x) € Q for all z € Q and

a

a 1” n—00
Qp oo

0.

lan — alloo +

k
Proof. Let a, = Z Xa_l([E w))ﬁ'
kEN,k>1 nn

Because a, < a then a, € L! for all n € N and it also assumes countably many
values at a time. Also |a,(z)—a(z)| < % so it converges uniformly to a. Furthermore

1=

SEESERES
N

a(x) < %:k%—l
Toan(r) Tk k

and so -= converges uniformly to 1. O
Now we can prove Lemma 2.23

Proof. (of Lemma 2.23). Using the previous approximation, we write, for 1-
Lipschitz 1: R¢ — R,

=T =II

A\ N

Lo ()= fo()a-o () ors (2) v ()t (2) o
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The first two terms are bounded by

|f|s/a“ﬂ =/|uj| T
Q Q

71 < / (1 + M) la — an] < (1+ sup |uy]) H1 _a
QO Gnp, j a

n oo

o0

9

which goes to 0 as n — oo uniformly in j. With respect to the third term, calling
Ej, = a ' ([, 1)), we use the dominated convergence theorem to pass to the limit

n’ n

oG ()
:;/E <y¢<m>>fb:/§2<uw()>a

Another application of the dominated convergence theorem will let us conclude the
result. O

We can finally conclude with a structure theorem regarding concentration.

Proposition 2.25. Consider two separable algebras (that separate points from closed
sets) A and B of Gy. Let a€ L'(Q, i), a > 0 p-a.e. and (v;); in L' (2, u) be so that

v; M (Vx,)\,,,l/;o) and % M) (nx,)\n,ngo).
Then v, = (W) Nes Av = Ay = A. Moreover, decomposing
#
vy =P.,),dv and g =Pl di”,

where U2° and 1°° are the projections on the sphere according to the decomposition
2.21, then U3° = n° A-a.e. with

v; Y(u—’Bd)> (VI,)\ DOO).

’ T x

Proof. For all ¢ € Cy(R?) we have that 1(v;) is equi-integrable so that
D(v) = (e, in L'(p)
and Y (U—J) — (v,,%) in L'(adp).

a
Next, identify v; with its subsequence and find Ej, so that v; — v in L' (E}, p) for all
k. By inner approximation, we can assume that Fj is compact for all k. Consider
now the sequence v;xp,. Then

Y(iu’veA)
ViXE, — (UxXEk + 50XE,ga0, N/A)-

By Lemma 2.23 we then have, for ¢ € Cy(Q) and 1 € Co(R?), because Q \ E}, is
open,
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| otvestdaterdu=tim [ ov () ady
Q

:11?1/Q\E (bw( )adu—i—/ Qﬁw( )adu

— [ (e adp+ /E o (e (%)) ad.

O\ By

Next, let ¢ € C(Q), then

i [ olustdn = [ ] Dodu+ [ oar,
:lijm/ng‘%’ad,u:/Q<77$,a‘<;x‘)>gba(x)dy+/ﬂ¢d)\n.

Using the previous part we conclude that A, = A, = A.
Finally, let f € C(0B?) and extending by 1-homogeneity we obtain that

1i]m /Q ¢.f(vj)dp
:/§2¢<yx,f>du+/ggb<y§°,foo>d/\:/ng@x,ﬁdu—k/ngﬁ//foodPén)dﬂgodAy
_ /Q S(va, F)di + / é / Fodiedy,
:/¢<ux,f( @ >> du+/¢>nx,

= [ ot pidus [ o [ rrary, dian, - /Q ottt [ o [ iz,

and the proof is complete. O

Notice that the previous identification with the concentration angle measure fails
if we only consider I' = A N B which does not necessarily generate the sphere
compactification. This is so because sequences (u;); can concentrate around values
of a that are discontinuous in a measure-theoretic sense. However, equality holds if
a=1.

Lemma 2.26. Under the assumptions of Proposition 2.25 above and a = 1, we let
I'=ANB. Writing v;* = P d(v")5" and 137 = P(Zn)nd(vn);o, where 4" and

~v¥ are the projections onto the compactification generated by I', then

(V)y =" A-ae

Proof. Proven similarly at the end of Proposition 2.25 and testing against functions
belonging in A(T") and using the decomposition of angle Young Measures. N

Next, we show that the lack of concentration is equivalent to the equi-integrability
of the generating sequence.
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Theorem 2.27. Let (v;); in L'(Q, p, R?) be so that

Y s€f5 0
N W)
Then the sequence (v;); is equi-integrable if and only if A = 0.
Moreover v; — v strongly in L'(Q, p, R?) if and only if X\ = 0 and v, = Ou(z) for
p-a.e. x € 2.

Proof. Because A\ does not depend on the compactification (see Proposition 2.25),
we can apply the same theorem from the sphere compactification, [53], Lemma 12.14
and [53], Corollary 12.15, to conclude. ]

Compare the above theorem to the Vitali convergence Theorem A.1 in the appendix.

Before stating the next two structure results, we prove that 7! is a bounded op-
erator from Lip(ey, ;en) to Lip(R?), provided the compactification is generated by
Lipschitz functions. In this case, by Lip(R?) we mean the weighted norm

© sup @) = 1),

- @) Fw)l
||f||L1p(Rd) = T flloo +sup - 1—|—||H Ty |z =yl

As for the compactification, the metric is always intended as in Lemma 2.18.

Lemma 2.28. Let ey, jen be a separable compactification metrised by the usual met-
ric, where, for every i € N, f; € Lip(R?) are normalised so that I fllLpmey < 1.

Then sup Ig(|$)()| < 5Lip(Tg,es.ien) for all maps g: R* — R
T#Y -

Proof. Without loss of generality assume that ||Tg||Lip, < 1, i.e. for all |z, |y| < 1,

o () 0=t = (25) 0=l < b o1+ o2 s~ T

Then
l9(z) — g(y)|
_ lg+(x1|(1 +la]) — 1g+(“’)x|(1 + Jy|) + lgfl|(1 + lyl) — 1g£y|)y (1+ M)‘
o) () _ o)
= el bl = 1l e ) |5 -
< \x—y|+(1+!y\)<‘1f|x| - 1f|y|\ + 227\ Th ) f(1+y|y|)‘>

For all 7 we have that

‘ ﬁ<1+J ﬁ<1+wﬁ‘:

and therefore after multiplying by 1 + |y| we obtain

filz)  fily)
L+ = 1+y||’
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fila) = £iw) + L2 (] = J«)

S (1t Jal + Iyl - J2)) = fiw)] =

1+ |z

@ ol
T Yl = 2 -yl B

<|filx) = fily)| +

We now show that the above lemma allows us to test Young Measures on Lipschitz
compactifications against Lipschitz functions of R

Definition 2.29. (Kantorovich semi-norm) Let X be a metric space and p€M(X),
then the (formal) Kantorovich norm of p is

Il = sup_ | od
X

||¢||Lip§1

The above formula induces a pseudo-distance between measures by setting

d(p,mx = [l —nllx-

It turns out that this is indeed a metric on the positive cone of non-negative mea-
sures, see Lemma A.6. In particular, by taking ¥ € Lip(ey, ;en) and the pull-back
T—! we deduce the following.

Lemma 2.30. Let ey, ;en be a separable compactification. Then, every measure
v €Y (u, efien) is defined by testing it against Lipschitz functions of the form

¢, where ||PllLip) <1, |[¥lLiprey < 1.

For this reason, we remind once again of the norm we will be using on the space
ey, ien throughout this paper.

Definition 2.31. We say that ey, jen is a Lipschitz compactification if each f; is Lip-
schitz continuous, and renormalised so that Lip(7'f) < 1. The norm on Lip(ey, jen)
will always be

lg(x) — g(y)]

inler o) = SU )| + sup ———2%

||g||L p( fmeN) $eefiI,?EN |g( )| m;él; defi,z‘EN(m’y>
where deh,iEN(x, y) =z —y|l+ E 27T fi(x) — Tfi(y).

To conclude this subsection, we state decomposition results for Young Measures
regarding oscillation and concentration. Originally proven in the context of the
sphere compactification, [34], we extend them here to separable compactifications.

Y yEeF. 4
Lemma 2.32. Let (v;); in LY(Q, 1) so that v, Uhessien) (Va, A, 12°).

We can write v; = o; + ¢;, where for all j € N, o; € L(Q, u) is equi-integrable,

Y (pey, ien)

0, ———— (Vw,(), N/A)

Y (peyp, ien)

and c; € LY (2, p) so that ¢, (d0, A, 12°).
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Proof. A standard diagonal argument gives us k; T 0o so that o; = v;x,,| < kj is

Y(pef, ien)

equi-integrable and generates o; (Vm, 0, N /A) Then, letting c; = v; —o0j,

for n € C(Q), Ty € C(ey, jen) we have

) == [ ) v+ [ ) —ue,)

lvj|>k;

= [ 0000 = vt0) — [ n(w(0) = (i)
Writing ¢(c;) = <¢(cj) - @Z)(?@)) + 9 (v;) and letting j — oo we conclude. O

We remark here that when considering certain subsets of £ of Y (for example Young
Measures generated by gradients, see next section) o; and ¢; might, respectively,
generate Young Measures that do not belong to E.

The next lemma shows that the opposite implication of 2.32 is also true.

Lemma 2.33. Let (vj); and (w;); in L'(u) generate

Y (pep; ien)

0o Y(/‘L’efi,i N)
v ———— (50(1),)\77,7790 ) and w; <

(Vo Ay 157)
with A, L \,, for some v € L'(u). Then the sum of the sequence generates

Y Ny
0wy I 5w, Ay Ay K,

> Ap-a.e.
where kX = Ve 6c
Ny Ap-a.e.

Proof. Write w; = 0; +¢; as in the previous lemma and put b; = v; —v. We claim

Y (e, ien)

bj + ¢ (90, A + Ay, K3°).

No oscillation is a consequence of the fact that b; + ¢; — 0 in p-measure. Next,
let gb € O(Q), H¢||Lip S 1l and ¥ € € ,ieN, ||TCI)||L1p S 1 with W(O) = 0. Let El,
and F, be sets where A\, and ), are concentrated, respectively. For ¢ > 0 find

¢, C E,,C, C E, compact sets and O, D C,, 0, D (), open sets such that
(N Cy) + A (0n) + X (Q\ C) +1,(0,) < &.

Consider a function p € C(R") with x¢, < p < x0,. We write

[ (et +) — w0) — W) T+ TPy

We estimate the first term by

limsup || < limsupZ/ plb;| = 2/ pdX, <2X,(QN0,) < 2.
; ; o

J J Q
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Similarly for the second term

limsup || < limsup?/(l —p)lejl < 2X0,(Q\ C,) < 2e.
; ; o

J J

But the first term converges to 0 and therefore we conclude for the representation
of Young Measures. 0

2.5. Characterisation of generalised Young Measures

We dedicate this part to clarifying which Young Measure can be generated by in-
tegrable functions. We start by giving a clear definition of what generalised Young
Measures are.

Definition 2.34. Given a family {f;,i € N}, with f; € G, for all i € N, that
separates points from closed sets, a p-Young Measure is a triple

V = ((Vm)$EQ7)‘7 (ono)JUEﬁ)
where

1. (V2)zeq is p-measurable and v, € M (R?) p-a.e. x € Q. We call it oscillation;

2. AeMT(Q). We call it concentration;
3. (V°),cn is Ameasurable and v° € M{ (Jey, ;en) Aae. z € Q. We call it

x
angle-concentration;

4. the moment condition must hold:

/ |z|Pdv,(2) < 4o0.
o JRrd

The collection of all such triples is denoted by Y? = YP(Q, u, €4, ien)- Il

When obvious from the context, we will not specify the domain €2, the measure
i, the family F' or the target space RY. Also, when A = 0, i.e. when there is no
concentration, there is no point in specifying the compactification we are working
with.

From every triple v = (Vx, A, u§°) one can construct the measure L € C(epf) x RY)
and vice-versa.

Lemma 2.35. The set YP equals

T {LEM+(€FQ x BY) : / o(x)(1 — |Z|)PdL = / o(z)dp(z) ngGC’(egQ)} :
erpQxBd Q

In particular Y? is a weak™ closed and convex subset of F*.

Proof. Let L € MT(epQ x R%) ™ as above. It was already shown that T*L € Y?.
On the other side, if v = (I/z, A, 1/;’0), we let

L = vpdp + v dA.
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Testing against a test function ¢ = ¢(x) that only depends on z,

/eFQXIB%d Tyl = /eFQxIBd ¢(z)(1 - |2))*dL = /Qd)du-

Conclude by noticing that the above characterisation amounts to

Yp:T*{ U {{LeM+(eFQ><Bd)+: (x)(l—é)de:/ﬂ¢du}}. O

$€C(erQ) erSixBe

We now prove that every Young Measure v = (v, A, v°) can be generated by a se-
quence of integrable functions. We will show this by constructing two sequences, one
that generates oscillation and one that generates concentration only. We concentrate
exclusively on the case of non-atomic measures p € M (Q), which are measures so
that for all A C Q with p(A) > 0, there is B C A such that 0 < u(B) < p(A). On
the contrary, a purely atomic measure p € M™(2) is a measure that can be written
as p = ), a;0,,, where (z;); € 2 is a sequence of points and (a;); is summable (and
so convergence is strong).

Lemma 2.36. Let u € M*(Q) non-atomic and v, : Q@ — M (R?) weak* i-measurable
and so that

/ (Vo | - it < +o0.
Q

There exists a sequence (v;); in L'(Q, u,RY) such that v, LN (v2,0,N/A) and
vj(x) € Uysupp(ry) for p-a.e. x € Q.

Proof. Notice that Mj (R?) is a metric space and denote by dj its Kantorovich

metric A.6, and define
[t = )
Rd

Fix an arbitrary point Z € Uysupp(v,). Find K; C € compact sets such that
p(Q\ K;) <jtand =~ v, € C(K;, (M,d)).

For each j € N, by compactness, we can find finitely many sets (E?), u(E?) > 0 so
that UsEY = K; and diam(E?) is so small that, fixing an arbitrary point z? € E7,

d(pr, o) = dr(pa, pe) +

d(Vas, Vi) < j 7' Vr e B

By the density of the span of Dirac measures, we can find finitely many values
(224, X )e CRT x R so that >, AL, = 1 and

d( SN ’/zg> <t
t

In the above, we can assume that each zg,t € supp(v,;). Finally, on each EJ, because

w(E7) > 0 and p is non-atomic, we can divide the set intot many subsets of measure

1(EL,) = X ,u(E7) and put v; so that

— R ~
0= DD Xy B XK.
t

s
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Because the above sets are disjoint, then v;(z) € Uysupp(y,) for p-a.e. z € Q. To

prove convergence, let ¥ € Cy(R?) with Lip(¥) < 1, or ¥(2) = |2|, and compute

[ Wes@)dnto) - s Waute)| = |3 [ WELdnle) ~ (v V(o)
Ej s t Ei,t

> / | / W(z) ((dZAf;,tdzj ) — Uy + dv — dyx> dp(z)
T JE] JRd 7 >t ‘ ‘

where we remind that dx < d. Outside of E; we have

<257 'u(E),

[ vw@)dnte) = o V(o) = VORR\E) + [ (v W)dula) 0.
O\E; O\E;

By density, this holds for all ¥ € Cy(RY). To show that v; is equi-integrable, we
consider an approximation of the unity ¥ € C.(B),Bry C R? so that 0 < ¥ < k—1
and U(z) = |z| if |z| <k — 1.

hmsup/ lvjldp < limsup/ lvj|dp(x) — / U (v;)dp = /<I/x, || — Uk(:))dp
' lvj|>k J Q 9 Q

J

which converges to 0 as K — co by the dominated convergence theorem. O

We now show that any angle concentration can also be generated by integrable
functions. Notice that, in this case, we need to approximate A and (13°),.q at the
same time.

Theorem 2.37. Let y € MT(Q) be non-atomic. Let A\ € M*(Q) be such that
supp(A\) C supp(u) and v5°: Q — M (dey, jen) weak® N\-measurable, where, for all
i € N, f; are continuous and have linear growth. Then, there is a sequence (v;); in
LY, 1, RY) s0 that

Y (mey, ien) (

(50, )\, V?)

Uj

Moreover, vi(x) satisfies

d <1 ij’l(}j.()f) ) ﬂ-aBd(Uysupp(V;O>)> .7_)_00> O or U]([L‘) = 0

We first prove the result when A is just a Dirac delta. In the following d is the
Kantorovich metric (see Lemma A.6) on M (9ey, jen).

Lemma 2.38. Under the assumptions of the main theorem, let A\ = ad,, a > 0,
z € supp(p), then there is ¢; € L'(Bj-1, u, R?) so that

/Q F(65)dp — FO)du() + a(ig®, )

uniformly in T f € Lip(ey, jen) with Lip(T'f) < 1.
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Proof. Assume z = 0. Find (wi)h = (wp)n € ey, en and 9% =0, with >, 0, =1

so that
d(Z@héwh, V80> <4t
h

Notice that w, = (T(w})), for some w, — oo in R% so can find n = n; so that
d(T(ij), wyp,) < j~! for all h, where d is the distance on the compact metric space
ef, ien. By assumption, p(B,) > 0 for all » > 0. Therefore, because y is non-atomic,

we can find h many p-measurable sets £ C B,-1 so that u(E7) > 0 and

W) =0y —

)
. . . . .k
where, if necessary, we increased n;. Finally, set ¢; = E X W,
h

Taking f so that Lip. . (T'f) <1 we compute

N k)
/Qf(cbg)du—/Q\UhEif(O)dﬂ+azh:8h EAR

i
The left term converges to f(0)u(£2). Because T'f is one Lipschitz, we have that
flwp)

—Tf(w")

< d(T(w) ), w") <57

Therefore we conclude that
Y0
h

and the right-hand side converges to the desired quantity. Moreover,

<j!

wh,
J]Euhm') —a Z On > (w")

h;?l wy, € Toga Uy supp(v,°). ]

We now further approximate A by Dirac deltas to prove the full statement.

Proof. (of Theorem 2.37). Upong metrising M (9ey, jen) with the Kantorivich
metric, which we just call d, we can find K; C supp(A) C supp(p) compact so that
AMQ\ K;) — 0 and

T +— l/gf:>O c C(Kj, (Mi"_(efmej\]% d))

Then find finitely many disjoint closed balls (IB%%) » of radius bounded by r > 0 to be
decided later, so that

KT\ U,BY) < 571

Call K'nN IB%{1 = EfL By uniform continuity, letting m% € Ei, if » > 0 is small enough
we have that

dwe,v;) < j Vo e El.

) "
x xh
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Then the following inequality holds uniformly for Lip(7'f) < 1:

| = A g 1)

<

+ MK\ ULE]) <2571

| = S AED . 1)
U B} h

Finally, because ), )\(Ei)(yx% ,*), as a Young Measure, can be written as

(50, Y MBS, V;;O),
h

we can use the lemma to obtain a uniform approximation on each a:?l via ), U% over
Lip(Tf) < 1, where the terms in the summation have disjoint support. O

Corollary 2.39. Let o be non-atomic and consider the Young Measure
(Va;, )‘7 ’/go) € Y(Mv efi,iEN)'
There exist two sequences (vj); and (u;); in L*(Q, u, RY) so that

&, 28 (1,0, N/A), &,

Y (e, ien) ( Y (mey, ien)
e, —

507)\7 V;O)a and £Uj+u]'

vj(x) € Uysupp(vy) p-a.e. x €€,
Moreover, <

uj(x 00 j—o0
1+;(j()x)u7T8Bd<Uysupp(Vy ))) ——0 or uj<:lj') =0.

Proof. Combine Lemma 2.36 and Theorem 2.37 via Lemma 2.33. ]

Remark 2.40. If y = L", we can mollify the approximating sequence u; so that
v; = u;*pe, belongs to D(Q,R?). In this case v;(z) € cohull(U,supp(ry)) for L™-a.e.

We already saw how to embed functions v € L!(1) into generalised Young Measures
on arbitrary compactifications. We write down such definitions and show how to
embed measures M(Q, RY) as Young Measures on the sphere compactification.

Definition 2.41. Let p € M (Q) and v € LP(Q, 1, RY),1 < p < co. The corre-
sponding elementary p- Young Measure is

51} = ((511(:]0))96697 Oa N/A) S Y(H’)

When p = 1, we extend the definition to [ € M(£, RY) by setting, for [ = ﬁdu + [+,

= ({6 IS (6 s Y (11, BY
gl (( ﬁll((m)))mGQJ |7< |§S’“|>x€§2> € (:ua )
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Note that for ® € [E, we have

L&, D >= / O(x,v(x))dv(r)

Q

l [5H
and L&D >= /Q(ID (x, ;(J))) du(x) + /Q P> (x, W(m)) d)I**|(z).

In general, there is no clear way of defining elementary Young Measures on com-
pactifications that are larger than the sphere. However, in the next section, we will
see that this can be done in very specific cases when we have more information on
both the family {f;,7 € N} and the measure [ € M(Q, RY) we are trying to embed.

Definition 2.42. (Barycentre of a p-Young Measure) Let
v= ((Vz)meﬂa)‘, (V;o)xe§> S Yp(ﬂ7€fi,ieN)7

where {f;,7 € N} is so that ey, ;e > B9 (in the sense of compactifications, see 2.9).

We call its barycentre
_ Uy I <p<+o0
V=
Vot + VA p=1,

which is the following quantity

V_m—/ zdv,(z), ygo—/ zdvSe.
Rd Oej, ieN

In the above definition, ”>" is the ordering over the set of Hausdorff compactifi-
cations of a topological space, see Definition 2.9. Moreover, the barycentre does
not depend on the compactification, as far as ey, jen > B?. Indeed, the map
2+ z = (27);=1._ a4 extends to ey, ey coordinate-wise, and so

/ zdvﬁo:/ / 2d P, ((wy)n)dmapavy” :/ zdmgpal/y”,
aefi,ieN oBd {(wn)n} oBd

as z + 27 is constant on sequences (w,), that converge to the same value w € 9B

Notice that x — 7, is u-measurable and x — 2° is A-measurable. In particular,

7€ LP(Q,uRY forl<p<4oo

and 7€ M(Q,RY)  forp=1.

It is easy to see that when 1 < p < +o0, v; — v € LP(, 1, R?) we have v = 77, and
when p =1, p; =* p € Co(Q,R?)*, then p =&,

2.6. Stronger notions of convergence

To conclude the discussion about generalised Young Measures, we mention some
stronger notions of convergence such as strict convergence and p-strict convergence,
where p is any positive finite Borel measure. These modes of convergence explain
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why the above embedding of measures in the set of Young Measures is the canonical
one. Moreover, we give a simple example of why such canonical embedding has no
meaning when the compactification is larger than the sphere one.

Definition 2.43. Let (1;); and n in M(Q2, R?), we say that n; = 1 (1; converges
strictly to n) if n; — n weakly* in Co (2, RY)* and |n;[(2) — |n](Q). O

It is easy to see that if n; — n strictly, then |n;| —* |n| in Co(,RY)*. Strict
convergence prevents cancellations of sign and concentration at the boundary of 2.
However, it does not prevent oscillation. To prevent oscillation, we must choose a
weight © € M*(Q) and ask for convergence of n; on the graph (u,n;). We thus
obtain a notion of p-strict convergence.

Definition 2.44. We say that n; = 1 (n; converges u-strictly to n) if n; — 7
weakly* in Co(Q, R?)* and (u1,1;) = (11,m) in Co(Q, R x RE)*, O

Similarly to what was observed in the case of strict convergence, such a notion
implies that |(u,n;)] —=* |(i, n;)| in Co(€2)*. Moreover, p-strict convergence of 7; to
1 simply amounts to weak™ convergence and additional convergence of the following
quantity: writing n; = %d,u ot Lo,

500 = | () + 5,0 @) = [ 1+ [ b+ i)
= [y 2 e i) = 1)

When = L™, we refer to such convergence as area-strict convergence, in analogy
with the area formula for smooth functions.

Reshetnyak continuity Theorem shows that strict convergence is equivalent to con-
vergence through 1-homogeneous functions.

Theorem 2.45. [51] Let f(xz,2) € C(Q x RY) be 1-homogeneous in z. If n; —n
strictly in the sense of measures, then

[ ()il > [ 7 () ol

In case f is not 1-homogeneous but has an extension on the sphere compactifica-
tion, we can obtain the following continuity result by requiring p-strict convergence
instead.

Corollary 2.46. Let f € E(Q x RY). If n; 2= 0 in Co(2,RY)* then

S, s
Y dyut = (2, de“—>/ (1) dp 1= (o, ) din™).
/g;f (‘rﬂ L lu f <:C7 ‘,,7;7#| |77g | Qf SC, I ILL f .’L', |ns,,u,| |?7 ‘

These are well-known results, but we write down a proof of the latter because it
gives an insight into how to move from one type of convergence to the other.
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Proof. Consider the so-called perspective functional

. @it #0
f(xazat){foo(sz) =0

which is positively 1-homogeneous in the last variable. By the Reshetnyak continuity
Theorem, we obtain that

[ i = [ 5 (a2t 5= (20 )

is sequentially continuous in the u-strict topology in n € M(Q, R?). [

Upon taking f(z, z) = |z| we get that p-strict convergence implies strict convergence,
for every p € M (Q).

In light of these results, for a fixed measure p € M (), the canonical embedding
of measures 7 € M(€, R?) into the set of Young Measures on the sphere

n e M(Q,Rd) — 577 = (5%, |775’u’, 5‘ni»zl>
s
is sequentially p-strictly continuous. This is a solid justification for this choice of
embedding. For the same reason, we can show why on larger compactifications we
don’t have, in general, a canonical embedding of measures.

Theorem 2.47. Let p € M*(Q) with the property that there is x € supp(uL Q)
with 5, L p, and let f € C(RY) of linear growth, f ¢ E(R?) (it doesn’t have a

reqular recession). There is (u;); in D(Q,R?), u; pstrictly, 26, in M(Q,RY) for

some z € OB, but [, f(uj(z))dp(x) does not converge.

The above theorem implies that for all e, ;ey > e (in the sense of compactifications),
§u,; does not converge in Y (u, ey, ien).

Proof. Because of the assumptions on j, we can find 2 € supp(ul_€) so that §, L .
Notice that the result is unchanged if we instead consider f(x)4Cy|z|4Cy, so taking
C1,Cy > 0 big enough we can assume that f > 0 everywhere. Moreover, after
multiplying by another function g(z) € C*°(R?) so that g(BS) = 1 and g(B;) = 0
we can also assume that f(0) = 0. After all such operations, it is still true that
f € E[RY). Find z € 0B? and z;,w; — z so that

HmTf(z) = M >m = limTf(w;)
n J

Next, because x € supp(u) then p(B,.(z)) > 0 for all r. There are two possibilities.
Either z € Q, in which case we consider only those balls B, (z) so that Bo,.(z) C €,
or z € 02, and we take a function §(r): (0,00) — (0,00) so that §(r) O asr | 0
and p(B,(x) N Q_s;)) > 0, where we remind that

Qs ={x e Q:d(x,00) >0(r)}
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Either way, we call B,(x) or B, (x) N Q_sy simply B,. Furthermore, we can find an
increasing and positive function ¢ = e(r) such that (r) — 0 as r — 0 and, setting

Ei(r) = (Br)e(r) = {CL‘ eR"™: d(xv]BT) < 5(7‘)} C Q’

Bi (r)
e(r) satisfies lim B )

=1.
rio - u(B,)

For each such r find ¢, € D(BL™),0 < ¢, < 1 so that ¢,(y) = 1 for all y € B,. Put

Uy = f;::du' Clearly u, —* §, in C(Q)* as » — 0. Next, refine the sequences (z;);

and (w;); so that there is a sequence r; | 0 so that

/B Pojdp =1 —|z;| and /Bf(mﬂ) Pojrdp =1 — |wj],
r2j

T2j4+1
Up. 2 if j is even,
_ 73
and put U

upwi—if jis odd.
2

p—strictly

First we show that u; 20, in C(Q,R%)* as j — oo. Because zj,w; — 2,

it is enough to show that wu, postricily, 5, in C(Q)* as r | 0. Because u, —* J, in

C'(2)* then B B
it (s, 1] () > |5, 19| )

To achieve the opposite inequality, we calculate
|(ndp, 1)1 (2) = (0, )| (Q\ BED) + | (ur, dpal (2 MBS

—W(@\B) + [ VI
B

<r cdp)” + G2dp
— (0 Ba(r) fIB,r< ) (f(b

fa(r) M(Bi(r))z-l-ldu
< p(Q\ BEM) 4
< p(@\ B + BV
u(Bi(T))Z—I—l 0,
p(Br)

Next, we study how the integral behaves on alternating integers of the sequence
(uj);. If 7 = 2i then

— (B0 + M) Q) +1 = (8, 1))

( & )du =limTf(z)= M.

lim inf /Q f(uzi(x))dp() > Timinf /ﬂ33 il B

T

On the other side, if j = 21 + 1 we get the upper bound

fimsup [ f(uas(0)du(o) < lmmsup [ f (1 _w(w_|) dy = Tf(w;) =m. O
Q

e(rait1)
Broi i1
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In the following remark, we show that the assumption of p is sharp.

Remark 2.48. If for all # € supp(uL Q) we have 6, [ p, then all such xs belong
to 2. We can then consider the atomic decomposition of u:

po= = ()6,

see the atomic decomposition A.8. If u(Q2\ {z,,n € N}) > 0 then we could find
x € Q\ {z,,n € N} and §, L pu, so we immediately conclude that x"~* = 0. Then
p =Y i(x,)d,,, and the set {x,,n € N} contains its accumulation points. In
particular {x,,n € N} = supp(u) is a compact subset of Q. It is easy to see that,
in this setting, if (¢;);en in L*(p) is bounded in norm and

Y (mef, ien)

¢] (V$7A7V;O)7

then A < p, i.e. A=) A(xy,)d,, (because the space is countable and compact).
* ==
Also O =" = (V:v + u§°;> du

in C(X)*, X = {x,,n € N}. Assume also that ¢; — ¢ p-strictly.

This amounts to the following

o [e.o] A
[ f6pdn— [ o)+ 2= | se)an (1)
X b'e H X
where f(z) = /14 |z|2. f is a strictly convex function, therefore the inequality

R e

< flx) + =)

t=1

is strict unless y = 0. We have
(Vs £) + 02, £5)3 2 f) + £ (75) > £ (7 +785) = £(9)

unless v2° = 0 A-a.e. So ¢ = U, p-a.e., and using convexity once again in (11), and
the fact that f> =1, we get

F(6) = (o )+ (02, £5)5 2 f7) + 2 = f(6) + 2.

So A = 0, which implies that the sequence ¢; does not concentrate. Moreover,
¢(x) = 7, which means that ¢; — ¢ in measure. Then ¢; — ¢ strongly in L*(p),
and Theorem 2.47 cannot be true. [
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3. Characterisation of Gradient Young Measure on separable
compactifications

In this section, we show that a Young measure v = (v, \,v°) € Y(Oey, jen),
fi: R™™ — R quasi-convex and of linear growth for all 7, that satisfies

/(u,p,\ Ndz < +o0o
Q

is generated by a sequence of gradients (Du;), u; € C*°(Q, R™), precisely when v sat-
isfies a set of integral inequalities that involve quasi-convex functions f: R™*" — R
and their extension f* on ey, ;en. A characterisation result was previously obtained
in [35] the context of the sphere compactification and it is here extended to separa-
ble compactifications. See also [6,34] for a similar characterisation in the setting of
A-free vector fields.

3.1. Non-separability of the space of quasi-convex functions

We start by showing that the set of quasi-convex functions having linear growth is
not separable. The lack of separability prevents sequential compactness and other
essential properties that were used to develop the theory of generalised Young Mea-
sures. Therefore, we are forced to consider only smaller countable collections of
quasi-convex functions at the time, and cannot work with the entire class. To show
that the class is not separable, we modify the example given by Muller in [48] and
generate quasi-convex functions that oscillate at different amplitudes in the same
direction.

Theorem 3.1. The space of quasi-convex functions f: R?>*? — R having linear
growth is not separable with respect to || T - || s p2x2.

We remind the reader that the map 7T is defined in the following way
T GR™)  CE™ ) T = f (=) (= 1D,

The core of the proof is to construct an uncountable family {f)} so that we get
T fa—T fr|lo > ¢ for some universal constant ¢ > 0 and all A # I". We split the
proof of the above result into two different parts. First, we show that we have quasi-
convex functions that oscillate along every possible sequence of natural numbers.

Proposition 3.2. There is ¢ > 0 such that for every A C N infinite with A° also
infinite there exists fa: R?**? — R quasi-convex and having linear growth such that

1. fa(3'1) =0 for all j € A and

2. @1 > ¢ for all 7 € A° sufficiently large.

37
To prove this theorem we first need the following preliminary lemma.
Lemma 3.3. ( [48], Lemma 4) For k > 0 we let

ge: R¥? 5 R F s |Fyy — Fos| + |Fio+ Foqx| + (2k — |Fig + Faol) ™.
There exists ¢; > 0 such that Qgr(0) > c1k for all sufficiently large ks.
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We can then prove Proposition 3.2.

Proof. Let A C N infinite and set fA = Qga, where
gA(F) = |F171 — F2,2| + |F172 + F271| + inf{|F1,1 -+ F272 —2- 37’|,’L € A}

We have that ga(371) = 0 for all j € A and so f(371) = 0 as well. We first derive
the following lower bound: compute

A(31 4 G) = |G11 — Gaa| + |Gro + Gon| + Inf{|G11 + Gop +2(3' — 39| 1 i € A}
because 37 is increasing we estimate, for arbitrary 8 € R,
Jr

nf 23/ -3+ 51> (inf 23 =3[ - 31) = (27 =37 - |3)"

1€ (Za¥
and so ga (3’1 + G) > gi(G) for all matrices G and k = 3/ — 39=! and g; given by

ge(F) = |Fr1 — Fop| + |Fio + Fou| + (2k — |[Fiy + Foo|)™
does not depend on A. Apply Lemma 3.3 to find ¢ > 0 (independent of A) such that
fa(31) = Qga(3'1) > Qgr(0) > 1 (3 — 3¥7Y)

for j big enough. Dividing everything by 37, we obtain the bound

fA(3j]l) >
37 -

C1 C

Wil

and conclude the proof. [

It is not a priori clear if these functions are "far away from each other at infinity”,
given that different subsets of natural numbers could intersect infinitely many times.
To show that there is a wide variety of sequences that differ at infinity, we start by
defining the following relation.

Definition 3.4. Given two sequences I', A (not necessarily subsets of N), we say
that I' < A provided I' is eventually a subset of A, i.e.

A= (a;)en, I = (bi)ien, AT

if and only if there exists & > 0 such that (a;);>x is a subsequence of (b;);>o.

Let [A] be the equivalence class of A with respect to <, i.e.
'e[A] if T<ALZT.

If A’ € [A]and I € [I'] then A < T'if and only if A’ <T”. We use (F, <) to indicate
the set of equivalence classes with the inherited order. O

Our strategy is to use Zorn’s Lemma to find a maximal set, and then show that such
a set is uncountable. We remark that one could also reason that the Stone-Cech
compactification of natural numbers is not metrisable and prove by contradiction
using a suitably adapted version of the Young Measure representation 2.12.
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Lemma 3.5. There exists an uncountable family G C F such that for every different
pair A\, I" € G, A is not comparable to neither I' nor I'C with respect to <.

The above means that we can find a set G such that given any two sequences
of natural numbers in A,I' € G, one is frequently in the other sequence and its
complement, i.e. ANT and A NI'¢ are both infinite.

Lemma 3.6. Given any countable or finite collection of infinite natural numbers

{c!,i € N}jen in N, there is {c;,i € N} C N such that
{c,ie N}n{c;,i €N} and {c},i e N}\{c;,i¢c N}

are both infinite subsets of N.

The statement is equivalent to finding {¢;, € N} such that, for all j € N,
{c],i e N}\{c;,i €N} < {c],i € N}
and {c],i e N}n{e;,i € N} < {c,i € N}.

Proof. Consider the isomorphism

1 ifie{ceg,keN
N:F — {0,1}" {c;,k € N} = | N¢; = ta J
0 otherwise N

We are replacing subsets of natural numbers to sequences that take values 1 when
the i-th number is in the subset, 0 otherwise, i.e. N¢; = Xje{e, keny is the indicator
function.

Set initially N¢; = 0 for all ¢. At 4 so that N¢j, = 1 for the first time put N¢;, = 1.
We then iterate diagonally in the following way. At the n-th iteration find 4, so
that ch =1 for all 1 < j <n and some 4, < k; with k; increasing and NCJ =1
for all 1 < j <n+1andk, <t; with ¢; increasing and ¢,,41 = 7,41. Set th =1
forall 1 <7 <n+ 1. Iterate countably many times.

This way we guarantee that N¢;, = 0 for ¢, < k; and N cij = 1, which means that
Ne¢; skips infinitely many 1s from each sequence (N cg )ien, for all j € N. On the

other side N¢;, =1 =N cgj, tj < int1, 50 Ng; is also frequently in every sequence
(Ne))ien. O

Now we can prove the main lemma.
Proof. (of Lemma 3.5). Consider the set of subsets
G = {G C F : no pair within G is comparable according to <},

ordered by inclusion C. The above set is non-empty, which can be seen by taking
A =2Nand I' = 4N U (4N + 1). Every chain in G has an upper limit given by its
union. By Zorn’s Lemma, there exists a maximal element G C G, which we assume
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is countable or finite. Writing G = {{a{ ,i€N}LjeN }, we can apply the previous
lemma to find {¢;,7 € N} € F generated by the countable family

{cli € Nen = {{al,i e N}, N\{al,i eN}}
je

Because {c¢;,i € N} is frequently and properly in {a{ ,i € N} and its complement

N\ {a!,i € N} for all j, then {¢;,i € N} is not comparable to any member of the

family and this contradicts the maximality of our set. 0

We are now ready to prove Lemma 3.2.

Proof. (of Lemma 3.2). By the lemma, we can find an uncountable set of un-
comparable subsequences of N, call it G. I claim that if A,T' € G,A # T then
fa and fr have different recessions at infinity. Find {z,,n € N} € e; with
{z,,n € N} > {31,7 € A}, where the inequality could be strict given that there
might be more zero points at infinity. Given our construction, we immediately have
that {z,,n € N} % {3'1,5 € N\ A} as fn(3/1) > ¢3/ for all j € N\ A. Also, T
intersects N\ A and A infinitely many times, and vice versa, so that

lim sup Jr(en) > lim sup M >c,
n |Zn| jEANT /

and lim inf fo(n) < liminf w =0,
n Tn jEANT 37

which shows that {z,,n € N} & ep. In terms of the non-separability, by the

definition of x,, we have lim,, /. Afﬂ") =0, thus

||

fr(zn) _ falan)

|7, |2 |

fr(zn)

|2

= lim sup

>,

ITfao — T fr|lco = limsup

where ¢ is independent of A or I'. [

Given that the space is metric, it can not be separable. We can end this section
with the following corollary that covers the higher dimensional case.

Corollary 3.7. The set of quasi-convexr functions f: R™*™ — R having linear
growth is separable in the topology induced by || T(-)||so if and only if min(m,n) = 1.

Proof. If m or n is 1, quasi-convex functions are convex and therefore the space
is separable. This is because convex functions admit a limit at infinity in every
direction; in this case, we actually recover the sphere compactification.

On the other side, for a function g: R**? — R we let

gP=goP:R”" =R, P:R™" 3R> M~ [ ,



T. Seneci / Generalised Young Measures ... 929

If ¢ is quasi-convex and locally bounded we let ¢ € D(Q,R™) and compute

/ gP(Vo+ z) = / dE"_2/ dx1299(PV ¢ + Pz)
Q QCRn—2 [0,1]2

> / 4L 2gP(z) = gP(),
QCR”—2

which means that gP is quasi-convex. Then the set fy P is uncountable and

IT(faP = foP)llsopmxn = [IT(fa = fr)llop2x> > ¢

if I' # A, so the space cannot be separable. O

3.2. Characterisation of Gradient Young Measures

In this section, we characterise Gradient Young Measures on separable compactifi-
cation via certain Jensen-like inequalities. It is worth mentioning that the result for
the sphere compactification, achieved in [35], can be easily improved in considera-
tion of the fact that limsup, . f(tz)t"! is 1-homogeneous rank one convex and so
convex at points rank(z) = 1 (see Theorem A.9, taken from [33]). In what follows,
we cannot use this type of auto-convexity. In our context, f* lives on a separable
compactification and convexity at points of rank one, in the form of a Jensen-type
inequality, is not necessarily true anymore.

To prove our result, we will adopt the same strategy as in [34]. Preliminarily to stat-
ing the theorem, we define the upper recession of a function relative to a separable
compactification.

Definition 3.8. Let ey, ;cn be a separable compactification. For any f having linear
growth, we define

fﬁ;efi,ieN((Zn)) — sup lim sup Tf(wn>7
(’wn)ne[(zn)n] n

where (w,,),, are sequences belonging to the equivalence class of (z,), within ey, ;en.

The reason why we introduce this notion is that the strategy for proving the char-
acterisation theorem makes use of the trivial fact that f > f9 where f% is the
quasi-convex envelope of f. Dacorogna’s formula [20] gives the representation

. 1
“(z) = inf / 2+ Vo(x))dx
ree) = int e [ Fe+ Vo)
under suitable assumptions on f. However, f9¢ needs not to live in the same class
of separable quasi-convex functions, so

lim f(zn) exists #  lim %)

in general.
n | Zn ‘ n ‘ Zn | &

Fix any compactification ey, ;e and a function T'g € ey, jen. If g > f then

g% ((zn)n) =limTg(z,) > sup limsupTf(z,) = f2e((2,),).
n (2n)n€[(2n)n] n
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fhesiien does not need to be continuous on ey, ien With respect to its product topol-
ogy. However, we can show that it is still upper semi-continuous.

Lemma 3.9. Let ey, ;en be a separable compactification and f: R? — R a continuous
function having linear growth, then fH¢fiieN is upper semi-continuous on €f, ieN-

Proof. Notice that ey, ;e is metrisable, so it is enough to check sequential upper
semi-continuity. Moreover, we only have to prove continuity on Oey, ;en.

Let (22), € ey en so that (22), L (zp)n € Oey, ien. By the very definition of
gheriien((23),), for fixed € > 0 we can find n; > k;, where k; is a natural number to
be selected later, so that g=“fii¥((2]),) < e+ Tg((#),)), where (2] ) is a constant
sequence and belongs to ey, ;en. We want to show that we can select £; so that (ZZL], )
belongs in the equivalence class of (z,),. By applying the dominated convergence
theorem we get

li lm 27 f(29) — fi(z,)| = 0 = lim i 27 fi(2]) — fi(zn)l,
1?2:1,?1 [fi(=) = filz)] i lgLnZ; [fi(=) = filz)]
and so can find k; so that

ZZ*ﬂfz(Zfl) — filza)| < &5 Yn >k,

where 0 < ¢; | 0. This shows that the above sequence (zfl]) i € [(#n)n] (the equiva-
lence class), thus

lim sup g#%<%((29),,) < e + lim sup Tg((zﬁbj)) < e+ ghiE ((2,),).
J J

By the arbitrariness of € > 0 we conclude upper semi-continuity of gh¢/iien [

In particular, gh¢/i€¥ is Borel measurable on e f.ien. The above statement can be
generalised to extensions of functions over more general compact metric spaces, but
this version suffices for our scopes.

We are interested in studying those Young Measures that are generated by gradients.
So we define the following class.

Definition 3.10. Let {f;,i € N} be a family of functions so that f;: R™*" — R
has linear growth and f°(z) exists for all rank(z) = 1 and all ¢ € N. We say that

v € Y(ey,ien) is a generalised Gradient Young Measure if there exists a sequence
(u;); in BV (2, R™) such that

Y (ey, ien)

Du; (l/g;,/\,l/;o).

We write GY (ey, ;en) to refer to this subset of generalised Young Measures. [

Because f°(z) exists for all rank(z) = 1, the embedding of Du, with u € BV (2, R™),
into Y (ey, jen) is defined via the pairing

<5Vu(x)a |D u|,5%> .
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The convergence of measure derivatives has not been fully comprehended yet and it
is still the subject of active research. This means that it is not so clear how rich the
above class is, how gradients oscillate and concentrate — at least with respect to the
weak™ convergence of measures.

Remark 3.11. We can use the characterisation lemma for Young Measure on the
sphere to show that the class of generalised Gradient Young Measures is numerous.
Fix any 2 = a ® b € R™™ and v>* € M (0B™*") with v = z. The following
Gradient Young Measure on the sphere

(60, H* 'L (B" NbT), ™)

satisfies the characterisation theorem from [35], with u = ax..»>0 and so it is gener-
ated by a sequence of gradients of (u;); in BV (B;(0)). Because Du; is bounded in
BV, we can find a subsequence (u;, )ren such that

Y(ef, ien)

Duj, —— (8o, H* 'L (B"NbT), ™),

where mggmxnn®™ = 1.

Using Corollary 2.21 to decompose 7> as n>° = P,dv™, z € OB?, it remains an open
question to understand how many probabilities P, over subsequences z, — z can be
generated by gradients. [

We now state the main theorem of this section.

Theorem 3.12. Let 2 C R" be a bounded Lipschitz domain and ey, jen be a sep-
arable compactification of quasi-convex functions and consider a generalised Young
Measure v € Y (ey, ien) that satisfies A(0S2) = 0.

Then v € Y(ey, ien) s a Young Measure generated by a sequence

(¢j % (Dul_ Q) + Vu;) ;(%JGN) (

o
V:I:? A? Vx )7

where u € BV (Q,R™), (u;); is in D(Q,R™) and ||u;||1 — 0, and ¢; is any sequence
of mollifiers with ¢; —* &, if and only if there is uw € BV (£, R™) such that

1. /(yx, | - |Ydx < +o0, and for all f quasi-convex and having linear growth,
Q

2. f(Vu(z))dz < (v, f)dz + <V§°,fﬁ’efi*i€N>%dx and

00 Dsu s o) ﬁ’efivi s
3. (e JID ] < (i, fEene)dx

where the inequalities are in the sense of measures.

We divide the proof into different parts and put them together at the end of this
section.

We can adjust the above theorem to fix the boundary of the converging sequence so
that its trace equals u.
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Lemma 3.13. Ifv € Y(ey, ien) is generated by a sequence
¢; x (DulLQ) + Vu;
as above, there exists another sequence (v;); in C*°(Q,R™)NWEH(Q,R™) such that

Y (er, i
V(v + u; ) Criier)

In particular, v € GY (e, jen)-
Proof. We can find u; — w strictly in BV (Q, R™) with
(uj)j € COO(Q,Rm) N W;J(Q,Rm),

see for example [35], Lemma 1 for a proof of this fact. In the construction of
the u;s just mentioned, it is possible to select ¢; x (DulL Q) on Q_. for j big
enough, ¢; as in Theorem 3.12. Also, without loss of generality, we can assume that
|Du|(0S2_.) = |Du,;|(09_.) = 0. Because the f;s are all Lipschitz, it is enough to
test against f € Lip(R™*™) with Lip(f) < 1. We then compute

/ /(5 x (DulQ) + Vu;) — f(Vu; + Vu;)|de < / |6 * (Dul Q) — V|
Q Q
g/ |p; x (Dul Q)| + |V,
Q.
By strict convergence of both integrands, we have that
limsup/ |f(¢; *x (Dul. Q) + Vv,) — f(Vu,; + Vu;)|dz < 2|Du|(Q2\ Q_,),
J Q

and so by a diagonal argument conclude the existence and equality of the limit
Young Measure. 0

It is implicit in Theorem 3.12 that
Du =7 = (v, -)dz + (17, -)dA.

Also, the above inequalities can be written as one inequality in the sense of distri-
bution, in the form

[ o@ e prdat [ o)z, peserjan

> [ S (Tulo)ds + o) (g:;) d|D*u|

for all ¢ € D(Q2),¢ > 0.

To prove the characterisation result we will follow the same strategy as in [34]. We
initially prove the result for homogeneous Gradient Young Measures and then extend
the theorem to the inhomogeneous case, where the absolutely continuous part and
the singular part of v are approximated separately.
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3.3. Homogeneous Gradient Young Measures

Notice that Young Measures that act on functions f = f(z) that only depend on z
can be represented by

/Q<Vx’f>dx+/n<v§°,f°°>dA= /Rm fdu0+/aefm fedv™

where 10 = v, dL" € MT(R™") and 1™ = v°d\ € MT(dey, jen).
The Kantorovich metric is then
/ ddr® + / D>y
Rmxn 6efi,iEN

For z € R™*" we let ) = Y(z) be the set of pairs

1", ) i = SUup
CEH TPl Lip(ey, ;e <1

)
(10, 1) € M{ (R™") x M (dey, jen)

such that there is a sequence (u;); in D(Q),R™), where @ is the unit cube, so that

Y (ey, i
z+ Vu; —(fjﬁ)% (v°,v>) and ||u;]j; — 0. The following proposition follows from
simple variations of the proofs contained in [34], Lemmas 5.2, 5.3, and 5.4, which

we combine in one lemma.

Lemma 3.14. The family {c. vy : v € D(Q,R™)} is weakly* dense in Y, and Y
is a weak™ closed and convex subset of homogeneous Young Measures.

We can now prove the main theorem in the case of homogeneous Gradient Young
Measures.

Proposition 3.15. Let v = (1°,v>°) € M (Q) x M (dey, jen). Then v € Y if and
only if there is z € R™*" such that

/ fav® + / fresiendy™ > f(2)
RmXn aefi,ieN

for all f: R™™ — R quasi-convex and having linear growth.

Proof. Suppose that v € Y and let (¢ + Vu;); with (u;); in D(Q,R™) be the
generating sequence, i.e. for all $: R™*" — R of linear growth and belonging to the
compactification ey, ;en (in short, ® € T ey, jen),

/ ®(z + Vu,)dr — (v, ®) = / dd’ +/ Ddv™.
Q Rmxmn Oey, ieN

Fix an arbitrary f having linear growth and quasi-convex and let ey, ;en the bigger
compactification containing both {f;,7 € N} and f. Upon extracting a subsequence

we have that

Y(ef,f;,ien) 0
——

z+ Vu; V,DOO),

where we identify the Gradient Young Measure with its products as explained before.
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By quasi-convexity, we have
/ fd° +/ f°°dr™ = lim sup/ f(z+ Vu;)dz > f(z).
Rmxn Oey. f, ieN J Q

On the other side, using the decomposition of angle concentration Young Measure
decomposition 2.21 we also obtain that

/ feedo™ :/ /foodp(zn)ndl/oo S/ fﬁ’efivieNdVOO.
Oey. g, ieN Oey, ieN Oey, ieN

For the other implication, because ) is weakly™ closed and convex, we can write
Y = NH where H are half-spaces containing ). By the Hahn-Banach Theorem,
each H can be written as

H={lcH :l(®) >t} forsome®ecT 'es ;cn.

In particular, we can test the above inequality against €,,v, and get

t < €z+Vu(<D) S / ¢(Z + VU)d.’L'

Q
for all u € D(Q,R™). Passing to the infimum over all such u we deduce ¢ < $%(z)
and so
(v, D) :/ ddr’ +/ O°dy>
RmXn aefi,ieN
> / Dy 4 / (D) berien dy™ > $e(z) > ¢

RmMmXn 8ef,b-,i€N

which shows that v € H. O

We remind the reader that, even if ® belongs to the compactification ey, jen, it is
not guaranteed that its convex envelope belongs to the same compactification, and
so, in general,

o> P = P>® > (Q)qc>ﬁ,efi,i€N7

where (®%)%<siiev is defined as in 3.8.

3.3.1. Inhomogenization

In what follows, we will prove a semi-approximation result for the absolutely con-
tinuous and singular parts separately and then put them together via Lemma 2.33.
In each case, we will use a covering argument to break it down so that we can use
the result for the homogeneous case, which was solved in the above section. This
part is adapted from [34], where it was worked out on the sphere compactification.

Consider a family standard mollifier ¢;(z) = t™"¢(%),t > 0, where ¢ € D(Q) and
let M = ||Vl Also, unless otherwise specified, the norm on R™ is the maximum
norm ||z|| = max; |z;|.
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Lemma 3.16. Given ¢ > 0 there is t. > 0 such that for all t € (0,t.] there is
o1 € D(Q,R™) with ||¢]|1 < € so that

/ n®(0) + (P>, v3°)dN\* — / n®(¢y * (XdN°) + Vi )dz| < e
Q Q

uniformly for alln: Q@ — R and &: R™™ — R satisfying

Ml <1 and || T®|Lip,grapn(s) < 1.

The idea behind this approximation is the following. The singular part of the centre
of mass 7 = Du € M(Q,R™*™) is approximated by mollification. Such a proce-
dure generates area-strictly convergent smooth approximations. At the same time,
we generate angle concentration and oscillation via compactly supported functions.
Because the first type of convergence is very strong, and the latter doesn’t concen-
trate, the two modes of convergence don’t interfere with each other. Notice that
this strategy would not be possible using only weak* convergence because of the
lack of quantifiability, whereas the Kantorovich metric gives us an exact quantity
to approximate.

Before proving the above statement we remind that according to Lemma 2.28, T
pulls back bounded sets of Lipschitz functions on ey, ;eny to bounded sets of Lipschitz
functions on R™*" (provided f;: R™*" — R are all Lipschitz continuous). Therefore,
all the functions in the following theorem can be taken to be, after renormalisation,
of Lipschitz constant less than or equal to 1 in both spaces.

From now on, after fixing a compactification, we will always identify

T®(z) — TP(y)|
TOLin = TP Linte,. . = ||[T®||s + su - .
H ”Lp ” HLp( fuien) H H Sx;és Ix—y|+Ei2‘zli fi(x)—jfi(yﬂ

Proof. Fix ¢ > 0 and apply Lusin’s Theorem to the A*-measurable map
T € ﬁ — (50, l/xoo) < Mf(Rmxn) X M*(@eﬂ,ieN) — ((T71€fi7i€N)*)+

to find a compact set C' = C. C Q with A\*(Q\ C) < A*(Q)e restricted to which the
above map is uniformly continuous, and has modulus of continuity w = w.. Without
loss of generality, assume that £"(C*) = 0 and because \*(9€2) = 0 then

A=A, =d(C*00) > 0.

For the moment, fix two integers a,b € N and put ¢t = 27¢, so that ¢, > 0 if and
only if ||z]] < t. Let a be so large that

2t <A and a >log, (%)

Denote by F the collection of a + b-th generation dyadic cubes Q@ in R™ so that
d(Q,09) > 27 and for each such Q € F we define

w:é¢uvL@mu
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Notice that rg > 0 means that dist(Q,C?®) < t, and so for each such Q we can find
xg € C® so that d(zg, Q) < t. Denote by F* the set of those Q € F for which rg > 0.
In particular, if Q € F* we can find xg € C® so that supg ||z — zgl| < 2t.

For every quasi-convex function having linear growth we have

flz+w) < f(2) + < (w)
for all z € R™*" and rank(w) = 1, see Theorem A.10. So we have the upper bound
Fra7) < J(0) + raf () < F0) 40 [ prensenduy
Dey, ien

for all f quasi-convex and having linear growth.

Going back to the homogeneous result 3.15, we can select ©? € D(Q,R™) with
19l < eX*(Q) such that

190, v2570) = Ergr vl <e.

Define ¢ = > ocpa 9% € D(Q,R™) and ||y < eA*(€2). We claim that the sought-
after map is

£ = ¢x (VPN + V) € DR, R™™).

To prove that this function is the desired one, we fix ||9||ip < 1, || W]|Lip(
as in the statement. We have

)= 1

€f;,ieN

/ (P>, ¢ x (VXd\*))dx
Q

=&

Ve

:/n<q>°°,¢*(yTodA81_c*S)>dx+/n<¢w,¢*(WdASLQ\CS)>da:,
Q Q

and |&| < eA¥(Q2). Notice that here
/ (P>, o+ (vdN° L U))dx = / 77(95)/ oz — y)/ O¥dy, dN*(y)dx
Q Q U aefi,ieN
where U = 2 or C*. Since for each Q € [F with rg =0
/ @, 6% (VAN L C))dar = 0
Q
and dist(UF,09Q) > 2t, we get

/Q<<I>°°,¢*(z/°°d)\sl_05)>dx =>

QelFs

= Z </@ ndx (@, vy )rg —i—&?) + &,

QeFs

/ (D, ¢ x (V°dN L C%))da + &
Q
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where |E| < A¥(C® N (092)9;). The third error is estimated in the following way:

/@(77_/@") (D, ¢ x (VN L C%))da

/@17 (/Q(@‘X’,gb* (v>°dN° L C?))dx — <(POO,V;§>T’Q>

5] <

+

< Inllp £7(Q)F & /@ b x Nda
il | [ 6= (@5 ) dx ).
QJcCs
In particular, we obtain
9] <1t / b Nodr + / (2 — gy — wol AN (y)dz
Q QJcCs

< (t+w(3t))/ 6+ \dz.
Q
From each Q € F* we get e
L ~~
D(0) + (D>, %) rg = / O(rorg + Vol)de + 2L
Q

71‘@

Further computations show that

| 190007 + V6%) — 0(0)dr < e vacl

< [I(%0, vzgro)llx +& <1 +rg+e

and consequently
[0 ] @a7 + V6% = [ npiroig + Voyds + &2
Q Q Q
where the error term is upper bounded by

|5gQ] < sup
Q

n_/(@n‘ﬁn(@)(l—f—ﬂ@—f‘@ gﬁ”(@)i/Q(Hqs*AS)dx.

Finally, we estimate the last term with
/ n®(reuge + Vol)de = / n® (¢ x v2dN°) + Vo) da 4 EL.
Q Q

To bound the 6th error term we introduce an extra quantity

/ n(cb(¢ * TRAN) + V@) dr — B¢ x vRAN L C*) + ng@))dx
Q

< /ng*(ASI_Q\CS)dx,
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and ‘/ n(@(r@% + Vo) dr — (¢ + v¥dN° L C*%) + VqSQ))dx
Q

§/]r@r%—¢*(ﬁdAsLCs)]dm

Q

< ‘/m((%—r-o)deCS)dx
Q

),

/ Pz —y)lv3g — vo|dNde
C's

o,

w(gt)/¢*Ade+59.
Q

][ b4 (TRAN L C*)da! — ¢+ (TdN L C%)| dar

dx

][ O * (VAN L C%)dx" — ¢ (v>®dN\° L C*)

The 7th error term is estimated by

£2 ' —y) — ol —y)||[vX|dN (y)d' dx
< [ ]l )= ot - pliEiaxe)
< \/E/Q ]([@ /(@+tQ |z — 2| /o Vo(z + (2 — 2)7) (2 — 2)|drd\°(y)da'dz.

Given the scaling of ¢ = ¢, with respect to t, we have |V¢| < t7*M(xq):, so the
above can be bounded by

€9 < upmE @ “@)% /(XQQ)t*Ade.
Q

For our choice of a and b, we have that £"(Q) = 27"+ With ¢* defined above
we obtain that

e oxmivnis = [ o) e,

UFs

where

€] < eX(Q) + (t + w(3)) / (654" + 222+ 94 1)

UF's
ok (VWL QN C%) + w(3t) ¢k Adz + VM2 (xa0), * X”)dm
< (26427 +2w(327%) + 27970 4+ ¢, M2 N (Q) + 277 LM(Q).

To conclude, we add

[ wberdo= [ waeo(
Q\UFs Q\UFs
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to both sides and obtain

/77(@(0)+(@OO,QS*(V"Od/\SI_Q)))dx:/
Q

Q@(fs)d:ﬁ+5+/ ndz®(0).

UFs

Because UF*® C (C*)q; and since L"(C*) = 0 we can find a. > a,b. > b such that

€] +

/ ndm@(O)’ < 3e(L™ 4+ A% ().
UFs
The left-hand side tends to

[ naze)+ [ n@vz)av(a)
Q Q
as a — oo, uniformly in 77 and ®, and this concludes the proof. O

We now move on to the absolutely continuous part, which is proven similarly and is
slightly easier to construct.

Lemma 3.17. Let ¢ > 0, there is t. > 0 such that for all t € (0,t.] there is
W € D(Q,R™) with ||¢y]|1 < € so that

/77(<(I>,V$>+/\“(m)<(1>°°,yjo>)dx—/n@((bt*(ﬁ—l—l/To)\a(a:))darl_Q—l—th)dx <e
Q Q

uniformly for alln: Q@ — R and &: R™™ — R satisfying

[l <1 and  [|T®]uipey, i) < 1.

€f,; ieEN
Proof. Fix € € (0,1) and apply Lusin’s Theorem to the £"-measurable map
Q5 x> (e, \(2)r°) € My (R™") x M (dey, jeny) — ((T’lefi,iel\;)*)Jr

to find a compact set C'* C 2 such that
=M/(z)

/ r(yx,\ . |>+A“(x5dx<€
o\Ca

and such map is continuous on C*, and let w be the modulus of continuity
[(va, A (2)15°) = (v, M (W)v ) S w(llz —yll) Vz,y e

Fix d € N and s € (0,1) and let F* be the family of dyadic cubes in R" of side
length ¢t = 274

F*={Q € Dy:d(Q,00) >t, L' QNC*) >sL"(Q)},

where the distance is induced by || - || over vectors in R", and d and s will be
selected later in the proof. For every Q € F¢ select zg. By Proposition 3.15 we have
Y@ € D(Q,R™™) with ||v?], < s(ﬁ"(@)/ﬁ”(Q)) and

1(veg, A (20)V25) — ermgira@omgrvue ik <&
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Let ¢ = > o 9% € D(Q,R™") and [|¢[; < e. Then

/Qn<<w V) AR (@) (%, 120 dir = Z/ (T, ) + A2 (@) (T, 220 + &

Qe

with |&] < fQ\u]Fa M (z)dx < ¢ for large enough d. Next

3 / (T, ) + X () (I, 1)) de

QeFe

][ / (W, 23) + N () (3%, v2) ) + &,

QeFa

where |€2|<t2/|®yx )+ A (2) (D, v |dx<t/M

QeFe

We further estimate, on every set Q € F?,

[ 420 @E=02) - 2@ ((B0i) + (0070
Q

<0+ )+ X0 () (0, %)

+ /\Ca (D, 1) + A () (@, 1) | dar

By the linear growth of f, we get that

][ /cp Va) + X (2)(D, vV da
QeFFa

= 3 (@) + A(wg) (@™, O°>>/n+g3

Q€Fa Q

where &5 < & ) /M Ydx + €.

For every Q € F* we have that
flzg) = ][ (T + N (5Q)VE + VoR) + £2, with 2] <.
Q

Set v%(x) = Uy + A%(x)v°. Letting ® = z- €', where (e)!2;" is the canonical basis of
R™*" " we obtain, from continuity over C, |[v* — v*(zg)| < w(t) on Q N C* for each
Q € F*. Consequently, for all Q € F?,

/ [0 — v*(2g)|dx < @L’"(Q) —i—/ lv
Q

Q\c*

“|dx.
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Because [v%| < M(x) and Lip(®) < 1, then

Z][ndx/ “(1q) +V¢de—27[77dx/ v+ Vi9)da + Es

Q¢€Fa Q€Fe

with &) < & E”( +e¢

Combining some of the previous estimates, we get
Z][ndx/ v —l—Vde:U—Z/nCDv + V) dz + &,
QeFe QeFe

and

|56|<tz/|q>v +V¢Q)|dm<t|é’5|—|—t2/|¢> (1) + VioO)|da

Qe]Fa QEF”‘
< UE| +teLM(Q) + 1> LUQ)P], vag) + A () (12, 52))

Y I‘Q
QelFa

< t|&] + teL™() +t@£"(9) + (/ 1o /) M (z)dz.
5 Q\Ce Q

S

1
Finally, if ¢; is a standard mollifier, then ¢; x v* L 2 ﬂ) v®ast— 0, and so

/ n®(v* + Vy)dr = / n® (¢ *x v L Q4+ Vo)dx + &,
Q Q

where using again that ® is Lipschitz over R™*",
|E7| < Lip(P) / |y x v L Q — v®|dx < / |y x v L Q — v®|dx.
Q Q
This concludes the proof. O

We are now ready to prove Theorem 3.12.

Proof. (Theorem 3.12) The proof of = is similar to that of 3.15, so we only show the

reverse implication. Let (v, A, v2°) satisfy Assumptions 1,2 and 3 of the theorem

and fix j € N. By Lemma 3.16 and Lemma 3.17, we can find ¢; € D({2) and
u?®, u$ € D(Q,R™) so that

J’]

n®(0) + (@, v7)dX* — / NP (¢ % (VFdN*) + Vuie)da
@ Q

1
< -, and
J

/Qn(@,Vm>—|—)\“(:r;)(<I>°°,y§°>)da:—/9n<b(¢j*(ﬁ—i—VTO)\“(QJ))da:I_Q+Vu§)d:r; <l

where both inequalities hold uniformly for all n and & satisfying ||7||Lp, < 1 and
[ TP ||Lip graph(s) < 1.
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Let o0j = ¢jx (1°d\°) + Vu§® and c¢; = ¢jx (v + v>A\(z))dz L Q + Vu;.

Then (0,); and (c;); satisfy the assumption of Lemma 2.33, and because

=iuj

——
0j +¢j = ¢j*x U+ V(uj° +uj) = ¢jx (Dul_Q) + Vuy,
we conclude that

efi,ieN)
(

¢; * (Dul Q) + Vu, 1/(4> Vi, N ()dx + N, 15°) = (Vgy A, 15°),

xT

where we also used Lemma 2.30 to deduce full convergence to the Young Measure
from uniform convergence against the Lipschitz functions n and ®. [

A. Appendix

In this appendix, the references to the following theorems are not necessarily at-
tributed to the original author of such results but are just references for the reader.

Vitali convergence Theorem.

Theorem A.1. ( [17], Theorem 4.5.4) Let p € M*(Q) and (f,,), and f in L*(Q, p).
Then f, — [ in LY(Q, pn) if and only if f, — f in measure and f, is uniformly
integrable.

Stone-Weierstrass Theorem.

Theorem A.2. ( [22], Theorem 4.45) Let X be a compact Hausdorff space. If A
is a closed subalgebra of C(X) that separates points, then either A = C(X) or there
is xg € X so that A = {f € C(X) : f(zo) = 0}. In particular, A = C(X) if and

only if A contains the constant functions.
Tychonoff Theorem.

Theorem A.3. If {X)\}ren is an arbitrary family of compact spaces, Txep Xy is
compact in the product topology.

Banach-Alaoglu sequential version.

Theorem A.4. ( [41], Theorem 12) Let X be a separable Banach space andB C X*
the closed unit ball of the dual. Then B is weakly™ sequentially compact.

Chacon biting Lemma.

Lemma A.5. ([13]) Let p € M*™(Q) and (v;); in L' (2, u) be a sequence such that
sup; [|v;|| < +oo. There are sets By, C Ejq1, u(2\ Ey) — 0 and a subsequence (vj,);
of (vj); and v € L'(u) so that v, — v in L*(Eg, pu) for all k.

Kantorovich metric.

Lemma A.6. ( [34], Lemma 2.1) Let (X,d) be a metric space. The Kantorich
metric on M (X) generates the same topology as the weak* topology of measures.
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Lemma A.7. Let n € M(Q,R?), Q C R™ open bounded set, and (¢.)o<e<1 be a
family of standard mollifiers, supp(¢yr) C B™. Then

area-strictly

1% e
Proof. Because (L"), n.) —* (L "L, n), we immediately obtain the lower bound

lin inf |(£7, p2)](2) > [(£7. p)] ().

To prove the upper semi-continuity of the above quantity, notice the equality:
(L0, p.) = (L7, p) % 6. — (L7 Q. % (6 — 6.),0),

where Q_. = {x € Q:d(z,00) > c}. Using the Jensen inequality we get

limsup [(£7, p2) () < limsup [(£71©2, p) * 6](9) + |(£7L Q% (8 — 62), 0)[(2)

e—0 e—0

< (£ L, p)[(€) + limsup 2L7(2\ Q) = [(L", p)|(2). T

e—0
Atomic decomposition.
Theorem A.8. ( [25], Proposition 1.22) Let u € M(Q). Then there exists a purely
atomic measure u® and a non-atomic measure "% such that p = pu* 4+ "= *.

Proof. See [25]. O

Theorem A.9. ( [33], Theorem 1.1) Let f: R™*"™ — R be quasi-convex and posi-
tively 1-homogeneous. Then f is conver at all z € R™*™ with rank(z) < 1.

When a function f : R™*™ — R does not have a regular recession at infinity we can
still derive the following convex-like inequality.

Theorem A.10. ( [33], Lemma 2.5) Let f: R™*™ — R be quasi-convex. Then for
all z € R™" and rank(w) < 1 we have

fz+w) < f(z) + f7(w).
Here f*°(w) exists because f is convex at directions rank(w) <1
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