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1. Introduction

In various applications of optimization a function is to be maximized or minimized
which involves one or some ratios of functions. Such optimization problems are called
fractional programming problems. For example, a related objective is Return per
Risk to be maximized, models where Cost per Time to be maximized, maximization
of Output per Input,.... Liang et al. [11] derived sufficient optimality conditions and
duality for single fractional programming problems. In recent years, many authors
have studied first and second-order optimality conditions for vector optimization
problems and obtained Kuhn-Tucker optimality conditions via Lagrange multipliers
rules (see, e.g., [4]-[6], [10]-[20]). The notion of nonconvex closed convexificator
by Jeyakumar-Luc [9] is a generalization of some notions of known subdifferentials
such as the subdifferentials of Clarke [4], Michel-Penot [18], Mordukhovich [19].
It has provided good calculus rules for establishing necessary efficiency conditions
in nonsmooth optimization. Necessary conditions for efficiency via convexificators
may be sharper than those expressed in terms of known subdifferentials as the
Clarke, Michel-Penot and Mordukhovich subdifferentials. For a locally Lipschitz
function which is regular in Clarke’s sense, the closed convex hull of upper regular
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convexificator is contained in its Clarke subdifferential. This is shown in Example 2.1
by Jeyakumar-Luc [9]. Hence, optimality conditions in terms of convexifixicators will
provide sharp results. Luu [12, 13| derived necessary conditions for local weak Pareto
and Pareto minima of multiobjective programming problems involving inequality,
equality and set constraints in terms of convexificators. Luu [14] established Fritz
John and Kuhn-Tucker necessary conditions via convexificators.

Kuk et al.[10] established necessary and sufficient optimality conditions for weak
efficiency of nonsmooth multiobjective fractional programming problems with in-
equality constraints via the Clarke subdifferential. Gadhi [5] derived optimality
conditions for fractional multiobjective problems involving inequality constraints
(without equality and set constraints) in terms of convexificators. Chuong [3], Hong
et al. [8] studied optimality and duality for fractional robust multiobjective optimiza-
tion problems. Luu and Linh [16] derived optimality conditions for weak efficiency
and Luu and Linh [14] for weak quasi-efficiency of multiobjective fractional opti-
mization problems involving equality, inequality and set constraints. Recently, Luu
[15] established primal and dual second-order necessary conditions weak efficiency
of nonsmooth multiobjective optimization problems in terms of the Palés-Zeidan
second-order directional derivatives. In this paper, we derive second-order neces-
sary and sufficient efficiency conditions via the Palés-Zeidan second-order direc-
tional derivatives for nonsmooth multiobjective fractional problems with equality,
inequality and set constraints.

The paper is organized as follows. Section 2 gives some notions and preliminaries.
Section 3 is devoted to derive Fritz John primal necessary optimality conditions
for multiobjective fractional problems involving equality, inequality and set con-
straints via the Palés-Zeidan second-order directional derivatives. Section 4 deals
with second-order Kuhn-Tucker dual necessary conditions for weak efficiency under
a constraint qualification. Note that to derive dual sufficient optimality conditions
in Section 6 it is not necessary to use assumptions on generalized convexity.

2. Preliminaries

Given a Banach space X, we denote by X* its topological dual. For an extended-
real-valued function f : X — R U {+o0}, the expressions

(z +tv) = f(z)

o
f (a:,v)—hrﬁ(l)nf

t )
and fT(z;v) = limsup Jatto) = Jz)
t10 t

stand for the lower and upper Dini directional derivatives of f at x in the direction
of v, respectively. In case f*(z;v) = f~(x;v) we shall denote their common value
by f'(x,v), which is called directional derivative of f at T in the direction v.

Consider the following multiobjective fractional optimization problem:
min (fl(x), . fp(x)>, subject to
0@ " g,(@)
hij(x) <0, jel:={1,..,m}, l(x)=0, ke L:={1,..r}, v €D,

(MFP)
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where D C RP be a pointed closed convex cone with nonempty interior which induces
a partial order in R?, f;, g;, h; and ¢, are continuous functions defined on X such
that g;(z) > 0, for all 4, j,k and all z € X, D is a closed subset of X. Denote by M
the feasible set of (MFP)

M:={zxeD:hj(z)<0, j=1,...m, and {,(z) =0, k=1,..n},
and for 7 € M, I(z) .= {j € I : hj(T) = 0}.

We set ¢(z) = (fl(x) .. f”(x)). A point T € M is said to be a local weak efficient

91(x)7 """ gp()
(resp., local efficient) solution for (MFP) if there exists a neighborhood V' of T such
that there is no x € V N M satistying

[resp., Gi(z) < 9i(T) (i=1,...,p); ¢s(x) < ¢p5(T) for at least one s € {17}}

In case V' = X we obtain the notions of weak efficient (resp. efficient) solutions.

For a set D C X, the Clarke tangent cone to D at T is defined as

_ Ve, €D, x, —7, Vt, |0, v, >v
T(D;Z)=qveX -

such that z,, + t,v, € D, Vn

The Clarke normal cone to D at T is
N(D;z)={¢ € X*: (£,v) <0, Vv e T(D;T)}.

Let f be a real-valued function defined on R", which is locally Lipschitz at T € R™.
Recall [4] (see also the recent book [23]) that the Clarke generalized derivative of f
at T € X in a direction v € X is defined as

[+ 1) = f(@)

f(@;v) := limsup :

r—x, t}0

Following [15], the Pdles-Zeidan second-order upper (lower) generalized directional
derivative of f at T in the direction v is, respectively, defined as

J(:o(f; v) := limsup 2 f(@+ tv) — f(;) _ tfo(f;v)7
£10 t
0z, -— lim i f(j—Ftv)—f(f)_th(j;v)
/2 (mv U) = hr?ul)an > '

Let f : R® — R be Fréchet differentiable at T € X, and Vf(Z) be its gradient
at T. The following limit is called second-order directionally derivative at T in the
direction v € R"
Wm0\ o 1o o L (E T 1) — f(Z) — tVf(T)v
f(@;v) = 1151%12 = :

Remark 2.1. (a) If f is continuously Fréchet differentiable near T with the Fréchet
derivative V f(Z), then f is Lipchitz near z, and f°(z;v) = V f(Z)v (Vv € X). This
is false, when V f(z) is not continuous at 7.
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(b) If f : R™ — R is continuously Fréchet differentiable near T and second-order
directionally differentiable at T in a direction v € X, then (see [5])

O@v) = £ (T;0). O

Let f be a mapping from R” into R™. Recall that f is Gateaux differentiable at T
if there exists a continuous linear mapping A; from X into Y such that

f(@+tv) = f(Z)+tA(v) +o(t) (Vv eR),

where [lo(t)||/ | t | = 0 as ¢ — 0. The mapping A; is said to be the Gateaux
derivative of f at T and is denoted by f/(Z). This concept is already known in the
literature (see the book [22], p.502 and also the book [2]). Note that a mapping
which is Gateaux differentiable at * may be not continuous at 7.

Let C' be a nonempty subset of R™. Following [4], an element u € X is called a
tangent vector to C' at T € clC' iff

3 1 _ . J—
lt%l ;d(x—i—tu, C)=0, (1)

where d(z; C) stands for the distance from = to C, clC' is the closure of C. Such
a vector was already called “adjacent tangent vector” in [1] (consult p. 127 therein;
see also [23], p.776).

The set of all tangent vectors to C' at T is denoted by T3C', and is called the tangent
cone to C' at . Note that TzC' is a nonempty closed cone containing 0 € X.
Moreover, (1) is equivalent to the existence of a function v : (0,400) — X with
v(t) = 0ast] 0, and

TH+tu+~(t)eC (Vt>0).

Adapting the definition in [4], an element v € X is said to be a second-order tangent
vector to C' at 7 iff there exist u € X such that

N S 2
l}jglﬁd(:v—l—tujtgv,(;’)—o. (2)

The vector u satisfying (2) is said to be associated with v. Denote by T2C' the
set of all second-order tangent vectors to C' at T. Observe that v € T2C with the
associated vector u is equivalent to the existence of a function 7 : (0, +00) — X
with v1(t) = 0 as ¢t | 0, and

2
T+ tu+ %('U +7(t) € C (Vt > 0).

Moreover, v € T2C' implies that u € T3C, and T2C is a nonempty cone containig
0€ X (see [4]).

Remark 2.2. It is easy to see that for T € C; N Cy,

(1) Tf(Cl N CQ) C TTCI N TfCQ;

(i) T2(CiNCy) C T2C, NT2C,.
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The following lemma plays an important role in the proofs of second-order sufficient
optimality conditions in Sention 6 in case that C' is convex.
Lemma 2.3. Assume that C' is convex. Then, for T € C,

(b) C —T C T2C; for x € C we have x — T € T2C with the associated vector

Proof. (a) Since C in convex, for z € C,t € [0,1],7 + t(xr — T) € C. Hence, for
v(t) =0, one gets T + t(xr — T + y(t)) € C, which means that + — = € 13C.

(b) For t small enough, t; := ¢ + % € [0, 1], and so, for v;(t) = 0, we have

— - P —
:z:+t(a:—a:)+5(a:—x+’yl(t)) e,
which means that z — T € T2C with the associated vector x — 7 € TC. U

Let us consider the following vector optimization problem (FMP).

3. Primal necessary efficiency conditions
To derive second-order optimality conditions for (FMP) we introduce the following

assumptions.

Assumption 3.1. (a) For T € M, fx, gk, h; are locally Lipschitz and regular in
the sense of Clarke, and Gateaux differentiable at  with the directional derivatives

[1:(@), gi.(T), hi(T);

(b) h;(j € L) are functions of the class C? in a neighborhood of Z; C' is convex.

Theorem 3.2. LetT € M be a weakly efficient solution of (MFP), and let Assump-
tion 3.1 be fulfilled. Then, for every critical direction u € KerV{(T), there is no
v € T2C with the associated vector u satisfying the following system:

Fi(@v) = ou(@)gh(Ts0) + fil (@) — de(@)gly (Tu) <0 (Yhe ), (1)
hi(T;v) + B (Tyu) <0 (Vi € Io(T;u)), (2)
V(T + V(@) (u,u) =0 (Vj € L). (3)

Proof. Since T € M is a local weak efficient solution of (MFP), there exists a
neighborhood U of 7 such that

¢(z) — o(T) € R\ =R, (4)
for all z € U N M, where R: | = intRE.

Let us prove that T is a local weak minimal solution of

{min (f1(2) = 01(T)91(x), .., fp (@) = Dp(T)gp (),

(1) .
subject to xz € M,

where ¢;(7) = Z;g; (1=1,...,p).
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If this were not so, there would exist z; € U N M such that
(fi(z1) = i(@)gi(21)) — (fi(@) — (@) g:(T)) € Ryt (i=1,....,p).
Since f;(T) — ¢;(T)g;(T) = 0 , one has

filz1) _ fi(@) R =1
) g & e =1
Hence, ¢(x1) — ¢(T) € RE,, which contradicts (4).

We set oi(z) = fr(x) — ¢x(T)gr(z). We invoke Theorem 3.1 by Luu [15] to ob-
tain that for every critical direction u € KerV/{(T) there is no v € T2C with the
associated vector u satisfying the following system:

D).

k(T 0) + opy (Tu) <0 (Vk € J), (5)
W@ 0) + B (Tu) <0 (Vi € Io(T;u)), (6)
V(T + V(T () =0 (V] € L). (7)
It is easy to see that Vk € J,
(T 0) = f1(T;0) — 6(T) g1, (T; v); (8)
e (T u) > f2(T5u) — o(T) g (T u). 9)

It follows from (8),(9) and (5) that for every critical direction u € KerV{(T), there
is no v € T2C with the associated vector u satisfying the following system:

Fi(@;v) — ()93, (T; 0) + fRl (T u) — Gu(T) gy (Tu) <0 (VK € J),
hi(@; ) + WY (Tu) <0 (Vi € Io(T;u)),
V(T + V(@) (u,u) =0 (Vj € L).

4. Dual second-order Fritz John necessary condition for weak efficiency

Theorem 4.1. Let T € M be a weakly efficient solution of (FMP). Assume that
Assumption 3.1 is fulfilled. Then, for every critical direction uw € KerVh(T), there
evist \y 20 (ke J), p; =20 (iel)andv; (j € L), not all zero, such that

D M@ 0) = (@i (@5 0)) + Y k(@) v V(@) 2 0 (Ve TZ0), (10)

keJ icl(z) jeL

D M@ )= on(@) G (T )+ (@ w)+> vV (E) (u,u) > 0, (11)
keJ 1€l(T) JjEL

pihi(z) = 0 (Vi € I), (12)

il (T)u = 0 (Vi € I(Z)). (13)

Moreover, if the following reqularity condition holds:

(RC) Y V@Y =0 (WeTC) = 1= =y =0,

jEL

then (A, ) # 0, where X := (A1,..., \p), = (41, fm)-
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Remark 4.2. In case that C' = X, it follows that T2C' = X. Therefore, condition
(RC) becomes

Zl/jVEj(T)v:() WweX) = 1rn=--=1,=0.
jeL

Hence, if the mapping VI(Z) := (V/{,...,V{)) is surjective, then the regularity
condition (RC) holds. O

Proof of Theorem 4.1. Since fi (k € J), h; (i € I) are regular in the Clarke sense,
we have f)(7;v) = fi(T)v (k € J,v e X), W)(T;v) = hi(T)v (i € Ih(T;u), v € X).
We set

B = [1fi@) - o@g@N(T2C) x  [] ni@(T2C) x [ Ve @)(T20)

keJ i€lo(Tu) jEL
a:(—Wﬂaw—mmﬁmawww 120 (5 ) = 6,() gl (5 w)],
— B@ )~ ) (T ), v?el<z)(u,u),...,-v%(z)(u,u)),

where |Io(Z;u)| is the capacity of Io(Z;u) (the number of elements of Io(T,u)).
Observe that T2C' is convex, as C' is convex. Hence, B is a convex cone. Taking
account of Theorem 3.2, we get a ¢ B, where a € R” x RI0@wl x Rf Tt is obvious
that riB is nonempty and a ¢ riB. We invoke Corollary 11.4.2 [21] and Theorem
11.7 [21] to deduce that there exist real numbers A\, (k € J), w; (i € Io(T;u)),
v; (j € L), not all zero, such that, for all v,w, z € T2C)

Y MA@ —o@ g @+ Y whi@w ) V@220 (14)

keJ ielo(z:u) jeL
> = M (@ u) - @ @ w)] = Y wh (T ) = Y v V() (u, ).
keJ i€lo(T5u) JjeL

Hence, (10) and (11) hold.

Let us see that A\, > 0 (Vk € J). Indeed, suppose this is false, that is A\; < 0, for
some s € J. We take v,w, z € T2C. For t > 0, one has tv € T2C, as T2C is a cone.
For t be sufficiently large, we get the following:

Z)\kf,;(f)(tv) + Z wigi(T)w + ZV]Vh T)z <0,

keJ i1€lo(T5u) JEL
which contradicts (14). Hence, Ay > 0 (Vs € J). By an analogous argument, we
obtain u; >0 (Vi€ Iy(T;u)). By taking pu; =0 (Vi¢ Io(T;u)), weobtain (11) and (12).

We now suppose that condition (RC2) holds. Let us see that (A, iuyz)) # 0. In fact,
if it were not so, then by (14), we should have

> vVhi(@)w =0 (Yo € T20).
jeEL
Hence, vy = --- = v, = 0. Thus, we arrive a contradiction with the fact that

Mo (k€ J),pi (i € I(T)) and v; (j € L) are not all zero. The proof is complete. [
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5. Second-order Kuhn-Tucker necessary conditions

To ensure that A # 0, we introduce the following second-order constraint qualifica-
tion (CQ): There exist (ug,vy) € KerVh(T) x T2C such that

hi(T)vo + hi% (T, up) < 0 (Vi € Ip(T; o)),
VLi(T)vg + V2(T) (ug, ug) = 0 (V5 € L).
Remark 5.1. The constraint qualification (CQ) is a generalization of the second-

order Ben-Tal constraint qualification [2] in the case that the inequality constraints
are twice Fréchet differentiable. ]

A second-order Karush-Kuhn-Tucker necessary condition for weak efficiency can be
stated as follows.

Theorem 5.2. Let T € M be a weakly efficient solution of (FMP). Assume that
Assumption 3.1 holds. Suppose also that the regularity condition (RC) and the
constraint qualification (CQ) hold. Then for every critical direction u € KerVh(ZT),
there exist \, >0 (Vk e J),A\#0, ; > 0(i € I) andv; (j € L) such that (10)—(13)
hold.

Proof. Since all hypotheses of Theorem 4.1 are fulfilled, for every critical direction
u € KerV{(T), there exist Ay > 0 (Vk e J), A\ #0, u; >0(i € I)and v; (j € L),
not all zero, such that (10)—(13) hold. Hence,

Y M@) = di(@)gi(@))vo + (FRL (T 10))] — 64 (T) R (T u0)]

keJ

+ Z 1 [P (T)vo + hi"y (T; uo)] + ZV] [VL;(T)vo + V2,(T) (ug, up)] = 0.
1€lp(T;u) jJEL
Since condition (RC) holds we have (A, ) # (0,0) taking account of Theorem 4.1.
Hence, if A = 0, then

> il (@)ve + B (T uo)] + > v [V (T)vo + V() (w0, ue)] = 0. (15)

i€lo(T;u) jeEL

On the other hand, by (CQ), we obtain

D walhi(@)vo + B (T uo)l + Y v [ V(@ )vg + V25(T) (uo, uo)] < 0.

i€1o(T;5u) JeL
This stands in conflict with (15). Hence, the conclusion follows. O

In case that C' = X, we obtain the following dual second-order Karush-Kuhn-Tucker
necessary conditions for weak efficiency.

Corollary 5.3. Let C = X, and let T € M; be a weakly efficient solution of
(VEP1). Assume that all hypotheses of Theorem 4.1 are fulfilled. Suppose also that
Vhi(Z),...,Vh(T) are linearly independent and the constraint qualification (CQ)
hold. Then for every critical direction u € KerVh(T), there exist Ay = 0 (Vk € J),
AN#0, 1, 20 (i el)andv; (j € L) such that (10)-(13) hold.
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Proof. For C' = X, we have that T2C' = X. Moreover, if Vh(T),. .., Vhy(T) are
linearly independent, then the mapping VA(Z) := (Vhy, ..., Vhy) is surjective, and
so, the regularity condition (RC2) holds. We invoke Theorem 5.1 to deduce that
(10)—(13) hold. O

Theorem 5.1 is illustrated by the following example

Example 5.4. Let X =R? D =[0,1]x[0,1], 7 = (0,0). We consider the following
functions:

fil) = o] =22 +2; folw) =sinay;  fy(x) = a7 + 1

91(x) = —x9 + 2 ga(x) = €™

e galr) = -+ 2
hi(z) = x1(z1 — 2); ho(z) = 21 — x9;  L(T) = 29 — 227.

Consider the following multiobjective fractional programming problem:

Y

. (fi(z) fa(x)  f3(x)
H <gl<x>’ ) gg<x>>’

(P2)
st. hi(z) <0 (i=1,2), {(x) =0, x € D.

The feasible set of (P,) is

M ={z = (z1,22) € D : hy(x) <0, ha(x) < 0,4(z) =0}
= {(21,22) 1 23 = 211,0 < 1y < 1},

Hence, ¢1(T) = 1, ¢2(T) = 0 and ¢5(T) = 1/2 and we have fi(z) — ¢1(Z)g1(x) = |x1].

Thus 7 is a solution of the problem

min{ f1(z) — ¢1(T)g1(x) : © € M}.

Hence, 7 is a solution of the problem

mln{ﬁgg X € M}

Therefore, T is a weak efficient solution of problem (P,). It can be seen that for
v = (v1,v2)) € R? we have

Fi(050) = |or] —va; f2(030) = 05 g1(0;0) = —va; g1"(0;0) = 0

f(0:0) = vy f3°(050) =05 g5(050) = —va; g5°(030) = 0;

R} (0;v) = —2v1; RY°(0;0) = 2vf; hhH(0;0) = v1 — vy, h%(0;v) = 0;

7(0;v) = vy — 2vy; £%°(0;v) = 0.
One has TxD = TzD = R2Z. The constraint qualification (CQ) is satisfied with

vo = (1/2,1) € R2 = T5:D. Thus all hypotheses of Theorem 5.1 are fulfilled, and
Kuhn-Tucker necessary condition (10)-(13) holds with

0412062:1, 063:2, /JJ1:,LL2:1, v=1.
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6. Second-order sufficient optimality conditions

Theorem 6.1. Let T € M. Assume that C is convex, Assumption 3.1 holds, and
for every nonzero critical directions u € T2C, there exist multipliers \,, > 0, k € K,
w; €I >0,v; €R not all zero such that Vv € T%C’,

M@ 0) = ou(@gi(@v)lo+ Y whi(@v + Y v V(@) 20, (16)

keJ i€lo(Tiu) jeL
D MA@ )=k (@) g (T w) +Y  ph® (Tu)+ Y vV (E) (u,u) > 0. (17)
keJ i€I(@) jeL

Then T is a local weak efficient solution of problem (FMP).

Proof. Assume the contrary, that T is not a local weak efficient solution for (FMP).
Then there exists sequences {z, },>1 C M \ {Z}, z,, — T such that

T

fr(wn)

~
—~
~

k
k

<

~—

z

Q
Q
—

Since g(z,) > 0, it follows that

We easily see that z,, — T is a critical direction for (FMP). In fact, since f is regular
in Clarke’s sense, it follows from (18) that

@@, =) = fi(@ 2, —7) 0. (19)
For i€ I(T), one has h;(z,) — h;(T) < 0. Since h; is regular in Clarke’s sense, we get
r(T; 2z, — T) = h(T; 2, — T) < 0. (20).

By Lemma 2.3 and Proposition 3.1 [15] C' —Z C ToC NT2C, and x — T € T2C with
the associated vector x, — 7, and

Vi (T)(z, —T) = 0. (21)
Hence, z,, — T is a critical direction for (FMP). By Proposition 3.1 [15], we get
V(Z)(xy — T, 2, — T) = 0. (22)
Setting t,, = ||x,, — Z||, one gets x,, = T + t,,v,, where v, = In ij.

In view of Lemma 2.3, one gets C —7 C T2C.

Hence, v € T2C. Therefore, by (21), one gets that

Y M (@ e = F) = (@)t T =)+ D b (T, — T)
keJ i€I(T)
+ Y v V(T (@ — T, 2, — T)
jeEL
=Y Ml (@ v —T) — (@) s @ — D+ Y h™ (T w, — T).
)

keJ €l(T
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Consequently, putting

E= Z /\k[fook,—(ﬁ Tn —T) — ¢k(f)900k,+(f§ T, —T)| + Z w:h*; (T x, — T),

keJ 1€l (T)

we see that

E < Z Ak hm mf —2{[fk(517n) — Ok(@)gr(zn)] = [f&(T) = Ox(@)gr(T)] — tal[fz(T)(vn)
keJ "
— (@) (7) ()]}
+ > lim inf 7 [hi(xn) — hi(T) — ta i (T) (va)],

i€l (T)

which in turn give

F <lim mf — Z [)\k fe(zn) — Or(@) g (2n)] — [f2(T) — ox(T)gr(T)]

n—oo
" keJ

um@mm—m@%@mm
~timinf LS LA @) 00) — @k @) w)] — 3 k@) )

tn keJ i€l ()

<0

due to (16), (18) and (20), which contradicts (17). Therefore the proof is complete.
Then 7 is a weakly efficient solution of (FMP). ]

Conclusions

We derive second-order Fritz John necessary conditions via the Palés-Zeidan second-
order directional derivatives for multiobjective fractional problems involving equal-
ity, inequality and set constraints. Under a constraint qualification, Kuhn-Tucker
conditions for weak efficiency are also given. Second-order sufficient conditions with-
out assumption on generalized convexity. The results obtained here are new.
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